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Preface

These notes originated from a set of lectures on basic results in Nevanlinna theory and their application
to ordinary differential equations in the complex domain, given at the Christian-Albrechts-Universitat
zu Kiel in December 1998. Over the years additional topics have been added, such as some elements
of potential theory which are of use in value distribution theory, including the important technique of
harmonic measure. Analytic continuation and singularities of the inverse function are also discussed, and
the various themes are brought together in the Denjoy-Carleman-Ahlfors theorem and a recent theorem
of Bergweiler and Eremenko concerning asymptotic values of entire and meromorphic functions.

The aim has been to develop in a single set of notes some of the key concepts and methods of
function theory, in a form suitable for a postgraduate student starting out in the area. The notes have
drawn on many sources, and these are indicated in the course of the development.

| would like to thank several people for drawing my attention to numerous obscurities and typos in
earlier versions of these notes. These include my PhD students James Hinchliffe, Guy Kendall, Eleanor
Lingham, Abdullah Alotaibi, Rob Trickey, Dan Nicks, Matt Buck and Asim Asiri, as well as Professor
Christian Berg of the University of Copenhagen, who used parts of these notes in a graduate lecture
course.
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Chapter 1

Some topics from real analysis

This chapter contains a number of topics from real analysis. They have nothing in particular in common
except that they all play a useful role in various aspects of function theory.

1.1 Convex functions

The property of convexity plays an important role in function theory because a number of key quantities
associated with entire, meromorphic and subharmonic functions turn out to be convex functions of log .
A good reference for this section is Chapter 5 of Royden's book [63], which along with Rudin's classic
text [64] will be the main source for measure theoretic results used in these notes.

The real-valued function f is convex on the open interval I = (p,q), —00 < p < q < o0, if

b_xﬂw+i:

fz) <

< af(b) for p<a<z<b<yq.
b—a a

This says that the graph of f over the closed interval [a,b] lies on or below the straight line from
(a, f(a)) to (b, f(b)). Rearranging, we find that

fla) = fl@) _ 1) = f(a) _ F() = (@)

C —
(@,a) T —a b—a b—ux

for a<x <b. (1.1)

Keeping a fixed in (1.1) we get C(z,a) < C(b,a) for a <  <b. So C(x,a) is non-decreasing on (a, q)
and the right derivative
fr(a) = lim C(x,a) < C(b,a)

r—a+

exists, with f,(a) < oo for every a € I. Next, keeping b fixed in (1.1) we find that C(b,z) is non-
decreasing on (p,b) and the left derivative

fr(b) = hlil— C(z,b) = lim C(b,z) > C(b,a)

r—b—

exists and satisfies f (b) > —oo for all b € I. Moreover, (1.1) gives C(z,a) < C(b,z) fora < z < b
and so fr(a) < f1.(b) for a < b. Now let a — z—,b — x+ in (1.1), which gives

fr(@) < fr(=).

So
fr(a) < frla) < f(b) < fr(b) for a <b.

Thus both left and right derivatives are real-valued non-decreasing functions, and f is continuous on I.

1



2 CHAPTER 1. SOME TOPICS FROM REAL ANALYSIS

Fix n € N. If
fr(@) < fr(z) —1/n (1.2)
then for y > x we have f](z) < f7(y) —1/n. Hence on any closed interval [a,b] C I there are finitely
many points z satisfying (1.2), because if x1, ..., 2, are such points with a < 1 < x93 < ... < x;, < b
then
“ -1
fr (b Z fr(xs) = fr(zj-1)) > = .
7=2

Thus there exists a countable set .J such that on the complement I\ J we have f; = ff. It follows
that f is differentiable on I\ J, and f’ is non-decreasing on I\ J.

1.2 The growth of real functions

1.2.1 O and o notation

Let s(r), g(r) be functions defined on [a, c0), with s(r) complex-valued and g(r) real and positive. We
say that s(r) = O(g(r)) as r — oo if there exist constants K, L such that |s(r)| < Kg(r) for all
r > L. Thus, for example, (r?2 + 3)sinr = O(r?) as r — oo. We write s(r) = o(g(r)) as r — oo if
s(r)/g(r) — 0: for example logr = o(r).

We can also use this notation when 7 tends to a finite limit, for example, 72 + 3r = O(r) as r — 0+,
and for sequences, such as 2" = o(n!) as n — oo.

1.2.2 lim sup and lim inf
Let s(r) be a real-valued function defined on [a,c0). For each r > a, define
T, ={s(t) : t > r}.
Obviously T;. C T, if r > u > a. Next define, for each r > aq,
p(r) =ps(r) =inf T, q(r) = qs(r) = supT,.

Here we use the convention that if a set is not bounded above then its sup is +00, while if a set is not
bounded below then its inf is —oo. We obviously now have

p(r) < s(r) < q(r). (1.3)

Also p(r) is a non-decreasing function, and ¢(r) is a non-increasing function.
We define the “limsup” and “liminf" of s(r) by

7 =limsups(r) = lim ¢(r), p=Iliminfs(r)= lim p(r).

r—00 r—00 r—00 r—o0
Obviously < 7, and we obtain the following properties of 7 and p.
(i) The limit lim,_,o s(r) exists, with value L (possibly +00), if and only if 7= pu = L.

Proof. Suppose s(r) has limit L. Assume first that —oo < y < L. Then for large t we have s(t) > y.
So q(r) > p(r) >y for all large , and so 7 > p > y. Similarly, if y > L we get y > 7 > p.
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Conversely, suppose that 7 = = L. Then p(r) and ¢(r) tend to L as r — oo and, by (1.3), so
does s(r).

(ii) Suppose h < 7. Then for all large r we have h < ¢(r) and so we can find ¢ > r with s(¢) > h.
Hence there exists a sequence 7, — 0o with s(ry,) > h.

(iii) Suppose H > 7. Then s(r) < ¢(r) < H for all large r.
Obviously properties (ii) and (iii) determine 7 uniquely.

(iv) If h < p then s(r) > h for all large r. If H > u there exists a sequence 7, — oo with s(r,,) < H.
These are proved in the same way as (ii), (iii), or using:

(v) We have
limsup(—s(r)) = — liminf s(r).

This is easy, since q_s(r) = —ps(r) etc.

1.2.3 The order of a function

Let s(r) be a non-negative real-valued function defined on [a,00). The order of s(r) is

, log™ s(r)
ps = limsup ———=,
r—00 10g7“
in which
log™ 2 = max{log z,0}. (1.4)

If ps < K < oo then for all large enough r we have log™ s(r) < K logr and so s(r) < r’.

1.2.4 Lemma

Suppose that s(r), S(r) are non-negative real-valued functions defined on [a,c0) and that there exist
A,B,C,D > 1 such that
S(r) < As(Br)(logr)¢

forr > D. Then ps < ps.
Proof. Assume p, < K < oo, since if p; = oo there is nothing to prove. For large r we then

have
log™ S(r) <logt™ A +1log™ s(Br) + Cloglogr < K log Br + o(logr)

and so ps < K.

1.2.5 Borel’s lemma

Let A > 1. Let the function T : [rg,00) — [1,00) be continuous from the right and non-decreasing.
Then
T(r+1/T(r)) < AT(r) (1.5)

for all r > rq outside a set E of linear measure at most ﬁ.
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Proof. Let ry be the infimum of those r > 7 (if any) for which (1.5) is false, and set 7} = 71 +1/T'(r1).
Continue this as follows: if 71,...,r, have been defined, put r}, = r,, + 1/T(r;,,) and let r, ;1 be the
infimum of ~ > 7/, for which (1.5) fails.
If n > 1 and 7, exists then, by the definition of 7, as an infimum, there exists a sequence s; — r,+
such that (1.5) fails, i.e.
T(sj+1/(T(s;)) > AT (s;).

Since T'(r) is non-decreasing and continuous from the right, while s; — r,,+, this gives
T(sj+1/T(rn)) = T(sj +1/(T(s5)) > AT(s;), T(r,) =T(rn+1/T(rn)) = AT (rn).

If, in addition, 7,41 exists then T'(r, 1) > T(r],) > AT (ry,).

We identify three cases. The first is that 1 does not exist, in which case F is empty and there is
nothing more to prove. The second is that rq,...,r, exist, but (1.5) holds for all » > r/. In this case,
E is contained in the union of the intervals [r,,, 7] (m =1,...,n) since, by the definition of the r,,,
(1.5) holds for 7/, < r < rp41. Thus

n n A
/ r < Z — ) = mZ:;T(rm)_l < mz::lAl_mT(rl)_l < 11

The final case is that in which the sequence 7, is infinite. In this case r, — 0o, for otherwise
T — 1% € (rg,00), 1 <71 <rpgr, T T

and
1/T(r*) <1/T(rp) =7l — 1y — 0,

which is impossible. As in the second case we get

/ mi — ) < i AT (r) T < Tf l

m=1

1.3 Some results on certain integrals

1.3.1 The Riemann-Stieltjes integral

See Apostol’s book [3, Ch. 7] for details of the Riemann-Stieltjes integral. Let f and h be real-valued
functions on the interval I = [a,b]. Let P = {to,t1,...,t,} be a partition of [a,b]. This means that
a=ty <ty <...<ty,=">;thet; are then called vertices of P. By a Riemann-Stieltjes sum, we mean

S(P, f, h) Zf 5k)( — h(tg-1)),

in which t;_1 < sx <. The case h(z) = x gives the standard Riemann sums of ordinary integration.
We say that the Riemann-Stieltjes integral

[ rwantz)

exists and equals L € R if the following is true. To each £ > 0 corresponds a partition Py of I such
that |S(P, f,h) — L| < € for every refinement P of Py (this means that each vertex of P, is a vertex of
P), regardless of how the s are chosen.
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In particular, the integral exists if f is continuous and h is monotone [3, p.159]. Further, if

[ rwntz)

exists then so does )
| o)

and they satisfy the integration by parts formula [3, p.144]

b b
/ f(fﬂ)dh(w)=f(b)h(b)—f(a)h(a)—/ h(z)df (). (1.6)

The following lemma concerning the interplay between sums and Riemann-Stieltjes integrals is useful in
Nevanlinna theory.

1.3.2 Lemma

Let —co < a =1ty <ty,...<tym =0b<oo. Let the real-valued functions f and h be such that:
(i) f is continuous on [a,b];
(ii) h(x) is non-decreasing on [a,b] and constant on each interval [t;_1,t;), j =1,...,m.

Then
b

fdh =T =" f(t;)(h(t;) = h(t;-1)).
a j=1

Proof. Let ¢ > 0 and choose § > 0 such that §(h(b) — h(a)) < e. Next, choose n > 0 such
that |f(x) — f(y)| < d fora <x <y <b, y—x <n, which is possible since f is uniformly continuous
on [a,b]. Fix a partition Py of [a,b] such that (a) each ¢; is a vertex of Py and (b) the distance between
successive vertices of Py is less than 7.

Now let P be any refinement of Py. Then properties (a) and (b) holds with Py replaced by P. For
j=1,...,m let z; be the greatest vertex of P in [a,t;). Then t;_; < xz; < t;. By property (ii), any
Riemann-Stieltjes sum using the partition P has the form

S(P, foh) =Y f(si)(h(ty) = h(xz)) = D f(s5)(h(t;) = hltj-1)),

m m
J=1 Jj=1

where z; < s; < t;, because all other subintervals contribute nothing to S(P, f, h). But then, since h
is non-decreasing,

|S(P, f,h) = I <> [ £(s5) = FEDI(Rlts) = h(tj-1)) < 6 Y _(A(t;) = h(tj-1)) = 6(h(b) — h(a)) < &.
j=1 j=1

1.3.3 Lemma

Let g(r) be a non-negative measurable function on [0,00), with [ g(t)dt < oo for every finite r > 0.
Let h be the non-decreasing function
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Let f be real-valued and continuous on [a,o0). Then for each real r > a the Riemann-Stieltjes integral

/ F()dh(t
/ " Fgt)ar

Proof. Let r > a and € > 0 and take § > 0 with

5/ t)dt < e.

Pick n > 0 so that |f(x) — f(y)] < d fora <z <y <r, y—x <n. Fix a partition Py of [a,r] such
that the distance between successive vertices of Py is less than 1. Let P be a refinement of Fy, with
vertices a = tg < t; < ... <t, =7r. Let ty_1 < sp < tg. The corresponding Riemann-Stieltjes sum
S(P, f,h) is given by

S(P, f,h) Zf sk)( h(tk-1) Zf Sk / g(t)dt.

te—1

and the Lebesgue integral

are equal.

Hence

s ) [ roaterin = Z / Flsw) — F0)g(t)de

te—1

/ dg(t)dt < e.

If h >0 on [0,27] and h and log h are integrable,
2

1 1 2m
— log h(t)dt < log </ h(t)dt> .
2T 0 2 0

has modulus at most

1.3.4 Lemma

This says that the average of logh is not more than the log of the average of h. To prove the
lemma we set
1 21
m = / h(t)dt, g(t) = h(t) —m > —m.
2 0

Then
1 2T

o g(t)dt =m—m =0.
Also
h=m(1+g/m), logh(t)=logm +log(1+ g(t)/m) <logm + g(t)/m,
using the fact that log(1 + z) < z for z > —1, which holds since p(z) = log(1 + x) — 2 has p'(z) < 0
for >0 and p/(z) > 0 for =1 < 2 < 0.

We now get
27

1 2
— 1 <l — =1 .
5 og h(t)dt <logm + 277/0 (g(t)/m)dt =logm

This proves the lemma, which is a special case of Jensen's inequality.



1.4. THE DENSITY OF SETS 7

1.4 The density of sets

Let F be a measurable subset of [0,00). The following quantities give some idea of how large and
widely spread the set F is [13, 38]. First, we set xg(t) to be 1 if ¢ is in E, and 0 otherwise, and x is
then a measurable function. We define the upper and lower linear density of E by

— xE(t)dt xE(t)dt
Dp = dens(E) = limsup M, dp = dens(FE) = liminf m.

r—00 r 700 r

Obviously 0 < dp < Dg <1, and if E has finite measure then Dg = 0. It is also easy to see that
DE:1—dF, dE:1—DF, where F:[0,00)\E.
Next we define the upper and lower logarithmic densities, by

- r 1) at T £)dt
LDpg = logdens(F) = limsup m, ldg = logdens(F) = liminf m
300 log r —_— T—00 log r

Again, it is obvious that 0 < ldg < LDg < 1.

1.4.1 Example

Let r, = e ,n > 1, and let E be the union of the intervals [rn,ery]. Then dg = 0,Dp > 0,
ldp = LDg = 0.

Proof. Let s,, = er,,. Then
Sn Sn
/ XE(t)dtZ/ dt = (e —1)r, = (1 —1/€)sp,
0 Tn
and so Dg > 1 — 1/e. However,

Tn Sn—1
| et < [ o < s = o),
0 0

which gives dg = 0.
Suppose now that r is large, with r, < r < r,y1. Then

r dt & [ dt = [ dt
/IXE(t)tS;/rj XE(t)t:jz;/rj — =n=loglogr, <loglogr.

So LDE = 0.

1.4.2 Theorem

Let E be a measurable subset of [0,00). Then 0 < dp <ldp < LDp < Dg.

Proof. We only need to prove that LD < Dp, because with F' = [0,00) \ E we get
dp=1—Dr <1—-LDp=Idg.

There is nothing to prove if Dy =1 so assume that Dg < K < 1. Then

h(r) = /;XE(t)dt < /0 ve(t)dt < Kr
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for all large . So there exists C' > 0 with h(r) < C+ Kr for all r > 1. Lemma 1.3.3 and the integration
by parts formula (1.6) for Riemann-Stieltjes integrals now give, for large 7,

r K
C+K+/ %%—Tdthlogr%—O(l).
r 1

which is at most

Thus LDg < K.

1.5 Upper semi-continuity

Let X be a metric space. A function u : X — [—00,00) is called upper semi-continuous if the following
is true: for every real ¢ the set {z € X : u(z) < t} is open. Obviously if X = R™ then every upper
semi-continuous function u is (Borel) measurable.

1.5.1 Theorem

Let X be a metric space, with metric d, and suppose that u : X — [—oo, M| is upper semi-continuous
for some M € R. Then there exist continuous functions u, : X — R with uqy > ug > uz > ... > u,
such that u,(z) — u pointwise on X.

Proof. This proof is from [61]. If u = —oo just take u,, = —n. Now assume that u # —oo and
forx € X and n € N put
() = sup{u(y) — nd(w,y) : y € X}.
Then clearly
up () € (—oo, M].
To prove that w, is continuous we must estimate wu,,(z) — uy,(z'), so assume without loss of generality

that u,(z) > uy,(2'). Take § > 0. Then the definition of u,, gives y with u(y) —nd(x,y) > u,(x) — .
Then

U (@) = 8 — up(2’) < uly) — nd(z,y) — (u(y) — nd(z’,y)) = nd(2', y) — nd(z,y) < nd(z,2").

Since § may be chosen arbitrarily small it follows that u,(z) — u,(2') < nd(z,2’), and so each w,, is
continuous. Clearly uj; > ug > ..., and choosing y = x shows that u,, > u. Note that we have not

yet used the fact that w is upper semi-continuous.
To show that wu,(x) — wu(zx), take t € R with u(z) < ¢, and using the fact that w is upper
semi-continuous take r > 0 such that

sup{u(y) : y € D(z,r)} <t
Now
up(z) < max{sup{u(y) : y € D(z,r)}, sup{u(y) : y € X} — nr} < max{t, M — nr}.

We thus have u,(x) <t for large n.

Exercise: if w(0) = 1 and u(xz) = 0 for all real x # 0, determine uy,(z) for each z. Do the same
for v = —u (which is not upper semi-continuous).
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1.5.2 Lemma

Let the function u be upper semi-continuous on a domain containing the compact subset K of C. Then
u has a maximum on K.

Proof. Let S be the supremum of u(z) on K, and take z, € K such that u(z,) — S. We may
assume that z,, converges, and the limit w is in K since K is closed and bounded. But then u(w) > S,
because if u(w) <t < S then we get u(z) < t near w and hence u(z,) < t for all large n. We also
have u(w) < S, by the definition of S, and so u(w) = S.



Chapter 2

Entire functions

2.1 The growth of entire functions

2.1.1 Notation

For zg € C and r > 0 the open Euclidean disc and circle of centre 2y and radius 7 will be denoted by
D(zp,r) ={z€C:|z—2| <r}, S(z0,7)={2€C:|z—2z|=r},

respectively. If zyp € C* = CU {oo} then Dgy(2p,) is the spherical disc

Dy(z0,7) = {2z € C* : q(z, 20) < r}.

2.1.2 The maximum modulus

Let f be entire (i.e. an analytic function from the complex plane into itself). Let » > 0 and define
M(r, f) = max{[f(z)| : [2] = 7}, (2.1)
By the maximum principle, we have

M(r, f) = max{[f(2)| : [2] <7},

from which it follows immediately that M(r, f) is non-decreasing. Note also that if 0 < r < s and
M(r, f) = M (s, f) we can choose z with |z| = 7 and |f(2)| = M (r, f). Thus |f(w)| < |f(z)] for all
w in D(0,s) and so f is constant, again by the maximum principle, since |f| has a local maximum.
Hence M (r, f) is strictly increasing if f is non-constant.

For an entire function f, we now define the order (of growth) p of f by

. logJr log+ M(r, f
p = plf) = lim sup 8108 M(J)
r—00 ogr

in which log™ z is defined by (1.4).

Example 1:

Let f(2) = an2"+...+ag be a polynomial in z. For |z| > 1 we have [f(z)| < c[z|",c = > 1 |aj|. Thus
log M(r, f) < nlogr+loge < (n+1)logr for r > 1+¢, and so log™ log™ M(r, f) < loglogr + O(1)
as r — oo, and p = 0.

10
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Example 2:
Let f(z) = exp(z™), with n a positive integer. Then log M(r, f) =" and p = n.

Example 3:
Let f(2) = exp(exp(z)). Then log M (r, f) = ¢€" and p = co.
2.2  Wiman-Valiron theory

The Wiman-Valiron theory is concerned with determining the local behaviour of an entire function
from its power series. The main references for this subject are [36], from which this chapter will draw
extensively, and [71]. First, if

P(z) =apnz" +...+ao, an#0,

is a polynomial of positive degree n, and if z and z are large, then we have

P(z) ~ <ZZO>HP(ZO) and Z((;) ~ g

If P is replaced by a non-polynomial entire function f then it is clear from Picard’'s theorem that no
such asymptotic relation can hold for all large z and zg, but the aim of the Wiman-Valiron theory is to
obtain comparable estimates when z is close to zp and |f(zo)] is close to M(|zo|, f). Let

Fz) = et (2.2)
k=0

be a transcendental entire function (here “transcendental” means “not a rational function”). Thus
ay, # 0 for infinitely many k.

2.2.1 The maximum term

We define the maximum term p(r, f) as follows. For each r > 0 let

w(r) = p(r, f) = max{|ap|r* : £ =0,1,2,...}. (2.3)

This u(r, f) is well-defined, because for fixed r the terms |ag|r* tend to 0 as k — oo. Obviously
w(0) = |ag|. Since f is non-constant there exists k > 0 with az, # 0 and so we have pu(r) > |ag|r® > 0
for r > 0, as well as

lim p(r, f) = oc.

r—00

The first step is an initial comparison between the growth rates of M (r, f) and u(r, f).

2.2.2 Lemma

For r > 0 we have
p(r, f) < M(r, f) < 2p(2r, f). (2.4)
Further, the orders of the functions log™ M (r, f) and log™ u(r, f) are equal, these being defined by

: log™ log™ M(r, f) : log™ log™ u(r, f)
pf = limsup ,  pu = limsup .

r—00 log r r—00 10g r
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Proof. The first inequality of (2.4) comes from Cauchy's integral formula, since for k£ > 0 we have

fMO)| _ |1 / ) 4 M(r,f) _ M(r,f)
27 |z|:r ZkJrl

|ak| = ‘ Kl ) Pkl = rk .

The second inequality is proved as follows. For k > 0 we have

la(2r)" < p2r, ), lalr® < 27Fp(2r, f),

<

1
—(27r
2m

and so
o0 o0
M(r,f) <Y lawl® <D 27 u(2r, f) = 2u(2r, f).
k=0 k=0
The last assertion of the lemma now follows from (2.4) and Lemma 1.2.4.

2.2.3 Lemma

w(r, f) is continuous and non-decreasing on [0,00), and there exists R > 0 such that u(r) is strictly
increasing on [R, c0).

Proof. By the definition (2.3) of x and Lemma 2.2.2 we have 1(0) = |ag| < p(r) < M(r, f) — |ao| as
r — 0+, and so p(r) is continuous as 7 — 04. Now choose m > 0 with a,, # 0. If 7o > 0 then there
exists ko > m such that |ag|(270)* < |am|ri® for k > ko. So for 7o < r < 2rg we have

pu(r) = lam|r™ = |am|rg’
and so
u(r) = max{|ag|r® : 0 < k < ko}.

So on [rg, 2rg] our wu(r) is the maximum of finitely many continuous functions and so continuous.
If 0 <r < s < oo take n such that u(r) = |a,|r™. Then

(u(s) = lan|s" > lan|r"™ = p(r), (2.5)

so u(r) is non-decreasing. Now take R > 0, so large that |a,,|R™ > |ag| for some m > 0 with a,, # 0.
Then for R < r < s < 0o we have |a,,|r™ > |ag| and so p(r) = |a,|r™ for some n > 0 with a, # 0,
which gives strict inequality in (2.5).

2.2.4 The central index

For » > 0 and p(r) as above, we define the central index v(r) = v(r, f) (also called N (7)) to be the
largest k for which |ag|r¥ = u(r, f). Note that if ag = 0 then v/(0) is not defined, whereas if ag # 0
then v(0) = 0.

Observe further that if » > 0 then pu(r) > 0, and that if k # n with aga, # 0 then |ag|r* = |a,|r"
for exactly one positive value of . Thus there are only countably many values of r for which there does
not exist a unique n with |a,|r™ = u(r).

2.2.5 Example

For f(z) = €* and f(z) = sinz, determine u(r) and v(r) (hint for e*: consider those r for which
la|r* = |ag1|r**1). Use Stirling’s formula to compare M (r, f) with u(r).
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2.2.6 Lemma

The central index v(r) is non-decreasing on (0, 00), and v(r) — oo as r — oco. Also, v(r) is continuous
from the right, i.e., for each s > 0,

Tl_i>r£1+ v(r) =v(s).

Proof. Suppose first that 0 < r < s and v(r) = N. If N = 0 then obviously v(s) > v(r). Now
suppose that N > M € {0,1,2,...}. Then we have

s\ s\
fantr™ = faalr, fanls™ = lanlr™ (2)7 > Jav i (2) 7 > Jayls™,

and so v(s) > N.

Now let P > 0 and choose k > P be such that a; # 0. Then if m < k we have |a,|r™ < |ag|r"
for all large r, and so v(r) > k > P for all large r. This says precisely that v(r) tends to co.

Now we prove that v(r) is continuous from the right. Let s > 0 and put N = v(s). Take kg > N
such that |ay|(25)* < u(s) for k > ko (this is possible since the terms |az|(2s)* tend to 0). Then

p(s) < plr, f) = max{lag|r* : 0 < k < ko}

for s < r < 2s. But N is the largest k for which |ay|s* = u(s), so that |ag|s* < u(s) for k > N. By
continuity there exists § with 0 < § < s such that

Jalr® < lan|s™ = u(s)

for s <r < s+6§and for N < k < kg. By the choice of kg, we now have |ay|r¥ < |an|r" for
s <r<s+J andforall k > N. Hence v(r) = N for s <r < s+ 4. A similar argument shows that
v(r) is continuous as r — 0+ if ag # 0.

2.2.7 Lemma

The unbounded integer-valued function v(r) has the following property. There exists a strictly increasing
sequence r, — oo, with rg = 0, such that v(r) is constant on (rg,r1) and on [ry,,Tp41), for eachn > 1.
Also if 0 < s < r then

"v(t)dt
log u(r) = log p(s) + / (t) . (2.6)
For large r we have
log™® u(r) < v(r)logr + O(1) (2.7)
and
v(r)log2 <log™ u(2r), v(r)logr <log™ u(r?). (2.8)

The orders of growth of log™ u(r) and v(r) are the same i.e.

logT log™ log™t
i sup 1281087 AT) o 1087 ()
r—00 log r r—00 log r

Proof. We just set 9 = 0, and let 7,,, n > 1, be the points in (0,00) at which v(r) is discontinuous.
Here we note that if » > 0 and v(r) = N, the function v cannot have more than N discontinuities in
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(0,7). Since v(r) is continuous from the right and integer-valued, it must be constant on (rp,71) and
[Tmrn—&-l)-
Now suppose that v(r) = N for 7, < r < 7,+1. Then on this interval we have p(r) = |ay|r"Y and

o) (
dlog u(r)

———= =N. 2.10

dlogr ( )

Since pu(r) is continuous we get

bl/
log u(b) — log p(a) = / (tt) dt

for r, < a < b <r,y1. Adding these gives (2.6).
To prove (2.7) and (2.8), choose s > 1, so large that p(s) > 1. Then for r > s we have, since v(t)
is non-decreasing,

" dt
log p(r) < log p(s) + V(r)/ + Slogp(s) +v(r)logr,

which gives (2.7). We also have

2r v 2r
log 11(2r) 2/ W)dt 1/(7")/ %: v(r)log2

and
2

log pu(r?) > /T OdE /T %: v(r)logr,

This proves (2.8), the second inequality of which gives

1/2
log pu(r) > v(r 7)o
log r 2

as r — oo. Finally, (2.9) follows from (2.7), (2.8) and Lemma 1.2.4.

2.2.8 Lemma

Let e > 0. Then
N(r) = v(r) < (log u(r))' = < (log M(r, f))'*¢ (2.11)

for all r > 1 outside a set E of finite logarithmic measure, i.e.

/ dt
— < 0.
[Loo)nE ¢

Proof. Choose s > 1 with u(s) > 1 and let F' be the set of > s for which (2.11) fails. Then, for
R > s, integration of (2.10) gives

dt BON@d 1 1 B 1
/[1,R}OF ¢ S/s t(logp(t))+s ¢ ((logu(S))E (10gu(R))€>'

Letting R — oo then shows that F' has finite logarithmic measure, and so has E, since E'\ F' is bounded.
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2.2.9 The comparison sequences

Let (o) and (pp) be sequences such that

Qn—1

for n>1. (2.12)

Qg
ap >0, 0<py < —, < pp <
aq (879 Ap41

Note that suitable sequences («,) and (p,) will be constructed subsequently.

2.2.10 Lemma

Let f be a transcendental entire function with ag # 0 in (2.2), and assume that the sequence (p,,) is
bounded above in §2.2.9. A real number r > 0 will be called normal for f with respect to the sequences
(an) and (py) if there exists an integer N > 0 with

N on(pn)"

~n(pn)N

Then there exists an exceptional set Fy of finite logarithmic measure such that every r > 1 withr € Ey
is normal, and satisfies (2.13) with N = N(r).

for all n > 0. (2.13)

|an|r™ < lan|r

Proof. It follows from (2.12) that

I < ()N forn, N >0, n#N. (2.14)
an
For if n < N then o o o
N— _
— = .. L < gt v < ()N
aN  Opil an
while n > N gives
O, ON41 o, 1 1 1
= < — < —-
ay  ayn Qn-1 PN Pn-1_ (pN)"

This proves (2.14), which now implies in particular that if (2.13) holds then
|an|r™ < lan|r™  forn # N

and so N = N(r) = v(r).

We assert that there exists a non-decreasing sequence (s,) with limit co and with the following
properties: (i) we have sg = 0; (ii) if s, < Sp41 then N(r) =n on [sy, Sp11). To see this, observe first
that V(0) = 0 (because ag # 0) and that N(r) is non-decreasing and continuous from the right, and
integer-valued. So let

O=po<p1 <...

be the values taken by N(r), and let ¢, = min{¢t > 0 : N(¢) = px}, which exists because N(r) is

continuous from the right. So we set sp =0 and then s; = ... =5, =1, and 5,411 = ... = 5p, = 2
and so on.
Now we claim that
a
2 < for n > 0. (2.15)
ao S1...8n

We prove (2.15) by induction. For 0 < ¢ < s; we have N(t) = 0 and so |a1|t < |ag|, which gives (2.15)
forn =1 on letting t — s;—. Now let n > 1 and let m be the largest integer such that s,,, < s,. Then
on [Sm, Sn) we have

N(r)=m and |ap|r" < |am|r™.
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Let r — s,—. If m =0 then 51 = ... = s, and we have

lan]| < laol _ lao]

($p)™  S1...5p

as required. On the other hand if m > 0 then we may assume by the induction hypothesis that (2.15)
holds with n replaced by m and we get
|ao] 1 |ao|

< m—-n < = .
]an] < |am|($n) = S1...5m (Sn)"_m S1...5n

This proves (2.15).
It follows from (2.12) that, for n > 1,
O _ o a1

= - > —. (2.16)
g Qp—1 Q) Pn---P1

Combining (2.15) and (2.16) then gives, for n > 1,

1/n 1/n
< <‘“°|p1...p"> . (2.17)

Qg S1 Sn

Qn

Qp

Now we use the fact that (p,,) is assumed to be bounded above, from which it follows that if T > 1

then s, > Tpy, for all m > M, say. This in turn gives, by (2.17),

an | (laolpr e\ 12
~\ag s1 smu T=M)/n = /T

Qp

for all large enough n. Hence
1/n

Qn
= O7

(679

lim
n—oo

and so if we set

Qn
— 2.18
2 (218)

F(z)= iAnz", A, =
n=0

then F' is an entire function.
The point now is to deduce properties of f from those of F. Suppose that p > 0 and that
M =v(p, F). Then for all n # M we have, by (2.14) and (2.18),

[anl(poas)" anAnp" (par)" oy, n—M
- =\ow L. 2.1
lan| (ppan)™ — anrAnip™ (pa)™ — \an (pa) < (2.19)

This implies that N(r) = v(r, f) = M for r = ppps, and also that 7 is normal for f (with M taking
the role of N in (2.13)).

Since Ag # 0 we can define a sequence (S,,) for the function F', exactly as we defined (s;,) for f.
If we now have v(p, F) = n on (Sy, Sp+1) then we have v(r, f) = n on I, = (Sppn, Snt1pn), and
every r in the interval I, is normal for f. We also have S,,11pn < Snti1pn+1, by (2.12). Hence all
non-normal r for f lie in the union of the intervals [S,t1pn, Snt1pn+1], €ach of which has logarithmic
measure

log Pn+1‘
Pn

Since (p,,) is bounded above, these logarithmic measures have finite sum, and so the lemma is proved.
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2.2.11 Construction of the sequences (a,) and (p,)

Choose o € (1,2), and set
t
alt) = /0 B(s) ds, (2.20)

where .
B(s)=—1 (0<s<1), 5(5):—5—0 (1<s<o0). (2.21)

Then a(t) is a negative, strictly decreasing function on (0, c0), with a finite limit as ¢ — co. Set

Oy, = €xp (/On a(t) dt) , pn =exp(—a(n)). (2.22)

Since «(t) is bounded below on (0, 00), the sequence (p,,) is bounded above. It is obvious that «;, > 0.
To check the remaining conditions of (2.12) we note that, for n > 1,

n " " 1
log :/ loz(t)dt>/ la(n)dtza(n)zlogf,

Qp—1

and also that, this time for n > 0,

1 n+1
log— = a(n) > / a(t) dt =log Antl
Pn n Qn

This shows that sequences with the required properties do exist.

2.2.12 Lemma
The construction of §2.2.11 gives, forn, N >0, and k =n — N # 0,

]{72
o < (“a0 e ) 22

Proof. For n # N we have, on integrating by parts,

M — exp < / " alt) dt> exp(—a(N)(n — N))

N

= exp ( /Nn (a(t)—a(N))dt)

= exp (/]:(n—t)ﬁ(t)dt>.

If n > N then, since —3(t) is positive and non-increasing,

n (n _ N)2 k2

_/N(n—t)ﬁ(t)dtz—ﬁ(n)/]v(”_t)dt: one  2(N + |k|)°

On the other hand, if n < N then, again since —f3(¢) is positive and non-increasing,

N (N —n)? L2

n N
_/N(n—t)ﬁ(t)dtZ/n (t—n)(—ﬁ(t))dtZ—ﬁ(N)/n =)t = N a4 k)
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2.2.13 Lemma

Let 1 < o <2 and let f(z) =Y 3o, arz” be a transcendental entire function with central index N (r)
and maximum term u(r). Then for all large r outside a set of finite logarithmic measure we have, with
N = N(r),

|an-i|r ¥+

k2
<o (s ) (224

Proof. Obviously there is nothing to prove if Kk = 0. Suppose first that ag # 0. Then we take the
sequences (ay,) and (py,) and the set of non-normal r has finite logarithmic measure. Moreover if r is
normal then combining (2.13) with (2.23) gives, with n = N + k and k # 0,

an(p )n k2
gy < 0o (g ) (22

Now suppose that ag = 0. Then we may write f(z) = 2zPg(z) for some p > 0, where g(z) =
S g ckzt is entire and g(0) = ¢y # 0. It is then easy to see that ¢, = a,1p and pu(r) = rPu(r, g),
while N(r) = v(r,g) + p. Hence, for all large r outside a set of finite logarithmic measure, writing
v =v(r,g) and using (2.25) with f replaced by g gives

|an|r™ < p(r)

N+k vtk 2 2
lanlr™ ™ = ley k™™ < exp <_ : > < exp (_ : ) .
u(r) u(r, g) 2(v + k) 2(N + [k[)7
2.2.14 Comparison between v(r, f) and v(r, )

It is convenient to consider g(2) = zf'(z) = .7, kaxz*, and obviously v(r,g) = v(r, f') + 1. Now
fix € > 0, and suppose that r is large and lies outside the exceptional set £ of Lemma 2.2.13, and set
N =v(r, f). Then for n < N we have

nlay|r"™ < Nlay,|r™ < N\aN]rN

and so v(r,g) > N = v(r,f). Now take n = N + k with k > eN. Then N +k < k(1 + 1/¢) and
Lemma 2.2.13 gives

k?2

n|an|7“” S (N + k‘)|a/N‘7’N exXp <—2(]\7_'_|k|)0

) <k exp(—02k2_”)N]aN|rN,

where the positive constants ¢; and co are independent of r. If N is large then so is k, and thus
nlan|r™ < (1/2)N|ax|rY for n > (14 &)N, which forces v(r, g) < (1 +¢)N.
We conclude that

v(r, f') ~v(r, f) asr— oo with r & E, where [, dt/t < cc. (2.26)

2.2.15 Lemma

Let a > 0. Then
N(rexp(N(r)™®)) < (1 +a)N(r) (2.27)

for all r > 1 outside a set of finite logarithmic measure.
Proof. Choose R > 1 with N(R) > 1 and set

s=logr, M(s)=N(r)*=N(e*)"
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for s > S = log R. Then M(s) is non-decreasing and continuous from the right, and M(s) > 1 for
s> 5. Choose A > 1 with AY/® < 1+ . The Borel lemma 1.2.5 gives

N(rexp(N(r)™))* = M(log(rexp(N(r)™))) = M(s+ 1/M(s)) < AM(s) = AN(r)®
for s > S outside a set Fjy of finite measure. The corresponding exceptional set of r is just

ng{es:seEO}

/ dr:/ ds < oo.
F T Eo

2.2.16 Estimates for sums of terms in the power series

and satisfies

Let 1 <o < 2andlet 0 < 27 < 2. Let ¢ be a non-negative integer, and let f(z) = > 2, a2 be a
transcendental entire function with maximum term p(r) and central index N(r). We will estimate

ST e

[n=N(r)|=N(r)T

for p close to 7.

In order to do this, let 7 lie outside the exceptional sets of Lemmas 2.2.13 and 2.2.15, taking o = 1/4
in the latter. Note that the union E* of these exceptional sets has finite logarithmic measure (and does
not depend on ¢). Write

N=N(), polp) = lanlp", (2.28)

where
|log(p/r)| < N7T. (2.29)

We use c¢1, ¢a, . .. to denote positive constants which do not depend on r or p (although in general they
will depend on f, o, 7 and ¢q). Write

pr=rexp(N(r)"/*), M=N(p), N<MZ< (230)
in which the last inequality follows from Lemma 2.2.15.

Then for r large enough, not in E*, and n > 2N we have, by (2.28), (2.29) and (2.30), the inequality
n— M >n—5N/4> cin and the estimates

lanlp”  lanlp™  lanlp™ lan]p™
po(p) — lanlp™  lanlp™ Jan|pN
o anle? oY Jand|r™ o\ M-N
~ lamlp}! </)1> lan|r™ <;)
< ()T O
B P1 r T r
< exp((M —n)N~* + (n— N)|log(p/r)])
< exp(—clnN_1/4 +nN"T) < exp(—can_1/4), (2.31)

using the fact that 7 > 1/2. Thus we have

S nanlp < polp) Y 0l t=exp(—eaN~HV) < 1, (2.32)
n>2N n>2N
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for p satisfying (2.29).
Now, since N is large,

o onitt < Y nitt = i N + k)atk = ¢V i(l + N/k)Tk%F < 2tNNq§:kqtk.
k=1

n>2N n>N k=1 k=1

But repeated differentiation of the geometric series shows that the power series Y 72, k%t* may be

written as a linear combination of ) )

1—t7TT (1= t)etl

with constant coefficients, independent of r and p. Since 0 < t < 1 this gives

1

1 exp(caN~1/4) < NV
1—t  exp(caN—1/4) —1

and

tN N
S onan < (f“_w < cstV NN (aHD/A,
n>2N

On recalling (2.32) we therefore have, for r & E* large enough,
> nflanlp” < po(p)est™ NINUH/A = ¢510(p) exp(—caN** + cglog N)

n>2N
< po(p) exp(—crN*/%). (2.33)
We consider next those n satisfying
0<n=N+p<2N, |[p|>N".

For these n and for p satisfying (2.29) we have, by Lemma 2.2.13 and the fact that 27 > o gives
oc—17<T,

glanlp™ g rp\P lan|r"
n,uT(p) - " (;) an|rV
< N ()" exp(—p2/2(N + [p])7)
< (2N)%exp(|p|N~T — p?/2(2N)7)
= (2N)%exp(|p|[N"7(N7"7 — cs|p|))
< (2N)%exp(|p|N~ ((NT)—CslpD)
< (2N)%exp(|p|N~7(o(lpl) — cs|p]))
< (2N)?exp(—cop®N~7)
< (2N)7exp(—coN?""7) = (2N)% exp(—coN*>°),

where 2¢ = 27 — 0 > 0. Hence we get, for r & E* large, and for p satisfying (2.29),

Z nqM < (2N)7 L exp(—cgN%)
n<2N,[n—N|>NT
= exp(—cgN% + ¢iglog N) < exp(—N3/2), (2.34)

Combining (2.33) with (2.34) then gives the following fundamental lemma.
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2.2.17 Lemma

Let 1 < o <27 < 2. Then there exists 6 > 0 with the following property. Let f(z) = 7, aiz® be a
transcendental entire function and let ¢ be a non-negative integer. Then for all r > 1 outside a set F
of finite logarithmic measure we have, with the notation

N = V(Tv f)? MO(p) = |aN‘pNv (235)

the estimate
ST n%anlp” < polp)exp(—N?) for |log(p/r)| < N7 (2.36)
n—N[>N7

We also obtain another comparison between the maximum modulus and the maximum term. It
follows using Lemma 2.2.8 that, for r outside a perhaps larger set of finite logarithmic measure,

> nfanlr™ < po(r) = pu(r, f), N =N(r) < (logu(r, f))?
[n—N|>N7

and so

plr, ) < M(r, f) <Y laglr® < 3N()u(r, f) < 3u(r, £)(log p(r, f))?. (2.37)
k=0

2.2.18 A lemma concerning polynomials
Let A\, § and e be positive real numbers, and let j € {0,1}. Let
P(z) =amz™ + ...+ o

be a polynomial of degree at most m. Then for R > r > 0 we have

. m—j
() <o (MY (B
PO ()| < e (T ) <r M(r, P) (2.38)
for |z| < R. Further, if m® > e2/(6A) and |z| =7 > 0 and |P(z0)| > AM(r, P), then
r
|P(2) — P(20)| < 0|P(20)| for |z— zo| < e (2.39)
Proof. We first prove (2.38) for j = 0. Let
P m
M= M(r,P), Q(z)= (Zrlr — e, 4
z

Then Q(z) is analytic for r < |z] < oo, with Q(00) = r™ay,. We also have |Q(z)| < M on |z| =, and
so the maximum principle implies that |Q(2)| < M for |z| > r. In particular, M (R, P) < (R/r)™M,
which gives (2.38) for j = 0, using the maximum principle again.

Next, we consider the case j = 1. Let |z| < R, and put h = R/m. Then (2.38) for 7 = 0 and

Cauchy's integral formula lead to
1 P
POl = o [ P
2mi |lu—z|=h (u - Z)

1 1
< Emax{\P(uﬂ tlu—z|=h} < EM(R—Fh,P)
_ M @Benn ME(1
- h rm h rm m

- () =)
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since 1+ 1/m < e'/™. This proves (2.38) for j = 1.
To prove (2.39) let S = 7(1+m~17%). Then for z as in (2.39) we have

P'(2)] < M(S, P') < M(r, Pe (2) <S>m_1 _ W (1 N m}ﬁ)m‘l . W

r

Hence we obtain, for such z,

z 2mM (r, P M(r, P 2|p
[P < L SR < SHOD) SR gy
%0 mliTe r me Ame

[P(2) = P(20)| =

by the lower bound on m.

2.2.19 The main estimates at points near to the maximum modulus

Let f(z) = > po,arz” be a transcendental entire function, let 1 < 0 < 27 < 2 and let § and the
exceptional set E7, which has finite logarithmic measure, be as in Lemma 2.2.17. Choose A € (0,1/2]
and let € be small and positive. In addition let 7 < v < 1.

Let » ¢ Fq be large and set

N=v(rf). k=[N, polp) = lanlp", (2.40)

where [x] denotes the greatest integer not exceeding x. Then Lemma 2.2.17 implies that

Z nlan|p™ < po(p) exp(—N?) (2.41)
In—N|>k

for
[log(p/r)] < N. (2.42)

Note that for p satisfying (2.42) we have

—y _ P\
[klog(p/r)] < NT7 =0(1), (£)"~1, (2.43)
as r — oo with r € FEj.
Write
N+k
)= Y an2"+¢(2) = 2N FP(2) + ¢(2), (2.44)
n=N-—k

where P is a polynomial of degree at most m = 2k. The aim will be to show that, for appropriate choice
of z, the remainder term ¢(z) is relatively small and the polynomial P(z) does not vary too much, so
that f(z) is essentially controlled by the monomial 2=, To this end we apply Lemma 2.2.18 to P
and P/, with

R=rexp(N7),

to get
M(R,P) < <Ij)mM(r, P) < M(r,P)exp(2N™"7) ~ M(r, P),
M(R,P) < e (if“) (f)m_lM(r, P) < mMT(T’P). (2.45)
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For |z| = p satisfying (2.42), the estimate (2.41) and the relation (2.44) imply that

f(2) = 2"7EP(2) + o(po(p)) = 2N P(2) + o(M(p, [)), (2.46)
from which it follows easily that
M(r, f) ~ N kM (r, P). (2.47)
Now choose 7z with
20l =7, [f(20)] = 2AM(r, f). (2.48)
Then (2.46) gives
f(z0) ~ 2 "P(20),  |f(z0)] ~ ¥ *|P ()], (2.49)
and hence, using (2.47),
|[P(20)] ~ "N f(20)| = 2Xr* N M (r, f) > AM (r, P). (2.50)

For |z| = p satisfying (2.42) we may now write, using the first relation of (2.46), as well as (2.43) and
(2.49),

f(z)

N = 2 *P(2) 4+ o(|lan|) = 27FP(2) + o(r "N M(r, f))
= 27"P(2) +o(r V| f(20)]) = 27" P(2) + o(r*|P(20)])
= 27 ¥(P(2) + o(|P(2)])). (2.51)

For p satisfying (2.42) we deduce, using (2.43) and (2.45), that

M(p. f) < p"H(M(p, P) +o(|P(20))) = (1 +0(1))p" ~*M(r, P)

p\ N—Fk o\ N
~ (&) M~ (B) M), (2.52)
Next, consider z satisfying
|log(z/z0)] < N77. (2.53)
For such z we have
k
z _ T
Iklog(2/20)| = o(1), <%>va fmnl= 0N =0 (D). (259

since ¢ is small. Thus for z satisfying (2.53) we have P(z) ~ P(zp) by Lemma 2.2.18 and so (2.49),
(2.51) and (2.54) give

L\ Nk AN
FO ~ PG~ (2) s~ (2) s (2.55)
20 20
which is the main estimate of the Wiman-Valiron theory.
In particular, if we choose zy such that |zg| = r and |f(z0)| = M (r, f) then for z satisfying (2.53)
and |z| = p we get

7= @) () e, )

,
and so (2.52) now becomes, for p satisfying (2.42),

M(p, f) ~ <B)NM(7", f). (2.56)

r



24 CHAPTER 2. ENTIRE FUNCTIONS

The next step is to estimate f/(z). For |z| = p as in (2.42), the function ¢(z) of (2.44) satisfies, by
(2.41),

G =| 3 nagen g“‘)(me’;p(‘m). (2.57)

Differentiating (2.44) thus gives, for |z| = p satisfying (2.42),

f'(z) = (N=k):VF1P() + 2V FP(2) + ¢ (2)
= (N—Kk)2N1P) + 2N PP (2) 4+ olp Han]|p™)

and hence, using (2.45) and (2.50),

f;(zvz) = (N- k)z_k 1P(z)+z‘kP’(z)+o(p‘1r‘NM<7%f>)

_ (N k)2 F71P(2) + 27 P/ (2) + o(p~ ' | P(20)])
= 2N = k)P(2) + 2P'(2) + ol | P(20)])]

“FL(N — E)P(2) + O(kM(r, P))]

k

(
= 2 (N = K)P(2) + Ok P(20)])]. (2.58)

In particular, we obtain an upper bound for M (p, ') as follows. For |z| = p satisfying (2.42), applying
(2.43) and (2.45) again, as well as (2.47) and (2.58), gives, since k = o(N),

N N
M(p, f') < (1 +0())NpY M (r, P) ~ NpN 2 Nr(r ) = (2) 7 M, f). (2:59)
p \r
Next, we estimate f’(z) for z satisfying (2.53). Again we have P(z) ~ P(z) and so (2.55) and
(2.58) lead to

N
P ~ NP ~ 0 ~ S (2 S0 (2.60)

Again, if we choose 2y such that |zg| = r and |f(z0)] = M(r, f) then we obtain a lower bound for
M (p, f') and (2.59) becomes, for |z| = p satisfying (2.42), using (2.56),

Mip. £~ 2 (2) MG 1) ~ (. 5). (261)

It follows from (2.61) that the method may be extended to handle a finite number of higher deriva-
tives as follows. Since z( satisfies (2.48), we obtain, using (2.60) and (2.61),

7ol 2 (= o(0)) () 2AM(r.£) 2 (22 = o) ).

If 7 <+’ <~ then, provided r lies outside a set of finite logarithmic measure, we have v(r, f’) ~ N by
(2.26) and
) vlnf) N
f'(2) T T
for | log(z/20)| < v(r, )~ and hence for | log(z/z)| < N~7. Similarly, for these r and for p satisfying
(2.42) we get M (p, f"") ~ (N/p)M (p, f'), and the whole process may be repeated a finite number of
times.
Thus we have proved:
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2.2.20 The main theorem of the Wiman-Valiron theory

Let f(z) = > 32, arz" be a transcendental entire function, and let 1/2 < v <1 and 0 < < 1. Let
q be a positive integer. Then there exists a set Es C [1oo), of finite logarithmic measure, such that, if
|z0| =7 € [1,00) \ E2 and |f(20)| > &M(r, f) then

fO(z) N7

o) ~ for |log(z/z0)| < N77

andj=1,...,q, where N = v(r, f). Furthermore, for |log(p/r)| < N~7 we have

z

fu>~<>Nf@w and

20

Mo £ ~ S (o ). Mp. )~ (£) M(r 1
forj=1,...,q.

The condition on « is essentially best-possible. The Weierstrass o-function has zeros at the points
m + nw, where w is a fixed non-real complex number and m and n are any integers. This function has
order 2, and therefore so has N (7). Now on the region |log(z/z0)| < N~7 we may write

z=20¢ [([<NT, |z =z0| = |20] [ = 1] ~ |z0] [¢],
and so this region has diameter roughly » N (r)~7. If it were possible to take v < 1/2 then this diameter
would be large, and our Wiman-Valiron region would contain a disc of centre zy and large radius
compared to 1 + |w|. But such a disc must contain a zero of the o-function.
2.3 Exercises
1. Let f be a transcendental entire function. Prove that
max{Re f(z) : |z| =7} ~ M(r, f)
as r — oo outside a set of finite logarithmic measure.
2. Prove that every non-constant solution of
(4) I S
Yy 4z —2"y=0
has order 2 (every solution is entire: see the chapter on differential equations).

3. Let P and @ be non-constant polynomials. Prove that the differential equation
2yy" — (y)* + P(2)y + Q) = 0

has no transcendental entire solutions.

2.4 Coefficients and the order of growth

Let g(z) = > .7 bn2" be a transcendental entire function. We may then prove that the order of g is

., where ¢ = liminf M

p=—= 3
o n—oo  nlogn
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with the convention that 1/0 = co.

(i) To prove that p < 1/0 assume WLOG that ¢ > 3 > 0. Hence
—log|bn| > Brlogn, |ba| <n P,

for all sufficiently large n.
Let r be large. Evidently if n® > r then n is large and

|bp|r™ < PP < 1.
Hence

< b, |r™.
p(r) < nrélr%l |7

But we can assume WLOG that |b,| <1 for all n (why?) and so
= exp(rl/ﬁ log ),

which gives p < 1/3. Fill in the details.

(i) To prove that p > 1/0 assume WLOG that p < 7 < oco. Let n be large and 7 = n!/7. Then
r is large and
[bn|r™ < pu(r) < exp(r7) = €"

which gives
1 1
log |by| <n—nlogr=n— noBn _ —(1 +0(1))n 08T
T T
and so loe b )
— Og‘ n| > 7_0(1)
nlogn T

as n — oo. Again fill in the details.



Chapter 3

Nevanlinna theory

3.1 Introduction

The standard reference for this is Hayman's text [33], but this chapter will borrow several ideas from
the excellent book by Jank and Volkmann [48].

A meromorphic function is one analytic function divided by another i.e. f = g/h, where g and h
are analytic, and h # 0. A good example is f(z) = tan z, which has poles (i.e. f(z) = o) wherever
cosz = 0.

The multiplicity (or order) is defined as follows. Suppose ¢ is analytic at a, with g(a) = 0. If g # 0,
then the Taylor series of g about a has a first non-zero coefficient, say
mtl a; = g(J)-‘(a)’ am # 0.

4!
We say that g has a zero of multiplicity m at a. If g(a) # 0, we can think of this as a zero of multiplicity
0. Now consider g/h. If

9(2) = am(z — )" + am41(z — a)

g(z)=am(z—a)"+ ..., h(z)=by(z—a)"+...,
as z — a, with a,;;b, # 0, then
10 =15 =G () = - PG, H ) =

near a. Here H is analytic at a. If m > n then f(a) = 0 (zero of multiplicity m — n). If m < n then
f(a) = 0o (pole of multiplicity n — m).

Example: show that
z
f(z) = 2

sin” z
has a simple pole at 0 and double poles at z = km, k € Z \ {0}.

We have seen that the non-decreasing function log™ M (r, f) measures the growth of an entire function
f. The central idea of Nevanlinna theory is to develop an analogue for meromorphic functions, and to
this end Nevanlinna introduced his characteristic function T'(r, f).

3.2 Nevanlinna theory: the first steps
We begin with:

27
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3.2.1 Poisson’s formula for the logarithm

Let 0 < R < ooandlet E ={z € C: |z| < R}. Let g be meromorphic on a domain containing
E, with no zeros or poles in D(0, R). Let the distinct zeros and poles of g on the circle S(0,R) be
C1,---,Gq. Then an analytic branch U of log g may be defined on a simply connected domain containing
E\{C,...,¢(} and, for |a| < R,

o 2 _ql2
Ula) = 1/0 U(Rew)Re._"dgz). (3.1)

Proof. The first assertion is true since there exists R’ > R such that g is meromorphic in D(0, R')
with no zeros or poles in R < |z] < R'. Now let |a] < R. Let § be small and positive and let 'y be
the circle S(0, R) described once counter-clockwise, except that each (; (if there are any) is avoided
by instead describing clockwise an arc w; of the circle S((j,6). The resulting curve I's5 then goes once
counter-clockwise around a, since § is small. Set

V(w) = U(w) (RQ"') .

R? —aw
Then V is analytic on and inside I's and so Cauchy's integral formula gives

U(a) = V(a):%m, g Z(—wc)zdw

1 w R? —|a|?*\ dw
= — U -—. 3.2
27 Jr, (w) (w—a) <R2—aw> iw (32)

But there exist non-zero constants a; and integers m; such that

g(w) ~aj(w—¢;)™ and U(w) = E+m;log +0(1) as w—(,weDO,R).

1
lw — ¢l

In particular the argument of g(w) remains bounded as w — ; in D(0, R), and

Ulw) = O <log ;)

on wj, for small §. Hence the contribution to the integral in (3.2) from each circular arc w; tends to 0
as § — 0, so that writing w = Re’® gives

S
a2

3o ()

DIERICE R

and (3.1) follows.
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3.2.2 The Poisson-Jensen formula

Let R be finite and positive and let f be meromorphic and not identically zero in |z| < R. Let the zeros
and poles of fin 0 < |z| < R be ay,...,a, and by, ..., b, respectively, in each case with repetition
according to multiplicity. Assume that near the origin f(z) is given by

f(z) =cz¥(1+0(1)) as z—0,

with d an integer and ¢ a non-zero constant: this says that cz? is the first term of the Laurent series of
f valid in some annulus 0 < |z| < sg. Then

ot ﬁ (=) () 53

is meromorphic on |z| < R, and analytic and non-zero in |z| < R. Moreover, |g(z)] = |f(2)| on
|z| = R. Taking real parts in the Poisson formula 3.2.1 gives, for u = log |g| and z = re®® with 6 real
and 0 <r < R, )
) 1 T . R2 — 2
0\ __ ip
= — R 3.4
u(re™) 27r/0 u(Re )R2 + 172 —2Rrcos(0 — ¢) - (34)

But for |[w| = R we have u(w) = log |g(w)| = log | f(w)], and using (3.3) this gives the Poisson-Jensen
formula: if z =re® |z| < R and f(z) # 0,00 then

RZ o 7"2
R2 + 12 — 2Rrcos(6 — ¢)

. R(z—b
—Zlog‘(jk) .
R? — bz

k=1

do +dlog|z/R| —+

2T
log /()] = 5= [ o £(Re")

+ Em: log ‘R(Z ) (3.5)

2 _ A=
R a;z

=1

Here the a; and by, are the zeros and poles of f in 0 < |z| < R. In particular, letting z — 0 we have
Jensen's formula

1 g2
log |c| = 27r/0 log | f(Re™)|dp + Zlo Zlog —dlog R. (3.6)

Of course, ¢ = f(0) if f(0) # 0, cc.

3.2.3 The Nevanlinna functionals

We retain the notation used in the Poisson-Jensen formula. Let n(r) = n(r, f) denote the number of
poles of f in |z| < r, counting multiplicity, and let u(t) = n(t) — n(0). Then, using Lemma 1.3.2 and
the integration by parts formula (1.6) for Riemann-Stieltjes integrals we obtain

- R R R R R R dt
kZ:llog‘bk’:/O logtdu(t):—/o (n(t)—n(O))d(logt> :/0 (n(t) —n() T (37

Here the first formula follows by writing the sum as a Riemann-Stieltjes integral as in Lemma 1.3.2.
Alternatively, we can prove by elementary means that

n R
S log ’b]i' _ /0 (n(t) — n(O))%. (3.8)
k=1



30 CHAPTER 3. NEVANLINNA THEORY

Indeed, if f has p poles on |z| = p these contribute p to n(t) —n(0) for p <t < R and so plog R/p to
the integral and this gives us (3.8).
Now write

R
N(RS) = [ nlt.£) = n(0.1)F + (0. lox R (39
and

1 2w .
miB,f) =5 [ logt (R do, (3.10)
2T 0
where log™ z is defined by (1.4) and satisfies
1
logz =logt z —logt =, x>0. (3.11)
x
Using (3.7), (3.9), (3.10) and (3.11), Jensen's formula (3.6) becomes

Here m(R, f) is called the proximity function (Schmiegungsfunktion) and N (R, f) the (integrated)
counting function (Anzahlfunktion). The Nevanlinna characteristic is

T(R, f) =m(R, f)+ N(R, [), (3.13)
and the Jensen formula (3.12) can now be written

logle| =T(R, f) —T(R,1/f). (3.14)

3.2.4 Examples

(i) Let F(z) = P(2)/Q(z) be a rational function, in which P and @ are polynomials, of degrees p, ¢
respectively, and with Q # 0. We can assume that P and @ have no common zeros. Then Q(z) =0
has q roots, counting multiplicities, and so

N(r,F)=qlogr+ O(1)
for large . Also, as z — oo we have F(z) = dzP~%(1 + o(1)) for some constant d # 0, and so
log |F(2)] = (p — q)log|z[ + O(1), 2z — o0,

from which
m(r, F) = max{(p — q),0}logr + O(1), r — oo.

This gives
T(r,F) = max{p,q}logr + O(1), r — oo.

(ii) Let f(z) = €*. Show that T'(r, f) = m(r, f) = r/m for r > 0.
(iii) Show that
log® | cos z| = |Im 2| + O(1),

by considering separately the cases where |Im z| is or is not at least 100. Deduce that

T(r,cosz) =2r/m+ O(1)
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as 7 — 00. lllustrate Jensen's formula by estimating m(r,sec z) and N(r,sec z).

(iv) Let f be meromorphic in the plane and, with & a positive integer, define g(z) = f(2*). Prove that

n(r,g) = kn(r*, ), N(r,g) = N(*, ), m(r,9) =m(r*, f), T(r,g)=T(0",f).
Show also that T'(r, f¥) = KT(r, f) and that, if a is a non-zero constant and f(0) # oo, then

T(r, f(az)) = T(|alr, f).

(v) Show that if P(z) = az* +. .. is a polynomial of degree k then T'(r,e”) ~ |a|r*/m as r — oo (hint:
consider first the case P(z) = z¥).

3.2.5 Properties of the characteristic
Suppose that f, f1, fo are meromorphic and non-constant. Then
T(R, fif2) <T(R, f1) + T(R, f2), T(R,fi+ f2) ST (R, f1) + T(R, f2) + log 2. (3.15)
These follow easily from the inequalities
log™ oy <logtz +logTy, logT(z+y) <logt(2max{z,y}) <log™x+log™y+log2, x,y>0,

and the fact that a pole of fify or fi 4+ f2 can only arise at a pole of fi or fa, and has multiplicity not
greater than the sum of the multiplicities for fi and fs.

3.2.6 Comparing 7'(r, f) and log M(r, f)

Let f be analyticin |[z| < R. If 0 <7 < R then

T(R, f) < log™ M(R, f), MMMﬂsG?T

)T(R, f)-

The first inequality is obvious, since log™ | f(2)| < log™ M (R, f) on |z| = R. To prove the second, we
take z with |z| = 7 and |f(2)| = M (r, f), and we apply the Poisson-Jensen formula, using the fact that
the contribution from the zeros of f is non-positive, and the inequality

R*4+712—2Rrcost>(R—r)?, R>r>0, teR.

-7

This relation shows that for entire functions T'(r, f) and log™ M (r, f) are comparable.

3.2.7 A useful inequality

If 0 <r < R then
R

NR ) = [ lt.0) =m0 )5 +n(0.5)log R

J
R
> [t = n(0.£)F +n(0.)log R
R dt

[ ) = n0.$)F + 00, ) log 7
= (00 £) = (0, ) log L +n(0, ) log B

= n(r,f) log§ + n(0, f)logr.
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3.2.8 Lemma

Let f be meromorphic in C, and not a rational function. Then

T(r, f)
log r

— 00

asr — oQ.

Proof. Note that we saw in Examples 3.2.4, ((i) that if f is a rational function then T'(r, f) = O(logr)
as r — oo.

Suppose then that f is meromorphic and non-constant in the plane, and that T'(r,,, f) = O(logry,)
through some sequence r,, — co. Now the inequality 3.2.7 gives, with 72 = r,, and r,, large,

Clogr > T(r?, f) > N(1?, f) > n(r, f) logr

so f has finitely many poles. Hence there exists a polynomial P such that ¢ = Pf is entire, and
T(rpn,g) = O(logry,). Hence §3.2.6 gives

log M (sn,g9) < 3T (2sp,9) < Crlogry,, s, =r1n/2,
so there exists an integer M > 0 such that |g(2)| < (s,)™ on the circles |z| = s, — oo. Thus Cauchy's
integral formula shows us that ¢/ is bounded and so constant, and g is a polynomial.

3.2.9 An alternative proof of Jensen’s formula

Let the function f be meromorphic in |z| < R and for simplicity assume that f(0) # 0,00. For
0<r<R set

2

Here I(0) = log |f(0)| and it is not hard to see that I(r) is continuous. Now suppose that f has neither
zeros nor poles on the circle |z| = s € (0, R). Then setting 7 = log |z| and writing log f locally as a
function of 7 + i gives

iy L o dlog |f| i 1 n darg f , 49 _
SI(S)_QW/O 5 (se )d0_277/0 50 (se")df =n(s,1/f) —n(s, f).

27
I(r) = 1/ log | f(re®| df.
0

Dividing by s and integrating from 0 to r then yields

m(r, f) —m(r,1/f) = 1(r) = 1(0) + N(r,1/f) = N(r, f) = log | f(0)] + N(r,1/f) = N(r, f).

3.3 Nevanlinna’s first fundamental theorem

3.3.1 First fundamental theorem

For non-constant meromorphic f and a € C we have
m(R,1/(f —a))+ N(R,1/(f —a)) =T(R, f) + O(1). (3.16)
For if a is a finite complex number we have by (3.15), as R — oo,

T(R,f—a) <T(R,f/)+0(1), T(R f)<T(R,f—a)+0(1)
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andso T(R, f) =T(R, f —a) + O(1).

This is an equidistribution theorem: if f is meromorphic and non-constant in C then by Example
3.2.4 (i) and Lemma 3.2.8 the characteristic T'(R, f) tends to infinity as R tends to infinity. Hence
either f takes the value a very often (so that NV is large) or f is close to a on part of the circle |z| = R.
A good example is f(z) = e*. Then m(r, f) = m(r,1/f) = r/m, while N(r,1/f) = N(r, f) = 0.
Also m(r,1/(f — 1)) is small, but f has a lot of 1-points.
For brevity we write

m(r,1/(f —a)) = m(r,a, f) = m(r,a), N(r,1/(f —a))= N(r,a,f)= N(r,a). (3.17)
Also m(r, f) = m(r,o0), N(r, f) = N(r, 00).

3.3.2 More examples

(i) Show that if T' is a Mdbius transformation and g = T'(f) then
T(r,g) =T(r, f) +0(1), r— oo.

Deduce that T(r,tan z) = (2r/7) + O(1) (Hint: write tan z in terms of €2%).
[llustrate the first fundamental theorem by looking at m/(r, tan z), N(r,tan z), N(r,1/ tan z).

(ii) Show that f(z) = €% — e* has, as 7 — o0,

N(r,o0) = N(r, f)=0,

m(r,o0) = mir, f) ~m(r,e¥) = =,
N(r,0) = N(r0,e—1) =" +0(1),
m(r,0) ~ m(r,e ?) = %,

m(r,a) = O(1), N(r,a):irl—l—O(l), (a € C\ {0}).

3.3.3 An application of the first fundamental theorem: a lemma of Clunie
Let f be transcendental meromorphic and let g be entire. Then
T(r,g) =0o(T(r,fog)) as 71— .

Proof. Choose a € C such that « is not a critical value of h = fog and f has infinitely many a-points
w1, ws, . ... Fix N € N and choose C,§ > 0 such that

|lw—w;| <6 implies that |[f(w)—a| <Clw—wj;| (j=1,...,N).
This gives
N

j=1

and
N

ZN(’F’ w]ag) S N(’I",CL, h)
7j=1
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Adding and applying the first fundamental theorem yields
N
Y T(r,wj,9) <T(r,a,h) +0(1), NT(r,g) <T(r,h)+O(1),
j=1

so that T'(r,g) = o(T'(r, f 0 g)).

3.4 Cartan’s formula and the growth of the characteristic function

3.4.1 Cartan’s formula

We saw earlier that if f is entire then log™ M(r, f) is a non-decreasing function, and the aim of this
section is to show that T'(r, f) is non-decreasing.

Let f be non-constant and meromorphic in |z| < R, with f(0) finite. Let € (0, R) and assume
that the number of points on |z| = r at which |f(z)| = 1 is finite (in particular, this will always be true
unless f is a rational function: see Lemma 3.9.1). Now Jensen's formula applied to the function a — z
gives

1 2m )
— / log |a — e**|ds = log™ |a| (3.18)
2w 0

for a complex number a. Thus

1 27 : 1 2 27 ; i
m(r, f) = 277/0 log™ | f(re)|dt = 4772/0 /0 log | f(re™) — e'*|dsdt. (3.19)

Let

¢(57 t) = log ‘f(reit) - eis" ¢+(57 t) = max{¢(s> t)7 0}7 o (S> t) = maX{_¢(sa t)> 0}'

Then ¢ = ¢ — ¢—. Also, the Fubini-Tonelli theorem gives

27 27 2 2
I :/ ¢+(8,t)dsdt:/ ¢t (s,t)dtds
o Jo o Jo

and
2T 2T 2T 2T
f2=/ ¢‘(s,t)dsdt:/ ¢~ (s,t)dtds.
0 0 0 0

But, by (3.15),
2m )
0<; < / 2r(log™ | f(re™)| + log 2)dt < 47 (m(r, f) + log2).
0

Thus I is finite. Also Jensen's formula gives, since m(r, g) < T(r,g) and f(0) — €% # 0 for almost all

S,
2m 1
I, < 277/ m|r,—— | ds
0 f—e

27
< [ (e - ) < log 7(0) - ¥)ds
0
< AT (r, f) + 4n%log 2 — 47 log™ | £(0)] < oo,
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using (3.15) and (3.18) again. Thus (3.19) and Jensen's formula give

mr, f) = — / o 02w¢+(s,t)—¢(s,t)dsdt

472

2 27
= 4 — / log | f(re) — e'*|dtds
7T

1 27r

= % N(r, e *) = N(r, f) +1og|f(0) — e*|ds

and so
27

m(r, f) =log™ | £(0)] + % ; N(r,e"®)ds — N(r, f). (3.20)

We thus obtain Cartan’s formula: for f(0) finite we have

2w
Tr ) = log* [f0)| + 5= [ Nlr.e*)as (3.21)

for  in (0, R). To obtain an analogue of (3.21) when f(0) = co we just apply (3.20) to 1/f.

We proceed to differentiate (3.21). Let 7 be such that the equation |f(z)| = 1 has finitely many
solutions z on |z| = p, for all p close to  (this is true for all but at most one r in (0, R)). Let 0 < s < .
Then there exists a constant C; such that, for all p close to r we have

2w

T(p, f) =C1 + i N(pa eit) - N(S, eit)dt
27 0

2w
T(p, f)=C1+ / / n(r, e

Since the integrand is non-negative we can reverse the order of integration to get

2
T(r, f 01+/ / 7”6 dtf

1 2
o

and so

But we saw above that
n(s,e)dt
is continuous at r, and so

dT 1 /2
dr T or

which is the differentiated Cartan formula.
In particular T'(r, f) is an increasing convex function of logr i.e.

n(r,e)dt,

satisfies

<P(a)§2:2;—|—]3(b)(s_z) a<s<b.

This is because P’(t) is non-decreasing, so that

P(s)~ P(a) _ 1 /SP’(t)dté

s—a (s —a)

/b P,(t)dt - M

1
(b—s) b—s
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3.4.2 The order of a meromorphic function

If f is meromorphic on C we define the order p(f) and lower order pu(f) by
o logt T(r, f) e logt T(r f)
p(f) = limsup ~Togr u(f) = hgggolfv-
We now have two definitions for the order of growth of an entire function h. However, since §3.2.6 gives
T(r,h) <log™ M(r,h) < 3T(2r,h),

Lemma 1.2.4 tells us that both give the same value p.

3.5 The logarithmic derivative

The key to Nevanlinna's methods is an estimate for m(r, f'/f) when f is meromorphic. This leads to
the second fundamental theorem, which is a strong generalization of Picard’s theorem, and to a host of
further results. The treatment here will follow the approach of Jank and Volkmann [48].

The Poisson formula (3.4) may be differentiated to give a formula for the derivative ¢’'/g of logg.
Here we write u(z) = log |g(z)| as the real part of

I ion RE® + 2

Hence log g — I is constant on |z| < R. Writing f’/f in terms of ¢’ /g and using the fact that |f| = |¢]
on |z| = R we obtain, for |z| =7 < R,

FE) g6 (T 1 >_< be 1 ) d
f<z>‘g<z>+j;<R2—ajz+z—aj 2w ten) e

and so ) ) .
f'(z 1 /7r b 2Ret
f(z) 27 Jo og |/ (Re )‘(Re“ﬁ—z)? ¢ +
. aj 1 - br 1 d
+ —+ - — + + 2 3.22
;(f@_ajz z—aj> ;<R2_bkz Z—bk> P ( )
Now for |z| =7 < R and |A| < R we have
1 A 1 Z(z—A)
- = I+ —— . 3.23
Z—A+R2_AZ Z—A<+R2—Az) ( )

Since |A| < R and since
R(z—A)
w = —-——————=
R? — Az
has modulus 1 when |z| = R, the term in parentheses in (3.23) has modulus at most 2. Using

|log x| = logt z + log™ —

we now get, for |z| =7 < R,

f'(2) |d]
e < (m(R, f) + m(R, 1/f) S +2 Z( _A|> , (3.24)

with the sum over all zeros and poles A of f in 0 < |C| < R, repeated according to muItipIicity.
This formula can be used to give pointwise estimates for f'/f (see §3.7). We will show that it leads
to a very strong estimate for m(r, f'/f).
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3.5.1 Estimates for the proximity function of a logarithmic derivative

Let f be non-constant and meromorphic in |z| < R, and let 0 < r < R, such that f has no zeros or
poles on |z| =r. Set S = (R+7)/2. Assume for now that f(0) # 0, 00, and replace R by S in (3.24),
to give

1+

| <1 = opers pemsun |+ 2 (2) + ()

Here each sum is over all zeros and poles A of f in 0 < || < S, repeated according to multiplicity.
Using the formula

(s0) "y o
k=1 k=1

which is proved simply by squaring both sides, then yields

(17

But, in view of the fact that log™ 2 < log(1 + z) for z > 0, (3.25) gives

1/2 29 1/2 1
) gI(z,S):1+[M(m(s,f)+m(5,l/f))] +2Zm. (3.25)

, 1 /-277 f/(Teit) 9 2 "
< — 1 1 . dt < — log I(re*, S) dt. 3.26
w71 < 5 [ 1og (145 ) < - [Thog et (3.26)
Now Lemma 1.3.4 and (3.26) lead to
/ 1 o it
m(r, f'/f) <2logX, X = o I(re™, S)dt. (3.27)
T Jo

Recalling (3.25) delivers next

25 + 1 V2 |
(S —1)2 27°(S, f) + log O +2) I, Ia= o ; Ire—A|71/2dt. (3.28)

To estimate 14, we write

X<t

1 2

Iy=1""2Jp, Jp=o | |e" =Dt D=Afr (3.29)
™ Jo

To obtain an upper bound for Jp, there is no loss of generality in assuming that D is real and positive.
Thus

1 2 1 2m
Jp = — (1+ D? —2Dcost) Y*dt = (1 + D?)~V/*— / (1 —wcost) Ydt,
2T 0 27 0
in which
2D <1
“Ti1rpr=
This gives

Lo —1/4 I —1/4
Jp < — (1 —wucost) dt < — (1 —|cost|) dt =,
2 0 2 0

in which v is some fixed positive number, independent of r, R and f.
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Thus (3.28) and (3.29) combine to deliver

72S 0+L v r~12~(n n
X§1+[(S_r)2 (2T(s,f)+1g \f(O)I)} + 2012y (n(S, f) + n(S,1/f)). (3.30)

But the inequality from §3.2.7 gives

N(R, f) >n(S, f) logE.

S
Since R R—S (R-S)/S R-S
logS:log<1+ 5 )Z 1+(R—S)/S: R
we get
n(S, ) +n(S1/1) < =S (TR, f) +1og" [1/£(0)).

Thus (3.27) and (3.30) and the inequality

n n
log™ Zxk <log™(nmax{z;}) < logn + log™ (max{z;}) < logn + ZlogJr T, x>0,
k=1 k=1

imply that there are positive absolute constants C; such that

m(r,f'/f) < Ci+Cylog" T(R, f)+ Cslog" log* Wlo), +

1
+C4log™ R4 Cslog™ - + Cglog™ (3.31)

R—17r’

An analogous formula when f(0) = 0, cc is easy to obtain. If f(z) = cz%(1 + o(1)) as z — 0, we
write f(z) = cz?h(z) so that h(0) = 1. Now we need only use the fact that

file) _d e | fE)]_|ME)

fz) "z i) [ fR)| T h()

d

z

+

<

and
T(r,h) < T(r,f) 4+ T(r,1/cz?) < T(r, f) + dlogr + O(1).

3.5.2 The lemma of the logarithmic derivative

Let f be non-constant and meromorphic in the plane. Then there are positive constants C; such that
we have

m(r, f'/f) < Cylogr + Cylog T(r, f) (3.32)

as r tends to oo outside a set of finite measure.

To prove this, choose R =+ 1/T(r) in (3.31), and apply the Borel lemma 1.2.5.

Note that this estimate is only needed for transcendental f. If f is a rational function then
1'(2)/f(z) = 0as z — oo som(r, f'/f) =0 for large r.

If f has finite order we have m(r, f'/f) = O(log rT'(2r, f)) = O(logr) with no exceptional set (just
take R = 2r).

We write S(r, f) for any term which is O(log™ (rT'(r, f))) outside some set E* of finite measure.
Note that if f is not a rational function then S(r, f) = o(T'(r, f)) as r — oo with r & E*.
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3.5.3 Theorem
We have T(r, f') < T(r, f) + N(r, f) + S(r, f).
Here N(r, f) counts poles of f, but without regard to multiplicity. The proof is easy. We have
N(r.f) < N, )+ N, f), m(r.f') < mlr, f) +m(r, f'/ ).
In particular, if f has finite order, then
T(r, f") <2T(r, f) + O(logr). (3.33)
3.5.4 Lemma

If f is non-constant and meromorphic in the plane, then p(f") < p(f).

If p(f) = oo, this is obvious. If p(f) < oo, then we just use Lemma 1.2.4 and (3.33). In fact,
the two orders are the same, but it is much harder to prove that p(f) < p(f').

3.6 The second fundamental theorem

Let f be again non-constant and meromorphic in the plane, and let a1,...,a, be ¢ distinct finite
complex numbers. Let
q
1
H=>" . (3.34)
=

Take a small positive ¢, so small that |w —a;| < ¢ implies that |w—ay| > e for j # k. If |f(2) —a;| <e
we then have

1 qg—1
e < HE) + T
)~y :
and so )
logt ———— <log™" [H(2)| + O(1),
|f(2) — aj
while if | f(2) — aj| > € then obviously
1 1
logm ———— < log —.
|f(2) — a;] £

Since the sets E; = {z : |f(2) — a;| < €} are pairwise disjoint it follows that

q
1 1
; < — logt? —— 4 log —
mir.a;.f) < Z[zw/[o,m;j 8 F(re®) —ay] 0108

j=1 7j=1

A
|-

/ log™ |H (re?)| d¢ + O(1)
[O,QK]QE]'

r, H) +O(1) = m(r, fH/f') + O(1)
"H) +m(r,1/f) + O(1)
/) + S ),

IAINA TN
3
===
=
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since f'H is a sum of logarithmic derivatives and T'(r, f — a;j) < T'(r, f) + O(1). Here
m(r,1/f") T(r,1/f) = N(r,1/f)

T(r,f')—N(r,1/f)+O(1) (by Jensen's formula)

m(r, [') + N(r, f') = N(r,1/f') + O(1).

Moreover,
m(r, f') = m(r, f- /) <mlr, f) +m(r, f'/ )
< m(r,f) +S(T7f>
Also, since N (r, f) counts each pole exactly once, we have

N(r,f) = N(r,f)+N(r,f)
= 2N(r, f) = [N(r, f) = N(r, f)].

Thus
m(r. )+ m(ra;, ) < m(rf)+mr1/f) + S f)
j=1
< 2m(r, f)+ N(r, f') = N(r,1/f) + S(r, f)
< 2m(7‘,f) +2N(va) - [N(?",f) —N(T,f)] _N(T71/f,) +S(T>f)
= 2T(r, f)+ S(r, f) — Ny(r, f), (3.35)
in which

Ni(r, f) = N(r.f) = N(r, f) + N(r,1/f') > 0.

This term Ny (r, f) counts the multiple points of f in the following sense. The function f is one-one on
some neighbourhood of zy if and only if either f(z) is finite and f’(29) # 0, or zy is a simple pole of f.
Indeed, if f(z) has an a-point (a finite or infinite) of multiplicity p at zo then by Rouché’s theorem all
values w which are sufficiently close to a are taken p times near to zg. Thus 2y is a multiple point of
order p — 1, and contributes p — 1 to ny(r, f).

3.6.1 Statement of the second fundamental theorem

From (3.35) and the fact that m(r, f) > 0 we obtain the second fundamental theorem: given any s
distinct values b; in C* (one of them is allowed to be co here), we have

> m(rbj, f) < 2T(r, f) = Na(r, f) + S(r, f). (3.36)

j=1

Adding the terms N (r, b;, f) to both sides of (3.36) we get, by the first fundamental theorem,

(s =2)T(r, f) <Y N(r,bj, f) = Na(r, f) + 5(r, ).

j=1

But if f has a bj-point at a, of multiplicity p, then a contributes p to n(r,b;, f) and p — 1 to ny(r, f).
Thus we get

(s =2)T(r, f) < Y N(r,bs, ) + 5(r f).

i=1



3.6. THE SECOND FUNDAMENTAL THEOREM 41

Picard’s theorem is an immediate corollary. If f is transcendental and meromorphic in the plane and
takes three values b; each only finitely often, then N(r,b;, f) = O(logr) for these b;. Since S(r, f) =
o(T(r, f)) as r tends to infinity outside a set E of finite measure, we deduce that T'(r, f) = O(logr)
for r not in E, a contradiction. This proves the “great” Picard theorem. It remains only to prove that
if f omits three values then f is constant (this is the “little” theorem). However, this is easy: if f is a
non-constant rational function f = P/Q with P,Q polynomials having no common zero, then Q = 0
gives f = oo, while the equation P(z) = bQ(z) has solutions in C, for all but at most one finite b.

3.6.2 The defect relation

Nevanlinna defined, for a € C*, the deficiency

o em(ra, f) . N(r,a, f)
§(a, f) = 117?_1>101gf T f) 1— hfgsogp T ) (3.37)

as a measure of the extent to which the value a is taken rarely. The equality in (3.37) follows from the
first fundamental theorem. From (3.37), we have 0 < d(a, f) < 1. Also (3.36) gives the defect relation

> ba f) <2 (3.38)
acC*

3.6.3 Examples

(i) If a is an omitted value of f then d(a, f) = 1. Thus the defect relation (3.38) implies Picard’s

theorem.

(i) A meromorphic function f can take a value a infinitely often, but still have d(a, f) = 1. For
example, ,
f(z) =¢* tanz

has 0(0, f) = d(o0, f) =1, since

[\

2 r

T(r,tanz) = O(r), T(r,e*)=— <T(r,f)+T(r, cotz).

s
(iii) Determine the Nevanlinna deficiencies of €2* — ¢* (see Examples 3.3.2).

(iv) Here we give an example of an entire function f having two finite deficient values, each with
deficiency % and so sum of all deficiencies equal to 2. Set

f(z):/ et dt, I:/ et dt.
0 0

Here the integral I is over [0,00), and in fact equals %\/7? although all we require here is that I # 0.
Suppose first that |arg z| < w/4. Then Cauchy's theorem gives

flz)y=1 —/ e~ dt,

in which ~, follows the (shorter) circular arc from z to r = |z|, followed by the straight line from r to

infinity. On 7, we have
2 2
—t | ef|t| cos(2argt) ~ |

722|

le e
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We write

and integrate by parts. This gives

and so, as r = |z| — o0,

42 - 1 2
dt| < 1 ——|dt| | < .
[ v <1 (o + [ ggmlan) <1

Thus
1 /4 T2
m(r,l/(f—[))Z/ r?cos20df = —.
27 _7.(/4 2
Since Taylor's theorem gives f(z) = —f(—z) we also have

742
m(r1/(f+1) 2 -

We now estimate T'(r, f) = m(r, f). For |arg z| < 7/4 or |arg(—=z)| < 7/4 we have f(z) = O(1). On
the other hand if 7/4 < arg 2z < 3m/4 we have |e=*"| < |e™* | on the straight line from 0 to 2, and so
|f(2)] < |ze*"|. Thus

1 3r/4 2
T(r, f) < O(logr) + / (=12 cos260)df = —.
T w/4 ™

Exercise: generalize this to g(z) = [ e~"dt, using the fact that g(ze?m1) = 2mi/ag( ).

3.7 Pointwise estimates for logarithmic derivatives

3.7.1 Definition

By an R-set we mean a countable union U of discs D(z;,r;) such that z; — oo as j — oo and
ZT‘j < 00.

3.7.2 Lemma

Let U be an R-set. Let E be the set of r > 0 for which the circle |z| = r meets at least one disc of U,
and let H be the set of 6 € [0, 27| such that the ray arg z = 6 meets infinitely many discs of U.
Then E has finite Lebesgue measure, and H has zero Lebesgue measure.

Proof. The first assertion is easy, since the set of » > 0 for which the circle |z| = r meets D(z;,r;) has
measure at most 2r;.

Now suppose that jg is large, and j > jo. Then z; is large, and r; is small, and the disc D(z;, ;)
subtends at the origin an angle at most c¢r;/|z;|, with ¢ a positive constant independent of j and jo.
So the measure of H is at most

(o.9]
chj/|zj| —0 as jy— oo.
J=jo
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3.7.3 Lemma

Let f be a transcendental meromorphic function of order p < L < M < co. Let z; be the zeros and
poles of f in |z| > 2, repeated according to multiplicity. Then the union U of the discs D(z;,|z;|~)
is an R-set, and

['(2)/ f(2)] = of|=[F)
for all z with |z| large and z ¢ U. Also,
> gl M = o M) (3.39)
|2j1>r/2

asr — 00,
Note that if f is a rational function, not identically zero, then f'(2)/f(z) = O(1/|z]) as z — oc.

Proof. Let m(t) be the number of z; in |z| < t. Then m(t) < n(t, f) + n(t,1/f). For large t
we have

T(t, f) = o(t")
and so
N(2t, f)+ N(2t,1/f) = o(t")
for large t. Lemma 3.2.7 now gives

m(t) < n(t, f) +n(t,1/f) < o(t") (3.40)

for t large.
We prove (3.39) first, which will then show that U is an R-set. For large  and R > r we set
s =r/4 and we have

2 2R
Yoyl M < / =M d(m(t)—m(s)) = (m(QR)—m(s))(QR)M+M/ (m(t)—m(s))t—MLat,
/25|25 |<R s .
using integration by parts. Using (3.40) this gives
2R oh
2. Il <m@R)RR)M + M/ m(t)t M dt < o(RE~M) + M/ ot~ M1)gt.
r/2<|zi|<R s s
Letting R — oo we get
Z |25~ < M/ o(tF M1 gt = o(s¥M) = o(rF—M),
r/2<]z;] s

which proves (3.39).
To estimate f'/f, take z ¢ U with |z| = r large, and use (3.24), with R = 2r. Since

m(2r, f) +m(2r,1/f) <2T(2r, f) + O(1)
we get

P/ )] <ol +23 ,_1A|

with the sum over all zeros and poles A of f in 0 < || < 2r. Now if [A| < r/2 then |z —A| > /2. On
the other hand, if r/2 < |A| < 2r then A is one of the z; and so |z — A| > |A|= > (2r)~™. Hence

(/] olr™) + (n(2r, £) + n(2r, 1/ £)(2r)M = o(rE+M),
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3.7.4 Lemma

Let f be a transcendental meromorphic function of finite order p < L < M, and let n be a positive
integer. Then we can find an R-set U of discs D(z;,|2;|~*), such that for |z| large and z ¢ U we have

FO I (2) ) F ()] = of|2FHM) (3.41)
for0 <m<n-—1.
Proof. By Lemma 3.5.4, each derivative f(™) has order at most p. So for each m we form an R-

set U; of discs D(zjm, |2jm|™™) such that for |z| large and 2 outside U,, we have (3.41). Now just
note that the union U of these finitely many R-sets is an R-set.

By writing f"/f = (f"/f")(f'/f) etc., we also have
10 (2)/ f(2)] = o|2["F M)

for |z| large, with z not in U.

3.8 Product representations

Taylor's theorem tells us that an entire function f has a power series representation f(z) = > 7 2™
here we show that functions meromorphic in C can be represented as products.

3.8.1 The exponent of convergence

Let (a,,) be a sequence of non-zero complex numbers, tending to infinity. For r > 0 let n(r) be the
number of a,, in |z| <, and set
" dt
N(r) = n(t)—.
0 t

The exponent of convergence of the sequence (ay,) is then defined as

log N(r) logn(r) .

A = limsup = limsup (3.42)
r—00 IOgT r—00 10g7"
The equality in (3.42) follows easily from Lemma 1.2.4 and the inequalities, for large r,
2r dt
N(r) <n(r)logr+O(1), N(2r)> / n('r)? > n(r)log 2.
T
If ¢ > 0 then, assuming without loss of generality that all the a, are non-zero,
T T
S Janl 7 = / F9dn(t) = n(r)r + g / n(t)t=1-Ldt. (3.43)
0 0

Jan|<r

3.8.2 Lemma

The exponent of convergence A is the infimum of ¢ > 0 such that ) |a,|~? converges.

Proof. Suppose first that A < p < ¢ < co. Then n(t) < t? for all large positive ¢, and so

n(r)r—9 + q/ n(t)t~ 7 tdt
0
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tends to a finite limit as » — oo, which implies using (3.43) that ) |a,|™? converges. Conversely,
suppose that Y |a,| %7 =S < co. Then for r > 0 we have n(r) < Sr? by (3.43) and so A < q.

It is now clear that ) |a,| ™ converges for A < pu < oo and diverges for 0 < pu < .

3.8.3 Weierstrass products

Define
P
E(Z7O):(1_Z)7 E(z,p):(l—z)exp Zi , PEN,
— J
7=1
(the Weierstrass primary factors). Then for |z| < 1 we have
log E(2,p)| = | — 1 (p+ 1) — | < 2P 4 222 e < 2P (3.44)

Next, for |z| > 1 and p > 1 we have

p
log | E(z,p)| < log(1+ |2]) + || + ...+ i’

and so, for any p,
log|E(z,p)| <log(1l+ |z|) +pl2fF, [2[ > 1. (3.45)

Applying the maximum principle gives

log |E(z,p)| < A(p) =p+1og2, [z| <1 (3.46)

3.8.4 Lemma

Let (a,) be a non-zero sequence tending to infinity, and let q, > O be integers such that for every

positive v we have
r qn+1
> () < 0. (3.47)

|an]
Then
F(z) = H E(z/an,qn)

converges, and is an entire function with zero sequence (a).
Proof. Fix K > 0. Then for |z| < K we have, by (3.44) and (3.47),
Z |log E(z/an, qn)| < Z 2| K /a,| " < oco.
lan|>2K lan|>2K

Hence

Z log E(z/am Qn)

lan|>2K

converges absolutely and uniformly on |z| < K, and

F(z) =exp Z log E(z/an, qn) H E(z/an,qn)

lan|>2K lan|<2K

is analytic on D(0, K).
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3.8.5 Theorem

Suppose that the non-zero sequence (ay,) has finite exponent of convergence A, and let q be the least
integer such that > |a,| 97! converges. Then the product

F(z) = [[ B(z/an.q)
converges in C, and has order \. Further, we have log M (r, F) = o(r?*!) as r — oc.

Proof. We obviously have A < ¢ + 1, by definition of A, and the fact that > |a,|™" converges for
every u > A gives ¢ + 1 < A+ 1. We note next that replacing ¢ by ¢ + 1 in (3.43) and letting r — oo
leads to

/ n(t)t~ 7 2dt < oo (3.48)
0
and so
2R 2R
n(R)/ t7972dt < / n(t)t~972dt = o(1),
R R
which gives

n(R) = o(R1™), R — oc. (3.49)

The product F'(z) converges since (3.47) is satisfied for every r > 0, with ¢, = ¢, and it is obvious that
F has order at least A, by Jensen’s formula. Now suppose that

qg<s<q+1, hm@:O. (3.50)

r—oo 1S

In particular, (3.50) is satisfied by s = ¢ + 1, by (3.49). Let |z| = r be large. Then

log|F(2)] < ) log|E(z/an,q)|-

Splitting the sum into those over (i) |a,| < r, (ii) r < |a,| < 2r and (iii) 2r < |ay| respectively, and
using (3.44), (3.45) and (3.46), we obtain

log ’F(2)| <S1+ S+ 53,

in which

Si="3" (log(1+r/lanl) + a(r/las])?).

lan|<r
Sa= Y. Alg) < A(gn(2r) = o(r’)
r<l|an|<2r
by (3.50), and
S3= > 2lr/a,|".

|an|>2r

Now

r

S1= /T(log(l +7/t) + q(r/t))dn(t) = n(r)(log2 + q) + / (r/t(t+7) + ¢/t n(t)dt
0 0

and so )
St <n(r)(log2+q) + N(r) + q2rq/ n(t)/t4dt.
0
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Hence (3.50) gives
S1 <o(r®) +O0(r?) + q2rq/ o(t*"1 )dt = o(r®),
0
using the fact that s — ¢ — 1 > —1. Next, integration by parts and (3.49) give

S3 :/ 2(r/t) " dn(t) < 2(q + 1)rq+1/ n(t)t~12dt. (3.51)
2r 2r
Thus
Sz =o(r®) :

to see this, if s = ¢ + 1 we use (3.48), which tells us that the integral from 2r to oo tends to 0,
while if ¢ < s < g+ 1, then we use (3.50) and substitute n(tf) = o(t°) into the integral. Hence
log M (r, F') = o(r®), and so F' has order at most s. It follows that F' has order at most A: this is
obvious if A = ¢+ 1, while if ¢ < A < g+ 1 we take s with A < s < g+ 1.

For any function f # 0 meromorphic in C, we now define A(f) to be the exponent of convergence
of the zero sequence of f. Obviously this is the same as the order of N(r,1/f), and by Jensen’s formula
is not greater than the order of f. Similarly A(1/f) is the exponent of convergence of the zeros of 1/ f
and so poles of f.

3.8.6 Hadamard representation theorem

Let f £ 0 be meromorphic in C. Then there exist entire functions F, F, h and an integer m such that
p(F1) = A(f) and p(Fb) = A(1/f) and f(z) = 2™ LE ).

Proof. Let (a,) be the sequence of zeros of f in 0 < |z| < oo, and let (b,) be the sequence of
poles of f in 0 < |z| < oo, in both cases repeated according to multiplicity. Then there exist entire
functions F, Fy, of orders A(f), A(1/f) respectively, such that the zero sequence of F} is (a,), and that
of Fy is (b,) (if either of these sequences is finite then F} is a finite product, while if the sequence is
empty we put F; = 1). We then choose an integer m so that f(2)z " Fy(2)Fi(2)~! = g(2) is analytic
and non-zero at 0, and it follows that g is analytic and non-zero in the plane, since all singularities of g
and 1/g have been removed. Thus we may write g = " with h entire.

3.9 Appendix: lemmas underlying the Cartan formula

Cartan’s formula was derived in §3.4.1, and the following lemmas serve to show that certain quantities
are in fact measurable functions.

3.9.1 Lemma

Let 0 < r < R and let f be a function non-constant and meromorphic on D(0, R). Assume that the
circle |z| = r contains infinitely many points z with |f(z)| = 1. Then f is a rational function.

Proof. Let S = {s € R : |f(re®®)] = 1} and let T be the set of ¢ in R such that ¢ is a limit
point of S.

Suppose that to € T. Then we can find t,, — tg,n — oo, with t,, real, t, # to and |f(re'n)| = 1.
Obviously | f(re'0)| = 1, by continuity. For z near rei’, put

g(z) =log f(z), u=ilogz, h(u)=g(z) = log f(e™™).
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Let ug = —tg + ¢logr. Taylor's theorem allows us to write

h(u) = an(u—ug)",
n=0

with the power series absolutely convergent on an open disc D centred at ug. Let
o
H(u) =) Re(an)(u — ug)",
n=0

so that H is analytic on D. Setting u, = —t, + ilogr we see that u, — ug is real and H(u,) =
Re(h(uy,)) = log|f(re')| = 0, and so H(u) = 0 on D, by the identity theorem. So if s is real and
close to tg then H(—s +ilogr) = Re(h(—s+ilogr)) = 0.

It follows that if t € T then there exists §; > 0 such that |f(re®)| =1 fort — §; < s <t + &, and
so T' is open.

Now suppose that v is real, but not in T. Then v is not a limit point of .S, and so there exists p, > 0
such that |f(re®)| # 1 for v —p, < s <vand v < s < v+ p,. So no t in the interval (v — py,, v + py)
is a limit point of S, and so R\ T is open.

But R is connected, and 7" is non-empty, since S N [0, 27| is infinite by hypothesis, so that S has a
limit point in the compact set [0, 27]. Thus we see that R =T,

We have now proved that |f(z)| = 1 on the circle |z| = r. Let a, be the zeros of f in |z| <r, and
b, the poles of f in |z| < r, in both cases repeated according to multiplicity. For |a| < r we have

r(z —a)

’Ua(z)’ =1, ‘Z‘ =T, Ua(z) - 2

r2 —az’

in which U, is a Mdbius transformation with a zero at a and a pole at 72/a (except that U,(2) = z/r
if a =0). Let

F(2) = £(2) [] Vs, () T Un, (2).
W v

Then F' is meromorphic in D(0, R) and analytic and non-zero in D(0,7), with |F(z)] =1 on |z| = r.
By the maximum principle applied to F' and 1/F, we see that |F(z)| = 1 for |z| < r. Hence log F'(z)
has constant real part on D(0,r) and is constant there, by the Cauchy-Riemann equations. Thus F'is
constant and f is a rational function, given by

fz) = Cl;[ (m) 1:[ <T(Z_b”)>1 (3.52)

r2 — b,z

in which C'is a constant of modulus 1, and the products are over all zeros a,, and poles b, in |z| <7, in
each case with repetition according to multiplicity. Notice that the zeros and poles of fin 0 < |z| <7
determine the poles and zeros of f in |z| > r.

3.9.2 Lemma

Suppose that f is meromorphic in D(0,R) and that |f(z)| = 1 on |z| = r1 and |z| = ra, where
0 <ry <ryg < R. Then f is constant.

Proof. Of all those zeros of f (if any) lying in 0 < |z| < 72, let a be the nearest to the origin.
Applying formula (3.52) with 7 = 7y, we see that f(c) = co,c = 73/a. But, according to formula
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(3.52) with = 71, the function f cannot have a pole at any ¢ with |[¢| > |r?/a|. This contradiction
shows that there cannot be any such a, and so f has no zeros, and by the same argument no poles, in
0 < |z| < 2. Again by (3.52), f has no zeros or poles in |z| > ry either. So f(z) = Dz™ for some
constant D and integer n, and the fact that |f(z)| =1 on |z| = r; and |z| = r2 forces n = 0.

3.9.3 Lemma

Let 0 <r < R and let f be meromorphic and non-constant in D(0, R). Then there exists C' > 0 such
that, for all real t, '
n(r,e) <C, n(r,a) =n(r,1/(f - a)).

Proof. Take r,s,S with r < s < S < R. Choose zy with |f(z)| # 0,1,00 and with zy so close
to 0 that the circle |z| = r lies in D(zg, s), and such that the circle |z — 29| = S lies in D(0, R). Let
g(z) = f(z0 + z). Then g is meromorphic on some disc D(0,T"), with 7" > S, and Lemma 3.2.7 gives,
for real t,

n(r, 1/(f — ) < n(s,1/(g — €1)) < DN(S,1/(g — ¢")), D = (log§/s)"".
Now we just note that (again with ¢ a real constant)
N(S,1/(g —€")) <T(S,1/(g — ")) = T(S, g — ") —log|g(0) — €.
This equals
T(S,g — ") —log|f(z0) — €| < T(S,g) + T(S,e") +log2+d=T(S,g) +log2 +d=Ci,

with d and C} constants, independent of ¢, using the fact that | f(z0) — €| > ||f(20)| — 1|.

3.9.4 Lemma

Let 0 < r < R and let f be non-constant and meromorphic on D(0, R). Then h(t) = n(r,e") and
H(t) = N(r,e") are measurable functions on R.

Proof. The following argument (communicated to the author by Christian Berg) shows that for fixed
r the function n(r,e) is measurable in t. Rouché's theorem implies that n_(s,a) is lower semi-
continuous in a, where n_(s,a) denotes the number of solutions of f(z) = a in |z] < s. Hence
n(r,a) = lims_,,+ n_(s,a) is measurable.

Now consider N(r,a) for a € C. Take all zeros z1,..., 2y, for f —a in |z] < r. Assume for now
that all of these zeros are simple and that f(0) # a.

Now take a small positive § and let a,, — a through a sequence. Then for large n there does not
exist C, with |¢,| < 7 and |¢, — zj| > 6 for all j and such that f(¢,) = a,, since otherwise we may
assume that (,, — ¢ which gives f({) = a, a contradiction. So for large n there is a root z;, of
f(2) = ay, near to z;, and there are no other roots of f(z) = a, in |2] < r. Hence, as n — oo,

r

m
— 10g+ ﬁ = N('I", CL).
Z 2
j=1 J

m
N(r,an) = z:logJr ol
j=1 J,m

This shows that, for fixed 7, the function N (r,a) is continuous off a finite set, and therefore measurable.
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3.9.5 Lemma

Let f be non-constant and meromorphic on D(0, R). For 0 < s < R define

2w
1/)(8):/0 n(s,e)dt.

Suppose that 0 < r < R and that there are only finitely many z with |z| = r and |f(z)| = 1. Then 9
is continuous at r.

Proof. Take S with 7 < S < R and take C as in Lemma 3.9.3, such that n(S,e) < C for all
real t. Let z; = re'i,1 < j < n, with t; real, be the finitely many points on |z| = 7 at which
|f(2)] = 1. There is no loss of generality in assuming that 0 < t; < ... < t, < 2m, since replacing
f(2) by f(ze'?), for some real @, does not change v. Let ¢ > 0 and let § be small and positive, in
particular so small that 2ndC < e.

Now suppose that ¢ € [0,2n], with ¢ not one of the t;. Then f(z) # € on |2| = r and so
f(z) # €' for |z| close to r. Thus we can find p; > 0 and oy > 0 such that |f(z) — €| > oy for
r—pt < |z| <7+ pe. Thisin turn gives us 7; > 0 such that if p is real with [p—t| < 7, then f(z) # €'
forr —py < |z| <r+ pq.

This defines py > 0, > 0 for t € [0,27] \ {t1,...,t,}. For t =t;, we just set p, = n; = .

Now the intervals (t — 1, t + 7¢) cover the compact set [0,27], and so we can find a finite set J
such that [0, 2] is a subset of the union (J,c ;(t —n¢, t+1¢). Let p be the minimum of all the p;,t € J.
By reducing p if necessary, we can assume that 0 <r—p <r+p<S.

Now if p is in [0,27] but not in any of the intervals (t; — d,t; + ¢), then p is in the interval
(t —ne,t +m), for some t € J\ {t1,...,t,} and so, by definition of 1; and p, we have f(z) # e for
r—p<|z| <7+ p. Hence n(s,e?) =n(r,e®) forr—p<s<r+p.

We now see that for r — p < s <7+ p we have

P(s)—(r)=1= / n(s, ey — n(r, e)dt,

E

in which

E=[0.27]n | | Jt; = 6.t; +0)

—-

7=1
Since |n(s, ) — n(r,e®)| < n(S,e) < C, we get

[ih(s) —p(r)] < I| < 2n6C <&, [s—r|<p.



Chapter 4

Applications to differential equations

4.1 Some basic facts about linear differential equations

4.1.1 Existence-uniqueness theorem

Let k > 1, let D be a simply connected domain in C, and let ag(z),...,ax—1(z) be analytic in D. Let

zo € D and let cg, ...,cp_1 € C. Then there exists a unique solution f of the equation
k-1
j=0

such that f is analytic in D and f9)(z) = ¢, 0<j<k—-1.

Proof. Once we have an analytic solution f, the uniqueness is obvious. Given two such solutions
f1, fa, we have (fi — f2)9(z9) =0 for all j >0, and so fi — fo = 0 on D, by the identity theorem.

The proof of existence can be deduced as follows from the counterpart Theorem 5.5.1 for matrix
DEs in the next chapter. We first write the equation (4.1) in vector form using

c=(co,-- 1), w=(wo,...,wp_1)", w;=w (4.2)

and

k—1
/ / k
wh = wi,...,wy_, =w ):—Zajwj. (4.3)
7=0

Here T' denotes the transpose, so that ¢ and w are column vectors. The equation (4.1) becomes a
vector DE
w' = a(z)w (4.4)

in which a(z) is a k by k£ matrix with entries 1 immediately above the main diagonal, and with last row
—ag(z),...,—ag_1(2), and all other entries 0. Now choose a non-singular constant matrix B whose first
column is ¢. Then Theorem 5.5.1 gives a holomorphic solution z(z) on D of the equation 2/ = a(z)x
which satisfies z(z9) = B, and the first column of z(z) is the required solution w of (4.4).

In the case of a general domain D, we can sometimes cover D with finitely many simply connected
domains. However, it may not be possible to obtain solutions analytic in all of D. For example, 1/z is
analytic in D = C\ {0}. On any simply connected subdomain of D we can define w = log z, and w
satisfies w” + (1/z)w’ = 0, but w is not analytic on D.

o1
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4.1.2 Oscillation theory on the real line

Suppose that u is a real-valued solution of
u" + A(z)u = 0,

where A is a continuous real-valued function on an open interval I in R. Then the zeros of w in I are
isolated and do not coincide with zeros of «’. For if ¢ € I and u(t) = «/(t) = 0 then u = 0 by the (real)
existence-uniqueness theorem, and this will be the case if u has distinct zeros ¢;, — ¢, by continuity and
Rolle’s theorem.

Given such a solution u of a homogeneous linear differential equation on an unbounded interval, an
obvious and important question is whether u tends to infinity (e.g. €® on (0,00)) or decays to 0 (e.g.
e~ ® on (0,00)) or is oscillatory (e.g. sinz on (0,00)). There are a lot of criteria for oscillation, and
one which is easy to prove and quite useful is:

4.1.3 Sturm’s comparison theorem

Suppose that G1, Gy are continuous real-valued functions on an open interval I in R, and that on I the
functions u, v are real-valued, not identically zero, and satisfy

W+ Gru=0, V" +Gy =0.

Suppose that x1,xo € I with x1 < x2 and u(x1) = u(x2) = 0 and u(xz) # 0 on (x1,x2), and that
Ga(x) > Gi(x) on [z1,x2]. Then either (i) v has a zero in (x1,x2) or (ii) on [x1,x2] the function
G — Gy vanishes identically and v is a constant multiple of w.

Proof. Suppose that v has no zero in (z1,22): then it may be assumed that u(z) and v(x) are
positive on (z1,z2), and that u/(z1) > 0,4/(z2) < 0. This delivers

(w'v —uw)(x9) = (u'v)(z2) <0, (Wv—uw)(z1)= (u'v)(z1) >0, (4.5)

and so

0 > (Wv—u)(z)— (v —u)(z) = /I2 (Ga(x) — G1(x))u(x)v(x) dx > 0.

> .
Thus it must be the case that Go(z) = G1(z) on [z1,z3], so that u'v —uv’ is constant there, and hence
identically zero by (4.5).

In the complex domain, there are comparatively few such results. A good reference is [45, Ch. 8],
but most result are negative, leading to zero-free regions, lower bounds for the distance between zeros
etc. However, since the solutions of (4.1) are analytic when the coefficients are, we can use the value
distribution theory for meromorphic functions developed by Nevanlinna.

4.2 Nevanlinna theory and differential equations
In this section we describe some applications of Nevanlinna theory to the equation
w” + A(z)w = 0, (4.6)

in which A is an entire function. By the existence-uniqueness theorem, all solutions are entire functions.
The first result goes back to Wittich.
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4.2.1 Theorem

Let f be a non-trivial (i.e. not identically zero) solution of (4.6), with A # 0 entire. Then
(i) We have
T(r, A) = S(r. f). (4.7)

(ii) If f has finite order then A is a polynomial.
(iii) If c is a finite, non-zero complex number then

m(ﬁ 1/(f - C)) = S(ﬁ f)7 (48)
so that in particular §(c, f) = 0.
Proof. To prove (i), we just write —A = f”/f = (f"/f)(f'/f) so that the lemma of the logarithmic

derivative gives

T(r,A) =m(r,A) < S(r. f) + S(r, f') = S(r, f).

Also (ii) follows in the same way. Later we will see that the converse of (ii) is true.
Now that we have (i), we establish (iii) by writing

1 B 1 f// f//
f—c‘Ac<f_f—c>'

However 6(0, f) = 1 is possible. Indeed,

w” = (¢" +(¢))w =0

has the zero-free solution f = e9. Consequently, in order to discuss zeros of solutions of (4.6), it is
normally necessary to consider two linearly independent solutions.
Let f1, fo be solutions of (4.6), and let W be the Wronskian determinant

W =W(f1, f2) = f1fs — f1[2

Then W’ =0 and W = c is a constant. It is easy to see that ¢ = 0 if and only if f; and f5 are linearly
dependent. We say that f; and fy are normalized LI solutions if W (f1, fo) = 1.

4.2.2 A result of Bank (Crelle’s Journal, 1972)

The result of (iii) in §4.2.1 generalizes as follows. Suppose that f is a transcendental meromorphic
function in the plane and satisfies a k’th order differential equation

P
0= ajfmos (fyma ... (fE)ymea, (4.9)
j=1

with meromorphic coefficients a;, which are not all identically zero and satisfy T'(r,a;) = S(r, f). Let
n be the degree of the equation (the largest of those sums mg ; + ... + my ; for which a; # 0), and
set F'= f'/f. Then for each positive integer k, we can write

¥ = Qu(F)f,

in which Q¢ (F') is a polynomial in F' and its derivatives, with constant coefficients. This is easily proved
by induction, using
f'=Ff, ["=(F+F)f
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and
FED = (Qu(F)) f + Qu(F)FF.

Grouping together all terms of the same degree, we can write the equation (4.9) in the form
n
0="> flLy(z F), (4.10)
q=0

in which each L, is a polynomial in F" and its derivatives, with coefficients b satisfying T'(r, b) = S(r, f).
There are now two cases.

Case 1: We have L, = 0 for every g.
In this case for each ¢ the equation 0 = Ly(z, F') gives a homogeneous differential equation satis-
fied by f.

Case 2: Suppose s+ 1 is the greatest ¢ for which L, # 0. Then we divide the equation (4.10) through
by f®Ls41 to get an equation

S
F=> 1My, My =—Ly/Lsy,

k=0
where
T(r, M) <O(T(r,F))+ S(r, f).
Hence i
m(r, f) <> m(r, My) + O(1) < O(T(r, F)) + S(r, f)
k=0
and .
N(r,f) < N(r,My) <O(T(r,F))+ S(r, f).
k=0
This gives B B
T(r,f) <O(T(r,F))+ S(r, f) < ON(r, f) + N(r,1/f)) + S(r, f). (4.11)

We illustrate this with two examples. First, if A # 0 is an entire function and ¢ is a non-zero
complex number then (4.6) may be written as

w” + A(w — ¢) = —Ac.

Hence if f is a non-trivial solution of (4.6) we have a non-homogeneous differential equation in g = f—c¢
with coefficients which are small functions compared to g, and so we get

T(r,f) <T(r,g)+O(1) < O(N(r,1/g)) + S(r,g) = O(N(r,1/(f — ¢))) + S(r, ).
Next, suppose that f is a transcendental meromorphic solution in the plane of
aff" +bf? +ecf? + Af" +Bf +Cf+D =0,
with a,b, ¢, A, B, C, D rational functions. With F' = f'/f we get

fPLa+ fL1 + Lo =0,
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in which
Ly=a(F + F) +bF*+¢, Li=AF +F)+BF+C, Ly=D.

If all the L, are identically zero, we get three homogeneous equations, namely
af f"+bf%+cf*=0, Af'+Bf +Cf=0, D=0,

which in principle may be easier to solve. If some Ly fails to vanish identically, we can estimate T(r, f)
in terms of N(r, f) and N(r,1/f) using (4.11). In particular, if

N(r, f)+ N(r,1/f) = S(r,f)

then we must have Lo = L1 = Ly = 0.

4.2.3 The Schwarzian

For meromorphic U define

" "\ 2
S(U) = {U, =} = % -2 ([[J]) . (4.12)

Note that if U has a simple pole at a then there is a constant ¢ # 0 such that
U'z) =cz—a)2+0(1), U"(2)=—2c(z—a)+0(1), U"(z)=6c(z—a)+0(1), z—a.

Hence the only poles of S are at zeros of U’ and multiple poles of U, i.e. at multiple points of U.
If U is the quotient f1/f2 of LI solutions of (4.6), then we have U’ = cf2_2 for some non-zero
constant ¢, and an easy calculation gives

S(U) = 24. (4.13)

Also U’ # 0 and, since fy has only simple zeros, U is locally one-one.

Conversely, suppose that F' is meromorphic without multiple points on a simply connected domain
D. Then (4.13) defines a function A analytic on D, and it is easy to check that fo = (U’)~'/2 is an
analytic solution of (4.6) in D. If we choose a second solution f; of (4.6) such that W(f1, f2) = —1
then U’ = (f1/f2)" and U is the quotient of linearly independent solutions of (4.6).

The Schwarzian derivative plays an important role in conformal mapping. Suppose that U is mero-
morphic and locally one-one in the unit disc D(0,1). If U is one-one in D then

(1—[2)?S(U) <6

there. In the other direction,
(1—[2)?S(U)] <2

is sufficient to imply that U is one-one. Both constants are sharp and the results are due to Nehari.
The first uses coefficient inequalities and the second can be proved using differential equations or
quasiconformal maps. Note that if U = f1/f2 is one-one on D then each of f; and f5 has at most one
zero in D.
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4.2.4 The Bank-Laine product

This approach was introduced by Bank and Laine [8]. It is convenient first to note that if h and E are

related by
M 1(E ¢
W <E * E> ’

where ¢ = £1 is a constant, then a straightforward calculation shows that

1 ((E')? -2E"E -1
h 4 E? '

Now let f, g be LI solutions of (4.6), normalized so that W (f,g) = f¢' — gf' =1, and set

f U1
v-1 p- v__2 4.14
. M,U z (4.14)
Then
E_yd 1 4 S
E f ¢ E g f

Solving thus gives
ff E'-1 ¢ FE+1

= L = 4.15
f 2E 7 ¢ 2F ( )
and so the identity above, with h = f, yields the Bank-Laine equation
(E")? -2E"E — 1
4A = foz . (4.16)
Multiplying out by E? and differentiating, we also have
E" +4AFE +2A'E = 0. (4.17)

Note that (4.17) appears in [47], but (4.16) does not seem to have been used before Bank and Laine.

The product F is a Bank-Laine function: this means an entire function E such that £ = 0 implies
E’ = +1. Conversely, suppose that F is a Bank-Laine function. Then A as defined by (4.16) is entire,
since the numerator has at least a double zero at any zero of E. Choose w with F(w) # 0 and define f
and g near w by (4.15). Then f and g are solutions of (4.6) near w and so are entire functions. Since
the Wronskian of f and g is then a constant, which has to be non-zero, and since (4.15) is unaffected
if f and g are multiplied by a constant, it may be assumed that W (f,g) = 1. But then (4.15) gives

=

1 4 f 1
g f fg

Thus we obtain:

4.2.5 Theorem (Bank-Laine 1982-3)

An entire function E is a Bank-Laine function if and only if E is the product of linearly independent
normalized solutions of an equation (4.6) with A entire.
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4.2.6 The advantages of the product

Let f1, fo be normalized LI solutions of (4.6), with product E' = f; f. Let ¢ denote a positive constant
(not necessarily the same at every occurrence).

(i) We have
T(r,A) <cT'(r,E)+S(r,E). (4.18)
This follows at once from (4.16).
(ii) We have
T(r E) < %T(r, A)+ N(r,1/E) + S(r, E). (4.19)

To see this, write T'(r, E) = m(r,1/E) + N(r,1/E) + O(1) and note from (4.16) that
2m(r,1/E) = m(r,1/E*) < T(r, A) + S(r, E).
(iii) If A has finite order and the zeros of E have finite exponent of convergence, then E has finite order.
(iv) If E has finite order then A is a polynomial if and only if m(r,1/E) = O(logr).
4.2.7 Examples of Bank-Laine functions
(i) Let E = e® with Q a polynomial. Then E is a Bank-Laine function and A has the form
4A = —2Q" — (Q')? — 729,

(i) Let P be a polynomial with only simple zeros, and let ) be a non-constant polynomial, chosen
using Lagrange interpolation, so that E = Pe® is a Bank-Laine function. Here both E and A have
order equal to the degree of Q.

(i) Let K = (2n 4+ 1)2/16 with n a non-negative integer, and define
Q) = am(™
m=0

by ag = 1 and, with ¢ = =4,
(4m% 4 4m + 1 — 16K)an, = 16¢(m + 1)amy1.
Then W (z) = Q(e~*/?) satisfies
W + W' (2ce*/? —1/2) + W(=K +1/16) =0
and w(z) = W(z) exp(2ce*/? — z/4) solves
w” + (e* — K)w = 0. (4.20)

We thus have linearly independent solutions whose zeros have exponent of convergence at most 1. In
fact, the change of variables ¢ = 2¢7/2 u(¢) = w(z), turns (4.20) into Bessel's equation (this is in
[45]). There are quite a lot of similar examples of equations (4.6), with A a polynomial in e** and
e~ **, having LI solutions with A(f1f2) < 1.
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4.2.8 The Bank-Laine conjecture

It is conjectured that if A is a transcendental entire function and the equation (4.6) has linearly inde-
pendent solutions f1, fo with A(f1f2) < oo, then the order of A is either co or a positive integer.
It has been proved (Rossi, Shen 1986) that if A is transcendental and p(A) < 1/2 then A(f f2) = .

4.2.9 Theorem (Bank-Laine)

Suppose that A is a transcendental entire function of order p < o < 1/2, and that E = fi f is the
product of normalized LI solutions of (4.6). Then A\(E) = co.

Proof. Suppose that A\(F) < oco. Then E has finite order. By Lemmas 3.7.2 and 3.7.4 there ex-
ists a constant M > 0 such that provided |z| lies outside a set of finite measure we have

[E"(2)/E(2)] + |E' () E(2)] < || (4.21)

The next ingredient is a classical result known as the cos mp theorem: since A has order p < a < 1/2

we have
log | A(2)|

log M (r, A)

for all r in a set H of lower logarithmic density at least 1 — p/«, so that

>cosma >0, |z]=r, (4.22)

/ @>(1—p/a—0(1))logs, s — 00.
HN[1,s] t

This gives us arbitrarily large r satisfying (4.22), such that (4.21) also holds on |z| = r. Since
logr = o(T(r,A)) = o(log M(r, A)),

we deduce from (4.16) that E must be small on the whole circle |z| = r, which is obviously impossible,
by the maximum principle.

4.2.10 Theorem (Bank-Laine)
Suppose that A is a transcendental entire function of finite order p, and that (4.6) has normalized LI
solutions fi, fa such that A(f1f2) < p. Then p is a positive integer.
Proof. With E = f; fo we have
A(E) < p(A) < p(E) < oc.

Hence we may write E = IleY with II entire of order A\(E) and g a polynomial, of degree p(E). We
now have
m(r,1/E) = (14 0(1))T(r, E)

and so p(A) > p(E).

4.3 Polynomial coefficients

There is an extensive literature on the asymptotic behaviour of solutions of (4.1), when the a; are
polynomials or rational functions. We will describe here the solutions of

w” + b(z)w = 0, (4.23)

when b(z) is a rational function with b(z) = c¢z"(1 + o(1)),z — co,n > —1,¢ # 0.
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4.3.1 Hille’s method

Let ¢ > 0 and 0 < € < w. Then there exists a constant d > 0, depending only on ¢ and e, with the
following properties.
Suppose that the function F' is analytic, with |F(z2)| < c|z|72, in

Q={z:1<R<|z|<S<o0,|argz| <m—e}. (4.24)
Then the equation
w'+ (1 - F(z)w=0 (4.25)
has linearly independent solutions U(z), V (z) satisfying

U(z) =e (14 61(2)), U'(z) = —ie (1 + 82(2)),
V(z) = e(1463(2)), V'(2) =ie"(1 4 64(2)), (4.26)

in which

16;(2)] < ﬂ for z€ Q1 =Q\{z:Re(z) <0,|Im(z)| < R}. (4.27)

Here Q) can be thought of as 2 with the “shadow” of D(0, R) removed.
To prove this, let X = Se', where 0 = min{r/2, 7 — ¢}. Choose a solution v of the equation

V" + 2" — Fu =0, (4.28)

analytic in €, such that v(X) = 1,¢(X) = 0. Set, for z € Q,

L(z) = v(z) — 14 2% (2= _ 1 F(t)o(t)dt, (4.29)

the integration being independent of path in 2, by Cauchy's theorem. Now

z

L) = o (2) /X ¢20-2) P () (t)dt, (4.30)

and

4
L'(z) = u"(z)+2i / 2 Pty (t)dt — F(2)v(z)
X
= "(2) +2i(v(2) = L'(2)) — F(2)v(z) = =2iL'(2).
Since L(X) = L'(X) = 0, the existence-uniqueness theorem gives L(z) = 0 on (2.
Now let z € Q. Choose the path of integration ~y, to be the arc of the circle |t| = S from X
clockwise to the first point x of intersection of the circle |t| = S with the line Im( ) = Im(2), followed
by the straight line segment from = to z. Then Im(¢ — z) > 0 and hence |2(*~#)| < 1 on ~., and this

is the reason for the choice of €); and X.
Since L(z) =0, (4.29) gives

_1</ (o) |, |<1+/ F(8)u ()] |dt]. (4.31)

We apply the method generally known as Gronwall's lemma. Let s denote arc length on ~,, and
parametrize -, with respect to s. Set

¢(s)
H(s)zl—i—/X |F'(t)v dt\—l—i—/ |F (¢ (s))|ds, (€,
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Then the second estimate of (4.31) gives

U = IR < FC)IHS)

so that

Thus the first estimate of (4.31) becomes

() — 1] < H(s) — 1 < exp </X (D) \dt|> Y (4.32)

Let dy,da, ... denote positive constants depending only on ¢ and €. The circle |t| = S evidently
contributes at most d1.S~! < dy|z| 7! to the integral in (4.32). Similarly, if | arg z| < 7/4 then Re(z) > 0
and the horizontal part of «y, contributes at most

/ Sdt < d _ds
Re(z) t Re(z) |Z|

Finally, if m/4 < |arg z| < m —¢e we write z = a+ib with a,b real and |b| > d4|z|, and the contribution
from the horizontal part of v, to the integral in (4.32) is at most

c d5 dﬁ
— _dr<—>< %
Axww2xw\\4

Thus (4.32) gives

d

d
\w@—1Sew<7)—1g8g@,
B E

using the fact that R > 1, and (4.30) gives

z d
W@NS/\HM®Mﬂ§f9
X z ’

Now we need only set V(z) = v(2)ei* so that V solves (4.25), by (4.28), and (4.26) for V follows at
once.

To obtain U, we set Y = X and choose a solution u of

' — 2iu’ — Fu =0,

with u(Y) = 1,4/(Y) = 0, and the integral equation for u is

w142 / (e=2=2) _ 1) P(t)u(t)dt.
23 Y

The path of integration has Im(¢ — z) < 0. Finally we set U(z) = u(z)e™%.
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4.3.2 Other regions
An almost identical argument works if €2 is replaced by
{z:1<R<|z|<S<oo,|argz —7| <7 —¢},

with this time
Q1 =0\ {z:Re(z) >0, |Im(z)| < R}.

We may also replace §2 with an unbounded region. Suppose that F is analytic, with |F(2)| < c|z| 72,
Q' ={2:1<R<|z|<oo,|argz| <7 —c}
We take a sequence S,, — 0o, and obtain corresponding solutions U,, V,, in
{z:R<|z| < Sp,|argz| <7 —e}\ {z:Re(z) <0,|Im(z)| < R}.

The corresponding error terms d;,(2),j = 1,2,3,4, are uniformly bounded, since the constant d is
independent of S in §4.3.1. Thus by normal families we may assume, passing to a subsequence if
necessary, that the Uy, V,,, d;, converge locally uniformly on

Q" ={2:1<R<|z| <oo,|argz| <m—e}\{z:Re(z) <0,|Im(z)| < R}.

The limit functions U,V solve (4.26), and the corresponding d,(z) satisfy (4.27) on Q".

4.3.3 Equations with a polynomial coefficient

The standard application of Hille's method is to the equation (4.23), when b is a polynomial, not
identically zero. Slightly more generally, suppose that b(z) is analytic in Ry < |z, with

b(z) =cz"(1+0(1)), z— o0,

in which c¢ is a non-zero constant and n is an integer not less than —1.

4.3.4 The case n = -1

If n = —1 it is convenient to set

in which f is a solution of (4.23). Then g solves

g"(u) = 2f'(u?) + 4u* f" (u?) = g'(u) /u — 4ub(u?)g(u)

and so
g"(u) — g (u)/u+c(u)g(u) =0, c(u)= 4u2b(u2) =4c(l1+0(1)), u— oc.

Now set h(u) = u~/2g(u) = u=/2 f(u?) so that h satisfies
R (u) + (c(u) — 3/4u?)h(u) = 0.

In the equation for h we have n = 0, and from the asymptotic behaviour of A we can deduce that of f.
We assume henceforth that n > 0.
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4.3.5 Ceritical rays
The critical rays are those rays arg z = 6 € R for which

argc+ (n+2)0 =0 (mod27). (4.33)

Assume that arg z = 6 is a critical ray, let Ry be large and positive, and with € small and positive
define

z 1/2
Z = / b(t)/2dt = 2072z(”+2)/2(1 +o0(1)), z—o00, |argz—06y < 2n E.
2

Roeieo n + n + 2 B

Here we are free to choose either branch of b(t)'/? (each of which is of course —1 times the other).
The condition (4.33) implies that cz"*2 is real and positive on the critical ray, and so we may choose
the branch of b(t)'/? in order to ensure that ¢!/22("*+2)/2 is also real and positive on arg z = 6. We
assume henceforth that this has been done.

4.3.6 Lemma

Let Ry be large and let o be small and positive. Let V =V (z) satisfy

) 1/2 9
V(z) = nciwz(”w)m(l +o(l)) as z— o0, |argz—06y < - :2

-, (4.34)

where 0 < 7 < 0. Then V is univalent on the region T} given by

2T

|z| > R, |argz—00|<n — o,

and V' _maps T onto a region containing
T ={w: |w| > R}, |argw| <7 — "}
Here we may take any large R} and any o* with o* > (n+ 2)o/2 .

To prove the lemma, note first that

1/2
= 2012 (a2
n+2

(with the same choice of square roots as before) is univalent on the region T5 given by

27 o

n+t2 2’

|z2| >0, |argz— 6 <

and ¢ maps T, onto the sector

o(n+2
15 = {C3 ([ >0, [arg(] <7r—(4)}-
But (4.34) and Cauchy's estimate for derivatives give
d d d av d 2
—Vwcl/Zz"/zz—C v V—Z—l—i—o(l) as z— o0, |argz—0y|< .

dz dz> d¢ ~ dzd¢ n+2
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Thus if Ry is large and 21, 22 are distinct and in T, we set (; = ((z;), and we may integrate from (;
to (2 along a a straight line, to obtain

¢1 d 1
v<zl>—v<zz>=/< ngcz o= 6 -G+ oG -G #o

This shows that V' is univalent on T7. To see that V(77) contains 77, just take R large and positive,
and ¢’ with (n +2)o/2 < (n+2)0’/2 < 0*, and look at the image under ¢ of

2

o /
—— o'}

Upr={2z:R<|2| <2R, |argz—6y <

This is, for some large S,

/
= {“’ 5 < fw| <228, Jargu| < 7w — W;)"}

As z goes once around the boundary OURr we see that ¢ goes once around OVg, and V(z) describes a
simple closed curve I'p which is close to Vg, since V(z) ~ (. But V(17) is simply connected, and so
the interior of I'g lies in V(T1), which gives

{w L S(L+0) < Jw| < 2012D28(1 — 5),  |argw| < 7 — 0*} c V().
This proves the last conclusion.

4.3.7 The Liouville transformation

Let 0 be small and positive, let R; be large and write
W(Z) = b(2)"*w(z), (4.35)

in which w is a solution of (4.23), and z lies in

2 0
le{z:]z]>il, \argz—90]<n:2—4}.
By Lemma 4.3.6, we have, for some large Rs,
2)6
Q2 = {w D|w| > Ra,  |argw| < m— (n—Z)} C Z(@Qy),
and the same asymptotics for Z show that
Z(51) CQa, where S;=<z:|z|>R |arg z — Oy| < 2n -4
1) & K2, 1= : 15 g 0 S .
The equation (4.23) transforms to
d*w b 50 (2)?
- R(Z))W =0, Fy(7)= ) (2) (4.36)

dz? T Ab(2)2 16b(2)3

and we have | Fy(Z)| = O(|Z]72) in Q2. By §4.3.1 there exist solutions Uy (Z), Uz(Z) of (4.36) satisfying
(4.26) in Q2 and these give principal solutions

uj(2) = b(z) "V exp((—1)7iZ + o(1)) (4.37)



64 CHAPTER 4. APPLICATIONS TO DIFFERENTIAL EQUATIONS
of (4.23) in 5.
The u; are zero-free in Sy, but if A, B are non-zero constants we show that
w = Aui; — Busg
has zeros near the critical ray, as follows. Set

1 uz(z)
V(z) = % log L)

Now, w(z) = 0 if and only if uy/u; = A/B, which is the same as

2V (2) = log UZEZ; = 2iZ + o(1) = log(A/B) + k2ni, (4.38)
u\z
with & an integer and any (fixed) determination of log(A/B). First of all, if z € S is large and w(z) =0

then (4.38) gives
7201/2 (n 2)/2(1 (1)) (2) ~ km
- 22 +o Viz ,

and in particular this leads to arg V(z) = o(1) and hence arg z ~ 6y. Thus zeros z of w in Sy with |z|
large must lie near the critical ray.
Now let k£ be a large positive integer. Then

1 A
:—1 —_
Vi 5 ogB—i-/mr

lies near the positive real axis, and so by Lemma 4.3.6 there is a solution z; of V(zx) = Vi in Sj.
Moreover, this z; is unique by the univalence of V' and z lies near the critical ray. Now the number of
these Vj inside a disc of centre 0 and large radius R is (1 + o(1))R/m. Hence by (4.34) the number of
these zeros zj, of w in |z| < Sis (14 0(1))c;S"+2)/2 as § — oo, for some positive constant ¢;, which
gives the following result [8].

Theorem. Let b # 0 be a polynomial of degree n and let w be a solution of (4.23) with infinitely
many zeros. Then
NG 1/w)

4.4 Asymptotics for equations with transcendental coefficients

For a linear differential equation with transcendental entire coefficients it is in general much harder
to obtain asymptotic representations for the solutions. However, when one coefficient is sufficiently
dominant it is possible to obtain local representations for solutions with few zeros. For the case k = 2
it is interesting to compare the results of the next theorem with the solutions (4.37) obtained for
polynomial coefficients.

4.4.1 Theorem

Let k > 2 and let Ay, ..., Ar_o be entire functions of finite order, with A = Aq transcendental. Let E4
be a subset of [1,00), of infinite logarithmic measure, and with the following property. For each r € F;

there exists an arc '
ar = {re": 0 < a, <t < B, <21} (4.39)
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of the circle S(0,r), such that

min{log |A(z)| : z € ar}

li 4.40
Hoéf?eEl logr . ( )
and, ifk >3,
. log™ |4 (2)]
1 — I re = 4.41
oo e Ey max{ og|A(z)] 2 € =0 (441)
forj=1,...,k—2.
Let f be a solution of
k—2
y®) 4 ZAjy(j) =0, (4.42)
j=0

with X\(f) < oo. Then there exists a subset Eo C [1,00) of finite measure, such that for large
r € Ey = E1 \ Ey the following is true. We have

f'(2) 1/k k—1A'(z) -2
=c - — , - 44
5 crA(2) % Al2) +0(r =), z€a (4.43)
Here c, is a constant which may depend on r, but satisfies cF = —1. The branch of AY* in (4.43) is

analytic on a, (including in the case where a, is the whole circle S(0,7)).
We may summarize (4.40) and (4.41) as saying that, as r — oo in Ej,

2+ D A=) < AR (4.44)

1<j<k-2
for z € a,. To prove the theorem, we start by writing
f=vel, p(V) < oo, (4.45)

where V' and h are entire functions. We may assume that 4’ £ 0 (if A’ = 0 then h is constant and we
can replace h(z) by h(z) + z and V(z) by V(z)e™?, which has finite order).
Now P
L — __ 4R
FoveT

and it is easy to prove by induction that, for m =1,2,...,

f(m) / /
—— = (W)™ +m(h)
f
where T),,_o(h’) is a polynomial in i/ of degree at most m — 2, with coefficients which are polynomials
in the logarithmic derivatives V@) /V, K@) /h! j =1,... m (for m = 1 we set T}, 5 = 0).
Denote positive constants by M. Substituting (4.46) into (4.42) gives

m—lz m(m_ 1)

T 5 (RY™ 20" + Ty _a(R), (4.46)

(h/)k + k,(h/)k:—l“//:/ + k(k; 1) (h/)k—Zh// + Tk—Q(h/)+
+ Y4 <(h’)j + j(h’)j—l“//’ + ‘j(‘jQ_l)(h’)j‘2h” + sz(h’)> + Ap = 0. (4.47)

1<j<k—2
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Claim 1: 4/ has finite order (and therefore so has h).
To prove this suppose |z| = r is large and |h/(2)| > 1, and divide (4.47) through by h/(z)*~!. Since
m(r, VP V) = 0(logr), r— oo,

for each j € N, and since Ay, ..., Ax_s have finite order, we obtain

m(r,h') < S(r,h') + O(logr) + O(r*0)
outside a set Es of finite measure, giving

m(r,h') = O0(r™M), r ¢ Es.

For large r € E», choose s € [r,2r] \ Ej to obtain

m(r,h') < m(s,h') = O(sM0) = O(rMo),
This proves Claim 1.

Since V, b/ and the coefficients A,, have finite order we can use §3.7 to find points u,, with |u,,| > 4
and u,, — oo as m — oo such that

Vo) (196 [44E)]
< 1 4.48
v || A < (445)
for1<j<kand 0<pu<k—2and for all large z satisfying
2@ Uy = | Dt [um| ), (4.49)
m=1
and this can be done so that
D Jum M < o0, (4.50)
m=1

Let U be the set obtained by doubling the radii of all the discs of Uy. Since the set of » > 1 such that
the circle S(0,r) meets the disc D(w,, 2|u,,|~2) has linear measure at most 2|u,,| =2 < 2, it follows
using (4.50) that there exists a set E5 of finite linear measure such that for r € E5 the circle S(0,r)
meets none of the discs of U.

Let Ey = E; \ E3 be as in the statement of the theorem. Then Ej is unbounded. Let M3 > 0 be
large compared to M; and M.

Claim 2: for large r € Ey and zy € a, we have (4.44) and (4.48) for z € D(z, |20|3).

To prove Claim 2, note first that if r € Ej is large then the circle S(0,r) does not meet U, and
so provided Mz was chosen large enough the disc D(zp,|z0|~*3) does not meet any of the discs
D (U, [um|~M2), so that (4.48) holds for z € D(zp, |z0|~*2). In particular, integrating Al /A, shows
that

|log [Au(2)/Au(20)ll =

/Z: A;(t)/AM(t)dt‘ <In2
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for z € D(zo, |20|~™3), again provided M3 was chosen large enough, which gives
1
[A(2)[ = S[AGz0)],  [Au(2)] < 2[Au(20)];
2
and so (4.44) for such z. This proves Claim 2.

Claim 3: for large r € Ey and 2y € a, we have

S < ()] < 2AE) (4.51)

Suppose first that |1/(z)| < 1|A(2)|'/*. Then (4.44), (4.47) and (4.48) give

A(2)] < 27MAE)HAR) RO +O0(1AR) M) < 27 A(2) |+ A=) RO A2) W),

which is clearly impossible. Now suppose that |A/(2)| > 2|A(2)|'/%. Then R'(z) is large and (4.44),
(4.47) and (4.48) yield

W (2)]F < 27FIR (2)F + 1 (2)F 1O (2™ + O(|A(2)[*M) < 2781 (2)F + |1 (2)[F PO (IR (2)] M)
which is again impossible. Claim 3 is proved.

1/k

For large 7 € Ey and zy € a, we may now define a branch of A(z)!/*, analytic on D(zp, |z0| =), since
A is large there and so in particular non-zero.
Claim 4: we have

W(2) = o A(2)1% +OGM), 2 € Dz, z0] ™). (4.52)

Here the constant ¢ = ¢, may depend on z( but satisfies k= —1.

To prove Claim 4 set u(z) = h'(z)A(z)~'/k. Dividing (4.47) through by A(z) and using (4.44),
(4.48) and (4.51) we get

0=uf + 0™ |A)|"VF) +1=u* +1+0(1).

Since u is continuous on D(zg, |20|~*3) there is a fixed ¢ with ¢*¥ = —1 such that u = ¢ + o(1) on
D(z0, |20|™3), and the binomial theorem gives

u=(—-1+ O(TM5|A(Z)|—1/k))1/k =c(1+ O(T‘M5|A(z)|_1/k))

1/k

from which (4.52) follows on multiplying out by A(z)'/*. This proves Claim 4.

For large r € Ey and 2y € a, we now set

z) = z) ex Zc 1/k M:c z)1/k M z 20, | 20| M2
s =wees ([ e Al i), ) e a o (T s e DGl ). (459
By (4.45), (4.48) and (4.52) we have

w(z) = Wi(z) = O0(Ms), 2z e D(z, |20 M3). (4.54)
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Now (4.54) and Cauchy's estimate for derivatives give

wY (20) = =— —dz=0(r""), =1,...,k,
( 0) 271 |z—z0|:%|zo|‘MS (z—zO)J+1 ( ) J
and so we get
W(j)(zo) M,
=0(r"®), j=1,...,k 4.55
W (z0) ( ), J ( )

Also, writing

H(z) = / ) oo A(t) VL, (2) _ (4.56)

gives, using (4.48),

HU) () Mo .

Substituting f = Well into (4.42) gives at 2o (compare (4.47))

I —
(H/)k + k(H/)k—l% + k(k21)(H/)k—2Hl/ +Tk_2(H,)—|—

+ 2 A ((H’)j +j<H’>j‘1VVI; + j(j; D (-2 +TjQ(H’)) + A =0,

1<j<k—2

which by (4.56) we may write in the form

W' k(k—1
W' Kk —1)

]C(f[/) 5 (E[/)ku E[H O(TMlo)(F[/)ka 07
s that w’ k(k—1)H"” k(k—1) A
2 2
?Ir = _T?[/ + O(T‘ ) = _27]?274 + O(T )’

using (4.56) again. Substituting this estimate into (4.53) we obtain (4.43) at z.

We show now that we may take the same branch of A/ and the same k'th root ¢, of —1 for
all zp € a,. Suppose first that 5, — o, < 27 in (4.39). Then we may define an analytic branch of
A(2)'* on a simply connected domain containing a,, since A(z) is large near a,. Then we have, for
each zy € a,, using (4.43), (4.44) and (4.48),

f'(20)

—f(zo)A(zo)l/k = ¢y +0(1)

in which c’jo = —1. Since the left hand side is continuous, we see that the root c,, is the same for all
20 € Qp.

Suppose finally that 0 = «., 5, = 27. Then we take a small § > 0 and obtain (4.43) on a]. = {z:
|z| = r,0 <argz < 2w —d}. Here ¢ = ¢, does not depend on §. As we then let 6 — 0+ both sides
of (4.43) are continued analytically around the circle S(0,7) and since the left hand side is continuous
and A(z) is large on S(0,7) it follows that A(z)'/* must return to the same branch of AY* as we
continue once around S(0,7), since otherwise it would return to the original branch of AY* multiplied
by a constant d # 1 with ¥ = 1.



Chapter 5

Asymptotics for matrix linear
differential equations

In this chapter we discuss asymptotics for solutions of linear differential equations with rational coef-
ficients, combining a slightly non-standard approach to the regular singular point case with methods
from Wasow's and Balser's texts [4, 72].

5.1 Some facts from linear algebra

Lemma 5.1.1 Let A = (a;)) be a matrix and suppose that rows ji, ..., js of A are linearly independent.
Then there exists pairwise distinct ky, ..., ks with a;, i, # 0 for each pu.

Proof. It may be assumed that A has s rows and rank s and, by taking s linearly independent columns,
that A is a square matrix, with det A # 0. Now determine k; by choosing a non-zero entry in row 1
with non-zero minor, then delete row 1 and column k1, and repeat. O

5.1.1 Nilpotent matrices

A v x v matrix A is called nilpotent if there exists t € N = {1,2,...} with A® = (0), in which case
0 is the only eigenvalue of A, because Az = Az gives 0 = Alx = Max. Conversely, if 0 is the only
eigenvalue of a v x v matrix B then the characteristic equation of B is just \Y = 0, and so BY = (0)
by the Cayley-Hamilton theorem. Thus if A = (0) for some t € N then A% = (0) for some s < v.

5.1.2 Upper triangular shifting matrices

The m-dimensional (upper) triangular shifting matrix Ny, is the m x m square matrix with all entries
0, excepts for 1s immediately to the right of the main diagonal (i.e. nj; = 0, except that n;, = 1 if
k —j=1). For example,

1
0
0

= O O

N, =

o O O O
o O = O

0 0

Left multiplication (of an m X n matrix) by N,, shifts every row up one place, and replaces the last
row by Os. Right multiplication (of an n x m matrix) by NNV, shifts every column right one place, and
replaces the first column by Os.

69



70 CHAPTER 5. ASYMPTOTICS FOR MATRIX LINEAR DIFFERENTIAL EQUATIONS

Lemma 5.1.2 Suppose that an m X m matrix

al 1 0 0
a9 01 ... 0
B = : =A+Np,
Am—1 0 0 ... 1
am 0 0 ... 0

is nilpotent, where columns 2 to m of A are all zero. Then A = (0).

Proof. Since B is nilpotent, 0 is the only eigenvalue of B, and the characteristic equation of B can be
written (with A = —z)

ai+« 1 0 ... O

as z 1 ... 0
0 = det(B—\,) =

am—-1 0 ... x 1

Am 0o 0 ... z

= (x4 al)xm_l — a2 fasx™ 3+ .. ta, =a™

To see this, observe that each entry in column 1 of B — AL, has minor of form , Where C' is

0
0 D
lower triangular with 1s on the main diagonal, and D is upper triangular with all diagonal entries x.
O

5.1.3 Direct sums

A block matrix

A 0 ... 0
A - 0 A ... O
0 ... ... A

iswritten A=A4,9... 9 A,. Notethatif A=A, 9 ... A; and B=B1 D ... D B, have blocks of
matching sizes then AB = A1B1 @ ... D AsBs.

Lemma 5.1.3 Given a block matrix A = A1 ®...® As and any permutation By, ..., Bs of A1,..., As,
there is a similarity transformation B = T—' AT which produces B = B; @ ... ® B,.

Proof. The proof is by induction on s, and the blocks are interchanged by conjugation of matrices.
First, if s = 2 and Iy and Iy are appropriately sized identity matrices then

(1?)1 £2><102%>=<j2 ?)=(£%)(i§2 £1>- (5.1)

Thus, if s > 3 and By = Ay, where 1 < p < s, then the above method for s = 2 turns A = A;®.. . ®A;
intoC=A4,0.. DA, A .. DA, 1=B1®.. DA;DA1...®A,_1. It remains only to note that
if conjugation by T" turns D1 @ ...@ Ds_q into E1 @ ... @ E;_1 then conjugation by a matrix of form

(o 7)

tuns Fe D1 ®.. ®Ds_1into FOE1®...0 FEs_1.
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5.1.4 Jordan form

A square matrix of form A\l + N, where A € C and N is an upper triangular shifting matrix, is called
an upper Jordan block (or just Jordan block). A Jordan matrix is a block matrix of form

Jo 0 0 0
g=| 0 2 00 o Je =Ml + N,

0o ... 0 Js
This is expressed as a direct sum
J=h®Ld..aJ, JP=JteJie...0JF (peN). (5.2)
Every square matrix A is similar (via a conjugation A = S~1.JS) to a Jordan matrix J.

Lemma 5.1.4 Let A be ann xn matrix. Then A hasn linearly independent “generalised eigenvectors”
w; each with the property that (A — \;1,)Piw; = 0 for some p; € N and eigenvalue \; of A.

Proof. Suppose first that A = AL, + N, where N = N,, is the n x n upper triangular shifting matrix
in §5.1.2. Then N™ = (0), and so (A — AI,,)"z = 0 for every n-dimensional column vector x.

Now suppose that A = A; @ ... ® As, with each A; of form A = \;I,,; + N,,;. Take any vector w
such that its first 1 + ...+ pj—1 and last pj11 + ... + s entries are all 0. Since

(A= NI = (A= N @@ (A = NLy)M & (A= N,
= (A -N[))"e...eo0)d...0 (As— NI, )M
we have (A — \;jI,,)"w = 0. Thus each A; gives rise to p; vectors w with (A — A;I,)*w = 0, and
the collection of all of these is linearly independent.
In the general case, choose an invertible matrix P such that B = P~'AP is in Jordan form. Then
Bx = Mz if and only if A(Px) = PBx = P(Ax) = APz. Thus B has the same eigenvalues as A.

By the previous paragraph there exist n linearly independent vectors v; each with the property that
(B — A\jI,)Piv; = 0 for some p; € N and eigenvalue \; of B (and hence of A). Now

(A — \jI,)Pi Pvj = PP™Y(A — \;1,)Pi Pv; = P(P7YAP — \;1,)Piv; = 0.

5.2 Some basic facts from matrix analysis

For vectors a = (a1, ...,ay), b= (b1,...,by) in C" write

(a,6) =Y ajb = oa), al = v/{a,a) =

J=1

n
> lagl?
j=1

The Cauchy-Schwarz inequality then reads |(a,b)| < ||a| - ||b||: to prove this assume without loss of
generality that (a, b) is real and positive and write, for ¢ € R,

0 < (a+th,a + tb) = ||a|* + t({(a,b) + (b,a)) + t2||b]|* = ||a||® + 2t(a,b) + t2||b||* = At?> + 2Bt 4+ C
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so that B% < AC. The triangle inequality [la + b|| < ||a|| + ||b]| then follows via
la +bl* = llall® + {a, b) + (b,a) + [bl* < llal® + 2]al| - 1ol + 1B = (llall + [B])*,

and this extends by induction to finite sums. For a positive measure 1 on a space Y and a simple
function f = Zj ajXxy; : Y — C", the triangle inequality leads to

HﬂfWW:ZEW%>SZN%mwnaéwwm

so that

l/mﬁs/wwu (5.3)
Y Y
for integrable f : Y — C™.

If Ais an n x n matrix (a;j), then the Frobenius norm of A is defined by

Al =l Allr = > lajel>.
jk

This is the same as the C™* norm of the n2-dimensional vector obtained by writing out the entries of
A, and ||A||% is the sum of the squares of the C™ norms of the rows (or columns) of A. Hence (5.3)
holds for matrix-valued f with the Frobenius norm. For a matrix product C'= AB, the Cauchy-Schwarz
inequality gives (with all sums from 1 to n)

Z ajrb’rk
”

lejil? =

2
< Z ’ajr‘2 : Z |b7"k:|2
r r

and so

Dolenl? <D lage D bl = lage - | BIF
k r r.k r

and
ICI% =" lerl® < lagel* - I1BIF = IIAF - 1B]|%-
Jik J,r

Thus the Frobenius norm is submultiplicative.

5.2.1 The exponential and logarithm of a matrix

If A is a square matrix then
oo Am
exp(A) = E —

nl’

m=0
this being convergent, with norm at most exp(||A4||). If A and B commute, i.e. AB = BA, then
exp(A + B) = exp(A) exp(B) = exp(B) exp(A), and so exp(—A) is the inverse of exp(A).
If A(z) is a holomorphic matrix and A(z) commutes with A’(z), which is always the case if A(z) is
a holomorphic diagonal matrix, then

% (exp(A(2))) = A'(2) exp(A(2)) = exp(A(2))A'(2).
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If F'is a constant square matrix, then 2" = exp(F log z), and continuing this matrix function once
counter-clockwise around the origin multiplies it by exp(27iF'). If F is nilpotent, then the entries of

2F" are polynomials in log z. For example, the notation of §5.1.2 gives
01 00 0 010 00 01
0010 0 0 0 1] (logz)? 0 0 0 0] (logz)?
Ny _
2= It g0 1] T g 0 0 0 2 0000| 6
0000 00 00 0000
1 logz (1/2)(logz)? (1/6)(logz)3
|0 1 log = (1/2)(log 2)?
N 0 0 1 logz
0 0 0
and
2 Mogz (1/2)2Mlogz)? (1/6)2* (log 2)3
AatNe _ Ma Ny _ |0 2 2 log z (1/2)2*(log 2)?
- - A A
0 0 z z"log z
0 0 0 2

Lemma 5.2.1 Let A be a u x p nilpotent matrix. Then there exists a X . matrix D with exp(D) =
I-A.

Proof. Since A is nilpotent we have A* = (0). For t € C write I = I,, and

p—1 1 p—1
- / — m—1
n;m , B'(t) AmZ::l(tA)

as well as
(I —tA)B'(t) = A(I —tA) (I +tA+ ...+ (LA 2) = AT — (tA)F 1) = A.
This gives, since the matrices B’(t) and B(t) commute,

B(t)™!

(-1 @oBe) = -3 "
m=0

_ nff = Aexp(B(1).

m:l

Now write
C(t) = (I —tA)exp(B(1)), C'(t)=—Aexp(B(t)) + Aexp(B(t)) = (0),

so that C(t) is constant, with C'(0) = exp(B(0)) = exp((0)) = I. Hence exp(—B(t)) = I — tA and
the result follows with D = —B(1).
g

Lemma 5.2.2 Let H = A, + N, be a o x pu Jordan block, with A\ € C\ {0} and N,, a shifting matrix.
Then there exists a pu x (1 matrix B with exp(B) = H.
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Iu- Now let K = —A7!N,; then K* = (0),

Proof. Choose b € C with €® = . Then exp(bl,) =
=1, = I, + A"'N,. This gives, because the

and Lemma 5.2.1 gives a matrix M with exp(M)
matrices bl,, and M commute,

exp(bl, + M) = A,(I, + \"*N,) = M\, + N, = H.

Lemma 5.2.3 Let B be a non-singular matrix in Jordan form. Then there exists a matrix C with
exp(C) = B.

Proof. Write B = H; @& ... ® H,, where each H; is as in Lemma 5.2.2, and use the fact that

exp(C1 @ ... C5) =exp(Cy) @ ... D exp(Cs).
O

Lemma 5.2.4 Let B be a non-singular matrix. Then there exists a matrix C' with exp(C') = B.

Proof. Write B = P~1DP, where D is a non-singular matrix in Jordan form, and use Lemma 5.2.3 to
choose E with exp(E) = D. Then exp(P~'EP) = P"'DP = B.
O

Lemma 5.2.5 Let B = (bj;) be a square matrix and c € C. Then exp(cB) has determinant exp(ctr B),
where tr B =}, bj;.

Proof. If B = (0) this is obvious, and if B is in (upper triangular) Jordan form then exp(cB) is an
upper triangular matrix whose diagonal entries are the exponentials of the diagonal entries of ¢B. In
the general case write B = P~1DP, where D is in Jordan form, and

det (exp(cB)) = det (exp(P~'e¢DP)) = det (P~ exp(cD)P) = exp(ctr D).

But if £ = (ejx) and F' = (fji) are square matrices of the same size then

F) = Z (Z ejkfkj> = Z kajejk =tr (FE)7
j k J

k

which gives
tr(B) = tr (P"'DP) = tr (PP'D) = tr D.

5.2.2 A hierarchy of nilpotent matrices

Let A and B be v x v nilpotent matrices. Following [4], the matrix B is called superior to A if
rank A' < rank B! for every [ € N and there exists m € N with rank A™ < rank B™.

Since A¥ = B” = (0) it must be the case that m < v — 1, and because there are only v possible
values for the rank (namely 0 to v — 1) it is not possible to have arbitrarily long sequences A; of v x v
nilpotent matrices such that A; is superior to A;. To see this, write the ranks of the powers A7", for
m=1,...,v—1,as (rj1,...,75-1). Then r;; < rji1,;, with strict inequality for at least one [, so
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the number of matrices in such a chain is at most 1+ (v — 1)?, because the v — 1 entries 7 can each
increase at most v — 1 times.
For example, if

01000 0100 0
00100 00100
C=|00000]|=Ny®N,, D=| 00 01 0 |=NspNy,
00001 00000
00000 00000
then C and D have rank 3, while
00100 00100
00000 00010
c’=100000], DP=]1 00000 |,
00000 00000
00000 00000

so C? has rank 1, while D? has rank 2, and D is superior to C.
Note that if E is similar to A, and F is similar to B, while B is superior to A, then F is superior
to I/, because E' and A! have the same rank for every I € N, as have F! and B’

Lemma 5.2.6 Let Ay and By be v X v matrices given by

My 0 ... 0 0 My 0 ... 0 0
0 My ... O 0 0 My ... O 0
Ao=| .. ., Be=| . ], (5.4)
o ... 0 M, O Chp Oy M, 0
0O ... 0 M 0O ... 0 0 M

in which the following conditions all hold:
the M; are upper triangular shifting matrices of dimension s;, where s1 > ... > s;;
the last block M satisfies M" = (0);
all columns, bar possibly the first, of each block C; vanish;
at least one Cj is not the zero matrix.
Then By is superior to Ag, but is nilpotent.

Here we allow for the case that M is 0 x 0, so that the blocks above and to the immediate left of M
do not appear.

Proof. We first show by induction that (5.4) yields representations

MEo ... 0 0 M0 ... 0 0
0 M, ... 0 0 0o M, ... 0 0
A= ... ... ... ... .|, B=| ... .. . . .. (5.5)
0 ... 0 M o0 ch oMo
o ... 0 0 M o ... 0 o0 M

for [ € N. Only the formula for B(l] needs proof, and it is clearly true for [ = 1, with C,gl) = Ck.



76 CHAPTER 5. ASYMPTOTICS FOR MATRIX LINEAR DIFFERENTIAL EQUATIONS

Assuming the result for some [ € N gives

M, 0 ... 0 0 M 0 ... 0 0

0 My ... 0 0 0 M ... 0 0
Bt = ... o o

C, Cy ... M, 0 c oML oo

0 ... 0 M O ... 0 o0 M

and thus (5.5) is proved for [ + 1, with
o — oy 4w

Since the M; are all nilpotent, the matrix Dy = By is zero on and above the diagonal, so that the
only eigenvalue of Dy is 0. Thus Dy is nilpotent and so is By.

Note next that each C} is an s, X s, matrix. We now claim that for 1 <[ < s;, the lth column
of C’,il) is the first column of C}, and that all columns of C,gl) from the (I + 1)th onwards are zero.
Again this is clear for [ = 1, and assuming it true for some [ € {1,...,s, — 1} gives the following.
First, postmultiplying by M,i shifts columns right [ places, so the (I + 1)th column of C’kM,lg is the first

column of C, and all other columns of Cj. M/ vanish. Second, all columns of MTCIEI) from the (I +1)th
U

onwards are zero, because this is true of C’kl . This proves the claim.

Consider now the pth column of AL where p < s1+...+ 87, and assume that this column of Aé
is not the zero vector. This column then has exactly one non-zero entry, a 1 lying in M,i for some
k < 7; moreover, this 1 must lie in at least the (I + 1)th column of M,lC and it must be the case that
[ +1 < s, We claim that this column of Al is the same as the corresponding column of B}, this
being obvious from (5.5) if k = 7, while if & < 7 then the corresponding column of C,gl) is zero. Thus
rankAf) < rankB(l] for every [ € N.

Now observe that, by (5.5),

M0 0 0 My 0 ... 0 0

0 M 0 0 0 M 0 0
Ar=| ... ... ... ... .|, Br=| .. ..

0O ... 0 0 0 ce) el 0 o

o ... 0 0 M 0 0 ... 0 M

There is at least one k with 1 < k < 7 — 1 for which the first column of C}, does not vanish: since
s < s, this column is then the s-th column of C’,S,ST), and so at least one column of BST is not a linear
combination of columns of Aj". Therefore rank A)” < rank B;™ and the lemma is proved. O

There is a companion version for rows, in which we again permit the case where M is 0 x 0.

Lemma 5.2.7 Let Ay and By be v X v matrices given by

My 0 ... 0 0 My O ... D; O
0 My ... O 0 0 My ... Dy O
Ao=| ... . |, Be=| ., (5.6)
0 ... 0 M, O 0 0O ... M. O
0o ... 0 M 0o ... 0 0 M

in which the following conditions all hold:
the M, are upper triangular shifting matrices of dimension s;, where s; >
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the last block M has M" = (0);
all rows, bar possibly the last, of each block D; vanish;
at least one D; is not the zero matrix.

Then By is nilpotent but superior to Ay.

Proof. This time (5.6) yields representations

M0 ... 0 0 Mmoo ... DYoo
0 M ... 0 0 o M, ... D o
Ay=| ... o oo BY= (5.7)
0 ... 0 M o0 0o 0 ... ML 0
0 ... 0 0 M 0O ... 0 0 M

for [ € N. To check this write Dl(;) = Dy, and

M0 DY 0 My 0 Di 0
0 M, DY o 0 My Dy 0
Bl—l—l
0 = e ce
0 0 M. 0 0 0 M, 0
0 0 o M 0 0 0 M

so that the recurrence relation is
D™ = M! Dy, + +D{ M.

Here each Dy, is an s; X s; matrix.

We now claim that for 1 <[ < s the following holds for D,(Cl): the [th row from the bottom is the
last row of Dy, and all rows above it vanish. This is clear for [ = 1, and assuming it true for some
l € {1,...,sx — 1} gives the following. First, premultiplying by leC shifts rows up [ places, so the
(I 4+ 1)th row from the bottom of M,f;Dk is the last row of Dy, and all other rows of M,ka vanish.
Second, if we count from the bottom then all rows of D,(CI)MT from the (I + 1)th onwards are zero,
because this is true of D,(Cl). This proves the claim.

Consider now the pth row of Aé, where p < s1+...+ 5., and assume that this row of Aé is not the
zero vector. This row then has exactly one non-zero entry, a 1 lying in ]\4}C for some k < 7. This 1 must
lie in at least the (I 4 1)th row from the bottom of M,i and we must have [ + 1 < s;. Again we assert
that this row of Aé is the same as the corresponding row of BY, this being obvious if k = 7, while if
k < 7 then the corresponding row of D,(fl) is zero. Thus we see that rank A%) < rankB(l) for every [ € N.

Now observe that

0 M 0 0 0 Mj ... D{")
Ay =1\ ... . .. .|, Br=| . L.

0 ... 0 0 0 0 0 ... 0 0

0 ... 0 0 M 0 ... 0 0 M+

There is at least one k with 1 < k < 7 —1 for which the last row of D}, does not vanish: since s, < sy,
this row is then the s th row from the bottom of DI(CST), and so at least one row of Bj" is not a linear
combination of rows of Aj™. Therefore rank Aj™ < rank Bj™ and the lemma is proved. O
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5.2.3 The solution of certain equations

Lemma 5.2.8 Let P and Q be upper triangular shifting matrices, of dimensions p and q respectively,
let C be a given p X q matrix, and consider the equation

PX-XQ=C-B. (5.8)

Then there exists a p X q matrix B such that (5.8) has a p x q solution X. This may be done so that
one of the following holds:

(i) all columns of B are zero, bar possibly the first, and the last column of X is zero;

(ii) all rows of B are zero, bar possibly the last, and the first row of X is zero.

Note that in the subsequent application of Lemma 5.2.8 we do not use the conclusions regarding the
columns/rows of X, only those involving B.

Proof. Premultiplying by P moves rows of X up one place, and replaces the last row by 0s. Sim-
ilarly, postmultiplying by  moves columns one place right, replacing the first by Os. Thus (5.8) may
be written in case (i) in the form

Y = PX-XQ
T2,1 2,2 T2,9-1 24 0 1 T1,2 T1,9-1
0 o1 2,9 2,91
= Tp-1,1 Tp—1,2 Lp-1,q-1 Tp-1q | — | ---

Lp,1 Tp,2 Tp,g—1 Lp,q 0 Zp11 xp-12 Tp—1,q—1
0 0 e 0 0 0 xp71 .rp’g a?p7q_1

c1,1 —bia 1,2 Cl,g—1 Cl,qg

c2,1 — b2 2,2 €2,9—1 2,4

Cp-1,1 —bp-1,1 Cp-1p2 Cp—1q-1 Cp-lg

cp1 — bp Cp,2 Cp,g—1 Cpq

Consider the last rows in (5.9); we see that we need bp1 = cp1; thus x,1 up to xp, 41 are now

determined, and we set z, , = 0. Thus the last row of X has been determined. Now looking at the
penultimate row in both sides shows that we need ¢,_11 — b,—1,1 to equal x;, 1, which has already been
determined. This gives us b,_1,1 and the penultimate row of X, with the stipulation that its last entry
be 0. The rows of X are thus determined moving upwards: once the kth row of X is known, we need
Ck—1,1 — bp—1,1 = x,1, and we can determine xj_11,...,Tx_14—1 and set x;_1 4 = 0.

Now consider case (ii); here (5.8) may be written as

Y = PX-XQ
21 2.2 T2,9-1 24 0 x11 Z1,2 T1,g-1
0 @21 T2,2 2,91
= Tp—1,1 Tp—1,2 Tp—1,q—1 Tp—1,q - cee
Tp,1 Lp,2 Lp,g—1 Tp,q 0 zp11 Tp-12 Tp—1,g-1
0 0 e 0 0 0 Tp,1 Tp2 Tp,qg—1
c1,1 €1,2 C1,q—1 Clq
C21 €22 €2,9—1 €2,q
_ (5.10)
Cp—1,1 Cp—1,2 Cp—1,q-1 Cp—1,4q
Cp1 —bp1 Cp2—bp2 Cpg—1 — bpg—1 Cpq —bpg
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Comparing the first columns in (5.10) we see that we need b,1 = ¢p1. Now x2; up to x,; are
determined, and we set z1; = 0. Thus the first column of X has been determined. Now looking at
the second columns shows that we need ¢, 2 — by, 2 to equal —x, 1, which has already been determined.
This then gives us the second column of X (with the stipulation that its first entry be 0). The columns
of X are thus determined moving rightwards: once the (k — 1)th column of X is known, we need
Cpk — bpk = —xp k1, and we can determine To, ..., T,k and set x1; = 0.

O

Comment. Balser [4] imposes conditions on the dimensions of P and () and states in passing that these
are required to ensure uniqueness. For the existence of a solution as in (i) or (ii) the dimensions p and
g can be arbitrary.

In particular, if p =1 then cases (i) and (ii) require, respectively,

(0 11 @12 ... @191 )=(c1—b1 c12 ... Clg-1 Cq ), T1g=0,

and
( 0O 0 ... 0 0 ) = ( C1,1 — b1’1 0172 — bLQ 617(1_1 — bqu_l Cl,q — qu ),

both of which are plainly solvable.
Similarly, when ¢ = 1 the required equations for cases (i) and (ii) are, respectively,

0 c1,1 — b1 21 0 c1,1
0 c2,1 — b2 0 2,1
(Z) = s (ZZ) acp_Ll - = ,
0 cp—1,1 — bp—1,1 Tp,1 0 Cp—1,1
0 Cp,1 — b 1 0 0 Cp,1 — b 1
and these are obviously solvable. |

Lemma 5.2.9 Let A and B be square matrices, where A ism x m and B isn xn. Then the equation
AX — XB=(0) (5.11)

has a unique m x n solution X if and only if A and B have no common eigenvalue.
Now let C' be an m x n matrix. If A and B have no common eigenvalue then the equation

AX -XB=C (5.12)
has an m x n solution X, and this solution is unique.

Proof. Obviously one solution to (5.11) is to make X be the m x n zero matrix. Suppose A and B share
the eigenvalue \. Then so do A and the transpose BT (because BT — \I = (B — \I)? has determinant
0), and there exist non-zero column vectors v, w with Av = Av and BTw = \w, so w” B = MwT. The
matrix X = v-wl ism x 1 x 1 x n and so m x n, and

X #(0), AX —XB=Av-wl —v-w'B=XM-w! —v 2! =(0).

Now suppose that A and B share no eigenvalues, and that (5.11) has a solution X. Then A™X =
X B™ for every integer m > 0. Thus

(A=A )PX = X(B—\I,)?P
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for every A € C and p € N. The matrix B has n linearly independent vectors w; each with the property
that (B — \;I,)Piw; = 0 for some p; € N and eigenvalue \; of B, and each of these satisfies

(A= A\jLn)P Xwj = X (B — \jL)Prw; = 0.

Since det(A — AjI;,) # 0, this forces Xw; = 0 for each j, and so X annihilates every n-dimensional
column vector and is the zero matrix.

Next, form an mn-dimensional column vector E by writing the columns of C' one after another,
and let Y be formed from X in matching fashion. Each entry of C' is a linear combination of entries
from X, with coefficients which are entries of A and B. Thus the equation (5.12) can be written in the
form DY = FE, where D is a square matrix. If A, B have no common eigenvalue, then the equation
DY = 0 has no non-trivial solution, by the first part. Hence D is non-singular and DY = FE has a
solution, which is then unique.

O

5.3 A class of formal expressions

Let p € N; then a formal series in descending powers of z'/P will mean a series v(2) = 3, .7 anz"/?,
with the a, € C and a,, = 0 for all but finitely many positive n. Let V =V, be the collection of these
formal series.

Two elements a = ) a,2"P? and b = Y onez bp2"/P of V), are equal if and only if a,, = b, for
every n. The product ab is determined by multiplying term by term and gathering up like powers. Thus
the set V forms a field, since if v(z) is not the zero series then 1/v(z) can be computed formally by
writing

1 1,-—n/
— =a 2P+ ap_1/anZ P+ . )7t
U(Z) n ( n 1/ n )
It follows that a square matrix with entries in V) has an inverse matrix with entries in )V if and only if its
determinant is not the zero series.

U(Z) = anzn/p + an_lz(nfl)/p + ... , an, 7& 0’

Lemma 5.3.1 Let n be a positive integer. Then the powers (log z)™, m = 0,...,n, of the formal
logarithm are linearly independent over V.

Proof. Suppose that we have a formal identity

Z am(2)(log z)™ =0,

in which the coefficients a,,(z) belong to V and do not all vanish. It may be assumed that a,(z) is
not the zero series and that n is the least positive integer for which such an identity holds. Formally
differentiating then gives

Z b (2)(log2)™ =0, bp(z) €V, by_1(z) = g + ay,_1(2).

Since b,—1(z) cannot be the zero series, this contradicts the minimality of n. a

Lemma 5.3.1 motivates the following definition. Let W be the collection of polynomials in the
formal logarithm log z with coefficients in V, that is, sums Y>>  a,(z)(log z)", where a,(z) € V and
all but finitely many a,, vanish. Two elements of W are the same if and only if they have the same
coefficients.
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Lemma 5.3.2 Suppose that we have a formal identity
Q
ZP Z‘/}m (log2)™ =0, Pj(2) = e¥(?) %

in which: each q;(2) is a polynomial in z'/P and each d; is a complex number; each V;,,(z) belongs to
V, if j # k then either q; — gy, is non-constant or p(d; — dy) ¢ Z. Then Vj,,(2) is the zero series for
each j and m.

Proof. Suppose that we have such an identity, in which not all the V} ,,, vanish. It may be assumed that
each Vj , is not the zero series, while Py = Vg, = 1 and R = Z]Q:l(l + n;) is minimal. Formal
differentiation yields

ng—1
0 = (ng/2)(log2)"e™" + Y (Vhm(2)(log2)™ + (m/z)Vgm()(log2)"™ ") +
m=0
Q-1 n;
+ D Pi(2) Y ((Vi(2) + (g(2) + dj/2)Vim(2))(log 2)™ + (m/2) Vjm() (log 2)" ).
j=1 m=0

If ng > 0 then the minimality of R forces ng/z+Vy) ,,_1(2) = 0, which is impossible. Hence we have
ng = 0 and so ) > 1. Moreover, again since 12 is minimal, we get

0= V]’n]( )/ Vim, (2) + d5(2) + dj/2

for 1 < j < Q. Expanding out V. ( 2)/Vijn;(2) in a formal series in descending powers of Z1/P then
shows that ¢; is constant and pd |s an integer for each j < @, which is again impossible. a

Lemma 5.3.3 Let U(z) be a formal expression

U(z) = %) ¢ Z Vin(z)(log 2)™

m=0

in which d € C, while q is a polynomial in z/P and each Vin(z) is a formal series in descending integer
powers of zY/P_ If the formal derivative U’ vanishes then ¢ is constant and pd € Z, while Vin(2) vanishes
for all m > 0 and U reduces to a constant.

Proof. We have, with the notation V11 = 0,
U'(z) = dz (Vin(2 '(2) + d/2)Vin(2))(log 2)™ +
+e4(2) 4 Z Vin(2)(m/z)(log z)™ 1

= e, Z (Vin(z (2) + d/2)Vin(2) + (m + 1)Viq1(2)/2) (log 2)™

The fact that this expression for U’ vanishes then requires that

Vin(2) 4 (¢'(2) + d/2)Vim(2) + (m + 1)Vinga(2) /2 = 0
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for 0 < m < n. Taking m = n gives
Vi) +(d(2) +d/2)Vi(2) =0, Vi(2)/Va(z) + ¢ (2) +d/z = 0.

This forces g to be constant and pd to be an integer. We may assume that d = 0, and we then have
V!(z) = 0 so that V}, is a non-zero constant. Moreover, n must be 0, since otherwise

Viea(2) + (n/2)Va = 0,

which is impossible. g

5.4 Formal solutions and uniqueness

Lemma 5.4.1 Let H be a v x v Jordan matrix with diagonal entries n1,...,n, € C. Then all non-zero
entries in column k of 2 have the form ;.2 (log z)™s*, and all non-zero entries in row j of z have
the form d;;.2"i (log z)"i*, where c;i,, d;, € C and mji, n;j, are non-negative integers.

Proof. If H is a single Jordan block H = nI+ N, where 7 is the eigenvalue, I is the identity matrix and
N is a shifting matrix, then 2" = 2"I and 2" is a matrix whose non-zero entries are constant multiples
of non-negative integer powers of log z. The result then follows by writing 2/ = 2" 2N = 2N 27! using
the fact that I and N commute. In the general case we have H = H; @ ... ® Hy, where the H; are
Jordan blocks, and 2z = 21 @ . @ 2Hs, O

Lemma 5.4.2 Let p € N and let H be a v X v Jordan matrix with diagonal entries n1,...,n, € C,
and let R(z) be a v X v diagonal matrix with diagonal entries r1(z),...,r,(2), each of these being a
polynomial in z'/?. Let V(z) be a v x v square matrix with entries which are formal series in descending
powers of z'/P. Then the following statements hold:

(i) the entry in row j, column k of Y (z) = V(2)zHef(?) s emv(2) 2Ty, (), where Tjx(2) € W, that is,
Tjk(2) is a polynomial in log z with coefficients which are formal series in descending powers of Z1/P;
(ii) the entry in row j, column k of eM=)HV (2) is €"i(*) 21U ;1. (2), where Uji(z) € W,

Proof. The entries of column k of V(2)z are formed by taking the dot product of each row of V (z)
with column k of 2z, and Lemma 5.4.1 shows that each non-zero entry in column k of 2z has form
¢z (log z)™ for some ¢ € C and integer m > 0. Now right-multiplying by efi?) multiplies column k
by (%),

Similarly, the entries in row j of 27V (z) are formed by taking the dot product of row j of 2z with
each column of V(z), and each non-zero entry in row j of z7 has form cz"i(log z)™ for some ¢ € C
and integer m > 0. Now left-multiplying by e®(*) multiplies row j by e"i(2). O

Now consider the differential equation
y = B(2)y, (5.13)
where B(z) is a v X v matrix whose entries are formal series in descending powers of z.

Definition 5.4.1 A basic formal matrix will mean a v x v matrix Y (z) with the following property.
There exist ¢ € N and q1(2), ..., q,(2), each a polynomial in z*/ with zero constant term, as well as
complex numbers o1, . .., a,, such that the entry Yj;.(2) in row j, column k of Y (2) is e%(*) 27k S (2),

where S;(2) is a polynomial in log z with coefficients which are formal series in descending powers of
1/q
z .
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Equivalently, Y (z) has the form Y (z) = E(z)D(z), where E(z) is a matrix whose entries are
polynomials in log z with coefficients which are formal series in descending powers of z'/9, while D(z)
is a diagonal matrix with entries e (%) 2k

It is clear that if Y (2) is a basic formal matrix, then so are its formal derivative Y’(z) and the matrix
B(z)Y (2), and their columns have the same exponential parts g; and powers o as Y (z). Thus we will
define formal solutions of (5.13) as follows.

Definition 5.4.2 A basic formal matrix solution of (5.13) will mean a basic formal matrix Y (z) such
that Y'(z) and B(2)Y (z) agree: that is, the powers of log z and their series coefficients in each entry
of Y'(2) match those of B(2)Y (z).

Definition 5.4.3 A principal formal matrix solution of (5.13) will mean a v x v matrix solution X (z) =
U(z)2"eP?) satisfying the following, for some p € N.
(i) F is a constant matrix in Jordan form given by

F=J1®...0J,,

where Jj is p; X p; and a Jordan block.
(ii) P(z) is a diagonal matrix of form

P(z) = Pi(2)I,, ®...® Py(2)1,,,

where Pj(z) is a polynomial in z'/P with constant term 0; this implies that P'(z), P(z) and ") all

commute with any matrix M = My @ ... ® M, such that M; is u; x pj, and in particular with F' and
F

2.
(i) U(z) is a matrix over V (that is, its entries are formal series in descending powers of zl/p), and

det U(z) is not the zero series.

Lemma 5.4.2 implies that any principal formal matrix solution is a basic formal matrix solution.
Moreover, X (z) in Definition 5.4.3 has determinant det U(z) - 2" - exp(tr P(2)), by Lemma 5.2.5.

Lemma 5.4.3 If X(2) = U(2)2"eP?) is a principal formal matrix solution of (5.13) as in Definition
5.4.3, then F' may be chosen so that all its eigenvalues have real part lying in [0,1/p).

Proof. Choose a diagonal matrix Dy = 011, ©...® 041, so that ' = Dy + Fpy, where all eigenvalues
of Fy have real part lying in [0,1/p). Then Dy and Fj commute and it is possible to write

U(z)z! = U(2)2P0 210 = U210,
in which det Uy(z) is not the zero series. O

If X(2) = U(2)2FeP® is a principal formal matrix solution as in Definition 5.4.3 then we have,
since F, 2!, P'(z) and P(z) all commute with each other,

i Fy _ 7}. F_ F L i P()) — p’ P(z)
dz (Z ) z & i 2z’ dz (e ) (2)e
and

(0) = X'(2) — B(2)X(2) = (U'(z) + U(z)g +U(2)P'(2) — B(z)U(z)) ZFeP()

so that 7
R(z) =U'(2) + U(z); +U(2)P'(z) — B(2)U(2)

must be the zero series in powers of z1/P. The question of existence will be treated later, but some
initial results concerning uniqueness will be developed following an example.
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5.4.1 Uniqueness of formal solutions

Example 5.4.1 Suppose that an equation ' = B(z)x has a solution

vy (5 2)

with a,b € C, P and Q polynomials in z and U(z) a matrix whose entries are analytic functions of z,
or formal series in descending integer powers of z. Then another solution is

v —va(y ) (5 20 )
- va (3 B (e %)
= vy 2) (0 0) (v )
= va (o) (v #) (o 5)
Here the powers a,b and exponential parts P and () have been interchanged.

Lemma 5.4.4 Let X andY be formal solutions of (5.13), such that'Y is a basic formal matrix solution
as in Definition 5.4.2, and X is a principal formal matrix solution as in Definition 5.4.3. Then there exists
a constant matrix C with Y = XC. Furthermore, if C is invertible, then the polynomials appearing
in the exponential terms in the columns of Y form a permutation of the diagonal entries of P: in
particular, this holds if Y is also a principal formal matrix solution Y (z) = V (2)2%e%(*) as in Definition
5.4.3.

Proof. By taking the least common multiple, it may be assumed that the integers ¢ and p occurring in
Definitions 5.4.2 and 5.4.3 are the same. Write

C(2) = X(2)"WY(2) = e PO U)WV (2) = (¢n(2)) . (5.14)

Here U(z)~! exists because det U(z) is not the zero series. Let p1(2),...,p,(2) be the diagonal entries
of P(z), and Ay, ..., A\, those of F. Then Lemma 5.4.2 and the notation of Definition 5.4.2 show that

cip(2) = e BRI 00Ny (5)) (5.15)

where v;,(2) € W, that is, v;,(2) is a polynomial in log z with coefficients which are formal series in
descending powers of z'/?. Thus C(z) has a formal derivative, and

Y =XC, (0)=Y'—BY =XC+XC' —BXC=XC, C =(0),

so that c;k(z) = 0 for each j,k. Lemma 5.3.3 shows that ¢j;(z) = c;i is a constant, and if cj, # 0
then (5.15) implies that g, — p; is constant, and so 0.
Suppose that C' is invertible, and that p* occurs s times in the list p1,...,p,, say

Pjp=-..=Dj, =D,

with the j,, pairwise distinct. Since C'is invertible, Lemma 5.1.1 shows that there exist pairwise distinct
ky, with ¢; x, # 0, forcing p;, — g, to be constant. Hence p* occurs at least s times in the list
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q1,---,qy. This implies that if the distinct polynomials which occur in the list p1,...,p, are rq,..., 7,
with frequencies s1, ..., s, then these occur with frequencies t; > s1,...,t; > s, inthelist ¢1,...,q,
and

VZZT:SkSZT:tkSVa
k=1 k=1

which forces s, = ¢, and ), _; tx = v. Thus each list is a permutation of the other.
Now suppose that Y(z) is also a principal formal matrix solution Y (z) = V(2)2%e®(*). Then the
qx(z) in Definition 5.4.2 are precisely the diagonal entries of Q(z), and C'is invertible, because

det V(2) - 2" ¢ - exp(tr Q(z)) = det Y (2) = det U(z) - 2" I - exp(tr P(2)) - det C
and det V(z) does not vanish identically. O

In the case where X = Uzfe” and Y = V2%e? are both principal formal matrix solutions, with
the same integer p, and the eigenvalues of £’ and G are normalised as in Lemma 5.4.3, it is possible to
say more. We can write

F=J+D, G=K+E,

where D and E are diagonal constant matrices, whose entries all have real part in [0,1/p), and J, K
are Jordan matrices, all of whose eigenvalues are 0; moreover, this can be done so that J, D and P
commute, as do K, E and (). As before, C'is a constant matrix, and if ¢ # 0 then Lemma 5.3.2 and
(5.15) imply that p; = g and p(\; — oy) € Z, which forces \; = \;, by virtue of the normalisation of
the eigenvalues. Hence we always have
Cikok = Njcjr  and  cjrqi(z) = pj(2)cjk,

whether or not c;;, = 0. It follows that

CE=DC, CQ=PC, E=C'DC, Q=C'PC,
which leads in turn to

CP=2P0, ce? =efC.
Furthermore, Y satisfies
Y (2) = U(2)2F A0 = U(2)27 2PeP A0 = U(2)27 C2FeR) = V(2)K 2R,

which forces

U(2)27C =V(2)K, 27C8 =H(z)=U(2)"'V(2). (5.16)

Here H(z) is given by a formal series in descending powers of z!/P, because U(z)~" € V, which follows
from the fact that det U(z) is not the zero series. But, since the eigenvalues of the Jordan matrices .J
and K are all 0, the entries of 2/Cz~¥ are all polynomials in log z. Thus H is a constant matrix and
so

J2lC K — /0 KK = (0), JH - HK = (0). (5.17)

Since H is invertible, (5.17) implies that J = HKH !, so that J and K are similar matrices, and
27 = HzK H='. This now gives, by (5.16),

H=HNXH'C7K, 1=:KXH71C%, K=K 'C, H=C.
Finally, this delivers
CG=C(K+E)=HK+CE=JH+DC=(J+D)C=FC,

and so
G=C"'FC, Q=cCc'pCc, V=UC.
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5.5 Holomorphic matrix differential equations

Lemma 5.5.1 Let a(z) be a holomorphic v x v matrix function on a domain D C C, let z(z) be a

holomorphic v x v matrix solution of
7 =a(2)x (5.18)

on D, and let B be a constant v x v matrix. Then x(z)B also solves (5.18) on D. Furthermore,
W (z) = det x(2) satisfies W/(z) = b(2)W (z) on D, where b(z) is the trace of a(z). In particular, if
20 € D and det z(z9) = 0, then detz(z) =0 for all z € D.

Proof. The first assertion is obvious. Next, by the product rule, we have
= Z det zV1(z)
j=1

where zU(2) means the matrix z(z), but with row j replaced by its derivative, which is

(xz'l (Z), R x;V (2)) = <Z a]t ':Utl Z a]t xtu )

= Z ajt(2) (e (2 s zw(2)),

this being a linear combination of the rows of x(z). Since a determinant is left unchanged by adding to
one row multiples of the other rows, we get det zll(2) = a;;(2) det z(2). O

If det z(z) # O for all z € D then x will be called a non-singular solution.

Theorem 5.5.1 (The existence-uniqueness theorem) Let a(z) be a holomorphic v x v matrix func-
tion on a simply connected domain D C C, let B be a constant v X v matrix, and let zo € C. Then
the equation (5.18) has a unique holomorphic v x v matrix solution x(z) on D with x(zy) = B.

Proof. This uses the (standard) Newton-Picard successive approximations method coupled with the
Riemann mapping theorem. The first step is to prove existence and uniqueness on a neighbourhood of
zg. The equation can be written in integral form as

x(z) = x(20) + /Z a(t)z(t) dt. (5.19)

Define
zo(2) =(0), zi1(2)=B, ..., zg1(2) =B +/ a(t)zq(t)dt (¢ >0). (5.20)

20
Using the Frobenius norm for matrices, suppose that ||a(z)|| < M < oo on D(zp,d) C D, and take p
with 0 < p < § and pM < % It will be shown that there exists a unique solution z of (5.18), analytic
on D(zo,p), with z(z9) = B. To this end write, for ¢ > 0,

M, = sup{[g41(2) — 24(2)]| : = € D(z0,p)}. (5.21)

Then My = || BJ|. But (5.20) gives

tasa(2) — Zqa(2) = / () (g () — zg(t)) dt,
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and |la(t)(zq+1(t) — z4(t))]| < MM, on D(zp, p), which implies that
1
Mys1 < pMM, < 5M,.

Thus M, < (1/2)4||B|| and the series

7
L

2(2) = Y (2j11(2) —a(2) = lim D (2j1(2) = 25(2)) = lim 24(2)
=0

q—00 4 q—00
J

<
I
o

converges absolutely and uniformly on D(z, p); moreover, the limit function x(z) is analytic there, by
Weierstrass' theorem. Since z441(2) and z4(z) both converge to z(z), we get

x(z) =B+ /Z a(t)x(t)dt, 2 =ax, x(z2)= B.

The uniqueness is established as follows. If B = (0) then, with p as above and

T = sup{||e(2)] : = € D(z0.p)).

we get T < %T and so 7' = 0. Moreover, with this same value of p, fix a solution X of (5.18) which
is holomorphic on D(zg, p) and satisfies X (z9) = I. Then the uniqueness property implies that any
solution z of (5.18) which is holomorphic on D(z, p) must satisfy x(z) = X (z)z(20).

We now extend the solutions to all of the simply connected domain D. We have seen how to define
solutions on D(zp, p), for zp € D, where p depends on the coefficient A but not on x or B = z(zp).
If D is a disc D(0, R), where 0 < R < oo, and B is given, let S be the supremum of » > 0 such that
there exists an analytic solution x on D(0,r) with 2(0) = B: then S > 0. By the identity theorem and
the fact that we can choose r arbitrarily close to S, there exists such a solution on D(0,.5), and so if
S = R we have finished. If S < R, choose S; > S and M; > 0 such that |ja(2)|| < M; for |z]| < 5.
Then there exists a small positive o such that if [o| < S we may take zyp = b and p = o in the above
construction. Choose Sy with Sy < S < Sy + ¢ and finitely many b; with |b;| = S such that the discs
D(b;,0) together cover the circle |z| = S. For each j, we can then choose a solution y; defined on
D(b;,0) with y; = z at b;, from which it follows that y; = x on all of the domain D(0,.5) N D(b;,0).
If 5 and m are such that D(bj, o) N D(by,, o) is non-empty, then D(bj, o) N D(by,, o) is connected, and
D(bj, o) N D(bp, )N D(0,S5) is non-empty. Hence y; = yy, on D(b;,0) N D(by,, o). But this allows us
to extend x to the union of the D(b;,0) and so to D(0, S’), where S’ > S. This contradiction shows
that S = R.

Thus we have proved the existence-uniqueness theorem for the whole plane and for any disc. Now if
D is any simply connected domain, not the whole plane, and 2y € D, choose an analytic one-one function
¢ such that z = ¢(w) maps the unit disc D(0, 1) onto D, with ¢(0) = zp, and let b(w) = a(¢(w))d (w).
Then there exists y(w) on D(0,1) with y(0) = B satisfying v/(w) = b(w)y(w), and = may be defined
by z(z) = z(¢(w)) = y(w), which gives

7)o/ () e = L) M) (),
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5.6 The regular singular point case

This section will mainly be concerned with the equation
zz! = A(2)x, (5.22)

where A(z) is bounded and holomorphic in a sector S given by 2| > R > 0, —00 < o < argz <
B < +o00. Here it is convenient to allow the possibility that 3 — a > 27, so that S is understood to
lie on the Riemann surface of log z, on which we no longer identify points whose arguments differ by
27, and both A(z) and x(z) are continued analytically. In any case, any ambiguity may be eliminated
here by considering y(w) = z(e") and B(w) = A(e") on the half-strip T" given by Rew > log R,
a < Imw < B; here y(w) = B(w)y(w) and any local solution extends to the whole of T' by the
existence-uniqueness theorem.

In the case where A(z) is bounded and holomorphic in the annulus R < |z| < 400, the equation
(5.22) will be said to have a regular singular point at infinity.

Lemma 5.6.1 Let A(z) be a holomorphic v x v matrix function on on an annulus 2 given by 0 < R <
|z| < co. Let x be a holomorphic solution of (5.22) on a domain D C . If det x(z9) # O for some
zo € D then there exists a non-singular constant v X v matrix C with T = xC on D, where I denotes
the solution of (5.18) obtained by analytically continuing x(z) once around a circle |z| = r > R.

Proof. Note that det(z(z9)) # 0, by Lemma 5.5.1 and analytic continuation. To prove the lemma
just choose C such that Z(z9) = x(20)C, so that z(z) = z(2)C on a neighbourhood of 2y, by the
existence-uniqueness theorem, and hence for all z € D by the identity theorem. |

Lemma 5.6.2 Suppose that x(z) and A(z) are holomorphic v X v matrix functions on a sector S given
by |z| > R >0, —oo < a < argz < 8 < 400, and that ||A(z)|| < M < oo on S. Suppose further
that x satisfies zx' = A(z)x or za' = xA(z) on S and let zy € S: then

M
c —
Hz:(z)|§||:n(z0)||H ()M
20

for z € S,|z| > |zo].

Proof. This is a straightforward application of a method going back to T.H. Gronwall. As already noted,
the change of variables w = logz maps S onto the horizontal half-strip T' given by Rew > log R,
a <Imw < f. Setting X (w) = z(z) then gives

X7 < M| X]|

on T. Fix wg € T', and parametrize with respect to arc length s a straight line L starting from wq. This
gives, for w =w(s) e TNL,

w(s)
[ X (w(s) || < [[ X (wo)ll +/ M| X (w)]| |dw| < H(s),
where s
H(s) = HX(wo)||+/0 M| X (w(t))]| dt.
Then

H'(s) = M| X(w(s))|| < MH(s), H(s) < H(0)e™",
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which yields, if z € S with |z| > |z9|, and wy = log zp and w = log z,
IX(w)l < 11X (wo) [l

[1X (wo) || exp(M|log z/z0)
[1X (wo) || exp(M log |2/ 20| + (8 — ) M).

IN

d

Lemma 5.6.3 Suppose that 2:(z) and A(z) are holomorphic v x v matrix functions on a sector S given
by |z| >R >0, —00 < a < argz < 8 < 400, and that ||A(z)|| < M < oo on S. Suppose further

that x(z) is non-singular for all z € S and satisfies (5.22) on S. Then u = z~! satisfies
LM
e < o) | | et
20
for z,zo € S with |z| > |2|.
Proof. This follows from Lemma 5.6.2 since
I, =uz, (0)=zu'z+z2uz’ = z2u'z +uldz, 20 =—uA.

d

Lemma 5.6.4 Suppose that x(z) and A(z) are holomorphic v X v matrix functions on a sector S given
by |z| > R >0, —o0o < a < argz < 8 < 400, and that ||A(z)|| < M < oo on S. Suppose further
that x(z) satisfies (5.22) on S. If there exists N > M such that ||z(z)|| = o(|z| ™) as 2 — oo in S
then z(z) = 0.

Proof. It may be assumed that « = —f < 0, and it suffices to show that z(z) vanishes for large z on
the positive real axis. For large positive ¢t write

vy = [ TASE) by = 2 (0),

S

Since () and y(t) both tend to 0 as t — 0o, we have x(t) = y(t). Because x(t)t" — 0, there must
exist large positive ¢ with ||z(s)s™|| < [|z(t)t"V]| for t < s < +00. This implies that

oo N
lz@ = lly@®l < [ Mllz(@)]] ]tviﬂ ds = 2 [la()]l
' s N

which forces z(s) = x(t) = 0 for t < s < 0. O

Lemma 5.6.5 Suppose that x(z), A(z) and B(z) are holomorphic v x v matrix functions on a sector
S given by |z| > R > 0, —00 < a < argz < § < 400, and that ||A(z)| < M < oo on S. Suppose
further that x(z) is non-singular for all z € S and satisfies (5.22) on S, and that C(z) = B(z) — A(z) =
O(]z|™) as z = oo in S, where N > 2M. Then the equation zy' = B(z)y has a solution 3 on S
which satisfies

y(z) = 2(2) (L + O(|PY™N)) = (I, + O(|=[*~))a(2)

asz—ooinS.
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Proof. We first determine a solution u(z) = I, + O(|z|* =) on S of

' =Du, D=zl271Cxz. (5.23)
Here D is a holomorphic v x v matrix function, and there exists ¢ > 0 with ||D(z)|| < ¢|z|*M V-1 as
z — oo in S, by Lemmas 5.6.2 and 5.6.3. A suitable solution w will be generated in the standard way
via

u1(2) = (0), wuo(z) =TIy, tpsr(2)=1I, — / " D(un(t) dt, (5.24)

in which the integration is eventually along arg z = (av+ 3)/2. Let T be large and positive. We assert
that |Jup(2) — up—1(2)|| <27 and u,(z) is bounded for n >0, z € S, |z| > T. This is evidently true
for n = 0, and assuming it true for 0 < k < n implies that u,4+1(2) is well defined by (5.24), since
N > 2M, and that, for z € S, |2| > T,

[ DOm0 - wma) dtH .

o0
ltns(2) = wun(2)]| = [ \dt|‘ <o,
z

Hence the series Y > | (un(2) — un—1(2)) converges uniformly for z € S, |z| > T, which makes it
possible to write

u(z) = up(2) + Z(un(z) —Up—1(2)) = lim uy(2) =1, — /OO D(t)u(t) dt.
n=1 z

n—oo

Here u is holomorphic and bounded for z € S, |z| > T, and satisfies v' = Du and ||u(z) — I, || =
O(|2|*M=N) as required. Now write, using (5.23),

y=azu, By= Bru=(A+C)zu=z20"u+ Cru = 20"u+ zau’ = 2y
Then y satisfies
y(2) = 2(2)u(z) = 2(2) (L, + O(|zPM ™M) = 2(2)(L, + 6(2)) = (I, +e(2))z(2),

where, in view of Lemmas 5.6.2 and 5.6.3,

Theorem 5.6.1 Let A(z) be a bounded holomorphic v x v matrix function on an annulus ) given by
0< R < |z| < o0, and let D C Q2 be a simply connected domain. Take a non-singular solution x(z) of
(5.22) on D, and let T be the solution of (5.22) on D obtained by continuing x once counter-clockwise
around the origin. Then there exists a constant matrix B such that

on D, where G is any constant matrix with exp(2miG) = B, while W (z) is a non-singular holomorphic
matrix function on §) and each entry of W (z) has at most a pole at infinity. Moreover, the solution
x(2) = W(2)29 continues analytically to any sector given by |z| > R, —0o < a < arg z < f§ < +00.
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Equations (5.22) with A(z) holomorphic and bounded on an annulus R < |z| < oo will be said to have
a regular singular point at infinity.

Proof. By Lemmas 5.2.4 and 5.6.1 there exist constant matrices B and C' with B non-singular such
that

T(z) = 2(2)B, exp(2miC) = B~

Since z(z) may be continued analytically throughout © we may write

Wi(z) = x(z)zc, W(z) = z(2) exp(Qﬂ'iC)zC = EU’(Z)B*lZC = x(z)zc =W(z2).

Thus W is a holomorphic non-singular matrix function on 2, and applying Lemma 5.6.2 to z(z) in
|arg z| < 7 and 0 < arg z < 27 shows that there exist positive M, My such that

1W< ()l - |21 < 122 on Q.

Hence each entry of W (z) has at most a pole at infinity. Now set G = —C. O

5.7 Asymptotic series

Let p € N and consider a formal series a(z) in descending powers of 21/P given by

a(z) = Z amz™'P,

with a,, € C and a,, = 0 for all sufficiently large m > 0. If a branch of z!/? is chosen on a sector S
given by [z] > R > 0, —00 < a < argz < f < 400, and if b(z) is holomorphic on S, then a(z) is
called an asymptotic series for b(z) on S if the following is true: for each n € N we have

b~ S @ = ol )

meZ,m>—n

as z — oo in S. This will be written b(z) ~ a(z) on S, and an equivalent condition is, for each n € N,

b) = Do amP=O( 7).

meZ,m>—n

As before, it is convenient to allow the possibility that 8 — o > 27, which is facilitated by mapping to
a half-strip via w = log z.

Lemma 5.7.1 Suppose that b(z) and d(z) are holomorphic on the sector S given by |z| > R > 0,
—00 < a < argz < f8 < 400, each having an asymptotic series in descending powers of z'/P. Then
so have b(z) 4+ d(z) and b(z)d(z). If the asymptotic series for b(z) is not the zero series, then 1/b(z)
also has an asymptotic series on S. Finally, if e > 0 then V/(z) has an asymptotic series on the sector
a+e < argz < 8 — e, obtained by differentiating that of b term by term.
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Proof. To obtain an asymptotic series for 1/b assume without loss of generality that p = 1 and
b(z) =1 — f(2), where f(2) ~ > oamz™. This gives, for N € N,

N
1
[ — O 1-N
i = DGO
n=0
N n
= > amz™ + 027N |+ 0(]2 7
n=0 —N<m<0
N n
- X +0(|z77)
n=0 7N<m<0
N
= > dpz "+ 0(2 7Y,
n=0
in which dy, . .., dy are the coefficients in the formal reciprocal of 1 —Zm<0 amz"™ and are independent
of those a,, with m > IN. The proof of the other assertions is routine. O

Lemma 5.7.2 Suppose that a(z) is holomorphic on the sector S given by |z| > R > 0, —oco <
a < argz < B < +oo, and has an asymptotic series a(z) ~ b(z) = Y -7, b,z~™ there. Then
c(z) = exp(a(z)) has asymptotic series c(z) ~ d(z) = > .72 dnz~", where dy = 1 and d(z) is the
formal exponential of b(z). Furthermore, ¢(z) has asymptotic series b/ (z)d(z).

Proof. Let N € N. As z — oo in S, we have

N 1 N n
o(z) = Zn!<z bmz_m+0(|z|_1_N)> +O(|z|7 )

n=0 m=1
N 1 N n
= Z%)n! (Z bmzm> +O(|z|7N)

= Zdz +O(|z|717N),

in which dp, ..., dy are the coefficients in the formal exponential of b(z) and are independent of those
by, with m > N.
a

Theorem 5.7.1 Given a formal series a(z) = Y .z amz™? in descending powers of z'/P, and any
choice of the branch of z'/P on a sector S given by |z| > R > 0, —0co < a < argz < 8 < +00, there
exists a holomorphic function f(z) on S with f(z) ~ a(z) on S.

Proof. It may be assumed that that p = 1, since if p > 1 then w = z1/P maps S onto a sector. It may
also be assumed that « = = < 0 and R > 2, and that a,, = 0 for all m > 0, as this involves only
subtracting a polynomial from a(z).

Since the function (1 — e*)/z is entire, and bounded in the left halfplane, there exists C' > 0 such
that if Rez < 0 then |1 — e*| < C|z|. Choose a small positive d, in particular with d < /4, and for

m < 0 set

~d

bn(2) =1 —exp(—cm(2)), em(z) = m,
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so that |arg z| < 3 gives |arg c,,(2)| < 7/4 and |ambm(2)| < C|z|%. Therefore

D ambm(2)2" < C > |2 <Y R < 00

m<0 m<0 m<0

on S, and so the series
f(z) = Z Wb (2)2™
m<0
converges absolutely and uniformly, and is holomorphic, there. Let n € N and write

f(z)— Z amz" = Z b (2)2"™ — Z amz™ + Z ambm (2)2™,

—n<m<0 —n<m<0 —n<m<0 m<—n

in which, as z — oo in S,

Y lambn(2)2"| < Y Cla|™™ = Ol Y 7 o™ < Clz|T" T Y R = o]z,

m<—n m<—n m<0 m<0

while

Z am 2™ — Z b (2)2"™ = Z amz" exp (—em(2))

—n<m<0 —n<m<0 —n<m<0

tends to 0 faster than any power of |z|.

5.7.1 Asymptotic series and the inverse matrix

In general, a non-singular holomorphic function A(z) can have an asymptotic series in descending
powers of z without its algebraic inverse necessarily having one: for example e™* ~ 0 on the sector
|arg z| < m/4, but e* has there no asymptotic series in descending powers of 2.

However, suppose that we have a formal v x v matrix series A(z) = " ., Ap2", such that A, =0
for all sufficiently large n > 0 and d(z) = det A(z) is not the zero series. Then a formal inverse
B(z) = > ,cz Bnz" is given by the standard formula for the inverse matrix as the adjugate matrix
divided by the determinant d(z).

Suppose next that A(z) is a holomorphic matrix function on a sector S, with

A(z) ~ A(z) =) Apa"

neL

as z — oo in S, the series again having A, = 0 for all sufficiently large n > 0, and suppose that

d(z) = det A(2) is not the zero series. Then A(z) has a formal inverse B(z) = > nez Bnz". Moreover,

d(z) = det A(z) ~ d(z), and so A(z) is a non-singular matrix for each large z € S. Hence an inverse
matrix function B(z) of A(z) is defined by the adjugate-determinant quotient formula, and taking

asymptotic series in this formula shows that B(z) ~ B(z).

5.7.2 Asymptotic series and the equation (5.22)

Lemma 5.7.3 Given a formal series ) >, Az~ ™, where each Ay, is a constant v x v matrix, there
exist M > 0, a non-negative integer (), an increasing real sequence (R,,) and a constant matrix G with
the following properties. First,

Dn(2) = Apz ™ satisfies |Dp(2)|| <M for |z| > Ry. (5.25)
m=0
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Next, let —o00 < a < 8 < +oo. If N is sufficiently large then for all n > N the equation

za' = Dy (2)z (5.26)

has a holomorphic solution x,(z) = W,(2)z% on the sector S* on the Riemann surface of log z

given by |z| > Ry, a < argz < 3, such that W,, is a non-singular holomorphic matrix function on
Ry < |z| < o0, each entry of W,, having at most a pole of order Q) at infinity. Moreover, there exist
P >0 and a formal series y > Cy,z~™, independent of n, such that the W, satisfy

||Wn(z) — 29 Z Crnz ™| < |2 as 2z — oo. (5.27)
m=0

Proof. Let Ry = 1; once R,_; has been chosen, choose R,, > R,_; such that ||A,z7"| < 27" for
|z| > Ry,. Thus (5.25) holds with M = || Ag|| + 1.

Now let N be a large positive integer and assume without loss of generality that 8 — a > 4m. It
will be shown that there exist, for each n > N, a constant matrix G,, and a non-singular solution
T,(2) = Wy (2)2% of (5.26) on S*, where W, is a non-singular holomorphic matrix function on
Ry < |z| < oo and each entry of W, has at most a pole at infinity. Moreover, provided N is large
enough, this will be accomplished so that each matrix G,, satisfies G,, = Gy = G.

For n = N the existence of such a solution WN(z)zGN, with Gy a constant matrix and Wy
holomorphic on Ry < |z| < 400, follows from Theorem 5.6.1. The solutions z;,, for n > N are now
determined inductively as follows. If n > N and 2,(z) = W,,(2)2%" has been determined, combining
(5.25) with Lemmas 5.6.2 and 5.6.5 shows that there exists a solution x4 of

22’ = Dpy1(2)x, (5.28)
holomorphic on the sector |z| > Ry, o < arg z < 3, such that
Tn41(2) = Ta(2) (L + O(|2PM7) = 2a(2) + O(|2PM77) = O(I2|") (5.29)

as z — oo there. Starting near the ray argz = o+ 7/4 and continuing (5.28) once counter-clockwise
around the origin then gives a continued solution

Tn41(2) = Tn(2) (L + O(|2PM7") = 20 (2)(Ba + O(|2PY7)), By = exp(2miGh).
Hence (5.29) yields, as z — oo near arg z = a + 7/4,
Zn+1(2) = Tnp1(2) (L + O(12PY7)) (Br + O(|2PM)) = 2n41(2) Br + n(2),

in which ¢,,(2) = O(|z]>~") satisfies (5.28) and so vanishes identically by Lemma 5.6.4, since N is
large. Applying Theorem 5.6.1 then makes it possible to write 2, 11(2) = W, 11(2)2%", where W,, | is
a non-singular holomorphic matrix function on Ry < |z| < oo, and each entry of W, has at most a pole
at infinity, this holding initially near arg z = o + 7/4, but extending to o < arg z < 8 by continuation
of z&». This completes the induction, and shows that G,, = Gy = G for all n > N.

Now (5.25) and Lemma 5.6.2 yield @ € N such that

Wy(z) = 29 Z Crnz™™
m=0

as z — 00, in which each C,, , is a constant matrix (here ) depends only on M and G). Moreover,
(5.29) delivers Py > 0, independent of n, such that

(Crmn+1 — Cmpn)2™ " = Z_Q(WnJrl(Z) — Wa(2)) = Z_Q(wil(z) - xn(z))z_G = O(‘Z|P1_n)

m=0
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as z — oo. This implies that Cyy, 41 = Cry i = Cpy, for m < n — Py, which proves (5.27). O

Theorem 5.7.2 For each integer m > 0 let A,, be a constant matrix. Then the formal differential

equation
o0
zx' = (Z Amz_m> x (5.30)
m=0

has a formal solution S(z) = T(2)z% = S°2°_ Cpoz=™2%, where G and C,,,, m > 0, are constant

matrices, and the determinant of T'(z) =Y -~ Craz~™ is not the zero series.
Moreover, if A(z) is a holomorphic v x v matrix function on a sector S(R, «, 3) given by |z| > R > 0,

—o0 < a<argz < 3 < +400, such that A(z) has on S(R, «, 3) the asymptotic series
A(z) ~ Z Apz™™,
m=0
then (5.22) has a holomorphic solution x(z) = Y (2)2% on S(R,«, 3), where Y (z) has the asymptotic
series Y (z) ~ > 00 Cz™ ™ there.

This theorem is the key result of this section. It may be applied, in particular, when A(z) is holomorphic
and bounded on an annulus R < |z| < 400, in which case its asymptotic series is a convergent Laurent
series, and the theorem gives the existence of holomorphic solutions, on any sector S(R, «, 3), of the
equation (5.22), which has a regular singular point at infinity.

Proof. Let D,,, G, x,, W, and the sector 5* be as in Lemma 5.7.3. By incorporating a term 2Mv into
2%, where \ € Z, it may be assumed further that Cy # (0) and Q = 0 in (5.27), so that W,,(c0) = Cj
is a finite matrix. The fact that 2, (2) = W,,(2)2" solves (5.26) gives P € N such that, for all large n,

(0) = 2W\(2) + Wpn(2)G — Dy(2)Wy(2)

= z Z mCz ™1 4 Z CnGz7™ — (Z Amz_m> <Z sz_m> + O(ZP_")
m=0 m=0 m=0

m=0
= 2 i mCpz" ™1 4+ i CrnGz™™ — (i Amzm> (i szm> + O(zP’"),
m=0 m=0 m=0 m=0

where O(zF~") means a formal series involving no powers of z higher than P —n. Since n is arbitrary,
this gives the formal solution S(z) = T'(2)2% of (5.30).

To establish the non-vanishing of of det T'(z), observe first that, by Lemmas 5.2.5 and 5.5.1, (5.26)
and the fact that W, (2) is non-singular, there exists ¢, # 0 such that, as z — oo in S*,

det Wy (2) = 2 "%deta,(z) =2""%exp </ u” L (tr Dy (u)) du>

z n
= 2" (A0=C) exp </ Z tr Amu_m_1> ~ Cp 2t (A0=G)
m=1

Provided n is so large that n — P > |tr(Ao — G)|, formula (5.27) now yields, for large n, as z — oc.

det <Z C’mz_m> = det W,,(2) + O(|2|7™™) ~ ¢, 2" A=),
m=0
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The left-hand side of this equation is a rational function and the leading term of its Laurent series, valid
near infinity, is independent of n for large n, from which it follows that so is ¢,,. This implies that for
large n, in the sense of formal series,

detT(z) = det (i szm> Lo

m=0

_ antr(Ao—G) +0 (Z—1+tr(Ao—G)) + O(Z—n—l) £0.

Now suppose that A(z) and the sector S(R, «, ) are as in the hypotheses. By Lemma 5.6.5 there
exist M7 > 1 and, for each large n, a solution

Yn(2) = (L, + 021" ")zn(2) = (I + Oz )W (2)29 = Y(2) 2 (5.31)
of (5.22) on S(R,«,3). Then (5.27) shows that there exists M > 1 with, for each large n,

Yorr(2) = Ya(z) = (G + O " )Woa(2) = (L + O =)W (2)
= (L + O(= ) (W) + O(=1" ™) = (1 + O(J= =) Wi (2)
= 0"

as z — oo on S(R,a, 3). It follows from Lemma 5.6.4 that y,11 =y, =y and Y41 =Y, =Y on
S(R,a, 3), for all large n. Now (5.27), (5.31) and the formula W,,(c0) = Cj together show that there
exists M3, My > 1 with, for each large n,

Y (2) = Wa(2) + O(|z[Msm) = Z%ﬂm (Jz[Ma=m).

It follows that Y °_ Cy,z~" is an asymptotic series for Y on S(R, a, 3). O

In Theorem 5.7.2 it may be assumed further that G is in Jordan form, so that S(z) becomes a
principal formal matrix solution as in Definition 5.4.3. This may be seen by choosing an invertible
constant matrix H such that J = H~'GH is in Jordan form, and right-multiplying S(2) and z(z) by
H, using the fact that

S(z)H=T(2)2°H =T(:)HH ':°H =T(2)Hz', z(z)H =Y (2)Hz’.

Example

In Theorem 5.7.2 it cannot in general be asserted that det Cy # 0. Write

(11 (1 =1\ g (1 =1\ [z =zlogz\ [z =zlogz—=z
w=o) o= )= 26T 6 TR,

so that
iy [z zlogz\ (1 1/z\ (z zlogz—=z\ (1 1/z
= (Z)_<0 222 )‘(0 2 J\o 22 =lo 2 )%

Here 2(z) = T(z)zH with
=z (8 2) + (é _01> , detT(2) =2 T(z) ' = <(1] %z) .

re=(, )
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Suppose that z(z) = U(2)z! with U(z) = Uy + Uz~ ! + ... and det Uy # 0, where F and the U,,
are all constant matrices. Then there exist constant matrices M and G, with M non-singular and G in
Jordan form, such that

FM = MG, z(z2)M =U(2)zFM =U(z)Mz% =V (2)2Y,
where V(2) = U(2)M = Vo + Viz=t + ... and det V # 0. This gives
23 det M = det(x(2)M) = 29 det V(2) = 29(det Vy + o(1)),

where g is the trace of GG, which must therefore be 3. Hence the sum of the eigenvalues of G must be

3. Now 3/2 cannot be the unique eigenvalue of G, since otherwise x(z)M = V(z)z% would involve

fractional powers of z, and so the eigenvalues of G are distinct. But then V'(2)z% cannot involve

logarithms, and nor can z(z)M, so Ma; = Mas = 0, contradicting the fact that M is non-singular.
The same z(z) can be written, in accordance with Lemma 5.4.3, in the form

z zlogz—2z\ (z —=z\ (1 logz\ [z -z LK K_Ol
0 22 “\o 22)\0 1 ) \0 22 ’ ~\0 0/’

in which K has 0 as its only eigenvalue, and so is not similar to H.

5.8 Scalar equations and asymptotic series

Theorem 5.8.1 Given an integer p and a formal series A(z) = > P A,,2™, with each A, € C,

there exist a polynomial P and a complex number ) such that the equation

¥ =A(z)x = ( i Amzm> x (5.32)

m=—oo
has a formal solution X (z) = 2P U (z), where U(2) = 320°_ umz™™ with u,, € C and ug = 1.

Moreover, if B(z) is a holomorphic function on a sector S given by |z| > R > 0, —0 < a <
argz < 8 < 400, and B(z) has on S the asymptotic series B(z) ~ A(z) =Y P ___ Anz™, then the
equation

¥’ = B(2)z (5.33)

has a holomorphic solution z(z) = 29eP?)Y (2) on S, where Y (z) has asymptotic series Y (z) ~ U(z)
onS.

Proof. On S write

P A, zmtt /
PE=Y A @=L, 0 =BE) - L-PE)~ Y An

m=0 m<—2

and
Amzm+1

Y (2) = exp(D(z)), D(z):—/OOC(t)dth(z): > .

m<—2
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Lemma 5.7.2 shows that Y (z) = exp(D(z)) has an asymptotic series Y (z) ~ U(z) = D> oy umz""™
on S, where u,, € C, up =1, and U(z) is the formal exponential of E(z). Thus Y (z) satisfies

0 = Y'(2)=D'(2)Y(2) =Y'(2) — C(2)Y(2)

= Y'(z) - <B(z) — % — P’(z)) Y (2)
= Y'(2)+ % Y (2) + P'(2)Y(2) — B(2)Y (2)
~ U'(z) + % U(z) + P'(2)U(z) — A(2)U(2).

Thus z(z) = 29eP?)Y (2) solves (5.33) and X (z) = 2¥eP*)U(z) is a formal solution of (5.32). O

The aim of the subsequent sections will be to prove a counterpart of Theorem 5.8.1 for the case
of matrix linear differential equations (5.18). For the special case of (5.22), with A(z) a bounded
holomorphic matrix function in a sector, such a result is already provided by Theorem 5.7.2.

5.9 Reducing the dimension via eigenvalues

We start this section with the v x v equation

AP = A(2)z,  Az) ~ Z Apz™™, (5.34)
m=0

2P = A2z, Az) = Z Apz™™. (5.35)
m=0

Here p € Z and A(z) is a v x v holomorphic matrix function, the asymptotic series in (5.34) being valid
as z —» oo in a sector S given by 2| > R >0, —o00 < a < argz < 8 < +00. Then the cases where
p < 0orall A,, are the zero matrix are covered by Theorem 5.7.2. Assume for the rest of this section
that p > 1 and Ag # (0): the equation is then said to have rank p.

Following Wasow [72, pp.52-55], assume for now that v > 2 and that Ay = lim,_,+ .c5 A(2) has

the block form "
A 0
A = ( 0 )7 5.36
0 0 A(2)2 ( )

in which A}! and A2? are square matrices of dimensions ;. and v — u respectively, with no common
eigenvalue. We seek a formal transformation

o
= P(2)y, P(z)= Z Pz, (5.37)
m=0
which turns the formal equation (5.35) into
_ _ _ _ _ o)
27y = B(2)y, B(z) =P(2) 'A(z)P(z) — 2" PP(2) 'P'(z) = ) _ Bmz ™", (5.38)
m=0

with each B,, a block diagonal matrix having the same block configuration as Aj.
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The second equation of (5.38) can be written

217PP'(2) = A(2)P(z) — P(2)B(z). (5.39)
Writing
A(z) =Y Apz™™,  Apy =0 form <0, (5.40)
MEZ

with a similar convention for B, P and P’, gives the recurrence relation

—(m=p)Pnp=> (Am—sPs=P:Bn )= > (Am_sPs— PBn ), (5.41)

SEZ 0<s<m

in which the sums on the right reduce because of (5.40). Since p > 1, the equation (5.41) is vacuous
for m < 0, and for m = 0 it gives

A()Po - PQB[) = pP_p = (0) (5.42)
For m > 0 we write (5.41) as
m—1
AoPp = PuBy =Y (PiBp—s — Ap_sPs) — (m = p) Py (5.43)
s=0

The choice Py = I = I, then gives, for m > 0, by (5.42), (5.43) and the fact that p > 1,
Py=1, By=Ay, AP, — P,Ay= B, + H,, (5.44)

where H,,, depends only on Ay, ..., A, (which are known) and those P; and B; with 0 < j < m.
We assert that these equations can be solved in such a way that, for each m > 1,

B 0 0 P2
Bm = ( 0 _822) ’ Pm = (PQI 0 > ’ (545)

where B, and P, are block matrices in the same configuration as (5.36) (the first of these is clearly
true for m = 0, but the second is not). For m > 0 write H,, in the block configuration of (5.36) as

Hm Hm

Then we require, for m > 0,

By + Hy, = (0),
Alpl2_plagn gl
m m m
ARp2_ priglt g2
m m m
B2 1 g2 = (0). (5.46)
The first and last equations of (5.46) are automatically satisfied by setting Bl = —H!l and B%2 =

—H?22. Because A} and A2* have no common eigenvalue, Lemma 5.2.9 shows that the second and
third equations are also solvable (and uniquely). This proves the following theorem.
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Theorem 5.9.1 Suppose that Ay has the block form (5.36), where A}l and A%? are square matrices
of dimensions p and v — p respectively, and with no common eigenvalue. Then there exists a formal
transformation x = P(z)y = >.>°_, Pz~ ™y with

m=0

0 P12
Py=1,, Pm:(P21 6n> (m21),
m

which transforms (5.35) to

0 11
Zlipy/ = Z Bmzimyv B, = (B(;n BO22) ) (5'47)
m=0

where By = Ao and B}l is u x u, while B2? is (v — p) x (v — p).
|

The next issue is to resolve whether the same reduction is possible for holomorphic solutions of
(5.34). To this end assume again that A(z) has the asymptotic series in (5.34), in which Ay has the
block form (5.36), and write

P(z)=1,+ P(2), B(z)= Ao+ B(z), (5.48)
as well as
B = By+Be (Aélgﬁn Ang(:E??)’ By = Ao,
p = ner= (7).
A= (hn d»). aP-0. -0 (5.49)

with 1 and I?? identity matrices of appropriate dimension, and all of these matrices in the same block
configuration as Ag. Then, by (5.38) and (5.39), the transformation z = P(z)y turns (5.34) into
21=Py" = B(z2)y if and only if P and B satisfy

,\ /
0 (P12>
A= — AP - PB
<P21> 0
ALl 12 It ]312
= (A21 A22> p2t 22

i 1312 A[1)1+§11 0
- ]321 122 0 A32+§Q2 :

(0) - Al +A12ﬁ21 o (A(l)l +§11)’
L= (]312)/ — AUPIZ 4 g1z pl2(g22 y B22)

Expanding this out gives

L1-p (1321)' _ A2 4 AP Pl ALl 4 BY),
(0) = A?'P24 A% (A + B®). (5.50)
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We eliminate B! and B?2 using the first and last equations of (5.50). The second and third equations
then become

L1-p (1312)’ _ AUPI2 4 12 PI2(g2 P12 422)
L= (1321)/ — ALy AP PA(ALL L gl2p2ly (5.51)

Now the equations (5.48), (5.49) and (5.50) are satisfied when A, P and B are replaced by the
formal series occurring in Theorem 5.9.1. Thus the equations (5.51) have a formal solution arising
from the series >~ Pz~ in Theorem 5.9.1. Suppose that the equations (5.51) have holomorphic
solutions P'2 and P! on a sector S* C S for which

D12 o
P(z) = I, + <ﬁ2?(z) P O(Z)> ~ 3 P (5.52)
m=0

Then defining B! and B2 using the first and fourth equations of (5.50) means that all four equations
of (5.50) are satisfied and, with B and P defined by (5.48) and (5.49), the holomorphic change of
variables x = P(z)y transforms (5.34) into 2! 77y’ = B(z)y, where B is a holomorphic block diagonal

matrix on S* given by
B (z 0
5= (") i)

Here (5.52) makes P(z) invertible for large z, because P, is the identity. Moreover, B has an asymptotic
series determined by the first and last equations of (5.50), and so the series > > | By, 2z~ in Theorem
5.9.1 is an asymptotic series for B on S*. Thus the key step is now to find holomorphic solutions p2
and P2! of (5.51) on a sector S* C S which satisfy (5.52).

Consider the first equation of (5.51), and write it in the form

L= (]312)' — A2 AUIPI2 _ pl2y22  pl2 42112, (5.53)
Now write the entries of P'2 as a column vector Y. Then (5.53) may be expressed as
ATPY = F(2,Y) = Fy(2) + Fi(2)Y + Fa(z,Y),

where the following conditions are satisfied: Fiy(z) and F»(z,Y") are column vectors; Fy(z) is holomorphic
in z on S, and independent of Y'; the entries of F5(z,Y’) are quadratic forms in the entries of Y, with
coefficients which are holomorphic functions of z on \S; the square matrix function Fi(z) is holomorphic
on S. Moreover, all the functions of z which appear as entries or coefficients in Fy(z), Fi(z) and
F5(z,Y) have asymptotic series in S, and finite limits as z — oo in .S, because this is true of the entries
of A(z).
Now suppose that
Fi(co) = lim  Fi(2)
z—00,2€8
is not invertible. Then there exists a non-zero constant vector Yj such that lim,_, o, F3(2)Y) is the zero
vector, and so there exists a non-zero constant matrix My such that
lim (A My — MA??) = AN My — My A2
is the zero matrix. This is impossible by Lemma 5.2.9, since A}! and A2? have no common eigenvalue,
and so Fj(o0) is invertible.
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To interpret the condition det F'j(c0) # 0, write Fi(2) = (g;k(2)) and Y as the column vector
(Yi,....Y)T, with F(z,Y) = (F',...,F")T. The jth entry of F}(2)Y is then Y ;_; gjx(2)Ys, and
since Fy(z,Y) contains only quadratic terms in the Y},, we get

FJ d
ng = 6aYk <; gjk(z)Yk> = gjk(z) + terms involving the Y},

It follows that

. OFJ . ,
lim — = F1(o0) s invertible.
z—00,2€8 \ OY% Y=0

Furthermore, all these properties established for the first equation of (5.51) are shared by the second.
Thus the existence of holomorphic matrix functions P2 and P2! which solve (5.51) and satisfy (5.52) on
a sector S* C S is a consequence of the following theorem, which will be proved in the next subsection.

Theorem 5.9.2 Let p € N and suppose that in the differential equation
A7PY = f(2,Y), (5.54)

where Y and f(z,Y) are N-dimensional column vectors, the function f(z,Y") has the following prop-
erties on the sector S given by |z| > R, |arg z| < a, where a < w/2p.

() IfY = (V1,....,YN)T and f(2,Y) = (f1,...,f~)T, then each f; is a polynomial in Y1,...,Yn,
with coefficients a(z) which are holomorphic and bounded and each have an asymptotic series a(z) ~

o _amz ™ on S.
OFf.
lim i
2—00,2€8 8Yk Y=0
is invertible.

(ii) The matrix
(iii) If the coefficients a(z) of f(z,Y’) are replaced by their asymptotic series, then the equation (5.54)
has a formal series solution

X(z) = Z Tmz ™, (5.55)
m=1

where each x,, Is a constant N-dimensional column vector.
Then in every sector S’ given by |arg z| < o' = a — € < «, the equation (5.54) has a holomorphic
vector solution Y = Y (z) satisfying

Y(z) ~ X(2) = Z Tmz " asz— o0 in S (5.56)
m=1

The extension of Theorem 5.9.1 to encompass holomorphic solutions is then the following.

Theorem 5.9.3 Let p € N and let Ay, A1, ... be v X v constant matrices, and assume that there exists
€ {1,...,v} such that the eigenvalues of Ay can be written as Ay, ..., A, in such a way that \; # Ay,
for j < p and k > pi. Then there exists a formal transformation x = °_ Pz~ "™y which transforms
(5.35) to (5.47), where Py is non-singular, while By is similar to Ag, and BLl is yu x p and B is
(v —p) x (v —p).

Furthermore, suppose that the v x v matrix function A(z) is holomorphic, with asymptotic series
A(z) ~ >0 Amz™™, in a sector S given by |z| > R >0, a < argz < f3, where  —a < w/p. Then
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in every sector S’ given by a < o/ < argz < 3’ < 3, there exists a holomorphic matrix function P(z)
such that writing x = P(z)y transforms the equation (5.34) to

11
oy = 56 - (TP ) (5.57)

where B is i x p and B?? is (v — p) x (v — ). Moreover, P and B have asymptotic series
o0 o
P(z)~ > Pnz™, B(z)~> Bpnz ™ (5.58)
m=0 m=0

in S'. Finally, the w; solve z'~Pw), = Bjj(2)w; in S', for j = 1,2 if and only if P(z)(w1 ® wy) solves
217Pa" = A(2)z in S', and the same correspondence holds for formal solutions.

Proof. If Ay already has the block diagonal form (5.36), in which A}! and A3% have no eigenvalues in
common, then the result follows from Theorems 5.9.1 and 5.9.2 and the discussion in between. In the
general case, Ay is similar to a Jordan matrix Cy and, by Lemma 5.1.3, the Jordan blocks of Cjy can be
permuted by a similarity transformation. Hence there exists a v x v constant matrix C such that

N J 0
01A002J02<8 J§2>,

in which J&l and Jg2 have no eigenvalues in common, and we may write

r=Cy, 2Py =01 =C AR Cy = J(2)y, J(2)~ Jo+ Z c14,,Cczm.

m=1

Now applying the previous case, with A replaced by J, proves the theorem.
O

Remark. Suppose that the eigenvalues of Ay are pairwise distinct. Since By is similar to Ag, Theorem
5.9.3 may be used repeatedly, to split the system (5.35) into v scalar equations, to each of which
Theorem 5.8.1 may be applied, giving formal solutions and, in a suitable sector, holomorphic solutions
with the formal solutions providing asymptotic series.

5.9.1 Proof of Theorem 5.9.2

Assume the hypotheses of Theorem 5.9.2 and write

b(z) = f(2,0), B(z)= <§£>Y—0, f(z,Y)=0b(z)+ B(2)Y + g(z,Y). (5.59)

Here b(z) and g(z,Y") are column vectors and B(z) is the Jacobian matrix of the f; with respect to
the variables Yy, evaluated at Y = 0. Thus b(z) is the part of f(z,Y) which is independent of the
Yy, while B(2)Y arises from the terms in f(z,Y) which have total degree 1 in Y1,...,Yn, and g(z,Y)
involves only terms of total degree at least 2.
By assumption (i), B(z) has an asymptotic series B(z) ~ B(z) = Yoo Bmz"™ on S, and
assumption (ii) says that
By= lim B(z)= B(c)

z—00,2E€S8
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is invertible, and so has only non-zero eigenvalues. The equation (5.54) becomes
A7PY = b(2) + B(2)Y +g(z,Y), (5.60)

and it may be assumed that By is in Jordan form. If this is not the case then there exists a constant
invertible matrix M such that M ByM ~! is in Jordan form and writing W = MY transforms (5.60) to

Z7PW = Mb(2) + MB(2)Y 4+ Mg(2,Y) = Mb(z) + MB(2)M~*W + Mg(z, M~1W).
Hence we may write
Bo=A=D+H, D=diag{\,...,\ny}, H=H @®...® H,, (5.61)

in which the \; are the eigenvalues of By, none of which are 0, and the H; are upper triangular shifting
matrices of appropriate dimensions. In particular, D commutes with H, because By is in Jordan form.

Take o with o/ — o small and positive and apply Theorem 5.7.1 to generate a holomorphic matrix
function ¢(z) on the sector S” given by |arg z| < o’ with asymptotic series

$(z) ~ X(2) =Y wmz ™ (5.62)
m=1
as z — oo on S”. The fact that S” is a slightly wider sector allows term by term differentiation of
(5.62) on S.
Now write

Y =u+ ¢(2), (5.63)

so that (5.60) gives
A7Pu = b(2) + B(2)u+ B(2)p(2) — 21 7P (2) + g(z,u + ¢(2)). (5.64)

The aim is to show that (5.64) has a solution u with asymptotic series 0 on the smaller sector S’, so
that (5.63) gives a solution Y = u + ¢ of (5.60) with asymptotic series X.

Lemma 5.9.1 The equation (5.64) may be written in the form

AP0 = Au+p(z,u), uw=(ui,...,un)?, (5.65)
in which p(z,u) has the following properties.
(i) The entries of p(z,u) are polynomials in the w;, with coefficients which are holomorphic and bounded
and have asymptotic series on S.
(ii) p(z,0) ~ 0 as z — oo in S. N
(iii) If u(z) is bounded on a subsector S of S, and if m € N and u(z) = O(|z|™™) as z — oo in S,
then p(z,u(z)) is bounded on S and satisfies p(z,u(z)) = O(]z| 7™ ') as z — oo in S.
(iv) To each v > 0 corresponds €y > 0 such that

max{||ul, [|w]|} < eo = |Ip(z,u) — p(z,w)| < vy|lu—w| asz—ocinsS. (5.66)

Proof. The function ¢(z) has on the slightly wider sector S” the asymptotic series X (z), which is a
formal solution of (5.54), and hence of (5.60), and each entry of g(z,Y) is is a polynomial in the entries
of Y with coefficients having asymptotic series. This implies that, on S, with the symbol ~ denoting
that a term in z is replaced by its asymptotic series,

c(z) = b(2) + B(2)¢(2) — 2" P¢'(2) + 9(2, 6(2))
+ B

b(z
~ b(z)+ B(2)X(2) = 27PX (2) + (2, X(2) = f(z, X(2)) — 21 P X/ (2) = 0.
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Hence the equation (5.64) can be written in the form
A7Pu = B(2)u + g(z,u+ ¢(2)) — g(z,0(2)) + ¢(z), where ¢(z) ~ 0 on S. (5.67)

Now write ¢ as a column vector ¢ = (¢1,...,0n)T. Any term which appears in g(z,Y) has form
a(z)YP' . YN, where p1+...pn > 2 and a(z) is holomorphic and bounded on S, with an asymptotic
series there. For any of the finitely many terms a(z)Y{" ... YX" appearing in g(z,Y’) we can expand

a(z)(u1 +¢1)" ... (un + on)PN — a2)¢y ... (on)PN

in terms of the u; and ¢. After cancellation, no term is independent of the u;, and any term which has
total degree 1 in the u; has at least one ¢}, as a factor. Moreover, a(z) and the ¢ (2) have asymptotic
series in S, and (5.62) implies that each ¢y (z) tends to 0 as z — oo in S. It follows that we can write

9(z,u+ ¢(2)) — (2, 6(2)) = B*(2)u + h(z, u), (5.68)

where B*(z) and h(z,u) have coefficients which are bounded and have asymptotic series in .S, while
h(z,u) has no terms of total degree less than 2 in the u;, and B*(2) =+ 0as z = oo in S.
The equation (5.67) can now be written in the form

A7Pu = C(2)u+ e(2) + h(z,u), (5.69)
in which
lim C(z)= lim (B(2)+B*(z))=By=A=D+H. (5.70)
z2—00,2ES8 z—00,z€S8

This gives (5.65), with
p(zs) = (C(2) = A+ e(2) + h(z,u),

and assertions (i), (i) and (iii) hold, in view of (5.67), (5.69), (5.70) and the fact that h(z,u) has no
terms of total degree less than 2 in the u,;.
To prove (iv) write

p(z,u) — p(z,w) = h(z,u) — h(z,w) + (C(z) — A)(u —w), w= (wy,...,wy)7, (5.71)

and take v > 0. We then have, by (5.70),

1(C(2) — A)(u — w)|| < W as z — oo in S. (5.72)

Furthermore, as observed following (5.68), h(z,u) is a sum of finitely many terms H(z)ui" ... u%,

with bounded coefficients H(z) which have asymptotic series in S, and with ¢; + ... gy > 2. Writing
uj = wj + o shows that h(z,u) — h(z,w) is a sum of terms

H(z) (w1 + o) ... (wy +on)™ —wf . 0,

each of which contains no terms independent of the ;. Combining this ob Hence there exists g > 0
such that (5.66) holds. O

The next step is to write, using the fact that A is a constant matrix,

V(z) = exp (Z;A> . V() =2"1AV(2), V(z)™! =exp (—Z;A) . (5.73)
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It will suffice to find a solution u ~ 0 on S’ of the integral equation

u(z) = / VOVl u(t) dt, (5.74)

because if V' solves (5.74) then (5.73) gives (5.65) via

u'(z) = 27 p(z,u) + /Z V' ()V () p(t,u(t)) dt
= 27 p(z,u) + 277 A ) V(2)V () 1P p(t, u(t)) dt
= 27 Ip(z,u) + 277 Au(z).

We use (5.61) to write (5.74) in the form

z °D  tPD PH t*H
u(z) = / exp (Z - > exp (Z — ) P Ip(t,u(t)) dt, (5.75)
P P P P
and employ the change of variables
2P tP
¢ = s T = > v(€) =u(z), p(t,u(t))=q(r,v(r)), (5.76)

noting that { maps the sector S into the sector X given by |argw| < 8 = pa < 7/2. Thus it now
suffices to find, on a suitable sector, a holomorphic solution v ~ 0 of

¢
v(¢) = /eXp((C—T)D)eXp((C—T)H)Q(T,U(T))df (5.77)

Since v and ¢(7,v(7)) are 1 x N, we will choose for the jth entry of v(() a path §;(¢), terminating at
¢, and write (5.77) in the form

v(¢) =/ exp ((¢ —7)D)exp (¢ — 7)H) q(7,v(7)) dr, (5.78)
A(Q)

where A(() denotes the collection of paths 0;((). Here D is a diagonal matrix, and therefore so is
exp(zD), while H commutes with D and is nilpotent.

The paths 6;(¢) will now be chosen, and the aim is to do this so that exp(A;({ — 7)) is small for 7
on 0;(¢), for each eigenvalue \; of By, each of which is non-zero by assumption. Take 5’ with g — g’

small and positive, such that there is no A; with Re (e} = 0. Let

Yo={weC:|argw| < B}, Ti1={weC:|aglw—-{C)| <8}, 2<GeER, (5.79)

so that X1 C Xy C X. Assume that ( is so large that ( € ¥ gives z € S. Provided 3 was chosen
close enough to 3, we have ¢ € X for all sufficiently large z € S’, and so it will be enough to find a
solution v ~ 0 of (5.77) on X;.

An eigenvalue \; will be called class | if Re (Aje?) < 0 for —3' < 6 < /3, and class Il otherwise.
Suppose first that \; is class |. Then Re ()\jew) < 0 for =’ < 6 < f’, by the choice of 3/, and so
there exists ¢y > 0 such that Re (\je') < —¢g for —3' < 6 < j'. It follows that

Re (o);) < —coloAj]
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for all o € ¥g. For ¢ € ¥; we choose §;(() to be the straight line segment from (; to ¢. If t € §;(()
then ( — 7 € 3y U {0}, which implies that

Re((C—T)Aj) < —Co‘(C—T))\ﬂ fort € 5j(<) (580)

Now suppose that A; is class II. Then there exists §; € (—/’, 3’) with Re ()\jew) > (, which gives
d > 0 such that Re (o)) > d|o| on the ray argo = 6;. For ¢ € 3 we choose §;(¢) C ¥y to be the
half-line given by 7 = ¢ + 7%, r > 0, which gives (5.80) again, after reducing cq if necessary. Here
we choose the direction of travel to be from infinity to (, in accordance with (5.77).

Lemma 5.9.2 There exists K > 1, depending only on the constant ¢y in (5.80) and the matrix A, with
the following property. Let dy > 0 and let ¥ and (1 be as in (5.79), and let x({) be a holomorphic
N-dimensional vector function on Y1, satisfying there ||x(¢)|| < do|¢|~t. Then

() = / exp((¢ — T)A)x(r) dr
A(Q)

is holomorphic on Y1, and satisfies ||¢)(¢)|| < Kdo|¢|™! there.

We emphasise that K does not depend on (7 here.
Proof. By considering x({)/do and ¥(()/dp, it may be assumed that dy = 1. For { € X1 write

b(Q) = / exp(¢ — T)D)L(C,7) d7.  L(C,7) = exp((C — 7)H)x(7).
A(Q)

Denote by ¢y, co,... positive constants which depend at most on ¢y and A. Since H is nilpotent,
exp(xzH) is a matrix whose entries are polynomials in x, and so
[exp((¢ — ) H)|| < c1 + cof ¢ — 7| (5.81)
Because D is a diagonal matrix, the jth entry of ¢(z) is
wO= [ LG, (5.8
65(¢)

where L;((,7) is the jth entry of L({, 7).

Suppose that \; is class I, so that §;(() is the line segment from (; to (. Observe that in this case
the initial point (; of §;(¢) does not lie in X1, but all other points on §;(¢) do, and the existence of the
integral is unaffected, because of the uniform bound for x(7) as 7 — (3 in ;. Let 5}(() be the part
of 6;(¢) on which || > |¢|/2. Then 5}-(() can be parametrised with respect to s = | — 7|, giving an
estimate |d7| < cads. Thus, by (5.80) and (5.81), the contribution of this part to +;({) has modulus
at most

Mia(©) = [ e e+ el ol ar
51(0)
< 06|§]1/ e %(cy + c25%) ds < cq|¢] L.
0

Next, let 5?(() be the part of §;(¢) on which || < [¢]|/2. Then 5?(() has length at most cg|C|, while
IC]/2 < |¢—7] <|¢|and |7 > (1 > 2 0n 0;(¢). We apply (5.80) and (5.81) again, and conclude that
the contribution of this part to 1;(¢) has modulus at most

M;2(¢) = /52(4) el (1 + ea[¢|)er0 |dr| < crn|¢le™ N et + e2]¢]F) < enal¢| TN
3
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Suppose now that ); is class Il, so that §;(() is the half-line 7 = + re'i, r >0, on which
ILi(¢ )] < (e +eal¢ = 7[®) |7 < (er + e2l¢ = 7I)ersl¢] T

Again 0;(¢) can be parametrised with respect to s = |( — 7|, giving an estimate |d7| < ci4ds. Thus
(5.80) implies that 1;(¢) in (5.82) has modulus at most

MiQ) = el / =1l (¢ 1 eo]¢ — 71%0) |dr]
9;(¢)

IA

o
cl7|(]_1/0 e " (¢1 4 cor®) dr = clgm_l.

This proves that the integral converges, with the required estimate.
To show that 9(¢) is holomorphic on X1, fix (3 € £;. For ¢ close to (2, since §;(() lies in £1U{(1},
and x(7) is bounded as 7 — (3 in X1, Cauchy's theorem implies that

¢
B(Q) = /A o, (NN /C (¢~ TAX(r) dr

¢
= exp(CA) (/A(@)exp(_TA)X(T) dr + /42 exp(—7A)x(7) dT) ,

from which the assertion evidently follows. O

The integral equation (5.77) will now be solved via a fairly standard iterative method, by setting
Pw) = P@@) = [ exp((C )W) vtr)dr (583)
and

vo =0, vpp1 = P(vy). (5.84)

Take v € (0,1/K), where K is as in Lemma 5.9.2, and let ¢y be as in Lemma 5.9.1. Choose d > 0
such that (5.76) and Lemma 5.9.1 give

la(¢. 0 = Ip(=.0)] < E for ( €%, (5.85)

Assume that (; is so large that (5.66) holds on ¥; and

Kd <
(1 =~K)[¢]

Lemma 5.9.2, (5.84) and (5.85) now imply that

go for ¢ € . (5.86)

v1(¢) = P(vg) = /A P TINa 0

is holomorphic on >; with

[0 (O = [[v1(¢) = wo()] < ETZ for ¢ € 3. (5.87)
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To take the iteration further, we assert that, for € ¥1 and n =0,1,...,

n n+1d
(€)= l@ < T5—2 < GE (1 =3z
Kd
[on+1 (Ol < W<€o- (5.88)

This is true for n = 0, by (5.86) and (5.87). Assume next that n > 0 and that (5.88) holds with n
replaced by any smaller non-negative integer, and write u;(z) = v;({). Then we have

max{||un(z), [[un-1(2)[[} < €o.
For ¢ € ¥; we then get, using (5.66) and (5.76),
la(¢, vn(€)) = a(¢ vn—1(C))

Ip(2, un(2)) = p(z, un-1(2))||

< Allun(z) = un-1(2)]]
= Ylvn(€) = vn-1()ll
NI
< 9
- <]
from which Lemma 5.9.2 and (5.86) give
[on+1(¢) —won(Q)l = [I1P(vn) = P(on-1)|l
= | [ epl(c = ) arva(r) = alr,vaa () dr
A(Q)
< ngfld < (vK)"(1 = vK)eo,

which proves the first inequality of (5.88). We also obtain, again in view of (5.86),

< Kd
W T UK

< €0,

which completes the induction.
Now (5.88) implies that

n

Un+1 = Z(Uj+1 - vj)

5=0
converges uniformly on ¥; to some holomorphic v, and max{||lv,||,||v||} < o on X1, for all n > 0.
This yields, for ( € ¥4,

10(Q) = vn(QIl = Tim_[[oms1(Q) = va(Q) < Tim D [oj+1(¢) = v5(O)]
j=n

S ot () — o YKt KT

Thus applying Lemmas 5.9.1 and 5.9.2 again yields

(’)/K)n+1d
(1 —~EK)[¢]’

K(,)/K)n+1d

[P(v) = Pog)|| < UTK)’C”

la(¢,v(€)) = a(¢ v (O] <
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so that

Upt1 = P(vp) = P(v), vpt1 — v, v=Pv).
Hence v is a solution of the integral equation (5.77), and satisfies v(¢) = O(|¢|™}) as ¢ — oo in 3,
by the second estimate of (5.88).

It remains to show that v ~ 0 on X;. To this end, suppose that m is a positive real number and
V(¢) = O(|¢|™™) as ¢ — oo in 1. It follows from Lemma 5.9.1, with u(z) = v({) = O(|z|7"™), that

4(¢;v(Q) = plz,u(2)) = O(l2| ™) = O(|¢| 7™ 1/*) (5.90)
as ( — oo in X1. Let ( € 31 be large, and consider the equation
v(¢) = /A(O exp((¢ — 7)D) exp((¢ — 7)H)q(7, v(7)) dr, (5.91)
which holds by (5.83). As in the proof of Lemma 5.80, the jth entry of the right-hand side of (5.91) is
Vi) = [l (592
65(¢)

where K;(¢, ) is the jth entry of exp((¢ — 7)H)q(¢,v(¢)). Denote by ey, e, ... positive constants.

Suppose that \; is class |, and as before let 5;(() be the part of §;(¢) on which |7| > |(|/2. By
(5.80), (5.81) and (5.90) and arguments similar to those in the proof of Lemma 5.9.2, the contribution
of this part to ¥;({) has modulus at most

Nial@) = [ e e el =l ealr e
J

IN

o
65|C|_m_1/’)/ €™ (e + e35°4) ds < egl¢| TP
0

Next, let (5]2-(0 be the part of §;(¢) where |7| < [(|/2, on which we then have [(|/2 < |¢ — 7] < [(].
We apply (5.80), (5.81) and (5.90) again, as well as Lemma 5.9.1(iii), and the contribution of this part
to W;(¢) has modulus at most

Nja(Q) = /52@ et (es 4 eal¢ — 7[4) er |dr
J

< 668|<(69+610C‘611)/ e7|d7’|
52(¢)

< el (eg + e10[¢|M)eral¢] < ers|¢| TV,

since ( is large.
Now suppose that \; is class Il. Then (5.80), (5.81) and (5.90) imply that ¥;(¢) in (5.92) has
modulus at most

Ni(Q) = /5 T e sl ) el T
i

IN

00
614|C’_m_1/p/ 6_617"(62 + 637“64) dr = 615|<|—m—1/p'
0

We have thus shown that an estimate v(¢) = O(|¢|™™) as ( — oo in X can be improved to
v(¢) = O(|¢|™™ V/P) as ¢ — oo in ¥;. Since we already have such an estimate with m = 1, this
completes the proof of Theorem 5.9.2. |

The above proof is based on [72, pp.65-75], but some simplifications have been made. In particular,
the last part of the present proof avoids the need for repeated changes to the apex point (; of the sector
1.
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5.10 The shearing method

This is based on Balser's text [4, pp. 45-52], but with some modifications. The matrix differential
equation (5.34) can be written in the form

za’ = A2)w, A(z) =2PA(z), peN={1,2,..}. (5.93)

Here the holomorphic and formal cases will be treated simultaneously, so that A will either be a holo-
morphic 1 X p matrix function on a sector S, satisfying (in the sense of asymptotic series)

A(z) ~ Z Apz™™ asz—o0in S, (5.94)
m=0

or simply a formal series as on the right-hand side of (5.94), in which case we will still write A(z) ~
Yoo Amz™. It will be assumed throughout this section that Ay is not the zero matrix: the integer

p € N will then be called the rank of the equation, as in §5.9.

5.10.1 A transformation of the system

Given the system (5.93), with A satisfying (5.94), write 2 = T'(2)y, where T'(z) is an invertible matrix.
The equation (5.93) transforms to

2y = B(2)y, B(z)=2’B(z) = T(2) "A()T(2) — 2T(2)"'T(2), (5.95)
so that
B(2) = T(2) 'A(2)T(2) — 21T (2)7'T'(2). (5.96)
In the particular case where T is a constant non-singular matrix, (5.96) takes the simple form B(z) =
T YA()T.
Note that writing U(z) = T(z)~! in (5.96) gives

T(2)B(2)U(z) = A(z) — 21 °T'(2)U(2)

and

A(z) =U(2) 'B(2)U(2) + 21 PT'(2)U(2) = U(2) ' B(2)U(2) — 2 7PU (2) U (2),
since I = TU gives0 = T'U+TU’. Thus A is recoverable from B and, in this sense, the transformation
is reversible.

This transformation will be used in both the formal and holomorphic settings. In the formal case,
T will be a formal matrix series in descending powers of z'/?, with p € N and det T'(z) not the zero
series, in which case T'(z)~! is also a formal matrix series in descending powers of z'/?, and so is U(z).
Furthermore, x is a formal solution of (5.93) if and only if y = U(z)z is a solution of (5.95).

Turning to holomorphic solutions on a sector S, if T" is a matrix function which is holomorphic and
non-singular for large z in .S, then z is a holomorphic solution of (5.93) if and only if y is a holomorphic
solution of (5.95). Assume that one of 7" and U = T~ is represented on S by an asymptotic series
in descending powers of some z!/?, with determinant which is not the zero series, and that A has an
asymptotic series in descending powers of z. Then T and U both have asymptotic series in descending
powers of 21/, and so has B, by (5.96). Indeed, if we denote by G the asymptotic series for a matrix
function G, then (5.96) translates to

B(z) = U(2)A(2)T(2) — 2" PU(2)T'(2),

and holomorphic and formal solutions of (5.95) are obtained from those of (5.93) via premultiplying by
U and U respectively.

The two systems will then be referred to as equivalent (with the caveat that B(z) may involve
fractional powers of z whereas A(z) did not).
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5.10.2 Systems in standard nilpotent form

Assume that the system (5.93) satisfies (5.94) with Ay # (0), but that the lead matrix Ay in the
formal /asymptotic series (5.94) is nilpotent, that is, Ag satisfies A} = (0) for some ¢ € N. The system
will be said to be in standard nilpotent form if this Ag is a block matrix of form

My O ... O
O #A=| O Mo U ggn,. ), (5.97)
0 ... 0 M,
Here the M; are upper triangular shifting matrices
0 1 0
M; = 0 0 1
o ... 0 O
of dimensions s;, with s1 > ... > s, (and 3°%_; s; = v). The matrix A is then written in the same
block configuration as Ay, that is,
AL Al2 Atn
21 722 24
S| Ao oA | (5.98)
ArL A1) Aps

It follows from (5.94) that each of these blocks either has an asymptotic series
AR (2) o Y ATRT (5.99)
m=0

or is a formal series of this type. Here the block A% is 55 X sj and so:
has at least as many rows as columns if j < k;
has at least as many columns as rows if j > k.

Lemma 5.10.1 [f the system (5.93) satisfies (5.94) with Ay # (0) nilpotent, then there exists a
constant non-singular matrix S such that x = Sy transforms (5.93) to a system (5.95) in standard
nilpotent form.

Proof. §5.10.1 shows that a transformation x = Ty, with T a constant non-singular matrix, replaces
A(z) by T7YA(2)T. By applying this process repeatedly, and using Lemma 5.1.3, it may be assumed
first that the lead matrix Ag is in Jordan form, all its eigenvalues being 0 since Ag is nilpotent, and
second that the Jordan blocks have descending dimensions, that is, the Jordan form corresponds to
standard nilpotent form.

5.10.3 Equations in normalised form

Assume that the system (5.93) satisfies (5.94) and choose a large positive integer M. The system will
be said to be normalised up to order M if it is in standard nilpotent form as in §5.10.2 and the coeffi-
cients AJ¥ of the asymptotic series (5.99) for the blocks A% in (5.98) satisfy the following conditions
forl1 <m < M:
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(i) for j > k (i.e. blocks on or below the diagonal) all non-zero entries of the matrix A% lie in the first
column; '

(ii) for j < k (i.e. blocks strictly above the diagonal) all non-zero entries of the matrix A7 lie in the
last row.

The next lemma says that every system (5.93) in standard nilpotent form can be transformed to a
normalised system, for an arbitrarily large choice of M, and with the same lead matrix Aj.

Lemma 5.10.2 Let the system (5.93) satisfy (5.94) and be in standard nilpotent form. Let M & N.
Then there exists a transformation © = T'(z)y with

M
T(z2) =Y Twz™, To=1, (5.100)
m=1

~

so that the transformed equation zy' = B(z)y = 2P B(z)y is normalised up to order M and has By = Ay
and the same rank p as (5.93).

Proof. With T'(z) = I+ d(z) given by (5.100), where the coefficient matrices T}, are to be determined,
it is clear that
§(00) =(0), T(2) '=T-6(2)+6(2)°—...

for large z € S, and so both T"and T are given by asymptotic series. Moreover, by (5.96), B is either
holomorphic with an asymptotic series, or itself a formal series. Write

B(z)~ Y Bz ™, T(2)=)Y Tnz™, To=I Tpn=(0) for m¢{0,...,M}.
m=0 meZ

Now
A7PT(2) = — Z mTy,z" " P =— Z (m —p)Tm—pz™ ",
meZ meZ
and (5.96) gives
: T(2)B(z) = A(2)T(2) — 21 7PT"(2).

Then, for m > 0,comparing the coefficients of z="* delivers

m m
> TBmp = Am Ty + (m—p)Tp. (5.101)
p=0 p=0

In particular this forces By = Ay, since Ty = I, while —p < 0 and 7_, = (0). Thus (5.101) may be
written for m > 1 as
AoTy — TinAo = By + Ry, (5.102)

where R, involves only the matrices A;, which are known, and the previously determined matrices
Bo,...,Bm-1 and Ty, ..., T;—1. For m > M the equation (5.102) is clearly satisfied by writing
T, = (0) and B,, = —R,.
Now write
T = (T3Y),  Bm = (B)), Rm= (R, (5.103)

using the same block configuration as appears in Ay and (5.98). Because Ay is given by (5.97), the
equation (5.102) now gives

M;TIF — T3k My, = BiF + RIF 1 <m < M. (5.104)
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Suppose first that j > k, so that the block lies on or below the diagonal. Then by case (i) of Lemma
5.2.8 there exists a matrix B#f, with all columns zero except possibly the first, such that (5.104) has a
solution T2F.

Now take j < k, and thus a block lying strictly above the diagonal. Then Lemma 5.2.8 gives a
matrix BiY, with all rows zero except possibly the last, such that (5.104) has a solution 7. Thus the
system zy' = 2 B(z)y is normalised up to order M, as required. O

5.10.4 The effect of shearing
A shearing is given by writing z = T'(2)y in (5.95) and (5.96), where

zm 0 ... 0
n2
T(z) = 0 = 0 =diag (2™,...,2"), n; €Q. (5.105)
0 0 2™

Here it is clear that
T(2)"' =diag (z7™,...,27"™),

and each of 7" and T~ is a matrix rational function in some possibly non-integer power of z.
Now premultiplying by a diagonal matrix has the effect of multiplying rows, while postmultiplying
by a diagonal matrix multiplies columns. Hence (5.105) gives

ni 0 N 0
2T T = | " D < ediag (). (5.106)
0 ... 0 mny,
We write o i
A(2) (a (z)) ., B(2) (lﬂ (z)) . (5.107)

Here a/* will denote entries, whereas A7 will denote blocks. In passing from A to T~ 'AT the kth
column is multiplied by 2", and the jth row by z7"™. Combining these observations with (5.96),
(5.106) and (5.107) gives

Vh(2) = a?¥ ()2 — §2Pny, (5.108)

with d;; the Kronecker symbol.

5.10.5 A simple shearing

The following is a special case of the situation in §5.10.4. A simple shearing is given by writing
x =T (z)y, where

S
—
N
~—
I
%
—
N
~—
I
o O
—_
N
3
)
o O

=diag(1,...,1,2",...,2"), neZ. (5.109)
o ... ... 0 2"
Here the last ¢ diagonal entries of T" are 2", and the rest are 1. The equation (5.93) transforms as in
(5.95), with B as in (5.96). Thus (5.109) gives, in view of (5.106),
A7PT(2)7IT(2) = 2 Pdiag (0,...,0,n,...,n).
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Also, again since premultiplying by a diagonal matrix has the effect of multiplying rows, while postmul-
tiplying multiplies columns, passing from A to T~' AT multiplies the last ¢ columns by 2" and the last
g rows by z7™. The effect on the matrix A as we pass to the matrix B in (5.96) is as follows, in which
the bottom right quadrant is ¢ X g:

< no change | multiply by 2" ) (5.110)

multiply by 27" ‘ no change, except subtract nz~” on the diagonal

5.10.6 Systems in reduced form

The system (5.93) is called reduced up to order M if it is in standard nilpotent form and the following
conditions hold:

(a) for j # k the matrix Al¥ in (5.99), corresponding to the block form (5.98), vanishes for 1 < m < M
(and indeed for m = 0 also because of the form (5.97) of Ay);

(b')'for 1 < m < M each diagonal block Aﬁg can only have non-zero entries in its first column (while
A} = M; because of (5.97)).

Clearly this is a stronger condition than being normalised, and this section will describe how a sim-
ple shearing may be used to turn a normalised system into a reduced system.

In the next lemma we assume that, for some large positive integer M, the system (5.93) has been
normalised up to order M as in §5.10.3. Recall that this means first that it is in standard nilpotent
form, i.e. that Ay # (0) is a block matrix as in (5.97), where the M; are upper triangular shifting
matrices of dimensions s;, with s; > ... > s,, and that when the matrix A is written in the same
block configuration (5.98) as Ag, each block has a (formal or asymptotic) series (5.99) with matrix
coefficients AZr]f, such that for 1 < m < M the following conditions are satisfied:

(i) for j > k (i.e. on or below the diagonal) all non-zero entries of the matrix AJ" lie in the first column;
(ii) for j < k (i.e. strictly above the diagonal) all non-zero entries of the matrix A%x lie in the last row.

Lemma 5.10.3 Suppose that with the assumptions on A of the previous paragraph there exists my €
{1,...,M} and a block A3¥ + (0) with j # k. Then the system za' = 2P A(z)z may be transformed
via a simple shearing (5.109) to a system zy' = 2P B(z)y for which By is nilpotent, but superior to Ay
in the sense of §5.2.2.

Proof. Assume first that there exist my € {1,..., M} and a block A%r = (0) with j > k (i.e. below
the diagonal). Take the least such m;. Then take the largest 7 for which there exists k < 7 with
A;fl # (0). Because the system is normalised, all non-zero entries in these Af,fl are in the first column.
We apply the simple shearing (5.109) with n = —m; and ¢ = s, + ...+ s,. Thus the diagonal entries
of T"in line with My, ..., M;_1 are all 1, while those aligned with M.,... M, are 2=,

We assert that, by (5.110), the shearing produces a new system 2y’ = 2 B(z)y, such that Ay and
By are related by (5.4) (and so the rank is unchanged). To see this, note first that, because m; and p
are positive, all blocks of By are the same as those of Ay, except for blocks corresponding to the bottom
left quadrant of (5.110). Entries of A corresponding to this bottom left quadrant of (5.110) are those
in the blocks A", r > 7 > s, of the block form (5.98), and under the shearing they are multiplied by
z™ . However, because mi is minimal, B still has a series in non-positive powers of z. Furthermore, the
Cy in (5.4) are the matrices A7, for 1 < k < 7, all of which are such that all columns are zero bar the
first, and at least one of which is not the zero matrix. Moreover, the maximality of 7 ensures that the
blocks of By lying below these C}, are zero. Thus (5.4) holds with M the matrix diag (M;41,...,M,)
(and M not present if 7 = p). Finally, Lemma 5.2.6 implies that By is nilpotent, but superior to Ay.
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Now suppose that there exist m; € {1,..., M} and a block A% £ (0) with j < k (i.e. above the
diagonal). Again take the least such m;. Then take the largest 7 for which there exists j < 7 with
A%l # (0). Because the system is normalised, all non-zero entries in these AjnL are in the last row.
Apply the simple shearing (5.109) with ¢ = s; + ... + s, as before, but taking n = m;. This time
the diagonal entries of 1" in line with My,..., M,y are all 1, while those aligned with M,..., M, are
2™ The effect of the shearing is to make all blocks of By the same as those of A, except for blocks
corresponding to the upper right quadrant of (5.110), corresponding to the blocks A™, r < 7 < s, of
(5.98). These blocks are multiplied by 2™ but the minimality of m; again ensures that B has a series
in non-positive powers of z. Moreover, the matrices Ay, By satisfy (5.6), in which the D; are the Al
with 1 < j < 7, and all blocks to the right of them are zero, by the maximality of 7. This time, Lemma
5.2.7 may be applied. O

The new system 2y’ = 2” B(z)y may not be normalised, and By may not be a direct sum of shifting
matrices in standard nilpotent form as in (5.97). However, By is similar to a matrix Cy = U-1ByU
of form (5.97), with blocks of non-increasing dimension, but not necessarily with the same 1 or s;.
Moreover, Cy is still superior to Ag, because C’é and B(l) have the same rank for each [. Here U is
a constant matrix, and writing y = Uv gives 20" = 2°C(z)v, where C(z) = U'B(2)U. This new
system may be normalised up to order M using Lemma 5.10.2, which does not affect the lead matrix
Cpy. Lemma 5.10.3 may then be applied again but, as remarked in §5.2.2, it is not possible to produce
superior matrices via this method an arbitrarily large number of times, because all of the matrices
involved are nilpotent and so satisfy N¥ = (0). So eventually this must lead to a normalised system
with a coefficient matrix D such that Dy is in standard nilpotent form and Di¥ = (0) for all j # k and
1 < m < M. Thus the following lemma has been proved.

Lemma 5.10.4 Let M be a large positive integer. Every system (5.93) which is normalised up to
order M is equivalent via a transformation x = H(z)y, where H(z) is a finite product of non-singular
constant matrices, matrices T'(z) as in Lemma 5.10.2, and simple shearings as in Lemma 5.10.3, to a
system which has the same rank p and is reduced up to order M.

Combining Lemmas 5.10.2 and 5.10.4 then gives the following.

Lemma 5.10.5 Let the system (5.93) satisfy (5.94) and be in standard nilpotent form. Let M be a
large positive integer. Then (5.93) is equivalent via a transformation x = H(z)y, where H(z) is a finite
product of non-singular constant matrices, matrices T'(z) as in Lemma 5.10.2, and simple shearings as
in Lemma 5.10.3, to a system which has the same rank p and is reduced up to order M.

d

Note that the transformations T'(z) and simple shearings applied in Lemma 5.10.5 only involve
integer powers of z.

5.10.7 Application of a block shearing to a reduced system

This section describes how shearing may be used so that either the rank p of the system is reduced,
or a new system is generated, possibly with larger rank, but such that the lead matrix has at least two
distinct eigenvalues, so that by §5.9 the equation can be split into two of lower order.

We assume as before that in the system (5.93) the matrix Ay # (0) has the block form (5.97),
where the M; are upper triangular shifting matrices of dimensions s;, with s1 > ... > s,. The matrix
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A is then written in the same block configuration (5.98) as Ag. Each of these blocks then has a (formal
or asymptotic) series (5.99) with matrix coefficients A% and by Lemma 5.10.5 we may assume that the
system has been reduced up to some large order M. This means that for j # k the matrix A% vanishes
foril<m<M (and”indeed for m = 0 also because of the form of A). Moreover, for 1 < m < M
the diagonal block A7} only has non-zero entries in its first column (while A = M;). Let

U={p/q: p,a €N, (p,g) =1,1<p<q<si}. (5.111)

We will apply a block shearing given, for some p/q € U, by

T 0 ... 0 1 0 0
-p/q
T — 0 T ... O T = 0 =z 0 ' (5.112)
0 ... 0 T, 0 o 0 2z (si=Dp/q

Here T has the same block form as Ag, and it is not assumed that © > 2. In the case of a holomorphic
coefficient matrix A on a sector S, we take an arbitrary branch of z'/9. The entries of the original and
new coefficient matrices A and B are then related by (5.107) and (5.108).

Consider first those j, k for which the entry in row j, column k of Ag is 1. For these j, k we have
k = j+ 1 and, because these entries do not lie in the first column of any diagonal block,

a*(z) =1+ 0(||7M7),

either in the sense of formal series or, in the case of holomorphic coefficients, as z — oo in the sector
S. Moreover, with the notation (5.105), we have n; —n; = —p/q, by (5.112), and hence (5.108) yields

VR (2) = a?%(2)27P/1 = 2P/ L O(|z| P/ ML, (5.113)

Next, take any pair j, k for which the entry in row j, column k of Ag is 0 and does not lie in the first
column of any diagonal block. Then (5.108) and the fact that the system 22’ = 2 A(2)x is reduced
give, since M is large and p/q <1 < p,

a*(2) = O(lz] ™M1, [V*(2)] < O(|2|"P/ M1 + O(|2]77) = O(|2|/9). (5.114)
We say that p/q € S is admissible if
pE(z) = O0(]z|P/7) for 1<j<uy,1<k<uw (5.115)

In view of (5.113) and (5.114), it is enough to check this holds for those coefficients a’*(z) arising from
the first column of a diagonal block A™, 1 < r < pu. We label the entries of this column in descending
order as

ayr(2), 1<y<t=s,<sqp.

For such an entry, reading along the corresponding row and up the corresponding column of 7" in (5.112)
is equivalent to reading along row « and up the first column of 7}.; this shows that, with the terminology
(5.105), the integers n; and ny are —(y — 1)p/q and 0 respectively. Thus, if we suppress the subscript
r, (5.108) implies that the shearing replaces o, (z) by

By(2) = ay(2)217 DP9, (5.116)
and so admissibility of p/q is equivalent to

a,(2)27P/1 = 0(1), (5.117)
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for every choice of  (and 7). The form of A implies that we always have a,(z) = O(|z|7!), and since
v < s1 it follows that p/q = 1/s; is admissible.

Suppose that we apply this shearing with p/¢ = 1 and that 1 turns out to be admissible. Then
the n; are all integers in (5.105), and (5.108) and (5.115) show that the shearing has transformed the
equation zz' = 2PA(2)x into zy' = 2/ B(z)y, with B(z) given by a (formal or asymptotic) series in
descending integer powers of z, such that B(z) = O(|z|™!) as z — oo. In this case the rank of the
equation has been reduced.

Assume now that 1 is not admissible, and let p/q be the largest admissible member of U.

Lemma 5.10.6 There exists at least one term c . (z) for which lim;_, -5 aﬂ,m(z)zw’/q exists and is
finite but non-zero.

Proof. Let Uy = {p'/q € U :p'/q > p/q}. Then 1 € U;. Let p”/q" be the nearest member of U; to
p/q. Then p”/q" is not admissible and so by (5.117) there exists at least one  (with a corresponding
r) such that

a,y(z)zw“/q” — 00;

this means as z — oo in S or, in the formal solutions setting, that the series contains positive powers
of z. It follows that, in the same sense,

oy ()27 = 00 for every p/q € Uy. (5.118)

Fix this choice of 7 (and 7). Because a(z) lies in the first column of a diagonal block of A, and
because A satisfies (5.97), there exist ¢, € C\ {0} and m, € N such that
“my

ay(z) ~ ez ™,

and since 1 € U; it must be the case that v > m,,.
Because 1 <m,, <y < s, < 51, we have v =m,, /vy € U. But

ay(2)27" = ay(2)2™ = ¢y, (5.119)
and so (5.118) implies that v & Uy, which implies that p/q > v. If p/q > v then we have
aw(z)zﬁyp/q — 00,

by (5.119), contradicting (5.117). It follows that p/q = v, and (5.119) now proves the lemma. O

Still assuming that p/q < 1 is the maximal admissible member of U, recall that the original equation
(5.93) was

2 = A(2)z, Alz) =2PA(2), p>1, A(z) ~A(z) = Z Apz™™,
m=0

with g(z) being either a formal series or an asymptotic series valid as z — oo in a sector S. The
transformed equation has the form

Y= B(2)y, -
B(z) = 2’B(2) =T(2) *A(2)T(2) — 2T(2)"1T'(2),
B(z) = T(2)'A(2)T(2) — 217PT(2)71T'(2),
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as in (5.95) and (5.96), The fact that p/q is admissible implies by (5.115) that B(z) = O(|z|77/9). It
follows using (5.108) and (5.112) that B has a (formal or asymptotic) series B(z) in powers of z'/4
given by

B(z) ~ B(z) = i Bz ™4, (5.120)

and the lead matrix B), has the following properties. B, can be written as a block matrix D, with
blocks of the same dimensions as those of A in (5.98), and all blocks Dj;, with j # k vanish: this is by
(5.114) and the fact that M is large and p/q < 1 < p. Moreover, by (5.113) and (5.114) the diagonal
blocks Dj; are each of the form D;; = M; + C;, where M; is the same upper triangular shifting matrix
as in Ap, and all entries not in the first column of C; are 0. By the maximality of p/q, (5.116) and
Lemma 5.10.6 show that at least one matrix C'; is non-zero.

Lemma 5.10.7 The matrix By, is not nilpotent.

Proof. Assume that B, is nilpotent. Because all non-diagonal blocks of B, are (0), each of the blocks
Dj;; = Mj + C; must be nilpotent. But then Lemma 5.1.2 shows that C; must vanish, which is false
for at least one j. a

Lemma 5.10.8 The matrix B,, has at least two distinct eigenvalues.

Proof. Each of T(z)~', T(z) and T'(z) is a polynomial in z'/7 or 2=1/4, and so the (formal or
asymptotic) series satisfy

B(z) = T(2) "A(2)T(2) — 2" PT(2)"'T'(2) = T(2) ' A(2)T(2) — 2 PE,
where E is a constant diagonal matrix by (5.106). Let T'(ze?™) denote the matrix resulting from formally
replacing zP/% in T'(z) with zP/2¢>7P/4 with a similar convention for the other matrices. Thus (5.112)
shows that T'(z¢%™) = T'(z) D, where D is the diagonal matrix with entries 1, e=27%P/4 ¢~ (su=1)27ip/q
This yields
E(Z@Zﬂ-i) _ T(Z€27ri)flg(zeQWi)T(ze%ri) _ (ZeQﬂi)pr
= T(2*™) ' A(2)T(2¢*™) — 2 PE
= D 'T'(2)'A(2)T(2)D — 2 PE = D" 'B(2)D.
It now follows from (5.120) that
Bpz Plae~ /4 = p=1p »7PliD B, =P/ 1D7IB,D,
and so, for A € C,
det(B, — M) = det(e*?/9D~'B,D — AD~'D)
= det(e?™P/aDY(B, — e~ 2" P/I\[) D)
= e¥mvp/d det(B), — 6727”'}7/(1)\[).

Since B, is not nilpotent, its characteristic equation has at least one non-zero root A, and e~ 2mp/a) s
another eigenvalue of B,,. |

The equation zy’ = 2P B(z)y may now be written in the form

dy _ - -m
e = P p/qF(Z)’ F(z) = Zp/qB(z) ~ mZ_Osz i Fy = B,.
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Setting w = 2'/4, z = w? and Y (w) = y(z) = y(w?) gives

ay' Ay _  ao-p — q N —m
W =z = qu G(w), G(w)=Fw?) mz_:ome ,

in which the lead matrix Fy = B, has at least two distinct eigenvalues. This proves the following.

Theorem 5.10.1 Every system (5.93) satisfying (5.94), in which Aq is nilpotent, is equivalent via a
transformation x = H(z)y, in which H(z) is a finite product of non-singular constant matrices, matrices
as in (5.100) and shearing matrices as in (5.105), to a system zy' = B(z)y, such that at least one of
the following holds.

(i) Both H(z) and the (formal or asymptotic) series for B(z) involve only integer powers of z, and the
new system zy' = B(z)y has rank less than p.

(ii) There exists ¢ € N such that writing z = w? and Y (w) = y(z) = y(w?) transforms the system
2y’ = B(2)y to a system wY’' = C(w)Y, where C has a formal series, or asymptotic series in an
appropriate sector, in descending integer powers of w, in which the lead matrix Cy has at least two
distinct eigenvalues.

In the case of holomorphic coefficients and solutions the branch w = z'/9 may be chosen arbitrarily.
Obviously case (i) applies if Ay is the zero matrix, because a power of z may be cancelled.

5.11 The main theorem on asymptotic integration

In the following theorem and proof a sector S = S(R, a, ) will be said to have opening 5 — «, and
S" = S(R,d/, ") will be called a proper subsector of S if a < o/ < ' < f5.

Theorem 5.11.1 Letp € Z and let Ag, A1, ... be v X v constant matrices, with Ay not the zero matrix.
Then there exists p € N such that the formal differential equation (5.35) has a formal solution

2(2) = V(2)29e%F), V(z) = Y Vo P, (5.121)
m=0

satisfying the following:
(i) the Vi, are v x v constant matrices and det V'(z) is not the zero series;
(ii) G is a constant Jordan matrix of form G = G1 @ ... ® G, where G; is a j1; x p; Jordan block and

St =Y
(iif) Q(z) is a diagonal matrix of form

Qz) = QI(Z)Im D...D QS(Z)I/—LS7

with each Q;(z) a polynomial in z*/?.
Furthermore, let A(z) be a v x v matrix function which is holomorphic for all z in a sector

S=SR,a,f)={2z€C: |z| >R, —~-0o<a<argz < < 400}

on the Riemann surface of log z. Assume that A(z) ~ > " Amz"" as z — oo in S, in the sense of
asymptotic series. Then for each 0 € («, 3) there exists r(0) > 0 with the property that the equation
(5.34) has a non-singular holomorphic matrix solution

z(z) = W(z)2%eR) (5.122)

in Sop = S(R,0 —r(0),0 4+ r(0)), such that V(z) is an asymptotic series for W (z) on Sy, for some
branch of z1/P.
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Proof. The non-singular nature of z(z) follows from the fact that det V' (z) is an asymptotic series
for det W (z). The theorem is true if p < 0, by Theorem 5.7.2, and if v = 1, by Theorem 5.8.1; in both
of these cases we have p = 1 and W(z) ~ U(z) as z — oo in the whole sector S. Assume that the
theorem is false, and take the least ¥ € N having at least one pair {v, p}, with p > 1, for which the
assertion of the theorem fails: then v > 1.

Claim: with this value of v, all assertions of the theorem hold if the lead matrix Ay has at least
two distinct eigenvalues.

To prove this claim, observe first that the eigenvalues of Ay give rise to i as in the statement of
Theorem 5.9.3, which then delivers a formal transformation z = > " P,z~ ™y sending (5.35) to
(5.47), where Py is non-singular and By is similar to Ag, while B} is pux pand B22 is (v —p) x (v — p).

Next, suppose that A(z) is holomorphic on the sector S = S(R, v, §), with A(z) ~ > > Apz™™
as z — 00 in S, and take 6 € (o, 8). It may be assumed without loss of generality that 5 — a < 7/p.
Now Theorem 5.9.3 gives a holomorphic matrix function P(z) on a proper subsector S = S(R, &/, 3')
of S, with o/ < 6 < [/, such that writing x = P(z)y transforms the equation (5.34) to (5.57), where
B is ux pand B??is (v — p) x (v — ), and P and B have asymptotic series (5.58) in .S’, in which
Py is non-singular and By is similar to Ag.

Since the theorem holds whenever the dimension of the equation is less than v, the equations
o0
Py = Z Bl z""w, j=1,2,
m=0

have formal solutions x;(2) = V;(2)2%7¢%(2) respectively, each of these satisfying conclusions (i) to
(iii) of the theorem, for some p = p; € N. By taking the least common multiple of p; and p, it may
be assumed that p; = ps = p. Then

oo
<Z sz_m) (V1(2) @ Va(z2))2G19C2Q1(2)0Qz2(2)
m=0

is the required formal solution of (5.37). Moreover, there exists 7(#) > 0 such that the equations
A7Pw' = B (2w, j=1,2,

have holomorphic solutions z;(z) = W;(2)257¢%(2) respectively on Sp = S(R,0 —7(6),0+r(0)), with
W;(z) ~ Vj(2) there. Hence

P(2)(W1(2) & Wa(z))2019G2Q1(2)9Q2(2)

is the required holomorphic solution of (5.34), since

P(z)(Wi(z) @ Wa(z)) ~ (Z sz_m> (Vi(z) @ Va(2)),
m=0

using (5.58). This proves the claim.

With v minimal as above, take the least integer p for which the theorem fails: then p > 1 by
Theorem 5.7.2. With this choice of pair {v, ¢}, and the remaining hypotheses of the theorem, it may
be assumed, by the claim above, that A( has just one eigenvalue A.

Suppose first that this unique eigenvalue X\ of Ay satisfies A £ 0. Write

z = yexp(A2/p),
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which gives
A(2)yexp(A=*/p) = z' P2’ = 2" 7Py exp(A2”/p) + Ay exp(Az”/p),

and transforms the equation (5.34) to
APy = C(2)y, C(z) = A(z) — M\, (5.123)

and its formal counterpart (5.37) similarly. Here the (formal or asymptotic) series expansion is

C(2) = Az) = M, ~ Ag = AL, + Y Az ™

m=1

If Co = Agp — Al is the zero matrix then a power of z may be cancelled from the equation (5.123),
so that p is reduced and the conclusion of the theorem holds for (5.123) and hence also for (5.34). If
Co = Ag — M, # (0) then Cy is nilpotent, because A is the only eigenvalue of Ajy.

Thus it may be assumed henceforth that Ay is nilpotent, but not the zero matrix. Now Theorem
5.10.1 delivers an invertible matrix H(z), a finite product of non-singular constant matrices, matrices as
in (5.100) and shearings as in (5.105), such that writing z = H(z)y gives an equation 2'~7y’ = B(z)y
and its formal counterpart 2! =Py’ = E(z)y If it can be shown that all assertions of the theorem hold
for the transformed equations, then premultiplying formal and holomorphic solutions by H(z) gives all
conclusions of the theorem for (5.34) and (5.37).

By Theorem 5.10.1 again, there are two possibilities for the equation 2! =7y’ = B(2)y and its formal
counterpart. The first is that the new equations have rank p’ < p, and both H(z) and B(z) involve
only integer powers of z. In this case all assertions of the theorem hold by the minimality of p.

The remaining possibility afforded by Theorem 5.10.1 is that there exists s € N such that writing

z =w* and Y (w) = y(w®) transforms the formal equation z!=Py’ = B(z)y into an equation

w Y (w) = (i C’mw_m> Y (w),
m=0

in which the lead coefficient matrix C has at least two eigenvalues. This equation then has, by the claim,
a formal solution U (w)w® e”(®) satisfying conclusions (i) to (iii) of the theorem, with U(w) a formal

series and P(w) a polynomial matrix, both in powers of w'/* for some t € N. Hence U(ZI/S)ZF/SeP(Zl/S)

is the required formal solution for 2!~y = B(z)y, involving powers of z1/5t.

Moreover, with some arbitrary choice of holomorphic branch of w = zl/s, the same change of
variables transforms z!=Py = B(z)y on a sector S* of small opening to w' "' Y’(w) = C(w)Y (w)
on some sector S**, with C(w) ~ > °  Crw™™ on S*™. This new equation has a holomor-
phic solution U (w)w?eP™) with V(w) ~ U(w) on S**, and so there exists a holomorphic solution
V(zl/s)zF/SeP(zl/S) of z'=Py’ = B(z)y with V(2'/%) ~ U(2'/%) on S*.

O

Remark. If the eigenvalues of A( are pairwise distinct, the remark following Theorem 5.9.3 shows that
we may take p = 1 in (5.121), since application of Theorem 5.9.3 does not introduce fractional powers
of z.

5.11.1 Changing the branch of z!/?

For an arbitrary choice of the branch z1/2, the matrix function

_ exp (21/2) exp (—z1/2)
z(z2) = 2-1,-1/2 exp (21/2) 91,712 exp (_21/2)
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is a locally holomorphic solution of

' = B(2), B(z):<1/04z _11/22)

This is easy to verify since, for ¢ = &1 and f.(z) = exp(cz'/?), we have
1 1
" e s _
FGE) + o FUE) — 1 fel2) =0,

Changing the branch of z!/2

x(z) on the right by <2 é)

Suppose more generally that we have a formal solution z(z) = Y(zl/p)zFeP(Zl/p) of the matrix
differential equation zz’ = A(z)x as in Theorem 5.11.1, and write

z=uP, z(z)=V(u) =YwuPFel™,  22/(z) = 2V'(u)(1/p)z /P71 = (1/p)uV’ (w).

interchanges the exponential parts in (z), and is equivalent to multiplying

Thus V satisfies uV’(u) = pA(uP)V (u). Now let ¢ = 1 and write y(z) = V' (cu), so that y(z) is simply
x(z) with each occurrence of z/P in the formal series Y and the polynomial P replaced by c¢z!/? (which
is of course another branch of the p'th root of z). Then y satisfies

2y (2) = 2V (cw)e(1/p)=" /77" = (1/p)(cu)V'(cu) = A((cw)’)V (cu) = A(2)y(2).

Hence y solves the same equation as x, and so by Lemma 5.4.4 the exponential parts for 4y must be a
permutation of those of x.

5.12 The case of scalar equations

Consider an nth order formal differential equation
Y™ 4+ an_ 1y Y 4+ agy =0, (5.124)

in which the coefficients a; are formal series in descending integer powers of z (this phrase being used
as in §5.3 to mean that each includes at most finitely many positive powers). Then by canonical formal
solutions of (5.124) we mean expressions of the form, for some p € N,

nj

£i(2) = exp(P(zYP) 24 3 (log ) Uy (2) (5.125)

m=0

which satisfy the equation (5.124) after formal differentiation and substitution, and for which the
following conditions hold: the exponential parts q;(z) = P;(2'/7) are polynomials in z!/7; each \; is
a complex number, while each n; is a non-negative integer; U; (z) is a formal series in descending
integer powers of z!/P; the leading coefficient Ujn, is not the zero series. It is evident that solutions f;
given by (5.125) may always be normalised so that

Re\; € [0,1/p). (5.126)

Theorem 5.12.1 Assume that the coefficients a; in the formal differential equation (5.124) are formal
series in descending integer powers of z. Then there exists p € N with the property that (5.124) has
a fundamental set of n linearly independent canonical formal solutions f; satisfying (5.125). Moreover,
these f; have the property that

if 0 < m < n; then there exists j' # j with (qj, A\jr,nj1) = (g5, Aj, m). (5.127)
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Proof. For any formal solution f of (5.124), the column vector X = (f, ..., f® )T is a vector
solution of
0 1 0o ... 0
2 (2) = A(2)x(z), A(z) = : . 5.128
(2) = A(2)z(2), Alz) o o o 1 (5.128)
—ap —ay; —az ... —ap-1

The coefficients of A(z) are formal series in descending integer powers of z. Thus Theorem 5.11.1
shows that there exists p € N such that (5.128) has a principal formal matrix solution

2(z) = V(2)2Ce@R), (5.129)

where V(2) is an invertible matrix whose entries are formal series in descending integer powers of 21/P,
while Q(z) is a diagonal matrix whose entries are polynomials in z1/P and G is a constant Jordan matrix
which commutes with Q(z). The f;(z) are then simply the entries from the first row of z(z), and it
follows from (5.128) that these satisfy (5.124) (and their eigenvalues may be normalised as in Lemma
5.4.3 so that the f; satisfy (5.126)). Moreover, (5.128) shows that for j = 1,...,n — 1, the jth row
of 2/(z) is the (j + 1)th row of z(z), and so each row of z(z) is the derivative of the row above it.
Furthermore, the f; are linearly independent because otherwise det 2(z) would vanish.

To see that (5.127) holds, assume that 0 < m < n;. Since fj(z) is the jth entry in the first row of
x(2), the jth column of the block matrix z& must contain a constant multiple of 2% (log z)™ lying in
some column of some block H of 2, this block arising from a Jordan block of G with eigenvalue );. By
(5.129), this block H must have a (different) column in which the highest power of log z which occurs
is (log z)™, this power occurring only once there. Hence there exists a column of 2C, say the kth, which
contains a constant multiple of 2% (log z)™, and for which all other entries are constant multiples of
2% (log )™ with m’ < m. Evidently we have j # k, but P;(2'/?) = Py(z'/?) by Theorem 5.11.1(ii),
(iii). Now, since the kth column of V/(2) is not zero, the kth column of V(2)2%¢?(®) has an entry
which includes a non-trivial series in 2'/? multiplied by exp(P;j(z'/?))z% (log z)™. On the other hand,
no higher power of log z occurs in this kth column of V(2)2%e®(*). Since each entry of V(2)2CeQ(%)
is the derivative of that lying above it, the powers of log z which occur in these entries cannot increase
as we follow the column downwards, and we must have a term involving exp(P;(2/?))2% (log 2)™ in
the first entry. This gives (5.127) with j' = k.

O

The solutions arising from Theorem 5.12.1 will be called principal formal solutions of (5.124), and
an admissible formal solution of (5.124) is defined to be a linear combination over C of finitely many
canonical formal solutions.

Lemma 5.12.1 Assume that the the coefficients a; in the formal differential equation (5.124) are
formal series in descending integer powers of z. Then any admissible formal solution of (5.124) is a
linear combination over C of the principal formal solutions given by Theorem 5.12.1, and any n + 1
admissible formal solutions are linearly dependent.

Proof. Let fi,..., fn be the principal formal solutions, and let g be any canonical formal solution. It
suffices to prove that g is a linear combination of fi,..., f,. Set g1 = g and g; = f; for j > 2, and
let y(z) be the matrix whose jth column is gj(z),gg-(z),...,g](."_l)(z). Then y(z) is a basic formal
matrix solution of (5.128) as in Definition 5.4.2. Thus Lemma 5.4.4 shows that y(z) = X(2)C, where
C' is a constant matrix and X (z) is the principal formal matrix solution whose first row consists of
fi1(2),..., fu(2), and so g is a linear combination of f1,..., f, as required. O
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Lemma 5.12.2 Suppose that we have canonical formal solutions f; as in (5.125) and (5.126), with the
property that if j # j' then q; # q; or \j # \j.. Then the f; are linearly independent over C.

Proof. Let g1, ..., gn be the principal formal solutions. Then each f; is a linear combination of the g,
and the hypotheses imply that the same g;, does not appear in the representation for two distinct f;.
Since the g, are linearly independent, so are the f;.

Alternatively, if a linear combination ) ¢; f;, ¢; € C, reduces to 0 then Lemma 5.3.2 forces ¢;Uj ,, =
0 for each j. a

The formal Wronskian of solutions g1, ..., g, of (5.124) is defined as

g1 dn
91 - 9n
W(glv"‘vgn): .
-1 -1
LD gD

and Leibnitz' rule gives Abel’s identity W’ = —aj_1W. Here the principal solutions f; given by (5.125)
and (5.129) satisfy W (z) = W (f1,..., fa)(2) = det V(2)2" " Q) by Lemma 5.2.5. Hence W (2)
has exponential part P(2) =37, P;(2'/P).

Moreover, given any n admissible formal solutions g1, ..., g,, each g; is a linear combination of the
principal solutions fi,..., fn. Hence there exists a constant matrix C' such that
g/l e 97 f} e f7
9:1 e 9 _ ]‘:’1 ces In »
O IV I

If the g; are linearly dependent, then clearly their Wronskian vanishes identically. Furthermore, if
W(g1,...,9n) vanishes identically, then the equation W(g1,...,9n) = W(f1,..., fn)detC forces
det C = 0, which implies the existence of a non-trivial constant column vector X with CX = 0,
giving
(915, 90)X = (f1,..., fn)CX =0,
so that the g; are linearly dependent.
The following lemma now follows via Lemma 5.4.4.

Lemma 5.12.3 Given any n linearly independent canonical formal solutions of (5.124), their exponential
parts qi, . ..,qn are given by a permutation of those of the principal formal solutions, and their formal
Wronskian has exponential part Z;‘:l ;-

Lemma 5.12.4 Assume that W(f,g) =0, where f and g are given by

m n

F(2) = exp(P(z'77))2" Y (log2)'Uj(2),  g(2) = exp(Q(2"/7))2* Y (log 2)Vi(=),
j=0 J=0

in which p,q € N, the U; and V; are formal series in descending powers of 2P and 29, with U,y,, V,,
not the zero series, while kK, A € C and P and () are polynomials. Then f and g are linearly dependent.
In particular this holds if f and g are canonical formal solutions of an equation (5.124).
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Proof. By taking the least common multiple it may be assumed that p = ¢ = 1. Then the vanishing of
W(f.g) gives

m+n
0 = exp(P(z) +Q(z))z™" Z (log 2)! W;(2),
=0
Wnin(®) = (@43 + 25 - PG -5 - 2O 0,006, 6130

Therefore P — @ is constant and A — k € Z, and it may be assumed first that P = @ and A = &,
by incorporating an integer power of z into U,,, and second that P = @ = 0 and A = k = 0, by the
standard property W (fh, gh) = h®W (f, g) of the Wronskian.

It will now be proved by induction on m + n that if

n

Z (log 2)7U; (> G(z):Z(logz)jVj(z), m,n >0, W(F,G)=0
7=0 7=0

then F' and G are linearly dependent. This is clear if m +n = 0, since the formal series in descending
powers of z form a field. Now (5.130) yields U}, /Uy, = V! /V,,, and so U,,/V,, is constant, and it may
be assumed that U, = V,, = 1, by the same property of the Wronskian as used earlier. It follows that

DV _1(2) +n/2)(log2)" L +..)
(Up—1(2) +m/2)(log 2)™ +..).

0 = ((log2)™+ Un—1(z)(log z)™ !

+.
—((log 2)" + Vn—1(2)(log 2)" ' +

This delivers V! _,(z)+n/z = 1(2)+m/z, so that m = n since V! _,(z), U}, _;(z) include no term
in 1/z. Now the fact that 0 = ( F,G) = W(F,G — F) allows m + n to be reduced by at least 1,
completing the induction. |

The final theorem of this section follows immediately from Theorems 5.11.1 and 5.12.1.

Theorem 5.12.2 Suppose that ay,...,a,—1 are holomorphic in a sector S given by |z| > R, a <
argz < 8 < a+ 2w, each with an asymptotic series in descending powers of z. Then (5.124) has n
linearly independent principal formal solutions given by (5.125), and for each 6 with o« < 6 < (3 there
exists () > 0 such that (5.124) has n linearly independent holomorphic solutions

nj

95(2) = exp(P;(z"/7))2% Y " (log 2)Vjm(2)

m=0

with the property that U; ,,(z) is an asymptotic series for Vj,,(z) as z — oo with § — r(f) < argz <
0+ r(0).

5.12.1 Extending the sector of validity for holomorphic solutions

The following is one special case of the extension to wider sectors of asymptotic representations for
solutions as in Theorem 5.12.2; for much more general results see [49].
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Lemma 5.12.5 Suppose that by, by and by are holomorphic functions on an annulus R < |z| < oo,
each with at most a pole at infinity, and that in the principal formal solutions of the equation

y" 4+ bay” + b1y’ + boy = 0,

the exponential parts are P, —P and 0, where P(z) = ay 2™ + ... is a polynomial of positive degree
M. Then there exists p € N such that the principal formal solutions can be written in the form

Fi(z) = exp(GP(2)) 2" U(2), §=~1,0,1,

in which n; € C and Uj(2) is a formal series in descending powers of z1/P,
Furthermore, ife > 0 and 6y € R satisfies Re (a et 90) = 0, then there exist holomorphic solutions

G;(2) = exp(IP(2)2Vy(2), j=—1,0,1, (5.131)
such that V;(z) has asymptotic series Uj(z) as z — oo with |arg z — 0p| < /M —e.

Proof. Only the assertions concerning the G'; require proof, and it may be assumed that each Uj(2)
has the form

o
Uj(z) = Z uj,mz*m/p, ujo = 1.
m=0

Assume without loss of generality that §p = 0 and Re (ape’?) > 0 for 0 < 6§ < w/M. By Theorem
5.12.2 there exist holomorphic solutions G as in (5.131) such that V}(z) has asymptotic series U;(z),
and in particular Vj(z) — 1, as z — oo with |argz| < r(0). For each ¢ € (0,7/M) choose a
corresponding 7r(¢): it may be assumed that 7(¢) < ¢. Compactness shows that there exist N € N
and 0 = ¢p < @1 < ... < ¢n such that the sector 0 < argz < /M — ¢ is covered by the union of the
sectors |arg z — ¢, | < 7(¢,). Here it can also be assumed that ¢, > r(0)/2 for each p > 1.

Now suppose that 1 < u < N and, using Theorem 5.12.2 again, take holomorphic solutions

Hy, ,(2) = exp(kP(2))2" Wy, ,(2), k=-1,0,1,

such that W, ,(2) has asymptotic series Uy(z) (and Wy, ,,(2) = 1) as z — oo with |arg z—¢,| < 7(¢,).
Since the G extend holomorphically into the sector |argz| < m/M — ¢, there exist constants c; ,
with
Gj = Z Cj,k,quwr
ke{-1,0,1}

Claim A: Let k > j € {—1,0,1}: then c¢;y, is O for each pu.

To see this, take the largest k£ > j for which there exists u € {1,..., N} with ¢; , # 0, and choose
such a . Then the holomorphic function

Gj(z) exp(—kP(z))z" ™

tends to ¢jx,, # 0 as z — oo with arg z = ¢,,, and to 0 as z — oo with arg z = (0)/2, and is bounded
as z — oo in the sector between these rays, which contradicts the Phragmén-Lindelof principle. This
proves Claim A.

Claim A implies that, for 1 < u < N,

Gj(z)exp(—jP(z))z""
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tends to ¢;;, as z — 0o with arg z = ¢, and to 1 as z — oo with arg z = (0)/2, and is bounded in
the sector between, and so the Phragmén-Lindelof principle forces ¢; j,, = 1. Now write

Gi(z) = exp(jP(2))2"Vj(z) = exp(iP(2))2"W;u(2) + > ¢k ulz
k<j

= exp(jP(2))2" | Wipu(2) + D cjmpexp((k — ) P(2))2" 0 Wi (2)

k<j

Here Uj(z) is an asymptotic series for W} ,(z) as z — oo with |argz — ¢,| < r(¢,), and so also for
Vj(z). A similar argument handles the sector —7/M +¢ < argz < 0. O



Chapter 6

Meromorphic flows

6.1 Introduction

The standard application of complex analysis to (incompressible, irrotational) fluid flow on a plane
domain D, as given in many textbooks, goes as follows. The velocity of the fluid at z € D

5= % = g(2), (6.1)

where g = u + v is analytic on D (with w,v real). In this model, if D is simply connected, the
streamlines (trajectories) along which particles of fluid travel are found as follows. Let G = P +iQ be
analytic on D, with G’ = g and Q@ = Im G. Then a streamline z(t) = x(t) + iy(t) is determined by
writing

. . . d
g:u“‘“]:G,:Pm‘i'ZQac :Qy“‘ZQsz 7? :Qxxt‘i'nyt :QxU_QyU:UU_UU:O>
so that () is constant on the streamline. Hence the trajectories in this model are determined by finding
level curves of Q.
Consider next a meromorphic flow given by

. dz
5=

= — = 6.2
o =) (6.2)
in which the function f is meromorphic on a simply connected domain D C C (this will be the case
throughout this chapter). Suitable references for these flows include [22, 23, 27, 30, 31, 50]. A trajectory
for (6.2) will mean a continuous z(t), defined on some maximal open interval of R, with

dz(t)

=z(t)e D
z=z(t)e D, —

— f(=() € C.

It will be shown in §6.3 that for zp € D with f(z¢) # oo there exists a unique trajectory with z(0) = 2o,
and that z(¢) depends continuously (and indeed analytically for fixed ¢) on zj.

6.1.1 A connection between (6.1) and (6.2)

If in (6.1) we set f(z) = 1/g(z) then we obtain

R e D S )
a TS TR (03

129
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This flow is therefore linked to (6.2), insofar as at every point the direction of travel is the same,
although in general the speed is not. Indeed, given a trajectory z(t) of (6.2) through the point z(0),
define s = ¢(t) by
ds
6(0) =0, — =¢'() = FM)"

Then ¢ is strictly increasing, with inverse function ¢ = v(s). Now set w(s) = z(t), which gives

w(0) = 2(0) and
FE®) _ FE®) _ fu(s)
¢'(t)  1fE@IP f(w(s)P
so w(s) = z(t) = z(¢(s)) is a trajectory of (6.3) which passes through the same points as z(t), but at
different speed.

w'(s) = 2'(t) ¢'(s) =

6.2 Examples

6.2.1 Example I
Let f(z) = 22 in (6.2). Then any trajectory z(t) with z2(0) = 1/T # 0 has

1 1
20 " 20) t=T—t.
If T is real and positive then z(t) is real and tends to +o00 as ¢ — T'—, and to 0 as ¢ — —oo. Thus
z(t) follows the positive real axis in the outward direction as ¢ goes from —oo to 7.
If T is real and negative then z(t) is real and tends to —oc as t — T+, and to 0 as t — +o0. Thus
z(t) follows the negative real axis in the inward direction as ¢ goes from T' to +o0.
If 7" is non-real then z(t) is defined for all real ¢, and as ¢ — f0o we have 1/z(t) — oo and z(t) — 0.

6.2.2 Example 11
Suppose that f(z) = €* in (6.2). Then integration gives

e ) — =2(0) _4
for any trajectory z(t). If T = e=*(%) is real and positive (that is, if Im z(0) = k27 for some integer k)
then e #() — 0 and so z(t) = oo as t — T'—. In this case the trajectory moves from left to right along
the horizontal line Im z = k27i, and the maximal interval of definition of the trajectory is (—o0, T).

If e=2(0) is not real and positive then z(t) is defined for all t € R. As t — oo, the term e=*()
tends to infinity, so that z(¢) tends to infinity in the left half-plane.

6.3 Existence and uniqueness

The following standard argument shows that for zy € D with f(zg) # oo there is at most one trajectory
z(t) with z(0) = zy. Take positive real numbers M and § such that § is small and |z — 29| < 0 gives
|f'(2)] < M. Suppose that 7 > 0 and that z1(¢) and z2(t) are trajectories which are both defined for
|t| < n, and which satisfy z1(0) = 22(0) = zp. It may be assumed that 7 is so small that |t| < 7 gives
|zj(t) — 20| < d. Suppose that |t| < A = max{n,1/2M}, and that

|21(s) = 22(s)| < |21(t) — za(2)| for [s] <[t].
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Then

[21(t) = 22(0)] =

/0 F(21(5)) — F(za(s)) ds

t rzi(s)
/ / f'(u) duds
0 Jza(s)

< /OtM\zl(s) ~ oa(s)] ds

< /OtM\Z1(t) — 2(t)]ds < ’21(75)2—22(15”

This forces 21 (t) = 2z2(t) for 0 < |t| < X and repetition of the same argument shows that the trajectories
zj(t) are identical. Thus if f(29) = 0 then the only trajectory through z is the trivial solution z(t) = 2.

When zy € D and f(z9) # 0,00, the local existence and uniqueness of the trajectory through zg
may be established by the following argument. Choose r > 0 with

‘ 1 _ 1 < 1 ‘ 1
fz) f(z0)| = 2| f(20)
on D(zp,7) ={2€ C:|z— 2| <r}. Then
B ST  CF SR U
6= | 7= T+, 7 7 (o4
satisfies ) o 7
G(z0) =0 and |G(z1) — G(z2)| > 20l

on D(zg,r). Thus G is analytic and univalent on D(zp,r). Taking zo = zp and applying Rouché's
theorem shows that G(D(zp, 7)) contains the disc D(0, s), where s = /2| f(29)|. Now the local change
of variables w = G(z) gives the flow w = 1, which evidently has a unique trajectory with w(0) = 0
given by w(t) = t. Hence a trajectory of (6.2) satisfying z(0) = 2o, and defined at least for —s < t < s,
is given uniquely by z(t) = G71(¢).

6.4 Dependence on initial conditions

Suppose that zg € D is such that the trajectory z(t) exists and is injective for 0 < ¢ < A, with A >0
and zp = z(0). Then f has neither zeros nor poles on the curve v = {z(t) : 0 <t < A}. Hence the
function G of (6.4) is analytic on a simply connected domain €2 containing -, and maps y onto the real
interval [0, A], with G(2(t)) =t and G(z9) = 0. Here Q2 may be formed as follows: let C* = CU {0}
and map the complement of  on the Riemann sphere conformally to {v € C* : |v| > 1} by v = h(2),
so that oo is mapped to co. Then take S; > 1 such that the images under h of all zeros of f in D lie in
X1 ={veC>: |v] > Si}. Finally, let Q be the complement of the closed connected subset h~1(X})
of C*.

The next step is to choose a sub-domain Q' C € such that G is univalent on Q'. By compactness
and the argument of §6.3, there exists r > 0 such that, for each ¢ € [0, 4], the function G is univalent on
D(z(t),r), which lies in Q. Uniform continuity gives R > 0 such that |z(t) — z(t')| < r/2 for all t,t' €
[0, A] with |t —'| < R, and for each s € [0, A] there exists p(s) € (0,7/2) with |G(z) —G(2(s))| < R/2
for all z in D(z(s),p(s)).
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Let Q' be the union of the discs D(z(s),p(s)), for 0 < s < A. Then ' is a domain. If z,2" €
and G(z) = G(2') then there exist s,s" € [0, A] with z € D(z(s),p(s)) and 2’ € D(z(s'),p(s")). This
leads to

s = 5’| = 1G(2(s)) = G(2(s))| = |G(2(s)) = G(2) + G(2) - G() + G(2) = G(a(s)| < R

and so z(s') € D(z(s),r/2), and z,2" € D(z(s),r), giving 2 = 2’. Thus G is univalent on ', as
required.

Now for w close to zq the formula (., (t) = G~ (G(w)+t) defines a trajectory of (6.2) for 0 < t < A,
starting at w, and shows that ¢, (t) is close to z(t) = G~1(¢), uniformly for 0 <t < A. Moreover, for
fixed t € [0, A], the position (,(t) depends analytically on w.

6.5 Re-scaling, conjugacy and simple zeros

Suppose that zg € D with f(z9) # 0,00. Then for any a,b € C with a # 0, a re-scaled flow may be
defined by

w=az+b, gw)=af(z) = af((w-b)/a), W= az=af(z) = glw). (6.5)

5

Here any prescribed value may be assigned to wy = azy+b, and any prescribed non-zero value to g(wyp).

Suppose next that f has a simple zero at zp € D. Assume without loss of generality that zg = 0,
and set a = f/(0) # 0. Then writing

o YO a1
= Y(z), e _f(z)_z+"” (6.6)

defines a conformal change of variables near the origin, and yields
w=1v(2)2 =¢/(2)f(2) = ap(z) = aw.
If z(t) is a trajectory of (6.2) passing near to 0 then w(t) = 1(z(t)) is a trajectory of

W = aw. (6.7)

6.5.1 The case where « is real

In this case the flow (6.7) has a node at 0 (see [23]). The trajectory through a starting point wg # 0
satisfies w(t) = woe™ and is a ray, the direction of flow determined by the sign of . Thus all trajectories
of (6.2) in a punctured neighbourhood of 0 flow towards, or away from, 0.

6.5.2 The case where « is neither real nor purely imaginary

This case is referred to as a focus. The trajectory through a starting point wg # 0 still satisfies
w(t) = wpe™, but is a spiral. All trajectories of (6.2) in a punctured neighbourhood of 0 either spiral
into, or away from, the fixpoint at the origin.

A focus or node is called attracting (or a sink) if Rea < 0, and repelling (or a source) when Rea > 0.

6.5.3 The case where « is purely imaginary

Here the flows (6.2) and (6.7) have a centre at 0. The trajectory of (6.7) through a starting point
wo # 0 satisfies w(t) = wee®, but is this time a circle, and all trajectories of (6.2) in a punctured
neighbourhood of 0 are periodic and flow around the fixpoint at the origin.
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6.6 The behaviour near poles

Suppose that f(z) ~ ¢(z — z9)™™ as z — zp, for some ¢ # 0 and m > 0. Define a conformal mapping
w = ¢(z) near zg by writing

me1 71 B (z — zg)™H!
P ) @ T e
This gives
(m+Dw=w", w"(t)=w""(0)+t. (6.8)

The equation (6.8) has m+1 disjoint trajectories tending to 0 in increasing time, determined by choosing
w™t(0) € (—00,0) C R. Thus (6.2) has m + 1 trajectories tending to zg in increasing time (each
taking finite time to do so).

Suppose next that D contains an annulus R < |z| < oo and f has a pole of order n > 2 at infinity.
Setting w = 1/z gives W = g(w) = —f(2)/2%, so that g has a pole of order n — 2 at 0 and (6.2) has
n — 1 trajectories tending to infinity in finite increasing time: this is a result of King and Needham [50,
Theorem 5].

6.7 Periodic cycles and their stability

Suppose that zp € D and f(zp) # 0,00 and that the trajectory through 2y satisfies zp = z(0) = z(T)
for some (minimal) positive T. Then zj lies on a periodic cycle, and its trajectory describes a Jordan

curve I' in D, which has
1
——du="T. 6.9
L7 (69)

It will be shown that if z; lies close enough to zg then z; also lies on a periodic cycle of period T'.

The following approach is used in [30, Theorem 2]. For z close to 2 let (,(t) be the trajectory with
(-(0) = z. Then (,(T") depends analytically on z; to see this, split I" into two injective sub-trajectories,
each taking time 7'/2 to describe, and use the method of §6.3 and the chain rule (since (,(7"/2) depends
analytically on z). But if z lies on T then (,(T) — 2 = 0. So (,(T') = z for all z close to zy, by the
identity theorem. Continuous dependence on initial conditions and (6.9) imply that the period is the
same.

An alternative proof proceeds as follows. Let § be small and positive and take the pre-image
L = Ls(zp) of the real interval [—d, ] under the function zfzzo 1/f(u) du. Then any trajectory which
meets L does so non-tangentially. For z € L, close to zg, follow the trajectory through z until the
first point 2’ at which it meets L again, as it must by continuous dependence on initial conditions,
and suppose that z # 2’. Joining 2’ to z by a sub-arc of L gives a simple closed curve T for which
[ 1/ f(u) du is non-real. But Cauchy’s theorem gives [, 1/f(u)du = [1/f(u)du =T € R.

6.7.1 Periodic cycles not enclosing poles

The following argument is adapted from [22]. Suppose again that zp € D and f(z) # 0,00 and the
trajectory through zy satisfies zp = z(0) = z(7T") for some (minimal) positive T, so that z(¢) describes a
Jordan curve I in D as t goes from 0 to T'. Assume that the interior domain of I lies in D but contains
no poles of f.

By (6.9) and Cauchy's theorem, I must enclose at least one zero of f, without loss of generality at
0. Let z = g(v) be the Riemann mapping from D(0, 1) to the interior domain of I', with g(0) = 0. Set

G(2) = exp <2T7” 0 f(lu) du>
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near zg. By compactness and the discussion in §6.7, there exists d; > 0 such that if the distance from
w to I' is less than §; then w lies on a periodic cycle of period 1. Moreover, there exists do > 0 such
that if |w — 29| < &2 then the trajectory of (6.2) through w always has distance less than ¢; from I
Take a small positive §, so small that the pre-image L = Ls(zg) of the real interval (—d,9) under the
function zfzzo 1/ f(u) du lies within the disc of centre d2 and radius zp.

Let 2 be the union of all trajectories which meet L, each of these having period T. Then Q is
open, and doubly connected, since any point lying between two of these periodic trajectories must also
lie on a periodic trajectory, which must in turn meet L. The function G clearly continues analytically
throughout €2. Moreover, G maps the trajectory through w € €2 injectively onto a circle of centre 0, its

radius determined by the real part of
2wt (Y1

T [, T
and hence by the point at which the trajectory meets L. Thus G extends to be analytic and univalent
on €2, mapping ) onto an open annulus containing the unit circle.

Moreover, |G(g(u))| is defined and tends to 1 as |u| — 1—. If |ug| = 1 then reflection gives an
extension of H = G og to a disc D(ug, 0g) with ug > 0. A compactness argument and the fact that the
intersection of two discs is connected extends H analytically to an annulus € given by 1/R < |u| < R,
where R > 1. This extension has the property that if u* = 1/ is the reflection of u across the unit
circle, then H(u*) is the reflection of H(u). Thus H is univalent for 1/R < |u| < R, because it is
univalent for 1/R < |u| < 1. As u crosses the unit circle, so does H(u), and therefore G~ (H (u))
crosses I'. Hence g may be extended analytically to D(0, R) by writing g = G~! o H on Q1, and g(u)
lies outside I" for 1 < |u| < R. This property, coupled with the fact that G~! o H is univalent on €,
ensures that g is analytic and univalent on V' = D(0, R).

Now consider the equation

0= = o(v) = vp(v) (6.10)

on V. Here p is analytic on V since f(g(0)) = 0 and f is analytic on g(V') (because I' encloses no
poles of f). The unit circle is a periodic trajectory of this flow, since g(v) € I" for |[v| =1 and z = g(v)
gives Z = f(z). This means that for [v| = 1 the vector o(v) must be perpendicular to the vector v,
and so p(v) must be purely imaginary. But then p(v) is constant on V' by the maximum principle for
harmonic functions. Thus the flow (6.10) reduces to © = Av, where p(v) = A € iR\ {0}. Using the
Taylor expansion of f and g about 0 shows that A = f/(0).

If 0 < r < R then the circle |v| = is mapped by z = g(v) to a Jordan curve I';,, and

2mi _ R g . _ LN
X /M:md /|v|:rf<g<v>>d ek

Setting = 1 shows that A = f/(0) = 2mi/T. Thus each circle |v| = € (0, 1] is a cycle of (6.10) with
period T' = 27i/ f'(0), and every point in g(V') lies on a periodic cycle of (6.2) with the same period.
In particular this is true for all points inside I', and all points close enough to I'. Also 0 is the only zero
of fin g(V), because of the equation f(g(v)) = Avg'(v).

Now let P be the union of {0} and all periodic trajectories v which enclose 0 (that is, have non-zero
winding number about 0) but enclose no poles of f. Then P is open, by the above argument (or by
stability of periodic cycles), and is a domain since the interior of each such « contains a neighbourhood
of 0.

In fact, P is simply connected, for the following reason. Let A be a Jordan curve in P. For each
2 € A there exists a cycle 7, C P which encloses z, and if 2’ € A lies close enough to z then 2 also
lies inside I',. Compactness gives finitely many cycles v, C P, each enclosing 0, such that every z € A
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lies inside at least one of them. But these cycles either coincide or are disjoint, and so one of them, ~
say, must enclose all the others. But then the interior of v lies in P, and so does that of A.

Lemma 6.7.1 ([22]) Suppose that D = C and every zy € C\ {0} lies on a periodic cycle enclosing 0.
Then f(z) = az for some a € iR\ {0}.

Proof. The above argument shows that 0 is the only zero of f, and all the cycles have the same minimal

period T'. The function
2mi (71
F(z :eXp</ du>
) T ) Fw

is analytic on the plane, and univalent on, and so inside, each periodic cycle. Thus F' is a univalent
entire function and so linear, and so are F'/F' and f.

6.8 An example

Following [22], consider the flow

I A\ .

on C, where A € C. To determine trajectories for (6.11) set

1-n y ;

u= 2 , v (1— n)g,
1—n U w
so that w satisfies, near infinity,
(1= nyu+ N2 =1 PRI R (6.12)
u ’ 1-n/)u

Let R, S/R and T'/S be large and positive and consider first a trajectory u(t) which has

lu(0)] > T, Re (u(O) + A ) > 0. (6.13)

1—-n/ —

Write

v=udty logu on D} ={ueC:|ul>R, -1 <argu <} (6.14)

-n
Then the trajectory u(t) has u(0) € D} and |argu(0)] < m/2 + &, where § > 0 can be chosen
arbitrarily small, subject to T" being large enough. But then |argv(0)| < 7/2 + 2 and © = 1, and so
v(t) = v(0) +t has S < |v(t)] = +oo and |argwv(t)| < w/2 + 20 for t > 0. Since Rewv is bounded
above as u — 8D§, the trajectory for u stays in DE and also tends to infinity, with argu(t) — 0 as
t — +oo.

Now suppose that

mmMZT,Im(M®+ A ><0 (6.15)

1—-n/, —

This time writing

v:u—i—l logu on Dp={uecC:|ul>R,0<argu <27}

gives © = 1 again, and shows that, as t — —oo, both v(¢) and u(t) tend to infinity, with argu(t) — .
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Figure 6.1: Trajectories of (6.11) near the origin
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Now take any trajectory u(t) which has [Imu(0)| > T. Then u(0) € D},. Continue u(t) in the
directions of both increasing and decreasing ¢, as far as is possible while keeping v € D7}, and define v by
(6.14). Since this gives [Imv(t)| = [Imv(0)| > S, whereas Im v is bounded on D%, this continuation
never causes u to exit D}, and u(t) — oo as t — +oo. Again argu(t) — 0 as t — +oo, and
argu(t) — mast — —oo.

In summary, u(t) — oo and w(t) — 0 as t — 400 when (6.13) holds, and u(t) — oo and w(t) — 0
as t — —oo when (6.15) holds. Every trajectory for (6.11) with |w(0)| small enough is such that at
least one of these is satisfied, and there are infinitely many trajectories for which both hold.

Now let s > 0 be small and take a trajectory w(t) of (6.11) for which |w(0)| = s, so that |u(0)| is
large. If, at time t =0,

Re (%) = 4 toglu(t)) >

then (6.12) implies that (6.13) holds, and so u(t) — oo and w(t) — 0 as t — +oo. Similarly, any
trajectory w(t) of (6.11) which has |w(0)| = s and |w| non-decreasing at time ¢ = 0 is such that (6.15)
holds, so that u(t) — oo and w(t) — 0 as t — —oo. Therefore every trajectory of (6.11) which meets
|w| = s tends to 0 as ¢t — 400 or as t — —oo or both, depending on the sign of Re (4/u) (and hence
of Re (w/w)).

This gives rise to “elliptic sectors” in the terminology of [23]. Divide up a neighbourhood of w =0
into sectors on which Imwu is alternately positive and negative; each is bounded by rays R, R~ on
which w is real and positive, negative respectively. If [Im«(0)] > T then w(t) — 0 as ¢t — %00, with
w(t) = R ast — 400 and w(t) = R~ ast — —oo. If |u(0)| is large enough but [Im u(0)| < T then
one of (6.13) and (6.15) is satisfied, and u(0) is close to Rt or R™, and the trajectory tends to zero in
increasing or decreasing time.

6.9 Multiple zeros

Assume that f has a zero of multiplicity n > 2 at the origin. Then the following argument from [22]
shows that (6.2) is conjugate near 0 to an equation of form (6.11). In a neighbourhood of 0 write

Ji@=3‘1+-..+2§+j+q(z), b, #0, ¢(0) €C, (6.16)
and
bn b z
fi(z) = A=) 1 +.. = ;2 +/o q(u) du = g;n(zl)’ fo(w) = = nl)wn1 = zs,swl)a (6.17)

so that f{(z) = 1/f(2) — A\/z and f}(w) = 1/w™ by (6.16). Choose 1 so that

= b, = (6.18)

using (6.17). For v near to 0 and u close to pp, set

v
H(v,p) = 927(1_/1) + X" ogpu — g1 (v). (6.19)
Here (0)
H(0,10) = 551 — 91(0) = 0

0
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by (6.18), and
Oy Um0
12 Ko

Thus the implicit function theorem (Lemma 6.11.1) gives a function v (v) with ¥(0) = pp # 0 such
that ¢ is analytic near 0 and satisfies there

H(v,¢(v)) =0. (6.20)

Set ¢(v) = vip(v), so that ¢ is conformal in a neighbourhood of 0, with ¢(0) = 0. Then (6.19) and
(6.20) yield, near 0,

_ ) ey, ,
0 = ST N g ) — i)
- omdv) (92)¢§”)) Far1og A ),

and so

260) 90 g

0 = ¢(,U)nfl v pn—1 ’

Differentiating now yields

Given a trajectory z(t) of (6.2) near 0 write w(t) = ¢(z(t)) so that
(1A (s _ _
o () =0 (ot a9) 79 =

which makes w(t) a trajectory of (6.11).

Lemma 6.9.1 Suppose that f has a zero of multiplicity n > 2 at zg € C, and let 6 > 0. Then there
exists a Jordan curve C C D(zp, ) which surrounds zy and has the following properties: any trajectory
z(t) of (6.2) which passes from outside C' to inside in increasing time tends to zy as t — —+00;
any trajectory z(t) which passes from inside C' to outside in increasing time tends to zy as t — —oc.
Furthermore, there exists at least one trajectory z(t) which remains inside C' and tends to zp ast — +o0.

The lemma is proved by assuming that zg = 0 and taking C to be the pre-image under ¢ of the circle
|w| = s, for some small positive s; the asserted properties all hold by §6.8.

6.10 Limit points of trajectories

Lemma 6.10.1 Let the function f be meromorphic and non-constant on a simply connected domain
D C C, with finitely many zeros in D, or finitely many poles in D. Let z(t) be a non-periodic trajectory
of (6.2), with maximal interval of definition (ag,by) C R. Suppose that zo € D is a limit point of z(t)
as t — bo, that is, there exist s, € (ap,bo) with s, — by such that z(s,) — zo. Then f(zy) € {0,000}
and limy_,p,— 2(t) = zp.
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Proof. It suffices to show that f(zg) € {0,00}; once this is proved, it must be the case that
limy_,p,— 2(t) = 2o, since otherwise there exists 2, € D with f(z{) & {0,00} such that z{ is a limit
point of z(t) as t — by.

Assume then that z(t) and z are as in the hypotheses, but that f(zy) # 0,00. Observe that z(¢),
being non-periodic, must be injective for a9 < t < byg. By employing a linear re-scaling w = az + b,
g(w) = af(z), it may be assumed that zp = 0 and f(z) = i.

If 2(t) — 0 as t — by with ¢ € (ag, by), then so does u(t) = ¢(z(t)), where ¢(z) = [;1/f(s)ds
near 0. But then @ = 1, so that by < +oo and u(t) extends beyond ¢ = by, as does z(t), contrary
to assumption. Hence there exists an arbitrarily small positive o such that z(¢) enters and leaves the
disc D(0,0) = {z € C : |z| < o} infinitely often as t — by. Because o is small and f(0) = i, there
exists 7 > 0 such that any trajectory which meets D(0,0) crosses the real interval I = (—20,20)
non-tangentially from below to above in increasing time, and exits D(0,20) after leaving I, taking at
least time 7 to do so: thus by = +oc.

It is now possible to choose a sequence (t,), with ag < t, < tp+1 < oo, such that z(t,) and
Z(tp+1) both lie in I\ {0} but 2(t) & I fort, <t < tpt1. Then tpy1 > t, + 7, so t, — oo and
liminf,,_ o |2(tn)| = 0. Since the trajectory is non-periodic, z(t,) # z(tn+1). Let J,, be the open real
interval with end-points z(t,,) and z(tn41), let K,, be the arc {z(t) : t,, <t < tn4+1}, and let L,, be the
Jordan curve formed from J,, and K,,.

Let P, be the component of I\ {z(t,)} containing z(t,+1), and @Q,, the component of I\ {z(t,,+1)}
containing z(t,). Choose u,, and v,, with u,, —t,11 and t,, — v, small and positive. Then z(u,,) lies in
a component €2 ,, of (CU {oo}) \ Ly, as do all points lying just above the open interval P,. Similarly,
z(vp) and all points lying just below @), belong to the same component € ,, of (CU {o0}) \ Ly,. The
fact that J,, = P, N Qy, gives Q5 # Qa,,. All points z(t) with t > ¢, 41 also lie in €2 ,,, because z(t)
cannot meet K, for ¢ > t,4+1 and cannot cross .J,, from above as t increases. This gives z(t,,) € Qp,
for all m > n 4+ 1, because the contrary case leads to z(vy,) € . It follows that the sequence z(ty,)
is monotone, with z(t,) — 0 as n — oo.

Now the integral of 1/f(z) along K, is real, by (6.2), but that along .J,, is not, and so choosing n

large enough makes
1
I, =Im / dz>
" < . f(Z)

arbitrarily small but non-zero. Thus the lemma is proved if f has finitely many zeros in D, or if the
trajectory z(t) remains within a compact subset of D, because in these cases there are only finitely
many zeros of f which may lie inside L,,, and so only finitely many possible values of I,,, by the residue
theorem.

Assume now that f has infinitely many zeros, and hence finitely many poles, in D. Since f(z9) #
0,00 by assumption, it may be assumed further that the trajectory z(¢) does not remain within any
compact subset of D as ¢t — +o00. Thus €3, must be the bounded component of (C U {oo}) \ Ly,
and these bounded components satisfy (22, C €23 ,,1. Let A, be the domain obtained by deleting
from Q3,41 all points in the closure of €}, and let ng € N be so large that for n > ng there are
no poles of f in A,. Let n > ng and let X,, be the set of w € A, with f(w) # 0. For w € %,,
follow the trajectory (,, through w in decreasing time. The resulting path o,, cannot exit 22,1, and
so remains within a compact subset of D. Thus by the argument of the previous paragraph, with time
reversed, o, must either cross .J,,, or be periodic, or tend to a zero of f in A,. Here the set of w € 3,
corresponding to each of these finitely many possibilities is open, by §6.4, §6.5 and §6.7, as well as
Lemma 6.9.1. But there are points w € A, close to the trajectory z(t), for which o, does cross .J,,,
and so by connectedness the same is true for all w € 3,. A similar argument shows that for every
w € X, the trajectory (,, exits (22,41 through J,,41 in increasing time. However, if v is a zero of f
in A, then §6.5 and §6.7, together with Lemma 6.9.1, show that there exists w # v, close to v, such
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that either (,, is periodic or (;, tends to w in increasing or decreasing time. Hence f has no zeros in
A,. It follows that there are only finitely many possible values for I,,, and this is a contradiction. O

Suppose now that f is non-constant and meromorphic in C in (6.2), with finitely many poles. If
v(t) is a simple trajectory for (6.2), with maximal interval of definition («, 5) C R, then it follows from
Lemma 6.10.1, with D = C, that the initial and final end-points v~ = lim;_,o+ Y(t) € CU {oco} and
vt =1limy_,5_y(t) € CU{oo} both exist, and may coincide.

If v© = 29 € C and f(20) # oo then 2y must be a sink or a multiple zero of f (see §6.6), and the
trajectory takes infinite time to reach zy (that is, f = +00). To see this, take C' > 0 and m € N with
|f(2)] < Clz—2p|™ as z — 2. Let n be large and consider any z(t) such that |z(¢,) — 20| = 27" and
|2(the1) — 20| = 27" L and 27771 < |2(t) — 20| < 27" for t, <t < tpy1. This yields

277 < z(tns) — 2(ta)| =

/ ") dt‘ < by — tp)C2m
tn

and so t, 1 — t, > C~12m=Dn=1 > 1/9C. Similar remarks apply if v~ € C.

6.11 The analytic implicit function theorem

Lemma 6.11.1 Let the function P(w,z) be C' on a neighbourhood of (wq, zg) € C? and satisfy the
following: for each w near to wy, the functions P(w,z) and P, (w,z) are analytic functions of z on a
neighbourhood of zy; for each z near to zy, the function q(w) = P(w, z) is an analytic function of w
on a neighbourhood of wy.

Assume that P(wq, z9) = 0, and that P, (wg, z9) # 0. Then there exists an analytic function ¢(z)
on a neighbourhood of zy, with ¢(zy) = wo, such that P($(z),z) = 0 near z.

Proof. It may be assumed that wy = 29 = 0. The function g(w) = P(w,0) is analytic near 0 with
g(0) =0 and ¢’'(0) = P,(0,0) # 0. Thus g has a simple zero at 0 and, if € is small and positive,

1 g ,

— w = 1,
271 Jj|=e g(w)

with all integrations once counter-clockwise. In particular, g(w) = P(w,0) # 0 for |w| = . Hence if
|z| is small enough then P(w, z) # 0 for |w| = ¢, since P is C*, and

1 Py(w, 2)

= dw =1
2mi | P(w, 2) wes

w|=¢e

by continuity of the integral and the argument principle applied to ¢(w) = P(w, z). Thus, again if |z|
is small enough, the equation P(w,z) = 0 has a unique root w = ¢(z) € D(0,¢), and the residue
theorem gives

1 wPy,(w, 2)

= omi )

dw,

w|=¢

so that ¢(z) is analytic near 0.



Chapter 7

Univalent functions and the
hyperbolic metric

7.1 Basic results on univalent functions

7.1.1 The area theorem
Let g(z) = 1/z+ Y .2, by2™ be analytic and univalent in 0 < |z| < 1. Then

o0

> npba? < 1. (7.1)

n=1

Proof. We can assume that by = a is real and non-negative, because if ¢ is univalent and |a| = 1
then ag(za) = 1/z + a?b1z + ... is also univalent, and this does not change |b,|. Our assumptions
imply that the power series has radius of convergence at least 1. We extend g to a one-one meromorphic
function on D(0, 1) by setting g(0) = co. If 0 <r < 1 then

Jo(t) = g(re), 0<t<2m,

is a simple closed curve. For finite w not on J,., the winding number satisfies

/
n(J, w) = 1/ 1 du = 1/ &dz
21 J; u—w 21 2= 9(2) —w

and by the argument principle this is zero or non-zero, depending on whether or not g takes the value
win0<|z] <.

For 0 < r < 1 let A(r) be the area of the set of finite complex values not taken by g in D(0,7):
this is the same as the area enclosed by J,.. For 0 < s < S < 1 we have

A(s) — A(S) = / g9t

because the integral on the RHS (computed using polar coordinates) is the area of the image under g
of s <|z| < S. Differentiating gives

A(r) = — /| UCL

141
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We write
Jd(z)=—-2"2+ Z nbp2" Y, ¢(2) = —(2) 7% + Z nb, (Z)" 1,
n=1 n=1

and use the elementary fact that, for j, k € Z,

/ 2z dg
|z|=r

is 0 unless j = k, in which case the integral is 27727, Thus we get

o0
—Al(r)y=2rm (7"_3 + ZTLQ]bn\QrQn_l) ,
n=1
and by integration there is a constant C such that

A(r) =C +mr 2 — wZn!bn|2r2", 0<r<l.

n=1
We assert that C' = 0. Suppose first that g(z) = 1/z + az, still with a > 0. With this assumption,
g(re®y = (1/r + ar) cos 8 — i(1/r — ar) sin
describes an ellipse E;. enclosing an area
7(1)r +ar)(1/r —ar) = w(r~2 — |b1|*r?) = 7r 2 + O(r?).
In the general case, as |z| = r — 0 we have
g(z) =1/z+ b1z + O(r?)
and so the distance from J, to the ellipse E, is O(r?). Since E, has length O(1/r), the difference

between A(r) and the area enclosed by E(r) is O(r) as r — 0, and this gives A(r) = 7r=2 +O(r) and
so C' = 0. Using the fact that A(r) > 0, and letting » — 1, we deduce the lemma.

7.1.2 The class S

Suppose that & is analytic and univalent in D(0,1). Then 2’(0) # 0 and the function

h(z) — h(0)

HE) = =

is also analytic and univalent in D(0,1). This normalization gives us the class S of functions
oo
f(z) = z4az’ +as+... = z+Zanz”
n=2

which are analytic and univalent in D(0, 1).
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7.1.3 Bieberbach’s theorem
Let f € S. Then |az| < 2. Further, equality holds if and only if f is a Koebe function

F(2) = ko(2) = ﬁ — 242220 ., (7.2)

for some real 0.

Proof. Take f € S, and write
f(23) =221 4+ ax2® + azz 4 ...) = 22G(2)
so that, since G(z) # 0 in D(0, 1), the function F' given by

F(z) = 2G(2)Y? = 2(1 + %CLQZQ +...)

is analytic in D(0,1). We claim that F' is univalent on D(0,1). To see this, suppose that F'(u) =
+F(v). Then f(u?) = F(u)? = F(v)? = f(v?) and so u? = v?,u = +v. But v = —u # 0 gives
F(v) = —F(u) # 0, since the power series for F' has only odd powers, and so F'(u) = F(v) forces
u=wv.

Now we know that F'is univalent on D(0, 1), we consider

which is analytic and univalent on 0 < |z| < 1. From (7.1) we get > °° | n|b,|? < 1 and so in particular

|b1] = 3|az| < 1. If |ag| = 2 then we must have |by| =1 and b, = 0 for n > 2 and so, for some real 6,
1 01— 22et?

ge)=g -t =m— o FE=10m

z z

, f(2) :F(21/2)2 = m-

7.1.4 Koebe quarter theorem

Suppose that f € S and that f does not take the finite value w in D(0,1). Then |w| > 1/4. If
lw| = 1/4 then f is given by (7.2), with w = —%e~ for some real 6.

Proof. Assume f(z) # w. Then

wf w2_
T TR

is also in S. This gives, by Bieberbach's theorem,

2+ (ag + 1/w)2® + ...

lag + 1/w| <2, [1/w| <2+ |ag| < 4.

Also if |1/w| = 4 then 1/w = —4¢e" for some real 6. Since |az| < 2 and |ag + 1/w| < 2 we must have
as = 2¢" and so f is given by (7.2).
Note that

ko(z) = e Pko(ze®).

2 1/14+2\> 1
k“”—u_@2—4@_z>‘4’

and this maps D(0,1) univalently onto the region obtained by deleting from the complex plane the
half-line {w e R:w =2 < —1}.

Also
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7.1.5 The distance to the boundary

Let f € S. By the Koebe quarter theorem we know that the distance from 0 to the boundary of
f(D(0,1)) is at least 7. On the other hand, this distance is at most 1, for otherwise the inverse
function F' is defined and analytic on a disk D(0, R) with R > 1, and Schwarz’ lemma applied to
h(z) = F(Rz) gives 1 = |1/f'(0)| = |F'(0)| < 1/R.

Suppose now that a is any point in D(0, 1), and that g is analytic and univalent on D(0,1). Set

Gzl =9 (12:;;) '

G(2) - G(0)
(1 —la?)g'(a)
is in S. Thus the distance from 0 to the boundary of H(D(0,1)) is at least ; and at most 1. This gives

1

1= aP)lg'(a)] < dist{g(a),d(g(D(0,1)))} < (1 = |af*)lg'()]- (7.3)

Then G'(0) = (1 — |a|?)g'(a) and
H(z) =

7.1.6 Koebe distortion theorem

Let f € S. Then for |zg| =7 < 1 we have

(7.4)

Proof. Set

. z+ 20 . 9
9(2)—f<1+%2> =byg+biz+byz"+....

Then g is analytic and univalent in D(0,1) and
bo = f(z0), b1=g'(0)=f"(20)(1—=77), 2b2=g"(0) = (1—=r*)2f"(20) = 22(1 = *) f'(20).
Applying Bieberbach's theorem to (g(z) — g(0))/¢’(0) we get |¢”(0)| < 4]¢’(0)], and so
f"(20)/f'(20) = 2z0(1 = %)~

has modulus at most 4(1 — r2)~1. Multiplying through by zor~! we get
1" 2 4
ZOf (20) o r < ] (75)
rf'(z0) 1—r2 1—r2

If we write G = log f/(z),( = log z, p = |z| then the Cauchy-Riemann equations give

Ol (1) (4'6))

dlog p ¢ f(2)
Thus , .
8l G _ g, (510
dp f'(z)
and so (7.5) tells us that
_ !/
2p—4 _ 2p 4 S6log\f(z)\S 2p n 4 :2p+4.
1—p2 1-—p2 1-—p? Op 1—p2 1—p%2 1-—p?

Integrating from 0 to r with respect to p using partial fractions, and then taking exponentials, we get
(7.4).
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7.2 The hyperbolic metric

We begin with a refinement of the standard Schwarz lemma.

7.2.1 The Schwarz-Pick lemma
Let f: D(0,1) — D(0,1) be analytic, and let a € D(0,1). Then we have

f(z) = f(a) z—a
- @) = o
and .
IO -

<
1=[f(z)]? ~ 1=z
for all z in D(0,1). If there exists z in D(0,1) for which equality holds in (7.7), or z € D(0,1) \ {a}
for which equality holds in (7.6), then f is a conformal map of (i.e. a one-one analytic function from)
the unit disc D(0, 1) onto itself.
The conformal maps f of D(0, 1) onto itself have the form

eie Z—a

f(2) = (7.8)

1—az

for some constants 0, a with 6 real and |a| < 1. For such f, equality holds in both (7.6) and (7.7).

Proof. It is easy to check that f of the form (7.8) is a conformal map of D(0,1) onto itself: f is
Mobius and so one-one, and f(a) = 0, and |f(z)| = 1 for |z2| = 1. We denote the collection of
mappings of form (7.8) by A. It is easy to check that A is a group under composition.
Next let f map D(0,1) analytically into itself, and let a € D(0,1), and define G by
G(2) = Gr(2)Gal2), Ga(s) = LB =Sy 1zaz
1= f(a)f(2) z-a

Then G has a removable singularity at a and so is analytic in D(0,1). Further, we have |G1(z)| < 1 on
D(0,1), while |G2(z)| — 1 as |z| — 1. So the maximum principle gives |G(z)| <1 on D(0,1).

There are now two possibilities. The first is that G is a constant of modulus 1, so that equality
holds in (7.6). Further, we can solve for f, and since A is a group it follows that f is in A, and is a
conformal map of D(0, 1) onto itself. Finally, since

f(z) = fla)

zZ—a

|f'(a)] = lim ; (7.9)

zZ—a

we get equality in (7.7).

In the converse direction, suppose that f is a conformal map of D(0, 1) onto itself. Then |f(z)| — 1
as |z| — 1, and so |G(z)| — 1 as |z| — 1. Since f is one-one, G(z) is non-zero on D(0, 1) (the zeros
cancel out) and so |G(z)| =1 on D(0,1), by the maximum principle applied to G and 1/G. It follows
that f € A and that equality holds in (7.6) and (7.7).

Finally, suppose that f is not a conformal map of D(0,1) onto itself, and take a € D(0,1). Then
|G(2)] < 1 forall zin D(0,1), so that we have strict inequality in (7.6), for z # a. Further, a lies in
a compact set K, on which |G(z)| < k, < 1, and (7.9) gives us (7.7) for z = a, with strict inequality.
Since a is arbitrary the proof is complete.
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7.2.2 Lemma

Let ~y be a smooth contour joining a to b, with |a| < |b|, and let f(z) = g(|z|) > 0 be a function of |z|
which is upper semi-continuous on y. Then

|b]
/f@WdZ/ g(t)dt. (7.10)

al

Proof. Suppose first that g is continuous. Take 6 > 0 and a partition |a| = 29 < 21 < ... < 2, = |]|
such that
max{g(t) :xj1 <t <z;} —0 <my =min{g(t) : xj1 <t <z}

for each j. Then for each j there is a sub-path «; of length at least z;—x;_1 and lying in z;_1 < |2]| < zj,
on which f(z) > m;. Thus

[o]

/ﬂmwziym@—quafww—&w
Y j=1 |

al

This proves (7.10) when g is continuous. In the general case take continuous g, | g so that

B B
/%WWM—AgN%MM%W&{AgW@WﬂW%—/MMWL

by the monotone convergence theorem applied to g1 — g,, and

b b
/gn(IZ)IdZI 2/ gn(t)dtZ/ g(t)dt.

|al |al

7.2.3 The hyperbolic metric in the disc

Let v be a piecewise smooth contour in the unit disc D(0,1). The hyperbolic (non-Euclidean) length

of ~y is defined to be
2|dz|
b=
gl

in which |dz| indicates that the integration is with respect to arc length (sometimes the factor 2 is
omitted).
If fis a conformal map of D(0,1) onto itself then the hyperbolic length of f(v) is

/ 2)dw| / 2" (2)l|d=| _ / 22| _

() 1_’w|2 o 1_‘f(z)’2 71_|Z|2 K

using the fact that we have equality in (7.7). Thus the hyperbolic length is invariant under f.
Now suppose that v joins 0 to r € (0,1). Then Lemma 7.2.2 gives

" 2dx 147
L, > =1 )
7_/0 1—x2 Og(l—r)

In particular, the shortest path (in terms of hyperbolic length) from 0 to r is the straight line segment.
If 21, 22 are in D(0,1) we now define the hyperbolic distance [z1, 2] to be the infimum of L. over
all piecewise smooth contours 7 joining z; to z9 through D(0,1). The distance is not altered if we apply
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a conformal map f of D(0,1) onto itself. We can choose f so that f(z1) = 0, f(z2) = r > 0, and
the shortest path between these two points is then the straight line S from 0 to r. Hence the shortest
path from z to zo is the arc f~1(S), which is either a straight line through 0 or (since f is Mdbius) a
circular arc which meets the circle |z| = 1 at right-angles. In particular

[mrp:mg<1+r>.

-T

7.2.4 The hyperbolic metric on a simply connected domain

Let D be a simply connected domain in the complex plane, not the whole plane. Then by the Rie-
mann mapping theorem, there exists an analytic function H mapping D one-one onto D(0,1). We
can thus define the hyperbolic distance between wi,ws in D to be the hyperbolic distance between
H(wy), H(ws) in D(0,1). This does not depend on which H we choose, because if G is another
conformal map of D onto D(0,1) then H o G~! is a conformal map of D(0,1) onto itself, so that
[H (w), H(ws)] = [Glun), Gluws)].

The next lemma gives a useful estimate for the hyperbolic metric on a simply connected domain.
It is related in style and applicability to §15.1.6.

7.2.5 Lemma

Let D be a simply connected domain in the finite plane, not containing the origin, and let wy,ws € D.
Fort > 0 let td(t) be the length of the longest open arc of the intersection of D and the circle |w| = t.
Then

[w2]
[wl,’lUQ]DZ/wl| ted(tt) (7.11)

Proof. Let h map D(0,1) analytically and univalently onto D, with h(z;) = w;. Let v be the hy-
perbolic geodesic (shortest path with respect to the hyperbolic metric) from z; to z2. Then, with
I' = h(7), the estimate (7.3) gives

[ww]_pz]i/m@y_/ 2| duw| >/|W|>/WW
PR TR L IR T e @I TP) = e 2dist{w, 0D} = Jr fwl6(ul)

since w can be joined to a point of 9D by a circular arc of length at most |w|f(|w|)/2. Since D is
open, 1/t0(t) is upper semi-continuous (see §15.1.3) and Lemma 7.2.2 now gives (7.11).




Chapter 8

Harmonic and subharmonic functions

8.1 Harmonic functions and Poisson’s formula

8.1.1 Lemma

If the real-valued function u(x,y) has continuous first and second partial derivatives on a domain D in
R? then Ugy = Uyz-

To prove this, take any closed rectangle I = [a,b] X [c, d] and use Fubini's theorem to get

b pd b
/uzy dx dy = / / Uy dy dx = / ug(z,d) — ug(x, ) dr = u(b,d) — u(a,d) — u(b, c) + u(a,c).
1 a Jc a

But

d b d
/uym dx dy = / / Uy do dy = / uy(b,y) — uy(a,y)dy = u(b,d) — u(b, c) — u(a,d) + u(a,c).
I c Ja c

Since the integrals are always the same the functions must agree: if not then by continuity we have
without loss of generality u,, > u,, on some rectangle.
8.1.2 Harmonic functions

Let D be a domain in C (or R?: we shall use these interchangeably). A function u : D — R is called
harmonic if u has continuous first and second partial derivatives and satisfies Laplace’s equation

Au = V?u = ugy + uyy = 0.

By the Cauchy-Riemann equations, if f = u + iv (u,v real) is analytic then w, v are harmonic.
Also, if u(z) = u(x,y) is harmonic then Lemma 8.1.1 shows that f = u, — iu, is analytic. If, in
addition, D is simply connected then

z
qu(@)—i—/ f(w)dw =U +1iV
a
is analyticon D, and f = F' = U, + iV, so u, = U,. Also Uy=—-Vy=uy. ThusU =wu and V is
called a harmonic conjugate of u.

Note that if w is harmonic and h is analytic then the composition u o h is (locally) the real part of
an analytic function and so harmonic.

148
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8.1.3 Identity theorem for harmonic functions

Suppose that u is harmonic on the domain D in C and constant on a non-empty subdomain G of D.
Then w is constant on D.

Proof. The function u; — iu, is analytic on D and 0 on G and so 0 on D.

8.2 Boundary behaviour of harmonic functions

8.2.1 Example

The following example shows that a bounded harmonic function need not have limits at every boundary
point. Let D = D(0,1) and define u on D by u(z) = arg sz> Then for |w| = 1,Im(w) > 0 we have

z
lim,_,, .ep u(z) = m/2 and for |w| = 1,Im(w) < 0 we have lim,_,,, ,ep u(z) = —m/2. For w = +£1,
the limit lim,_,,, .ep u(2) does not exist, although u(x) = 0 for real x.

8.2.2 Poisson’s formula

Let F(w) be a measurable function defined on |w| = 1 and taking values in R* = R U {—o00,00}. For
|z| <1 and |w| =1 set

1.2
K(z,w):Re(w+Z>—1 |2]

w—z) |w—z?

(the Poisson kernel) and

1 2w

u(z) K(z, et F(e) dt.

The function u has the following properties.
(i) If F(e) € L([0,27]) (i.e. 0% |F(e™)| dt < 0o) then u is harmonic in |z| < 1.
(ii) If |[F(e')| < My < oo for all t in [0,27] then |u(z)| < My on |z| < 1.

(ii) If F(e*) € LY([0,27]) and |w| = 1 and F is finite and continuous at w then as z — w we
have u(z) — F(w).

(iv) If F' is non-negative and F(e®) is not in L*(]0,27]) then u(z) = occ.

Proof. Suppose first that F' € L'. Set

1 27 eit—l—z ) 1 27 ) 1 27 2€it )
F)=— : Fle)dt = — —F(e"dt + — : F(e®)dt =
Qz, F) 2W/O SR i = o [ R o [T 2R
1 27 )
=5 /. —F(e™)dt +2M (2),
where
1 1
M(z) = F(w) dw.

21 |w|=1 w—z
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The integral M(z) exists because, for fixed z, the term (w — 2)~! is bounded. Now, as h — 0,

M(z+h)—M(z) 1 1 ) do 1 1 o
h 2m'/w:1 (w—z)(w—z—h)F( ) dw — / F(w) dw,

by the dominated convergence theorem since, for fixed z and small h, the term (w —2)~}(w — 2z —h)~!
is uniformly bounded. Thus Q(z, F') is analytic on |z| < 1 and u(z) = Re(Q(z, F')) is harmonic. This
proves (i). Note that if we choose F' =1 then u(z) = Q(z,F) =1 on |z| < 1 by the residue theorem.
Since the Poisson kernel is positive, this proves (ii).

Next we prove (iii). Assume that F'(v) is finite, |[u| = 1 and F' is continuous at v. Take € > 0 and
choose § > 0 so that |F(e) — F(v)| < e/2 forall t € Ty = {s € [0,27] : |e*® —v| < §}. Then

1 2 ) )
u(z) — F(v) = o /) K(z,e")(F(e") — F(v))dt.

Now, since K > 0,

1 . .
— [ K(z,e")(F(e") — F(v))dt
27T T
has modulus at most
(5/2)i K(z, e dt < (5/2)i K(z, et dt = (/2)
27 To ’ - 27 [0,27r] ’ '
On the other hand
1 . .
— K(z,e")(F(e") — F(v))dt
27 J(0.27\To

has modulus at most

(21/ F(ei) dt + \F@)]) sup{K (z,¢") : t € [0,27] \ T} — 0
T J0,27]

as z — v, since for t ¢ Ty we have |z — e%| > 6 — |z — v| and so K(z,e) — 0 as z — v, uniformly on
[0, 27] \ To.

Finally, to prove (iv) suppose that F is non-negative and f[o,zw} F(e)dt = co. Since the Poisson
kernel is positive and, for fixed z, bounded below on [0, 27], we get u = co on |z| < 1.

8.2.3 Corollary

Let F be continuous on the circle |z — 29| = R > 0. Then, with w = zy + Re®,

1 [?™ R?—|z— z)? ’ 1 [ R?—|z— »)?
= P(z. F - : F Y Jt = — = " 2 Plw)dt
u(z) (2, F', 20, ) 27 /0 |Re' — (2 — 20)|? (0 + Re") 21 Jo lw — z|? (w)

is harmonic on D = D(zp, R) and u(z) — F(w) as z — w € 0D.

To prove this just put z = zo+R¢ and u(z) = v(¢), where v() is the Poisson integral of G(e%) = F(w).
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8.2.4 Maximum principle: first version
Suppose that u is harmonic on the bounded domain D in C and continuous on the closure of D, and

that u(z) < M on OD. Then u(z) < M on D.

Proof. Suppose u(zp) > M for some zy in D. Then, if t > 0 is small enough, the function
v(z) = u(z) + t(x? + y?) is such that v(z9) > max{v(z) : 2 € D} and so v has a local maxi-
mum at some z; € D. But at z; this gives v, = vy = 0 and v, + vy, = 4t > 0 so that at least one of
Uz, Uyy Must be positive. This is a contradiction.

We will subsequently see another way to prove this, via the mean value property.

8.2.5 The mean value property

Let D be a domain in C. We say that a function v : D — C has the mean value property if each zg in
D has ry > 0 such that

2T
u(zp) = 277/0 u(zo +re)dt, (0<r <rg).

Obviously these functions on D form a vector space.
If w is harmonic on D then u has the mean value property. To see this, take a disc D(z9,R) C D
on which u = Re(f) with f analytic. Then Cauchy's integral formula

1 f(z) 1 i
f(zo)_m/z_zorZ—Zodz_QW ; flzo+ret)dt, (0<r<R), (8.1)

implies that f has the mean value property and so has u.

8.3 Subharmonic functions

Let D be a domain in C. A function u : D — [—00, 00) is subharmonic if:
(i) w is upper semi-continuous (upper semi-continuous) in D (see §1.5);

(ii) w has the sub-mean-value-property, that to each zy in D corresponds oy > 0 such that

1 [ ‘
u(zp) < / u(zo +re)dt, (0<r <.
2m Jo

The integral exists because u is measurable, by (i), and bounded above on the circle, again by (i).

8.3.1 Examples of subharmonic functions

Obviously harmonic functions are subharmonic.

Suppose that f is analytic on the domain D: set u = log|f|. If @ € D and f(a) # 0 then we
can define a branch g of log f on a neighbourhood A of a and u = Re(g) is harmonic on A. If f(a) =0
then u(z) — u(a) = —oo as z — a. Thus w is subharmonic on D.

It is easy to check from (8.1) that |f(2)| is also subharmonic on D. Thus if p > 0 then |f(2)[P is
also subharmonic (it is clearly upper semi-continuous and we need only check the sub-mean value prop-
erty: this is obvious if f(a) =0 and, if f(a) # 0, we write |f(2)|P = |f(2)P]| locally).
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Further, if u, v are subharmonic then so are u + v, max{u, v}, and so subharmonic functions are more
“flexible” than analytic or harmonic functions.

Thus the maximum of a finite family of subharmonic functions is subharmonic. However the sup
of an infinite family need not be: for example, let u,(z) = (1/n)log |z|. Then the sup is —co at 0, and
is 0 for 0 < |z| < 1, and so is not upper semi-continuous.

8.3.2 Maximum principle: second version

Let D be a domain in C and let u be subharmonic on D. If w has a maximum in D then w is constant
onD.

Proof. Assume that u(z) < u(zg) = M on D. If M = —oo then the result is obvious. Assume
now that M € R. If u(z1) = M then since

1 2m )
M =u(z) < / u(zy +re)dt < M
T Jo

for small positive  we must have u = M on |z — z1| = r, by the fact that u is upper semi-continuous.
This is because if u(z; + re'®) < M we get u(z; + re'*) < M’ < M for t close to s and this
makes the integral less than M. So the set {z € D : u(z) = M} is non-empty and open. The set
{z € D :u(z) < M} is open since u is upper semi-continuous. By connectedness, the second set must
be empty.

8.3.3 Maximum principle: third version

Let D be a domain in C and define O, D to be the collection of all boundary points of D in C*, with
respect to the spherical metric. Thus 0D is the finite boundary 0D plus, if D is unbounded, the point
00. Then 0xx D is compact in C*. If u is subharmonic in D and

limsup u(z) < M € [—o00,00)
z—(,z€D

for every ( € Ooo D, then either u(z) = M on D, or u(z) < M for all z in D.

Proof. The first assertion is obvious since ds, D is closed and C* is compact. Set L = sup{u(z) : z € D}
and take z, € D with u(z,) — L. Assume without loss of generality that z,, converges to the point z*
in DU 0soD. Now if L > M then z* € D and we get u(z) = L on D by Lemma 8.3.2, an obvious
contradiction. So L < M. Furthermore, either u < M on D or Lemma 8.3.2 gives u = M on D.

8.3.4 Lemma

Let w be subharmonic and bounded above on the domain D in C. For w € 05D, set

¢(w) = limsup u(z).

z—w,z€D

Then the function v(z) defined by v(z) = u(z) if z € D and v(z) = ¢(z) if z € 0D is upper semi-
continuous on D U 0, D.
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Proof. We only need consider w on the boundary. Suppose ¢(w) < s < t. Then there is some
spherical disc Dg(w,r) = {z € C* : q¢(2,w) < r} such that

u(z) <s, (z€ DN Dy(w,r)).
But then if 2 € 0D N Dy(w,r) we have ¢p(x) < s <t. So v(x) <t for all z € D U dsD which are
sufficiently close to w.
8.3.5 Theorem (comparison with a Poisson integral)

Let u be subharmonic on the disc D(zy, R). Let v(w) be upper semi-continuous on |w — zp| = R,
taking values in [—o00, 00), with

limsup  u(z) <v(w), (Jw— 20| =R).
z—w,z€D(20,R)

Then for z € D(zy, R) we have

()< Ple) = Plevao ) = o [ b Mo nety s
u(z z,v) = P(z,v, % = — . v(z e . :
- ) ? Y 07 27_‘_ 0 ‘ReZt— (Z—ZO)‘Q O
If lw — z0| = R then
limsup P(z,v) < v(w), (8.3)
z—w,z€D(z0,R)

and if u # —oo on D(zg, R) then P(z,v) is harmonic there.

If w is harmonic in D(zp, R) and continuous on |z — zp| < R then setting v = u gives equality in
(8.2), so that u is the Poisson integral of its boundary values.

Note that if u is subharmonic in a domain containing the set {z € C : |z — 29| < R} then we
may take v = u, since u is upper semi-continuous. Further, since the circle |z — 29| = R is compact, v
is bounded above there.

Proof. To prove the theorem take a sequence of continuous functions f,, on |z — zg| = R, decreasing
pointwise to v. Such a sequence exists by Theorem 1.5.1. Let u,(z) = P(z, fn) = P(z, fn, 20, R) be
as defined by (8.2). Then w,, is harmonic on D(zg, R) and u,(z) — fn(w) as z — w € dD(zp, R) with
z € D(z0, R).

Hence u — u,, is subharmonic in D(zp, R) and since v < f,, we have

limsup (u—uy)(2) <0, (w € dD(zp,R)).
z—w,z€D(z0,R)

Thus the maximum principle 8.3.3 gives, for z € D(zp, R),
u(z) < up(z) = P(z, fn).

Let M = max{fi(w) : |lw — 20| = R}. Then M — f,,+1 > M — f, > 0 and the monotone convergence
theorem gives
P(z, M — fn) = P(z, M —v),  P(z, fn) = P(z,0)

for every z € D(zg, R). Thus u(z) < P(z,v), which is (8.2).
Further, if |w — 29| = R and z — w with z € D(zp, R) then

limsup P(z,v) < limsup P(z, f,) = limsup uy,(2) = fn(w) — v(w),
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which gives (8.3).

To prove that P(z,v) is harmonic if u # —oo we can assume without loss of generality that v < 0
(since v is bounded above on the compact set |w—zo| = R). We then apply (after rescaling) the Poisson
formula 8.2.2: if f[0,27r] v(zg + Re') dt = —oco then P(z,v) = —oo and u(z) = —oo on D(zg, R). On
the other hand if v(z9 + Re') € L'([0,27]) then P(z,v) is harmonic.

Finally, if u is harmonic on D(zp, R) and continuous on the closure we set v = w and apply the
above to u and —u to get u = P(z,u) on D(zp, R).

8.3.6 Corollary
Suppose that u : D — R is continuous and has the mean value property 8.2.5 on the domain D in C.
Then w is harmonic on D.

Note that the hypotheses are equivalent to w and —u both being subharmonic on D.

Proof. Take any disc D(zp, R) whose closure lies in D. Form the Poisson integral @ on D(zp, R)
with boundary values u(zg + Re®). Then 4 is harmonic on D(zg, R). Since u and —u are subharmonic,
Theorem 8.3.5 gives

u(z) <a(z), —u(z)<-—-u(z), (z¢€ D(z0,R))

and so v = @ on D(zp, R).

The following result addresses the issue of on how large a set a non-constant subharmonic function
can be —o0c.

8.3.7 Theorem

Let u be subharmonic on a domain D in C and let 0 < s < r and D(zp,r) C D. Suppose that

u(z) = —oo on a subset of the circle S(zy, s) of positive angular measure. Then u(z) = —oo on D.

In particular if u = —oc0 on D(zp,r) then w = —oco on D.
Proof. Since u is bounded above on S(zg,s) we get fo% u(zo + s¢%)df = —oo. Thus the Poisson
integral of wu is identically —oo on D(zp, s) and Theorem 8.3.5 gives u(z) = —oo on D(zg, ).

Now let F' be the set of w € D such that u = —oo on a neighbourhood of w. Obviously F' is open,
and we will show that F' is also closed (in D) so that the result follows by connectivity. Let w, € F
and w, — w € D. Then for arbitrarily small ¢ we have u(z) = —oo on a subset of S(w,t) of positive
measure. Hence u(z) = —oo on D(w,t) and w € F.

8.3.8 Lemma (Poisson modification of a subharmonic function)

Let u be subharmonic on the domain D in C and let the closure of D(zy, R) be contained in D. Define
U(z) =u(z) on D\ D(zp, R), and on D(zy, R) let U be the Poisson integral of u(zg + Re®) i.e.
_i 2m R2_’2_20|2
21 Jy  |Rett — (2 — 20)|2

U(z) u(zo + Re™) dt.
Then U is subharmonic with U > w on D. If u % —oo on D then U is harmonic on D(zg, R).

Note that in particular this gives

1 2T )
u(z0) < 5- / w(z0 + Re't) dt
0

™
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for every R > 0 such that the closure of D(zp, R) is contained in D, and not just for 0 < r < ¢ as in
the definition 8.3 of a subharmonic function.

Proof. We already know that u < U, by Theorem 8.3.5. Thus we only need check that U is up-
per semi-continuous and has the sub-mean value property at all z; with |z; — 29| = R. First, for small

rl
1 27 ) 1 ot '
U(z1) = u(z1) < 27r/0 u(zg + re) dt < 277/0 Ul(zo + re™) dt.
Next,

limsup U(z) < wu(z)
z2—21,2€D(20,R)

by Theorem 8.3.5 (see (8.3), while

limsup U(z)= limsup u(z) <wu(z)
z—21,2¢D(20,R) z—21,2¢D(20,R)

since u is upper semi-continuous.
Hence U is subharmonic on D. Finally if U is not harmonic on D(zg, R) then U = —oc there and
the same is true of u on D(zp, R) and hence on D.

8.3.9 Harnack’s inequality

Let u be harmonic and non-negative on |z — zg| < R. If |z — z9| = r < R then

(s ) uteo) < ) < (ot ) uteo)

This follows at once from Poisson’s formula.

8.3.10 Harnack’s theorem

Let D be a domain in C. Let u, be harmonic functions on D with u1 < uys < ug < .... Let
v(z) = limy, 00 un(2). Then either v = oo on D, or v is harmonic on D, in which case u, — v locally
uniformly on D.

Proof. Suppose first that v(w) < oco. Take a disc D(w,4R) C D. Then we assert that u, — v
uniformly on D(w,2R). Take § > 0. Then there exists N such that for all n > m > N we have

0 < up(w) — um(w) <6
and so Harnack's inequality applied on |z — w| < 3R gives
[un (2) — um(2)| = un(2) — um(z) < 58

for all z in D(w,2R). Letting n — oo we see that v(z) is finite and |u,,(2) — v(2)| < 55 on D(w,2R).
Hence wu,, — v uniformly, and so v is continuous, on D(w,2R). Now on D(w, R) we have, denoting
the Poisson integral by P(z,u),

v(z) = limu,(2) = lim P(z,u,) = P(z,v)
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by uniform convergence. Thus v is harmonic on D(w, R).

Now suppose that v(w) = oo. Fix m. For M € (0,00) we have u,(w) — um(w) > M for large
n. This time Harnack's inequality gives u,(z) — um(2) > M /5 on D(w,2R), and we have thus shown
that w,, — oo uniformly on D(w, R).

The sets {w : v(w) < oo} and {w : v(w) = oo} are thus open, and by connectedness one of them

is empty.



Chapter 9

Perron’s method

9.1 The Dirichlet problem

Let D be a domain in C and let f be a bounded real-valued function on X = 9o, D (the boundary
with respect to the extended plane). The Dirichlet problem is to find, if possible, a harmonic function
h = hy on D such that
lim h(z) = f(w) forevery win X. (9.1)
z—w,z€D
When D is a disc, and f is continuous, this is achieved by means of the Poisson integral (see 8.2.2 and
8.2.3).

9.1.1 The Perron family and Perron function

Let D be a domain in C and let f be a bounded real function on X = 0,,D. The Perron family U(f)
is the collection of all subharmonic functions w on D such that for every w € X = 05D we have

limsup u(z) < f(w).

z—w,z€D

The Perron function vy is then defined by

0(z) = vy (2) = supfu(z) : u € U(f)}.

Obviously if f < g then vy < v,.

If a function h satisfying (9.1) exists then h = vy: to see this, note first that i € U(f), so that
h < wvys. Further, for every v € U(f), we have limsup,_,,(u(z) — h(z)) < 0 for every w € X, and so
u < h on D, by the maximum principle. Thus vy < h. So if the Dirichlet problem is solvable, then
the solution hy equals the Perron function vs. Most of this section will be concerned with the converse
direction: that is, proving that if f : X — R is continuous and X is sufficiently regular, then h = vy
does indeed satisfy (9.1). However, we first look at an example.

9.1.2 Example

This example shows that the Dirichlet problem is not always solvable. Let D; = D(0,1) \ {0} and let
f(z) =0 for |z| =1, with f(0) = 1. Now let v € U(f) and set w = max{v,0}. Then u € U(f) and
0 < wu(z) <1 on D; by the maximum principle. Thus for 0 < ¢ < 1 we get

_ log1/|z|

u(z) <w(z) = Tog 1/t (t<|z| <1).

157
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This is because u — w is subharmonic on ¢t < |z| < 1 and at most 0 on the boundary. Fixing z and
letting ¢ — 0 we see that u(z) = 0. This implies that vy = 0. Hence the Dirichlet problem for f and
Dy cannot have a solution h, because if it did we would have h = vy =0 by 9.1.1.

9.1.3 Lemma

Let f be a bounded real-valued function on X with |f| < M on X, and let vs be its Perron function.
Then the following are true:

(i) we have |vy| < M,

(ii) the function v = vy is harmonic on D.

Proof. First, v > —M since —M € U(f). Further, each w in U(f) has limsup,_,,, ,ep u(z) < M and
so u < M by the maximum principle.

To prove that v is harmonic, we take a disc D1 = D(zg, R) whose closure lies in D, and we make
the following observations. First, the maximum of finitely many elements of U(f) is subharmonic on
D and is an element of U(f). Second, if ug € U(f) then there exists an element Uy of U(f) which is
harmonic on D; and satisfies ug < Uy on D. To see this, let Uy(z) = up(z) on D\ Dy, but for z in Dy
let Up(z) equal the Poisson integral P(z,up), where

1 [2r R? — |z — zo|? ‘
P = — : Re'™) dt.
(279) 27/0 ‘Re’Lt—<Z—Zo)‘2g(ZO+ € )

Then by Lemma 8.3.8, Uy is subharmonic with Uy > ug on D. Also Uy is equal to ugy outside D1, so

that Uy € U(f).
So we start by taking v, € U(f) such that v,(29) — v(20) and setting

Up(z) = max{vi(2),...,v,(2)}.

This gives a sequence (uy,) in U(f) such that u, < up4+1 on D and wu,(z0) — v(zp). Next, let U,
be w, but with its values in D; replaced by the Poisson integral P(z,u,), so that U, € U(f). Since
un(z0) — v(20) and u, < U, < v, we have U,(z9) — v(zp). We also claim that that U,, < U,4; on
D: this is clear on D\ Dy and in Dy we just compare the Poisson integrals. By doing this we have found
a non-decreasing sequence (U,) in U(f) such that U, is harmonic on Dy and U,(z9) — v(2p). Since
U, < M on D1, Harnack's theorem 8.3.10 gives us a harmonic function v on D; such that U, — u,
and clearly u(zp) = v(zp). The idea now is to show that u = v on all of Dy, so that v is harmonic on
D7 and hence on D.

To do this take any other point z; € D;. The same construction gives W,, € U(f) such that
W, < Wyi1 on D and W, (z1) — v(z1) and W, is harmonic on D;. We then combine U,, and Wy,:
let hy(z) = max{U,(z), W,(z)} and define H,, to be P(z, h,) on Dy and h,(z) outside Dy, so that
H, > hy,. Again we have H,, < Hy, 1 on D, because we clearly have h,, < h,41 and in D1 we compare
Poisson integrals again. Also, the function H,, is in U(f) and is harmonic on D;. Thus, on Dy,

Un(2) < Hp(2) <w(z) <M, Wy(2) < Hy(z) <wv(z) <M,

and so Hy,(z0) — v(z0) and Hy(z1) — v(21).

By Harnack's theorem 8.3.10 there is a harmonic function A on D; such that H,, — h. We also
have u < h on Dy, since U,, < H,,. But u(z9) = h(z9) = v(20) and so uw = h on Dy, by the maximum
principle, since (u — h)(z) < (u— h)(zp) on D;. This gives

v(z1) = h(z1) = u(z1)

and, since zj is arbitrary, v =u = h on D;.
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9.1.4 The barrier

Following Ransford [61], let D be a domain in C and let 9 € X = 05 D. A barrier (for D) at xq is a
subharmonic function b defined on D N N, where N is an open neighbourhood of z, such that
b(z) <0, (z€ DNN), Z_MOI}ZIQDON b(z) = 0.

If the barrier exists then xq is called a regular boundary point, and D is called regular if all its
boundary points are regular.

Note that if G is a subdomain of D and x is a boundary point of both D and G, and is regular for
D, then x is regular for G.

Note also that simply connected proper subdomains D of C are regular, as we can write b(z) =
log |F(2)|, where F': D — D(0,1) is the analytic bijection between D and D(0,1) arising from the
Riemann mapping theorem.

The following is an example of a non-regular boundary point. Let D = D(0,1)\ {0}, and let zy = 0.
If a barrier b exists at z¢ then because b(z) < 0 on DN N we get b(z) <t < 0 on a circle |z| = s
with s small and positive, by Lemma 1.5.2. We also have b(z) — 0 as z — 0. By taking b(z)/|t| we
can assume that ¢ = —1. But then the function w(z) = 1 4 b(sz) belongs to the family U(f) from
Example 9.1.2 (since w(z) < 0 for |z| =1 and lim,_,o w(z) < 1), which forces w < vy = 0 and hence
b(z) = —1 as z — 0, a contradiction.

The next lemma is also from [61] and will be used to prove the boundary properties of the Perron
function.

9.1.5 Bouligand’s lemma

Let xy be a regular boundary point of D and let Ny be a spherical disc centred at xy. Let 6 > 0. Then
there exists a function w subharmonic on D such that
w(z) <0 (z€D), w(z)=-1 (2€D\Np), liminf w(z)> —d.

z—x0,2€D

Thus w is negative on D and —1 away from xg, but not too negative near xg.

Proof. The idea of the proof is to modify a barrier function by subtracting a Poisson integral. As-
sume without loss of generality that 0 < § < 1. Choose a neighbourhood N and a barrier function b as
in the definition of barrier. Choose an open disc G centred at zp with closure satisfying CI(G) C NNNj.
(If zg is finite then G is a Euclidean disc, while if g = oo then G is a set {z € C* : |z| > R}). Let
E =0GND. Then E is a relatively open subset of dG. Choose a compact subset K of F so that
L = E '\ K has angular measure 270 < §. Again, L is relatively open.

We can use the Poisson integral formula to make a harmonic function u on G N C, which satisfies
0 <wu <1 andissuch that u(z) = 1as z = n € L and u(z) = o as z — xg. If g is finite we just
use the Poisson integral formula on G with boundary values 1 on L and 0 on OG \ L, while if 29 = oo
we have to first use a map z — 1/z.

Now let sup{b(z) : z € K} = —m. Then —m < 0 by Lemma 1.5.2, because K is a compact subset
of DN N and b is negative and subharmonic, and so upper semi-continuous, on DNN. We may assume
that m=1. Forn e K C E = 0G N D we have

limsup (b(z) —u(z2)) <b(n) < -1
z—n,26DNG

since b is upper semi-continuous and u > 0. On the other hand if n € L = E'\ K we have

limsup (b(z) —u(z)) < -1
z—n,2€DNG
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since b < 0 and u(z) — 1 as z approaches 1. This implies that, for every n € E = 0G N D,

limsup (b(z) —u(z)) < —1.
z—n,2€DNG

So we define
w(z) =max{—1,b(z) —u(z)} (€ DNG), w(z)=-1 (z€D\QG).

Then w is subharmonic in D. Since b < 0 and u > 0 on D NG we have w < 0, and for w € D\ Ny
we have w = —1. Also as z — xo with z € D then z € G and b(z) — 0 and u(z) - o < 0 so
w(z) = —o > —0.

9.1.6 Lemma

Let f and g be bounded real functions on X. Thenvs+vy < vfig onD. In particular, v¢(z) < —v_f(2)
onD.

Proof. Let uy € U(f) and ug € U(g). Then uy +uy € U(f + g) and so

wp(2) + ug(2) < vpagl2)

on D. Now take the suprema over U(f) and U(g).

9.1.7 Theorem
Let xo be a regular boundary point of D and let f be bounded on X. Then

My = liminf f(z) < liminf wvy(2) < limsup vy(z) < My = limsup f(z). (9.2)
T—ITQ

z—x0,2€D z—x0,2€D T—T(

In particular, if f is continuous at xo then v¢(z) — f(xo) as z — wo with z € D. Hence if f is
continuous on X and D is regular then vy solves the Dirichlet problem for f on D.

Proof. Let M = {sup|f(x)| : © € X}. Then M + My > 0. Let § > 0 and take a neighbour-
hood Ny of z¢ such that f(z) > My — § on X N Ny. Take a spherical disc N centred at zp, whose
closure lies in Ny. Define w as in Bouligand's lemma, using § and the disc N.
Set
u(z) = Mo — 0 + (M + Mp)w(z).

Then u is subharmonic on D. Let x € X. If z € Ny then as z — = with z € D we have, since w < 0,
limsupu(z) < My — 4§ < f(x).

On the other hand if z ¢ Ny then as z — g with z € D we have z ¢ N and so w(z) < —1 and
limsupu(z) < -6 — M < f(x).

Hence u(z) < vf(z). But then

liminf wv¢(2) > liminf w(z) > Mo — 6 — 0(M + My).

z—x0,2€D z—x0,2€D

Since 4 is arbitrary we get
liminf wv¢(2z) > Mp.

z—x0,2€D
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to Applying the same argument to —f gives

liminf v_¢(2) > =M,

z—x0,2€D

and so, using Lemma 9.1.6,

limsup vs(z) < limsup —v_f(2z) < M.
z—x0,2€D z—x0,2€D

9.1.8 A sufficient condition for existence of the barrier

Let xop € X. Let E be the component of X which contains x (i.e. the union of all connected subsets
of X which contain x() and suppose that E # {xo}. Then xq is regular. In particular if there exists a
path in X joining xo to x1 # xg then xqg is regular.

Proof. Suppose first that zp = oo and choose 21 € E\ {oco}. If v is a closed PSC in D then the winding
number n(v, z) is integer-valued and continuous on (C U {co}) \ 7: here we set n(y,00) = 0. Thus
n(vy,z1) = 0 (because otherwise E would be partitioned into relatively open sets {z € E : n(v, z) = 0}
and {z € E : n(v,z) # 0}, the second non-empty by assumption and the first non-empty since oo
belongs to it). Assume without loss of generality that z; = 0.

Thus we can define an analytic branch of log z = u(z) + iv(z) on D and

1 —U
b = —R =
(2) © (logz) u? 4 v?

is harmonic on D and has b(z) <0 on DN{z:|z| > 1} and |b(z)| < 1/|u(z)| — 0 as z — oo.
If z¢ is finite then without loss of generality xo = 0 and we first apply the transformation z — 1/z.

9.2 Convexity and subharmonic functions

9.2.1 Theorem

Let u be subharmonic in a < |z| < b. Fora <r <b set

1 27 )
I(r,u) / u(re'")dr.
0

"o
Then I(r,u) is a convex function of logr on (a,b) i.e.

logr/s
logr/t

I(s,u) < logt/s
logt/r

I(r,u) + I(t,u) (9.3)
fora <r<s<t<b.
If a =0 and I(r,u) is bounded above as r — 0+, then I(r,u) is non-decreasing on (0,b).

Proof. Let a < r < s < t < b. Take continuous f, such that f,+1 < f, and f, — u pointwise
on the union of the circles |z| = r,|z| = t (on which u is upper semi-continuous: we can do this by
1.5.1). Let D be the annulus r < |z| < t. If { € OD then since u is upper semi-continuous we get
limsup, ¢ ,epu(z) < fu(¢). Thus u € U(f,) in the terminology of Perron's method. Solving the
Dirichlet problem for f,, gives functions w, harmonic on r < |z| < t and continuous on r < |z| < ¢ and
equal to f,, on the boundary circles. Further, u < u,, for r < |z| <.
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Now, on (r,t), we have, with v = u,,

d?I(s,v) 1 [* 0% 1 [

R St A A - - _ dr =0, =1 ’

d(logs)? 27 )y, 002 ’ 27 Jo Urr 6T 77088

using the fact that v is locally the real part of an analytic function and so the real part of an analytic
function of logz = o + iT. Thus on [r,t] we have

I(Saun) = DPn 10g3+‘]n

for some constants p,, ¢y,.
We now have, for r < s < t,

_ logt/s

logt/s
I(s,u) < I(s,un) = logt/r

logt/r

logr/s
logr/t

logr/s
I
(ryu) + log r/t

by the monotone convergence theorem (use the fact that 0 < u; — wuy, 1 u1 — u). This proves (9.3).
Now assume that a = 0 and I(r,u) is bounded above as r — 0+. Letting » — 0+, we note that

iggi;i term is positive but tends to 0. Since f}i:ﬁ — 1, we get I(s,u) < I(t,u).

I(ryuy,) + I(t,un) — I1(t,u),

the

9.2.2 Theorem

Let u be subharmonic and bounded above in 0 < |z| < R. Then setting u(0) = K = lim,_,o4+ I(r, u)
makes u subharmonic in D(0, R).

Proof. Take M > 0 such that v < M on 0 < |z| < R. Since I(r,u) is a non-decreasing func-
tion of r, and tends to K as r — 0+, we automatically get u(0) < I(r,u) and the sub-mean value
property. Thus we only need to show that w is upper semi-continuous at 0. Let 0 < s < R.

Claim: We have limsup,_,qu(z) < I(s,u).

Let f, be continuous on |z| = s, with f,4+1 < f, and f, — wu pointwise (again these exist by
1.5.1). Using Poisson's formula let u,, be harmonic on |z| < s, continuous on |z| < s and equal to f,
on |z| = s. Then u,(0) = I(s, f) by Poisson’s formula.

For a given n take N > 0 such that u,(0) + N > 0 and r, > 0 such that u,(z) + N > 0 for
|z| <7p. Let 0<r <7r,and D ={z:7 <|z| < s} and set

log s/|z|
n = n .
n(z) = (M + MELE (o)
Then v,(2) = up(2) on |z| s, while v,(2) > M on |z| = r. Hence u < v, on D, since

limsup,_, ,ep(u(2) — vn(2)) < 0 for every ¢ € 9D, using the fact that u is upper semi-continuous
with v < u,.
Keeping z fixed and letting r — 0+ we get u(z) < u,(z) for 0 < |z| < s and so

limsup u(z) < limsup u,(z) = u,(0) = I(s, fn) — I(s,u)
z—0 z—0

as n — 0.
This proves the Claim. Now letting s — 0+ we get limsup,_,,u(z) < K.
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9.2.3 Example

The following construction gives a subharmonic function on C which is not continuous at 0. Let

1
z——|.
n

u(z) = Z % log

n

n=1
Then w is subharmonic on C\ {0}; to see this, note that if 0 # zp € C then there exists a neighbourhood

Uy of zp containing at most one of the singularities 1/n, say 1/ng, which implies that

1
=1
u(z) o2 0g

1 1 1
——|+Re [ Y Slog(z-=
: no‘—i_ ¢ n? og(z n)

n#ng

o0
log 2
on Up. Since u(z) < E % for 0 < |z| < 1, Theorem 9.2.2 shows that u extends to be subharmonic
n
n=1

on C. For z < 0 and m € N we have [z —1/n| > 1/n and so

Thus the extension of u to C is not continuous at 0.

9.2.4 Theorem

Let D, G be domains in C and let u be subharmonic on G, and f : D — G analytic. Thenv =uo f is
subharmonic on D.

Proof. We assume that f is non-constant and that u #Z —oo, since otherwise the result is obvious.
We show first that v is upper semi-continuous: if v(zp) < L then u(f(z0)) < L so u(w) < L near f(zo)
and so v(z) < L near z.

Assume that r is small and positive and that f is one-one near zy3. Take continuous functions v,
decreasing pointwise to v on S(zp,7), and form the Poisson integrals V,,. Then V,, is harmonic on
D(zg,r) and V,(2) — vn(u) as z — u € S(zg,r) from inside the circle. Define h,, on the closure of
W = f(D(z0,7)) by hn(f(2)) = Vi(2). Then h,, is harmonic on W and continuous on the closure of
W. As w,, — w € OW,w,, € W, we have, since u is upper semi-continuous,

lim sup () < u(w) = v(f (W) < oa(f (W) = hn(w)
and we get u < h,, on W. Hence v < v, on D(zp,r) and

1
2

2m ) 1 2m )
/ v (20 + re?)dh — — / v(zo + re'?)do),
0 0

v(z0) < vp(z0) = o

by the monotone convergence theorem applied to v; — v,,. Hence v has the sub-mean value property
at zp.

Finally, the multiple points z* of f are isolated, since they are zeros of f’. By Theorem 9.2.2 these
z* are removable singularities of v, since v(z) = u(f(z)) is bounded above as z — z*.
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9.2.5 Theorem

Let uw be subharmonic and bounded above in C. Then u is constant.

Proof. Assume u non-constant. Then without loss of generality u(0) = 0. Let v = max{u,0} so
that v is subharmonic. Let 0 < r < s < t < co. Then convexity gives

logr/s

B logt/s
I(s) =1(s,v) < og /1

~ logt/r

I(r)+

I(t).

Let t — co. Since igi:ﬁ — 0 and since 0 < I(t) < M for some fixed M we get I(s) < I(r). Since I
is non-decreasing we have I constant on (0, 00). Since v is upper semi-continuous and v(0) = 0 we get

I(s) =0. By Theorem 8.3.5 we have, for |z| < s,
0<w(z) <3I(2s,v)=0
and so v = 0. But then v has a maximum at 0 and so is constant.

We give another proof of this result (Beardon). Assume that w is non- constant. We can also as-
sume WLOG that sup{u(z) : z € C} = 0. Let m = max{u(z) : |z| = 1}, which exists because u is
upper semi-continuous. Then m < 0, since otherwise u has a maximum in C and so is constant. Now
fix zo with |z9| > 1. Let ¢ > 0 and let R > 1 be large. The function

v(z) = u(z) —elog|z|

is subharmonic in 0 < |z| < 400, and we have v(z) < m for |z| =1 and for |z| = R, since R is large.
Hence we get
u(z0) < v(z0) + elog|zo| < m+ elog |z,

and so u(zp) < m < 0 since € may be chosen arbitrarily small. Thus u(z) < m < 0 for |2| > 1 and so
on C by the maximum principle, contradicting the assumption that the supremum of « is 0.

9.2.6 Exercises

(a) Prove Iversen’s theorem: if f is a non-constant entire function then there exists a path v tending
to infinity such that f(z) — oo as z tends to infinity on 7. (Hint: consider a component C), of the set
E, ={z:|f(2)] > n}. Prove that f is unbounded on C,, and take a component of E,1).

(b) Let u be subharmonic in C such that v = 0 on the imaginary axis but u(z) > 0 for at least
one z in the right half-plane. Let 0 < s < 1/2. Prove that there exists a path tending to infinity in the
right half-plane on which u(z) > |z|®. (Hint: take s <t < 1/2 and ¢ small and positive and consider
the function u(z) — d Re (21)).

9.2.7 Lemma

Let u be subharmonic and bounded above on the domain D in C. Suppose that

limsup u(z) <0 (9.4)
z—(,zeD

for at least one, and for all but finitely many, ( € X = 0,,D. Thenu <0 on D.
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Proof. Let (1,...,(, be the points in X at which (9.4) fails. Let G = C\ {(1,...,(,} and de-
fine v on G as follows. On G \ D we set v = 0, while on D we set v = max{u, 0}.

Then v is subharmonic and bounded above in G (it clearly has the sub-mean value property and the
fact that v is upper semi-continuous follows from (9.4)), and hence subharmonic and bounded above in
C. So v is constant.

Now let ¢* € X be such that (9.4) does hold. Then there exists a sequence z, € D such that
zn, — ¢* and u(zy) — 0, so that v(z,) — 0. Since v is constant this gives v =0 and u < 0.

9.2.8 Example

This example shows that in the last lemma we cannot delete the hypothesis that u is bounded above.
Let )
+z
=Re|——|, < 1.
ue) =Re(152) 14

Then for jw| = 1,w # 1 we have u(z) — 0 as z — w, but u is unbounded in D(0, 1).



Chapter 10

Harmonic measure

10.1 Definition of the harmonic measure

For suitable domains D and subsets E of X = 0., D the harmonic measure w(z, E, D) will be defined
for z € D. It will then turn out that the harmonic measure is for fixed E a harmonic function of z,
while for fixed z it is a measure on a suitable collection of subsets of X.

One of the main applications of harmonic measure is the two-constants theorem 10.2.10 which gives
a powerful improvement of the maximum principle for subharmonic functions.

10.1.1 Semi-regular domains

Let D be a domain in C. We say that D is semi-regular if X = 0D is infinite and all but finitely
many z € X = 0y D are regular. Here we use the spherical metric on C*, which makes C* compact.
Note that if U is an open subset of X then U = V N X for some open subset V' of C*, by definition
of the relative topology. Also any closed subset of X is compact, as is X, because a closed subset of a
compact set is compact.

For a set Y a collection S of subsets of Y is called a o-algebra if it is non-empty and has the
following two properties: (i) A € S implies that Y\ A is in S; (i) if A1, Ag,... are countably many
elements of S then their union is in S. Obviously the power set of Y is a o-algebra. It is easy to prove
that if S; is a o-algebra of subsets of Y for every t € T' then [, St is also a o-algebra of subsets of
Y. So for any collection U of subsets of Y, taking the intersection of all o-algebras S of subsets of Y’
with U C S gives a o-algebra, which is said to be generated by U.

If Y is also a topological space then we can form the o-algebra generated by the open subsets of
Y, which is the smallest o-algebra of subsets of Y containing all the open subsets of Y. Its elements
are called Borel sets.

We now identify the Borel sets of X = 0, D. We claim that the Borel subsets of X are precisely
the sets BN X where B is a Borel subset of C*. To see this let By be the collection of Borel subsets
of X and let F' be the collection of Borel subsets of C*. Then By = {BNX : B € F} is a o-algebra
and every open subset of X is an element of Bs since it is U N X for some open U € F. So B; C Bs.

But By = {W C C*: WN X € B} is a o-algebra and it contains all open subsets of C*, so
F C Bs. Hence V € By gives V = BN X with B € F and hence B € B3, sothat V =B N X € B;.
Thus By = Bs.

166
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10.1.2 An example of a semi-regular domain

For n € N let C,, be the circle |z —n| = 1. Let D be the unbounded component of C \ [ J;° ; C,, i.e.
1
D:{wE(C:]w—n|>4 forallneN}.

For z € C,, the component of Jx, D containing z is not {z}, since C), is itself connected, and so z is
a regular point of X by 9.1.8. On the other hand if co € E C X and E is connected then E = {co},
because if y # 0o is in E we can take a large n € N and partition F as

1 1
{xEE:|x!<n+2}u{er:]m|>n+2}
with both sets relatively open and non-empty. Thus the component of J,,D containing oo is just {co}.
So oo fails to satisfy the sufficient condition 9.1.8 for a barrier, but our definition of harmonic measure
will still make sense for D.

10.1.3 A linear functional

Let D be a semi-regular domain in C, with boundary X = 0,,D. Let Y be the vector space of functions
f + X — R which are bounded on X and continuous at all but finitely many points of X. Applying
Perron’s method gives a harmonic Perron function v; on D, and Theorem 9.1.7 shows that

i vp(2) = f(@)
for all but finitely many x € X.

If f,g € Y and f = g except on a finite set then vy — v, is harmonic and bounded and has
boundary values 0 except on a finite set, so that v; = v, by Lemma 9.2.7. Similarly if f,g € Y then
Vfyg — Vj — Vg is harmonic and bounded and again has boundary values 0 except on a finite set, so we
get vpig = vy + vy Alsoif f €Y with f <0 on X then vy <0, again by Lemma 9.2.7. Finally if
f is a constant (say M) on X then vy has boundary values M except on a finite set and so is M by

Lemma 9.2.7.
Fix z in D. Then

f= L(z, f) = vg(2)

is a non-negative linear functional on Y (this just means that f > 0 on X implies that vf(z) > 0 on
D).

The rest of this section will be devoted to proving the following theorem from first principles: it can,
however, be deduced rather quickly from the Riesz representation theorem (2.14 of W. Rudin, Real and
Complex Analysis).

10.1.4 Theorem

Let D be as above and fix zy in D. Then there exist a o-algebra Il of subsets of X and a probability
measure p on II (this means a measure p : I1 — [0, 1] with u(X) = 1) such that:

(i) every Borel subset E of X is in II;

(ii) for E in 11, the measure j1(E) is the infimum of (V') over all open V' containing E;
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(i) u(E) is the supremum of u(K) over all compact K C E;
(iv) if AC B and pu(B) = 0 then p(A) exists and is 0;

(v) if V is open then (V') is the supremum of L(zy,g) = v4(20) taken over all continuous func-
tions g : X — [0, 1] such that g < xv on X.

In order to be a measure, p must satisfy u(|J E;) = > u(E;) whenever the E; are countably many
pairwise disjoint elements of II. Now V is an open subset of X if and only if V= U N X where U is
open in C*, and so if and only if K = X \ V is of form K = F'N X where F is closed in C*. But then
K is compact, since X is compact, and u(V) =1—pu(K) and pu(E) = 1 — (X \ E). Hence properties
(ii) and (iii) are equivalent provided p is a measure.

Note that (ii) and (v) imply that this measure y is unique (because there is a unique definition for
open V' and hence for every E € II).

10.1.5 Example

Let D = D(0,1). For a Borel subset A of X = 0D, let xa(t) be 1 on A and 0 elsewhere, and set

1 2

H(A) K (2 eyl db,

- 2w 0
in which K (z,¢e) is the Poisson kernel. Note that if we keep A fixed then what we get is a harmonic
function of z on D. Also (i) is satisfied because this integral exists for every Borel set A.

To check (ii) let 7 = |z| < 1. Obviously if A CV then u(A) < p(V). But given A C X and § > 0
we can look at B = {t € [0,27] : €' € A} and the Lebesgue measure \(B) of B is the infimum of the
Lebesgue measure of U over all open sets U with B C U C R. So we can find an open U C R such
that B C U and U \ B has Lebesgue measure less than . Now let V = {¢® : ¢t € U}. Then V is an
open subset of X with A C V and xy (e") = 1 implies that t € U. Hence xy (e”) = xa(e®) for all
t € [0,27] apart from a set of Lebesgue measure at most §. This gives, since

(10.1)

the inequality

which proves (ii).
To check (iv) let B be a Borel subset of X with p(B) = 0 and let A be any subset of B. Let
|z| =7 < 1. Since
1—r
_.I_

K(z,t) >

—
<

we have )
/ xa(e?)dt = 0.
0

So the set C' = {t € [0,27] : €' € B} has Lebesgue measure 0. Then every subset of C is Lebesgue
measurable with Lebesgue measure 0, and x 4(e®) = 0 for every t € [0, 2] apart from a set of Lebesgue
measure 0. Hence (10.1) implies that

1 2

o ), K(z,e")xa(e") dt
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exists and is 0.
Now we check (v). Let A C X be open. First if g: X — [0, 1] is continuous and g < x4 then

1 2 ) ) 1 2w . )
L(z.g)= o~ | K(zeMgle")dt < o— [ K(z.e")xa(e")dt = p(A).
2 0 2T 0
Next, 1 — x4 is upper semi-continuous on X and by Theorem 1.5.1 we can take continuous f, 1T x4
on X. Thus

1 2 21

nd)z o | K (2, e) fule) dt = Lz, f) 1 - [ K el dt = ()

by the monotone convergence theorem. Thus p satisfies conditions (i) to (v).

The fact that p is a measure in this example is easily seen from the fact that if Ey, Es,... are
pairwise disjoint subsets of X with union E then xp = ) xpg, and so the integrals add up. Also
1(X) = 1 because the Poisson extension to D of a constant function on X is constant.

For general semi-regular domains D the situation is more complicated and the first step in the proof of
Theorem 10.1.4 involves looking at upper semi-continuous functions. Throughout this section D will
be a semi-regular domain and X will be 0, D.

10.1.6 Theorem

Let f: X — R be upper semi-continuous and let Hy be the family of all continuous real-valued g with
g > f on X. Choose continuous functions f, such that f, | f on X, and let u,(z) = L(z, fn) = vy, (2).
Then v = limu,, is either identically —oo on D or harmonic in D, and u(z) = inf{L(z,9) : g € Hy}.
In particular, u is independent of the particular choice of the sequence (fy,).

Proof. The functions f,, exist by Theorem 1.5.1, and the first assertion follows from Harnack's theorem
8.3.10, since u, < u,_1 on D. Also the set H; makes sense, since f is bounded above on X.

To prove that u(z) = inf{L(z,g) : g € Hy}, take any g € Hy, and € > 0, and any wg in X. Set
G(z) = g(x) +&. Then for some large N we have G(wy) > fn(wp) and so G(w) > fn(w) for all
w in a relatively open neighbourhood V' of wy. Hence G(w) > fn(w) for all w in V and all n > N.
Now the compact set X can be covered by finitely many such V, and so there exists M such that
G(w) > fau(w) for all win X. Thus u(z) <up(z) < L(z,G) = L(z,g9) + ¢ for all z in D. This gives
u(z) < L(z,g) on D.

Next, take any z in D, and K > u(z), and n € N with u,(z) < K. Now f, > f on X and
L(z, fn) = un(z) < K, so that K is not a lower bound for {L(z,g) : g € Hy}. Thus u(z) is the
greatest lower bound as asserted.

10.1.7 Definition

For an upper semi-continuous function f on X we define u(z) on D as follows. For each z in D, we
set u(z) = us(z) to be the infimum of L(z,g) = vy(2) over all continuous g with g > f on X. We
have just seen that u is harmonic or identically —oo on D, and we call u the harmonic extension of f
to D. Note that if f is itself continuous, then u(z) = vy(2) = L(z, f); in particular this is true if f is
constant. It is clear that if f; and fo are upper semi-continuous on X with f; < f5 then the harmonic
extension of f; is bounded above by that of fs. Hence if A, B are real numbersand A < f < Bon X
then A <wu(z) < Bon D.
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For a closed subset E/ of X, the characteristic function x g is upper semi-continuous, and we write
w(z, E, D) = uy,(2).

This is a harmonic function on D, bounded above by 1 and below by 0. We will refer to w(z, E, D) as
the harmonic measure of E with respect to D. Note that if g is continuous on X with g > xg then
g >0 and h(z) = min{g(z), 1} is also continuous with A > xg. So in fact

w(z,E,D) =inf{L(z,h): h: X —[0,1], h > xg, h continuous }.

To see this, observe that the set of h as above is a subset of the set of g, so any lower bound for the
L(z,g) is a lower bound for the L(z,h), and hence the infimum of the L(z, h) is not less than that of
the L(z,g); on the other hand, given g there exists an h with xg < h < g and so any lower bound for
the L(z, h) is a lower bound for the L(z, g) also.
Obviously,
w(z,X,D)=1, w(z,0,D)=0,

since in both cases the characteristic function is constant.
Note that if A and B are closed subsets of X and A C B then any g : X — [0, 1] which satisfies
g > xp also satisfies g > x4, so w(z, B, X) > w(z, A, X).

10.1.8 Urysohn’s lemma

Let Y be a compact metric space and let K CV CY, with K compact and V' open (in both cases
relative to'Y'). Then there exists a continuous function g : Y — [0, 1], withg =1 on K and g = 0 off V.

We just define g by
d(y, K)
d(y, K) + d(y, V°)

in which V¢ =Y \ V and d denotes the metric. Here the distance d(y, A) is defined for any closed
(and hence compact) A C Y and is the minimum of the continuous function d(y, a) over a € A. This
distance is continuous for a given closed A, and we cannot have d(y, K) 4 d(y,V¢) = 0, because if
d(y,K) =0theny € K CV and so d(y,V*) > 0.

1—yg(y) =

10.1.9 Boundary behaviour of the harmonic measure of a closed set

Let E be a closed subset of X.
(a) If v € X \ E and x is a regular boundary point of D then w(z, E,D) — 0 asz — x in D.

To see this, just take K = E and V = X \ {z} in Urysohn's lemma. This gives a continuous
g:X —1[0,1] with g > xg on X and g(z) = 0. On D we have

0<w(z,E,D)<wvg(z) = g(x) =0, z— =z
In particular this is always the case if D is simply connected, by §9.1.4.

(b) If x is a regular boundary point of D, and an interior point of E (with respect to X), then
w(z,E,D)—1asz—xinD.
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To see this, take 7 > 0 with V. = D(z,7) N X C E. Then apply Urysohn's lemma to get a con-
tinuous g : X — [0,1] with g(z) =1 and g = 0 off V (and so g = 0 off E). If h : X — [0,1] is
continuous with h > xg on X, then we have h > g on X and so L(z,h) > L(z,g) on D. Thus, on D,

1> w(z B,D) > L(z,g) = gz) = 1, z— .

(c) If D is regular then, with f = x g, the harmonic measure w(z, E, D) agrees with the Perron function
vy(z) defined in §9.1.1.

To prove (c), first let g : X — [0,1] be continuous with g > f, and let y be a member of the
Perron family U(f) as defined in §9.1.1. Then for every ( € X we have

limsup y(z) < f(2) < g(e) = lm uy(z), limsup (y(2) — vy(2)) <0
z—(,ze€D z2—=(,z2€D 2—(,z€D

and so the maximum principle shows that y(z) < v4(2) = L(2z,g) on D. Thus y(z) < w(z, E, D) on
D, and taking the supremum over these y we get v¢(z) < w(z, E, D) on D. But we also know that if
x € X\ E then w(z,E,D) = 0 as z = x,z € D. Since w(z, E,D) <1 we get w(z, F,D) € U(f)
and so w(z, B, D) < vy(z).

10.1.10 Example

In §10.1.9(a), we cannot delete the hypothesis that x is a regular boundary point. Let D; be the domain
0 < |z| < 1asin Example 9.1.2, let A be the circle |z| = 1, and let ¢ = x 4. Then g is continuous on X
and g = 1 except at one point, and so vy = v; = 1 by the argument in §10.1.3. Since L(z,h) > L(z,9)
for continuous h with A > ¢g on X, this now shows that w(z, A, D) = L(z,9) = 1 on Dy, and so
w(z, A, Dy) fails to tend to 0 as z — 0.

We return to this theme in §15.1.8.

10.1.11 The harmonic measure of an open set

For a closed subset E of X, we have defined w(z, E, D) to be the infimum of L(z, g) = vy(z) over all
continuous g : X — [0, 1] with ¢ > xg on X.

If U is an open subset of X, we define w(z, U, D) to be the supremum of L(z, g) over all continuous
g: X —1[0,1] with g < xp on X.

Note that if A and B are relatively open subsets of X and A C B then any g : X — [0, 1] which
satisfies g < x4 also satisfies g < xp, so w(z, B, X) > w(z, A, X).

Note also that if E is a clopen (closed and open) subset of X then h = y g is continuous, and so
the two definitions both give w(z, E, D) = v,(2z) = L(z,h) and in particular they agree.

The next lemma shows that this definition gives the “expected” result that

w(z,U,D)=1—-w(z, X \U,D,).

10.1.12 Lemma

Let U be an open subset of X and let E = X \ U. Then for every z in D we have w(z,U,D) =
1 —-w(z,E,D).
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Proof. Obviously if g : X — [0,1] then ¢ < xy ifandonlyif h=1—g >1—xy = xg and g
is continuous if and only if A is. Thus

w(z,U,D) = sup{L(z,9): g: X
= sup{L(z,9): g: X
= sup{l— L(z,h): h: X —[0,1], h > xg, h continuous }
= 1—inf{L(z,h): h: X —[0,1], h > xg, h continuous }
= 1—-w(z,E,D).

—10,1], ¢ < xu, g continuous }
— [0,1], h=1—-g > xg, g continuous }

10.1.13 p-measurable sets

Fix zg in D. For any subset C' of X we define:

T (C) to be the infimum of w(zg, U, D) over all open U with C C U C X

1~ (C) to be the supremum of w(zp, £, D) over all closed E with E C C C X.
Obviously u*(C) and p~(C') both exist, and they are in [0, 1].

We say that C is pu-measurable if u*(C) = p(C), in which case we denote the common value
by p(C).

10.1.14 Lemma

Let AC X and let B= X \ A. Then:

(a) = (A) < p*(A),

(b) 1+(A) = 1 - i~ (B);

(c) if A is p-measurable then so is B, and u(A) =1 — p(B).

Proof. (a) Take closed E and open U with E C A C U, and using Urysohn's lemma let g : X — [0, 1]
be continuous, with g =1 on E and g =0 off U. Then xg < ¢ < xy and so

w(207EaD) S L(Z(]ag) é W(ZOaUa D)

This proves (a), and also establishes (iv) of Theorem 10.1.4, because if A C C and p(C) = 0 then
0<p=(A) <pt(A) <pt(C)=0.
(b) Here
pt(A) = inf{w(z0,U,D): ACU (U open)}
inf{l1 —w(z0, E,D): ECB (FE closed)}
1 —sup{w(z0, E,D) : EC B (F closed)}
= 1—pu (B).

Similarly we get u™(B) =1 — = (A) and (c) follows.

10.1.15 Lemma
Let U be an open subset of X. Then U is u-measurable and (U) = w(zo, U, D).
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Proof. Obviously u*(U) = w(z9,U, D). Let § > 0. Then by the definition of w for open U there
exists a continuous g : X — [0, 1] with ¢ < xy on X and

L(Z()ag) > W(Z(b U, D) — 0.

Let E be the closed set £ = {z € X : g(x) > 6}. Then E C U, since g < xy. This time using the
definition of the harmonic measure for closed sets, choose a continuous h : X — [0,1], with h > xg
on X, and with

L(zp,h) < w(zp, E, D) + 0.

Now, on E we have g <1< xg < handon X \ E we have g < § and h > 0. Thus
g<h+§¢

on X. So
w(z0, E,D) > L(20,h) — 6 > L(z0,9) — 26 > w(z0,U, D) — 30.

Since E is closed and is a subset of U, we have
H_(U) > w(Zo,E,D) 2 w(zo, U, D) —30 = M+(U) — 39,

and the lemma follows since ¢ is arbitrary.

In particular, for open U we have p(U) = pt(U) = w(z0,U, D) and this is the supremum of L(z, g)
over all continuous g with g < xy on X, which immediately establishes assertion (v) of Theorem 10.1.4.

It follows from the last three lemmas that closed sets E are also u-measurable with p(E) =
w(z0, E, D). Using the definitions of =~ and u*, we now have (ii) and (iii) of Theorem 10.1.4 for
p-measurable subsets of X.

The next few results deal with the effect of taking unions. For general sets this is rather involved,
so it is convenient first to look at disjoint unions of open (and then closed) sets.

10.1.16 Lemma
Let Uy, Uy be disjoint open subsets of X. Then

w(Ur) + p(U2) = p(W), W =UUU,.

Once we have this result for two disjoint open subsets it extends by induction to finitely many pairwise
disjoint open subsets.

Proof. Let E C W be closed. Then so are By = ENU; = E\ Uy and E; = ENUy. Using
Urysohn's lemma form continuous gi,92 : X — [0,1] with g; = 1 on E; and g; = 0 off U;. Then
g=91+g2:X —[0,1] is continuous and xg < g on X. Since g; < xy;, this gives

W(Zo,E,D) L(Zo,g) :L(ZOagl)+L(ZO>92)

<
< UJ(ZO, Un, D) + W(Z(]’ Uz, D) = /L(Ul) + /L(UQ)

Taking the sup over closed E C W we get

p(W) =p= (W) < u(Ur) + u(Usz).
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Now let h; :— [0, 1] be continuous with h; < xy,. Then h = hy+hy : X — [0,1] satisfies h < xw.
So
L(z0, h1) + L(20, h2) = L(20, h) < w(zo, W, D) = p(W).

Taking the sup over h; and hy gives

1(Uh) + p(Uz2) = w(20, U1, D) + w(zo, Uz, D) < p(W).

10.1.17 Lemma

Let 1, Es be disjoint closed subsets of X, with union E. Then

n(Er) + p(E2) = p(E).

Again this result extends to finitely many pairwise disjoint closed sets.

Proof. Take an open U with E C U C X. Since the distance between E; and FEs is positive, as
is the distance from E to X \ U, we can form disjoint open sets U; with E; C U; C U. To do this we
can take a small positive p and the union of the open discs of centre x € E; and radius p. Now

W(E) + (Br) = p'(Br)+ p'(B)
< w(20, U1, D) + w(z0, Us, D)
= p(U1) + p(Usz) = p(Uy UU2) < u(U)

by the result for disjoint open sets. Now taking the infimum over U D E gives u(E1) + u(E2) < p(E).
Next, take § > 0 and open sets V; with E; C V; and u(V;) = w(z0,V;, D) < p(E;) + 6. By
intersecting with open sets U; as in the previous part it may be assumed that V7, V5 are dISJOInt. Now

w(E) = p*(E) < p(ViUVa) = u(Vi) + u(Va) < p(Er) + p(Es) + 26,

and letting § — 0 completes the proof.

10.1.18 Theorem

Let V; be open subsets of X and let W = ;2 V. Then p(W) < 3222, ju(V;) (Thus p is countably
sub-additive on open sets).

Proof. We first take the case where W = V; U V5. Let H be a closed (and so compact) subset
of W. We claim that there exists p > 0 such that for each x in H the (spherical) disc D(z,p) is
contained in one of the Vj. To see this note that each z € H has p(z) > 0 such that X N D(z,2p(x))
is contained in one of the V;. So by compactness there exist z1,...,xx with

N
H C | D(x, p(a)))-
j=1

Let p be the minimum of the p(z;), for j = 1,..., N. Then each = in H lies in one of the D(z;, p(x;)),
and D(z, p) is a subset of D(x;,2p(x;)), which in turns lies in one of the V.
Let
Hj={zeV;:dist(x,X\V;) >p} ={x € X :D(z,p) CV,}.
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Then each H; is closed by continuity and so compact, and H C H; U Hy. Use Urysohn's lemma to
define continuous g; : X — [0, 1] such that g; =1 on H; and g; = 0 off V. Then

xu(z) < g(x) =ming 1 Zg] o gi(m) < xy; ().
So, since H is closed and P; is open,

(Zo,H D < L Zo,

HMw

2 2
ZUagj Zw ZO,‘GaD ZIU’(V])
7j=1 Jj=1

Taking the infimum over closed H C W is arbitrary completes the proof in this case.
This result now extends by induction to the union of finitely many V. To handle the general case
just note that if H C W is closed then H is compact and lies in the union of finitely many V}, so that

Cz

w(Z(),H,D) = /1’+(H) < p

j:
10.1.19 Lemma
" is countably sub-additive on subsets of X .

Proof. Let A; be subsets of X, j = 1,2,..., let B = |
such that

ien4j and € > 0 and choose open Uj
Aj ng, w(Zo,Uj,D) <[L+(Aj)+8/2j.

Then B is a subset of the union of the U; and so, by Lemma 10.1.18,
S(UB) =0 (UU) £ ) =3 w0 U;, D) <2+ 3wt (4))

10.1.20 Lemma

Let A be a u-measurable subset of X and let 6 > 0. Then there exist closed EE and open U with
ECACU and u(U\E) <.

Proof. Let p > 0 and choose closed ¥ and open U with E C A C U and
p(A) = p= (A) < w(E) +p,  p(A) = p*(A) > pU) - p.
Take a closed subset G of the open set U \ E such that
U\ E) < pu(G) + p.

Then
pU\E) + w(E) < p(G) + w(E) + p=p(GUE)+p < pU) + p < p(E) + 3p.
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10.1.21 Theorem
Let Ay, As be u-measurable subsets of X. Then H = Ay U As is u-measurable.

Proof. Take § > 0 and closed E; and open U; with E; C A; C U; and p(U; \ Ej) < 0. Let
K =FE{UE,5. Then H\Kg (Ul\El)U(UQ\EQ) and
pt(H) < p"(K) + p"(H\ K) < p(K) + " (Ur \ Ex) + p7 (U2 \ Ea) <

<ut(K)+20=p (K)+20 <pu (H)+20.

It follows at once that the union of finitely many p-measurable sets is p-measurable.

10.1.22 Lemma

Let A1, Ay be pairwise disjoint pi-measurable subsets of X. Then

1(A1 U Ag) = pu(Ar) + p(Az).

Proof. First, we have
(A1 U Ag) = (i (A1 U Ag) < i (Ar) + ' (A2) = p(Ar) + p(Az)
by Lemma 10.1.19. Next, choose closed sets B; with B; C A;. Then B; N By = 0 and so
p(Br) + pu(B2) = p(B1U Ba) < i (A1 U Ag) = p(Ar U Ag).
Since B; and Bs are arbitrary we get
1(Ar) + p(Az2) = p (A1) + p7 (A2) < (A1 U Ag).

This lemma obviously extends to the union of finitely many disjoint y-measurable sets.

10.1.23 Theorem

Let A;,j € N, be pairwise disjoint ji--measurable sets, with union B. Then B is i-measurable and

w(B) =3 u(Ay).

Proof. We know that

But, if N is finite,

and the result follows on letting N — oc.
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10.1.24 Theorem

The p-measurable subsets of X form a o-algebra. All Borel subsets of X are u-measurable.

Proof. We already know that if A is pu-measurable then so is X \ A, and that finite unions of u-
measurable sets are ji-measurable. If A; are u-measurable for j € N we just set

Ei=A), Epp=A1\ U Aj.
j=1

Now X \ A;11 is p-measurable by Lemma 10.1.14, and so is [ J;_; A;, by Lemma 10.1.21, and hence
sois (X \ Any1) UUjZ; Aj, the complement of which is Ej41.
Then the union B of the A; is the union of the pairwise disjoint sets F; and so is ji-measurable,

with
p(B) =Y u(Ey) <D pu(4)).

This gives our o-algebra of subsets of X, and each open set belongs to this o-algebra by Lemma 10.1.15.

10.2 Properties of the harmonic measure

We have now established Theorem 10.1.4. The measure u has been constructed, for a fixed zgp, and the
next step is to investigate what happens as zg varies.
For each z in D, we construct the measure p = p,. For every Borel subset A of X we define

w(z,A, D) = NZ(A)7

and we know that w(z, A, D) is the infimum of w(z,U, D), and the supremum of w(z, E, D), over all
open U and closed F with E C A CU.

If A is closed then we have already seen that w(z, A, D) is a harmonic function of z on D. The
same is true if A is open, because

w(z,A,D)=1—-w(z, X\ A,D).

The next theorem shows that w(z, A, D) is harmonic for every Borel subset A of X, thus justifying the
term harmonic measure.

10.2.1 Theorem
Let A be a Borel subset of X. Then w(z, A, D) is harmonic on D.

Proof. Take zy in D and 0 > 0. Choose closed E, open U, with
ECACU, w(z0,FE,D)>w(20,4,D)—06, w(z0,U,D)<w(z0,4,D)+6.

If z is sufficiently close to zg then, since w(z, F, D) and w(z, U, D) are harmonic and so continuous, we
have

CU(Z,A,D) Sw(szvD) §W(20,A,D)+26, W(Z,A,D) ZUJ(Z,E,D) Z(JJ(Z(),A,D) _2(57

and this proves that w(z, A, D) is continuous on D.
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Next, if 7 is small and positive,

27 ™

1 2w ) 1 2 )
w(z0,A,D) > w(z0,U,D) — = / w(zg 4+ re’, U, D)dt — 6 > 2/ w(zg +re’ A, D)dt — §
0 0

and

2

. 1 [27 .
w(z0,A4,D) < w(z0, E,D)+¢ w(zo +re, E,D)dt + 6 < 2/ w(zo + e, A, D)dt + 6.
T Jo

:%0

Since ¢ is arbitrary, we see that w(z, A, D) has the mean value property on D and so is harmonic there.
The same proof obviously works for any subset A of X such that A is u,-measurable for every z in D.

10.2.2 Corollary
Let E be a Borel subset of X. If w(z, E, D) =0 for some z € D then w(z,E, D) =0 for all z € D.

This follows at once since 1 — w(z, E, D) has a maximum in D. We then say that E has zero harmonic
measure.

10.2.3 Lemma

Let xy € X. Then {xo} has zero harmonic measure.

This is by Lemma 9.2.7, since w(z,{xo}, D) has boundary values 0 except on a finite set. It follows
using sub-additivity that every countable subset of X has zero harmonic measure.

10.2.4 Theorem

Let D be regular, let E be a Borel subset of X and let f = xg. Then w(z,E,D) = v¢(z) on D, where
vy is the Perron function defined in §9.1.

Thus the conclusion of 10.1.9(c) extends to all Borel subsets of X. For a more general result see
Theorem 10.3.3.

Proof. First let E C V C X, with V open (i.e. a relatively open subset of X). Let u € U(f),
where U(f) is the Perron family of f asin §9.1. Then, since D is semi-regular and V' is open we have,
forallw eV,

limsup (u(z) —w(z,V,D)) <0

z—w,z€D
by 10.1.9(a), and the same is true for all w € X \ V, since u € U(f). Thus Lemma 9.2.7 gives, for
every z € D,

u(z) <w(z,V,D).

Applying Theorem 10.1.4(ii) we obtain u(z) < w(z, E, D), and taking the supremum over u € U(f)
gives v(z) < w(z, E, D).
Now let K C E be compact. Then w(z, K, D) belongs to U(f), and so
w(z, K, D) <vf(z).

Taking the supremum over K we get w(z, E/, D) < vf(z) by Theorem 10.1.4(iii).
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10.2.5 Definition

For a Borel measurable f : X — R* (this means that the set {z € X : f(z) < y} is a Borel set for
every y € R), define

M(z f) = /X F(@)dps (2).

Here p is the measure constructed for z. Clearly if f(x) is a constant ¢ then M(z, f) = cp.(X) = c.

10.2.6 Theorem

Let f: X — [0,00] be Borel measurable. Then M(z, f) is either harmonic or identically oo on D.

Proof. If s is a real-valued simple Borel function on X then M(z,s) is a linear combination of har-
monic measures of Borel sets and so Theorem 10.2.1 shows that M (z,s) is harmonic Now just take
non-negative simple Borel functions s,, such that 0 < s; < so <...and s, — f pointwise on X. Then

M(z, 50) = /X () dpis () — /X f(@)dps () = M(z, f)

by the monotone convergence theorem. The result now follows from Harnack's theorem. It follows at
once that if f is a bounded Borel measurable function on X then M(z, f) is harmonic on D.

10.2.7 Lemma

Let f be a bounded Borel measurable function on X, and let f be continuous at the regular boundary
point xq of D. Then

lim  M(z, f) = f(xo).

z—x0,2€D

Proof. Assume without loss of generality that f(xg) = 0, and take § > 0. Assume |f| < M < oo on
X. Take an open subset U of X with 9 € U and |f(z)| < d on U. Then

' [ 1@de)| < ona(0) <

while

(z)dp,(z)| < Mw(z, X \U,D) =0

X\U

as z — Xg.

10.2.8 Corollary

Let g be a bounded function on X which is continuous at all but finitely many x € X. Then
vg(2) = L(z,9) = M(z,9). Next, let f be upper semi-continuous on X. Then M(z, f) agrees
with the harmonic extension u(z) of f defined in Theorem 10.1.6.

Proof. We have L(z, g) = v4(2) by definition, and

lim (v5(z) — M(z,9)) = 0

z—x0,2€D
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for all but finitely many zo € X. Now apply Lemma 9.2.7.
Next, take continuous f,, | f on X and let u,(z) = L(z, f,). Then Theorem 10.1.6 gives

u(z) = limu,(z) = im M(z, f,) = M(z, f),

the last step using the monotone convergence theorem.

10.2.9 Theorem: the principle of harmonic measure

Let w be subharmonic and bounded above on D. Let f be a Borel function, bounded above on X, such
that

6(z) = limsup u() < f()

z—ax,2€D

for all x € X \ E, where E has harmonic measure 0. Then

M@SLﬂ@W&O
onD.

Proof. We know from Lemma 8.3.4 that ¢ is upper semi-continuous on X. Take continuous f,
decreasing pointwise to ¢ on X, and write u,(2) = vy, (2) = L(z, fn) = M (2, f,). For all but finitely
many x € X we have

lim sup (u(z) — un(z)) <0,
z—x,2€D

and so, since u — u, is bounded above, we get u(z) < u,(z) on D. Letting n — oo we have

/ulﬁmmwmoa/mm@mWw
X X

by the monotone convergence theorem and so

u(z) < limuy,(z) = lim/X frn(x)dp,(x) = /X o(x) dp,(z) < /X f(x) dp.(z).

The following example shows that the principle may fail for unbounded functions. For D = D(0,1)
and u(z) = Re (Hz) we may take f = 0, but u is positive on D.

1—=z

10.2.10 “Two-constants” theorem

Let E; be finitely many pairwise disjoint Borel subsets of X, with union X. Let u be a function
subharmonic and bounded above on D, and let M; € R be such that

limsup u(z) < M; for x € Ej.
z—x,2€D

Then
u(z) < ZMjw(z,Ej,D), z€D.
J

Proof. Assume first that all M; are positive. Take open U; with E; C U; and set

v(z) = Z M;w(z,Uj, D).
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Then for all but finitely many x € U; we have

lim w(z,U;,D) =1, limsup (u(z)—v(z)) <O0.

z—x,2€D z—x,2€D

So u(z) < w(z) on D. Using (ii) of Theorem 10.1.4 we get

u(z) < Z M;w(z, E;, D).

If any M; is negative, take a large positive M. Then we get

u(z) + M <> (M) + M)w(z,E;,D) = M+~ Mjw(z, Ej, D).
J J

10.2.11 Comparison principle
Let D1, Dy be semi-regular domains in C, with D1 C D, and let X; = 05D;. Let E C X1 N X3 be a
Borel subset of X1 and of X5. Then

w(z,E,Dy) <w(z, E,Dy).

Proof. Let F' be a closed subset of X; and U an open subset of X5 such that F C E C U. Let
u(z) =w(z, F,D1) — w(z,U, Dy).

Let 2z — = € X; with z € D;. If z ¢ F and x is regular for Dy then w(z,F,D;) — 0 and so
limsupu(z) < 0. If x € F then z € U and so if x is regular for Dy we get w(z,U, D2) — 1 and again
limsupu(z) < 0. This means that limsup,_,, .cp, u(z) < 0 for all but finitely many 2 € X3 and so
u < 0 on Dj. Now take the supremum over F' and infimum over U.

10.2.12 Conformal invariance

Let Dy, Dy be semi-regular domains in C, and let X; = OxD;. Let B; be a Borel subset of X; and
let f: D1UBy — Dy U By be continuous, such that f : D1 — Dy is analytic and f maps By into Bs.
Suppose further that at most finitely many x in By are such that f(x) is an irregular boundary point
of Dy. Then

w(z, B, Dl) < w(f(z), Bs, Dg).

Proof. Take a compact subset F' of X5 \ By and an open subset V' of X; containing X; \ Bj.
Define
u(z) = w(f(2),F, D), =z¢€ Dy.

Then w is harmonic on D;. We assert that

limsup (u(z) —w(z,V,D1)) <0 (10.2)

z—x,2€D1

for all but finitely many z € X;. Let x € X, be regular. If z isin V, then w(z,V,D;) - 1lasz >z
and so (10.2) holds. If z is not in V' then z is in By and so f(x) € Bs. In particular, for all but finitely
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many z € X1 \ V we have f(z) — f(z) € F and u(z) — 0 as z — x. This proves (10.2). Thus
u(z) <w(z,V,Dq) on D;. Now (ii) and (iii) of Theorem 10.1.4 give
(

w f(z)7F7D2) < w(zaXl\Bth)

and
w(f(z)v Xo \ Bs, DQ) < W(Z7X1 \ By, Dl)

10.3 Comparing the harmonic measure and the Perron function

Let D be a semi-regular domain, let E be a Borel subset of X and let f = xg. It is natural to ask
whether the harmonic measure w(z, E/, D) agrees on D with the Perron function v¢(z) defined in §9.1,
and the following leads to a more general version of 10.1.9(c) and Theorem 10.2.4.

10.3.1 Lemma

Let E be a finite subset of X, and let g : X — R with g =0 on X \ E. Then vy =0 on D.

Proof. The function g is continuous on X \ E, and v, is bounded and harmonic on D. By Theo-
rem 9.1.7, we have v(z) — 0 as z — w from within D, for all but finitely many w € X. Since a finite

set has zero harmonic measure, we obtain v, < 0 on D from the two-constants theorem, and —v, <0
in the same way.

10.3.2 Lemma
Let E be a finite subset of X, and let f and g be bounded functions on X with f < gonX and f =g
off E. Then vy = v4 on D.
Proof. Write f = g+ h, where h < 0 on X and h = 0 off E. If uy € U(g) and uz € U(h)
then u; +ug € U(f) and so (as in Lemma 9.1.6)

vg +vp < vp < vg.

Since vy, = 0 by the previous lemma the result follows.

10.3.3 Theorem

Let D be a semi-regular domain, let E be a Borel subset of X and let f = xg. Thenw(z, E, D) = vs(2)
on D, where vy is the Perron function defined in §9.1.

Thus the conclusion of 10.1.9(c) extends to all Borel subsets of X, even for semi-regular domains.

Proof. First let E C V C X, with V open (i.e. a relatively open subset of X). Let u € U(f),
where U(f) is the Perron family of f asin §9.1. Then, since D is semi-regular and V' is open we have,
for all but finitely many w € V,

limsup (u(z) —w(z,V,D)) <0

z—w,z€D
by 10.1.9(a), and the same is true for all w € X \ V, since u € U(f). Thus Lemma 9.2.7 gives, for

every z € D,
u(z) <w(z,V,D).
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Applying Theorem 10.1.4(ii) we obtain u(z) < w(z, E, D), and taking the supremum over u € U(f)
gives v(z) < w(z, E, D).

Now let K C E be compact, and let Z be the (finite) set of non-regular boundary points. Set
g=f+ xz. Since w(z, K, D) tends to 0 as z tends in D to any regular point in X \ K, we see that
w(z, K, D) belongs to U(g), and so

W(Z7K7D) < Ug(z) = Uf(Z),

using the previous lemma. Taking the supremum over K we get w(z, £, D) < vf(z) by Theorem
10.1.4iii).



Chapter 11

Jordan domains and boundary
behaviour

11.1 Introduction

The first part of this chapter describes a fairly simple analytic proof of the Jordan curve theorem, which
roughly-speaking states that a simple closed curve in C divides its complement in C* into two compo-
nents, each a domain without holes. The proof is taken from

Topology in the complex plane

by A. Browder, Amer. Math. Mthly. 107 (2000), 393-401.

A Jordan arc is a continuous one-one function ¢ : [a,b] — C.

A Jordan curve is a continuous one-one function g : T — C, in which T = {e®* : 0 < ¢ < 27}.

In either case, the image H is compact and, since C is Hausdorff, the inverse function is continu-
ous and g is a homeomorphism.

Falconer, Geometry of Fractal Sets, p.115 gives a continuous f : [0,1] — R whose graph (obviously a
Jordan arc) has Hausdorff dimension in (1,2).

11.1.1 Preliminaries

Let U be an open subset of C. For x € U the component C,, of U containing x is the union of all open
subsets of U each containing x. If y € C, then Cy = C,.. Also each C; is open, and its boundary is a
subset of QU. The number of components is countable.

From now on in this chapter, X will always be a compact subset of C. The complement of X in
C consists of countably many components, one of which is unbounded.

As usual C(X) will denote the set of all continuous f : X — C, with Ly distance p(f,g9) =
sup{|f(z) — g(z)| : 2 € X}.

184
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11.1.2 Some groups
For a compact subset X of C let C*(X) be the set of all continuous (non-vanishing) f: X — C\ {0}.
Obviously C*(X) is a multiplicative group.
Next,
) = fef . fe0(X)}

is clearly a subgroup of C*(X). It is the collection of functions in C*(X) which have a continuous
logarithm.

We can then form the quotient group
Hy = C*(X)/efX),

This is the same as defining an equivalence relation on C*(X) by f ~ g iff f/g € e and then a
multiplication on the classes given by [f].[g] = [fg]. The collection of equivalence classes is Hx.

Note that if ¢ is a homeomorphism from X onto a compact Y C C, then Hx and Hy are isomorphic
via

[Q]Hy — [9(¢)]HX

To see this, obviously

[91][g2] = [9192] = [91(8)g2()] = [91(¢)][g2(0)]
while if [g] is sent to the identity of Hx then g(¢) = €e" on X and so g = eu@™) on Y.

11.1.3 Lemma
If f,g € C(X) with |g| < |f| on X then f ~ f+g.

We remark that this result is similar in statement and proof to Rouché’s theorem.

Proof. We have Re(1 4+ g/f) > 0 on X. Hence the principal logarithm of 1 + g/f is continuous
on X.

11.1.4 Lemma

Let f € C*(X) . Then there exists § > 0 such that g € C*(X) and g ~ f for all g € C(X) with
p(fr9) <9.

Proof. The function |f| has a positive minimum § on X. Thus if p(f,g) < § we have |[g — f| < § on
X and so g # 0, while writing g = f + (9 — f) shows that g ~ f.

11.1.5 Lemma
Let f € C*(X). Then [f] ={g € C*(X): g~ f} is an open and closed subset of C*(X).

Proof. We've just seen that [f] is open. Now suppose that g % f. Then there exists § > 0 such
that p(g,h) < 0 implies h ~ g and so h ¢ f.
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11.1.6 Theorem

Let f,g € C*(X). Then f ~ g if and only if there exists a continuous F : X x [0,1] — C\ {0} such
that

F(Z,O):f(z), F(Z7 l)zg(z)

for all z in X.
Proof. If f ~ g we can write f = ge with h € C(X). We then just set F(z,t) = f(z)e ().

Now suppose that such a F' exists. Define f; by fi(z) = F(z,t). Now J = {t € [0,1] : f; ~ fo}
is open and closed in [0, 1], by Lemma 11.1.5, and is non-empty. So J = [0, 1].

11.1.7 Corollary

Let X have the property that z € X implies that tz € X for all t € [0,1] (starlike about 0). Then
C*(X) = (X,

Obviously this applies if X is the closed unit disc, or is [0,1] (which is henceforth always denoted
I).

Proof. Just define F(z,t) = f(tz). This shows that f ~ 1 for every f € C*(X).

11.1.8 Lemma

C(X)

e is the maximal connected subset of C*(X) containing 1.

C(X) c(X) _

Proof. Suppose A C C*(X), and A properly contains e Since ¢ = [1] is an open and
closed subset of C*(X), we may partition A as eCX) A \ e“X) and both are relatively open. So A is

not connected.

It remains only to show that e¢“(X) is connected. But if f,g € C(X) then t — e9t(1-0/ is a
continuous function from I to eC(X), sending 0 to el and 1 to e9.

11.2 Janiszewski’s theorem

11.2.1 Lemma

Let n € Z and (henceforth) let T = {e? : 0 < 0 < 2r}. If 2" € ¢“(T) then n = 0.

Proof. Suppose that n # 0 and 2" = €"*) on T for some h € C(T). The principal argument
a(z) = Argz is continuous on Ty = T\ {—1}, taking values in (—m,7), and €"%(*) = 2" on T}. Thus
(h(z) — ina(z))/2mi is continuous and integer-valued and so constant on 7}. This is a contradiction
since h is continuous on all of T" but a(z) is not.

Obviously the same proof shows that if X is the circle |z —a| = R > 0 and n is a non-zero inte-
ger then (z — a)” ¢ eC(X).
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11.2.2 Corollary
Ifa € C,R > 0 and n is a non-zero integer then there is no f € C*(B(a, R)) which equals (z —a)™ on
|z —al =

Here B(a, R) denotes the closed unit disc.

Proof. Assume without loss of generality that a = 0,R = 1. Suppose we had such an f. By
Corollary 11.1.7 we have f = €9 for some g continuous on the closed unit disc. So 2™ = ¢9(2) on T and
this contradicts Lemma 11.2.1.

11.2.3 Theorem

Let U be a bounded open subset of C and let a € U. Let H = QU and let n be a non-zero integer.
Then there is no f € C*(U) which equals (z —a)™ on H.

Proof. We assume that U C D(a,R). If f is a continuous non-zero function on the closure of U,
which equals (z — a)™ on H, then we extend f to the closed disc by setting f(z) = (z — a)” for z not
in the closure of U. This extended function is continuous, and this contradicts Corollary 11.2.2.

11.2.4 Tietze’s extension theorem

Let A be a closed subset of C and let f : A — R be continuous. Then there is a continuous function
g : C — R such that g = f on A.

Proof. Urysohn's lemma gives us the following: if B,C are disjoint closed subsets of C then there
exists a continuous k : C — [0,1] with k =0o0n B and k=1 on C. In fact, k is

d(z,B)
d(z,B) +d(z,C)

k(z) =

with d(z, B) the distance from z to B. Clearly there is then a continuous Ky : C — [—1/3,1/3] with
Ko=—1/30on Band Kp =1/3 on C.

Now let f : A — (—1,1) be continuous. Let B = {z € A : f(z) < —1/3} and let C = {z €
A : f(x) > 1/3}. Then B,C are closed and there is a continuous h; : C — [—1/3,1/3] such that
hi=—-1/3on Band hy =1/3 on C. Thus |h; — f| <2/3 on A.

We claim that there exist continuous h,, : C — R such that |h,(z)| < 2" 137" on C and

Zh )| <2737, ze A

Assuming that hq, ..., h, exist, we apply the first part to the function
n
B/2)"(f(z) = > hj(a (z).
7j=1

This gives H(z) with |[H| <1/3 on C and |H — K| <2/3 on A, and we just set h,+1 = (2/3)"H
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The function h(z) = > 222, h;(x) is then continuous on C and equal to f on A.

For a general f, we apply the above proof to F' = f/(1+|f]), f = F/(1 — |F)).

11.2.5 Lemma

Let f € e“X). Then f can be extended to a continuous non-zero function on C.

Proof. Just write f = e9 on X and extend g to a continuous function on C using Tietze's exten-
sion theorem.

11.2.6 Notation

We continue to use X to denote a compact subset of C. Let the distinct components be Uy, Uy, .. .,
with Uy unbounded. Fix a; € Uy.

11.2.7 Lemma

Leta,b e Ug. Thenz—a ~ z—0b.
Ifa € Uy then z —a ~ 1.

Proof. Take a path 7 : [0,1] — Uy with v(0) = a,v(1) = b. Let F(z,t) = z —~(t). Then Fis
continuous and non-zero on X x I and F(z,0) = z —a, F((z,1) = z — b. Apply Theorem 11.1.6.

Next, choose positive R so large that Re(z + R) > 0 on X and R € Uy. Then log(z + R) (the
principal log) is continuous on X, so z + R ~ 1. Hence z — a ~ 1 for all a in U.

11.2.8 Lemma

Let ¢ € N and let
q

fz)= ][z = an)™ (11.1)

k=0

with each ny, € Z. If f € e“X) then ny, = 0 for all k > 1.

Proof. N.B. since a; € U; the hypotheses assume that C \ X has at least two components. As-
sume that f = e” on X. By Tietze's extension theorem we can assume that A is continuous on C.
Thus there is a continuous non-zero function F' on C (Lemma 11.2.5), which equals f on X. Now set

q

9(z) = (z —ao)™ [ [ (= — a)™

k=2

(with g(z) = (2 — ag)™ if ¢ = 1). Then g is continuous and non-zero on X U U;. So there is a
continuous non-zero function F'/g on X U Uy, which equals (z — a1)™ = f/g on X and so on 0Uj.
This forces n; = 0, by Theorem 11.2.3.

Remark: this is one of the two key steps of the method. The other will be to show that each F' € C'(X)
has F' ~ f for some f of the form (11.1).
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11.2.9 Corollary
If C*(X) = e“X) then C\ X is connected.

For otherwise there is a bounded component Uy, and z — a; # 1.

11.2.10 Corollary
If X is a Jordan arc (i.e. X is homeomorphic to I = |0,1]) then C\ X is connected.

Proof. We have C*(I) = e“() by Corollary 11.1.7. If f € C*(X) we have f(¢) = e? € ),
where ¢ : T — X is the homeomorphism. Thus f = e9®™") and C*(X) = CX),

Note that Uy = X in this case. Otherwise some z € X is not a limit point of Uy and so some
D(z,r) is a subset of X. But then D(x,r) is the homeomorphic image of a connected relatively open
subset of I and so of an interval. This is a contradiction, as deleting a point disconnects an interval
but not D(z, 7).

11.2.11 Corollary

Ifa,be C\ X and z —a ~ z — b then a and b lie in the same Uj.

Proof. Otherwise we have, with j # k,

z—aj zZ—aQa

Z— Qg z—0>

on X. This contradicts Lemma 11.2.8.

11.2.12 Janiszewski’s theorem

Let X,Y be compact subsets of C and let a,b € C have the property that a and b both lie in the same
component of C\ X, and a and b both lie in the same component of C\'Y. If X NY is connected
then a and b both lie in the same component of C\ (X UY).

Proof. We can write (z —a)/(z —b) = ¢9©*) on X, and (z — a)/(z —b) = e™?) on Y. Thus
e9~" =1 on X NY. But then g — h is constant on X NY and, adding an integer multiple of 27i to h
if necessary, we get (z —a)/(z—b) ~1on X UY.

11.3 Convolutions and Runge’s theorem

11.3.1 Convolutions

We describe the following ideas for C, R?, but they work equally well in R™. A function g : C — R is
said to have compact support if there exists a positive real R with g(z) = 0 for |z| > R. We say g is
C™ if g has continuous n'th order partial derivatives on all of C. Note that if g is C'! then writing

g(z,y) — g(a,b) = g(x,y) — g(x,b) + g(x,b) — g(a,b)

and using the MVT shows that g is continuous. C'* is the intersection of the C" and we say g is Cj}
if g is C™ with compact support.
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Let g be a real-valued bounded measurable function, zero off the compact set Y, and let A be measurable
and locally integrable i.e. the Lebesgue integral

L/“ Ih(2)\dedy
B(O,R)

is finite for every R > 0. Define H by

HWFﬂhwWWZ/

C

h(z)g(w — z)dxdy = /

h(w — z)g(z)dzdy = / h(w — z)g(z)dzdy.
C

Y

Fact 1: if h has compact support so has H.
This is because if |w| is large enough then h(w — z) =0 for all z in Y.
Fact 2: if g is continuous then so is H.

Fix w and take €1 > 0. Take S > 0 such that g(u — z) = 0 for |[u —w| < 1 and |z| > S. Since g is
uniformly continuous we can take ¢ € (0,1) such that |g(u — 2z) — g(w — z)| < &1 for |u —w| < § and
for all z. Hence for these u we have

\HWHWMSQ/ Ih(2)\dedy.

B(0,5)
Fact 3: if g is C! then so is H, and ;H = h * 0;g.

To see this, fix w and S as before, let ¢ be real, small and non-zero, and write

Hw+w—mei/

t B(0,5)

gw+t—2)—glw—z)

h(z) dxdy.

But the MVT gives

gw+t— zi —g(w—2)  dgle),

and this is uniformly bounded, since 01g is continuous with compact support. Taking any sequence
t, — 0 and using the dominated convergence theorem we get the result.

11.3.2 Lemma

LetY CV CC, withY compact and V open. Then there exists a C3° function F : C — [0, 1] with
F=1onY and FF =0 off V.

Proof. Take a small positive ¢ and a non-negative C'*° function ¢, vanishing off D(0,t), and with

/ ¢(z)dzdy = / ¢(2)dxdy = 1.
C D(0,t)

For example, we may take

¢z +iy) = Aexp(=1/(t* —2® —y?)), 2 +y* <1,
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with ¢(z) = 0 otherwise, and with some suitable positive A.

Now let h(z) = 1 for z in a t-neighbourhood of Y (i.e. the distance from z to Y is less than t),
with h = 0 otherwise. Set

F(w) = /Ch(z)qﬁ(w — 2)dady :/

C

h(w — z)p(z)dzdy = / hw — z)p(z)dzdy.

D(0,¢)

Obviously

0< F(w) < /D(o ) o(z)dxdy = 1.

Also F'is C™, since ¢ is. Next, if w € V then h(w — z) = 0 for |z| < t, provided t was chosen small
enough. Thus F'(w) = 0. Finally, if w € Y then h(w — 2) =1 for |z| <t and so F(w) = 1.

11.3.3 Lemma

LetY be a compact subset of C and let F' : Y — C be continuous. Let § > 0. Then there exists a Cg°
function G such that |G(w) — F(w)| <0 for allw in'Y.

Proof. By Tietze's extension theorem we can assume that F' is continuous on all of C. By multi-
plying by a Cy function which is 1 on Y we can assume F' has compact support. Thus F' is uniformly

continuous on C. Now take a small positive ¢, so small that |F(w) — F(w — z)| < d for all w € Y and
all z € D(0,t). Take ¢ as in the previous lemma and set

G(w) = /CF(Z)(z)(w — z)dzdy = / F(w — z)¢(z)dxdy.

D(0,t)

This convolution is C3° since ¢ is (and F' has compact support) and for w € Y we have
F(w) = Gw) = [ (Plw) ~ Flw—2))é(z)dzdy

with modulus at most

11.3.4 The 0 operator
We define

If h is complex-valued and has continuous first partials on a domain D in C and Oh = 0 then h is
analytic, by Cauchy-Riemann.

Also Green's theorem

/ Pdx + Qdy = / Qr — Pydxdy
0A A

(the integral around QA once in the positive sense) can be written in the form

/ g(z)dz = / g(z)dz +ig(z)dy = / iy — gydxdy = 22‘/ Ogdxdy.
0A 0A A A
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11.3.5 Lemma

Let g be a complex-valued C* function on C, with compact support. Define Tg by

Tg(w) = 1/((: 9(2) dzxdy = 1/@9(10_Z)da:dy. (11.2)

w— 2z T z
Then Tgq is C' on C, and we have _ _

a(Tg) = T(dg) = g.
Proof. The fact that T'g is C'' and _ _
d(T'g) = T(9g)

follows from §11.3.1 (note that 1/z is locally integrable).
Fix w, and choose R so large that g(z) = 0 for |w — z| > R/2, and take a small positive §. Let
A={zeC:0 < |w-z <R},

and let B be the boundary of A, described once in the positive sense (keeping the interior to the left).
Now

(T(Fg))(w) = lim — /A 99 oy

0—0 T w—z

) (4

But

w—z w—z

and so Green's theorem gives

0—0 T w—z w—z

= L[5 9(2) e L 9(z) , _
(T'(0g))(w) = lim — ; 0 ( ) dzxdy = lim ‘/B dz = g(w).

11.3.6 Lemma

Let K C U C C with K compact and U open. Let g be analytic on U, and let § > 0. Then there
exists a rational function R, with no poles in K, such that |g(w) — R(w)| < ¢ for all w € K.

Proof. Replacing g by ¢g, where ¢ is a C3° function as in Lemma 11.3.2 which is 1 on some
{z : dist(z, K) < t}, with t > 0, we can assume that g is in fact C}. The function

h = 0g

is then continuous with compact support, and there is a compact set H not meeting K such that h =0
off H. Lemma 11.3.5 then gives, for w € K,

olw) = (Th)(w) =~ [ "2 Gy,

T Jgw—2

To form R(w) we then just approximate the integral by a Riemann sum.

We outline the details. We can assume H is a union of closed rectangles. Let d be the (positive)
distance from K to H, and let |h| < M on H. Take p > 0 and partition H into closed rectangles Hy,
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disjoint apart from boundary, and so small that |z — z;| < p and |h(2) — h(zx)| < p for all z € Hy, with
z) the centre of Hy. Let m(Hy) be the area of Hy, and let

1 h(zk)
R = — ——m(Hy).
(w) = =37 = m(Hy)
Then, for w € K,
lg(w) — R(w)| < I + I,
in which

I = ‘Z /H k dedy‘ < pd~'m(H)

oy ] e i
[ e (g ) e

Remark: this is a weak version of Runge's theorem, which states that R can be chosen so that all its
poles lie in the set {ax}, in which as before each a; € Uy and Uy, ... are the components of C \ K.
To see this, suppose that R has a pole at b € Ug. Join b to ap by a path o in Uy, and so by a finite
sequence of points z; such that

and

< Mm(H)pd™2.

1
|zj — zj—1| < Zdist(K, o).
Now just use the fact that if |4 — B| < dist(B, K) then for 2 € K and m € N we can write
(2= A)™ = (: = B+ B— A) ™ = (:— By "(1+ (B — A)/(=— B))™

and expand out in negative powers of z — B, using the fact that |z — B| > 2|A — B| for all z in X.

11.4 Proof of the Jordan curve theorem

11.4.1 Theorem
Let f(z) € C*(X). Let N, with 0 < N < oo, be the number of bounded components of C\ X. Then
there exist integers ny, all but finitely many of them 0, such that

N

fz)~ 1] = an)™.

k=1

The ny, are uniquely determined by f. If N =0 then f ~ 1.

Proof. Suppose first that f is a rational function of z with no zeros or poles in X. Write f = P/Q and
factorize P and Q). If f has a zero of multiplicity m at o € Uy, Lemma 11.2.7 gives (z—a)™ ~ (z—ax)™,
and (z —a)™ ~1if k=0.

Now let f be any function in C*(X). It suffices to show that there exists a rational function R,
with no zeros or poles in X, such that f ~ R. By Lemmas 11.1.4 and 11.3.3 there exists a function
p € CS° such that f ~pie f/peceX) Lett >0, and let

V; ={z:dist(z, X) < jt}, j=1,2,3.
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Since p # 0 on X, we have p # 0 on V3, provided ¢ is small enough. We can then use Lemma 11.3.2
to form a function ¢ which is C*°, is 1 on V1, and 0 off V5. Define g by

dp
g=0¢—
p
on V3, with g = 0 off V3. Then g is C'°°, and Lemma 11.3.5 gives us a C*° function h = T'g with
Oh=g. Let F =pe " Then f ~ F. Also, F' is C* and on V; we have
OF = e "ap — (Oh)pe™ = e "Op — gpe ™ = 0.

So F' is analytic on Vi. Let s = min{|F(z)| : z € X} > 0 and choose a rational R, with
|R(w) — F(w)| < son X. Then Lemma 11.1.4 gives R ~ F andso R ~ F' ~ f.

Finally, the uniqueness follows from Lemma 11.2.8.

11.4.2 Theorem

Let X,Y be compact subsets of C and let ¢ : X — Y be a homeomorphism. Then C\ X,C\'Y have
the same number of components.

Proof. Obviously it suffices to prove that the number of components of C \ Y is at most that of
C\ X. If C\ X is connected then C*(X) = e“X) by Theorem 11.4.1 and so for any f € C*(Y) we
have g = f(¢) € C*(X) and g = e, h € C(X), which gives f = e"(®") € ),

Now suppose that the bounded components of C \ X are Uj,...,U,, and that C \ Y has distinct
bounded components V1, ..., V,,11. Choose a;, € Uy, b; € Vj, and set

frz)=z—ap, Fp=fu(¢o™), gi(z)=2z—0bj

For each j, the function g;(¢) is in C*(X). So we can find integers ¢; 1,1 < k < n, such that
n
9;(0) ~ [T #%*,
k=1

by which we mean that
95(8) [T £ ¥ € e,
k=1

and so
n
4k
g~ [T F
k=1

The matrix with entries g; ;, has rank at most n over QQ, and so we can find integers mq,...,my, 1, not
all zero, such that
miqi g +maqak + ...+ Mpy1gni1 e =0

for all k. But this gives (in C*(Y))
n+1

s~
j=1

which is a contradiction.
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11.4.3 The Jordan curve theorem

Let X be a Jordan curve i.e. homeomorphic to T. Then C\ X has two components Uy, Uy, each with
boundary X.

We only need show that each U; has boundary X. Obviously 0U; C X. If 9U; # X for some j
then OU; is a subset of a Jordan arc Y C X. So we can join ag to a; by a path 7 in C\ Y which does
not meet OU;. This says that both a,, are in U; and this is obviously a contradiction.

11.5 Boundary extension for Jordan domains

11.5.1 Theorem

Let D be a bounded domain in C and let f map A = D(0,1) conformally (i.e. one-one analytically)
onto D. Then the following are equivalent:

(i) f has a continuous extension to the closed unit disc A U T,
(ii) D is a closed curve;

(i) J = 0D has the following property: to each e > 0 corresponds § > 0 such that if wi,ws € J with
|w1 —wa| < 0 then wy,wy lie in a compact connected subset B of J with the diameter of B less than .

Proof. This is adapted from Pommerenke's book Boundary behaviour of conformal maps.

(i) implies (ii) is easy. If f extends continuously to the closed disc then f(T') is a closed curve,
and standard results show that f(T") C dD. Further, f(T') = 9D, since f(AUT) is closed.

(ii) implies (iii). Let A : [0,1] — C be any curve. Let € > 0. Since A is uniformly continuous,
we may partition [0, 1] into closed subintervals Ij such that J; = A(Ij) has diameter less than /2. Let
d > 0 be such that if J; N J; = () then the distance from Jj, to J; is at least 26. Then if wy, ws lie on
A and |wy — wa| < § we may write wy € Jj,wa € Ji, J; N Ji # 0, and we may take B = J; U Jj.

(iii) implies (i). We set out to prove that f is wniformly continuous on A. The extension to T’
then follows easily. We may assume that f(0) = 0 and hence that D(0,s) C D for some s > 0. Let ¢
be positive, small compared to s, and choose 6 € (0,¢) as in (iii).

Let zo € A and let p be small and positive. For p < r < p!/2? let 4, = S(z0,7) N A (recall that

S(zp,r) is the circle of centre zg, radius r), and let L(r) be the length (possibly infinite) of f(v;).
Parametrizing v, by z = 2y + e’ the Cauchy-Schwarz inequality gives

L(r)? = ( 3 \f’(z)\rd0>2 < (/ rd9> < i f'(z)\%cm) < 27rr< 3 \f’(@‘%d@).

Dividing by r and integrating from p to p/2? we thus have, with A the (finite) area of D,

pl/2 L(r)2 1/2
/ (r) dr < 277/ |f'(2)|?rdédr < 27 A.
p r p Yr
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Hence there exists 7 with p < r < p!/2 such that
8TA
L(r)? < 2
log1/p

Assume that p is chosen so small that L(r) < §/2, and let C = ~,. Then f(C) is a curve in D of
length at most §/2.

Suppose first that C = S(z9,r). Thus f(C) is a closed curve in D. Choose z* € C. Then
|f(z) — f(z%)] < 6/2 < /2 for all z on C, and the same holds for z € D(zg,r), by the maxi-
mum principle. Thus |f(2) — f(z0)| < e for z € D(zp, 7).

We assume henceforth that C' # S(zp,r). Thus C is a circular arc whose closure, when described
counter-clockwise, joins end-points z1,z9 € T'. Since f(C) has finite length, the limits
= i €J
wi =, im o @)

exist, and |w; — wa| < 0/2. Thus there exists a compact connected subset K of .J of diameter at most
e, with wy,we € K. Let M = KU f(C). Then M has diameter at most 2¢.

Let 2/, 2" € D(zp,7) N A. We assert that the distance between f(z'), f(2”) is at most 16¢. If this is
not the case then at least one of these points, without loss of generality w’ = f(2’), lies at distance
at least 4¢ from M. Hence there is a path joining 0 = f(0) to w’ and not meeting M. There is also
a path joining 0 to w’ in D, and so not meeting J. Since J N M = K is connected, Janiszewski's
theorem gives a path o from 0 to w’ and not meeting M U J. Thus o is a path in D, not meeting
f(C), and so f~1(o) is a path in A from 0 to 2/, not meeting C. By the definition of C, this is impossible.

We have thus shown, in both cases, that |f(z) — f(z0)] < 16¢ for |z — zp| < p, with p indepen-
dent of zg. Thus f is uniformly continuous on A, as asserted.

11.5.2 Remark

If Dy is a simply connected proper subdomain in C then the following method may be used to map
D, conformally onto a bounded simply connected domain. Take a € D1,b € C\ D;. The function
u(z) = (z — b)/? is analytic and one-one on D;. Further, if zy € D then u(z) does not take the value
—u(zp) on Dy. So there is some r > 0 such that D(u(a),r) C u(D1) and |u(z) + u(a)| > r on Dy, so
that v(z) = (u(z) + u(a))~! is bounded and conformal on D;.

11.5.3 Theorem

Let D be a Jordan domain in C i.e. a bounded simply connected domain in C such that J = 0D
is a Jordan curve. Let f map A conformally (i.e. analytically and one-one) onto D. Then f has a
continuous extension mapping A UT one-one onto D U J.

Proof. Since J is a curve f has a continuous extension mapping A U T onto D U J, by Theorem
11.5.1, and it remains only to show that the extended function is homeomorphic. Certainly f maps T
onto J. Let a € J. The set

E={zeT: f(z)#a}
is a relatively open subset of T'. Further, F' =T\ E has measure zero, as may be seen by applying the
two-constants theorem to the function u(z) = log |f(z) — al, which is subharmonic and bounded above
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on A.

Assume that |z1| = |22] = 1,21 # 22, f(21) = f(22) = a. The set T\ {z1, 22} consists of two
open arcs of T', denoted Aj, A2, and we choose u; € A; such that v; = f(u;) # a. Join z; to 23 by a
straight line segment L.

Now I' = f(L)U{a} is a Jordan curve in DUJ, with f(L) € D. So C\T has two components, Uy, Uy,
with Uy unbounded.

Claim 1: Each v; lies in Up.

By rotating D if necessary we may assume that there exists b € J with Re(b) < Re(w) for all w
in J and Re(b) < Re(a). Thus the line N given by z =b—t,t > 0, does not meet D U {a}. Hence v;
can be joined to points of arbitrarily large modulus by a path not meeting D U {a} (follow an arc of J
to b and then follow N), and so not meeting I". This proves Claim 1.

Since f(L) C T' = QUy, there are points arbitrarily close to L whose images under f lie in Uy. Thus
we can choose a simple curve M from u; to use, consisting of two straight line segments, such that M
lies in A (apart from its end-points), f(M) meets Uy, and M intersects L at precisely one point, v. If
z* € M \ {v} then the line segment M* from 2* to one of the u; is a path not meeting L U f~!({a})
and so f(M™*) is a path from v; to f(z*) not meeting I'. Thus f(z*) € Uy, for all z* € M \ {v},
contradicting the assumption that f(M) meets Uj.

11.5.4 Extending the conformal mapping to the plane

Let X be a Jordan curve in C. Assume that 0 € U;. The Riemann mapping theorem gives an analytic
homeomorphism f : D(0,1) — U; with f(0) = 0, and we have seen that f extends to a homeomorphism
of |z] <1 onto Uy U X. By first using the map z — 1/z, and applying the Riemann mapping theorem
again, we obtain a homeomorphism g of {z : 1 < |z| < oo} onto X UUyU {oo} with g(co) = co. Thus
#(z) = g1 (f(2)) is a homeomorphism of T onto itself, and so f(z) = g(¢(z)) for |z| = 1. If we set

G(z) = f(2), 2] <1,

with G(o0) = oo and
G(2) = g(lzlo(z/12])), 1 <[z] < o0,

then f has been extended to a homeomorphism G of the extended plane onto itself, fixing oc.

11.6 Totally disconnected sets

A non-empty set H is called totally disconnected if its only connected subsets are singleton sets {z},z €
H. Compact totally disconnected sets arise for example as the Julia set of 22 + ¢, for any ¢ not in the
Mandelbrot set (in particular for |c| > 2).

11.6.1 Lemma

Let E be a connected subset of C* = C U {oo}, with oo € E. Then all components U; of C* \ E are
simply connected domains in C.
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Proof. Let 7 be a closed piecewise smooth contour in some U;. Then the winding number n(v, 2),
which is analytic and integer-valued off ~y, is O for |z| large enough. Since E is connected, C N E must
be unbounded, and so we have n(y,z) = 0 for all z € E. Hence if Uy # U; is bounded, we have
n(y,z) = 0 for all z in Uy, by the maximum principle. Finally, if U, # U; is unbounded, we have
n(v, z) = 0 for large z in Uy and so for all z in Uj.

11.6.2 Lemma

Let U be a domain in C. Then there exists a simply connected domain V' such that U CV C C and
oV C oU.

(All boundaries here are with respect to C*).

Proof. Let E be the component of C* \ U containing co. Let V' be the component of F' = C*\ E
containing U. Then V is a simply connected domain, and 9V C 0F = 0F C OU.

11.6.3 Theorem

Let X be a totally disconnected compact subset of C. Then C\ X is connected.

Proof. Assume that C \ X has a bounded component U. Then there is a simply connected do-
main V with U CV C C, and W = 9V C 9U C X, so that V is bounded. Since V is simply
connected, W is a connected subset of X, and so at most a singleton, which is plainly impossible.

Note that Browder's paper suggests an alternative approach to this, based on partitioning X into a
disjoint union of compact sets of small diameter.

11.7 Boundary behaviour of analytic functions

11.7.1 Schwarz reflection principle

Letr >0and D™ ={z:|z| <r,Im(z) > 0} and D~ = {2 : |2] < r,Im(2) < 0} and let u be harmonic
on DT = {z :|z| < r,Im(z) > 0} with lim,,, u(z) = 0 for every x € (—r,r). Then u extends to a
harmonic function on D(0,r) satisfying u(z) = —u(Z).

Proof. Let 0 < s < r and let f(t) = u(se’) on (0,7). Extend f to an odd continuous function
on [—m,w|. Let U be the Poisson integral of f(¢) in D(0,s). Then U = 0 on (—s, s) since the Poisson
kernel is even when z is real, while f is odd. Thus U —u = 0 on {z : |z2|] < s,Im(z) > 0} since
U —u — 0 as z tends to any point on the boundary.

The reflection principle has a very powerful consequence for the boundary behaviour of analytic func-
tions. Suppose that D is a domain in C and that D¥ C D and D~ ND =), so that [ = (—r,r) C dD.
Let f be analytic on D such that u(z) = Re(f(z)) = 0 as z — x € I. Thus u extends across [ to a
harmonic function on D(0,r), which is in turn the real part of an analytic function g on D(0,r). Thus
g is an analytic extension of f to D(0,r).

We can also handle “corners” as follows. Suppose that 7 > 0 and 0 < o < 27 and that D is a
domain such that

Di={z:0<|z|]<r0<argz<a}CD, {z:0<|z|]<ra<argz<2r}NnD=10.
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Thus the corner
J={0}U{z:0<|z] <rargz =0,a}

forms part of the boundary of D. Suppose that f is analytic on D and that Re(f(z)) - 0asz — ¢ € J.
By setting w = 2™/® and g(w) = f(z), we obtain an analytic function g on a semi-disc. We extend g
to the disc and this extends f continuously to J.



Chapter 12

Homotopy and analytic continuation

12.1 Homotopy

Let S be a path-connected topological space (i.e. any two points a, b in S can be joined by a continuous
f:10,1] — S with f(0) =a, f(1) =b), and let zp, x; be points in S (possibly the same). Let «y,0 be
two paths in S, both defined on [0, 1] = I, and both going from z to x; i.e. ¢(0) = v(0) = zg,0(1) =
v(1) = 1.

Suppose that S is a disc, or is R™, or is some kind of space that can be thought of as having “no
holes”. Then it's reasonable to believe that we could continuously deform  into o by a family of paths
in S. What we mean by this is that there is a family of paths h,(t),0 < wu <1, in S such that:

(i) each h,, is defined on [0, 1], with A, ([0, 1]) contained in S, and joins z¢ to x1;

(ii) we have hg =« and h; = o;

(iii) if w is close to v then h, is close to h,. More precisely, if we define the function H(t,u) by
H(t,u) = hy(t) then this H will be continuous on [0,1] x [0,1] (with the usual metric on I? =
[0,1] < [0, 1]).

H is called a homotopy function and we say that  is homotopic to ¢ in S.

Example 1: In C, let v(t) = cost,0 < t < m, and let o(t) = cost + isint,0 < t < 7. If we
put h,(t) = cost +iusint,0 <t < 1, we see that y can be continuously deformed into o.

Example 2: Let D be a star domain with star centre w. Let v : [0,1] — D be a closed path,
with 7(0) = w. Then = is homotopic to the constant path o given by o(t) = w. For h, we can just
take uw + (1 —u)y(t) = w4 (1 — u)(v(t) — w).

Example 3: if S = {z:1 < |z| < 3} then intuitively it's easy to see that the circle y(t) = 22" is
not homotopic to the constant path o(¢) = 2 in S (although they are homotopic in C).

Where no confusion might arise, we drop the phrase “in S'.

Remark: we can define homotopy for paths both defined on [a,b] (so that H is then defined on
[a,b] x [0, 1]) but the formulation above is most usual.

200
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12.1.1 Fact

Homotopy is an equivalence relation.
Clearly each 7 is homotopic to itself, with homotopy function H(t,u) = ~(t).

If v is homotopic to o with family of paths h,, then o is homotopic to ~y: just put g, (t) = h1_y(t), and
G(t,u) = gu(t) is continuous on I2.

Finally, if v is homotopic to o with family of paths f,, and o is homotopic to 7 with family of paths
Ju, then we form a family of paths h, which continuously deform ~ into 7 just by putting h, = fo, for
0<u<1/2and hy = g2y—1 for 1/2 <u < 1.

Note that hy/o = f1 = 0 = go = g2(1/2)-1-
12.1.2 Products of paths

Given two paths 7,0 : [0,1] — S with ¢(0) = (1) we can define a path which is ‘v followed by o' by
(yo)(t) =~(2t), 0<t<1/2

(yo)(t) =o(2t —1), 1/2<t<1.

(sometimes called a “product’).

12.1.3 Fact
If vo is homotopic to 1 and o is homotopic to o1, with homotopy functions F(t,u) = v,(t), G(t,u) =

ou(t),0 < t,u <1 respectively, and if the o; start where the y; finish, then yyo( is homotopic to y107.

Just use the paths h, = 7y,0,. Note that v,(1) = 0,(0).

12.1.4 The “inverse” path

Let v : [0,1] — S be a path. We can define v~ (or « backwards) by y~1(t) = (1 —t). Then
Ay Ht) = y(2t) for 0 <t < 1/2and 4y 1(t) =y 1 (2t — 1) = v(2—2t) for 1/2 <t < 1 and this is a
closed curve. It is homotopic to a constant curve as follows:

Let w = (0) and define n(t) = w for 0 < t < 1. Then 7 is a constant curve, and is homotopic
to vy~L. Put hy(t) = y(ut). Then as t goes from 0 to 1, hy(t) goes along v as far as y(u). Now put
Gu = hyhy b

Clearly go = 1,91 = vy~ ! and gu(t) is continuous on I%2. What g, does is to go along ~ as far
as y(u), and then retrace its steps back to w.

Note also that if 7y is homotopic to o, with family of paths p, (), then using the paths p,, *(t) = p.(1—1)

we see that y~! is homotopic to 0.

12.1.5 Re-scaling and homotopy

Ifo(t) = ~y(g(t)) where g : [0,1] — [0,1] is continuous, non-decreasing and onto, then o is homotopic
to 7.
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We say that o is a re-scaling of v, and a re-scaling of a path is homotopic to the original path.
To see this, just put hy,(t) = y(ut+ (1 —u)g(t)) (and note that ut+ (1 —w)g(t) € [0,1] for u,t € [0,1]).

(I prefer not to use the term re-parametrization, which is reserved for the case where g above is strictly
increasing.)
12.1.6 Corollary

If p(t) = v(0) (constant curve) then py (p followed by ) is homotopic to . Similarly, if 7(t) = (1)
then ~1 is homotopic to 7.

Proof: py(t) = v(h(t)) and y7(t) = vy(k(t)). Here h(t) = 0 for 0 < t < 1/2 while h(t) = 2t — 1 for
1/2 <t < 1. Similarly k(t) = 2t for 0 <t < 1/2 while k(t) =1 for 1/2 <t < 1.

This leads to a useful fact.

12.1.7 Fact

Let 0,7 : [0,1] — S be paths from xq to x1. Then o is homotopic to T iff 7~' (which is o followed
by T backwards) is homotopic to a constant path.

Why? If o is homotopic to 7, then o7~! is homotopic to 777!, and we know that the last path
is homotopic to a constant path.

If or~! is homotopic to a constant path p, then (o7 !)7 is homotopic to pr and so to 7. But
(o717 is a re-scaling of o(7~17), and so is homotopic to o\, where \ is a constant path, and so to
o.

Now we can make a group.

12.1.8 The fundamental group

Let S be a topological space, and let =y € S. Consider the family H of all closed paths A : [0,1] — S
starting and finishing at 2. For a given , let [] be the equivalence class of members \ of H s.t. Ais
homotopic to 7.

We can define a multiplication by [v][o] = [yo] (equivalence class of the product path ~ “followed
by" o). This is well defined as, if 71 is homotopic to 2 and o; is homotopic to o3, then 707 is
homotopic to v20s.

Define I(t) = 20,0 <t < 1. Then [I7] = [y] and [yI] = [y] for every v in H. Also, [y~ 14] = [] for
every v in H. So we have a group, with identity [I], and with [y]~ = [y~}!], called the fundamental
group m(xo, S).

1. Note that this group might not be Abelian. However, the multiplication is associative, because
p(oT) is a re-scaling of (po)T.
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2. If 21 € S then the groups m(zg,S),m(x1,S) are isomorphic. Choose a fixed path A from z
to x1. For [y] in w(z1,S) we define T([y]) to be [AyA~1] (which is in 7(xg, S)).

This is well defined. This is because, if v and o both start and finish at x; and are homotopic,
then AyA~—! is homotopic to Ac A~

Note that AA~! is homotopic to the constant path I(t) = x
and [A=!A] is the identity in m(x1,5). Thus T([o][y]) = T([o
this equals [AcA~[AYA™Y) = T([o])T([7]).

. Thus [AA™1] is the identity in 7(zo, S)
7)) = [AcyA™1] = [AcA~*AyA~] and

Next, T is one-one, as T([ry ]) T([o]) implies that AyA~! is homotopic to AcA~! , and so [y] =
AT AyA—1A] = [A~'AcA—LA] = [o].

Also T is onto, as T([A~1oA]) = [AA~ Lo AA~Y] = [0].
So T is a group isomorphism and so we often talk just of the fundamental group 7(.S).

12.1.9 Fact

If o and T are homotopic paths in X, with family of paths h, continuously deforming o into T, and
f: X =Y is continuous, then f(o), f(T) are homotopic paths in'Y .

(Just use the paths f(hy(t)).

If f is a homeomorphism from X to Y (i.e. f is one-one and onto, and both f and the inverse
f~1 are continuous), then paths u, v from x¢ to x; are homotopic iff f(u) and f(v) are.

Also, if f is a homeomorphism from X to Y then the fundamental group of X is isomorphic to
the fundamental group of Y just by setting T'([7]) to be the class [f(v)]. This gives T'([Y))T([\]) =

SO = [F(NFN] = [F ()] = T([vAD.
12.1.10 Simple connectivity in terms of homotopy

As remarked before, if S is a suitable space with “no holes” we would expect that two paths in S starting
and finishing at the same points would be homotopic.

Let S be a path-connected topological space. We say that S is HSC (homotopy simply connected)
if every closed curve v : [0,1] — S (i.e. 7(0) = ~(1)) is homotopic to the constant curve 7 which
satisfies n(t) = v(0) for all ¢t.

This is the case if and only if, for any pair of curves o, 7 in S such that o(0) = 7(0), o(1) = 7(1), it is
the case that o is homotopic to 7. This is by Corollary 12.1.6.

This is also the same as saying that the fundamental group of S is trivial (identity only).

12.1.11 Lemma

A domain D in C is called convex if, for every z, w in D, the straight line segment sz+(1—s)w,0 < s <1
is contained in D. Convex domains are HSC.
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Proof: given =y, o such that y(0) = ¢(0), v(1) = o (1), just set F(t,u) = (1 — u)y(t) + uo(t).

Alternatively: convex means that any point in the domain can be used as a star centre. Use the
method earlier for star domains.
12.1.12 Lemma

Let ~y be a closed curve in C of diameter L > 0. Let w € C with dist{w,v} > 8L. Then =y is
null-homotopic with respect to w.

Here the diameter of a set E means sup{|z — 2’| : 2,2’ € E}, and null-homotopic with respect to
w means homotopic to a constant in C\ {w}.

Proof. The hypotheses imply that the variation of arg(z — w) is less than 7 on 7. Hence v lies
in a sector with vertex at w (some domain a < arg(z — w) < b < a + 7) and this is a convex region.

12.1.13 Lemma

Let v be a closed curve in C which is null-homotopic with respect to zy € C, and let dist{zo,v} >
20 > 0. Let z1 € D(z9,0). Then ~y is null-homotopic with respect to z;.

Proof. Assume without loss of generality that zyp = 0. There is some homotopy function H(t,u) :
[0,1]2 — C\ {0}, with H(¢,0) = ~(t) and H(t,1) a constant path. There exists p > 0 such that
|H (t,u)| > p for all (t,u) in [0,1]2. If p > & then H(t,u) never equals z; and 7 is automatically
null-homotopic with respect to z;.

Assume now that p < 4, and set

A
oz) =2 || <28 6l =2 |2122,

26
(5)' s

Then ¢ is a homeomorphism of C onto itself, and ¢(y(t)) = v(¢). Thus the composition K (t,u) =
¢(H(t,u)) gives a homotopy from « to a constant path with, for all (¢,u), |K(t,u)] > ¢ and so
K(t,u) # 2.

in which A > 0 is chosen so that

12.1.14 Theorem

Let v be a closed path in C. For z € C\ v, let ¢(z) = 0 if v is null-homotopic with respect to z, with
¢(z) = 1 otherwise. Then ¢ is continuous on C \ 7.

Proof. We have already seen in Lemma 12.1.13 that if ¢(z9) = 0 then ¢(z) = 0 for z near z.
Suppose now that ¢(zp) = 1 and dist{zp,7} =  (necessarily positive). Then for z; € D(zp,0/8) we
have dist{z1,7} > 76/8 and, again by Lemma 12.1.13, we must have ¢(z1) = 1.
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12.1.15 The Riemann sphere CU {c0} is HSC

This seems intuitively obvious, but complications arise when we note that a closed path may visit every
point on the sphere. Let 7 :[0,1] — CU {oco} be any closed curve.

Case 1: the curve + lies entirely in |z| < M < oo. Then + lies in the convex domain D(0,2M) and is
homotopic to a constant curve, with some continuous homotopy function G(t,u) : [0,1]?> — D(0,2M).
This G is continuous if we regard it as a function into C U {oo}.

Case 2: the curve v lies entirely in |z| > ¢ > 0. Then the curve 1/ lies entirely in |z| < 1/c
and so is homotopic to a constant, with some homotopy function G(¢,u). Using 1/G(t,u) we see that
v is homotopic to a constant.

Case 3: v sometimes visits both |z| > 2 and |z| < 1/2. without loss of generality |y(0)] > 1
(else look at 1/-). Suppose we have an interval [a, b] on which |y(t)| < 3/4, with |y(a)| = |y(b)| = 3/4
and |y(t)| < 1/2 for some t with a < ¢t < b. We can form a curve ¢ : [a,b] — C such that o(a) = y(a)
and o(b) = v(b) and |o(t)| = 3/4 for every t. But o and the part of v for a < ¢ < b both lie in |z| < 3/4
and so using a homotopy function (modified to be defined for a < ¢ < b,0 < u < 1) we can continu-
ously deform the restriction 7 : [a,b] — C U {oo} into 0. We do this for each such interval [a,b], and
we have continuously deformed ~y into a closed path in |z| > 3/4, which is now homotopic to a constant.

12.2 Analytic continuation

12.2.1 Example

The function Lo(z) = log z = log |z| + i arg z is analytic in the domain Dy obtained by deleting from
the complex plane the non-positive real axis. Here the argument is chosen to lie in (—m, 7). Obviously
the restriction Ly of Lo to the upper half plane D; = {z : Im(z) > 0} is also analytic.

In the same way, the function La(z) = log |z| + i arg z, with the argument chosen to lie in (0, 27),
is analytic in the domain D, obtained by deleting from the plane the non-negative real axis.

If we start at 1 and continue Lo(z) counter-clockwise around the circle |z| = 1, the argument
increases, and Lyg = L; = Lo in the quadrant /2 < argz < w. Following the circle further, the
argument continues to increase until, on approaching 1 again, the argument tends to 2w. Thus Lg has
been “continued’ around the circle, but has not returned to its original value.

12.2.2 Analytic continuation along a path

By a function element we mean a pair (f, D), in which D is a domain in C* and f is meromorphic on
D. As usual, meromorphic at co means that f(1/z) is meromorphic at 0.

Let (f,D) be a function element and let zp € D. Let v : [a,b] — C* be a path with v(a) = 2z
(note that continuity is with respect to the spherical metric). An analytic continuation of (f, D) along
« is a family of function elements (f¢, D;),a <t < b, with the following properties.

(i) fo = f on a neighbourhood of zy = v(a).

(i) v(t) € Dy for every t in [a, b].
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(iii) For every t in I = [a, b] there exists p; > 0 such that the following holds. For a < s <b,|s—t| < p;
we have (s) € Dy and fs = f; on a neighbourhood of ~(s).

Here a neighbourhood of z means an open set containing z. Note that in (iii) we do not require
that fs = f; on all of Dy N Dy, but this will be the case if Ds N Dy is connected.

Strictly speaking, this is meromorphic continuation but, as this term is not normally used, we shall
say that the analytic continuation is finite-valued if all the f; map their D; into C rather than C*.

If G,H are domains with G C H then we say that a function element (g, G) admits unrestricted
analytic continuation (UAC) in H if (g, G) can be analytically continued along every path in H starting
in G.

12.2.3 Lemma

Suppose that the function element (f, D) is analytically continued along the path ~y : [a,b] — C* by
the family of function elements (fi, D). Then h(t) = fi(y(t)) : [a,b] — C* is a path.

Proof. We need of course to show that h is continuous. Let W be a neighbourhood of f;(v(t))
and let U C Dy be a neighbourhood of ~(¢) such that f;(U) C W. If s is close enough to ¢ then we
have (s) € U and, since fs = f; near v(s), we get fs(v(s)) € W.

12.2.4 Theorem

Let (f,D) and (g, D) both be analytically continued along the path ~y : [a,b] — C*. If there exists
u € [a,b] = J such that f, = g, on a neighbourhood of ~y(u) then for every t in J we have f; = g; on
a neighbourhood of (t).

In particular if f = g then f; = g1 on a neighbourhood of (1) and so the continuation along =y
is (locally) unique.

Proof of the theorem. Let E be the set of t in J such that f; = ¢; on a neighbourhood U(t) of
v(t). Let ¢ € E. Then there exists p > 0 such that if s € J and |s — t| < p then y(s) € U(t) and
fs = ft = g+ = gs on a neighbourhood of y(s). Thus s € E and E is relatively open.

Now let ¢ € J\ E. Then there exists a neighbourhood U of 7(t) such that for all z in V.= U\ {~(¢)}
we have fi(z) # gi(z). If s is close enough to ¢t we have v(s) € U and fs = f; and gs = ¢; on a
neighbourhood W of ~(s). Thus for z in W\ {y(t)} we have fs(z) # gs(z) and so s € E. Hence J\ E
is also relatively open and so, since E # (), we have J = E by connectivity.

12.2.5 Critical and asymptotic values

Let f : C — C* be meromorphic. A critical point z of f is a multiple point of f i.e. a pole of multiplicity
at least 2 or a point where f’(2) = 0. A point z is critical if and only if there is no neighbourhood of z
on which f is one-one. The critical values of f are the values taken at critical points.

Thus cos z has critical points nm,n € Z, and critical values +1, while the only critical value of 1/(e*—1)?
is 00.
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An asymptotic value of f is an element w of C* such that there exists a path ~ tending to infinity
with f(z) — w as z — oo on 7.

Note that asymptotic values only have relevance for transcendental functions. If f is a rational function
then oo is a point like any other (though it may be a critical point and/or a pole), since f(1/z) is
meromorphic at 0.

For example, e* has no critical values, but it has asymptotic values 0, co.

Iversen’s theorem (see Exercise 9.2.6) says that if f is a non-constant entire function then oo is al-
ways an asymptotic value of f.

12.2.6 Theorem

Let f : C — C* be non-constant and meromorphic. Let zy € C be a non-critical point of f, and let
v : [0,1] — C* be a path in C* starting at wo = f(z0). Let g be that branch of the inverse function
f~1 which is defined on a neighbourhood D of wy and maps wq to zy. Let S be the supremum of u
in [0, 1] such that g = (g, D) admits analytic continuation along the path ~ : [0,u] — C*, the function
elements g; finite-valued. Then either (i) g:(v(t)) — oo ast — S— and v(S) is an asymptotic value of
f,or (i) gi(~(t)) — z* ast — S—, with z* a critical point of f, and v(S) = f(z*) a critical value of
S, or (iii) g admits finite-valued analytic continuation along ~y : [0, S] — C*.

If ~v contains none of the critical and asymptotic values of f, then g admits finite-valued analytic
continuation along .

(If f is a non-constant rational function then the same proof as below shows that continuation is
possible along any v avoiding critical values of f, although not necessarily finite-valued).

Proof. We first note that S > 0, because for small ¢ we can take Dy = D and g; = g.

We begin by noting a consequence of the uniqueness result Theorem 1224, If 0 < u < v < S
and ¢; is a continuation along v : [0, u] — C*, while h; is a continuation along v : [0,u/] — C*, then
for 0 <t < u we have g = hy on a neighbourhood of ~(t). In particular, g;(v(t)) is uniquely defined,
and is a continous function from [0,S) into C. Also, for every u with 0 < u < S the continuation is
possible along v : [0, u] — C*.

Next, for small t we have f o g;(w) = w on a neighbourhood of ~(¢) and so, by Theorem 12.2.4
again, we have f(g:(v(t))) = ~(t) for 0 <t < S. Assume that (i) and (ii) do not hold. Then it cannot
be the case that g;(y(t)) — oo as t — S— and so there exists M > 0 such that |g, (7(¢n))] < M for
a sequence t, — S—. Take N > M such that q(f(z),7(S)) > p > 0on |z| = N. Then for ¢ close to
S we have |g:(y(t))] # N, and it follows that |g:(y(t))| < N for ¢ close to S.

As t — S— the continuation g;(y(t)) stays in the compact region |z| < N, and f(g:(y(t))) = w1 =
7(S). Hence there exists z; with f(z1) = wi and |z1] < N such that g.(y(t)) — 21 as t — S—.
Since we have assumed that (ii) does not hold, it follows that z; is not a critical point of f and so we
can choose a small neighbourhood U of z; on which f is one-one. Let h be the inverse function f~1
mapping the neighbourhood W; = f(U1) onto U; with, obviously, h(w;) = z1. Since ¢g:(7(t)) — 21 as
t — S—, and since S is a supremum, we may take u with 0 < u < S and such that g,(y(u)) € Ui,
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while (g, D) admits a finite-valued analytic continuation along v : [0, u] — C*.

Let ¢ be close to u, with ¢ < u. Then we have g;(w) € U; and f(g:(w)) = w € Wj for w close
to v(t). But f(h(w)) = w on Wy, and f is one-one on Uy, so that ¢g;(w) = h(w) for w close to 7(t)
and t close to u. Thus we may use the function element (h, W7) to analytically continue (g, D) all the
way along 7 : [0, 5] — C* and, if S < 1, along some ~ : [0, 5] — C* with S” > S. This proves the first
assertion of the theorem.

The second assertion is easy: the assumptions rule out (i) and (ii), so that S must be 1.

12.2.7 Corollary

Let f be non-constant and meromorphic in C. Suppose that D is a domain in C* not containing any
critical or asymptotic value of f. Let zg € C and f(z9) = wo € D. Then the branch of f~! defined
near wg and mapping wq to zg admits finite-valued UAC in D.

12.2.8 Corollary
Any local branch of the logarithm log z = log |z| + i arg z admits UAC in C\ {0}.

12.3 The monodromy theorem

Suppose that we have a function element (f, D) and analytic continuations (f;, D;), (g¢, G¢) along paths
7v; ¢ [0,1] = C* from 2g to z;. Under what circumstances will f; = g1 on a neighbourhood of z;? This
will certainly be the case if v; = 2 (Theorem 12.2.4) but we saw in Example 12.2.1 that is is possible
to continue log z around a closed curve and not return to the original branch.

With the «; as above we will say that the continuations (f;, Dy), (g, Gt) lead to the same local function
element if f{ = g1 on a neighbourhood of z;. Note that we're not assuming that D, = G1.

Note also that if we continue f along v : [0,1] — C*, with function elements (f;, D;), and then
back along v~!, the “final” function element fy will always equal fo near v(0). This is because
(fi,Dy),0 <t <1, with (fa_¢, Do), 1 <t < 2, gives one continuation along yy~! and so in effect,
by Theorem 12.2.4, the only continuation.

12.3.1 Monodromy theorem

Let G be a domain in C*, and let (f, D) be a function element with D C G, and assume that (f, D)
admits UAC in G. Let zy € D and let z; € D, and let vv,0 be homotopic paths from zy to z1 in G.
Then analytic continuation of (f, D) along -y, o leads to the same local function element near z;.

Proof. We have some homotopy function
H(t,u) = hy(t): 1> -G, I=[0,1, ho=~, hi=o.

Let p be a path in I? from (0,0) to (1,1). Then H(u) is a path in G from zg to z1, and (f, D) admits
analytic continuation along H(u). With a slight abuse of notation, we refer to this as continuation of

f along p.

We need the following idea of quadrisection of a square J, which we describe only for the square
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J = I?, but which carries over to any square, with obvious modifications. We define stepwise paths as
follows:

(i) 11 (1?) goes (0,0), (0,1), (1, 1);

(i) p2(I%) goes (0,0),(0,1/2),(1/2,1/2), (1/2,1), (1, 1);
(iii) p3(1%) goes (0,0),(0,1/2),(1,1/2), (1,1);

(iv) na(1?) goes (0,0),(1/2,0),(1/2,1/2),(1,1/2),(1,1);
(iv) us(1?) goes (0,0),(1,0), (1,1).

For a general square J, the construction is the same, involving vertices and the midpoint of J. Note
that each uy(J) has length 2L, in which L is the side-length of .J, and p;, = uk1 except on an interval
of length L. Also ux and py41 together bound a square of side-length L/2.

Assume that the analytic continuations (f:, D), (9:, G¢) of (f,D) along ~,0 do not lead to the
same local function element. Since h,(0) = H(0,u) = zp and hy,(1) = H(1,u) = 2z for all u,
we may continue f along u1(I%) and ps(I?) (on the vertical segments just use fo, g1 respectively).
Thus continuation of f along pu1(I?), us(I%) does not lead to the same local function element. Set
Yo = /1,1([2)700 = M5(I2),J0 = [2,K0 = [0,2}

Claim 1: For each non-negative integer n there exist paths vy,,on, : [0,2] — I?, square regions
Jn, and intervals K,,, with the following properties:

(a) Jni1 C Jp C I? and J,, has side-length 27";
(b) Kyi1 C Ky, C[0,2] and K, has length 21—,

(c) as t describes the interval K,,, the paths ~y,, 0, each describe a simple arc of 8.J,, from the bottom
left corner to the top right, v, clockwise, o, counter-clockwise;

(d) fort & K,, we have V11 = Yn = 0p = Opt1,

(e) for 0 <t < 2 we have

|7n(t> - '7n+1(t)| < 2—n\f2’ |7n(t> - Un(t)‘ < 2—n\/§, 0<t<2

(f) continuation of f along ~,, oy, does not lead to the same local function element.

To prove Claim 1 we show how to determine 7,,11,0,41 consistent with (a) to (f). We quadrisect
the square J,, by paths py(J,) as described above. Combining these with the restriction of ~, to
[0,2] \ K, gives us five stepwise curves vy joining (0,0) to (1,1) and travelling through J,, from the
bottom left corner to the top right, such that v1 = v,,v5 = o, and vi(t) = v, (t) = on(t) off the
interval K,,. Further, v, = vg41 off an interval of length 27", and vy, vi41 together bound a square of
side-length 27"~ 1. Choosing k such that continuation of f along v}, ;1 does not lead to the same
local function element, we set Yp4+1 = Vi, Opt1 = Vi+1-
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Let xo be the unique point of R? lying in the intersection of the nested square regions J,. Then
xo € I? and (abusing notation again slightly) H(zo) € G. By the construction, the paths v, o, both
converge uniformly on [0, 2] to a path

n:00,2] = I () =) + D> (v(t) = m-1(t)).
n=1

Let ¢y be the unique point of [0,2] lying in the intersection of the K. Since 7,(tg) € J, for all n
we have 71(tg) = zo. Since 1 joins (0,0) to (1,1) in I?, we may continue f along 7 (i.e. analytically
continue the function element (f, D) along H(n)), using function elements (F;,U;),0 <t < 2.

Let n be large. Then we may partition [0, 2] into three intervals [0, al, [a, b], [b,2] with 0 < a < b < 2,
such that 7y, 0y, n agree on [0, a] and [b,2], and H(y,([a,b])), H(on([a,b])), H(n([a,b])) all lie in Uy,.
The analytic continuations of (f, D) along H(v,) : [0,a] - G, H(o,) : [0,a] — G,H(n) : [0,a] — G
all lead to the same local function element, which equals F;, on a neighbourhood of H(n(a)). We may
then use the function element (Fi,,Uy,) to extend these analytic continuations to the interval [0, ],
and finally the function elements (F}, U;),t > to extend these continuations to all of [0,2]. Thus there
are continuations of f along ~,, 0, leading to the same local function element near z;. By Theorem
12.2.4, the same is true of any continuations of f along ~,,0,. This contradicts the way the ~v,, 0,
were chosen, and proves the theorem.

12.3.2 Corollary

Suppose that G is HSC in Theorem 12.3.1. Then f extends to a meromorphic function on G.

12.3.3 Theorem

Let D be a domain in C and let w € C\ D. Let : [a,b] — D be a closed piecewise smooth contour
which is homotopic in D to the constant path o(t) = ~(a). Then the winding number

1 1
= — d
n(y,w) 2772'/7,2—10 N

is 0. In particular, if D is HSC then D is simply connected in terms of winding number.

Proof: We can assume that [a,b] = [0,1] and w = 0. Thus D C G = C\ {0} and ~ is homo-
topic to a constant in G. We define a branch L(z) of log z near v(0) and continue L analytically along
v. Then Ly = Ly = L on a neighbourhood of ~(0), by Theorem 12.3.1. Since L'(z) = 1/z we have
Lj(2) = 1/z near ~(t). For s near t we have Ly = L; near ~(s), and so we have

d . Ls(v(s) = Le(y(®) _ . Le(v(s)) = Le(v(®) _ ~'(1)
%Lt(y(t)) - Eg% s—1 - 1313% s—1 - ()

Thus
2min(y,0) = L1(v(1)) — Lo(7(0)) = 0.

12.3.4 Cycle reduction

Suppose that I is a cycle made up of piecewise smooth contours 71, ..., V,, and that L is a line segment
described in one direction as part of ;, say from A to B, and in the opposite direction as part of ,
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with 7, k possibly equal. Then we may “cancel” L without changing any integral fF f(2)dz, as follows.
Assume for simplicity that v;, v both start on L. Follow 7, from the first time it passes through B to
the last time it comes to A, and then follow 7 from the first time it hits A to the last time it comes
to B. This gives a closed curve A for which

/)\f(z)dz:Ljf(z)dz+ka(z)dz

for every continuous f.

12.3.5 Lemma

Let A, B be disjoint non-empty compact subsets of C*, with A C C. Let a € A. Then there exists a
cycle T in C such that TN (AU B) =0 and n(I',a) =1 but n(I',z) =0 for all z € B.

Here we are using the convention that n(v,00) = 0 for a cycle v in C.

Proof. Since A and B are compact and disjoint the distance s from A to B, measured in the chordal
metric, is positive. Let  be small and positive, and cover the plane with a grid of closed square regions
Sy, of side length r, pairwise disjoint except for common sides and vertices, and with a at the centre of
one S,,. Since r is small and A is bounded, no S,, can meet both A and B.

Let 7}, be the boundary curve of S,,, described once counter-clockwise, and let I'y be the cycle made
up of those T, for which S,, N A # (). For these T), it is clear that T,, N B = () and n(T},,b) = 0 for all
b € B, so that n(I'g,b) = 0.

Further, we have n(T,,,a) =1 for precisely one n, and so n(I'g,a) = 1.

Apply the cycle reduction process 12.3.4 repeatedly to obtain a cycle I' made up of edges of Iy,
in which no S,-edge is described in both directions, and for which [, f(z)dz = fFo f(z)dz for every
continuous f. We need only show that I" does not meet A. Suppose that w € I' N A. If w is a vertex,
then w lies on four squares S;,, and there will be four edges in I'g, each described in both directions,

and the cancellation of these shows that w ¢ I'. Similarly, if w lies on a square edge, then w lies on
two squares and again the edges are cancelled.

12.3.6 Theorem

Let D be a domain in C. The following are equivalent:

(i) D is simply connected in terms of winding number i.e. n(y,w) = 0 for every cycle vy in D and
every w not in D.

(ii) D is homeomorphic to the disc D(0,1).
(iii) D is HSC.
(iv) the complement of D in C* is connected;

(v) 0D is connected.
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In particular the winding number condition (i) implies the intuitive condition of “no holes”.

Proof: ~ We show first that (i) implies (ii). Assume first that D # C. Then the Riemann map-
ping theorem tells us that D is homeomorphic to D(0,1). If D = C then w = z/(1 + |z]) is a
homeomorphism from C to D(0, 1) (although not analytic).

(i) implies (iii). This follows from 12.1.9.
(iii) implies (i). This is by Theorem 12.3.3.

Next, (iv) implies (i). To see this, note that n(v,w) is continuous off v and is 0 for large w. If
we set n(y,00) = 0 the resulting function is continuous on C*\ D, and this set must be unbounded
since it is connected and contains co. So n(y,w) =0 on C*\ D, by the connectivity again.

(i) implies (iv). Suppose that H = C* \ D is not connected. Then we may write H = AU B in
which A, B are disjoint, non-empty, relatively open subsets of H. Thus A and B are relatively closed,
and so are compact subsets of C*. Assuming without loss of generality that co € B it follows from
Lemma 12.3.5 that there is a cycle I in D with n(I',a) # 0 for some a € A.

(v) implies (iv). If C*\ D is not connected we form disjoint A, B as above and 0D = 0A U OB
is disconnected.

(i) implies (v). We first prove this when D is unbounded. Assume that the compact set K = 0xD
is not connected. Then we may partition K into disjoint non-empty compact subsets A, B of C* and,
assuming without loss of generality that A C C, 00 € B, we can find a cycle I" not meeting K and such
that n(I",a) = 1 for some a € A.

Let the closed piecewise smooth contours which together make up I' be I';. Since

n(T,a) = Zn(f‘j, a)
J
there must be some j with n(I'j,a) = p > 0. We assert that I'; C D. Assuming this not the case, we
have I'; N D = (), since I'; does not meet the boundary of D. Since a is a boundary point of D, we
have n(I';,c) = p for some ¢ € D and hence n(I'j,z) = p for all z € D. But D is unbounded and so
there are z in D with n(I';, z) = 0.

This contradiction proves the result when D is unbounded. If D is a bounded domain with discon-
nected boundary, we choose distinct a,b in 9D and put G = ¢(D), ¢(z) = (2 —a)/(z —b), noting that
¢ is a homeomorphism of C*. Thus G fails to satisfy (i), and so is not HSC, and nor is D.



Chapter 13

Riemann surfaces and the
uniformization theorem

13.0.1 Definitions

A surface R is a non-empty connected Hausdorff space with a family of mappings ¢, such that each
¢o maps an open subset U, of R homeomorphically onto an open subset V,, of C. The U, cover R.

The ¢, are called charts, the collection of charts is an atlas, and the U, are parametric regions.
If z € U, then, for sufficiently small ¢, the open set ¢ (D(¢n(z),t)) is a parametric (open) disc about
x. A parametric closed disc is defined in the obvious analogous way i.e. as the pre-image under a chart
of a closed disc of positive radius.

Suppose that U, NUg # (). Then the function ¢, o (;Sgl maps ¢3(Us NUg) one-one onto ¢, (U, NUp).
This map is called a transition map, and maps one open subset of C one-one onto another.

We say that R is a Riemann surface if every such transition map is analytic (on ¢g(Uy N Ug)). In
this case the ¢, and U, are said to define a conformal structure on R.

Obviously every open connected non-empty subset D of R is also a Riemann surface, with the ob-
vious conformal structure (i.e. take U, N D as parametric regions).

13.0.2 Theorem

Every surface is path-connected.

The proof is the same as the proof that connected open subsets of C are path-connected.

13.0.3 Analytic functions on Riemann surfaces

Let R, S be Riemann surfaces, and let f : R — S be a continuous function. Suppose that R has open
sets and mappings Uy, ¢, and correspondingly S has sets Wy and maps ;.

Let z € R. Then x lies in one of the open sets U,, and f(x) lies in an open set W). For z in a
neighbourhood of , we have f(z) in W), by continuity. We look at the function h = 9, f¢, ! (we omit
o for convenience). This h is defined near ¢, (x) and maps a neighbourhood of ¢, () into a neighbour-
hood of \(f(z)), both of these sets contained in C. Note that we have to assume in advance that
f is continuous in order to ensure that this composition is defined. We say that f is analytic (in the

213
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Riemann surface sense) if whenever we do this the function h we get is analytic at ¢, (z) in the usual
sense that h/(z) exists on a neighbourhood of ¢, ().

Note that for each z, we only need check this for one open set U, with € U, and one open set
Wy with f(x) € Wy. For, suppose that we also have z € U and f(z) € W,. Look at g = 1/Juf¢[§1.

Near to ¢g(x), we have g = 9, fo5" = ¥ (05 ¥afda'da)ds" = (Wuty )M(dady").

Now qba(ﬁgl is analytic near ¢(z) (being a transition map). Also h(¢q(x)) = ¥a(f(z)) and ¥, " is
analytic near this point (a transition map again). So g is analytic if A is.

Note that a constant function from R to S is always analytic. It is routine to check that the composition
of analytic functions (in the Riemann surface sense) is analytic.

13.0.4 The identity theorem

Let f : R — S be an analytic mapping between Riemann surfaces, and let b € S. Let E = {w € R :
f(w) =b}. If E has a limit point in R then E = R.

Proof. Let F be the set of limit points of E in R. Obviously R\ F is open. Let w € F, and
choose charts ¢, 1) at w and b respectively. Then h = 1) f¢~! is analytic near ¢(w), and ¢(w) is a limit
point of zeros of h(z) — b. Looking at the Taylor series of h near ¢(w) we see that h(z) = ¥(b) on a
neighbourhood of ¢(w), and so F is open. The result now follows since R is connected.

13.1 Examples

13.1.1 Plane domains

Any plane domain D can be made into a Riemann surface by taking just one parametric region U, = D,
with ¢, the identity.

13.1.2 The Riemann sphere

The extended plane C U {oo} = C* is made into a Riemann surface as follows. Set U; = C and
Us = C*\ {0} and ¢1(2) = z,¢2(2) = 1/2. Both ¢1¢5" and ¢a¢p; ' are defined on C\ {0} = U3 N Us
and both are just z — 1/z, which is analytic there.

It follows easily that if D is a plane domain and f : D — C* is meromorphic (i.e. analytic apart
from isolated poles) then f is an analytic function from D into the Riemann surface C* (with the stan-
dard conformal structure above). The converse is also true, except that the function which is identically
oo is not normally regarded as meromorphic.

Since R(1/z) is a rational function when R(z) is, it's also easy to see that rational functions are
analytic functions from C* into itself.

13.1.3 Theorem

Let f: C* — C* be analytic and non-constant. Then f is a rational function.
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Proof. We can assume f(oo) # oo (because z — 1/z is an analytic function on C*). So there is
some R > 0 such that f(z) # oo for |z| > R. The set of z in C with f(z) = oo has no limit point w
in C and so f~!({oo}) is finite, since {z € C: |z| < R} is a compact set.

If f(a) = oo with a finite, then near a we use Laurent’'s theorem to write f(z) = (z —a) "H(z) =
Sa(2) + Hy(z), where H and Hj are analytic at a, and S, is a polynomial in 1/(z — a). Note that
Sa(2) = 0 as z — oo.

Now we just set S(z) = > S, in which the sum is over the finitely many a for which f(a) = oo.
Then f(z) — S(z) stays bounded as z approaches each such a, and so f(z) —S(z) is an entire function.
Since S(c0) = 0 and f(oo) is finite, f — S is a bounded entire function and so constant.

13.1.4 Lifting a conformal structure to a covering space

Let R be a Riemann surface and let X be a path-connected Hausdorff topological space with a mapping
1 : X — R which is continuous and locally one-one, and maps open sets to open sets. Then X is
called a covering space of 1)(X), and X inherits a conformal structure from R as follows.

Let the open sets and mappings of R be U, ¢,. Then we know that ¢a¢§1 is analytic on ¢3(U,NUp)
whenever U, NUg # 0.

Let  be in X. Then 9 (z) lies in some U,. Take a neighbourhood V,, of x on which % is one-
one and such that ¢(V,) = U} is contained in U,. The open sets for X are just these V,, and
these cover X. The mappings are just the compositions 1, = ¢o1. If V,, N V3 is non-empty, then
U (VaVp) = ¢5(UsNU;) C ¢3(UaNUp). On1hs(VaNVp) we have athy ' = ¢ay ', which is analytic.

In particular any space homeomorphic to a Riemann surface inherits a conformal structure. Thus a
sphere can be made into a Riemann surface, and so can the exterior of a cube.

13.1.5 Multiply-valued functions

The best known application of Riemann surfaces is as the “natural” domain of definition of certain
multiply-valued functions.

The logarithm

The complex logarithm log z = In |z| 4+ i arg z, with any choice of the argument, is analytic on the cut
plane Dy = {z = re’ r > 0, —7 < § < 7}, but is discontinuous as z approaches the negative real axis.

To get around this difficulty, take countably many copies GG,, of Dy, and glue them together along
the interval (—o00,0) so that as we leave G, travelling counter-clockwise, we move up to Gp+1. On
G, define log z = In|z| + i arg z with the argument chosen to lie in ((2n — 1), (2n + 1)7). On the
resulting “spiral” surface R, the function log z so assembled is continuous, and maps R onto C. The
charts on R are just projection onto C in the obvious way.

A slightly more formal approach is to take the surface S = {(rcost,rsint,t) : r > 0,t € R} with
local charts (r cost,rsint,t) — (rcost,rsint), and Inr + it maps S onto C.
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13.1.6 The square root

1 . .
The square root fo(z) = 22 = \/Few/Q, with z = re? r > 0, —m < @ < 7, is again analytic on Dy but
discontinuous at the negative real axis. Set f1(z) = —fo(z). For w on (—00,0) we have

lim £5(2) = lim fu ().

Take two copies G, G1 of the Riemann sphere, slit along the open interval (—o00,0), and glue them
together so that as we leave G across (—o0,0) we enter G1_;. Define f to be f; on G, and extend
it continuously to the edges. The resulting surface is homeomorphic under f to C*.

13.1.7 Example

The solutions of algebraic equations may be defined as single valued functions on suitable Riemann
surfaces: see Ahlfors' Complex Analysis [2] for details. We describe here just one example, which leads
to a surface which is not simply connected. Define w by

w? = 2(z — 1)(z — 2).

A basic fact from complex analysis states that if F' is analytic and zero-free on a simply connected
domain G, then F' has an analytic square root on G. Hence we may form analytic solutions w =
fo(2),w = fi(z) = —fo(z) on the domain formed by cutting the plane along the interval [0, 00). Let

A=(0,1), B=(1,2), C=(200).

Then we have
hTm f]<z) = him fl_j(z), w € A.

On the other hand, writing
1 1
w=2z2(1-1/2z)2(z —2)2

we see that the f; extend analytically to 1 < |z] < 2.

Take two copies G, G7 of the Riemann sphere, each slit along the open intervals A, C, and again
join them across the cuts. Let f(z) be fj(z) on the interior of G, and extend f continuously to the
resulting surface (which is topologically a torus). Apart from at 0,1,2, 00, the local charts are just
projection onto C, but at the four “branch points” we need to be more &:areful, since projection is not
locally one-one there. However, on a neighbourhood of 0 we may use 22, as in the previous example,
and we do the same at 1,2, cc.

13.1.8 The uniformization theorem

The majority of this chapter is devoted to presenting a proof of this important result, which states that
if R is a simply connected Riemann surface then R is conformally equivalent to precisely one of the
following (in each case with the standard conformal structure): the open plane C; the extended plane
C*; the unit disc D(0,1).

It follows from Liouville's theorem and compactness that no two of C,C*, D(0,1) can be conformally
equivalent. The fact that R is conformally equivalent to one of these requires the theory of subharmonic
functions on Riemann surfaces. The proof presented here is modified from one given by W. Abikoff [1]
in the American Math. Monthly, October 1981.
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13.2 Subharmonic functions and Perron families

13.2.1 Lemma

Let u be subharmonic on a plane domain D, and let f : D — C be conformal. Then uwo f~! is
subharmonic on f(D).

This follows immediately from Theorem 9.2.4. With this result we can define subharmonic functions on
Riemann surfaces as follows.

13.2.2 Definition

Let R be a Riemann surface, and let u : R — [—00,00) be continuous. We say (initially) that u is
subharmonic on R if u o ¢! is subharmonic on ¢, (U,) for every chart ¢,.

13.2.3 Lemma

Let u be subharmonic on the Riemann surface R, let N be a closed parametric disc (with local chart

¢), and suppose that u = —oo on a subset E of ON such that ¢(E) has positive angular measure.
Then u = —o0 on R.
Proof. By the theory of subharmonic functions in the plane (Poisson’s formula) we get u = —oc on

N. Let F be the (obviously open) subset of R defined by the property that w € F iff u = —occo on a
neighbourhood of w. We claim that F' is closed, and this holds since if w,, € F tend to w € R then

u = —o0 on a parametric disc centred at w. So F' = R by connectedness.
Henceforth we consider only subharmonic functions which are not = —oco. We recall Harnack'’s theorem
from 8.3.10.

13.2.4 Harnack’s theorem

Let D be a domain in C and let u,, be functions harmonic on D such that u1 < ug < .... Let
v(z) = limy,—y00 un(z) for each z € D. Then either v = 0o on D, or v is harmonic on D.

13.2.5 Definitions

Let u be subharmonic on R and let D be a closed parametric disc in B. Then we can form a subharmonic
function up which satisfies u < up on R, is harmonic on the interior of D (using Lemma 13.2.3), and
equals u off the interior of D. We call up the Poisson modification of u.

By a Perron family P we mean a non-empty collection of functions u subharmonic on R, such that:
(i) if uw € P then up € P for every closed parametric disc D in R;

(i) if u,v € P then max{u,v} is in P.

13.2.6 Theorem

Let P be a Perron family, and for each p € R define g(p) = sup{u(p) : w € P}. Then either g = +0o0
on R, or g is harmonic on R.
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Proof. Take pg € R, and a closed parametric disc D centred at py.

Suppose first that g(p2) = oo for some ps in the interior Uy of Dy. Then there exist v, € P such that
vp(p2) — 00, and we may assume that v, < v,4+1 and each v, is harmonic on Uy (if not, first take
maximums so that v, < v,4+1 and then replace each v, by its Poisson modification). Then Harnack's
theorem tells us that v,, — oo on Uy and so g = +00 on Uj.

Suppose now that g(p) < oo for every p € Up. Choose p1 € Uy, p1 # po. We can take u, €
P,v, € P such that u,(po) = g(po),vn(p1) — g(p1), and we may assume that u,, and v,, satisfy
Uy < Upt1,Vn < Unt1 and are harmonic on Uy. We may also take w, € P, harmonic on Uy, such that
Wy, > max{uy,, vy} on R.

Harnack's theorem gives us u, — h,w, — k, with h, k harmonic on Uy. Since g(po) > wy(po) >
un(po) — g(po), we get h(po) = k(po) = g(po). On the other hand, since u,, < w, we get h < k on
Up. The maximum principle now tells us that A = k on Uj.

It follows in particular that h(p1) = k(p1). Since g(p1) > wn(p1) > va(p1) — g(p1) we get
g(p1) = k(p1) = h(p1). Hence g = h on Uy, and g is harmonic on Uy.

The result now follows by connectedness.

13.3 Green’s function

13.3.1 Definition

Let R be a Riemann surface, and let py € R. Let ¢ be a chart near pg. Consider the Perron family V,
of all functions v which are subharmonic on R\ {po}, and with the following properties:

(i) there exists a compact K, such that v = 0 off K;

(i) limsup,,_,,, v(p) + log [p(p) — #(po)| < oo.

Condition (ii) is independent of the particular chart ¢, because if ¢ is another chart then h = o ¢~ !
is locally conformal and

[ (p) = P(po)l = [h(d(p)) — h((po))| < cld(p) — P(po)l

as p — po, for some constant c. Obviously 0 € V},,. Set

9(p,po) = sup{v(p) : v € V,, } = 0.

Then either g = oo, or g is harmonic on R\ {po}. In the second case, we call g the Green's function
for R, po.
13.3.2 Lemma

Let ¢ be a chart at py, mapping po to zp and a neighbourhood of py onto D(zo,r). Let 0 < 11 < 13,
and define closed parametric discs K1, Ko by

Kj=¢" ({z: ]2 <m5)). (13.1)
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Letv > 0,v € V), and let

m; = max{v(p) : p € 0K;}. (13.2)
Then
my +logr; < mo + logrs. (13.3)
If g(p,po) exists then we also have
max{g(p,po) : p € K1} +logri < max{g(p,po) : p € K2} + logrs. (13.4)

Proof. We may assume that zg = 0. Let € > 0. The function
h(p) = v(p) + (1 +¢)log |¢(p)]
tends to —oco as z — pg, and is subharmonic on a neighbourhood of K5. Hence
h(p) < max{h(q) : ¢ € 0Kz}, p € Ko.

In particular
mi+ (1 +¢)logry < ma+ (14 ¢)logrs

and (13.3) follows on letting ¢ — 0. We now get, for w € V,,,w >0,
max{w(p) : p € K1} +logry < max{g(p,po) : p € OKa} + logrs

and the last assertion of the lemma follows.

13.3.3 Lemma

If g(p,po) exists then g(p,po) + log |¢(p) — &(po)| has a harmonic extension to a neighbourhood of py.

Proof. Assume that ¢(py) = 0. By (13.4), g(p,po) + log |¢(p)| is bounded above as p — py. Now
take a small positive rg and define v by

v(p) = logro —log|a(p)|, |d(p)| < ro,

with v(p) = 0 otherwise. Then v is subharmonic on R\ py and is in V},,, and so

9(p,po) = v(p) > —log|é(p)| — O(1), p— po.

13.3.4 Lemma

If g(p, po) exists then g is non-constant and positive and ¢ = inf{g(p, po) : p € R} satisfies ¢ = 0.

Proof. Lemma 13.3.3 shows that g is non-constant, and thus g is positive, by the maximum principle
on R\ {po}. Clearly ¢ > 0. Take ¢ > 0 and v € V},,, and set

k(p) = (1 —&)v(p) — g(p,po) +c.
Outside a compact set we have k(p) < 0. Also, as p — py we have
v(p) < g(p:po):  9(p,po) =00, k(p) = —cc.

Hence k(p) <0 on R\ {po}. Letting ¢ — 0 we get

v(p) < g(p,po) — ¢

and taking the supremum over v gives ¢ = 0.
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13.3.5 Existence of the Green’s function
If R is compact, then Green’s function cannot exist, because g would have a minimum on R, contra-

dicting the fact that g would be harmonic and non-constant on R\ {po}.

We consider next necessary conditions, and sufficient conditions, for Green's function to exist on a
non-compact surface.

13.3.6 Definition

Let K be a compact subset of R. We say that the maximum principle fails for K if there exists a
function h, subharmonic and bounded above on R\ K, with limsup,_,; h(p) < 0 and h(p) > 0 for
somep € R\ K.

Here lim sup,,_, ;- means lim SUP), oK peR\K -

13.3.7 Examples

The function log |z| shows that the maximum principle fails for {z : |z| < 1}, with respect to the surface
D(0,2).

On the other hand, the maximum principle holds for {z : |z| < 1}, with respect to the surfaces
C* and C, in the latter case because the singularity at co is removable for subharmonic functions which
are bounded above.

Note that Green's function g(p,0) does not exist for C, since log™ R/|z| is in V; for every R > 0.

13.3.8 Lemma

Suppose that g(p, po) exists, and that K is a compact subset of R, properly containing {po}. Then the
maximum principle fails for K.

Proof. The function h(p) = —g(p,po) < 0 has a maximum m on K, and this is taken at some
p1 € K,p1 # po. If we had h(p) < m on R\ K then h would have a maximum on R\ {pp}, which
violates the ordinary maximum principle.

In the converse direction, we have:

13.3.9 Theorem

Let K be a compact subset of R, and let pg be an interior point of K. Suppose that the maximum
principle fails for K. Then g(p,po) exists.

Proof. Choose a neighbourhood of pg, contained in K, mapped onto D(zy,r) by a chart ¢. We
may assume that zp = 0. Let 0 < r; < ry < r. Let K; be as in (13.1). Let V be the family of
subharmonic functions v : R\ K1 — [0, 1], such that if ¢ > 0 then v(w) < ¢ for all w outside some
compact Ly ¢ (thus v(w) — 0 as w “tends to infinity’ in R\ K7). Set u(p) = sup{v(p) : v € V'}. Then
u is harmonic on R\ Kj.

We claim that u(p) < 1 for all p € R\ K;. We know that there exists a function h, subharmonic
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and bounded above by 1 on R\ K, with limsup,_,; h(p) < 0 and A(p1) > 0 for some p; € R\ K.
Let v € V. Then v + h is subharmonic on R\ K, and

limsup(v(p) + h(p)) < 1, limsup(v(p) + h(p)) < L.

p—K p—0

The ordinary maximum principle now gives v(p1) < 1 — h(p1) < 1, which gives u(p;) < 1. Since we
now have u Z 1, applying the maximum principle proves the claim.

Now take any v € V,,. We may assume that v > 0, since otherwise we replace v by max{v,0}.
Define m; by (13.2). Since v vanishes off a compact set we have v(p) < m; on R\ K. It follows that
v/my € V. Hence we get

v(p) < miu(p), p€ R\ K.

In particular we have
ma < miMs, M = max{u(p):p € IKy} < 1.

Combining this with (13.3) leads to
my < my +logry/ri < miMs +logra/r
and so
my = max{v(p) : p € K1} < (1 — My) tlogry/r1.

Since v is an arbitrary non-negative element of V},;, while u is fixed, we deduce that g(p, po) is finite
for p € K1, and so the Green's function exists.

13.3.10 Corollary

If g(p,po) exists for some py in R then g(p,p1) exists for every p1 in R.

To see this, take a compact set, the interior of which contains pg, p1.

A non-compact Riemann surface R is called hyperbolic if Green's function exists, and parabolic other-
wise.

13.3.11 Lemma

Let R be a non-compact Riemann surface such that there exists a function u non-constant, subharmonic
and bounded above on R. Then R is hyperbolic.

The converse is also true, because we can take —g(p, po).

Proof. Take py € R. Since u is non-constant, there exists p; € R with u(p1) > u(pg). Take a
compact subset K of R, with py an interior point of K, and with p; ¢ K, and such that u(p) < u(p1)
on K. Thus the maximum principle fails for K.

13.3.12 Lemma

Suppose that S is a domain on R, and that the boundary of S, relative to R, contains a path ~y joining
distinct points of R. Then S has a Green’s function.
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Proof. Take a parametric disc U, the closure of which is contained in R, such that U contains a
subpath o of « joining distinct points of U. Solving the Dirichlet problem on the image of U in C we
get a function u harmonic on U \ o, with

li =1, 1 = 0.
Iim u(p) =1, pi%lUu(p) 0

Extend u to be 0 on S\ U. Then w is non-constant and subharmonic, but bounded above, on S.

13.4 The uniformization theorem: the hyperbolic case

13.4.1 Theorem

Let R be a hyperbolic Riemann surface (and so open). Then R is conformally equivalent to D(0, 1)
(with the standard conformal structure).

Proof. Take some py on R and form Green's function g(p,po). Let ¢ be a chart near pgy, without
loss of generality mapping po to 0. Now g(p,po) + log |¢(p)| has a harmonic extension —u(p) to a
neighbourhood of py, on which we define a harmonic conjugate v(p) of u, and f by

f(p) = ¢(p) exp(u(p) +iv(p)), log|f|=u+log|p| = —g.

Since —g has a harmonic conjugate in a neighbourhood of each point of R\ {po}, we may analytically
continue f subject to log |f| = —g througout R, and by the monodromy theorem this defines an analytic
function f: R — D(0,1).

It suffices to show that f is univalent, because f(R) will then be a simply connected subdomain of
D(0,1) and so conformally equivalent to D(0,1). Let p1 € R\ {po}, let a = f(p1), and let

so that T'(a) = 0. Note that 7'(0) = —a.

Let e > 0 and let v; € V},. Let

h(p) = vi(p) + (1 + ) log|T(f(p))l-

Outside a compact set we have v; = 0 and so A < 0. Next, let 1) be a chart at py, without loss of
generality mapping p; to 0. Then T f1~! is analytic at 0 and as p — p; we have

log |T(f(p))| < logle(p)| + O(1)

and hence h(p) — —oo. Thus h is subharmonic and negative throughout R. Letting ¢ — 0 we get

vi(p) < —log|T(f(p)l, g(p,p1) < —log|T(f(p))l (13.5)
But
IT(f(po))l = |T(0)| = |a] = [f(p1)]
and so we get
9(po,p1) < —log|f(p1)| = g(p1,po).
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By symmetry, we get
9(p1,p0) = g(po, p1),

and so
g(po, 1) = —log|f(p1)| = —log |T(f(po))|-

Since g(p,p1) +log |T(f(p))| is subharmonic and, by (13.5), non-positive on R\ {p1}, we deduce that

g(p,p1) = —log|T(f(p))l, pER,

in which both sides are infinite at p;.

Now suppose that f(p2) = f(p1). Then T'(f(p2)) = 0, and so g(p2,p1) = co. But this gives ps = py,
and f is univalent as required.

13.5 The non-hyperbolic case

13.5.1 Divergent curves

Let R be a non-compact Riemann surface. A divergent curve on R is a simple path « : [0,00) — R
such that

Jim (t) = oo,

by which we mean that if K is a compact subset of R then there exists to > 0 such that v(¢) & K for
all t > tp.

Since deleting a point from R gives a set which is still connected, v cannot pass through every point of R.

Obviously if R is compact and pg € R then R® = R\ {po} is not compact (take open sets U,, = R\ K,
in which K,, are compact neighbourhoods of py decreasing to {po}), and R° has a divergent curve
(since R is Hausdorff any compact K C R fails to meet some open neighbourhood of py).

13.5.2 Lemma

Let v be a divergent curve on the simply connected non-compact Riemann surface R. Fort > 0 set
Ry = R\ v([t,00)). Then Ry is an open set. Further, if U is an open parametric disc centred at y(s)
and sy, s2 are sufficiently close to s then there is a homeomorphism f of R, onto Rg, which is the
identity outside U.

Proof. Assume without loss of generality that s; < so. Let s3 = inf{t > s : v(¢) ¢ U}. Then
V =U\~([s1, s3)) is a domain (by the Jordan curve theorem, using the fact that a disc is homeomorphic
to C) and is simply connected (via the homeomorphism to C and a winding number argument). The
Riemann mapping theorem gives a homeomorphism g of V onto W = D(0,1)\ [3,1), and we then take
a homeomorphism of W which is the identity outside D(0, 3).

13.5.3 Lemma

Ry is a simply connected domain, and a hyperbolic Riemann surface.

Proof. We prove first that R; is connected. To see this, assume without loss of generality that
t=0. Let a,b € Ry and let s = inf A, where A is the set of ¢ > 0 such that there exists a path from
atobin R;. Then s < oo since R is connected.
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Take an open parametric disc U centred at 7(s), and not containing a,b. Take s, s2 close to s, with
s1 < s < syand sy € A. By assumption, there exists a path p from a to bin R;,. Let f be asin Lemma
13.5.2. Then f(a) = a, f(b) = b, and f(p) is a path from a to b in Ry, . It follows that s € A and s = 0.

We now show that R; is simply connected. Assume again that ¢ = 0, and let I" be a closed curve
in Ry. Since R is simply connected, I" is homotopic in R to a constant curve, via a homotopy function
F. Let s = inf B, with B the set of ¢t > 0 such that I" is homotopic to a constant in R;. Then s < oo,
because for large s we can take F'.

Take an open parametric disc U, centred at (s), such that U does not meet I". Take 51 < s < s9 < 00,
with |s; — s| small, such that s € B. Thus I' is homotopic to a constant in Rs,, via a homotopy
function Fy. Take f as in Lemma 13.5.2 again, so that f(I'(¢)) = I'(¢). It follows that f o F; is a
homotopy in Rg,, deforming I' to a constant path.

Since the boundary of R; in R contains a simple path, each R; is hyperbolic.

13.5.4 Theorem

Let R be a simply connected Riemann surface, with a divergent curve, and having no Green's function.
Then R is conformally equivalent to C.

Note that C is homeomorphic to D(0, 1), and thereby inherits a conformal structure with a Green's
function. So the hypothesis that R has no Green's function is not redundant.

Proof. Fix py € Ro, and a chart ¢ at pg. We may assume that ¢(pg) = 0. Each R, is hyperbolic,
and so there is a conformal map G,, : R,, — D(0, 1) with the standard conformal structure on D(0, 1),
and with G,,(po) = 0. Let g, = G, 0¢ !, and let ¢/, (0) = 1/c,. Let F,, = ¢,Gp,. Then F, maps R,
conformally onto B, = D(0,|c,|), and f, = F,, 0 ¢~! has f/(0) = 1.

For n > m, we have R,, C R, and so F, o FW:1 maps B,, conformally into B,,, with 0 mapped
to 0. Since Fj, 0 F,;' = f, 0 f..! near 0, we see that the derivative of F}, o F,,;! at 0is 1.

Now the family of functions f analytic and univalent on a fixed disc D(0,r), with the normaliza-
tion f(0) = f/(0) — 1 = 0, is a normal family, by Koebe's distortion theorem. The limit function of any
convergent sequence in this family is analytic and, by Hurwitz’ theorem, univalent.

We apply the diagonalization process. Take a subsequence F},, of F, such that as n — oo the sequence
Fi, oFl_1 converges LU on By to a function H; analytic and univalent there. Take a subsequence Fj,
of Fi, such that, as n — oo, the sequence Fj, o F{l converges LU on By, to Hy. We repeat this.
Note that Hj, o F}, is a conformal map of R}, into C.

Now let P, = F,,,. For each k, this sequence P, is eventually a subsequence of F}, and so P, o Fk_1
converges LU on By to Hy.

Let £k <m. Then R, C R,, and we have, on R},

Hj o Fy, = lim(P, o Fk_l) o Fy, =lim(P, o Fgl oF,, 0 Fk_l) o Fy, =lim(P, o Fgl) oF,, = H,, o Fy,.

Since the union of the Ry, is R, this defines a conformal map H of R onto a simply connected domain
D in C. If D # C then there exists a conformal map ¢ of D onto D(0, 1), so that v»o H maps pg to 0.



13.6. THE CASE OF NO DIVERGENT CURVES 225

But then the function log |1 o H| is subharmonic, non-constant and bounded on R, contradicting the
assumption that R is not hyperbolic.

To handle the remaining cases of the uniformization theorem, we need the following lemma, the proof
of which we postpone till the next section.

13.5.5 Lemma

Let R be a simply connected Riemann surface and let py € R. Let R® = R\ {po}. If R has no divergent
curves, then R® is simply connected.

In particular RY is simply connected if R is simply connected and compact.

13.5.6 Theorem

Let R be a simply connected Riemann surface with no divergent curves. Then R is conformally equivalent
to C* (and so compact).

Proof. Take pg € R and form the punctured surface R°, which by Lemma 13.5.5 is simply con-
nected. Obviously R? has a divergent curve.

If R? is parabolic then R? is conformally equivalent to C, via some conformal map f, and a sim-
ple argument shows that f(p) — oo as p — po. Thus R is conformally equivalent to C*.

It remains only to show that R? cannot be hyperbolic. Assuming that R" has a Green's function,
we obtain a conformal mapping f of RY onto D(0,1). The singularity at pg is removable, and the
maximum principle gives f(pg) € D(0,1) and so f(po) = f(p1) for some p; € R’. But then, by the
open mapping theorem, all values near f(p;) are taken by f near pp and near p;, contradicting the
univalence of f on R?.

13.6 The case of no divergent curves

In this section we prove Lemma 13.5.5. We puncture R to form R® = R\ {po}. Let N = Ny be a closed
parametric disc centred at pg, and let R = R\ Np. Since an annulus is homeomorphic to a punctured
disc, R! is homeomorphic to R?, and it will therefore suffice to prove that R! is simply connected. Fix
p1 € R, and form the Green's function g(p, p1). This exists, by Lemma 13.3.12.

13.6.1 Lemma
We have g(p,p1) — 0 as p — ON from R'.

Proof. Take a closed parametric disc N7 centred at pg, such that Ny lies in the interior of V7. Solve
the Dirichlet problem with boundary values g(p) on 9N; and 0 on ONy. Note that to do this we only
need the Dirichlet problem for a plane annulus. Let the resulting function be h. If w is a function in
the Perron family defining g, then limsup,_ sy, (u(p) — h(p)) < 0. Thus u < h on Ny \ Ny by the
maximum principle, giving g < h there. Since h(p) — 0 as p — ONy we get limsup,,_,gx, 9(p) < 0.
Since g > 0, the result follows.
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13.6.2 Lemma

Let oo > T > 0 and let Y be a component of the set {p € R' : g(p) > T'}. Then g is not bounded
above on'Y and there exists a path 7 : [0,00) — Y such that g(y(t)) — oo ast — oo.

Proof. Suppose first that g is bounded above on Y. Obviously g(p) = T on 9Y, which does not
meet N. Define v(p) = g(p) for p € Y, with v(p) =T for p € R\'Y. Then v is subharmonic and
bounded above on R, contradicting Lemma 13.3.11 and the assumption that R is not hyperbolic.

The construction of the path is now standard. Fix yp € Y. Let Yy =Y and, assuming that y,, Y,, have
been defined, let Y, 41 be a component of the set {p : g(p) > T + n + 1} such that Y,,;1 C Y, and
choose y,+1 € Yy41. Join y, to y,41 by a path in Y,,.

Since R has no divergent curves, v(t) must tend to p; and we get immediately:

13.6.3 Lemma

Let oo > T > 0. Then the set {p € R' : g(p) > T} has a unique component.

13.6.4 Lemma

Let co > T > 0, and suppose that p3 € R' with g(p3) < T. Then p3 can be joined to ON by a path
o(t),0 <t <1, such that g(o(t)) <T for0 <t < 1.

Proof. Assume that g(p3) < T (if not, first join p3 to ps with g(ps) < T). Let Y be that component
of the set {p : g(p) < T'} which contains p3. We assert that 0Y (the boundary of Y with respect to
R) meets ON, from which the existence of the required path is immediate. Suppose that Y does not
meet ON. Then dY C R! and g(p) = T on 9Y. Let v(p) = —g(p) for p € Y, with v(p) = T
for p € R\'Y. Then v is subharmonic, non-constant and bounded above on R, contradicting Lemma
13.3.11.

13.6.5 Critical points

If ¢ is a local parameter near py € RY, py # p1, then ps is a critical point of g if G = go ¢! has a
critical point (i.e. G, = Gy = 0) at ¢(p2). This property is independent of the choice of ¢, by the
chain rule. The critical points of ¢ are isolated, and if f is analytic on a neighbourhood U of ps with
log |f| = —g, then critical points of g coincide with critical points of f.

13.6.6 The local behaviour of ¢

Let po € R, po # p1, and assume that po is not a critical point of g. Then there is a unique curve C
through po with the following property. If f is analytic near pa with log|f| = —g then arg f is constant
on C. Further, g is strictly monotone on C. To see this note that if f and f* are both analytic with
log|f| = —g then f*/f is constant. The curve C is a level curve of the function Im(log f), this function
a harmonic conjugate of —g.

Suppose next that po is a critical point of g. Then there are n > 2 curves through py on each of
which arg f, for f as above, is constant. To see this, choose n so that (f(p) — f(p2))/™ has a simple
zero at po. This allows us to write f(p) = G(F(p)") with G and F locally one-one. Choose a curve
for G through F'(p2)™: then this curve has n pre-images through F(p2).
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Indeed, let g2 = log f(p2) and draw a horizontal and a vertical straight line through ¢o. This forms four
quadrants which we label 1, 2, 3, 4 counter-clockwise, starting at the top right in the usual way. There
are 4n curves emanating from pg, in which n is the multiplicity of the zero of f(p) — f(p2) at pe, and
4n “sector-like” regions with vertex at p2. On 2n of these curves we have arg f constant, while log | f|
is constant on the other 2n. There are n curves emanating from py on which arg f is constant and
log | f| decreases, and as we cross one of these in the counter-clockwise sense, arg f decreases (here
counter-clockwise is interpreted with respect to the image under a local chart).

13.6.7 The main step

Define a function fi, analytic near p;, with log|f1| = —g. Then f; has a simple zero at p;. Let h be
the inverse function of f1, defined on a neighbourhood of 0. Let r be the supremum of positive s such
that h extends to be analytic on D(0,s). Then h is analytic on D(0,r). Since fi may be analytically
continued along any path in R!, starting at p1, and since f; o h is the identity near 0, it follows that

g(h(w)) =log ‘;’, w € D(0,7). (13.6)
We see now that H = h(D(0,7)) is a connected set on which g(p) > log1/r.

Let p, — p*, with p, € H and p* € OH. Then we may write p,, = h(w,) and without loss of
generality w, — w* with |w*| < r. Suppose that |w*| < r. Then p, — h(w*), and p* = h(w*) is an
interior point of H, by the open mapping theorem. This is a contradiction, and hence |w*| = r and
9(pn) =log 1/|wy,| — log1/r. We deduce that H is a component, and so by Lemma 13.6.3 the unique
component, of the set {p € R' : g(p) > log1/r}.

13.6.8 Lemma

h is locally univalent on D(0,r), and H = h(D(0,7)) contains no critical point of g.

Proof. Take wy € D(0,7), and analytically continue f; along the image under h of the line segment
from 0 to w;. This gives a function fo analytic near wy, with log|fa| = —g, and fa(h(w)) = w near
wy. So h must be one-one near w, and f, must be one-one near h(w).

13.6.9 Lemma

h is univalent on D(0, ).

Proof If |w;| < r and h(w;) = h(ws), w1 # wa, then by (13.6) we have |w;| = |wa|. Suppose now
that 0 < 61 < 03 < 27 and set

E ={te(0,1): h(te'r) = h(te"?)}.

Obviously (0,1) \ E is open, and this set is non-empty since h is one-one near 0. Suppose t; € E,
and let p3 = h(wi),w; = t1e. Let T; be the image under h of the ray argw = 6;, and analytically
continue fi along the curves 7. This gives I, F, analytic on a parametric disc V' centred at p3, and
Fj o h(w) = w near w;. Thus arg Fj is constant on an arc of T} passing through ps.

By 13.6.6 there is a unique curve C passing through p3 on which arg F}; is constant, and g is strictly
monotone on C'. Since g(h(te'%7)) = log1/t, we have h(te®') = h(te??) for t close to t. Hence E is

open and so empty, by connectedness.

The next lemma is now obvious.
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13.6.10 Lemma

fi extends to be analytic and univalent, with fi = h™!, on the simply connected domain H =
h(D(0,7)).

If » = 1 then we have finished, and we assume henceforth that » < 1. Since H = h(D(0,r)) is the
unique component of the set {p € R' : g(p) > log1/r}, the closure of H does not meet N, by Lemma
13.6.1.

13.6.11 Lemma

Suppose that ( € OH, and that ( is not a critical point of g. Then f1 extends analytically and univalently
to a neighbourhood V' of (.

Proof. Let G be analytic near (, with Re(G) = g. Then G is one-one near (, and we let V' be the
pre-image under G of a disc centred at G(¢). Then V N H is connected, since its image under G is
a half-disc. Choose fy analytic near ¢, with log|fa| = —g. Thus fo is univalent near {, and fa/f1 is
constant on V' N H. Multiplying f2 by a constant gives the required extension. Since |fa(p)| > 7 on
V' \ H the extended function remains univalent.

13.6.12 Lemma

Let 6 € [0,2n), and define yy(t) = h(te'?) for0 <t < r. Then there exists ( € OH such that ~y(t) — ¢
ast —r.

Proof. Since R has no divergent curves, the curve y(t) = 7y(t) visits some compact set through a
sequence tending to r. Thus there exists ¢ € R! such that (t,) — ¢ through a sequence ¢, — 7, and
¢ is a boundary point of H = h(D(0,r)), since g(v(t,)) = log1/t, — log1/r. Finally, v(t) — ¢ by
13.6.6, since arg f; is constant on 7.

13.6.13 Lemma
g has a critical point on OH.

Proof. Assume not. Then for each 6 € [0,27), the curve vy(t) tends to ( = (p € OH, and f; ex-
tends analytically and univalently to a neighbourhood V' of (. We may assume that W = f1(V) is a disc.

We have f1(¢) = e, since

f1(¢) = lim f1(y(t)) = lim tnei07
in which t,, increases with limit . Let h* be the inverse function of fi, mapping W = f1(V) onto V.
On

WnDO,r)= fi(VNH)

we have h = f; ! and h* = !, and so h* extends h to D(0,7) U W,
We do this for each 6, and obtain an extension of h to a disc Wy centred at re”. Since the in-
tersection of any two Wj is connected, and meets D(0,r) unless the intersection is void, it follows by

compactness that this permits us to extend h analytically to a larger disc D(0,7’), contradicting the
choice of r.
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13.6.14 A closed curve

Choose a critical point ¢ of g on OH. There exist (at least) two curves 7;,j = 1,2 emanating from
¢, on which g increases and arg f is constant, for any any f analytic on a neighbourhood V of ¢ with
log|f| = —g. Note that f1/f is constant on every connected subset of V' N H. These curves lie,
apart from their starting point, in H, and so by the constancy of arg fi on n; we see that each 7; is
the image T; under h of a ray argw = ;. Mark “lower” and “upper” sides of T} as T]l,T]“ so that
arg f1(p) increases as p crosses from TJZ to T7'. By 13.6.6, we go from T7' to T]l as we cross T; moving
counter-clockwise around (.

Thus the union of 17,75, p; and ( gives a closed curve o on R with two well defined “edges’, which we
will label “positive” and “negative”.

13.6.15 Lemma

R\ o is path-connected.

Proof. We shall show that every p € R\ o can be joined to pg by a path avoiding o. This is true if
p € N orif g(p) <logl/r, by Lemma 13.6.4. Suppose now that g(p) > log1/r, so that p € H. Now
only finitely many curves vy (t) can land at ¢, and so we first move from p to a point p’ not lying on any
of these. Following a curve arg f1 = ¢ from p’ we land at ¢’ € 0H, (' # ¢, and since ¢g({') < log1/r
we can continue on to py.

13.6.16 Lemma
There exists a continuous function from R to C\ {0}, not having a continuous logarithm.

Proof. To the cut surface R\ o we adjoin two copies of o, labelled o™, 0™, corresponding to the
positive and negative edges of o. Let the resulting space be X. We construct a continuous function
q: X — [0,1], with ¢ = 0 on 0~ and ¢ = 1 on 0. The function Q = exp(27iq) will then be
well-defined and continuous on R, but does not have a continuous logarithm ¢* on R, because for any
such ¢* the function ¢* — ¢ would be constant on R\ o.

To construct g, cover o by finitely many closed parametric discs P;, each contained in a small open
parametric disc D;. Let Fj : R — [0,1] be continuous, with F;; = 0 on P;, and F; = 1 off D;. We
then define G; on X to be the same as Fj, except that G; =1 on o and on all points of D; on the
“positive” side of o. Thus G; : X — [0,1] is continuous, with G; =0on o~ NPj, and G; =1ono™.
Finally set ¢(z) = min{F}(x)}.

This result contradicts the following standard lemma, and the proof of Lemma 13.5.5 is complete.

13.6.17 Lemma

Let S be any simply connected Riemann surface, and let @) : S — C\ {0} be continuous. Then Q) has
a continuous logarithm on S.

Proof. Fix a € S and assume without loss of generality that Q(a) = 1. Let 0,09 be paths in S
joining a to b. Then Q(o1),Q(0o2) are homotopic paths in C \ {0} starting at 1, and by the ordinary
monodromy theorem the continuations of logw along these paths agree near Q(b), so that log Q(b) is
well defined.



Chapter 14

The Phragmén-Lindelof principle

14.1 Introduction

This represents a refinement of the maximum principle for subharmonic and analytic functions. The
classical proofs have largely been supplanted by use of harmonic measure. We begin with:
14.1.1 Lemma

Let D be a domain in C and let u be subharmonic and bounded above on D, with

limsup u(z) <0
z—(,zeD

for all finite boundary points of D. Then u(z) <0 on D.

This follows at once from Lemma 9.2.7. The next lemma is a refinement of Lemma 14.1.1 for functions
having slow growth as z tends to infinity in D.
14.1.2 Lemma: the classical Phragmén-Lindelof principle

Let D be a domain in C and let u be subharmonic on D, such that

limsup u(z) <0
z—(,z€D

for all finite boundary points z of D. Suppose further that there exists v(z) harmonic on D, with

liminf v(z) >0
z—(,z€D

for every finite boundary point z of D, and such that for every § > 0 we have

limsup (u(z) — dv(z)) < 0.

z—00,2€D

Then u(z) <0 on D.

Proof. Fix w in D. For § > 0 the maximum principle gives
u(w) — dv(w) <0

and we just let § — 0.

230
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14.1.3 Corollary

Let R>0and M >0 and let —m < a < b < 7. Let f be analytic on the domain
D={z: |z|>R, a<argz<b},

with

limsup |f(2)] < M < o0
z—(,zeD

for all finite boundary points { of D. Assume that
log|f(2)| < |z (14.1)

for all large z in D, in which s < S <7/(b—a). Then |f(z)| < M in D.

Proof. We may clearly assume that M = 1 (otherwise replace f by f(z)/M, which does not af-
fect the existence of an s as in (14.1)). By considering f(ze®) in place of f, for some fixed ¢, we may
assume that b > 0,a = —b. Thus s < S < 7/2b.

Take u(z) =log|f(z)| and

v(z) = |2|” cos(S arg z) = Re(2”).
For z in D we have
|Sargz| < Sb<m/2, cos(Sargz)>cosSb=pu>0

and so
o(z) = 2.

Thus, for every 6 > 0 we have
u(z) — dv(z) = —o0

as z — oo in D. By Lemma 14.1.2, we get u(z) < 0 on D.

This result is sharp: to see this, take 0 < b < m and a = —b and f(z) = exp(2™®~%). Then f
is bounded on the finite boundary of D but unbounded in D.

Thus the narrower the sectorial region D is, the faster f has to grow in D in order to not be bounded.
We will see a far-reaching generalization of this idea in the section on the Carleman-Tsuji estimate for
harmonic measure.

14.2 Applications

The next two results are among the most useful applications of this strand of ideas.

14.2.1 Theorem

Let D be an unbounded simply connected domain in C, not the whole plane. Let f be analytic and
bounded on D, and continuous on D U0D. Assume that f(z) — 0 as z tends to infinity on 0D. Then
f(z) — 0 as z tends to infinity in D.
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lonD. Let 0 < d <1 and let E be a
ince oo is a regular point of X = 0D, by

Proof. Assume without loss of generality that |f(z)|
closed subset of D such that |f(z)| < é on 9D \ E.
§9.1.4, we get

<
S

w(z,E,D) — 0, z— oo,

using §10.1.9. But now the two-constants theorem gives
[f(z)| <0+ w(z E,D)

and the result follows.

14.2.2 Theorem

Let D be a simply connected domain as in Theorem 14.2.1, such that the boundary of D consists of
two simple curves C', Co both tending to infinity, and disjoint apart from their common starting point
a € OD. Let f be analytic and bounded in the domain D, and continuous in D U C7 U Cy. Assume
that f(z) — a; as z tends to infinity on C;j. Then a; = as.

Proof. It is clear that the a; are finite, since f is bounded. Assume a; # a2 and apply Theorem
1421tog(z) = (f(2) —a1)(f(2) —az). Thus g(z) — 0 as z tends to infinity in the closure of D. Let
e >0, and take M > 0 such that |g(2)| < e for z € D, |z| > M.

We now use the fact that J = C1UCyU{oc} is a Jordan curve on the Riemann sphere (in particular
J cannot contain a disc), and so a rotation of D is a Jordan domain in C. Take a curve I which lies
in the closure of D and joins C} to Cy, with |z| > M for all z on I. Such a curve exists by Theorem
11.5.3: take the Riemann mapping h from D(0,1) to D and extend it to a homeomorphism on |z| < 1.
The curve I is then the image of an arc of a circle centred at h~!(c0). We have |g(z)| < € on I and so,
by connectedness, either f(z) — aj is small on all of I or f(z) — ag is small on all of I. This contradicts
the fact that f(z) — a; is small for large z on Cj.



Chapter 15

The Carleman-Tsuji estimate for
harmonic measure

15.1 The Carleman-Tsuji estimate

15.1.1 Parseval’s formula for a continuous function

Let f be a continuous real-valued function on [—7, 7]. Define the Fourier coefficients

™ 1 ™
an = — f(x)cosnxdx, b, = - f(z)sinnx dx.

These are uniformly bounded. As shown in the section on Poisson’s formula (8.2.2),

1o et 1 . ,
F(Z)Z%/_ f(t)zitjzdt:_Q/_ f(t)dt+2m/ y 2f(argw) \

™ w—z

is analytic in D(0,1) with ¢cg = F(0) = 3ag. Also u = Re(F) is bounded and, as z — €', - < s < ,
we have u(z) — f(s).
Differentiation gives, for n > 0,

! 2f(argw)
) _ AI\ W)
(2) 2700 Jjupj=1 (W — Z)n+1d
and -
(0 1 (7 ,
Cn = '( ) =— ft)e™"dt = a,, — iby,.
n! TJ

Thus Taylor's theorem applied to F' gives

, 1 >
u(re't) = 540 + Z r"(an cos nt + by, sinnt),

n=1

the series uniformly convergent on each closed disc |z| < r < 1. The orthogonality of the trigonometric
functions gives

1 1 -
I(r)=— / u(re)?dt = 5&% + Z r? (a2 + b2).
n=1

Q0 -7

233
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Since u(re') is uniformly bounded and tends pointwise to f(t) on (—m,7) the dominated convergence
theorem gives Parseval's formula

L[ ST SP TR < PP
; . f(t) dt = 2a0+nz::1(an+bn)
15.1.2 Wirtinger’s inequality

Suppose that f is a real-valued function such that f' is continuous on [a,b] and f(a) = f(b) = 0. Then

b 7_‘_2 b
/ f(z)?dx > (b—a)Q/ f(z)?dax.

Proof. It suffices to prove this when a = 0,b = 7. Extend f to an odd function on [—m,7]. In
the Fourier expansion of f we have a, = 0 and

2 s
by, = / f(z)sinnx dx.
T Jo

Further, f' can be extended to an even function h on [—m, 7] with [ h(z)dz = 2 [ f'(z)dz =
f(m) — f(0) = 0. The Fourier expansion of h has no sinnz terms and has

2 ™
A, = / f'(z) cosnz dz = nby,
T Jo

using integration by parts. Parseval’s formula gives
9 T 00 oo oo 9 P
- / F@Pdt=2 bp <D nth =) Aj=— / £()2dt.
0 n=1 n=1 n=1 0

15.1.3 Definition

For 0 <t < oo and a domain D in C we define 67,(t) as follows. If D contains the whole circle |z| =t
then 67,(t) = oo. If DN {z: |z] =t} is not the whole circle |z| =t then it consists of countably many
open arcs, and we define 67,(t) to be the angular measure of the longest of these (if one has angular
measure s > 0 then at most finitely many can have angular measure > s). Note that if 67,(t) > y,
then DN {z: |z| =t} contains a closed arc A of angular measure y, and D contains a neighbourhood
of A. Thus 07},(t") > y for t’ close to ¢ and so 67,(t) is measurable (we've shown that —67,(¢) is upper
semi-continuous i.e. §7,(t) is LSC).
Obviously if D,U are domains with D C U then 0},(t) < 0;;(t).

15.1.4 The Carleman-Tsuji estimate: a special case

Let 0 < 7 < oo and let D be a domain in C with 0 € D such that D meets the circle |z| = r. Assume
that there exist a positive increasing sequence p, — oo and a finite subset {6;} of [0, 27] such that 0D
consists of:

(i) arcs of circles |z| = py, each such circle contributing at most finitely many arcs;
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(i) radial line segments z = se®, p, < s < prii;

Let D, be the component of D N D(0,r) containing 0. Let 6, = 9D, \ dD.
Then 6, is a subset of the circle |z| = r, since w € 6, implies that |w| < r and that w is a limit
point of D and so in D.
Let
u(z) = w(z, 60, D)

and extend u to a function v subharmonic in D(0,r), by setting v = 0 in D(0,r) \ D,. To do this, note
that if w € D(0,7) N 9D, then u(z) — 0 as z — w with z in D,.
Since v > 0 we see that v? is upper semi-continuous. Also for |z| < 7 and small s > 0, Cauchy-
Schwarz gives
o (L7 i9d62<1 " )2dp
v(zp)” < (27r/0 v(zp + se*) > < 277/0 v(zo + se*)

2

and so v~ is subharmonic. For 0 < p < r let

1 2w ) 1 )
m(p) = 2 /) v(pe?)2dh = 27r/9 u(pe'®)?do (15.1)
P

in which 8, = D, N {z : |2] = p} for 0 < p < r. Then, by Theorem 9.2.1, m(p) is a convex non-
decreasing function of log p on (0,7) and in particular m is continuous. Also, since u is harmonic and
so continuous at 0, we have lim,_,o4+ m(p) = u(0)2.

By 1.1 the derivative p = 8?ggp exists on J = (0,7) \ Ep, where Ej is a countable set, and y is
non-decreasing on J.

Claim 1: p is positive on J.

To prove the claim we note that w is harmonic and non-constant near the origin, using the identity
theorem for harmonic functions. So near the origin u is the real part of a non-constant analytic function
and there are constants a,, b, such that we can write, for small p,

. 1 >
u(pe’9) = 5 + Z p"(an cosnb + by, sinnf)

n=1

and
1 1 —
m(p) = Za% T3 Z p*" (az +by.)
n=1

so that m/(p) > 0. This proves the claim.

Let p, < p < ppt1. Then 6, consists of finitely many open arcs of |z| = p. On P, = {z €
0D, : pn < |z| < pp+1} we have u = 0, and P, consists of finitely many open radial segments, across
which u can be extended by the Schwarz reflection principle 11.7.1. So all partial derivatives of u extend
continuously up to FP,.

Let t =logp. For p, < p < pp+1,

my = 1/ uudl. (15.2)
0
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Also, writing u locally as a harmonic function of logz =t 4 6,

1 1
Myt = / (Ut)2 + uupdf = / (Ut)2 — uugpdf
0, 0,

™ 7T

and so integration by parts gives
1
My = 7T/ (ug)? + (ug)?dh > 0.
bp

By (15.2) and Cauchy-Schwarz,

(my)? < 12/ u2d9/ (uz)2do
= Jo, 0,

(me)? 1 / (ur)?do.
Op

2m T

and so

IN

(15.3)

(15.4)

(15.5)

(15.6)

Define 0*(p) for p, < p < pps1 as follows. If 6, consists of the whole circle |z| = p then put
0*(p) = oo. If 6, is not the whole circle |z| = p then it consists of finitely many open arcs 6. Then

6*(p) = 07,(p) is the angular length of the longest of these.
In the second case we get by Wirtinger's inequality 15.1.2

/( )2d6 > 7T2/ 200> T / 249
ug = - u = u s
% AR 0*(p)* Jo

J
P b

since u vanishes at the end-points, and summing gives

7T2
R

Thus (15.4), (15.6) and (15.7) give

2 2
mttz(mt)+1< 2 ) m(p), p# pn-

2m 2 \ 6%(p)
Put
27
t= logp, t, = 1ngn, M(t) = m(p), h(t) = 0*(p) ’
Then (15.8) becomes
M) 1
" ( Zp2 .
M" > 2/ +2h M, t,<t<tps1

In particular, using Claim 1,
M'(t) >0, M"(t) >0, t#t,.

Thus ) )
L// + (L/)2 Z 5(_[//)2 _|_ §h27
and
21" + (L)?> > h?, L =log M.
This gives

(M///M/)2 _ (L///L/+L/)2 2 (L/)2+2L// Z h2

(15.7)

(15.8)

(15.9)

(15.10)

(15.11)

(15.12)
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and so, using (15.11),
M"/M' > h, t, <t<tp1. (15.13)

So for t, < s < §' < tp11 we have

!

M'(s")y > M'(s) exp(/S h(t)dt).

Iterating this and using the fact that M'(s) < M'(s') for s,s" & {t,} with s < &', since M is convex,

we get
-

M'(t) > M'(t) exp(/t h(s)ds), —oo<t<Tt<logr, t,7¢& {tn}. (15.14)

Now put
t=1logp, o=¢€, t'=logr (15.15)

and assume that k& € (0,1). Suppose that 0 < p < kr. Then, since M is continuous, non-negative and
non-decreasing,

we get, using (15.14),

(A4
=
St
_—
S 3
o)
]
o
N /N
b\q
8
i
B8

[V
—~
&t
_—
S 3
o)
]
o
VRS
—

>
8
i
B8

vV
—
|
=
=
N~—
@
i
o]
N
b\.>
8
>
*
—
S
N—

since

r 1 1
/daz/ dffz/ do—1—F
kr O k O k

kr 9
M) <(1—k)lexp </ x;‘(lj)) , O<p=c <kr, 0<k<l. (15.16)
p

This gives

Now (15.10) gives

M//(t) >

> %h(t)QM(t) >

(15.17)

Let t <7 with t,7 & {t;} and let t, < ... <, be those t; lying in (¢,7). Since M’ is non-decreasing,

M (1) > M'(7) =M (t5)+M () =M (t;))+. . . +M' ()M (t,))+M'(t,))—M'(t) > /T M"(s)ds
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and so (15.17) gives

M(r) > W/: ”;éx()jf > mm(p) /pa x;ifm). (15.18)

Using (15.16), with ¢ replaced by 7 = log o, and (15.18), we now obtain, for p < o < kr,0 < k < 1,

i [ g en( 25

IN

and in particular

7 dx kT orde 7 2mdx
<(1-k"! — : 15.1
ﬂm(p)/p x0*(x) = ) exp( /p x0*(x) +/p xQ*(w)) (15.19)
If0<p<krand
b orde
1 15.2
/p > (15.20)
then we choose o € (p, kr) with
/" 2rdx _1
, x0*(z)
and (15.19) gives
% kr
< 15.21
mio) < e (< [ ). (15.21)

On the other hand if (15.20) fails then the RHS of (15.21) is at least 2/(1 — k) > 2 > m(p). Thus
(15.21) always holds.
Letting p — 04 we get m(p) — u(0)? and so

e 1/2 kr
u(0) = w(0,60,, D) < (1(2_)@1/2 exp <—7r/0 t@ﬁt)) , 0<k<l1. (15.22)

15.1.5 The Carleman-Tsuji estimate: the main step

Let 0 < r < oo and let D be a semi-regular domain containing 0 and meeting the circle |z| = r. Let D,

be the component of DND(0, ) containing 0, and let H, = 0D, \ 0D, so that H, C DN{z : |z| =}.

Note that H, is a relatively open subset of D,.. Note also that D, is semi-regular (if = is a boundary

point of D and D, then a barrier for x, D will serve for =, D,., while if z is in H, then x satisfies the

condition 9.1.8). Let Ey be a compact subset of 9D, such that Ey C H, and let u(z) = w(z, Ey, D).
Let n be a positive integer, and define building blocks of the n'th stage to be the sets

{zolzf <27}, {z:p27"r <[z < (p+1)27"r, w27 <argz <m(¢+1)27"}, pgeN

Let D} be the union of all blocks of the n'th stage which are contained in D, and let D,, be that
component of the interior D;;* of D}, which contains 0. Obviously D} C Dy ., and so D;* C D%
and D, C Dy41.

Claim 1: D =J,” | D

To see this, take z € D and join 0 to z by a path v in D. If n is large then 27" is small com-
pared to dist(y,dD) and so a neighbourhood of v lies in D}. This proves Claim 1.
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Note that it follows that D,,, for large n, meets the circle |z| = 7.

For each n, let D,,(r) be the component of D,,ND(0, r) containing 0, and define 8,,(r) = 0Dy, (r)\0D),.
Since D,, C D,,11 we clearly have D, (r) C Dy11(r).

Claim 2: |J)° | Dy, (r) = D,.

Since D,, € D we have D,(r) € D,. Now join 0 to z in D, by a path v in D,. Then for large
n we have v C D?* and so v C D,,.

Claim 3: let x € Fjp; then there exists § > 0 such that, for all sufficiently large n, we have
D(z,8) N D(0,7) C Dyp(r) and {z : |z| =7} N D(z,0) C O,(r).

To see this, note that since x € H, we have x € D. Thus by Claim 1 there exists 6 > 0 such
that D(z,6) is in D, for all sufficiently large p. Thus V' = D(z,d) N D(0,r) € D, N D(0,r) for all
large p.

Since x is a boundary point of D,, there exists y € V N D,. By Claim 2, we have y € D,(r)
for all large n, and so V' C D, (r) for large n, since V. C D,, N D(0,7) and V is connected. Since
D(z,0)N{z:|z| =r} C Cl(Dy(r)) N D,, the second assertion of Claim 3 follows.

It follows from compactness that the same n will serve for all x € Ey, if sufficiently large.

Let up(z) = w(z, 0, (1), Dy(r)) for large n. Since Dy, (r) C Dy y1(r) C D, §15.1.4 gives

e 1/2 kr
un(0) = w(0,0,(r), Dyp(r)) < (1(2_)]{:)1/Qexp <—7T/U tegt(t)> : (15.23)

Further, u, < wu,y1, by the comparison principle, and

v(z) = nh_}rrolo Un(2)

is harmonic in D,., by Harnack's theorem, using Claim 2 and the fact that u,, < 1.

We compare u to v. By Claim 3, if z € Ej then x is an interior point of 6, (r) for large n. Again
by Claim 3, there is some ¢ > 0 such that D(0,7) N D(x,6) C Dy(r) and as z — = with z € D(0,r)
we have 1 > v(z) > up(z) — 1 (note here that D, (r) is regular).

If x € D, \ Ep then x € 9D or |z| = r. Since D is semi-regular, it follows that, with finitely many
exceptions, u(z) — 0 as z — x from within D,. Thus we get u < v on D,. Since Ej is an arbitrary
compact subset of H, we have, using (15.23),

2¢)1/2 ko dt
w(0,H,, D,) < (1(_)k)1/2exp <—7['/0 tHE(t)> . (15.24)

15.1.6 The Carleman-Tsuji estimate

Let D be a semi-regular domain in C and let z € D. Let 0 <1 < 00,0 < k < 1 and 2|z| < kr. Let D,
be the component of D N D(0,r) containing z. Then with S(0,r) the circle |z| =r,

B 3(2¢)1/? ko dt
u(z) =w(z,8(0,r),D,) < mexp (—71' /2|Z %(ﬂ) . (15.25)
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Proof. We should more precisely write S(0,7)NdD, in place of S(0,r) on the LHS of (15.25). However,
the statement here is slightly stronger than that in Tsuji's book, in which only w(z, S(0,7) N D, D,) is
considered.

Assume first that D meets S(0,7) and let H, = 0D, \ 0D. Let U = D U D(0,2|z|) and let U, be the
component of U N D(0,r) containing z. Since D C U we have D, C U, and H, C L, = 90U, \ 9U.
Now

i (t) = 0p(t), (22| <t <),
and 6f;(t) = oo for 0 <t < 2|z|. Thus, using the comparison principle and Harnack's inequality,
w(z, Hy, Dy) < w(z, Ly, Uy) < 3w(0, L, Uy)

and (15.24) gives

3(2¢)1/? ko dt
H,, D)< 29 _ . 15.2
oot D) < e |7 [ (15:26)

Now take s with » — s small and positive. Let G be the component of D N D(0, s) containing z,
and let L = 0G \ 0D. Obviously G C D,.. Also 0. (t) < 67,(t) and (15.26) gives

B 3(2¢)1/? ks dt
v(z) =w(z, L,G) < R exp (—77 /2|Z t@E(t)) . (15.27)

We compare u(w) to v(w) on G. If w — x € L, then v(w) — 1, since L is a relatively open subset
of S(0,s). On the other hand, if w = z € 0G \ L = 0G N OD then |x| < s. Thus z is in the
closure of D, but not in D, and so z is in the relatively open set 9D, \ S(0,7). Provided x is a regular
boundary point of D, it follows that u(w) — 0 as w — x, and we have already seen in §15.1.5 that
D, is semi-regular since D is. Hence, with finitely many exceptions, lim sup,,_,,csc(u(w) —v(w)) <0
and so u(z) < w(z). Since s is arbitrary in (15.27), we get (15.25).

Remark. With the above notation let Y, be the part of dD lying in |z| > r. Using the compari-
son theorem we get

w(z,D(0,7r)NID,, D,) <w(z,D(0,r)NOD,,D) <w(z,D(0,r)NID, D),
since evidently D(0,7) N oD, C D(0,7) N dD. Taking complements we get
w(z,Yr, D) <w(z,5(0,r)NdD,, D,)
and (15.25) can be applied again.

The next theorem is a typical application of this estimate 15.1.6 and is a powerful refinement of Lemma
14.1.1 and Corollary 14.1.3.

15.1.7 Theorem
Let v be subharmonic on the semi-regular domain D in C, and assume that

limsup v(z) <0
z—(,zeD
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for every finite boundary point ( of D. Assume further that r, — oo and

B(r.v) [
Tn,V)exp | —7 " —0
1 tOh(t)

B(r,v) =sup{v(z) : z € D,|z| =}.

asn — oo, in which

Then v(z) <0 on D.

Proof. Assume that v(z) > 0 for some z in D. The two-constants theorem gives
v(2) < B(rp,v)w(z, S(0,m0), Dr,)
and applying the Carleman-Tsuji estimate 15.1.6 the RHS tends to 0.

Note that if D is a sectorial region {z : |z| > R,a < argz < b} then

r/2
0p(t) = (b—a), exp <—7r/1 t@?(t)) — (r/2)"/(0=0),

and so Corollary 14.1.3 is a special case of this result.

15.1.8 Boundary behaviour of harmonic measure: revisited

Let D be a semi-regular domain in C with 0 € X = d,,D. Let E C X be closed, with 0 ¢ E. If 0
is regular for D then by §10.1.9 we know that w(z, F,D) — 0 as z — 0,z € D, whereas if 0 is not
regular then Example 10.1.10 shows that this may fail.

On the other hand if S(0,t) meets the complement of D for every t > 0 then 6},(t) < 27 for
t > 0 and the Carleman-Tsuji estimate shows that for a given component D, of D N D(0,7) we have
w(z,8(0,7),D,) — 0 as z — 0. Indeed, for this to hold it is only necessary that S(0,¢) meet C\ D for
a sufficiently “thick” set of ¢ tending to 0.



Chapter 16

Two fundamental results on
asymptotic values

16.1 Transcendental singularities of the inverse function

Let f be non-constant and meromorphic in the plane, let a € C and ¢t > 0, and let C(t) be a (non-
empty) component of the set {z € C: |f(2) — a| < t}.

Then 1/(f — a) must be unbounded on C(t). To see this, assume without loss of generality that
t =1, and suppose that 1/(f — a) is bounded on C(1) = D. Then 1/(f — a) is analytic on D, and
setting

1
u(z) = logm (ze D), u(z)=0 (z¢D),

defines a non-constant bounded subharmonic function in C. This is a contradiction.

Assume now that we have a family of such components C(t),0 < t < tp, with the property that
C(t) C C(s) for t < s. Then there are two cases to consider.

Case 1: there exists 20 € (g4, C(1)-

Then evidently f(z9) = a. Let s > 0 and pick r with 0 < r < s such that f — a has no zeros in
0<|z—20 <r. Let T =min{|f(z) —a|:|z— 20| =71} Then C(t) C D(zo,7) C D(20,s) fort <T.
In particular, (Ngs4, C(t) = {20} and C(t) is bounded for small positive t.

Case 2: [yo4ey, C(t) = 0.
For each large positive integer n, choose z, € C(n) and a path ~, from z, to z,4+1 in C(n). The union
of these gives a path «(¢) such that f(y(t)) — a as t — 0.

We assert that y(t) — 0o as ¢ — co. Assume not. Then there exist ¢,, — oo with |y(ty,)] < M < 0o
for all m € N, and without loss of generality v(¢,,) = w € C as m — oo. Since f(7(t,)) — a we must
have f(w) = a. Let L be a positive real number. Then |f(z) — a|] < L on some open neighbourhood
U, of w. Since y(ty) — w and (ty,) € C(L) for large m, we have U, N C(L) # () and hence
w € Ur, C C(L). This contradicts the assumption that the C(t) have empty intersection.

We have thus shown in Case 2 that f(z) tends to a along a path tending to infinity. In particular,
if f is transcendental then a is an asymptotic value of f and the C(t) are said to determine a transcen-

242
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dental singularity of f~! over a.

Note that transcendental singularities do not arise for rational functions, as Case 2 for rational functions
simply corresponds to f(oo) = a. Further, critical values of a meromorphic function f are sometimes
referred to as algebraic singularities of f~1.

Conversely, suppose that the transcendental meromorphic function f(z) tends to a as z tends to infinity
along a path 7 in C. Then for each positive real number ¢ there exists a unique component C(t) of the
set C'(t) = {z € C: |f(2) — a|] < t}, such that C(t) contains an unbounded subpath of ~. It is clear
that C'(t) C C(s) if 0 <t < s. Since the C(t) are all unbounded, they must satisfy Case 2, and their
intersection must be empty.

A transcendental singularity of f~! over a is said to be direct if C(t), for some t > 0, contains
finitely many zeros of f — a. Since the intersection of all the C(t) is empty there then exists t; > 0
such that none of these zeros lies in C(t) for t > t1. In particular C(t), for small positive ¢, contains
no zeros of f —a. The contrary case is that of an indirect singularity, in which C'(¢) contains infinitely
many zeros of f — a, for every t > 0. Transcendental singularities of f~! over oo, direct or otherwise,
are defined by considering 1/f.

For example, the function z/sinz tends to infinity along the positive real axis, and this singularity
is indirect, while ze* has direct singularities over 0 and co.

16.2 The Denjoy-Carleman-Ahlfors theorem

16.2.1 Lemma

Let n > 2 be an integer. Let D;,j =1,...,n be pairwise disjoint domains, and let u; be non-constant
subharmonic functions such that u; vanishes outside D;. Assume that h(r) is a positive function such
that, for each j, we have B(r,u;) < O(h(r)) as r — co. Then we have

lim inf hr)

r—oo pn/2

> 0.

Proof. Since each u; is non-constant and vanishes outside D;, each domain D; must be unbounded.
Let 0;(¢t) = 0D, (t) be defined as in 15.1.3. Note that if ¢ is large then 6;(t) < 2w, because n > 2 and

the circle |z| = ¢ meets Dy, for k # j. Theorem 15.1.7 implies that for each j, as r — oo,

Toodt
77/ <log B(2r,u;) + O(1) <log h(2r) + O(1). (16.1)
1 tej(t)
But, since the D; are pairwise disjoint, the Cauchy-Schwarz inequality gives
n 2 n n n
n?= D00 20,072 <D0 0 < 2wy 6,07
j=1 j=1 j=1 j=1

if t is large. Thus for large r we have, using (16.1),

& Tdt
2logr — O(1) < 2 / < 2nlog h(2 1
n“logr —O(1) < j;ﬂ' B0 S nlogh(2r) + O(1),
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and this proves the lemma.

16.2.2 Theorem (Denjoy-Carleman-Ahlfors)

Suppose that f is transcendental and meromorphic in the plane, and that the inverse function f~1 has
n > 2 direct transcendental singularities, lying over ai, ..., ay (not necessarily distinct). Then

T
lim inf (r. /)

T—00 r”/2

> 0. (16.2)

In particular, the lower order of f is at least n/2.
Moreover, if F' is transcendental and meromorphic in the plane and F~! has a direct transcendental
singularity over oo and F'(z) is bounded on a path tending to infinity then

lim inf M

r—oo  pl/2

> 0.

Proof. To prove the first part assume that all the a; are finite. Thus there exists 6 > 0 such that
for each j = 1,...n we can find a non-empty component D; of the set {z € C: |f(z) —a;| < 0}, such
that f(2z) # a; on D; and such that the D; are pairwise disjoint (if a; = a;, then Dj;, D}, are distinct
and so disjoint components).

For each j we define a non-constant subharmonic function w; by

J

uj(z) = log ’M (z€Dj), wui(z)=0 (z¢&D;).

By Theorem 8.3.5,
B(r,uj) = sup{u;(2) : |z| =7}

satisfies
2w )
Blr,u;) < 3/ w; (2reit)dt < 3m(2r,1/(f — ay)) + O(1) < 3T(2r, f) + O(1).
0
The result then follows by applying Lemma 16.2.1 with h(r) = T'(2r, f).

To prove the second part, apply the first part to f(z) = F(22), which has two direct singularities
over oo.

The theorem is sharp, since e* has order 1 and two direct transcendental singularities (over 0, c0).

16.2.3 Corollary
Let f be a transcendental entire function with n > 1 finite asymptotic values. Then f satisfies (16.2).
Proof. We can assume that there are simple paths v; — 00,5 = 1,...,n, pairwise disjoint except

that each starts at 0, and such that f(z) — a; € C as z — oo on 7;. (To ensure that each path is
simple we can first approximate by a stepwise curve and then delete any repeated segments of the curve).
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Let vy4+1 = Y. In the region D; between «y; and 7,41 the function f must be unbounded, by Theorem
14.2.2. This gives us n direct transcendental singularities over oo, with f bounded on the intermediate
paths, and proves the result.

This theorem is also sharp, as

f(z) = /0 L

has order 1, and two finite asymptotic values.

16.3 Two lemmas needed for the Bergweiler-Eremenko theorem

The Bergweiler-Eremenko theorem is a striking result from [20] connecting the critical and asymptotic
values of a meromorphic function, which has subsequently found widespread application in value distri-
bution theory. The result shows that if f is a transcendental meromorphic function of finite order then
any direct transcendental singularity of f~! must be a limit point of critical values. We will present the
subsequent modification by Hinchliffe [46], which shows that the result remains true for functions of
finite lower order.

The proof will require the following lemma [59, p.287] on isolated singularities of the inverse function.

16.3.1 Lemma

Let f be transcendental and meromorphic in the plane, and let 0 < S < oo, and let C' be a component
of the set {z: S < |f(2)] < oo}. Let zp € C with wy = f(zo) finite and f'(z9) # 0, and let g be that
branch of the inverse function f~' which maps wq to zy. Suppose that g admits unrestricted analytic
continuation in the annulus S < |w| < oo, starting at wy. Then C' is simply connected, and contains
either one pole (possibly multiple) of f, or no pole of f but instead a path o tending to infinity on
which f(z) — oc.

Proof. We may assume that S = 1. Choose vy such that e = wy = f(zy9). Then, starting at
Vo,
h(v) = g(e”) = fH(e")

admits unrestricted analytic continuation in the half-plane U given by Re(v) > 0. By the monodromy
theorem, h then extends to an analytic function on U, with f(h(v)) = e”.

Next, h maps U into C. Indeed, h(U) = Cy = {z € C : f(z) # oo}, for if z; € Cy we can choose
a simply connected domain C with {zp, 21} C C; C Cjy. Since f maps Cp into 1 < |w| < oo, we may
define an analytic branch of F' = log f on Cy, mapping C; into U. Further, e/’ = f maps 2y to wg and
h(F) is the identity near zy, and this remains the case throughout C; by the identity theorem. Thus
z1 = h(F(z1)) € h(F(Cy)) C h(U).
There are now two possibilities to consider.

Case 1: suppose that h is univalent on U. In this case the image under z = h(v) of Re(v) = 1
is a simple curve L, on which |f(z)] = e. We assert that L must tend to infinity in both directions.
Since f(h(1+ k2mi)) = e for every integer k, it is clear that (1 +14y) must be unbounded as y — +o0,
and as y — —oo, in both cases with y real. If we have |h(1 + iy)| < M < oo for arbitrarily large |y],
with y real, then there must be infinitely many points on the circle |z| = 2M with |f(z)| = e. This is
impossible, since f is transcendental, and so h(1 4 iy) — oo, as asserted.
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Next, the function H(v) = 1/(h(v) — h(1/2)) is bounded on Re(v) > 1, by the open mapping theorem
and the assumption that h is univalent. Thus, by the Phragmén-Lindelof principle, we have H(v) — 0,
and h(v) — oo, as v — oo with Re(v) > 1. It follows that Cj is an unbounded simply connected
domain and for the path o we may take h: [1,00) — Cp.

We deduce that C' cannot contain a pole of f. To see this, suppose z5 is a pole of f in C', and
take a sequence u, in Cy, with u, — 23, and s, € U such that h(s,) = u,. Since e** = f(h(s,)) =
fluy) — oo, we get s, — 0o,Re(s,) > 1, and so u,, = h(s,) — oo, which is a contradiction. Thus
C = Cp and C is simply connected; further, F' = log f may be defined on C', mapping 2y to vg, and
h(F) is the identity near zy and so throughout C, while F'(h) is the identity near vg and so on U. This
completes the proof of the lemma in this case.

Case 2: Suppose that we have vi,ve € U with vy # v, h(vi) = h(va). Then e" = f(h(v1)) =
f(h(v2)) = €" and so ve = v; + m2mi for some integer m. If v is close to v; then the open mapping
theorem tells us that h takes the value h(v) at some v’ close to va, and we must have (v —v)/2mi € Z
and so v/ = v + m2mi. Thus h has period m2mi near v1 and so throughout U.

Let k& be the smallest positive integer such that h has period k2mi. In this case the function G({) =
h(klog¢) = g(¢*) is analytic and univalent in W = {¢ : 1 < |¢| < oo}, and maps W onto Cy. To
see this, just note that GG can be analytically continued along any path in W, and continuation in W
once around 0 leads back to the same function element, by the periodicity of h. Since G is univalent,
21 = lim¢ 00 G(() exists.

Suppose that z; = oo. If 7 is large, then G takes the value 7 at ¢ with ( large, and this gives
f(m) = f(G(Q) = f(g9(¢*¥)) = ¢ so that f(7) is large. But this gives lim, . f(7) = oo, contradict-
ing the fact that f is transcendental. Thus z; is finite. The same argument shows that f(z) is large
for z close to z1, and so z; is a pole of f.

We now see that G is univalent on W* = W U {cc0}, mapping W* onto Cy U {21}, which is therefore
simply connected, so that z; is the only pole of f in C. This may also be seen as follows: if u, € Cy
and f(u,) — oo take ¢, € W with G(Cn) = up. Then Cﬁ = f(g(Cﬁ)) = f(G(¢n)) = f(un) — oo and
so ¢, — o0 and u, = G((,) — 21.

Finally, we note that since z = G(¢) = g(¢*) is univalent on W*, it follows that ( = G~!(z) =
f(z)l/k is meromorphic and univalent on C, so that 2z is a pole of multiplicity k. This completes the
proof of Lemma 16.3.1.

The next lemma [55] gives an estimate for the length of level curves of a meromorphic function, and
is a slightly more precise version of [56, Lemma 2].

16.3.2 Lemma

Let G be transcendental and meromorphic in the plane, and let a € (1,00). For w € C and positive
r and R, let L(r,w, R,G) denote the length of the level curves |G(z)| = R lying in D(w,r), and set
L(r,R,G) = L(r,0,R,G). Let 1(t) be continuous, positive and non-decreasing on [1,00) such that

< 1 log v
——d . .
/1 S (16.3)

Then if the positive constant S is large enough there exist uncountably many R € (S,2S) such that
L(r,R,G)? < cr®*y(ar)(T(ar,G) +logS), r>1, (16.4)
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in which c is a positive constant depending only on «.

Proof We use the length-area inequality as in [39, Theorem 2.1, p.29] (see also [73, p.44]). Let A
be an open disc in C of area A. Then

25 2
/ LA RG)Y (p ora, (16.5)

s P(ARG)R

in which L(A, R, G) is the length of the curves |G(2)| = R in A and

1 2 )

p(A7 R7 G) = 27 / n(A7 R€Z¢7 G)d¢a (166)
T Jo

where n(A, a, G) is the number of roots of G(z) = a in A, counting multiplicity.

Denote by ¢; positive constants depending only on . Set 8 = /o and ry = 89,¢ = 0,1,2,....
Then (16.3) gives

qu 9rg) ~ Tog / W™ <2 (16.7)

Assume that S is large. Then for ¢ real and for S < R < 25 we have co > |G(0) — Re?®| > 1. This
gives, for r > 1,

n(D(0,7), Re'®, G) n(r, Re', @)

coN(Br,1/(G — Re™))

coT(Br,G — Re'®) + Cf

coT (Br,G) + colog R+ colog 2 + CF

coT(Br,G) + c11og S.

(VAN VAN VAN VAN VAN

Here the constant C] only arises if G(0) = oo. Substituting this estimate into (16.5) and (16.6) gives,
for r > 1,

28 2
L(r,R,G
/ LB G 1k < oy (T(8r, G) + 108 ).
g R
Hence if the positive constant c3 is chosen large enough then for each ¢ € N there exists a subset F,

of (5,25) with
dR  log2

E, R = ¥(rq)

such that for all R € (S,25) \ E, and for ry_1 < r <1y we have

(16.8)

L(T, Ra G)Q S L(TqaRa G)2
< 63r§1/;(rq)(T(qu, G) +log S)
<

cyr®Y(ar)(T(ar,G) 4 log S).

Since (16.7) and (16.8) give

dR  log?
/ ot 082 (16.9)
Uz, B, B 2

(16.4) follows.
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16.4 The Bergweiler-Eremenko theorem: preliminaries

Following [20, 46], the key step is to prove the following proposition.

16.4.1 Proposition

Let f be transcendental and meromorphic of finite lower order in the plane, such that f~' has an
indirect transcendental singularity over 0. Let the components C(t) be as in §16.1. Then for every
t > 0 the component C(t) contains infinitely many zeros of f'.

The proof of Proposition 16.4.1 will take up the whole of this section. Assume throughout that f
is transcendental and meromorphic of finite lower order in the plane, and that f~! has an indirect
transcendental singularity over 0, such that C(e), for some ¢ > 0, contains finitely many zeros of f’.
By reducing ¢, if necessary, it may be assumed that C'(g) contains no zeros of f’.

16.4.2 Lemma

Let 0 < § <e. Let z; € C(9), with f(z1) = 0. Then there exist a with 0 < |a| = r < ¢ and a simply
connected domain D C C(9), such that f maps D univalently onto D(0,r), and D contains a path o
tending to infinity on which f(z) — a as z — oo, mapped by f onto the line segment w = ta,0 <t < 1.

Proof. Let g be that branch of the inverse function f~! which maps 0 to z;. Next, let r be the
supremum of positive real t such that g extends to be analytic in D(0,t). We have r» > 0, since f
is univalent on a neighbourhood of z;. Further, g is analytic on D(0,r), and univalent there, since
g(w1) = g(we) gives w1 = f(g(wi1)) = f(g(ws2)) = wy. Moreover, D = g(D(0,r)) is a simply con-
nected domain and |f(z)| — r as z tends to the finite boundary 9D, and so D is that component of the
set {z: |f(2)| < r} which contains z;. It follows that r < §, for otherwise we would have C(é) C D,
which contradicts the fact that C'(0) contains infinitely many zeros of f. In particular, we now have
D C C(9).

Now suppose that, for every a with |a| = r, the branch g of f~! can be analytically continued
along the line segment w = ta,0 <t < 1. Then each such continuation defines an extension h, of g
to a disc U, = D(a,d,),d, > 0. If U, N U, # 0, then h, = hy = g on the non-empty intersection
U, NU, N D(0,7). Since U, N Uy is connected we get h, = hy on U, N Up. But the circle |w| = 7 is
compact, and can be covered by finitely many such U,, from which it follows that g extends analytically
to a disc D(0,71),7 > r, and this is a contradiction.

It follows that there is some a with |a| = r such that g does not admit analytic continuation along
the path w = ta,0 <t < 1. Now the path g(ta),0 <t < 1, lies in D and so in C(4), and so does its
closure in the finite plane, since r < §. It follows that, as ¢ — 1—, g(ta) must tend either to infinity
or to a critical point of f, and the latter is ruled out since f has no critical points in C'(6). Thus we
obtain the path o.

16.4.3 Lemma

There exist points z; — 00, zj € C(¢), and distinct complex numbers a; with 0 < |a;| < /2, and pair-
wise disjoint simply connected domains D; C C(¢g), with 0 € D;, with the following properties. First,
f maps D; univalently onto D(0,7;), with f(z;) = 0. Second, each D; contains a path o; — oo on
which f(z) — a; as z — oo, and the path o; is mapped by f onto the line segment w = ta;,0 <t < 1.

Proof. The z;,a; will be defined inductively. Take 21 € C(3¢) with f(21) =0, and let a = a1, D =
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Dq,0 = 01 be as in Lemma 16.4.2. Assuming that z,_1, D,_1 have already been determined, we need
only take z, € C(%rn_l), with f(z,) = 0 and z, # zj,1 < j < n —1, and determine Dy, 7y, apn,0p
as in Lemma 16.4.2. We assert that the D; are pairwise disjoint. If m < n and D,, meets D,, then,
since D,, is a component of the set {z : |f(z)| < mn}, we have D,, C D,,. But this is a contradiction
since z, # 2z, and f is univalent on D,,. It now follows that the D; may be chosen so that 0 ¢ Dj,
by deleting one of the D; if necessary.

16.4.4 Lemma

Let the z;,a; and D; be as in Lemma 16.4.3. Fort > 0, let t0;(t) be the length of the longest open
arc of |z| =t which lies in D;. As z tends to infinity on o;, we have

) lz2l gt
.
logJZ/ —— —log 2. 16.10

7@ —al = )\, 80 (16.10)

Proof. The function h;(z) = f(z)/r; maps D; univalently onto A, with z; mapped to 0. By §7.2.3
and Lemma 7.2.5 we then have

oo (LGN A at
o2 (1 = Ihj(Z)) =z Aln, 2 /| t0;(1) (16.11)

But f maps o; onto the line segment w = ta;,0 <t < 1, and so 1 — |h;(z)| = |f(z) — a;|/r;. Since
log 2 > log(1 + |hj(2)|), (16.10) now follows from (16.11).

16.4.5 Lemma

Let u lie on 0. Then there exists v on o, with |u| < |v| < |u| 4+ 1, such that

max{|f(v) = a;, [f'(v)[} < |f(u) = a;l.

Proof. Starting at u, follow o; in the direction in which |f(z) — a;| decreases. Then o; describes
an arc v joining the circle |2| = |u| and |2| = |u| + 1. Then the inverse function g = f~* maps a
sub-segment I of [f(u),a;) onto v, and so

1< ‘ / g’<<>d<' <1 (w) — a5l max{|g ()] : ¢ € T}.

16.4.6 A sequence on which T'(r, f') grows slowly

Since f has finite lower order, so has f’, and hence there exist a real number M > 12 and a sequence
(sn) tending to infinity such that

T(s, f))+T(sh,1/f) < s (16.12)
Let N, K and L be integers, with N/M, K/N and L/K large. Set

G(z) = 2V f/(2), (16.13)
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and apply Lemma 16.3.2 to 1/G, with a = €% and (t) = t. This gives a small positive 1 such that G
has no critical values w with |w| = n and such that

L(r,n,G)?* = O(r*T(ar,G)) = O(r*T (ar, )
as r — oo. In particular, since M > 12,
L(s*,n,G) = O(sST(ast, f)/?) = O(s5+M/2) < sM (16.14)

as n — oQ.

16.4.7 Lemma

For each large n there exist t,,, T}, satisfying

si?2_1<t,<sl? $2<T,<sE+1, (16.15)
such that
max{|log|f'(2)|| : z € S(0,t,) US(0,T},)} < sM+L, (16.16)

Proof. By (16.12) and standard estimates (see §3.2.7), the number of zeros and poles of f in

1/4 4 . C e .
sy’ < |z| < s;,, counting multiplicity, is

Gn < n(sn, 1)+ n(sy, 1/f) < 83

Label these zeros and poles as wi, ..., w,, and let U, be the union of the discs D(w;,s,;M=1), j =
1,...,qm. Then the discs of U,, have sum of radii at most s, and so for large n it is possible to choose
tn, T}, satisfying (16.15) and such that the circles S(0, t,,), S(0,T;,) do not meet U,,. But then standard
estimates based on the Poisson-Jensen formula give, for z € S(0,%,) U S(0,T5,),

|log|f'(2)]| < O(T(sy,, ') + Olanlog ) < 55"

if n is large enough.

16.4.8 Lemma

Let 7 > 0 and for large n let t,, and I}, be as in Lemma 16.4.7. Provided the positive integer N was
chosen large enough, any component C,, of the set

{zeC:t, <|z] <Th, |G(2)| < n}

satisfies
diamf(C) < 7.

Proof. Fix z* € C and choose any z € C'. Join z* to z by a path X in the closure of C consist-
ing of part of the ray argu = arg z*, |u| > t,, part of the circle |u| = |z|, and part of OC. Since

| (w)] < nlu|™ < ns, M/

on A this gives, using (16.14),

() = F(z9)] < 2mmlN g / Nat 4+ sMpsi N = of1),
tn

which proves the lemma.
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16.4.9 Lemma

Let Q € N,Q > 4L. Let n € N be large and let E1, ..., Eqg be pairwise disjoint domains such that
for each j and each t > 0 the circle S(0,t) is not contained in Ej. Fort > 0 let ¢;(t) be the angular
measure of S(0,t) N Ej;.

Then at least () — 2L of the domains E1, ..., Eqg are such that

> Klogs, and 7r/ > Klog sp,. (16.17)

dt
T
/[4371/ 2 50 /4) 105(t) sn,s2 /4] 195 (t)

Proof. Assume that at least L of the Ej, without loss of generality D1,..., Ep, are such that the
second inequality of (16.17) fails (in particular, the closure of each of these E; must therefore meet
S(0,4s,,) and S(0, s2/4), because otherwise the given integral would evidently be infinite, and hence
each of these E; must meet S(0,¢) for 4s, <t < s2/4). By our assumption,

Looa

s < LK log sy,. 16.18
/[4sn, 2 /4) z_:l to;(t) & ( )

But the Cauchy-Schwarz inequality gives, for t € (4sn ,52/4),

L

L L
>0 Z%( (Yo

Jj=1

On integrating from 4s,, to s2/4 and using (16.18), this leads to
L*log(sn/16) < 2LK log sy,

an obvious contradiction if n is large enough, since L and K were chosen in §16.4.6 with L/K large.
The same argument shows that it is not possible for the first inequality of (16.17) to fail for L of the
E;.

16.4.10 Completion of the proof of Proposition 16.4.1

Let aq1,...,agr, be as in Lemma 16.4.3, and choose 7 such that
0<7<e/4, 47 <min{laj —ay|:1<j<j <6L}. (16.19)
Let n € N be large, and apply Lemma 16.4.9 to the domains Dy, ..., D¢y, corresponding to a1, ..., agL,

as in Lemma 16.4.3. Let u; € o; with |uj| = s,. Then applying Lemma 16.4.4 gives

log > Klog s, — O(1),

r;
|f(u]) - a]‘

by (16.10) and (16.17) for at least 4L of the a;, which after re-labelling we may assume are a1, ..., a4r.
Applying Lemma 16.4.5 now gives v; satisfying

v; € Dy, sp < |vj| <sp+ 1, max{|f(vj) —aj|,|f(v;)|} <sp K, j=1,...,4L.  (16.20)

Since K /M s large this gives, in particular, |G(v;)| < n, where G and 7 are as in (16.13) and (16.14).
Let ¢, and T}, be as in Lemma 16.4.7, and let C; be that component of the set

{zeC:t, <|2z| <Tp, |G(2)| <n}
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which contains v;. Then the diameter of f(C;) is at most 7 by Lemma 16.4.8, and
1f(2) —a;| <T+sL7F <7+0(1)

for all z € Cj. In particular this implies using (16.19) that the following hold:

(a) C1,...,C4y are pairwise disjoint;

(b) each of Cy,...,Cyz, lies in C(g) and so contains no zeros of f/;

(c) for 1 < j,7" < 4L, j # j' the component C; does not meet the path o; of Lemma 16.4.3, since

f(2) =aj +o(1) for z € 0, |2| > t,, and in particular C; cannot contain a circle S(0,t),t > 0.
Lemma 16.4.9 may now be applied again, this time with £; = C; and ¢;(t) the angular measure

of C; N S(0,t), and it may be assumed without loss of generality that (16.17) holds for j =1,...,2L.

The Carleman-Tsuji estimate for harmonic measure (§15.1.6) and the conformal invariance of harmonic

measure now give

(0;,C;, S(0,T) U S(0.4) i _di e _dt
w\vj5, Uy, 07 n) U Oatn < ¢ €xXp _7T/ —— | +c1exp —7{'/ _
. ' 2o, 195(1) ' o, 16(t)

< sy, (16.21)

using (16.15), (16.17) and (16.20), in which ¢y, c2 are positive constants independent of j and n.
Since

1
1 (2) =nlz| ™ > 17N > 5775;21\[ for z€0C;\ (5(0,t,) US(0,T},)),

the two constants theorem 10.2.10 may be applied to log |1/ f/(z)|, which is subharmonic on C; by (b).
This gives, using (16.16), (16.20) and (16.21),

1
(K — 1) IOgSn < logm < 623;]1\4"'1—[( + 2N10g3n 4 O(l),
J

a contradiction if n is large enough, since K and N were chosen in §16.4.6 with K/N large.

16.5 Statement and proof of the Bergweiler-Eremenko theorem

16.5.1 Theorem

Let f be transcendental and meromorphic of finite lower order in the plane, with an indirect transcen-
dental singularity over a € C. Then for every t > 0, the corresponding component C(t) contains
infinitely many critical points z of f with f(z) # a.

In particular, if f has finite lower order and finitely many critical values then every every asymptotic
value of f corresponds to a direct transcendental singularity of the inverse function f~'.

Proof. Assume the contrary. Then there is some ¢ > 0 such that the only critical points of f in
C'(e) are zeros of f — a. Assume without loss of generality that a = 0. Since f has finite lower order,
f can have only finitely many direct transcendental singularities, by the Denjoy-Carleman-Ahlfors theo-
rem, and we assume that ¢ is so small that there is no w with 0 < |w| < ¢ such that f~! has a direct
transcendental singularity over w.

Take zp € C(e), with f(z0) = wo # 0, and a path v : [0,1] —» {w : § < |w| < e — 4}, with §
positive but small compared to |wp|, such that v starts at wg. Let g be that branch of f~! mapping
wo = f(20) to 29, and suppose that analytic continuation of g along ~ is not possible. Then there exists
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S € [0,1] such that as ¢t — S—, z = g(y(t)) either tends to infinity or to a critical point z; of f with
d < |f(z1)] < e&—0. But the latter may be excluded since g(+y(t)) € C(e) for 0 < ¢ < S, which implies,
since |f(z1)| < e — 4, that z; € C(e), which is impossible by assumption. It follows that the path o
given by z = g(y(t)),0 <t < S, is a path tending to oo, and lying in C(g), on which f(z) — w; as
z — 00, with § < |w;| < e—4. But then an unbounded subpath of ¢ lies in a component C’ of the set
{z :|f(z) —w1| < §/2}, and C" C C(e). Hence f’ has no zeros on C’. Further, the singularity over
w1 must be indirect, since we have excluded direct singularities with 0 < |w| < €, and this contradicts
Proposition 16.4.1.

Since § may be chosen arbitrarily small, we now see that g admits unrestricted analytic continuation
in 0 < |w| < e. But, using Lemma 16.3.1, this implies that C(¢) is simply connected, and contains at
most one zero of f, which contradicts the definition of an indirect singularity.

16.5.2 Theorem

Let f be transcendental and meromorphic in the plane.
(a) Suppose that f' has finitely many zeros. Then

T
lirginfM > 0. (16.22)
r—00 r
(b) Suppose that f'/f has finitely many zeros. Then
T
iminf L2 S) S ) (16.23)

r—00 7“1/2

If, in addition, f has finitely many poles, then (16.22) holds.

Theorem 16.5.2 is Hinchliffe's refinement [46] of results from [25, 26]. The elementary examples
tanz,tan2 z, as well as examples of larger order constructed in [25] using Riemann surfaces, show
that both parts of the theorem are sharp. The proof here will be based on the unified approach given
in [20], and in particular on the following lemma.

16.5.3 Lemma

Let f be transcendental and meromorphic in the plane such that f has infinitely many zeros but no
asymptotic values in A = {w € C: 0 < |w| < oo}. Then f has infinitely many critical points z with
f(z) € A.

Proof. Let a € C with f(a) = 0 and let m € N be the order of the zero of f at a. Let g(z) = f(z)/™
near a and let h be the branch of g~! mapping 0 to a. Let r be the supremum of positive ¢ such that
h admits unrestricted analytic continuation in |w| < t. Then h extends to be analytic on D(0,7) and
hence 7 must be finite, since otherwise h is a univalent entire function and so a linear function, from
which it follows that f is a rational function, which is a contradiction.

A compactness argument then gives b with |b| = 7 such that h cannot be analytically continued
along the closed line segment [0,b]. Ast — 1— with ¢t € (0,1) the preimage z = h(tb) cannot tend
to infinity, because otherwise we obtain a path tending to infinity on which g(z) tends to b and f(z)
tends to ™ € A, a contradiction. Hence there exist a sequence t,, € (0,1) with ¢,, — 1 such that
Zm = h(tmb) tends to z* € C, and g(2*) = b, f(2*) =™ € A. Thus z* must be a critical point of f,
because otherwise i could be continued along [0, b] all the way to b.

Since f has infinitely many zeros and since a critical point of f can be associated as above to at most
finitely many zeros of f, it follows that f has infinitely many such critical points z* with f(z*) € A.
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16.5.4 Proof of Theorem 16.5.2

Let f be transcendental and meromorphic in the plane such that that f'/f has finitely many zeros
(which is obviously the case if f’ has finitely many zeros) but f does not satisfy (16.22). Then f has
finitely many critical values and by Theorem 16.5.1 every asymptotic value of f corresponds to a direct
transcendental singularity of the inverse function f~!. By the Denjoy-Carleman-Ahlfors theorem, f has
at most one asymptotic value.

Assume first that f’ has finitely many zeros. Choose a € C such that f —a has infinitely many zeros.
Applying Lemma 16.5.3 shows that f has a finite asymptotic value b # a. Thus oo is not an asymptotic
value of f, and so by Iversen’'s theorem f must have infinitely many poles. Hence the function

1
9(z) = m

has infinitely many zeros and asymptotic value co. By Lemma 16.5.3 the function g also has a finite
non-zero asymptotic value, contradicting the fact that f has at most one asymptotic value. This proves
part (a).

To prove part (b) we may assume without loss of generality that f has infinitely many zeros, since
otherwise the result follows from part (a). Hence Lemma 16.5.3 shows that f has a finite asymptotic
value b # 0, and again oo is not an asymptotic value of f, and f has infinitely many poles, which proves
the last assertion of part (b).

Now choose § > 0 such that f has no critical or asymptotic values in 0 < |w — b| < 2§. Then
there exists a component C of the set {z € C : |f(z) — b| < §} containing a path tending to infinity
on which f(z) tends to b, and by Lemma 16.3.1 the component C' is simply connected. By the choice
of & the boundary of C is a union of simple curves each tending to infinity in both directions, and so
1/(f(z) —b) is bounded on a path tending to infinity. Thus f satisfies (16.23) by the Denjoy-Carleman-
Ahlfors theorem. This completes the proof of part (b).
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