� 1990 D. R. Woodall, School of Mathematical Sciences, University of Nottingham

GENERIC RIGIDITY OF GRAPHS

1. Introduction and summary. In this survey, all graphs will be simple. Let G be a graph with vertex-set V(G) and edge-set E(G). A pair F = (G,p) consisting of G together with an injective map p : V(G) )^2 is a framework , linkage or skeletal structure in the plane with underlying graph G. We visualize the vertices v_i of G as pivots at positions p(v_i), and the edges as rigid bars joining the corresponding pairs of pivots. In higher-dimensional frameworks we visualize the vertices as ‘universal joints’.

We are going to define the concepts of mechanical rigidity and independence, and infinitesimal rigidity and independence. These concepts do not coincide, but there is a oneway implication: if a framework is infinitesimally rigid then it is mechanically rigid, and if it is infinitesimally independent then it is mechanically independent. These concepts do not depend just on the underlying graph: special geometry can cause a framework to be mechanically rigid when it “shouldn’t” be, not mechanically rigid when it “should” be, or not infinitesimally rigid when it “should” be, although it cannot cause a framework to be infinitesimally rigid when it “shouldn’t” be.

We call a framework generic when it has no special geometry. For generic frameworks, the mechanical and infinitesimal concepts coincide, and also depend only on the underlying graph, so that we can refer to the generic rigidity or generic independence of a graph. The aim is to give a combinatorial characterization of the graphs that are generically independent for dimension 2, which will automatically characterize the graphs that are generically rigid for dimension 2. We shall see eight different characterizations: two due (more or less) to L. Henneberg (1911) and J. E. Graver (1984), one due to G. Laman (1970), one due to L. Lovász and Y. Yemini (1982), and four due (directly or indirectly) to A. Dress (1987). It is known that none of these characterizations can extend in any obvious way to frameworks in four or more dimensions, and that five of them do not extend even to frameworks in three dimensions. But there are conjectures due to Henneberg–Graver and to Dress, each of which would provide a combinatorial characterization of generic independence in three dimensions. At the moment no such characterization is known, and finding one is the major unsolved problem of rigidity theory today.

2. Definitions. A mechanical motion of a framework F = (G,p) is a parametrized family (p_t : 0 æ t æ 1) of maps such that:

(a) p_0 = p; (b) the position p_t(v_i) of each vertex v_i is a differentiable function of t; and (c) for each t and each edge v_iv_j of G, the distance

ccpt(vi)- pt(vj)cc= ccp(vi)- p(vj)cc, (1) which is independent of t (so that the edges of F have ‘constant length’).

A rigid motion of F is a mechanical motion in which each framework F_t = (G,p_t) is geometrically congruent to F; that is, (1) holds for every i and j. If F does not admit any mechanical motions apart from its rigid motions, then F is mechanically rigid. If, for each edge e of F, F - e admits a mechanical motion that is not admitted by F, then the edges of F are mechanically independent .

An infinitesimal motion of F is an assignment of a vector x_i to each vertex v_i such that the dot product

(p(v_i)- p(v_j)).(x_i - x_j) = 0 (2)

for each edge v_iv_j of G (so that if each vertex v_i were simultaneously to start moving with velocity x_i, then momentarily no bar would be stretched or compressed). By squaring and differentiating (1) when t = 0 we obtain

Generic Rigidity - 2 - Postgraduate lectures, 1989/90

(p(v_i)- p(v_j)).(.p_0(v_i)- .p_0(v_j)) = 0; that is, the initial velocities of the vertices in a mechanical motion of F constitute an infinitesimal motion of F. The framework F_3 in Fig. 1 (taken from Graver (1984)) shows that the converse is false: the assignment of a non-zero vector to vertex b, perpendicular to edge bc, and 0 to every other vertex, gives an infinitesimal motion that does not correspond to any mechanical motion. However, the converse is true for generic frameworks: see below.

F^1 F^2

a

b c

F^3

a

b c

F^4

Fig. 1.

If F has n vertices and m edges, then the equations (2) can be written in coordinate form as a system of m linear equations in 2n real variables (the 2 coordinates of each of the n vectors x^i). We can write this system in the form

Mx = 0, (3) where each edge of F contributes one row to the m· 2n matrix M. For example, if F consists of K^4 with its vertices at positions (x^1,y^1),...,(x^4,y^4) and ‘velocity’ vectors

(x^1,h^1),...,(x^4,h^4), then (3) becomes RJ J J J Q_0 0 0 x^1 - x^4 x^1 - x^3 x^1 - x^2

0 0 0 y^1 - y^4 y^1 - y^3 y^1 - y^2

0 x^2 - x^4 x^2 - x^3 0 0 x^2 - x^1

0 y^2 - y^4 y^2 - y^3 0 0 y^2 - y^1 x^3 - x^4 0 x^3 - x^2 0 x^3 - x^1 0 y^3 - y^4 0 y^3 - y^2 0 y^3 - y^1 0 x^4 - x^3 x^4 - x^2 0 x^4 - x^1 0 0 y^4 - y^3 y^4 - y^2 0 y^4 - y^1 0 0 HJ J J J P

RJ J J J J JQ^{h 4}_{x4}

h^3 x^3 h^2 x^2 h^1 x^1 HJ J J J J JP = RJ J J J Q_0 0 0 0 0 0 HJ J J J P .

The infinitesimal motions of F are precisely the solutions of (3). A set of edges of F is infinitesimally independent if the corresponding rows of M are linearly independent. The initial velocities of the rigid motions of F satisfy (3) and form a vector space of dimension 3.

F is infinitesimally rigid if these are the only solutions of (3); that is, if rankM = 2n- 3.

These concepts depend on the map p as well as on the underlying graph G. Because of its special geometry, the framework F^1 in Fig. 1 is not rigid, either mechanically or infinitesimally, whereas F^2, with the same underlying graph, is both mechanically and infinitesimally rigid. Again, because of its special geometry, F^3 is mechanically rigid but not infinitesimally rigid, for the reason described earlier; whereas F^4, with the same underlying graph as F^3, is not even mechanically rigid. However, F^4 ¨ {ac} is both infinitesimally and mechanically rigid, whereas F^3 ¨ {ac} is still not infinitesimally rigid.

The (set of vertices of a) framework F = (G,p) with n vertices is generic if, in the matrix

M corresponding to the complete framework (K^n,p) with the same vertices as F, every submatrix has the largest possible rank that it can have. This is equivalent to saying that the determinant of a square submatrix of M is never zero except when it is identically zero when

Generic Rigidity - 3 - Postgraduate lectures, 1989/90

regarded as a polynomial in the variables x_i and y_i. Note that almost all frameworks are generic, in the sense that there are generic frameworks arbitrarily close to any given framework, and if F is generic, then there exists an e such that if F¢ is obtained from F by displacing the vertices in arbitrary directions by less than e, then F¢is also generic.

It is obvious from the definition that any two generic frameworks with the same underlying graph are either both infinitesimally rigid or both infinitesimally non-rigid, and that their edge-sets are either both infinitesimally independent or both infinitesimally dependent; in other words, for generic frameworks, infinitesimal independence and infinitesimal rigidity depend only on the underlying graph G. Also, L. Asimow and B. Roth (1978, 1979) proved that if F is generic then every infinitesimal motion of F consists of the initial velocities of some mechanical motion, so that for generic frameworks the mechanical and infinitesimal concepts coincide. We say that a graph G is generically rigid for dimension 2 if every 2-dimensional generic framework with underlying graph G is infinitesimally (or mechanically) rigid, and G (or a set of edges in G) is generically independent for dimension 2 if, for every 2-dimensional generic framework F with underlying graph G, F (or the appropriate set of edges in F) is infinitesimally independent. It is clear that a graph with n vertices is generically rigid for dimension 2 if and only if it contains a set of 2n- 3 edges that are generically independent for dimension 2.

3. Matrix methods. The following lemmas were apparently proved by L. Henneberg (1911) and rediscovered independently by J. E. Graver (1984).

Lemma 1. If x is a vertex of a graph G with degree d(x) æ 2, and G- x is generically independent for dimension 2, then so is G.

Proof. It suffices to prove the result when d(x) = 2. So let the vertices of G be v_1,...,v_n, where x = v_n and N(x) = {v_1,v_2}. Let F = (G,p) be a generic framework with underlying graph G, and suppose that p(v_i) = (x_i,y_i) for each i. The matrix M representing F in equation (3) can be written in the form

R_1 R x_1 - x_n y_1 - y_n 0 0 0 ... 0 x_n - x_1 y_n - y_1 H R_2 J 0 0 x_2 - x_n y_2 - y_n 0 ... 0 x_n - x_2 y_n - y_2 J iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii R_3 J 0 0 J . . J M¢^.^. J

R_m Q 0 0 P c c c c

where M¢ is the matrix representing G¢ = G- x. Since G- x is generically independent, the rows of M¢ are linearly independent. We want to prove that the rows of M are linearly independent. Suppose that some linear combination � a_iR_i of the rows of M is equal to the zero vector. Since F is generic,

J x_n - x_2

x_n - x_1 y_n - y_2 y_n - y_1

J „ 0,

and so a_1 = a_2 = 0. We are left with a linear combination of the rows of M¢, which are linearly independent; so a_3 = ... = a_m = 0. Thus the rows of M are linearly independent, as required. ‘

If G is generically independent and X ˝ V(G), the relative degree of freedom of X in G is the largest number of edges {e_1,...,e_r} that one can add between pairs of non-adjacent vertices of X so that G¨ {e_1,...,e_r} is still generically independent.

Lemma 2. If x is a vertex of a graph G with degree 3, G- x is generically independent for dimension 2, and N(x) has at least one relative degree of freedom in G- x, then G is generically independent for dimension 2.

Generic Rigidity - 4 - Postgraduate lectures, 1989/90

Proof. Let the vertices of G be v_1,...,v_n, where x = v_n and N(x) = {v_1,v_2,v_3}, and suppose w.l.o.g. that v_1v_2 /˛ G and (G- x)¨ {v_1v_2} is generically independent. Let F = (G,p) be a generic framework with underlying graph G, and suppose that p(v_i) = (x_{i,} y_i) for each i. The matrix M representing F in equation (3) can be written in the form

R_1 R x_1 - x_n y_1 - y_n 0 0 0 0 0 ... 0 x_n - x_1 y_n - y_1 H R_2 J 0 0 x_2 - x_n y_2 - y_n 0 0 0 ... 0 x_n - x_2 y_n - y_2 J R_3 J 0 0 0 0 x_3 - x_n y_3 - y_n 0 ... 0 x_n - x_3 y_n - y_3 J

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii R_4 J 0 0 J . . J M¢^.^. J

R_m Q 0 0 P c c c c

where M¢is the matrix representing G¢ = G- x. Suppose that some linear combination � a_iR_i of the rows of M is equal to the zero vector. Then a_1R_1 +a_2R_2 +a_3R_3 ˛ V¢, the space spanned by the rows of M¢(with two extra zeros added on the end). Since F is generic, a_1,a_2,a_3 are uniquely determined up to a constant multiple, and we may suppose that

a_1 = J

x_n - x_3 x_n - x_2

y_n - y_3 y_n - y_2

J, a^2 = - J x_n - x_3

x_n - x_1

y_n - y_3 y_n - y_1

J, a^3 = J x_n - x_2

x_n - x_1

y_n - y_2 y_n - y_1 J. Let v(p) := a_1R_1 +a_2R_2 +a_3R_3. Keeping p(v_1),...,p(v_{n- 1}) fixed and allowing p(v_n) to vary, we see that v(p) ˛ V¢ whenever p(v_1),...,p(v_n) are generic. However, this is true for points p(v_n) arbitrarily close to any given point (x_0,y_0), and so, since V¢ is a closed set (in the analytic sense), it follows that v(p) ˛ V¢ for every choice of p(v_n). Taking p(v_n) = 2 1h(p(v_1)+p(v_2)), we find that a_3 = 0 and

a_1 = a_2 =_2^{1h} J x_1 - x_3 x_1 - x_2

y_1 - y_3 y_1 - y_2

J „ 0

since p(v_1),...,p(v_{n- 1}) are generic, and so p(v_n) =_2^{1h}a_1e_{12}, where

e_{12} = (x_1 - x_2, y_1 - y_2, x_2 - x_1, y_2 - y_1, 0, ..., 0),

which is the row vector corresponding to the edge v_1v_2. Thus (G- x)¨ {v_1v_2} is generically dependent, contrary to hypothesis. This contradiction shows that the rows of M are linearly independent, as required. ‘

It is easy to see from the above proofs that Lemmas 1 and 2 extend to an arbitrary dimension q, with d(x) æ q in Lemma 1 and d(x) = q+1 in Lemma 2. In dimension 3, this covers the cases d(x) æ 4. The case d(x) = 5 is the subject of the following conjecture, due to Henneberg and Graver. However, as H. Maehara (to appear) pointed out, this conjecture does not extend in the obvious way to dimension 4: K_{6,6} is a counterexample.

Conjecture. If x is a vertex of a graph G with degree 5, G- x is generically independent for dimension 3, N(x) has at least two relative degrees of freedom in G- x, and every subset of 4 vertices of N(x) has at least one relative degree of freedom in G- x, then G is generically independent for dimension 3.

4. Characterizations. Let g be a class of graphs (meaningthat if a graph belongs to g then so do all graphsisomorphicto it). g is hereditary if every propersubgraphof a graph in g is in g. If g is hereditary, we shall call the graphs in g g-independent and all other graphs g-dependent. By a minimal g-dependent graph, we mean a graph that is not in g, all of whose proper subgraphsare in g. A hereditaryclass g is matroidal if, wheneverG1 and G2 are distinct minimal g-dependent graphs that both contain the same edge e, then (G1¨ G2)- e /˛ g.

Let gq denote the class of graphs that are genericallyindependentfor dimensionq. If M is the matrix in (3) correspondingto the graph G1¨ G2, then Gi is a minimal gq-dependent

GenericRigidity - 5 - Postgraduatelectures,1989/90

graph if and only if the rows of M correspondingto the edges of Gi form a minimal linearly dependentset of rows; from this it is easy to see that the class gq is matroidal.

The followingtwo characterizationsare essentiallydue to J. E. Graver(1984).

Theorem 1. g2 is the uniquenon-emptyhereditaryclass g satisfying: A1. Everygraph in g containsa vertexwith degreeat most 3. A2. If x˛ V(G), d(x) æ 2 and G- x˛ g, then G˛ g. A3. If x˛ V(G) and d(x) = 3, then G˛ g if and only if (G- x)¨ {e}˛ g for some edge e

joiningtwo non-adjacentverticesof N(x).

Theorem 2. g2 is the unique non-empty matroidal class g not containing K4 and satisfying A1, A2 and the ‘if’ part of A3.

The proof of these resultsuses:

Lemma 3. Let g be a matroidal class of graphs, let H˛ g, and let G1 be a minimal g-dependentgraph that containsexactly one edge e¢that is not in H. Then (H- e)¨ {e¢}˛ g, for each edge e in G1- e¢.

Proof. Supposenot. Let G2 be a minimalg-dependentsubgraphof (H- e)¨ {e¢}. If e¢/˛ G2 we get a contradictionbecausethen G2 � H˛ g, and if e¢˛ G2 then the matroidalpropertyof g ensuresthat (G1¨ G2)- e¢/˛ g, whichis a contradictionsince (G1¨ G2)- e¢˝ H ˛ g. ‘

The next result is the well knowncharacterizationby G. Laman(1970).

Theorem 3. A graph G belongs to g2 if and only if, for each subgraph H of G with at least two vertices,

JE(H)J æ 2JV(H)J- 3. (L2)

Note that (L2) holds for each such subgraphof G if and only if it holds for each such induced subgraph.

From this we obtain the following characterization due to L. Lovász and Y. Yemini (1982).

Theorem 4. A graph G belongsto g2 if and only if, for each edge e of G, doublinge results in a multigraphG¢that is the unionof two forests.

Proof. C. St J. A. Nash-Williams(1964)provedthat a multigraphG¢is the union of k forests if and only if, for each submultigraphH¢ of G¢, JE(H¢)J æ k(JV(H¢)J- 1). Thus G¢ is the unionof two forestsif and only if, for each submultigraphH¢of G¢,

JE(H¢)J æ 2JV(H¢)J- 2. (4)

But if (L2) holds for every subgraphH of G, then clearly(4) holds for every submultigraphH¢ of G¢ (taking H to be the corresponding subgraph of G, so that V(H) = V(H¢) and JE(H)J œ JE(H¢)J- 1). And if (L2) fails for some subgraphH of G, then choosing e ˛ H and taking H¢ to be the corresponding subgraph of G¢, so that V(H¢) = V(H) and JE(H¢)J = JE(H)J+1, we see that (4) fails. So the result followsfrom Theorem3. ‘

For our final set of four characterizations,we need several definitions and lemmas. The g-rank rg(G) of a graph G is the largest number of edges in any g-independentsubgraphof G. Lemma 4. Let g be a matroidalclass of graphs, G an arbitrarygraph, and e1,e2 edges not in G such that rg(G¨ {e1}) = rg(G¨ {e2}) = rg(G). Then rg(G¨ {e1,e2}) = rg(G).

GenericRigidity - 6 - Postgraduatelectures,1989/90

We shall say that a graph G is g-rigid if rg(G¨ {e}) = rg(G) whenevere is a new edge joining two non-adjacentvertices of G, and g-closed if rg(G¨ {e}) > rg(G) whenever e is a new edge joining two non-adjacent vertices of G¨ h K2. Clearly all complete graphs are g-rigid, and a g-rigid subgraph of a g-closed graph G induces a complete subgraph of G. Also, a graph is g2-independent or g2-rigid if and only if it is generically independent or genericallyrigid for dimension2.

We shall say that a matroidal class g of graphs is matroidal for dimension q if it satisfies the two conditions: B1. If G1 and G2 are two g-independentgraphs with at most q- 1 vertices in common,then

G1¨ G2¨ {uw} is g-independentwheneveru ˛ V(G1)\V(G2) and w˛ V(G2)\V(G1). B2. If G1 and G2 are two g-rigid graphs with at least q verticesin common,then G1¨ G2 is

g-rigid.

Lemma 5. The class gq is matroidalfor dimensionq.

Lemma 6. Let g be a non-emptyclass of graphsthat is matroidalfor dimension2. (a) rg(Kn) = 2n- 3 if n œ 2. (b) If G ˛ g then JE(H)J æ 2JV(H)J- 3 for every subgraphH of G with at least two vertices. (c) If G is g-closed and G1 and G2 are distinct maximal cliques of G, then

JV(G1)˙ V(G2)J æ 1.

Now considerthe followingfour conditions. C1. If G˛ g and u,w are non-adjacentvertices of G such that G¨ {uw} /˛ g, then G has a

g-rigid subgraphH such that u,w˛ V(H). C2. If G is a minimalg-dependentgraph,then G- e is g-rigid,for each edge e of G. C3. If G is a minimalg-dependentgraph,then G is g-rigid. C4. If G is g-closed and F1,...,Fk are the maximal cliques of G, then rg(G) =

rg(F1)+ ... +rg(Fk).

Lemma 7. Let g be a class of graphs that is matroidal for dimension 2. Then C1 � C2 � C3 � C4.

We are at last in a position to prove the final four characterizations. The one using C4 was obtainedby J. E. Graver(to appear)followingan observationby A. Dress (1987).

Theorem 5. g2 is the unique non-emptyclass g of graphs that is matroidal for dimension2 and satisfies any one of the conditionsC1, C2, C3 and C4 (in whichcase it satisfies them all).

Corollary 5.1. If a 2-dimensional generic framework determines the distance apart of two verticesu and w, then it has a rigid subframeworkcontainingu and w.

Proof. This is effectivelyC1 for the class g2. ‘

5. One-dimensional and three-dimensional frameworks. It is easy to see that every onedimensional framework (with distinct vertices) is generic, and that a one-dimensional frameworkis rigid if and only if it is connectedand is independentif and only if it is circuitfree. Thus we have the followingtheorems,whichare directlyanalogousto Theorems1–5.

Theorem 11. g1 is the uniquenon-emptyhereditaryclass g satisfying: A11. Every graph in g containsa vertexwith degreeat most 1. A21. If x˛ V(G), d(x) æ 1 and G- x˛ g, then G ˛ g.

Theorem 21. g1 is the uniquenon-emptymatroidalclass g satisfyingA11 and A21.

GenericRigidity - 7 - Postgraduatelectures,1989/90

Theorem 31. A graph G belongsto g1 if and only if, for each subgraphH of G,

JE(H)J æ JV(H)J- 1. (L1)

Note that (L1) holds for each such subgraphof G if and only if it holds for each such induced subgraph.

Theorem 41. A graph G belongsto g1 if and only if it is a forest.

Theorem 51. g1 is the unique non-emptyclass g of graphs that is matroidalfor dimension1 and satisfies any one of the conditionsC1, C2, C3 and C4 (in whichcase it satisfies them all).

Little has been proved about three-dimensionalframeworks. Theorems 3 and 31 suggest the following:

False Analogue of Laman’s Theorem (FALT). A graph G belongs to g3 if and only if, for each subgraphH of G with more than one edge,

JE(H)J æ 3JV(H)J- 6. (L3)

The graph G3 in Fig. 2 shows that this is false. Every subgraphH of G3 with more than one edge satisfies (L3), but G3 /˛ g3 because it has exactly 3JV(G3)J- 6 edges and so cannot be g3-independent without being g3-rigid, which it clearly isn’t. Laman’s theorem can be interpreted as saying that there are exactly two reasons why a 2-dimensional framework F = (G,p) can be infinitesimallyor mechanicallydependent: either some subgraphH of G has too many edges for its number of vertices (specifically, (L2) fails), or there is some special geometrythat causes F to be dependent(that is, F is not generic— Laman’s theorem does not attempt to classify the different types of special geometry that can arise here). FALT would imply that only the same two reasons could apply in three dimensions,whereas the graph G3 shows that there is another reason, namely,that G consists of two graphs H1 and H2 joined at two vertices u and w that are not adjacentin either H1 or H2 but whose distanceapart in F is determinedby both H1 and H2. This reason can evidently apply in any dimension, but it is coveredby conditions(L1) and (L2) in dimensions1 and 2. G4 in Fig. 2 is the analogueof G3 in two dimensions, but it is g2-rigid and violates Laman’s condition (L2), whereas G3 is evidently not g3-rigid and it satisfies (L3). Probably there are no other reasons why a 3-dimensionalframeworkcan be dependent; but nobody has yet found a precise formulation of this intuitivestatement.

A secondreasonwhy FALTfails is that the class g of graphs that it describesis not even matroidal. For example,if G1 and G2 are the graphs in Fig. 2, havingpreciselyone edge e in common, then G1 and G2 are minimal g-dependent graphs, but (G1¨ G2)- e = G3˛ g. Perhaps g3 is the largest matroidal subclass of g; but, even if it is, nobody seems to know how to characterizeit.

A third way of seeingthat FALTis false is to observethat it wouldimply that g3 satisfies condition C1, so that the analogue of Corollary 5.1 holds in three dimensions. However,the

G1 G2 e

u w G3

u w G4

Fig. 2.

GenericRigidity - 8 - Postgraduatelectures,1989/90 u v w

u v w F1 F2

Fig. 3.

3-dimensional framework F1 in Fig. 3 is a counterexample. It is formed from the rigid frameworkF2 by replacingthe edge uv by a ‘spindle’isomorphicto F2. So far as the rest of the framework is concerned, this spindle has the same effect as the edge uv, namely, to determinethe distanceapart of u and v; thus F1 determinesthe distanceapart of u and w, just as F2 does. But, unlike the edge, the spindlecan rotate on its axis, and so F1 is not rigid, and it has no rigid subframeworkcontainingu and w. The frameworkobtainedfrom F1 by adding the edge uw is a minimaldependentframeworkthat is not rigid, whichshows that g3 does not satisfyconditionC2 or C3 either.

Thus Theorem 3 and the conditionsC1, C2 and C3 in Theorem 5 do not extend to three dimensionsin any obvious way, and it seems unlikely that the closely related Theorem 4 can extend either. However, the Henneberg–Graver conjecture in Section 3 would give rise to theorems that are natural generalizations of Theorems 1 and 2 to three dimensions. And

A. Dress (1987) has made the following conjecture, which is a refinement (hopefully, the appropriaterefinement)of conditionC4.

Conjecture. If G is g3-closed and F1,...,Fk are the maximal cliques of G, then rg(G) = � i=1k rg(Fi)- � e˛E(G)r e where r e is one less than the number of maximal cliques containinge.

References.

L. Asimowand B. Roth (1978). Rigidityof graphs,Trans. Amer.Math. Soc.245, 279–289.

L. Asimowand B. Roth (1979). Rigidityof graphsII, SIAMJ. Appl.Math.68, 171–190.

A. Dress (1987). Oral contributionat 1987 MontrealConference.

J. E. Graver (1984). A combinatorial approach to infinitesimal rigidity, Technical Report

M-10, Departmentof Mathematics,SyracuseUniversity.

J. E. Graver(to appear). Rigiditymatroids.

L. Henneberg(1911). Die GraphischeStatik, Leipzig.

G. Laman (1970). On graphs and rigidityof plane skeletalstructures,J. EngineeringMath. 4,

331–340.

L. Lovász and Y. Yemini (1982). On generic rigidity in the plane, SIAMJ. of Algebraicand

Discrete Methods3, 91–98.

H. Maehara(to appear). On Graver’sconjectureconcerningthe rigidityproblemof graphs.

C. St J. A. Nash-Williams (1964). Decomposition of finite graphs into forests, J. London

Math.Soc.39, 12.

GenericRigidity - 9 - Postgraduatelectures,1989/90

GENERIC RIGIDITY OF GRAPHS

1. Introduction and summary.

2. Definitions.

3. Matrix methods.

4. Characterizations.

Proof of Theorems 1 and 2. We have seen that g2 is a matroidalclass. Also, a graph in g2 with n verticeshas at most 2n- 3 edges,whenceit is not K4 and containsa vertex with degree æ 3. Since A2 and the ‘if’ part of A3 follow from Lemmas 1 and 2, we have proved all of

Theorem 2 except for the uniqueness of the class g described therein. On the other hand, there is clearly at most one non-emptyhereditaryclass g satisfyingA1–A3, and so if we can prove that any non-emptymatroidal class g not containingK4 and satisfying A1, A2 and the

‘if’ part of A3 also satisfies the ‘only if’ part of A3, then we will have proved both of

Theorems1 and 2.

So let g be such a class. Supposethat G˛ g, x˛ V(G), d(x) = 3 and (G- x)¨ {e} /˛ g for each edge e joining two non-adjacent vertices of N(x). Suppose that, among all such counterexamples,G has as many edges as possible joining pairs of vertices in N(x). Since

K4 /˛ g and G˛ g, K4 /˝ G, and so some two verticesof N(x) are non-adjacent: let e be a new edge joiningthem. Since (G- x)¨ {e} /˛ g, there is a minimalg-dependentgraph G1 such that

G1 ˝ (G- x)¨ {e}. Since G˛ g, e ˛ G1. Let e¢ be an edge of G1 that does not join two vertices in N(x), which exists since K3˛ g by A2. By Lemma 3, G¢ := (G- e¢)¨ {e}˛ g.

Since G¢has more edges than G joining pairs of vertices in N(x), G¢is not a counterexample to ‘only if’ in A3, and so we can add an edge f joining two vertices of N(x) that are nonadjacent in G¢so that H := (G¢- x)¨ {f}˛ g. Then G1 contains exactly one edge e¢ not in

H, and (H- e)¨ {e¢} = (G- x)¨ {f} /˛ g, contradictingLemma3. ‘

Proof of Theorem 3. Let g be the class of graphs characterizedin the theorem. It is easy to see that g satisfies A1, A2 and the ‘if’ part of A3. (In A3, (L2) will hold for any subgraphH of G obtained from H- x by adding x and at most two edges. And if H contains three edges not in H- x then JE(H- x)J æ 2JV(H- x)J- 4 because (H- x)¨ {e} satisfies (L2).) So, by

Theorem2, it suffices to prove that g is matroidal.

To do this, let G1 and G2 be distinctminimalgraphsnot in g, so that

JE(G1)J = 2JV(G1)J- 2 and JE(G2)J = 2JV(G2)J- 2.

SinceG1˙ G2 „� G1, G1˙ G2˛ g and so

JE(G1˙ G2)J æ 2JV(G1˙ G2)J- 3, so that

JE(G1¨ G2)J œ 2JV(G1¨ G2)J- 2- 2+3 and JE((G1¨ G2)- e)J œ 2JV((G1¨ G2)- e)J- 2.

GenericRigidity - 10 - Postgraduatelectures,1989/90

Thus (G1¨ G2)- e /˛ g. ‘

Proof of Lemma 4. Suppose rg(G¨ {e1,e2}) > rg(G). Let H and H¢ be largest g-independentsubgraphsof G¨ {e1,e2} and G, chosen to have as many edges as possible in common, where evidently e1,e2˛ H and JE(H)J = JE(H¢)J+1. Then $ e¢ in H¢\H. Since

H¨ {e¢} /˛ g, H¨ {e¢} contains a minimal g-dependentgraph G1. Clearly e¢˛ G1. Choose e in G1\H¢, which exists since G1 /˝ H¢˛ g. By Lemma 3, H1 := (H- e)¨ {e¢}˛ g. But H1 has more edges in commonwith H¢than H has, � � . ‘

Proof of Lemma 6. (a) Since g „ ˘ , K1˛ g, and B1 easily implies that K2˛ g. By taking

G2 := K2 in B1 we see that B1 � A2. K2+ h Kn-2 is a spanning subgraph of Kn, where ‘+’ denotes ‘join’. It is easy to see that K2+ h Kn-2 is g-independent,by A2, and g-rigid, by B2

(since K3 is g-rigid). By repeatedapplicationof Lemma4, rg(Kn) = JE(K2+ h Kn-2)J = 2n- 3.

(b) If G ˛ g and H ˝ G (H „ K1), then H is a g-independent subgraph of KJV(H)J and so

JE(H)J æ 2JV(H)J- 3 by (a).

(c) G1 and G2 are cliques, hence g-rigid, and so if JV(G1)˙ V(G2)J œ 2 then G1¨ G2 is g-rigid by B2. But G1¨ G2 is not complete,and so G is not g-closed,� � . ‘

Proof of Lemma 7. C1 � C2: ApplyingC1 to G- e we see that G- e has a g-rigid subgraph

H that contains both end vertices of e. Then H¨ {e} is g-dependent. Since G is a minimal g-dependentgraph,H¨ {e} = G and G- e = H is g-rigid.

C2 � C1: Let H¢be a minimalg-dependentsubgraphof G¨ {uw}, necessarilycontainingthe edge uw. Then H = H¢- uw is g-rigid by C2.

C2 � C3: Obvious.

C3 � C4: By Lemma 6(c), E(Fi)˙ E(Fj) = ˘ whenever i „ j. Let B be a largest g-independentsubgraphof G. Then rg(G) = JE(B)J = � i JE(B˙ Fi)J æ � i rg(Fi) since B˙ Fi ˝ B˛ g. Now let Bi be a largest g-independentsubgraph of Fi, for each i, and

B := B1¨ ... ¨ Bk. Suppose B is g-dependentand let H be a minimal g-dependentsubgraph of B. By C3, H is g-rigid, whence H ˝ Fi for some i. But then H ˝ Bi˛ g, which is impossible. Thus B˛ g and rg(G) œ JE(B)J = � i JE(Bi)J = � i rg(Fi), whenceC4 holds. ‘

Proof of Theorem 5. g2 is matroidal for dimension2 by Lemma 5. To see that it satisfies

C2, let G be a minimal g2-dependent graph with n vertices. By Theorem 3, G has 2n- 2 edges and every subgraphof the form G- e has n vertices and 2n- 3 genericallyindependent edges. Thus G- e is genericallyrigid, by the definition of infinitesimal rigidity in Section 2.

Thus g2 satisfies C2, and hence C1, C3 and C4 by Lemma7.

Supposeconverselythat g is a non-emptyclass of graphs that is matroidalfor dimension

2 and satisfies C1, C2, C3 or C4, and hence satisfies C4 by Lemma 7. We wish to prove that g = g2. If G ˛ g then G˛ g2 by Lemma6(b) and Theorem3. So supposeG˛ g2. We shall prove by inductionon JE(G)J that G ˛ g. Form a g-closedgraph Gc by addingedges to G as long as this does not increase the g-rank, and let F1,...,Fk be the maximal cliques of Gc. If k = 1 then Gc is completeand so, by Lemma6(a) and Theorem3, rg(G) = rg(Gc) = 2JV(G)J- 3 œ JE(G)J œ rg(G).

Thus rg(G) = JE(G)J and so G˛ g. So suppose k œ 2 and let Gi := G˙ Fi for each i. Then

GenericRigidity - 11 - Postgraduatelectures,1989/90

Gi /=� G and so we may suppose inductivelythat Gi˛ g. By Lemma 6(c), E(Gi)˙ E(Gj) =˘ wheneveri „ j. Thus, by C4, rg(G) = rg(Gc) = � i rg(Fi) œ � i JE(Gi)J = JE(G)J œ rg(G).

Then G ˛ g as required. ‘

5. One-dimensional and three-dimensional frameworks.