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Abstract

Let E/Q be an elliptic curve. We investigate the denominator of the
modular symbols attached to E. We show that one can change the curve
in its isogeny class to make these denominators coprime to any given odd
prime of semi-stable reduction. This has applications to the integrality of
Kato’s Euler system and the main conjecture in Iwasawa theory for elliptic
curves.

1 Introduction

Let E/Q be an elliptic curve. Integrating a Néron differential wg against all
elements in Hy(E(C),Z), we obtain the Néron lattice £ of E in C. For any
r € Q, define A(r) = 2mi [ f(7)dr where f is the newform associated to the
isogeny class of E. A theorem by Manin [I0] and Drinfeld [5] shows that the
values A(r) are commensurable with Zg. In other words, if Q}, and Q2 are the
minimal absolute values of non-zero elements in £ on the real and the imaginary
axis respectively, then

Alr) = 2mi /tf(T)dT =[rg-Qp+rg-Qg-i

oo

for two rational numbers [r]£, which we will call the modular symbols of E.

The first aim of this paper is to improve on the bound for the denominator of
[r]£ given by the theorem of Manin and Drinfeld. Tt is not true in general that [r]%
is an integer for all r. The only odd primes that can divide these denominators
are those which divide the degree of an isogeny F — E’ defined over Q. Even by
allowing to change the curve in the isogeny class, we can not always achieve that
the modular symbols are integers; for instance 3 will be a denominator of [r|3 for
some 7 € Q for all E of conductor 27. However the following theorem says that
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we may get rid of all odd primes p such that p? does not divides the conductor N
of F.

Theorem 1. Let E/Q be an elliptic curve. Then there exists an elliptic curve E,,
which is isogenous to E over Q, such that [r}ﬁ. is a p-integer for all v € Q and
for all odd primes p for which E has semi-stable reduction.

As stated here one could take Fo to be one of the curves in the isogeny class
with maximal Néron lattice. However it is a consequence of theorem |4 which is
more precise and says that there is a curve F, whose Néron lattice is contained
in the lattice of all values of A(r) with index not divisible by any odd prime of
semi-stable reduction.

As a direct consequence of this theorem [] one deduces that the algebraic part
of the special values of the twisted L-series L(E,, X, s) at s = 1 are p-adic integers
for all Dirichlet characters x and all odd semi-stable primes p. See corollary [7]

The second part of this paper is devoted to another application of this theorem.
Let p be an odd prime of semi-stable reduction. Kato has constructed in [§] an
Euler system for the isogeny class of E. See section [3]for details of the definitions.
There are two sets of p-adic “zeta-elements”: First, a set of integral zeta elements
denoted by . qzm (a) in the Galois cohomology of a lattice Ty canonically associated
to f which provides upper bounds for Selmer groups. Secondly, a set of zeta
elements denoted by z, which are linked to the p-adic L-functions. The latter are
not known to be integral with respect to 7. We will show in proposition [8| that
T} is equal to the Tate module T}, F, of the curve E, in theorem []

Let K, be the n-th layer in the cyclotomic Zj-extension of Q. Let z €
lim | HY(K,,T,E,) ® Q, be the zeta element that is sent to the p-adic L-function
for E, via the Coleman map.

Theorem 2. If the reduction is good at p, then z belongs to the integral Iwasawa
cohomology lim HY(K,,T,E,).

The proof of this theorem is actually more precise. The global Iwasawa
cohomology group H' (T, E) with restricted ramification turns out to be very often,
but not always, a free module of rank 1 over the Iwasawa algebra of the Z,-
extension. If it is free for E = FE, then the integrality of z is easily deduced;
otherwise one can show that H'(7,E,) is at worst equal to the maximal ideal in
the Iwasawa algebra and the integrality above follows then from the interpolation
property of the p-adic L-function L,(E).

Another consequence of theorem [4 concerns the main conjecture in Iwasawa
theory for elliptic curves. We formulate it here for the full cyclotomic Z -extension.

Theorem 3. Let E be an elliptic curve and p an odd prime of semi-stable re-
duction. Assume that E[p] is reducible as a Galois module over Q. Then the
characteristic series of the dual of the Selmer group over the cyclotomic extension



(@(pr) divides the ideal generated by the p-adic L-function L,(E) in the Iwasawa
algebra A = Z,,[[Gal(Q((p~)/Q)]].

In the case when E has split multiplicative reduction, one can strengthen this
a bit, see theorem This theorem was proven by Kato in [§] in the case that the
representation on the Tate module was surjective. The method of proof follows
and generalises the incomplete proof in [27], where unfortunately the integrality
issue had been overlooked.

For most good ordinary primes p for which E[p] is irreducible the full main
conjecture, asserting the equality rather than the divisibility in the above theorem,
is now known thanks to the work of Skinner and Urban [22]. However their proof
of the converse divisibility does not seem to extend easily to the reducible case.

Nonetheless, the above theorem has applications to the conjecture of Birch and
Swinnerton-Dyer and to the explicit computations of Tate-Shafarevich groups as
in [23]. The theorem also implies that all p-adic L-functions for elliptic curves
at odd primes p of semi-stable ordinary reductions are integral elements in the
Iwasawa algebra. See corollary
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2 The lattice of all modular symbols

Let E be an elliptic curve defined over Q. Let p be an odd prime. We suppose that
E does not have additive reduction at p. The only case for which the integrality of
Kato’s Euler system may not hold is when E admits an isogeny of degree p defined
over Q; so we may just as well assume that we are in this “reducible” case. All
conclusions in this section and in the rest of the paper are still valid without this
assumption, however they are not our original work but rather well-known results.
Denote by N the conductor of E.

In the isogeny class of E there are two interesting elliptic curves. The first
is the optimal curve Ey with respect to the modular parametrisation from the
modular curve Xo(N), which is also often called the strong Weil curve. The second
is the optimal curve E; with respect to the parametrisation from X;(N). The
definition of optimality is given in [25], for instance the map H; (Xo(N)(C),Z) —
H, (EO((C), Z) is surjective. Another interesting curve for our considerations is the
so-called minimal curve (see [25]), which is conjecturally equal to E;, but we will
not make use of it in this article. Recall that a cyclic isogeny A — A’ defined over
Q is étale (this is a slight abuse of notation, we should say more precisely that
it extends to an étale isogeny on the Néron models over Z) if the pull-back of a
Néron differential of A’ yields a Néron differential of A.



Let f be the newform of level N corresponding to the isogeny class of E. We
write wy = 2mif(7)dT = f(q)dgq/q for the corresponding differential form on the
modular curve X;(N). For any curve A in the isogeny class of E, we define the
Néron lattice -Z4 to be the image of

/OJA: Hl(A((C),Z) — C

where w4 is a choice of a Néron differential. We denote by .4 and %, the lattices
ZE, and Zg, respectively. Then .Z is defined to be the lattice of all f7 wy where

7 varies in Hy (X1(N),Z). Finally, we define

2 -{ [ € 1 (X ()(©), fewsps) Z) .

obtained by integrating wy along all paths between cusps in X;(N). This is the
lattice of all modular symbols attached to f. By the theorem of Manin—Drinfeld
.,?f is a lattice with jf C £ Q. In fact, we know that all the lattices above are
commensurable and we view them now as Z-modules inside V = % ® Q.

Theorem 4. Let E/Q be an elliptic curve. Then there exists an elliptic curve
E,/Q in the isogeny class of E whose lattice L4 = L, satisfies Le®ZL, = jf®Zp
inside V ®Q,, for all odd primes p at which E has semi-stable reduction. Moreover
the cyclic isogeny from Ey to Ee is étale.

Alternatively, we could also say that the index of £, D jf is coprime to any
odd prime of semi-stable reduction. We should also emphasise that the statement
does not hold in general for primes p of additive reduction or for p = 2. Counter-
examples for these will be provided later. The proof will require some intermediate
lemmas.

Lemma 5. Let A/Q be an elliptic curve and let p be an odd prime. Suppose P
is a point of exact order p in A, defined over an abelian extension of Q which is
unramified at p. Then the isogeny with kernel generated by P is defined over Q.

Proof. Let G be the Galois group of Q(A[p]) over Q. Let H be the subgroup
corresponding to the field of definition Q(P) of P. Then H is a normal subgroup
of G with abelian quotient. In any basis of A[p] with P as the first element, the
group H is contained in (}*) when we view G as a subgroup of GLy(F,). Let
S = G NSLy(Fy) be the kernel of the determinant G — F . Hence H NS is
contained in the subgroup of matrices of the form ({ %). So we have two cases to
distinguish. Either H NS is equal to the cyclic group of order p of all matrices of

this form or it is trivial.
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But note first that the Weil pairing implies that Q(u,) is contained in Q(A[p]).
So G/S is isomorphic to S via the determinant. Since Q(P) is unramified at p,
it must be linearly disjoint from Q(y,,). For our groups, this means that HS = G.
Hence H/(HN S) = G/S =F,.

Case 1: HN S is equal to the cyclic group of order p generated by (). The
above then implies that H is equal to the subgroup of all matrices ({ ). Now G
is contained in the normaliser of this group H inside GLy(FF,), which is easily seen
to be equal to the Borel subgroup of matrices of the form (§ ;). In particular, the
subgroup generated by P is fixed by G.

Case 2: H intersects S trivially. Then Q(A[P]) is the composition of Q(u,)
and Q(P). Hence G is the abelian group H x S. Note that H is now a cyclic
group of order p — 1. Let h be a non-trivial element of H C {((1) I)} . It has two
eigenvalues, one equal to 1 and the other A must be different than 1 as otherwise h
would belong to S. Let @ € A[p] be an eigenvector for h with eigenvalue A and use
the basis {P, Q} for A[p]. For H to be an abelian subgroup of {(§ *)} containing
the element h = (} {), it is necessary that H is contained in the dlagonal matrices.
Therefore H is the group of all matrices of the form (§2).

We know that S has to commute with H. It is easy to see that this implies
that S is contained in the group of matrices of the form (§ 1%). It follows that
G is contained in the diagonal matrices. Once again the isogeny defined by P is
fixed by G. O

Lemma 6. Let A/Q be an elliptic curve and let p be an odd prime such that A
has semi-stable reduction at p. Let v € Q represent a cusp on Xo(N) such that the
image under the minimal modular parametrisation @, : Xo(N) — A in A(Q) has
order divisible by p. Let P € A(Q) be its multiple which has exact order p. Then
the isogeny with kernel generated by P is étale and defined over Q.

Proof. Let D be the greatest common divisor of the denominator of r and N.
Next, let d be the greatest common divisor of D and %. So by definition d is
only divisible by primes of additive reduction and hence it is coprime to p. By
the description of the Galois-action on cusps of X(N) given in Theorem 1.3.1.



in [24],we see that the cusp r on Xo(N), and hence its image in A(Q), are defined
over the cyclotomic field K = Q((4). The previous lemma [5| proves that the
isogeny generated by P is defined over Q. Since the kernel acquires a point over
an extension which is unramified at p, it has to be étale. O

Proof of theorem[]} The lattice .i?f is the set of all values of integrating wy =
2mif(r)dr as 7 runs along a geodesic from one cusp 1 € Q to another ry €
Q inside the upper half plane. So it is also the set of all fv wy as 7y varies in

Hi(Xo(N),{cusps},Z). We are allowed to switch here from X;(N) to Xo(N) and
to identify wy on both of them as the pullback of wy under X;(N) — Xo(N) is
again wy because it is determined by the g-expansion of f.

The Manin constant ¢y for the optimal curve Fy is an integer such that
o (wo) = co - wy, where @o: Xo(N) — Epy is the modular parametrisation of
minimal degree and wy is a Néron differential on Ey. One can choose ¢y and wy
in such a way as to make cy > 0. It is known that ¢( is coprime to any odd prime
for which E has semi-stable reduction. For this and more on the Manin constant
we refer to [I]. From the description of optimality above, we can deduce that
co - Ly = £ and hence that ¢ -,?f > %.

To start, we set A to be the optimal curve Ey. We shall successively replace A
by one of its quotients by an étale kernel until we reach E,. Pick an odd semi-stable
prime that divides the index i4 of Z4 in ¢ - 5. The modular parametrisation
@at Xo(N) — A factors through Eo. The quotient (co.Z})/.Za is generated by
the images ¢, (r) € A(C) = C/.Z4 of all cusps r in Xo(N). So we find a cusp
r whose image in A(Q) has order divisible by p. We can now apply lemma |§|,
which gives us an étale isogeny A — A’ such that the index of £/ in co.,??f is now
iar =1i4/p. We replace now A by A’ and repeat the procedure until the index 74
is coprime to all odd semi-stable primes. By the above mentioned property of cg,
we now have £y ® Z, = jf ® Zy for all odd semi-stable primes

By construction, A is now an étale quotient of Ey. We consider the isogeny
E; — Ey — A. The cyclic isogeny E; — Ej has a constant kernel and hence it is
étale over Z[1], as explained in Remark 1.8 in [26]. If it is étale over Z, we can set
E, = A and we are done. Otherwise, there is an isogeny Ey — E{, whose degree is
a power of 2 such that the cyclic isogeny from E; to E{ is étale. Since the degree
of Ey — A is odd by construction, there is an isogeny A — E, of the same degree
as Ey — E| such that Ey — E, is étale. O

For any A in the isogeny class of E, we write Q0 for the smallest positive
real element of £ and Q, for the smallest absolute value of a purely imaginary
element in .Z,. For any r € Q, the modular symbols [r]* € Q attached to A are
defined to by

] = S;XRe(/mef) and ] = lelm(/rm@.



Then our theorem tells us that [r]* will have denominator coprime to any odd
semi-stable prime for the curve E,. In particular, it is obvious from the construc-
tion (see [11]) of the p-adic L-function by modular symbols that it will be an
integral power series in Z,[T7] for such primes p. However this also follows from
Proposition 3.7 in [7] and the fact that Ey — FE, is étale.

A reformulation of the theorem is the following integrality statement.

Corollary 7. Let E be an elliptic curve over Q and p an odd prime for which E
has semi-stable reduction. Then there is a curve Eo which is isogenous to E over
Q such that for all Dirichlet characters x we have

aF € Zp|x] if x(=1)=1 or
E,
GO0 LEex 1) o g 1 (1) = -1
ZQE.

where Zy[x] is the ring of integers in the extension of Q, generated by the values
of x and G(x) stands for the Gauss sum.

Proof. This follows from the formula of Birch, see formula (8.6) in [I1]:

L(E,X,1):@ > x(a)</:o wf)

a mod m /m

where m is the conductor of y. O

2.1 The semi-stable case

Let E/Q be an elliptic curve with semi-stable reduction at all primes. Hence N is
square-free. So d in the proof of lemmal[6]is equal to 1 for all cusps and hence they
are all defined over Q. To obtain F, satisfying ff ® Z[3] = % ® Z[3] we have to
quotient Ey only by at most a p-torsion point defined over Q for some p =3, 5 or
7. Soif Ex(Q)[3:5-7] = {O}, then E, = Ey. If instead, there is a rational torsion
point of odd order, then we might have to take the isogeny with kernel Eq(Q)[p].
Nonetheless the example of the curve 66¢l shows that we can have E, = Ejy even
when Ej has a rational 5-torsion point.

2.2 Examples

We can present here a few examples; in all of them we know that ¢y = 1. First,
for the class 11a and p = 5, we find that F; =11a3, £y =11al, and E, =11a2 and
the isogenies Fy — Ey — E, are all of degree 5. To justify this, one has to note
that L(f,1) = $Qf and so [0]" = & for Ey. Hence the lattice % has index at
least 5 in .%.



For the class 17a, the curve Ey =17al has Mordell-Weil group E(Q) = Z/y7.
The optimal curve E; corresponds to a sublattice of index 4 in % and it is the
minimal curve 17a4. It is easy to compute the modular symbols for f. Since
L(f,1) = 10, we find that £} has index at least 4 in .%. In fact, .Z} is the
lattice %,?1733. This shows that the above lemma is not valid for p = 2.

In the class 91b, we find that Ey and E; are equal to 91b1, which has 3-torsion
points over Q. It turns out that F,, which is equal to 91b2, has a 3-torsion point
as well. So it is not true in general that Fo(Q) has no p-torsion even when it is
different from Ej.

Now to elliptic curves, which are not semi-stable. The class 98a is the twist of
14a by —7. This time the lattice jf is equal to the lattice of 98a5, which has the
same real period as Ejy, but the imaginary period is divided by 9. Both Ey and
E, have only a 2-torsion point defined over Q. The two cyclic isogenies of degree
3 acquire a rational point in the kernel only over Q(v/—7).

For the curves 27a, which admit complex multiplication, we find that jf =
%f(). The same happens for 54a. However in both cases E does not have semi-
stable reduction at p = 3. This shows that the lemma and theorem can not be
extended to primes p with additive reduction.

3 Kato’s Euler system

Let E/Q be an elliptic curve and p and odd prime. Suppose E has semi-stable
reduction at p. Since we are mainly interested in the case when FEl[p] is reducible,
we may assume that the reduction at E is ordinary.

We now follow the notations and definitions in [§]. As before f is the newform
of weight 2 and level N associated to the isogeny class of E. Define the Q-
vector space Vg, (f) as the largest quotient of H} (Y1(N),Q,) on which the Hecke
operators act by multiplication with the coefficients of f. Further the image of
H} (Y1(N),Zy,) in Vg, (f) is a Gal(Q/Q)-stable lattice, denoted by Vz, (f).

Proposition 8. We have an equality of Gal(@/@) -stable lattices Vz,(f)(1) =
T, E, inside Vo, (f)(1).

Proof. We consider first the version with coefficients in Z rather than in Z, as
in 6.3 of [8]. We define Vg(f) as the maximal quotient of H'(Y;(N)(C),Q) and
Vz(f) as the image of H'(Y;(N)(C),Z) inside V(f). By Poincaré duality, we
have

H'(Y1(N)(C),Z) = Hy(X1(N)(C), {cusps}, Z)

asin 4.7 in [8]. Now let ¢1: X;(N) — Ej be the optimal modular parametrisation.
The optimality implies that ¢; induces a surjective map from H; (Xl((C),Z) to
H;(Ey(C),Z). Hence we may identify Vo (f) via o1 with Hy(E;(C),Q). Under



this identification, the lattice V7 (f) is mapped to the image of the relative homol-
ogy Hi(X1(N)(C),{cusps},Z). It contains the lattice Hy(F;(C),Z). Through
the map integrating against the Néron differential wy of Ej, the lattice Vz(f) is
brought to clﬁf containing L1 where ¢; is the Manin constant of ¢1, i.e. the in-
teger such that ¢} (w1) = ciwy. Since ¢; is a p-adic unit by Proposition 3.3 in [7],
our theorem [ shows that

Va(f) ® Zp = Hi(Eo(C),Z) @ Z, inside Vi(f) ©@ Q, = H1(E1(C),Q) ® Q,.

Following 8.3 in [§], we can identify V7 (f) with Vz(f)®Z, through the comparison
of Betti and étale cohomology. We identify again Vg, (f) with H, & (E, Qp) through
1 and we obtain that

Vz,(f) = Hélt (E, Zp) = T,E.(—1) containing Hélt (E, Zp) =T,E(-1)

at least as Zy-lattices inside Vg, (f). But the Galois action is the same on both
Vz,(f) and T,(E,.)(—1). O

From now on we will denote this lattice in our Galois representation simply
by T'= Vz,(f)(1) = T, E,. Kato constructs in 8.1 in [§] two sets of p-adic zeta-
elements in the Galois cohomology of T'. First, let « and A > 1 be two integers.
Then there is an element

eazm(%) = cazp) (f,1,1,a(A), primes(pA)) € HE (Z[2, ¢, T)

for all integers m > 1 and integers ¢, d coprime to 6pA. They are linked to the
modular symbol {4, 00}. Also, (y, is a primitive m-th root of unity.
Secondly, for any « € SLy(Z), there are elements

c,d?m (a) = c,dzv(r;?) (fa L1« primes(pN)) € Hgt (Z[%7 Cm]7 T)

for any integer m > 1 and integers ¢ = d =1 (mod N) coprime to 6pN. They are
linked to the image of the modular symbol {0, co} under «.

The advantage of these integral elements (with respect to our lattice T') is that
they form an Euler system (13.3 in [§]). Namely by fixing «, ¢ and d as above, the
elements (¢ qzm(c)), ~ form an Euler system.

Out of the above elements for m being a power of p, Kato builds the zeta-
elements that are linked to the p-adic L-functions. We denote by

A = 7,[[Gal(Q(6)/Q) ]| = lim Z, [Gal(Q(¢)/Q)]

the Iwasawa algebra of the cyclotomic Z;-extension of Q. Then we have the
following finitely generated A-modules

i

HI(T) = @Hét (Z[Cp"ﬂ %]7 T) =lim H' (Gz(Q(Cpn)),T)



where Y is any set of primes containing the infinite places and those dividing pN
and Gx(K) is the Galois group of the maximal extension of K which is unramified
outside X. See section 3.4.1 in [I4] for the independence on ¥. For each v € T,
there is a

2y = 2P e HY(T) ® Q, = lim H}, (Z[3, 6], T) ©Q,

In fact, they are defined in 13.9 in [§] as elements in the larger H!(T')®, Frac(A) as
they are quotients of elements of the form . gz, (a) by certain elements u(c, d) in
A. However Kato shows in 13.12 that they belong to the much smaller H'(T)®Q,
by comparing them with elements of the form . 4z, (%). See also appendix A in [4]
for more information about the division by p(c, d).

3.1 Ceriteria for the Iwasawa cohomology to be free over the
Iwasawa algebra

The A-module H*(T) is torsion-free of rank 1 as shown in theorem 12.4 in [§]. If
E|[p] is irreducible, then Theorem 12.4.(3) shows that H'(T') is free. In this section
we gather further cases in which we can prove that H(T) is free or otherwise
determine how far we are off from being free. When it is free one deduces that z,
integral for all v € T. We will later turn back to this question in section [3.3

Lemma 9. Let p be an odd prime of semi-stable reduction. If the Xy-optimal
curve Ey has no rational p-torsion point, but the degree of the cyclic isogeny from
Eq to E, is divisible by p, then HY(T) is free of rank 1 over A.

This theorem is essentially about curves that are not semi-stable. It applies
to all twists of a semi-stable curve by a square-free D # +p. This follows from
the fact that for semi-stable curves a result by Serre [2I], Proposition 1] and [19]
Proposition 21] shows that E[p] is an extension of Z/pZ by u[p] or an extension
of p[p] by Z/pZ.

Conversely, if Fy has a point of order p > 2 defined over Q, then it has semi-
stable reduction at all places, except for p = 3 when we could have fibres of type
IV or IV*.

Proof. We claim that under our hypothesis, the Mordell-Weil group FE, (Q(Cp))
contains no p-torsion points. Let ¢: A — A’ be a cyclic isogeny of degree p in the
isogeny Ey — F, and assume by induction that A has no torsion point defined
over Q. From the proof of theorem [4] we know that A[¢] acquires rational points
over Q(¢y) with d | N as in the proof of lemma @ In particular p does not divide
d and so A[¢] will not contain a rational point defined over Q((,); neither will
A’[] as it is its Cartier dual. This means that the semi-simplification of A[p] is
the sum of two distinct characters with conductor divisible by a prime different

from p. Hence A and A’ both have no p-torsion point defined over Q(¢,).

10



One way to prove the lemma is by adapting Kato’s argument at the end of
13.8. The argument works as long as the twisted F,(r) does not appear in E[p] as
a Galois sub-module. Instead we give a second proof here.

Let T' = Gal(Q({p~)/Q(¢p)). Using the Tate spectral sequence [12, theorem
2.1.11] we see that H*(T)r injects into H'(Gx(Q(¢p)),T) via the corestriction
map. Now the torsion subgroup of the latter is equal to the torsion subgroup of
@E(Q(CP))/})", which is trivial if £(Q((,)) has no p-torsion. Hence H*(T)r is
a free Z,-module.

Choose an injection +: H!(T') — A with finite cokernel F'. We deduce an exact
sequence

0——=F'——HYT)r Ar Fr 0

Since H!(T)r is torsion-free, we obtain that ' = 0. Since F is finite, FT is of the
same size. But by Nakayama’s lemma Fr = 0 implies that F = 0. Hence H(T')
is A-free. O

We refine our analysis of H!(T') now a bit for the remaining cases. Any A-
module M comes equipped with an action by the group A = Gal(Q((,)/Q) and we
split M up into the eigenspaces M = @f;g M; where A acts on M; = M(—i)® by

the i-th power of the Teichmiiller character. Now M; is a A(T') = Z,[I']-module.

Lemma 10. Let ¢: E — E’ be an isogeny whose kernel has a point of order p
defined over Q. Then HY(T,E); and HY(T,E"); are free of rank 1 over A(T") for
all 1 < i < p—2. Furthermore H'(T,E)1 and HY(T,E")o are also free of rank 1.
The remaining H (T, E)o and H (T,E")1 are either free of rank 1 or there is an
injection into A(T') with image equal to the mazimal ideal.

Proof. We have two short exact sequence

®

0 T,E T,E )z, 0
0 Hp T,E P T,E 0
which induces two exact sequences
0 H (T, E) —> H'(T,E') — H! (%) *)

H'(n,) <— HY(T,E) T HY(T,E') <——0.

Here the last terms are the projective limits as n — oo of H'(Gx(Q(¢pn)), Z/pZ)
and of H! (GZ(Q(Cpn))7M[p]) respectively. Since p = 3, 5 or 7, the class group
of Q(¢pn) has no p-torsion and hence H'(Gx(Q((pn)), u[p]) is the quotient of the

11



global Y-units by its p-th powers. Lemma 4.3.4 and Proposition 4.5.3 in [3] show
that H'(u[p]) = F,(1) ® AT/p as a A = Z,[A][[']-module, where AT the part
of A fixed by complex conjugation. Also we have HY(Z/pZ) = H(u[p])(-1) =
F, ® A~ /p. Because the composition of ¢ and QAS is the multiplication by p, the
cokernels of the end maps of the two exact sequences @ above have to be finite
because H!(T},E) and H!(T,E’) are known to be torsion-free A-modules of rank
1.

If ¢ is not 0 or 1, then the argument in the proof of lemma[9)applies to show that
H'(T,E); and H'(T,E'); are both free since the p-torsion subgroup of E(Q((,))
and E’ (Q(Cp)) have trivial i-th eigenspace under the action of A.

Let now i = 0 and set A = H'(T,E)g and B = H(T,E’)o. In the case i = 1,
we would just swap the roles of A and B. The exact sequences (ED show that
¢: A — B has finite cokernel of size at most p and that ¢?: B — A has cokernel in
AT)/p =2 F,[I']. Choose an injection ¢: B — A(T") with finite cokernel F. We now
view B via ¢ and A via ¢ ot as ideals in A(T) of finite index. The map 6:B— A
becomes the multiplication by p.

Let I be the kernel of the map A(I') — Z, sending all elements of I" to 1. Then
we obtain the exact sequence

0 FT AJIA AJI F/IF 0.

Again if A/TA = Ar is Z,-free, then A is A(T')-free and since A — B has finite
cokernel, then B has to be free, too. Assume therefore that A/IA is not free. We
know that A/I A injects into H! (Gg (Q), T,,E) whose torsion part is the p-primary
part of E(Q). Hence it is at most of order p. We conclude that F' and Fr are
both of order p under our assumption. Hence A/TA & Z/pz @ Z, and we can take
p + IA to be the generator of the free part. Let a € A be such that a + [ A is
a generator of the torsion part. It must lie in I but not in JA. By Nakayama’s
lemma p and a generate the ideal A. Consider now the exact sequence

0——>pA()/pB——>A/pB——>A/pA(T)—>0

where the middle term is a finite index sub-A(T")-module of A(T")/p. But a such
does not have any finite non-zero sub-modules. Hence pA(T") = pB shows that B
is A(T')-free of rank 1. Since the smaller ideal A has index p it has no choice but
to be the maximal ideal of A(T"). O

Here is an example for which H'(T},E)o is not free. The semi-stable isogeny
class 11a contains three curves

By = 11a3—2>Fy = 11al—'>E, — 11a2
where the direction of the arrow is the isogeny with kernel %,z with p = 5. While

E; and Ej have rational 5-torsion points, the Mordell-Weil group of F, is trivial.
Hence by the proof of lemma |§|7 H'(T,E,)o is A(T')-free. This lemma does not
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apply to Ep, however lemma [10| does and shows that H' (T}, Ep)o is also A(T')-free.
We will now show that H'(T,E ) is not free.
For this we continue the first exact sequence in (]f[) as follows

H1 (TpEl)OLHl (TpEO)O HFPHH2 (TpEl)O i>H2 (TpEO)O

where H?(+) stands for the projective limit of H?(Gx(Q((pn)),-). Our aim is to
show that ¢o is injective. Let Z,; be the projective limit of H? (Qq,(gpn),TpEi)o
as n — oo and consider the localisation maps

00— Yl E— Hz(TpEl)o e @vEZ Zv,l E——

L]

0——=Yy ——=H*(T,E))o —— Py Zoo —>

By global duality the kernels Y7 and Y; are fine Selmer groups which we will
properly define in section [4} for our purpose here it is sufficient to say that they
are both trivial in our example. To show that ¢5 is injective it is sufficient to show
that ¢: Z,1 — Z,,0 is injective for all v € ¥ = {5,11}. Local duality shows that
Z,; is dual to the p-primary part of the group of points of E; over Q,((p)>.
Hence we want to show that for all v € {5,11} the map

Qg: Ey (QD(CPN)A)[pOO} — By (QU(CP‘”)A)[pOO]

is surjective. First for v = 11 where both curves have split multiplicative reduction;
however the Tamagawa number for Fy is 5 while it is 1 for E;. We conclude that
the p-primary part of E(Qll(c5oo)) is isomorphic to Q,/Z, for E = Ey and it is
equal to Q,/Z, ® Z/pZ for E = E;. The map ¢ is easily seen to be surjective by
looking at the 5-torsion points over Q1.

Next for v = 5, where the reduction is good ordinary. Here the p-primary parts
of both groups of local points are equal to %/sz. This follows from the fact that
the formal group of these curves have torsion group isomorphic to pi,~ which has
no A-fixed points and from the existence of the rational 5-torsion points over Qs.

This ends the proof that Hl(TpEl)o is not free but equal to the maximal ideal
as shown in lemma [I0] Note that the same argument won’t work for v, because
1[) is not surjective locally on the p-primary part neither at v =5 nor at v = 11.

3.2 Link to the p-adic L-function

For any extension K/Q,, we write H}(K ,T) for the Bloch-Kato group of local
conditions. The quotient group H(K,T) = H'(K,T)/H(K,T) is in fact dual
to Ee(K) ® Q,/Z, by local Tate duality. We set H.(T') to be the projective limit
of H!(Q,(¢pn), T), which is a A-module of rank 1.

13



Perrin-Riou has constructed a Coleman map Col: H!(T) — A. Proposition
17.11 in [8] shows that the Coleman map Col: HL(T) — A is injective and has
finite cokernel if the reduction of F at p is good. The same proof also applies when
the reduction is non-split multiplicative. Instead in the case when E has split
multiplicative reduction, then Theorem 4.1 in [9] proves that the Coleman map
Col: HY(T) — A is injective and has image with finite index inside I = ker(1: A —
Zp) where the map 1 sends all elements of the Galois group Gal(@((poc)/@) to 1.
Extend Col to an injective map Col: HY(T) ® Q, — A ® Q,.

Choose v € T such that v = v© + v~ with 4* being Z,-generators of the
subspaces T* on which the complex conjugation acts by 41. We now apply
theorem 16.6 in [8] with this “good choice” of v and with the “good choice” of the
Néron differential w = wg, in the terminology of 17.5. Consider the zeta element
z =z, € H(T) ® Q,. The theorem yields

Col(loc(z)) = L,(E,) € A,

where loc: HY(T) ® Q, — HL(T) ® Q, is the localisation followed by the quotient
map.

Let Zr = Z(f,T) be the A-module generated by 2z, in H'(T) ® Q, and let
Z be the A-submodule of H(T') generated by all (c’den(O[))n and (c,den(%))n
where ¢, d, a, A and «a run over all permitted choices in the construction of these
integral elements. Then Theorem 12.6 in [8] states that Z is contained in Zr with
finite index. Here it is crucial that we work with exactly the lattice T = Vz_ (f)(1).
Kato allows himself the flexibility of twists by the cyclotomic character and works
with Vz, (f)(r); we only need r = 1 here.

Since H'(T) is A-torsion-free, there is an injective A-morphism ¢: HY(T) — A
with finite cokernel. The linear extension ty: H'(T) ® Q, — A ® Q, sends Zr to
a sub-A-module J. This J contains the integral ideal ¢(Z) C A with finite index.
Hence J itself is an integral ideal in A. Write A = 14(z) € J.

Lemma 11. For any k > 0 such that p*Zr C Z, the index of p*z in HY(T),
defined as

I =ind,(p"2) = {0(p"2) | v € Homa (H'(T),A)
satisfies I, = A\, for all height one prime ideals p of A that do not contain p.

Proof. Let p # p be prime ideal of A of height 1. Because ¢ has finite cokernel, we
have H'(T"), = A, via ¢. Hence

1, = {6(p*2) | ¥ € Homa, (H'(T),, Ap) }

— {Q/S(L(pkz)) ‘ 15 € Homy,, (Ap,Ap)}
= 1(p"2)Ap = PFAN, = MA,.

because p does not belong to p. O
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3.3 Integrality of z,

Recall first how Kato deduces the integrality of his second set of zeta-elements in
the case E[p] is irreducible.

Lemma 12. If H'(T) is free over A then z, € HY(T) for ally € T.

Proof. This is 13.14 in [8]: For every prime ideal p of height 1 in A, we have
(Zr), C HY(T), since Z has finite index in Z7. Hence Zy C HY(T). O

We will concentrate here on one case that interests us most. Let zy be the
corestriction of z from H'(T) to H'(T)o, which is the limit lim H'(Gx(K,),T)
as K, increases in the cyclotomic Z,-extension of Q.

Theorem 13. Let E/Q be an elliptic curve and p and odd prime at which E has
good reduction. Then zo belongs to HY(T)g.

In other words zq is integral with respect to the Tate module of E,.

Proof. First, we may apply the idea of the proof in lemma [0} to conclude that
H = H'(T), is free over A(T) if E4(Q) has no p-torsion point. If so the previous
lemma shows that zg lies in H.

Assume now that F, admits a rational p-torsion point. Let ¢: E, — E’ be the
isogeny whose kernel contains the rational p-torsion points. We apply lemma [10] to
see that either H is free or it injects into A(I") with index p. As the former case is
done with the previous lemma, we assume that we are in the latter. The Coleman
map Colp: H — A(T) is injective with cokernel of order p. Therefore if zg is not
integral, the image Coly(loc(zg)) = Ly(Ee)o € Ag = A(I') must be a unit.

However the interpolation property of the p-adic L-function tells us that

1(Ly(Ea)o) = (1 —a™)* - 0],

where « is the unit root of the characteristic polynomial of Frobenius and the map
1: A(T') — Z,, sends all elements of I" to 1. Since we have a p-torsion point on the
reduction of E, to F,, the valuation of 1 — a~! is 1. By construction of E, the
modular symbol [0]f_ is a p-adic integer. Therefore the p-adic L-function cannot
be a unit. Hence zg is integral. O

4 The fine Selmer group

Let E be an elliptic curve with a p-isogeny for an odd prime p. In this section,
we do not need any condition on the type of reduction at p. We define the ﬁneﬂ

I This group is sometimes called the “strict” or “restricted” Selmer group.
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Selmer group IR(E / Q(Cpn)) as the kernel of the localisation map

H! (GZ(Q(Cpn)),E[pw])H D H' (Qv((p")vE[pooD

vEX

where the sum runs over all places v in Q((,») above those in . It is independent
of the choice of the finite set ¥ as long as it contains p and all the places of bad
reduction. By global duality it is dual to the kernel

H? (GE (@(Cp"» ) TpE) - EBveZ n? (@v(Cp")7 TpE)'

The Pontryagin dual of the direct limit of the groups R(E/Q({p~)) will be denoted
by Y (E); it is a finitely generated A-module. Theorem 13.4.1 in [8] proves that
Y (E) is A-torsion.

Lemma 14. Let E be an elliptic curve and p an odd prime such that E admits
an isogeny of degree p. Then the fine Selmer group Y (E) is a finitely generated
Zp-module.

Proof. Let ¢: E — E’ be an isogeny with cyclic kernel E[¢] of order p defined
over Q. The extension F' of QQ fixed by the kernel of ps: Gx (Q) — Aut (E[(bD is a
cyclic extension of degree dividing p —1. Let G be the Galois group of K = F((p)
over Q({p). Over the abelian field K, the curve admits a p-torsion point. We
can therefore apply Corollary 3.6 in [2] (a consequence of the theorem of Ferrero-
Washington) to the dual Y (E/K) of the Selmer group over the cyclotomic Z,,-
extension Ko, = K((pe) of K. This proves that Y (E/K,) is a finitely generated
Zp-module. Then we have the following diagram

00—y (E/Ry) — H (Gs(Ku), Ep™))*

T T

0 Y (E) H' (G (Q(G=)), E[p™])

T

HY(G, E(Kx)[p™))

and since the group G is of order prime to p, the kernel on the right is trivial. We
deduce that the left hand side is injective, too, and hence that the dual map
Y(E/K«) — Y(E) is surjective. Therefore Y(F) is a finitely generated Z,-
module. O

For any torsion A-module M, we define the characteristic series chary (M) as
the product of the ideals p‘» where l, = length Ay (My) as p runs through all primes
of height 1 in A.
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Proposition 15. Suppose E does not have additive reduction at p. Then the
characteristic series chary (Y (E)) divides A A.

Proof. We will first prove this proposition in the case F is the curve FE, in theo-
rem With a sufficiently large choice of k, the element p*-z € ZNH'(T) extends
to an Euler system for T as in [18]. Since the representation p, is not surjective,
the Euler system argument gives us only a divisibility of the form

chary (Y (E)) divides J -ind, (p*z)

for some ideal J of A which is a product of primes containing p, see Theorem 2.3.4
in [I8] or Theorem 13.4 in [§]. By lemma we know that ind (p*z) = J'AA
for some ideal J’ which is a product of primes containing p. The previous lemma
shows that charp (Y(E)) is not divisible by any prime ideal containing p, so the
proposition follows for FE,.

Now an isogeny £ — FE, can only change the p-invariants of the dual of the
fine Selmer groups, i.e. only by ideals containing p, but the previous lemma shows
that they are zero for all curves in the isogeny class. O

5 The first divisibility in the main conjecture

Let E be an elliptic curve defined Q such that E[p] is reducible for some odd prime
of semi-stable reduction. Note that this implies that the reduction of F at p can
not be good supersingular. The Selmer group E over Q((pn) is defined as usual
as the elements in H'(Gx(Q((y)), E[p™]) that are locally in the image of the
points. It fits into the exact sequence

OH‘(R(E/@(CP” )) - Sel(E/@(Cp” )) —H' (QP(CP")’ E[poo])

We denote the dual of the limit of the Selmer group by X(E); it is a finitely
generated A-module. If the reduction is good ordinary, theorem 17.4 in [8] shows
that X (FE) is A-torsion. The same conclusion holds in general in our situation;
see [9] for the split multiplicative case.

Theorem 16. Let E/Q be an elliptic curve and let p > 2 be a prime. Suppose that
E has semi-stable reduction at p and that E[p] is reducible as a Gg-module. Then
chary (X(E)) divides the ideal generated by L,(E). If the reduction of E is split
multiplicative at p, then I - chary (X (E)) divides the ideal generated by Ly(E),
where I is the kernel of the homomorphism A — Z, that sends all elements of

Gal(Q(¢)/Q) to 1.

The main conjecture asserts that the element L, (E) generates the characteristic
ideal chary (X(E)).
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Lemma 17. To prove theorem |10| for E, it is sufficient to prove it for any one
curve in the isogeny class of E.

Proof. The fact that theorem [I0] is invariant under isogenies follows from the
formula for the change of the p-invariant under isogenies for the characteristic
series by Perrin-Riou [13, Appendice] when compared to the change of the p-adic
L-function. See in particular her Lemme on page 455. O

Proof of theorem[16l By the previous lemma we may choose F to be the
curve FE, in the isogeny class. Recall from section that the Coleman map
Col: HY(T) — A is injective and has image with finite index inside I in the mul-
tiplicative case and it has a finite cokernel in the other cases. In what follows we
treat only the case when the reduction is not split multiplicative; otherwise one
has to multiply with I where appropriate.

Rohrlich [I7] has shown that L,(E) is non-zero and hence loc(z) is not torsion.
Choose a k such that p*Z7 C Z. Then the A-torsion module HL(T)/p* loc(z)A,
which is equal to Col(HL(T))/p"L,(E)A, has characteristic series p*L,(E)A.
The characteristic series of H'(T')/p¥zA is equal to the characteristic series of
A/u(p®z)A and therefore equal to pAA, where :H'(T) — A is an injective A-
morphism with finite cokernel.

By global duality (see Proposition 1.3.2 in [15]), we have the following exact
sequernce

0—HYT) ——=H{(T) — X(E) Y(E) 0.

It induces an exact sequence of torsion A-modules

0 H'(T) H.(T) X(E) Y(E) 0

pkz A pkzA
Using theorem [T5] we conclude that

chary (X(E)) = chary (Y(E)) - (p*Ly(E)A) - (pFAA) ™
divides X - p* L, (E) - p™"A\71A = L,(E)A. O

6 Consequences

Corollary 18. The analytic p-adic L-function L,(E) belongs to A for all elliptic
curves E/Q with semi-stable reduction at p > 2.

The conclusion can certainly not be extended to the supersingular case since

the p-adic L-functions in this case will never be integral. The supersingular case is
well explained in [T6] where it is shown how one can extract integral power series.
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Corollary 19. If E/Q is a semi-stable elliptic curve and p and odd prime, then
charp (X(E)), or I charp (X(E)) in the split multiplicative case, divides the ideal
generated by L,(E).

Proof. By a theorem of Serre (|21, Proposition 1] and [I9, Proposition 21]), we
know that the image of the representation p,: Go — Aut(E[p]) is either the
whole of GLy(FF,) or it is contained in a Borel subgroup. In the latter case the
representation p, is reducible and in the first case the representation p,: Ggo —
Aut(T,E) is surjective by another result of Serre [20, Lemme 15] unless p = 3.
Finally for p = 3 we use the following lemma to exclude that p, is not surjective.

O

Unfortunately, the hypothesis in corollary [I9] that E is semi-stable can not be
dropped. For instance, there are curves E/Q such that p, has its image in the
normaliser of a non-split Cartan subgroup.

Lemma 20. Let p = 3 and suppose p? does not divide the conductor N. If the
residual representation p: Gal(Q/Q) — GL2(F,) is surjective then the p-adic rep-
resentation p: Gal(Q/Q) — GL2(Z),) is surjective, too.

Proof. We make use of the explicit parametrisation of all these exotic cases by

Elkies in [6]. Let E/Q be an elliptic curve such that p is not surjective, but p is.

Then its j-invariant satisfies

27 A(n:m)? B(n:m)?C(n:m)
D(n :m)?

n:m) =n® +6n°m + 4n3m? + 12n2m?* — 18nm® — 23m6,

(n:m)
B(n:m) = 5 + 24n5m + 18n*m? — 26n3m?® — 33n*m* + 18nm® 4 28mS,
(n:m)

with

J(E) =1728 —

n:m) =2n> — 3n’m + 4m?,

D(n:m) =n®— 3nm® —m3.
for two coprime integers n and m. Note first that the denominator D(n : m) in
j(E) is never divisible by 9, so j(F) is a 3-adic integer.

With a bit more work one can see that j(E) = 2-3% (mod 3%): If n £ m
(mod 3), then A(n : m) = (n —m)% = B(n : m) (mod 3), C(n:m) = 2(n —m)3
and D(n :m) = (n —m)? (mod 3) gives the result. For n = m + 3k, we can use
A(n:m)=B(n:m) =32 (mod 3%), C(n:m) =3 (mod 3%),and D(n:m) =2-3
(mod 3?) to conclude.

Now suppose FE is given by a Weierstrass equation minimal at 3. We may
assume that it is of the form y? = 23 + a2? + a4z + ag with az € {—1,0,+1} and
ag, ag € Z. If ag = £1, then

—27a3 4+ 27a3 — 9a4 + 1
A

J(E) =16
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where A is the discriminant. However this is a contradiction with j(E) € 33Z;.
Hence a3 = 0 and so
3
L S
ai +27a2 /4

and we see that it is impossible that j(E) = 2 - 3% (mod 3%) unless 3 divides a4
and the discriminant A = 4a} + 27a2. Therefore E has bad reduction at 3. The
fact that j(E) is a 3-adic integer shows that the reduction is additive. O

j(B)=37-2"

Finally, here is the usual application to the Birch and Swinnerton-Dyer con-
jecture.

Proposition 21. Let E be an elliptic curve over Q such that L(E,1) # 0. Let ¢,
be the Tamagawa number of E at each finite place v and the number of components
in E(R) for v=o00. Then

2
. L(E,1) (#E(Q)
#I(E/Q) divides C- -
QJEr H’U Co
where C' is a rational number only divisible by 2, primes of additive reduction
or primes for which the Galois representation on Elp] is neither surjective nor
contained in a Borel subgroup.

In particular, for semi-stable curve C is a power of 2. The methods in [23] can
now be extended to the reducible case, too.
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