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Abstract

Let f be a real meromorphic function of infinite order in the plane such that f has
finitely many poles. Then for each k > 3, at least one of f and f*) has infinitely many
non-real zeros. Together with a result of Edwards and Hellerstein this establishes the
analogue for higher derivatives of a conjecture going back to Wiman around 1911.

MSC 2000: 30D20, 30D35.

1 Introduction

The starting point of this paper is the following theorem, in which the term real entire function
denotes an entire function mapping R into R.

Theorem A. Let [ be a real entire function such that f and f” have only real zeros. Then f
belongs to the Laguerre-Pdlya class LP.

Here the class LP [4, 16, 17, 20, 23| consists of those entire functions g such that g is a
locally uniform limit of real polynomials with real zeros, from which it follows that g and all its
derivatives have only real zeros.

Following partial results in [16, 17, 20] and elsewhere, Theorem A was proved by Sheil-Small
[23] when f has finite order, and for infinite order in [4], and confirmed a conjecture going back
to Wiman around 1911 [1, 2, 20].

The present paper is concerned with the analogous problem in which the second derivative
f" is replaced by a higher derivative f*) k > 3. The following theorem will be proved: here a
meromorphic function is called real if it maps R into R U {oco}.

Theorem 1.1 Let k > 3 be an integer, and let f be a real meromorphic function of infinite order
in the plane such that f has finitely many poles. Then at least one of f and f*) has infinitely
many non-real zeros.

*Research partly carried out during a visit to the Christian-Albrechts-Universitéit Kiel, supported by a
grant from the Alexander von Humboldt Stiftung. The author thanks the Mathematisches Seminar and in
particular Walter Bergweiler for their hospitality.



Theorem 1.1 is also true for k = 2 [4, Theorems 1.2 and 1.3]. On combination with a result
of Edwards and Hellerstein [7, Corollary 5.2], Theorem 1.1 establishes the following analogue of
Theorem A.

Theorem 1.2 Let f be a real entire function such that f and f*) have only real zeros, for some
k>3. Then f € LP.
2 Preliminaries
Definitions 2.1 Fora € C and r > 0 set
D(a,r)={2€C:|z—a|l<r}, Sa,r)={z€C:|z—a|=r},

and
A(r,o0) = {z € CU{oo} : 1 < |2| < o0}.

Further, set
H"={2€C:Imz>0}, D'0,r)=D(0,r)NH", A*(r,o0)=A(r,oco)nNH*. (1)
The following lemma is standard.

Lemma 2.1 ([26]) Let u be a non-constant continuous subharmonic function in the plane. For
r > 0 let 0*(r) be the angular measure of that subset of S(0,r) on which u(z) > 0, except that
0*(r) = oo if u(z) > 0 on the whole circle S(0,r). Then for r > 0,

B(r,u) = max{u(z) : |z| =71} < %/0 Wmax{u(Qre“),O}dt (2)

and, if r < R/4 and r is sufficiently large,

B2 g
B(r,u) < 9vV2B(R, u) exp <—7r/2 sQCf(S)> . (3)

The inequality (2) follows from Poisson's formula, and (3) from a standard application of a well
known estimate for harmonic measure [26, pp.116-7]. O

It will be convenient to use the following standard estimate for harmonic measure.

Lemma 2.2 ([27]) Let 2y # O lie in the simply connected domain D, and let r be positive with
r # |z0|. For s > 0 let 6(s) denote the angular measure of D N S(0,s), and let D, be the
component of D\S(0,r) which contains zy. Then the harmonic measure of S(0,r) with respect
to the domain D,., evaluated at z,, satisfies

w(z0, S(0,7), D,) < exp (—1 /| m‘) .

™




The next lemma requires the characteristic function in a half-plane as developed by Tsuji [25]
and Levin and Ostrovskii [20] (see also [10]). Let g be meromorphic in a domain containing the
closed upper half-plane H = {z € C : Imz > 0}. For ¢t > 1 let n(t, g) be the number of poles
of g, counting multiplicity, in {z : |z — it/2| < t/2,|z] > 1}, and for r > 1 set

N(r,g) = /17” n(t’zg)dt.

t

The Tsuji characteristic T(r, g) is given by

5(7“, g) = m(r, g) + m(rv g)? m(r, g) = o do. (4>

1 /”_Si“_l(l/r) log™ |g(r sin 6e®)|
21 Jg

n=1(1/r) r Sin2 0
Lemma 2.3 ([20]) Let g be meromorphic in H such that
m(r,g) = O(logr) as r— oo, (5)

where m(r, g) is given by (4). Then

/ —mOﬂ(;’ 9) dr=0O(R 'logR) as R — oo, (6)
R r
in which . -

mor(ri) = 5= [ og” lotre) a0, @

Proof. A result of Levin-Ostrovskii [20, p. 332] leads to

/ mOW(ga g) dr < / m(’f’; g> dr = O(Ril lOg R) as R— oo,
R r R r

which gives (6). O
The following theorem was proved for families of analytic functions by Schwick [22] and in

the meromorphic case in [5], using in both cases but in different ways the rescaling method [28].

Theorem 2.1 ([5, 22]) Let k > 2 and let F be a family of functions meromorphic on a plane
domain D such that ff*) has no zeros in D, for each f € F. Then the family {f'/f : f € F}
is normal on D.

Lemma 2.4 Let k > 2 and n > 0 and let g be analytic in D(0,2n) with g(z)g® () # 0 there,
and let G = ¢'/g. Then
log M (1, G) < co(1 +1log™ |G(0)]),

in which cq = co(n) > 0 depends only on 7.

Proof. Let
h(z) = g(2nz), H(z) = = 2nG(2nz)




for |z] < 1, and use C; to denote positive absolute constants. Since h(z)h*)(2) # 0, Theorem
2.1 implies that

|H'(2)]| 3
— 70y f < -,
e =@ for =g

This in turn implies that the Ahlfors-Shimizu characteristic Ty(r, H) satisfies

n(2n) <o

But [12, p.13] now leads to
1 3 3 "
logM §,H SCgT Z,H SCg TO Z’H —|—C4+10g |H<O)‘ y
and this gives the result for G. O

Lemma 2.5 Let0 <o < 7/2. Let S > 1 and let g be analytic in S/64 < |z| < 645, Imz > 0,
with g(2)g"®)(z) # 0 there. Set G = ¢'/g. Then

M, = max{|G(z)| : $/32 < |z| <325,0 <argz <7 — o0}
and
My = min{|G(2)| : §/32 < |z] < 32S,0 <argz <m—o0}

satisfy
log™ My < ¢1(1 4 log S + log™ Mo,),

in which ¢, > 0 depends only on o.

Proof. When S =1 Lemma 2.5 is proved by applying Lemma 2.4 repeatedly. Suppose now that
S > 1, and set

gs() = 9(52), Gs(z) = B _ s,

Then
|G(S2)] < |Gs(z)] < S|G(S2))]

and so Lemma 2.5 is proved. O

Lemma 2.6 Let D = D*(0,1) be as defined in (1) and let w = g(z) be a conformal map of D
onto the unit disc D(0,1) sending i/2 to 0. Then there exists ¢ > 0 such that

19(2) — g(2")| > ¢|lz — Z'|* for 2,2 €0D. (8)

The following elementary proof is included for completeness. The function ¢ is the composition
of the map h(z) = z + 1/z with a Mdbius transformation of the lower half-plane onto the unit
disc. Assuming (8) false there exist sequences (z,), (Z,) in 0D with

9(zn) = 9(Zn) = o(|z0 = Zu|*) as n — oc.
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Without loss of generality (z,) and (Z,) converge to z* € 0D, and z* must be £1, since
otherwise ¢! is analytic at g(z*). Assume that 2* =1 and |2, — 1| < |Z, — 1|. Then
1 Zn(zn — 1)

7 o(|zn = Znl) = o(|Zn — 1), 7 -1 —1+o0(1), arg

Zn — 1
Z, —1

=m+o(1),

which is impossible. O

The proof of Theorem 1.1 will require Fuchs' small arcs lemma [9] in the form given in [15,
p.721]. The term log™ |1/g(0)| arises in (9) since [15, p.721] assumes the condition g(0) = 1.

Lemma 2.7 ([15]) Let R > 0 and let g be meromorphic in |z| < R, with g(0) # 0,00. Let
N1, 1Mo be positive with 1y + ny < 1. Then there exists a subset Er of [0, R(1 — ny)], having
measure greater than R(1—n; —ns), with the following property. Ifr € Eg and F,. is a subinterval

of [0, 27] of length m then
—2 1 v 1
df < 400n; “n, | T(R,g) +log" —— | mlog —. (9)

/T 19(0)] m

Lemma 2.8 ([6]) Let 1 < r < R < oo and let g be meromorphic in |z| < R. Let I(r) be a
subset of [0, 27| of Lebesgue measure (i(r). Then

rg'(ret) 2me

g(ret)

1+log* ﬁ) T(R,q).

Lemma 2.9 ([13]) Let S(r) be an unbounded positive non-decreasing function on [rg, c0),
continuous from the right, of order p. Let A > 1,B > 1. Then

log A
log B

1 .
—/ log™ [g(re®)|d <
2w I(r)

logdenngp( ) , G={r>ry:S(A4r) > BS(r)}.

3 Proof of Theorem 1.1: first part

Let £ > 3 be an integer, and let f be a real meromorphic function of infinite order such that f
has finitely many poles and f and f*) have finitely many non-real zeros. Assume without loss
of generality that f(™)(0) # 0, co for all non-negative integers m.

Definitions 3.1 Form =0,...,k — 2 set

B f(m+1) B B 1 B f(k—Q)(Z)
Lm—w, L—Lk,Q, F(Z) =z — L(Z) Z—W (10)
The L,, are related by
!/
Lemma 3.1 ([18]) For m =0,...,k — 2 the Tsuji characteristic of L,, satisfies
m(r, Ly,) < %(r, L,,) = O(logr) as r — oc. (12)



Proof. (12) is proved for m = 0 in [18, Lemma 1] by coupling the method of [12, pp.67-77] with
the Tsuji characteristic. This can also be done using a method of G. Frank (see, for example,
[8, Theorem 3]), again with the Nevanlinna characteristic replaced by that of Tsuji. The result
for 1 < m < k — 2 then follows from (11) and the analogue for the Tsuji characteristic of the
lemma of the logarithmic derivative [4, 10, 20]. O

4 The Levin-Ostrovskii representation for L,,

Form=0,...,k—2set

in which L,, is as in (10) and 1), is defined as follows. If f(™) has finitely many real zeros, set
¥m = 1. Assuming next that f(™) has infinitely many real zeros a,, the a, are then simple poles
of L,, satisfying, without loss of generality,

A <Ay < Apgy <l

For |p| > po, where py is large, a, and a,,; are of the same sign, and there is a zero b, of f(™*1),
and hence of L,,, in the interval (a,,a,+1). Then the product

Um(z) = H i — Z/bp

[p|>po B Z/ap
converges by the alternating series test, and satisfies
1—2z/b,
0< ar ar < for € HT.
> g M S
Ip|=po Ip|>po
Lemma 4.1 Form =0, ...,k — 2 the functions ¢,, and 1, in (13) are real meromorphic and

satisfy the following:

(i) ¥ and ¢, have only simple poles, all of which are simple poles of L,, and zeros or poles of
fFm,

(ii) ¥, has only real zeros and poles, all of which are simple;

(iii) all but finitely many real zeros of f™) are poles of 1),,, and all non-real zeros of f™ are
poles of ¢,,;

(iv) all but finitely many poles of ¢,,, are non-real zeros of f"™) and, in particular, ¢o has finitely
many poles;

(v) either ,,(H") C HT, or ¢, = 1

Further, form =0,...,k — 2,

n(r,¢m) < Y n(r,1/¢)+0(1) as r— oo (14)

0<j<m
Proof. When m = 0 the inequality (14) follows from part (iv), the sum on the right-hand-side
being interpreted as empty in this case. Now suppose that 1 < m < k — 2, and that z; is a pole
of ¢y, with |z large. Then z, is a simple pole of ¢,, and a non-real zero of f(™, by part (iv).
Let p be the least integer with 0 < p < m such that f®)(z) = 0. Then p > 1, since f has
finitely many non-real zeros, and so ¢,_1(z9) = 0. This completes the proof of (14). O



5 Estimates for v,

Condition (v) of Lemma 4.1 implies the Carathéodory inequality [19, Ch. 1.6, Thm §']

..sinf

1

< | (re)| < 5lom(i)| = for r>1,6€(0,m). (15)

Since the image of H™ under log ¢,,(z) contains no disc of radius greater than /2, by part (v)
of Lemma 4.1, applying Bloch's (or Landau’s) theorem yields

U (re”’)
Y (rei?)

where ¢ is a positive absolute constant. In particular, (15) and (16) imply that

c
< >
" for r>1,0¢€(0,m), (16)

m(r, Yp) +m(r, 1/dn) +m(r, Y /i) = O(logr) as 1 — oo. (17)

6 Estimates for T'(r, ¢,,)
Define mg,(r, ¢o) by (7). Since (12), (13) and (15) give
m(r, ¢g) = O(logr) as r — oo,

in which m(r, ¢y) is defined as in (4), Lemma 2.3 implies that
/ Mdr = O(R'logR) as R — oo. (18)
R r

But ¢ is a real meromorphic function with finitely many poles, using part (iv) of Lemma 4.1,
and so
T(r, ¢o) = 2mox(r, o) + O(logr) as r — oo.

Combining this relation with (18) yields

T
/ —(7;3¢°>d7~ = O(R'logR) as R — oo,
R

and hence, since T'(r, ¢g) is non-decreasing,
T(r,¢o) = m(r,¢o) + O(logr) = O(rlogr) as r — oo. (19)
Let p = p(¢o) be the order of growth of ¢,. Then (19) gives
p = pl¢go) < 1. (20)
Lemma 6.1 Form =0,...,k—2, asr — 00,

T(r,00) — O(logr) < m(r,¢n) < T(r,¢m) < 2MT(r,¢o) + O(logr) = O(rlogr). (21)



Proof The estimate (21) is proved by induction on m, and is evidently true for m = 0, by (19).
Assume that 0 < p < k — 3 and that (21) holds for 0 < m < p. The relations (11) and (13)

yield / / / /
m+1 ¢m+1¢m+1 m + z + Z_m = Qbmwm 2 Zm

Now repeated application of (17), (21) and (22) gives, as r — o0,

m(r, pi1) = m(r, ¢p) + Ologr) = m(r, go) + O(logr) = T(r, ¢o) + O(logr).  (23)
Next, (14) and (21) lead to

(22)

P
N(ry¢pi1) < Z 7,1/¢m) + O(logr) < (2PT1 — 1)T'(r, ¢y) + O(log 1)

as 1 — 00, which on combination with (23) completes the induction. O

7 An upper bound for T(r, f) in terms of T'(r, ¢y)

Lemma 7.1 For all large r, and form =0,...,k — 2,
T(r, f™) < 2T(2r, ) < exp(20T(167, ¢p)). (24)

Proof. The following argument from [4] is based on the Wiman-Valiron theory [14]. Since f
has finitely many poles there exists a polynomial P; such that f; = P, f is an entire function of
infinite order. Let fi(z) = >~ A,2? be the Maclaurin series of f;. For r > 0 define

p(r) = max{[Agr?: ¢ =0,1,2,...}, w(r) = max{q: [A|r® = u(r)},

to be respectively the maximum term and central index of f;. By [14, Theorems 10 and 12],
there exists a set Ej of finite logarithmic measure with the following property. Let r be large,
not in Fy, and let z be such that |z9| = 7 and | f1(z0)| = M (r, f1). Then

filz) _ vlr)

= 0 roz=ze", —1/7"’2/3,y7"’2/3.
T = s (o) fo t€ [=u(r) > u(r) )

Since

this leads at once to

2 / ity |5/6
/ / (reAt) dt > v(r)Yr=5% as r - oo with r¢ Ej.
o | [f(re?)
But (10), (13) and (15) give, for some positive absolute constant c,
o7 f/( ) 5/6
/ ¢ dt < cM(r, ¢0)5/6|¢0(i)|5/67”5/6 as 7 — 00.
o | [f(re?)




It follows that
v(r) < M(r,¢)°r"t as r— oo with r¢ Ey.

In particular, ¢y must be transcendental, since f; has infinite order. If s is large and 2s & Fj,
then

log M(s, f1) < log u(2s) +log2 < v(2s)log2s + O(1) < M(2s,¢0)° < exp(19T'(4s, ¢v)),

using the fact that ¢q has finitely many poles. For r large choose R € [r, 2r| such that 4R ¢ Ej,
so that

T(T7 f(m)) S QT(QT, f) S 2 10g M(2R> fl) + O<10g T) S eXp(QOT(SR’ ¢0))7

which gives (24). O

8 Pointwise estimates for logarithmic derivatives
Choose a € C such that ¢,(0) # a and
m(r,1/(¢o — a)) = o(T(r,¢o)) as r— oo; (25)
such values a always exist [21, p.281]. Set
n(r) =n(r,1/(¢o —a)), N(r)=N(r,1/(do — a)). (26)

The following estimates are consequences of (10), (21), (24) and results of Gundersen [11,
Theorem 2 and Theorem 3].

Lemma 8.1 There exists a set F; C [1,00), of finite logarithmic measure, such that, for m =

0,....k—2,
| L (2)] < T(2s, f'™)? < exp(40T(32s, o)) for |z| =s € [1,00)\ E, (27)
and . .
where p = p(¢yg) is as in (20). Further, there exist
t, € (31/16,57/16), 5 € (7T7/16,97/16), t; € (117/16,137/16), (29)

and Ry > 0 such that, fors > Ry, m=0,...,k—2,andn=1,2,3,

itn
(Zﬁ;n(S@ ) < S_1+p+0(1). (30)

| L (s€™™)| < T(2s, f7™)? < exp(40T(32s, ¢o)) and (st | =




9 Application of Lemma 2.5

The estimates of Lemma 2.5, which followed from the normal families result Theorem 2.1, will
now be used to show that the functions L,, defined in (13) are large in a substantial part of the
upper half-plane H*.

Lemma 9.1 Let ) > 0 and C > 1. Let r be large, with
T(64r, ¢o) < CT(2r, do). (31)
Then form =0,...,k—2, and for s € [r/4,4r] \ E,
log | L (2)] > CiT(2r,¢) for |z|=s,0 <argz <m—24. (32)
Further, form =0,...,k—2andn =1,2,3,
log | L (se™))| > CiT(2r, ¢g) for 1/4 < s < 4r. (33)

Here t1,t5,t3 and the exceptional set Fy are as in Lemma 8.1, and the positive constant C'
depends only on § and C.

Proof. Let S be a member of the set [2r,4r| \ E;, which is non-empty since r is large and F;
has finite logarithmic measure. Then (31) gives

T(16S, ¢g) < CT(S, ¢o).

Since ¢q is transcendental with finitely many poles Lemma 2.8 now shows that the set

Ig = {9 € [0,27] : log |po(Se™)| > %T(S, <;50)}

has measure at least 87, where 17 > 0 depends only on C.
Let 0 = min{n, d}. Then since ¢y is real there exists z satisfying

1
2| =8, o<argz<m—o0, logl|po(z)| > §T(S, ®0),

and hence

f'(2)
f(2)
using (13), (15) and the fact that S is large. Applying Lemma 2.5 now gives (32) and (33) for
m = 0. The result for m = 1,...,k — 2 then follows by repeated application of (16), (22), (28)
and (30). 0

1
log [Ly(z)| = log > ZT<S’ ®0),

Lemma 9.2 Let §, N > 0. There exists a set Iy C [1,00) of logarithmic density 1 such that,
forr € Fyandm =0,...,k—2,

|Ln(2)| > |2IY and |F(2) —z| < |2|™ for |z|=r 6 <argz<m—06. (34)

10



Proof. By (10) it suffices to prove the result for the L,,. Let n > 0. Then by Lemma 2.9 there
exist Cy > 1 and a set E5 of upper logarithmic density at most 7 such that

T(64r, ¢o) < CoT'(2r, ¢p)

for large r not in E,. Assume without loss of generality that F4, which has finite logarithmic
measure, is a subset of F5. Then Lemma 9.1 gives a constant C3 > 0 such that

log | Ly (2)] > C3T(2r,¢g) for m=0,...,k—2,|z| =r,d <argz <7 —,

if 7 is large but not in Ey. Evidently C3T(2r, ¢g) > N logr for large 7, since ¢y is transcendental.
Hence the set of r such that (34) holds has lower logarithmic density at least 1 — 7, and 7 may
be chosen arbitrarily small. O

10 Singularities of the inverse function of F

Lemma 10.1 A/l but finitely many multiple points zy of F' in C \ R satisfy the following:
(i) zo is a simple zero of F';

(ii) zo is a simple zero of f*=2), and a simple pole of L and ¢j_;

(iii) zo is a superattracting fixpoint of F.

Proof. By (10) poles of F in C\ R must be zeros of f*~1) and all but finitely many of these are
simple, since f(*) has finitely many non-real zeros. Hence all but finitely many multiple points of
F in C\ R are zeros of . Next, (10) gives

—2) £(
F' = —f(k A (35)

(FEp

Again since f*) has finitely many non-real zeros, it follows that all but finitely many zeros of
F'in C\ R are zeros of f*~2) and hence fixpoints of F, and simple poles of L and ¢;_o,
using (10) again. Finally, if 2y is a zero of f*=2 of multiplicity mo > 2 then (35) gives
F'(z) = (mo —1)/mqg # 0. O

Proposition 10.1 F' has no finite non-real asymptotic value.

To prove Proposition 10.1 will require a number of intermediate lemmas and the following clas-
sification of asymptotic values [3, 21]. Suppose that the function g is transcendental and mero-
morphic in the plane and ¢(z) tends to the finite complex number a* as z tends to infinity
along a path . Then the inverse function ¢! is said to have a transcendental singularity over
a*. For each positive t, a domain C(t) is uniquely determined as that component of the set
{z € C : |g(2) — a*| < t} which contains an unbounded subpath of v. Here C(t) C C(s) if
0 < t < s, and the intersection of all the C(t),¢ > 0, is empty. The singularity of g~ over a*
corresponding to - is then said to be direct if C'(¢), for some positive ¢, contains finitely many
zeros of g(z) — a*, and indirect otherwise. If the singularity is direct then C(t), for sufficiently
small ¢, contains no zeros of g(z) — a*.

11



Lemma 10.2 Let « € C\ R. Then the inverse function F'~' has no direct transcendental
singularity over .

Proof. Assume that F'~! has a direct transcendental singularity over a € C \ R. This gives a
small positive constant 7 and a component Cj of the set {z € C : |F(z) — a| < n}, such that
F(z) # a on Cj but C contains a path tending to infinity on which F'(z) — «. If 7 is chosen
small enough then Cy C C \ R and without loss of generality Cy C H*. The function

Ui
F(z) -«

is then non-negative, non-constant and subharmonic in the plane, and vanishes outside H*. For
large t let o(t) be the angular measure of that subset of S(0,t¢) on which u(z) > 0. Then
o(t) < for all large t and, if § > 0, then Lemma 9.2 gives o(t) < 24 for all large t € F}, where
5 has logarithmic density 1. Hence Lemma 2.1 gives for some large 7y, as r tends to infinity,

log (% /0 ﬂu(4’r’e“)dt> > log B(2r,u) — O(1)

mds
> — —0(1
/[’;‘0,T‘}HFO 258 ( )

> 2—5(1 —o(1)) logr.

u(z) = log (z€Cy), ulz)=0 (z2e€C\C(Cy),

Since 9 may be chosen arbitrarily small and
u(z) < log™ [1/(F(z) — a)| + O(1),
it follows that
log mo,(r, 1/(F — «))

li = 00. 36
rggo log r o0 ( )

But (10) and (12) give, with the notation (4),
m(r,1/(F —a)) <%(r,1/(F—a)) =0(logr) as r— oo,

which using Lemma 2.3 leads to

/ Mo (1, 1/§F —Q) O(R 'logR) as R — o,
R r

contradicting (36). O

Assume for the remainder of this section that F'~! has an indirect transcendental singularity
over some value in C\ R. Then the argument of [3, p.364] gives the following.

Lemma 10.3 There exist « € C\ R and pairwise distinct values 3;,j = 0,1,2,..., with
|8; — a| = n; small and positive, and pairwise disjoint simply connected domains U; C H* such
that:

(i) F maps U; univalently onto D(c,n;);

(ii) there exists a simple path T'; C U, tending to infinity, mapped by I’ onto the half-open line
segment [, 3;), with F'(z) — (; as z — oo on T';.

12



Proof. Following [3] take @ € C \ R such that F~! has an indirect singularity over o and a
corresponding path v — oo on which F(z) — «. For each t > 0 let C(¢) be that component
of the set {z € C : |F(z) — a| < t} which contains an unbounded subpath of 7. Since the
singularity is indirect each C(t) contains infinitely many zeros of F/(z) — . Let T" be small and
positive. Then it may be assumed without loss of generality that C'(7') C H™, and that C(T))
contains no zeros of F’, since by Lemma 10.1 the function F' has finitely many critical points
with F'(2) € D(a, [Im o).

Let 0 < T; < T. Let z; € C(T;) with F(2;) = «, and let 7; be the supremum of positive
s such that the branch of F~! mapping « to z; admits unrestricted analytic continuation in
D(a,s). Then n; < Tj since F is not univalent on C(7}), and F' maps a subdomain U;
of C(Tj) univalently onto D(a,7n;). By a compactness argument there must be a singularity
B; € dD(a,n;) of F~! and, as w — f; along [a, 3;), the preimage z = F~!(w) must tend to
infinity along a path I'; in U;.

The U; are then constructed inductively as follows. Set Ty = 7/2 and assume that 3;,7;,T;
and U; have been determined for j = 0,...,n. Let 0 < 7,41 < min{no,...,n,}. Then for
0 < j < n the component C(T,,1) satisfies C(T,,+1) € U; and hence C(T,,41) N U; = 0, from
which it follows that U, .1 N U; = 0. O

Choose j € Z with j > 0, and for convenience drop the subscripts on 3;,7;,1';, U;.
Lemma 10.4 Let N > 0. Then |F(z) — | < |2| ™ asz — oo onT.

Proof. Let ¢ be small and positive. For large s let 0*(s) denote the angular measure of the
intersection of U with the circle S(0,s). Since U C H' and F is bounded on U, Lemma 9.2
gives 0*(s) < 26 for all s in a set of logarithmic density 1, and so if ¢ is large it follows that

/T b (s)ds < (20 +o(1))logr

S

as r — 00. Hence applying the Cauchy-Schwarz inequality gives

2
r " ds " ds
— <

<log 7‘0) < (20 4+ o(1)) logr/ro 0(5) and /TO 50 ) > 2N logr (37)

as r — o0, provided § was chosen small enough. Let z = G(w) be the branch of the inverse
function '~ mapping D(a, n) onto U. For z € T the distance from 2 to AU is at most |2]6*(|2])
and so Koebe's theorem implies that

(w— B)G'(w)| < 4]z|0%(]z]) for z=G(w), w € [a, 3).

Hence, for large z € I and w = F(z), writing u = G(v) for v € [, w]| gives, using (37),

A Y (0 Y L (S A
ﬂ—F(Z)' /a |6 — | /G(a) [EEDEO /G(a) Afu|0*([ul)

Izl gs
> > 2N1 .
> /m 500 og |2|

log
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For z € I let I', denote the part of I" joining z to infinity, so that
FT) =9 =[w,8), w=F(z), z=Gw)=F"w). (38)

(10) gives, as z — oo on T,
S D(2) 1

M—z— —I(z = z z) = 2| 2| F(2) —
()~ P FGE), iy = Tt alE) = O IR E) - ). (39)

Denote positive constants by ¢, not necessarily the same at each occurrence.

Lemma 10.5 The function (i(z) in (39) satisfies

/F () ||du] < c|F(z) — ]

asz —ooonl.

Proof. Using (38) and (39), write
v="F(u), u=G@), uvel:, ()| duf < C/[ ) [u| ™| = BIIG" (v)[|dv].  (40)
r. w,3

Since U C H™ the function log G is defined on D(a,n) and maps D(a,n) univalently onto a
domain containing no disc of radius greater than 7/2, and so Koebe's theorem gives

< 1
s C
|U /C|

Using (39), (40) and (41) gives, as z — oo on T',

‘G/(“) for v [w,B). (41)

G(v)

()| du] < c /

[wﬂg

| |G (v) | do] = / G (v)[ " |dv] < / do] < clw — 5.
) [w,B)

T, [w,B)

Integrating (39) and using Lemma 10.5 leads to, for some constant A € C\ {0},
FE2(2) = Az = B) 1+ O(|F(2) = B])) = A(z = 8) +7(2).  7(2) = O(|2(F(2) = )]), (42)
as z —ooonl.

Lemma 10.6 Let 0 < o < 1 and M € N. Then the function 7(z) in (42) satisfies
[u s (u)l|du] < c|F(z) — pI'~
I

as z — oo on I'. In particular, the integral converges.

14



Proof. Using (40), (41), (42) and Lemma 10.4 leads to, provided N is chosen large enough in
Lemma 10.4,

[ @l < e [ - g6 @)l
I [w,5)

< of MGl
[w,5)

o / |
[w,B)

< cf sl
(w,5)

= w7,
]
Lemma 10.7 Asz — oo on T,
5 B)k-1
) = 2= o) (43)
and A= — gy
() = S + 0, (44)
where A is as in (42).
Proof. Set A= 1 Az — 2
9(z) = f(z) - o h(z) = f'(z) — =2 (45)
Then (42) gives
9" (2) = hI(z) = 7(2). (46)

Fix zo € T" with |z| large. Then Taylor's formula and (45) and (46) give a polynomial Pj_3 of
degree at most k — 3 such that

A(z — B)F 1 “(z —u)h? k—3
1) = M = ol = P+ [ S rda = 0(1:1

20

as z — oo on I', using Lemma 10.6, from which (43) follows at once.
Next, if & = 3 then (44) is an immediate consequence of (42) and Lemma 10.4, while if
k > 4 then (45) and (46) give a polynomial Q_4 of degree at most k — 4 such that

f(z) - % — h(z) = Qua(2) + / %T(U)du = O(]z*)

20

as z — oo on I', using Lemma 10.6 again. O
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Lemma 10.8 Asz — © on T,

Lo(2) = £ = Bala)1+ Ol ) = Ro(e) 4 O(:1). Balo)=2=5.  (a)
Proof. (47) follows at once from (43) and (44). O

To complete the proof of Proposition 10.1, take a large positive integer n and r; > 0 such
that the region A™ (71, 00), defined as in (1), contains no zeros nor poles of f, and none of the (3;,
for 0 < j < n. Then by Lemma 10.8 there exist paths I'; in A*(r;, 00), each tending to infinity,

and pairwise disjoint apart from a common starting point z;, such that, for j =0,1,... n,
Lo(z) — Rg,(2) = O(|z]°) as z—o00 with zel7. (48)
Re-labelling if necessary gives n pairwise disjoint simply connected domains Dy, ..., D, lying in

A*(ry,00), with D; bounded by I';_; and I'}. For j =1,...,n set

LO(Z) - Rﬁj (Z) L0<Z) - Rﬂj—1 (Z)

H;(z) = =1+ : 49
J( ) Rﬁj—1(z) - Rﬂj (Z) Rﬁj—l(z) - Rﬁj(z) ( )
and for s > 0 let 0;(s) be the angular measure of the intersection of D, with the circle S(0, s).
Since
k—1)(B;-1 — B, k—1)(B;—1 — B,
Rﬁj_l(z)—Rﬂj(Z) _ ( )(6] 1 6]) ~ ( )(BJ 1 ﬁ]) as 2 — o0,

(z = Bi—1)(z = 55) 22

(47), (48), (49) and the construction of the domains D; show that H;(z) is analytic on the
closure of Dj, tends to 0 as z tends to infinity on I';, and tends to 1 as z tends to infinity on

ijl-
Let ¢* be large and positive, and for j = 1,...,n define
H.
u;(z) = log" #‘ (z€D;), wuij(z)=0 (2€C\Dj).

Then each u; is continuous, non-negative and subharmonic in the plane, and unbounded on D);.
Lemma 2.1 gives, for some large 5 and for 1 < j < n, using (49),

/ mds < log B(2r,u;) + O(1)

s0;(s)
log (% /0 ' uj(4re“)dt) +o(1)

log (Mo (47, H;)) + O(1)
log (mox(4r, Lo) + O(logr)) + O(1)

IN
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as r — oo. Hence, for 1 < j <mn,

/ mds <log® (mor(4r, Lo)) + o(logr) as r — oo. (50)
T2 893'(5)
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However, the Cauchy-Schwarz inequality gives
"2<i9'(5>i 1 <i 7
=2 2 () T 2 ()

j=1 j=1 j=1

for s > ry, which on combination with (50) leads to

n? logr < nlog+(m0ﬂ(4r, L)) 4+ o(logr), mox(r, Lo) > rned) 35— o0, (51)

Since n may be chosen arbitrarily large, (51) contradicts (12) and Lemma 2.3. This completes
the proof of Proposition 10.1. O

Proposition 10.1 now permits the following classification of non-real poles of L.

Lemma 10.9 All but finitely many poles zy, of L in C\ R satisfy conditions (i), (ii) and (iii) of
Lemma 10.1.

Proof. Let z* € C\R be large and a pole of L. Then f=2)(2*) = 0 by (10), since f has finitely
many poles. Suppose that z* is a zero of f*~2) of multiplicity at least 2. Then as in the proof
of Lemma 10.1, (10) and (35) show that z* is an attracting fixpoint of F* but not a critical point
of F', and z* lies in a component C* of the Fatou set of F’, such that the iterates F,, of I’ tend
to z* locally uniformly in C*, so that C* C C\ R since F is real. Further, the component C*
must contain a non-real singular value of =1, and using Lemma 10.1 and Proposition 10.1 all
but finitely many such singular values are themselves fixpoints of F'. Hence all but finitely many
zeros of f*=2) in C \ R are simple and by (35) are zeros of F". O

11 Components of F~1(D%(0, R))

The following lemma is an immediate consequence of Lemma 10.1 and Proposition 10.1.

Lemma 11.1 There exists a simple path T'" : [0,00) — H™ with the following properties:

(i) All critical values of F' in H" lie on T,

(ii) T consists of countably many radial segments and arcs of circles S(0, p;), 0 < p; — 00,
(iii) [Tt (t)| is non-decreasing, with lim,_,, [Tt (¢)] = oo,

(iv) if D C H \T'" is a simply connected domain, then all components of F~'(D) are mapped
univalently onto D by F'.

O

Lemma 11.2 Let 0 < R < oo and let W = {z € H" : F(z) € D"(0,R)}, where D (0, R)
is defined as in (1). Let C' be a component of Wx. Then there exists an integer ko such that
each value w € D*(0, R) is taken k¢ times in C, counting multiplicity, and the number of zeros
of I in C, counting multiplicity, is at least k¢ — 1.

17



In the terminology of [24, p.4], F': C — D*(0, R) is a proper map of topological degree k¢.
Proof. By the construction of the path I'" in Lemma 11.1, the region Dr = DT (0,R) \ I'" is
simply connected and all components of F'~'(Dy) are mapped univalently onto Dg by F.

Claim 1. There are finitely many components B of F~*(Dg) with B C C.

If B is any component of F~}(Dyz) with B C C and if 9B N C' contains no critical point of F,
then using Proposition 10.1 the branch Fgl of the inverse function of F' which maps Dy onto B
may be analytically continued into D*(0, R), and F' maps C' univalently onto D*(0, R). Since a
critical point of F' belongs to the boundary of at most finitely many components B of F'~'(Dg),
and since F has finitely many critical points over D (0, R), by part (iii) of Lemma 10.1, Claim
1 follows.

Let ko be the number of components B C C as in Claim 1. Clearly every value w € Dpg
is taken k¢ times in C, each simply, and it follows from the open mapping theorem that no value
w € D*(0, R) is taken more than k¢ times in C, counting multiplicity.

Claim 2. Let (z,) be a sequence in C' such that lim, .. z, = 2* € 0,C, where 0,,C
denotes the boundary of C' in C U {cc}. Then every limit point w of the sequence (F(z,))
satisfies w € 0D*(0, R).

To prove Claim 2, assume without loss of generality that F(z,) — wy € D*(0, R) as n — oc.
Then clearly z* = co. Take R* large and positive such that all wq points of F'in C' and all critical
points of F over DT (0, R) lie in D(0, R*), and such that |F(z) — we| > 6 > 0 on S(0, R*),
where D(wp,d) C DT (0, R). Let n be large. Then |z,| > R* and F'(z,) # 0 and the branch
of F~! mapping F(z,) to 2z, may be analytically continued throughout D(wy,d). But this gives
z; € C with |2/ | > R* and F(z])) = wy, a contradiction.

The argument of [24, Theorem 1, p.5] now shows that every value w € D% (0, R) is taken
kc times in C, counting multiplicity, and the Riemann-Hurwitz formula [24, p.7] implies that F’
has at least ko — 1 critical points in C, all of which must be zeros of F”. O

12 A growth lemma

The next lemma determines certain annuli, corresponding roughly to Pélya peaks [12, p.101], in
which the subsequent analysis will take place.

Lemma 12.1 Let N be a large positive integer and let the positive constants K and ¢ satisfy
1
K33 -1 2—k—4 I 2
+ , O<e< 1 (52)
Then there exist arbitrarily large r € [1,00) with the following properties:
(i)
n(K*?r) < (14275 "n(r), (53)
in which n(r) = n(r,1/(¢o — a)) and a are as in (25) and (26);
(ii)
T(64r, ¢o) < diT(2r, o), (54)
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in which the positive constant d, depends only on the order p of ¢q;
(i) form =0, ...,k — 2, the L, satisfy

| Lim(2)] < exp(40T(647, o)) (55)

for |z| =se€[r,2r]\ E, and for

where the exceptional set F'y and t1,t,,t3 are as in Lemma 8.1;
(iv) form = 0,..., k — 2, the estimates

L (2)| > 2|, |F(2) — 2] < |2| 77, (57)
hold for
lz| =se[r2r]\ Ey, t; <argz<ts, (58)

and for z satisfying (56);
(v) there exist a set J, C [r, K**r|\ E\, and a function 0(s) : J. — (0,7/4) such that the
estimates

[bo(2)] > 21¥%%, [ Lin(2)] > |2, é%i%z% <lel, FP(z) =zl <7 (59)
hold form =0,... k — 2 and
|z| =s € J., 6(s) <argz <7 —0(s); (60)
(vi) the function 6(s) satisfies, forq =1,...,22,
52n(r)/ ds > T(64r, ¢ ); (61)
[Ka—1r, Kar|nJ, s0(s)

(vii) for g = 1,...,22 there exists s, € (K9 'r, K%) N J, such that, form =0,...,k—2,

( / /Ha c ) & (5467)

¢M<3qe”)

Proof. First, part (iii) follows at once from (27) and (30).

Next, let p < 1 be the order of growth of ¢, as in (20). Then (25) and (26) imply immediately
that n(r) also has order p. Denote by d; positive constants depending at most on k and p.

For a given d; > 0, if r satisfies (54) and is large enough then the conclusions of part (iv)
are automatically satisfied, using (10), Lemma 9.1 and the fact that ¢ is transcendental.

It remains to show that r can be chosen to satisfy (i), (ii), (v), (vi) and (vii), and to this end
the proof of Lemma 12.1 will now be divided into two subcases, depending on p.

¢6(5qeiT>

—k—4
Sq W dr <2 n(r) (62)

Case 1: suppose that p > 0.
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Then the standard existence result for Pélya peaks [12, p.101] shows that there exist o > 0 and
arbitrarily large r such that

n(t) < (f)p/zn(r) (ro<t<r), n(t)< (f)3p/2n(r) (r<t<oo).  (63)

r r

But p <1 by (20), and so (53) follows using (52). Next, (25) and (63) give, for R > r,

r 3p/2
T(R,¢9) ~ N(R) < N(ro) + 2n(r) (% + %) ,

which on combination with (21) yields, for m = 0,...,k — 2 and large such r,

7647, 6,) < AT (O dn), T(647,60) < dynlr) < N () ~ T2 00), (6
where d3 depends only on p. In particular (54) follows from (64).

To complete the proof in this case, set J, = [r, K**r]\ Ej, and for each s € J, set §(s) = 4,
with ¢ a small positive constant independent of r. If = satisfies (60) and r is large enough then
(59) follows from (13), (15), (16), (20), (28), (54) and Lemma 9.1. Further, provided § is chosen
small enough, (61) holds using (64) and the fact that E; has finite logarithmic measure. Finally,

again provided § is small enough, the existence of s, as in (62) follows from (64) and Lemma
2.7.

Case 2: suppose that p = 0.
Choose a rational function Ry with Ry(z) = O(]z|Y*3) as 2 — oo and such that

¢"(2) = 2" H¢o(2) — Ro(2)) (65)

is entire. Let A be a large positive constant. Since ¢, and ¢* have order 0, there exist by Lemma
2.9 arbitrarily large positive r; such that

n(2Ar)) < (142" n(r),
T(2Ar1,¢0) < 2T(r1, do),
log M(4Ary, ¢*) < 2log M(ry,¢"). (66)
For 2r; < s < 2Ar; set
U, ={t €10,27) : |[¢*(se")| > 1}. (67)

If Us = [0,27) set 6y(s) = oo, and otherwise let 0y(s) be the Lebesgue measure of Us. Then
Lemma 2.1 gives

2Ar,
log M (ry,¢") < 9v/2 exp (—W/ i) log M (4Ary, ¢*)
2ry 800(‘9)

and hence, using (66),

exp (7? /2 o - 965?5)) < 18v2. (68)

T1
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Let
J={s€2r,2Ar]\ B : Uy = [0,27)}. (69)

Then for s € [2ry,2Ar ]\ J either s € E; or 6y(s) < 27 and so provided r; is large enough (68)
ds

gives
d 2Ar1
/ &< o(1) + 21 /
[2r1,24r\J S o S00(s)

using the fact that E; has finite logarithmic measure. Since A may be chosen arbitrarily large
it is then evidently possible using (52) to choose r such that [r, K*?r] C [r, K*3r] C [r,64r] C
[271,2Ar] and such that

< 4log(18V/2),

ds 1
— < -log K. 70
/[nm\J s 2 (70)
For this choice of r, (53) and (54) follow from (66).
Set
J,= [ K2r)nJ, 0(s)=s"Y% (seJ). (71)
Then (52), (66) and (70) give, for ¢ =1, ..., 22,
ds ds _ 1

> e?n(r)/r

— 2 552”@")\/;105{}( > T'(64r, ¢o),

[Ka—1r, KN, S

e2n(r /
") [Ka—1r Kar]nJ, s0(s)
provided 71 is large enough, since ry < r < 64r < 2Ar; and
T(64r, ¢o) < 2T'(r, o) ~ 2N (r) < 2n(r)logr + O(1) = o(n(r)/r),

using (25) and (26). This proves (61).
Next, for ¢ = 1,...,22 let s, be any element of (K% 'r, K%) N J,, which is non-empty by
(70) and (71). Then s, € Ey, by (69) and (71), and so (28) and (71) give, since p = 0,

0(sq) m+6(sq)
Loty )

—6(sq) m—0(sq)
again provided 7 is large enough, which proves (62).

It remains only to establish part (v). Assume 7, is large and that z satisfies (60). Then
|¢*(2)] > 1, by (67), (69) and (71), and so

¢/0(5qeiT>

bo(s4677) —a

¢lm<3qe”)

Pm(54€7)

dr < s°W=1/2 < 275 4n(r),

q — ¢

g0 (2)] > sV, (72)

using (65). Also (15), (16), (28), (69), (71) and the fact that p = 0 give

L (z (2
o) > 572, |5 | <
for m =0,...,k — 2, which on combination with (72) and repeated use of (22) yields
|Lo(2)] > s™ T |Lin(2)] > sV — (k= 2) > sV,
form=1,...,k — 2. Hence (59) follows using (10).
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13 The number of zeros and poles of the ¢,,

Retain the notation of Lemma 12.1, including the constants ¢, K, N. In what follows all O(1)
terms should be understood as being uniformly bounded for large r as in Lemma 12.1. The aim
of this section is essentially to show that for such r and for certain s close to r the function ¢ _o
has more zeros than poles in |z| < s.

Lemma 13.1 Let r as in Lemma 12.1 be large. Then form =0,....k—2andq=1,...,22,
n(8q, 1/bm) — (8¢, o) = n(r) + a4, oy <275 2n(r). (73)
Proof. On the two arcs
|2 =54, O(sq) < targz < m—6(s,), (74)
the functions ¢q, 1, and L,, satisfy
$o(2) ~ do(z) —a, Lp(z) ~ Lo(2), |argim(z)| <,
by (11), (59) and part (v) of Lemma 4.1. Hence the net changes in arg ¢y(2), arg(¢o(z) —a) and
arg ¢m(z) as z describes the two circular arcs in (74) differ by at most O(1). On combination
with (62) this gives
(8q,1/$m) = 134, Om) = 34,1/ (d0 — @) = n(sq, %) + 05, log| < 27" *n(r) + O(1).
Now (73) follows since ¢ has finitely many poles and, using (26) and (53),
0 < n(sg, 1/ (b0 — @) = n(r,1/(¢o — a)) = n(sq) —n(r) <27 n(r).
O

Lemma 13.2 Letr asin Lemma 12.1 be large. Form =0,...,k—2 and forq=1,...,22 the
following inequality holds:

n(sq om) < (2™ = 1)(1 + 27" )n(r) + O(1). (75)
Further, form =0,...,k — 2,
(822, om) — 151, o) < (2™ = )27 n(r). (76)
Finally,
n(s1, 1/¢r-2) > n(sa2, dp—2) + n(;)- (77)

Proof. The proof of (75) is by induction on m, the result for m = 0 being obvious since ¢ has
finitely many poles. Now suppose that 1 < p < k — 2 and that (75) holds for 0 < m < p. Then
(14) and (73) give

n(sq, ¢p) < Z n(sq, 1/ém) + O(1)

0<m<p

Y (s, 0m) + (1427 )n(r) + 0(1)

0<m<p

> 21427 )n(r) + 0(1)

0<m<p

= (22— 1)(1L+27")n@) +0(1),
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so that (75) is proved in full.

Further, (76) is true for m = 0, using the fact that ¢, has finitely many poles. Assume that
1 <p < k—2 and that (76) is true for 0 < m < p. Then (73) and the same argument as in the
proof of (14) give

(s, ¢p) —n(s1,0p) < D (ns22,1/6m) — n(s1,1/6m))

0<m<p

<Y (n(s22, 6m) — (s, dm) + 275 n(r))
0<m<p

< > 2mFinr) = (20— 1275 n(r).
0<m<p

Thus (76) is also proved by induction.
Next, (73) and (76) lead to

n(s1,1/dr-2) > n(s1, ¢p—2) +n(r) =277 2n(r) > n(se, o) +n(r) =275 n(r) — 2 %n(r),

which gives (77). O

14 The behaviour of L and F' near zeros of ¢;_»

Assume henceforth that » as in Lemma 12.1 is large.

Lemma 14.1 There exist positive real numbers A and A depending on r, with \ small and A
large, and

No > Sn(s1,1/n) — ")

02 s, 1/ Ok 39

pairs {A;, B;} such that with the notation of Definitions 2.1:
(i) A; is a component of the set L~*(D*(0,\)), mapped univalently onto D*(0,\) by L;
(i) B; is a component of the set F~'(A" (A, 00)), mapped univalently onto A*(A,c0) by F;
(iii) A; C B; € D*(0, K7);
(IV) Bj N Bj/ = @ fij 7£ j/,'
(v) 0A; N OB, contains one zero of L.

Proof. Since
f(k—l)

L=1"Ly o= =) = Qp_2Ur_2,

by (10) and (13), and since every pole of ¢;_5 is simple and a simple pole of L, all zeros of ¢;_»
are zeros of L and poles of F'.

Let ¢, be the distinct zeros of L in D(0, Kr). Choose A so small and A so large that each (,
lies in a component C,, C D(0, K1) of the set L~*(D(0, \)), and in a component C C D(0, K1)
of the set F"1(A(A,00)). It may be assumed that C, C C%, since (10) gives

|F(2)] > X' = Kr for z€C,.
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It may be assumed further that A is so large that each C contains exactly one pole of I, possibly
multiple, and C¥ C C\ R if {, is non-real.
Choose 3, € C\ {0} and m, € N such that

L(z) = Bu(z = G)™ (1 +0(1)) as z— (.

Then L(z) and F(z) have positive imaginary part as z tends to ¢, with

E_argﬁu+27TQ>7 q=0,...,ml,—1,

SRR

v
and negative imaginary part as z tends to (, with

1
arg(z—Cu)ZTéz—(—E—argﬁﬂr?ﬂq), q=0,...,m, — 1.

m, 2
Provided A and 1/A are small enough this gives m, components A” C C, C C% of the set
L=Y(D*(0, X)), such that:
(a) the A’ are separated by the rays arg(z — (,) = 7,;
(b) if d1 is positive but small enough then each A’ contains precisely one of the radial segments
0<|z—Gl <0y, arg(z — () =7y
Moreover, there are m, components B’ C C% of the set F'"'(AT(A,0)), again satisfying
conditions (a) and (b). Further, if A” C H* then A’ is contained in one of the components B’,
by (10), and if A’, A” are distinct such components in H* then the corresponding components
B’, B" are distinct, by (b).

Let n; be the number of zeros of ¢ _5 in D(0, Kr) \ R, and ny the number of zeros of
¢r_o in the interval (—Kr, Kr), in both cases counting multiplicities. If a zero ¢, of L lies in
D*(0, Kr) and |(,| is large then ¢, is a simple zero of L and a simple pole of F, since f*) has
finitely many non-real zeros. Hence there exist components A; C C, and B; C C; C D*(0, R)
as in the statement of the lemma, with ¢, € 0A; N 0B;. The number of distinct pairs {A;, B;}
arising from zeros of ¢y_o in DT (0, K) is thus

ng > %nl -0(1) = %(no —ng) — O(1), where ng=ny+ns >n(sy, /o), (78)
using the fact that s; < Kr.

Partition the interval [—Kr, Kr| as

—Kr=zp<...<zg9=Kr,

such that L has no poles on each interval (z,-1,2,) and such that if 1 < p < @ then z, is a
pole of L. Then by the construction of ¢;_» in §4, all but @ — O(1) of the x,, are poles of ,_,
and ¥;_o has Q — O(1) zeros in the interval (—Kr, Kr). Let M, M’ be the number of zeros of
L and v;,_5 respectively in the interval (—Kr, Kr), and for p=1,...,Q let M, be the number
of zeros of L in the interval (z,-1,2,), in each case counting multiplicity. Since zeros of ¢y
are not poles of 1o and zeros of 1o are not poles of ¢_s, this gives

Q
na+ M =M=> M, M>Q-0(1). (79)
p=1
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Consider a real zero (, of L in the interval (—Kr, Kr), of multiplicity m,. If m, is even
then there are m, /2 pairs of components {A;, B;} as in the statement of the lemma, with
¢, € 0A;NODB;. In this case as x passes through ¢, from left to right the sign of L(z) does not
change. Next, if m, is odd and LU™)((,) > 0, then there are (m, + 1)/2 pairs of components
{A;, B;} as in the statement of the lemma with (, € dA; N 0B;, and L(x) has a positive sign
change at ¢, (i.e. L(x) goes from negative to positive as x passes through ¢, from left to right).
Finally, if m, is odd and L(™)((,) < 0, then there are (m, — 1)/2 pairs of components {A;, B;}
as in the statement of the lemma with ¢, € 9A; N 0B;, and L(z) has a negative sign change at
¢. Forp=1,...,Q, let H, be the number of pairs of components {A;, B;} as in the statement
of the lemma, attached to zeros of L in the interval (z,_1,2,). Since the number of negative
sign changes of L in the interval (z,_1,2,) exceeds the number of positive sign changes in the
same interval by at most 1, it follows that

Hy > L(M, ~ 1) (50)

Summing over p and using (79) and (80) it follows that there are

[\DI»—t

@ 1
> 5241 = 501 = Q) 2 52— O)

pairs of components {4;, B;} as in the statement of the lemma, attached to zeros of L in the
interval (—Kr, Kr), and using (78) the total number of pairs is at least

1 1
ns + ng Z §(n1 + ng) — 0(1) = —Ng — 0(1)

> n(s1,1/65-2) — O(1),

1
2

thus completing the proof of the lemma. O

15 Analytic continuation of F'~!

Proposition 15.1 For each component B; C D*(0, Kr) as in Lemma 14.1 let S; be the infimum
of S > 0 such that the branch of the inverse function F'~* mapping At (A, 0o) onto B; admits
unrestricted analytic continuation in AT (S,00). Let R; = max{S;, K'%r}. Then:

(i) B; lies in a component C; C H* of the set F~'(A*(R;,00)) which is mapped univalently
onto AT(R;,00) by F;

(ii) at least

1 n(r
Ny > Znsr, 1) — )
of the C; are such that C; C D*(0, K'8r);
(iii) of the Ny components C; in (i) at least
1 n(r
Ny 2 3" n(s1,1/¢p-2) — %

have Sj S Klg’F = Rj.
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The proof of Proposition 15.1 will require a number of intermediate lemmas. The existence
of a component C; as in part (i) of the lemma follows from the definition of S; and R;. Further,
if S; > K'¥r then R; = S; and by Proposition 10.1 there must be a critical point z* of F with
z* € 0C; N HT and F(z*) € 5(0,5;) N H (note that I has finitely many critical values in
%Sj < |w|] < 2S;, Imw > 0, by Lemma 10.1). But all but finitely many critical points z* of F’
in H* are fixpoints of F', by Lemma 10.1, in which case |2*| = |F(2*)| = S; > K'r and hence
C; € D*(0, K'8r). If the zero of F'(z) — F(z*) at z* has multiplicity m*, then z* belongs to
the boundary of at most m* components C;, and so (iii) follows from (ii).

To prove (ii), it suffices therefore to show that among the N, components C; arising from
Lemma 14.1 there are less than n(r)/32 components with C; € D*(0, K'®r). Suppose then
that M is an integer with )

n(r
M= 256 (81)
and that 4M of the C}, without loss of generality C1, ..., Cyy, are such that C; € D*(0, K'®r),
so that C; meets DT (0, Kr) and AT(K'"r, 00).

Lemma 15.1 For Kr < s < K'r let ;(s) be the angular measure of C; N S(0,s). Then there
exists j € {1,...,4M?} such that

e / E > T(oar, o) (s2)
(K

a—1lp Kar|NJ, 89]' (S)

for ¢ =8 and q = 11, where € and J,. are as in Lemma 12.1.

Proof. Suppose first that at least M of the C;, without loss of generality Ci, ..., Cyy, are such
that (82) fails for some fixed ¢ € {8,11}.

Let s € [K9 ', K9] N J,. For z in the closure of C; it follows from the definition of C; that
F(z) satisfies |F'(z)| > R; > K'"r > Ks. Hence part (v) of Lemma 12.1 shows that the arc
|z| = s,0(s) < argz <1 — 6(s), meets none of the C}, since r is large. Thus an application of
the Cauchy-Schwarz inequality leads to

() (3

Integrating over [K7 'r, K9] N J, then gives, using (61) and the assumption that (82) fails,

) <202 9;8)'

Jj=1

1
0;(s)

ds

a=1p Kar|nJ, 59(5)

T(64r, ¢g) < 52n(r)/[K

2 M
< 2e ngr) Z/ ds
M =1 YK Kar)nd, s0;(s)
2en(r
< ]\4( )T(64T, ¢0>7
so that M < 2en(r), which contradicts (52) and (81). O
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Lemma 15.2 Assume without loss of generality that (82) is satisfied for j = 1 and for ¢ = 8
and g = 11. Let uy € C} be such that F(uy) = 2iR,. Choose integers p, q according to

(p,q) = (6,8) if |uy| > K, (p,q) = (17,11) if |uy| < K°r,

and choose
Ty € (KP°r, KP4r)\ By, Ty € (KP~'r, KPr)\ By, (83)

where E is the exceptional set of Lemma 8.1. Choose an arc E of OC' such that E joins S(0,T})
to S(0,T») and, apart from its endpoints, lies in Ty < |z| < Ty. Then

T(64r, qﬁo)) .

e

w(uy, E,Cy) < exp (— (84)
Proof. Ty and Ty certainly exist, since E; has finite logarithmic measure and r is large. There
exists a rational function R* mapping A" (R;,00) univalently onto D(0,1) (see Lemma 2.6).
Thus OC| consists of level curves |R*(F(z))| = 1, and T}, T5 can be chosen so that 9C; meets
the circles S(0,77), S(0,T3) only finitely often, and never tangentially. Since R* o F' maps ('
univalently onto D(0, 1) each component of OC} is either a simple curve going to infinity in both
directions or a simple closed curve (in which case there is only one component). Hence the arc
E exists since Kr < Ty < Ty < K'r and C} meets D(0, R) and AT (K'"r,00). Using (82)
and the inequality

1 1
Lo b b 0<o<o
6= 2tan(gja) 7 O VU seT

gives

ds
e > T(64r, ¢y).
/[qu,«,mm Stan(6r(s)/4) = © (047 0)

By the choice of p and ¢ the arc F and the point u; are separated by the annulus K97 'r < |2] <
K% and so (84) follows from Lemma 2.2. O

Lemma 15.3 There exists wy € F(E) with |wg| > Ry > K'r such that

‘ ! L < exp (—M) for z€FE. (85)

F(z)  wo 3me

Proof. The function F'(z) maps C; univalently onto A" (R;,00) and so

Ry
Fi(z) = —
=70
maps C; univalently onto DT (0, 1), with Fj(u;) =i/2. Choose zy € E and set
R
'LU():F(Z()), UQ:Fl(Zo) :—w—l
0

Since Ry > 1 and F is mapped by F} onto an arc of dD"(0,1), Lemma 2.6 gives a positive
absolute constant ¢ such that
1 1
——| < |F — | < E,C))Y2.
‘F(z) wo‘ |F1(2) — vo| < ew(uy, B, Ch)
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Using (84) and the fact that r is large gives (85). O

In the remainder of this section d will denote a positive constant, not necessarily the same at
each occurrence, but independent of 7 and the constant ¢ in (85). By (52) the constant K does
not depend on r or €.

Lemma 15.4 The arc E of 0C, satisfies
ENFi=0 where Fy={z:T) <|z| <Tyt; <argz < t3}, (86)

in which ty,t3 are as in (29). Form a domain D C H* such that OD is the union of the arc E,
the radial segment ‘

E* = {se" Ty <s<Th},
and arcs T, Ty of the circles S(0,11),5(0,T%) respectively. Let 1, ...,7, be the poles of L in
D, repeated according to multiplicity, and set

m
g9(z) =[]0 = z/w).
v=1
Then
p < 28 tn(r) < dT'(64r,¢g) and log M(KPr,g) < dpu, (87)

and there exists s* € (KP~3r, KP~2r) \ E such that
log |g(z)| > —dT'(64r, ¢o) for |z| = s". (88)
Finally, there exists ty € {37/8,57/8} such that
s*¢™ e D and w(s*e™, E,D) > d. (89)

Proof. Part (iv) of Lemma 12.1 and (83) show that |F(2)| < |z| + o(1) < K'r + o(1) for
z € OF,. Thus OF; does not meet the closure of C}, on which |F(2)| > Ry > K'"r, and so
(86) follows, since E' meets S(0,77) and S(0,75).

Since D C H™, poles of L in D must be poles of ¢;_o, by (10) and Lemma 4.1, and so the
estimate for 1 in (87) follows from (26) and (75). The estimate for log M (K*r, g) is elementary,
since (83) gives |y, | > T > KP™5r > K 5|z] for |z| < KPr.

Next, Cartan's lemma [15, p.366] gives a family Y of discs, having sum of diameters at most

1
12h = 5([(”’27’ — KP7%),

outside which, using (83) and (87),

7
loglg(z)| = Z(log|z—%|—10g|%|)
v=1
> p(logh —logT)
> p(logh — log(K"r))
> —dp
> _dT(64T7¢0>
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Thus to obtain s* satisfying (88) it suffices to choose s* € (KP~3r, KP~2r) \ E; such that the
circle S(0, s*) meets none of the discs of Yj, which is possible since E) is a subset of [1,00) of
finite logarithmic measure and 7 is large.

Finally, it is clear from (29) and the construction of D that s*e™ € D, for some t, €
{37/8,5m/8}. Suppose without loss of generality that ¢, = 37/8, so that by (86) and the
construction of D the arc E lies in 0 < argz < t1. Since to > 7m/16 by (29), and since (83)
gives

T < K" 'r < K's* < Ks* < K" 'r < T,

it follows from an elementary comparison that
w(s*eigﬁ/s, E,D) > w(s*e®/® [K1s*, Ks*], D),
where D’ is the domain given by
D ={ze€C:K's" <|z| < Ks*,0 <argz < Tr/16}.
This proves (89). O

The remainder of the proof of Proposition 15.1 will now be divided into two subcases, de-
pending on the modulus of wy in (85).

Case 1. Suppose that

1 T(64r, ¢o)
| < b VA
wo | P ( 24me
Then (85) gives
1 T<64T, QZS())
— <2 - f E
‘F(z) < 2exp < Y or zeUr,

and so, using (10) and the fact that ¢y is transcendental,

T'(64r, ¢0)) < exp (_T(647"a Po)

< — .
|L(2)|] < 4exp ( Y- 1ome ) for ze E (90)

The function
u(z) = log |L(2)g(2)|

is subharmonic in D by Lemma 15.4, and by (87), (90), part (iii) of Lemma 12.1 and the
construction of D satisfies

u(z) < <d _ ﬁ) T(64r,¢y) for =€ E, (91)
and
u(z) < dT(64r,¢y) for ze€ ID\ E. (92)

Since € may be chosen arbitrarily small in Lemma 12.1, whereas the constants d do not depend
on ¢, (89), (91), (92) and the two-constants theorem [21, p.42] lead to

u(se™) < ~2T(64r, o) (93)
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and so, recalling (88), to L(s*e¢*) = o(1). Since t; < t4 < t3 and s* ¢ E), this contradicts part
(iv) of Lemma 12.1.

Case 2. Suppose that

This time (85) implies that

1 1 T(64 T(64
> 5 exp (—M> and |F(z)wg| < 2exp (M> for z€E.

F(z) 247e 127e

Using (85) again gives

1 T(64r,
‘z—m—wo = |F(z) —wo| < exp (—%) for zeE. (94)
Since D C D(0,Ty) C D(0, K'7r) by (83), it follows using Lemma 15.3 that
|z —wo| > Ry — K''r > K"¥ — K'r >2 for z€ DUOD. (95)

Combining this with (94) gives |L(z)| < 1 for z € E and so multiplying (94) by L leads to

T(64T, gbo)

|(z —wo)L(z) — 1| < exp <— Y

) for ze€F.

This time set

u(z) = log |((z — wo) L(2) — 1)g(2)];
so that u is again subharmonic on D and satisfies (91) and (92). Applying the two-constants
theorem again gives (93), and so

(s*e™ —wp)L(s*e"™) — 1 = o(1),

in view of (88). Using (95) once more leads to |L(s*¢")| < 1, which again contradicts part (iv)
of Lemma 12.1.
A contradiction having been obtained in both cases, the proof of Proposition 15.1 is complete.

16 Completion of the proof of Theorem 1.1

By Proposition 15.1 there are, re-labelling if necessary,

Ny > %n(sl, 1) — @ (96)
pairwise disjoint components Dy, ..., Dy, of the set F~1(AT(K"r o0)) lying in D*(0, K'8r),
each mapped univalently onto AT(K¥r, 00) by F'.

Choose R € (K?r, K*'r) such that F' has no poles on S(0, R). For j = 1,..., N, choose
v; € D; with F'(v;) = K*ri. Then there exists a component {2; C H* of the set F~!(D*(0, R))
with v; € Q;. Here it is possible that Q; = Q; for j # j'. However, by Lemma 11.2, F' is a
proper map of §2; onto D (0, R), of finite topological degree k;, and the number of zeros of F’
in €2; is at least k; — 1, counting multiplicity.
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Lemma 16.1 Let
W={:e€eH":F(x)eH'}, Y={:€H":L(z)e H}. (97)

Then:

(i)Y CW,;

(ii) if xy is a real pole of L but not a pole of f then xy does not lie in the closure of Y;
(iii) if zo is a pole of f and z, belongs to the closure of ); and of Q2;: then Q; = Q.

Proof. Assertion (i) follows directly from (10). To prove (ii) suppose that zg is a real pole of L.
Then x is a simple pole of L and L is univalent on a disc D(xg,dy) of small radius dy. If g is
not a pole of f then L has positive residue at xy which gives

lim Im L y) = —

Jim Im (xo + iy) 00,
so that Im L(2) < 0 on D(xg,09) N H' and D(xq,00) NY = (). To prove (iii) let zq be a pole
of f in the closure of §2;. Then F(zy) = 2z and |F'(z0)| < R by the choice of R, so that if z; is
non-real it follows that 2y € €2;. On the other hand if 2 is real then F’(z;) > 0 by (10) and (35)
so that, provided 4y is small enough, Im F'(z) > 0 on D(z,00) " HT and D(zp,00) NH™ C Q;,
using again the fact that |F(z)| < R. O

The next lemma gives an upper bound for the number of distinct v; in a given (2.

Lemma 16.2 For each ) let:
l; be the number of v; in €;;
my be the number of simple zeros of F' in §0; which are poles of ¢j_o;
ny be the number of zeros of I in (), counting multiplicity, which either are multiple zeros of
F" or are not poles of ¢y_s;
py be the number of poles of ¢j_o in €25 which are not simple zeros of F”';
qy be the number of distinct poles of f in the closure of ).
Then
ly<mj+n;+p;+aq;. (98)

Proof. Assume that (98) is false for some .J. The topological degree k; of the map F': Q; —
D*(0, R) is at least I, and the number of zeros of F’ in € is at least k; — 1. Hence

ly<kyj<my+n;+1<I,.

Thus €; must contain M = [; = k; distinct v;, without loss of generality vq,...,vs, and
precisely k; — 1 zeros of I, counting multiplicity. Let

M
Q=0,u D,

=1

Then €2 is a domain, since v; € Q; N D;, and F(Q2) C H*, so that Q@ C W, where W is defined
n (97). Clearly 02 C 092, U U;‘il 0D;. Further,

{eQ:|F(z) <R} =Q;, {z€Q:K"r <|F(z)| <R} =|J(Q,nD)), (99)

i=1
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because each value w € H' with K% < |w| < R is taken M times in {27 and precisely once in
each Q; N D;.

Claim 1. Let z* € 0f2. Then F(z*) € RU{o0}.

To see this, assume that F'(z*) € RU {oc}. If 2* € 9D, then |F(2*)| = K < R, so that z*
is the limit of a sequence in D; N (2; and so is in the closure of €2;, and hence an interior point
of Q. This is impossible, and so z* must belong to 02, and |F(z*)| = R. But then (99) shows
that 2* is the limit of a sequence in some €2; N D;, so that z* is in the closure of D; and is
therefore an interior point of D;, since |F(z*)| = R and F(z*) ¢ RU {oo}. This contradiction
completes the proof of Claim 1.

Let X; be the component of W which contains €2;. Then Q@ C X ;. Indeed, Q2 = X, by
Claim 1, since otherwise there exists a path v C X; C W joining a point in € to a point in
X7\ Q, and v must meet the boundary of Q.

Claim 2. If Q is unbounded then L(z) — 0 as z — oo in §Q.
Since F'is bounded on €2, and each D; is bounded, it follows that F'(z) is bounded as z — oo
in €, which implies using (10) that L(z) — 0. This proves Claim 2.

Choose ty € (0, 7) such that L has no critical values w with 0 < |w| < oo, argw = t,. Each D;
contains by Lemma 14.1 a component A; of the set L~*(D* (0, \)), where ) is small and positive.
This gives M distinct points V; € § such that L(V;) = 3Ae”. Take the branch of L=' mapping
$Xe'™ to V; and analytically continue L' along the half-open ray w = Se' \/2 < S < oo.
The image z = L‘l(w) under this continuation cannot exit €2, because Y C W, and is bounded
because of Claim 2. Thus the continuation is possible along the whole half-open ray, and as
S — oo the image z = L' (w) must tend to a pole zy of L, which lies in the closure of Q and
of Y.

Since each Dj is a component of the set F'~'(AT(K"r,00)) lying in D*(0, K'®r), the
closure of Dj contains no fixpoint of /7, and so z; is in the closure of €1;. Further, if z, is
real then since zy is in the closure of Y it follows from Lemma 16.1 that z; is a pole of f.
Suppose, on the other hand, that z; is non-real. Then z, is a pole of ¢;_o by Lemma 4.1, and
F(zy) = z0 € H" so that zp € 2, and again since the D; contain no fixpoints of F it follows
that 2o € QJ.

Moreover, the continuations from distinct V; cannot coalesce, because of the choice of %,
and cannot tend to the same pole of L, because all these poles are simple. This gives at least
ky distinct poles of L, all of which must be poles of ¢;_5 in €2; or poles of f in the closure of
(2. Hence

ly=k;<my+p;+aq,
contradicting the assumption that (98) is false. O

Recall next from Lemma 10.1 that all but finitely many zeros of F’ in H™ are simple and are
poles of ¢_o, and by Lemmas 4.1 and 10.9 all but finitely many poles of ¢,_ in H are simple
zeros of I, Furthermore, if 2y € € is a pole of ¢,_5 then z; is a pole of L and so

20 = F(z) € DT(0,R) C DY (0, K*r) C D(0, 52),
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where sq9 is as defined in Lemma 12.1. Summing over all the distinct 2; and using (77), (96),
(98) and Lemma 16.1 now leads to

1 n(r)
5”(817 1/ pp—2) — o <Ny, < ;ZJ
J
< > (my+ng+ps+as)
Qg

O(1) + 171(5227 Pr—2)

2
< O(1)+ gn(sr.fus) - ",

IA

If r is large enough this gives a contradiction, and the proof of Theorem 1.1 is complete.
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