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4d models

Braided spin networks determine 4d state sum models.

S = {irreducibles}

H(a1, a2, a3, a4) = Hom(a2 ⊗ a4, a1 ⊗ a3)



4-simplex weight

Braided spin network on ∂σ4 ∼= S3.



Examples

I Lie group e.g. SU(2) −→ Ooguri model

I Quantum group e.g. Uqsl2 −→ Crane-Yetter model

BF theory (heuristic)∫
DADB exp

(
i

∫
Bl ∧ (dA + A ∧ A)l + ΛBm ∧ Bm

)



Gravity action

Use SO(3, 1), Ai −→ Aab, antisymmetric∫
∗(ea ∧ eb) ∧ F ab +

1

γ
(ea ∧ eb) ∧ F ab

Compare with BF action∫
Bab ∧ F ab



When is Cab = ea ∧ eb?

1. Restricted to every 2-surface σ

2. Restricted to every 3-surface Σ



Quantization of constraints

SO(3, 1) has irreducibles X(p,k), k ∈ {0, 12 , 1, . . .}, p ∈ R.

1.

2.



4d gravity model

Z (M) =
∑
l

Z (M , l)
∏

k≤n−2

W (σk)

depends on the triangulation.



Regge calculus

Dsicrete general relativity on a triangulated manifold



Asymptotics of 4d gravity model



Observables

Z (M ; f ) =
∑
l

Z (M , l)
∏

W (σ)f (l)



Examples



Matter couplings



Exercises

1. In a theory based on SU(2) spin networks, explain why the
dimension of H(Xj ,Xk ,Xl ,Xm) = 0 unless j ≤ k + l + m.
Give a geometric interpretation of this inequality in terms
of the areas of the four faces of a Euclidean tetrahedron.

2. Find four Euclidean triangles that glue together to form
the boundary of a tetrahedron that does not embed
metrically in Euclidean 3-space. What other space does it
embed in?



4d Spin Foam References

I Ooguri: Topological lattice models in four dimensions

I Crane, Kauffman, Yetter: Evaluating the Crane-Yetter
Invariant

I Engle, Livine, Pereira, Rovelli: LQG vertex with finite
Immirzi parameter

I Barrett, Dowdall, Fairbairn, Hellmann, Pereira:
Lorentzian spin foam amplitudes: Graphical calculus and
asymptotics.

I Barrett, Fairbairn, Hellmann: Quantum gravity
asymptotics from the SU(2) 15j-symbol.



3d asymptotics References

I Ponzano and Regge: Semiclassical limit of Racah
coefficients

I Gurau: The Ponzano-Regge asymptotic of the 6j symbol:
an elementary proof

I Dowdall, Gomes, Hellmann: Asymptotic analysis of the
Ponzano-Regge model for handlebodies.

I Taylor and Woodward: 6j symbols for Uq(sl2) and
non-Euclidean tetrahedra



Observables references

I Barrett: Geometrical measurements in three-dimensional
quantum gravity

I Barrett, Garcia-Islas, Faria Martins: Observables in the
Turaev-Viro and Crane-Yetter models

I Freidel and Livine: Ponzano-Regge model revisited III:
Feynman diagrams and effective field theory

I Barrett: Feynman diagrams coupled to three-dimensional
quantum gravity

I Barrett, Kerr, Louko: A topological state sum model for
fermions on the circle


