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ABSTRACT. Let A be an abelian variety defined over a number field k and let F' be a finite Galois
extension of k. Let p be a prime number. Then under certain not-too-stringent conditions on A
and F' we compute explicitly the algebraic part of the p-component of the equivariant Tamagawa
number of the pair (h'(A,r)(1), Z[Gal(F/k)]). By comparing the result of this computation with
the theorem of Gross and Zagier we are able to give the first verification of the p-component of the
equivariant Tamagawa number conjecture for an abelian variety in the technically most demanding
case in which the relevant Mordell-Weil group has strictly positive rank and the relevant field
extension is both non-abelian and of degree divisible by p. More generally, our approach leads us
to the formulation of certain precise families of conjectural p-adic congruences between the values
at s = 1 of derivatives of the Hasse-Weil L-functions associated to twists of A, normalised by a
product of explicit equivariant regulators and periods, and to explicit predictions concerning the
Galois structure of Tate-Shafarevich groups. In several interesting cases we provide theoretical
and numerical evidence in support of these more general predictions.

1. INTRODUCTION

Let A be an abelian variety defined over a number field k. Then for any finite Galois extension F'
of k with group G the equivariant Tamagawa number conjecture for the pair (hl(A /r)(1), Z[G]) is
formulated in [16, Conjecture 4(iv)] as an equality in a relative algebraic K-group. This conjectural
equality is rather technical to state and very inexplicit in nature but is known to constitute a strong
and simultaneous refinement of the Birch and Swinnerton-Dyer conjecture for A over each of the
intermediate fields of F/k.

The refined conjecture also naturally decomposes into ‘components’, one for each rational prime p,
in a way that will be made precise in §5.1 below, and each such p-component (which for convenience
we refer to as ‘eTNC,,’ in the remainder of this introduction) is itself of some interest. We recall,
for example, that if A has good ordinary reduction at p, then the compatibility result proved by
Venjakob and the first named author in [19, Theorem 8.4] shows that eTNC,, is very closely related
to the main conjecture of non-commutative Iwasawa theory for A with respect to any compact p-adic
Lie extension of k that contains F'.

If p does not divide the order of G, then, without any hypothesis on the reduction of A at p, it
is straightforward to use the techniques developed in [15, §1.7] to give an explicit interpretation of
eTNC, (although, of course, obtaining a full proof in this case still remains a very difficult problem).
However, if p divides the order of G, then even obtaining an explicit interpretation of eTNC,, has
hitherto seemed to be a very difficult problem - see, for example, the considerable efforts made by
Bley [3, 4] in this direction.

One of the main goals of the present article is therefore to develop a general approach which can
be used to obtain (both theoretical and numerical) verifications of €TNC, in the technically most
demanding case in which the abelian variety A has strictly positive rank over F' and the Galois
group G is both non-abelian and of order divisible by p.
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To give a concrete example of the results we shall obtain in this way, we note that in §6.1 our
techniques will be combined with the theorem of Gross and Zagier to prove the following result (and
to help put this result into context see Remarks 1.2 and 1.3 below).

Theorem 1.1. Let p be an odd prime, K an imaginary quadratic field in which p is unramified and
F its Hilbert p-classfield. Write G for the generalised dihedral group Gal(F/Q).
Let A be an elliptic curve over Q which satisfies, with respect to the field K, the hypotheses (a),
(b), (¢c), (e) and (f) that are listed in §3 and for which the Tate-Shafarevich group (AFg) is finite.
Assume in addition that each of the following four hypotheses is satisfied.
(i) all primes of bad reduction for A split in K/Q;
(ii) the Galois group of K (A[p])/K is isomorphic to GLy(F));
(iii) the Hasse-Weil L-function L(Ak,s) has a simple zero at s = 1;
(iv) the trace to A(K) of the Heegner point is not divisible by p.
Then the p-component of the equivariant Tamagawa number conjecture is wvalid for the pair

(h'(A/r)(1), Z[G]).

Remark 1.2. For a fixed elliptic curve A over Q and imaginary quadratic field K, it will be clear
that the hypotheses (a), (b) and (c¢) that occur in the statement of Theorem 1.1 are satisfied by all
but finitely many primes p. In addition, it will be clear that for a fixed A and p the hypotheses (e)
and (f) only constitute a mild restriction on the ramification of the extension K/Q. Finally we recall
that, by a famous result of Serre [16], the hypothesis (ii) holds for almost all p if A does not have
complex multiplication.

Remark 1.3. In the context of Theorem 1.1 we also note that for any natural number n there are
infinitely many imaginary quadratic fields K in which p does not ramify and for which the group
Gal(F/K) has exponent divisible by p™. (For details of an explicit, and infinite, family of such
fields see for example Louboutin [36].) In this context it therefore seems worth noting that the only
previous verification of eTNC,, for an abelian variety A and a Galois extension of degree divisible by
p is given by Bley in [5, Corollary 1.4 and Remark 4.1] where it is assumed, amongst other things,
that A is an elliptic curve, F' is an abelian extension of Q of exponent p and, critically, that the rank
of A over F' is equal to zero.

In addition to the proof of Theorem 1.1, in §6 we will also provide further explicit examples in
which our approach leads to a proof of eINC,, in cases for which p divides the degree of the relevant
extension. More precisely, we show that for certain elliptic curves A the validity of eTNC, with
p = 3 follows from that of the relevant cases of the Birch and Swinnerton-Dyer conjecture for a
family of Ss-extensions of number fields (see Corollary 6.2) and provide examples (with p = 5 and
p = 7) in which our approach allows eTNC,, to be verified by numerical computations (see §6.3).

In order to prove the above results we must first establish several intermediate results which are
both more general and also we feel of some independent interest. To briefly discuss these results, we
fix an abelian variety A over a number field k, a finite Galois extension F' of k with Galois group G
and an odd prime p.

In §4 we shall first compute, under some not-too-stringent conditions on A and F', the ‘algebraic
part’ of the p-component of the equivariant Tamagawa number of the pair (hl(A /r)(1), Z[G]). This
computation requires a close analysis of certain refined Euler characteristics (in the sense reviewed
in §4.1) that are constructed by combining the finite support cohomology complex of Bloch and
Kato for the base change through F/k of the p-adic Tate module of the dual A? of A together with
the Néron-Tate height of A relative to the field F. We note that the main result of this analysis
constitutes a natural equivariant refinement and/or generalisation of several earlier computations in
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this area including those that are made by Venjakob in [50, §3.1], by Bley in [3], by Kings in [35,
Lecture 3] and by the first named author in [14, §12].

The detailed computation made in §4 then allows us in §5 to interpret the relevant case of eTNC,
as a family of p-adic congruence relations between the values at s = 1 of higher derivatives of the
Hasse-Weil L-functions of twists of A by irreducible complex characters of G, suitably normalised
by a product of explicit equivariant regulators and periods.

We next describe several interesting (conjectural) consequences of this reinterpretation of eTNC,,
including the predicted annihilation as a Galois module of the p-primary Tate-Shafarevich of A over
F by elements which interpolate the (suitably normalised) values at s = 1 of higher derivatives of
twisted Hasse-Weil L-functions (see Proposition 5.2 and Proposition 5.6).

By using results on the explicit Galois structure of Selmer groups that are obtained in [18], we
then show that for generalised dihedral groups G the necessary p-adic congruence relations can be
made very explicit even in the case that A has strictly positive rank over F' (see Theorem 5.8).

The latter explicit interpretation is then used as a key step in the proof of Theorem 1.1.

We note finally that there are several ways in which it seems reasonable to expect that some of
the explicit computations made in §4 could (with perhaps considerably more effort) be extended and
our overall approach thereby generalised and that we hope such possibilities will be further explored
in subsequent articles.

1.1. Acknowledgements. The authors are very grateful to Werner Bley and Stefano Vigni for
helpful discussions and correspondence and to the anonymous referee for making several useful
suggestions.

2. NOTATIONS AND SETTING

For any finite group I' we use the following notation. We write Ir(T") for the set of irreducible
E-valued characters of I, where E denotes either C or C, (and the intended meaning will always be

clear from the context). We also write 1 for the trivial character of I and o for the contragredient
of each ¢ in Ir(T"). For each ¢ in Ir(T") we write

ey = ¢|1(11|) Y v

~el’

for the primitive idempotent of the centre ((E[I]) of the group ring E[I']. For each E-valued
character ¢ we also fix an E[I']-module V,;, of character 1.

For any abelian group M we write M, for its torsion subgroup and Mi¢ for the quotient M /M,
which we often regard as a subgroup of Q ®; M. For any prime p we write M [p] for the subgroup
{m € M : pm = 0} of the Sylow p-subgroup M[p*°] of M.,. We also set M, := Z, @z M and
write M for the pro-p-completion lim | M/p™M. If M is finitely generated, then we set rk(M) :=
dimg(Q ®z M).

For any Z,[I']-module M we write M"Y for the Pontryagin dual Homgz (M,Q,/Z;,) and M* for
the linear dual Homgz, (M, Z,), each endowed with the natural contragredient action of I'. If M is
finitely generated, then for any field extension F' of Q, we set F'- M := F @z, M.

For any Galois extension of fields L/K we write Gk in place of Gal(L/K). We also fix an
algebraic closure K¢ of K and abbreviate G,k to Gk. For each non-archimedean place v of a
number field we write k, for its residue field.

Throughout this paper, we will consider the following situation. We have a fixed odd prime p
and a Galois extension F/k of number fields with Galois group G = Gp/;. We choose a p-Sylow
subgroup P in G and set K := F*. We give ourselves an abelian variety A of dimension d defined
over k. We write A? for the dual abelian variety of A.
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For each intermediate field L of F'/k we write Szf , S and S for the set of non-archimedean places
of L that are p-adic, which ramify in F'/L and at which A7, has bad reduction respectively. Similarly,
we write SL, SE and S& for the set of archimedean, real and complex places of L respectively. The
notation S, will stand for Srff when “?” is b, r, p, oo, R or C.

For each such field L we also set tk(Ay) := rk(A(L)) and write IIT,(Az) and Sel,(Ar) for the
p-primary Tate-Shafarevich and Selmer groups of A,;,. We recall that there exists a canonical exact
sequence of the form

(1) 0 — II0,(AL)Y — Sel,(AL)" A(L);, 0.

3. THE HYPOTHESES

Fix an odd prime p, number fields k, F and K = F¥ and an abelian variety A as described above.
Then throughout this article we will find it convenient to assume that this data satisfies the
following hypotheses:
(a) A(K)[p] = 0 and A(K)[p] = 0;
) The Tamagawa number of Ak at each place in SE is not divisible by p;
(c) A,k has good reduction at all p-adic places;
(d) For all p-adic places v that ramify in F//K, the reduction is ordinary and A(k,)[p] = 0;
) No place of bad reduction for A/, is ramified in F/k, i.e. S, NS, = 0.
) For any place v in K such that the primes above it in F' are ramified in F/k, we have
A(rw)[p] = 0;
(g) The Tate-Shafarevich group III(Ap) is finite.

Remark 3.1. For a fixed abelian variety A over k and extension K/k the hypotheses (a), (b) and (c)
are clearly satisfied by all but finitely many primes p (which do not divide the degree of K/k), the
hypotheses (e) and (f) constitute a mild restriction on the ramification of F/k and the hypothesis (g)
is famously conjectured to be true in all cases. However, the hypothesis (d) excludes the case that
is called ‘anomalous’ by Mazur in [38] and, for a given A, there may be infinitely many primes p for
which there are p-adic places v at which A has good ordinary reduction but A(x,)[p] does not vanish.
Nevertheless, it is straightforward to describe examples of abelian varieties A for which there are
only finitely many such anomalous places — see, for example, the result of Mazur and Rubin in [39,
Lemma A.5].

Remark 3.2. In the analysis of finite support cohomology complexes that is given in Lemma 4.1
below we find it convenient to adopt the convention of considering the p-adic Tate module of A?
rather than that of A itself. Applications of the hypotheses (b)—(f) in this article will therefore
often take place with A replaced by Af. In this regard, we note that the validity of each of these
hypotheses as currently formulated is equivalent to the validity of the corresponding hypothesis with
A replaced by A* and we will henceforth use this fact without further explicit comment.

4. CANONICAL EULER CHARACTERISTICS

In most of this section we assume that the fixed data p, k, F', K and A satisfy all of the hypothe-
ses (a)—(g) that are listed in §3.

Our main aim is to compute explicitly the natural (refined) Euler characteristic that is associated
to the pair comprising the Bloch-Kato finite support cohomology complex of the base-change through
F/k of the p-adic Tate module of the dual abelian variety A* of A and the Néron-Tate height of A
relative to the field F.
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4.1. Euler characteristics. We first quickly review the definition of refined Euler characteristics
that will play an essential role in the sequel. For convenience, we shall only give an explicit con-
struction in the relevant special case rather than discussing the general approach (which is given
in [12))

For any finite group I' we write D(Z,[I']) for the derived category of complexes of (left) Z,[I']-
modules. We also write DP (ZP[F]) for the full triangulated subcategory of D(ZP[F]) comprising
complexes that are ‘perfect’ (that is, isomorphic in D(ZP[F]) to a bounded complex of finitely
generated projective Zy[I']-modules).

We assume to be given a complex C in DP (Zp [G]) which is acyclic outside degrees a and a+1 for
any given integer a and such that H*(C) is Zy-free. We also assume to be given an isomorphism of
C,[G]-modules A : C, @z, H*(C) = C,®z, H**'(C). Then, under these hypotheses, it can be shown
that there exists an isomorphism ¢ : P* 2 C'in DP(Z,[G]) where P*® is a complex of Z,[G]-modules

of the form P % P where P is finitely generated and projective and the first term occurs in degree
a. We then consider the following auxiliary composite isomorphism of C,[G]-modules

Ape : (Cp ®Zp P ((Cp ®Zp HQ(P.)) D ((Cp ®Zp 1m(d))
= ((Cp ®Z:D Ha+1(P.)) & (CP ®ZIJ lm(d)) = (CP ®ZP P

where the first and third maps are obtained by choosing C,[G]-equivariant splittings of the tauto-
logical surjections C, ®z, P — C, ®z, im(d) and C, ®z, P — C, ®z, H**!(P*) respectively and
the second is ((C, @z, H*" (1)) o Ao (C, @z, H*(1)),id).

We now write Ko (Z,[G], C,[G]) for the relative algebraic K-group of the inclusion Z,[G] C C,[G]
and recall that this group is generated by elements of the form [Q, u, Q'] where @ and Q' are finitely
generated projective Z,[G]-modules and y is an isomorphism of C,[G]-modules C,®z,Q = C,®z, Q'.

In particular, in terms of this description, it can be shown that the element of K¢ (Z,[G], C,[G])
obtained by setting

Xa,p(C,A) == (=1)*[P, Ape, P]

is independent of the choice of isomorphism ¢ (and hence of the module P) and of the splittings
made when defining the isomorphism Ape. This element will be referred to as the ‘refined Euler
characteristic’ of the pair (C,\) in the sequel.

4.2. Cohomology with finite support. We now turn to consider the finite support cohomology
complex of the p-adic Tate module T},(A) of A*.

To do this we write ¥ (F) for the set of k-embeddings F© — k¢ and Yp/p, for the module
IIs,(r) Zp, endowed with the obvious action of G' x Gj.

Then the p-adic Tate module of the base change of A* through F/k is equal to
TILF(A) = YF/k,p ®Zp 7},(14)7

where G acts naturally on the first factor and Gy, acts diagonally. We set V,, p(A) := Q, Tp. r(A).
For each place v of k we set G, := Gy, and write I, for the inertia subgroup of G,. We also fix a
place w of F above v and a corresponding embedding F' — k¢ and write G, and I, for the images
of G, and I, under the induced homomorphism G, — G.
For each non-archimedean place v we then define a complex of Z,[G]-modules by setting

I, 17F1r;1 I, X
RT g (ky, T, p(A)) := {TpiF(A) ——= T, r(A)"™, ?f vip
H} (ko, Ty, r(A))[-1], ifv|p
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where, if v { p, the first occurrence of T, p(A)!* is placed in degree zero and Fr, is the natural
Frobenius in G, /1, and, if v | p, then H f (k,, T, r(A)) denotes the full pre-image in H* (k,, T}, r(A))
of the ‘finite part’ subspace H}c (kv, Vp7F(A)) of H' (kv, Vp7F(A)) that is defined by Bloch and Kato
in [8, (3.7.2)].

We next define R ¢ (kv, Tp,r(A)) to be a complex of Z,[G]-modules which lies in an exact triangle
in D(Zy[G]) of the form
(2) BT (ky, Ty, (A)) =2 R (ky, Ty 5 (A)) —> RT ¢ (ky, Ty (A)) —
where w,, is the natural inflation morphism if v 1 p, and is induced by the inclusion H}c (kv, T, F(A)) -
H'(ky, T, r(A)) and the fact that RT(k,,T, p(A)) is acyclic in degrees less than one, if v | p. We
finally set S := S; U Sy, write Oy g for the subring of k& comprising elements that are integral at
all non-archimedean places outside S and define the complex RI'f (k7 Ty, F(A)) so that it lies in an
exact triangle in D(Z,[G]) of the form

(3) RT4(k, T, p(A)) %RF(O,@,S[%},TP’F(A)) gﬂegsp Ry (ko, Ty, r(A)

Here each v-component of w’ is equal to the composite of the natural localisation morphism

RT (Ok,s[%L Ty,#(A)) — RI(ky, T, r(A)) in étale cohomology and the morphism .
In the sequel we also set

Hj(k, Ty r(A)) := H (RLf(k, T, r(A)))

in each degree 1.

Lemma 4.1.

(i) Assume that A and F satisfy the hypotheses (c)-(f). Then RIf(k,T, r(A)) belongs to
Dr(Z,|G]). In addition, for any non-archimedean place v of k which ramifies in F/k and
does not divide p, the complex RI ¢ (kq,,Tp7F(A)) is acyclic.

(ii) Assume that A and F satisfy the hypotheses (a), (b), (e¢) and (g). Then the complex
RI'; (k,Tp,F(A)) is acyclic outside degrees one and two and there are canonical identifi-
cations of H} (k, T r(A)) and H]% (k, T, p(A)) with A*(F), and Sel,(Ap)¥ respectively.

Proof. First, since p is odd and T, p(A) is a (finitely generated) free Z,[G]-module the complexes
RT' (O, s [%] ,Tp,r(A)) and R (k,, T, r(A)) for each place v of k belong to DP(Z,[G]). In view of
the exact triangles (2) and (3), claim (i) will therefore follow if we can show that for each v in SUS,
the complex RI'f(k,, Ty, r(A)) belongs to DP(Z,[G]), or equivalently (as P is a Sylow p-subgroup)
that it belongs to DP(Z,[P]).

We first consider the case v { p. In this case RT'y(ky, T, p(A)) is isomorphic in D(Z,[P]) to
RT§ (K, T,) where we write w’ for a place in K below w and set T}, := Z,[P] ®z, T,(A/k).

In particular, even without assuming our hypotheses, if the ramification index of v in F/k is not
divisible by p, then w’ is unramified in F/K so TI{”' & Zyp|P] ®z, T,(A)lw is a free Z,[P)-module
and so RT ¢ (K, Tp) belongs to DP(Z,[P]).

Next we show that hypotheses (e) and (f) imply that if w’ ramifies in F//k and v t p, then
RT¢(K,,T,) (and therefore also RI's(k,, Ty r(A))) is acyclic. We write d° for the differential in
degree 0 of RI'¢(K,,T,). Then it is clear that ker(d’) = TpG ©" vanishes and so it suffices to prove
cok(d®) vanishes or equivalently, since P and cok(d®) are finite p-groups, that cok(d®)p vanishes.
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But (e) implies T,{w' = Zp[P/Tw] ®z, Tp(A k) and so the Z,-module cok(d®) p is isomorphic to the
cokernel of the action of 1— Fr;,1 on T, (A, ) and hence of cardinality the maximum power of p that
divides dety, (1 — Fr;HTp(A/K)) in Z,. The module cok(d’)p therefore vanishes since the latter
determinant is equal to |A?(kyr)|/|kw |? and this is a unit at p by (f).

Finally we fix a p-adic place v of k and recall from [3, after (3.2)] that the group H; (kv, Ty, r(A))
is the image in H' (kap,F(A)) = Zp[G] ®z,(c.] H! (Fw,Tp(A)) of Zy[G] ®z,G.) AY(F,,)» under

P
the natural (injective) Kummer map. Since the group H } (kﬂ7 T, F(A)) is finitely generated over Z,
it is thus enough to show that each module A*(F, ), is cohomologically-trivial over G.,.

This is clear if the order of G, is prime to p and true in any other case provided that At(Fw)g is
cohomologically-trivial over each subgroup C of G, that has order p. The point here is that, for a
given p-Sylow subgroup P, of G, there exists a normal subgroup C of P, which has order p and

hence also a Hochschild-Serre spectral sequence in Tate cohomology H “(P,/C, HY(C, AY(F, w)p)) =

0+ (P,, AY(F,)h). Thusif A(F,)? is a cohomologically-trivial C-module, then H™ (P,,, AY(F,)?)
is trivial for all integers m, and then [ , Chapter VI, (8.7) and (8.8)] combine to imply that A*(F,);
is a cohomologically-trivial Gw—module.

We hence fix a subgroup C' of G, of order p. Now cohomology over C' is periodic of order 2 and
Qp - A'(F,)} is isomorphic (via the formal group logarithm) to the free Q,[G.]-module F, so [2,
Corollary to Proposition 11] implies that the Herbrand quotient h(C, A*(F,);) is equal to 1.

It is thus enough to prove that the group HO (C, At(Fw);\) vanishes, or equivalently that the
natural norm map A*(F,)) — A'(FS))
At/ pc has good reduction at all p-adic places and further that at any p-adic place w’ of F ¢ which

is surjective. But the hypotheses (c) and (d) imply that

ramifies in F/F the reduction is ordinary and such that A?(k,s) has no p-torsion, and so the
argument of Mazur in [38, §4] implies that the norm map A*(F,); — At(FC) is surjective, as
required to complete the proof of claim (i). (We note in passing that if pis unramlﬁed in F/Q, as
will be the case in applications of Lemma 4.1 in the present article, then the relevant argument is
given by [38, Corollary 4.4].)

Turning to claim (ii) we note that, under the hypothesis (g), the argument of [15, p. 86-87]
implies directly that Hj(k, T r(A)) vanishes if i ¢ {1,2,3}, that H}(k, T, r(A)) is isomorphic to
(A(F)ptor)” and that there is a canonical exact sequence of Z,[G]-modules

vES;US)

L H I€ Tp F )) E— Selp(AF)V 0.

Now hypothesis (a) implies that the p-group P acts on A(F)[p] with a single fixed point and hence
that H?(k, T,,r(A)) vanishes. Claim (ii) will therefore follow if we can show that, under the stated

hypotheses, the group H° (kv, H(1,, Tp,F(A))tor) vanishes for all v € S, US},. In view of the natural
isomorphism

0 —= Hi(k, T, p(A)) —= A(F), —= @ Ho(kv,Hl(zv,Tp,F(A))mr)>

HO (kv7 Hl (Iva T;D7F(A))tor) = ZP[G} ®Zp[Gw] HO (Fw’ Hl (Iw’ TP(A))tor)

it is thus enough to show that H°(F,, H' (I, T,(A))tor) vanishes for all v € S; U S,. On the one
hand, if v ¢ S}, then H! (Iw, T,( ) = Homeont (Iw, TP(A)) is torsion-free and so the result is clear.
On the other hand, if v € Sy, the (e) implies that v ¢ S; so I, = I,» and hence the group

HO(Fy, 1 (Iw,Tp<A>)tor)a”/ = 0O (Ko H' (L. Ty ().,
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vanishes as a consequence of (b) and the fact that HY (Kw/, H! (Iw/, TP(A))tor) has cardinality equal

to the maximal power of p that divides the Tamagawa number of A? r at w’. Since Gy is a p-group,
this implies that H° (Fw,Hl(Iw,Tp(A))tor) vanishes, as required to complete the proof of claim
(ii). O

In the sequel we assume that A, F' and p satisfy the hypotheses (a)—(g). Then Lemma 4.1 implies
that the complex

CL% = RU4 (k. T, r (A))

belongs to DP (Zp [G]), is acyclic outside degrees one and two and is such that for each isomorphism
of fields j : C = C, there exists a canonical composite isomorphism of C,[G]-modules of the form

Aiﬁ‘l‘] (Cp ®Zp Hl (Czé:.F) = (CP ®Zp At(F>p
= C, ®c,; (C®z At(F)) = C, ®c,; Hom¢ ((C X7z, A(F), (C)
= CP ®ZT’ HomZP (A(F)P7 Zp) = (CP ®Zp H2 (C,J;,.F)
in which the central isomorphism is induced by the C-linear extension to C®zA(F') of the Néron-Tate
height of A relative to the field F.
Hypothesis (a) implies that the p-group P acts on A(F')[p] with a single fixed point and hence that
the module A*(F), = H! (Cﬁ}) is Z,-free and so the above observations imply that the construction

in §4.1 applies to the pair (C’fl’}, )\iTI;j ) to give a canonical Euler characteristic

X](A7F/k) = _XG,p(C£77}a )‘E’,I‘F,‘j)

in the relative algebraic K-group Ko(Z,[G],C,[G]).

This element X, (A, F/k) encodes detailed information about a range of aspects of the arithmetic
of A/ and in the remainder of §4 we shall explicitly relate it to the equivariant Tamagawa numbers
that are defined in [16]. In §5 this comparison result plays a key role in the formulation of a
precise conjectural description of a pre-image of x;(A, F/k) under the boundary homomorphism
K (Cp[G]) — Ko (ZP[G]a CP[GD'

4.3. The element RQ;(h'(A,r)(1),Z[G]). For each isomorphism j : C = C,, as above there is an
induced composite homomorphism of abelian groups

(where the first and third arrows are induced by the inclusions R[G] C C[G] and Z[G] C Z,|G]
respectively).
For each such j we set

RO, (0 (A/p)(1), ZIG]) = ja.. (RQ(R' (4,¢)(1), ZIG)))

where RQ(hl(A /r)(1), Z[G]) is the ‘algebraic part’ of the equivariant Tamagawa number for the
pair (h'(A,r)(1),Z[G]), as defined (unconditionally under the assumed validity of hypothesis (g))
in [16, §3.4].

In order to relate this element to the Euler characteristic x;(A, F'/k) defined above we must first
introduce an auxiliary element of K (Z,[G], C,[G]).

To do this we define a complex

Cr3t = @ RU(ky, Tor(A)® D RIy(ky, T r(A)),

VES e vESUS,
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where, as before, S denotes S, U Sy. It is then clear that CIOC’ is acyclic outside degrees zero
and one, that H° (CIOC *) = Does.. HO(ky, T, r(A)) and that there is a canonical identification of
Qp ®z, H(C}G") with Q, ®z, AY(F,)), where we set F, := F @g Q.

loc,e

We next use this description of the cohomology of €'y} to define a canonical isomorphism of
C,[G]-modules

)\Z’ipd (C ®Zp HO (CIOC7 ) (C ®Zp Hl (Cloc7 )
For this we write X (k) for the set of embeddings &k — C and X, (F), for each ¢ in 3(k), for the set

of embeddings F' — C that extend o. For v in So, we fix a corresponding element o, of ¥(k) and
consider the C-linear map

T, C®z Hy (O'U(At)((C), Z)
— Homg (C @0, HO(A',Q4), C) = € @4, Homy (HO(A", Q). k)

that sends the image ~ in H; (O'U(At)((C), Z) of a cycle 4 to the map induced by sending a differential

wtofaw*fw

For each place v in So we also write Y, p for the module HE (F) 7, endowed with its natural

action of the direct product G X G,, and then define )\eXp’J to be the followmg composite isomorphism
of Cp[G]-modules

Cp ®z, HO(CIOC *) =C, ®g, @ HO (ko Ty,r(4))

VES

=Cy @z @ H (ks Your @2 Hi(0,(4)(C), 7))

VES
g(cp oY) (F &, Homy, (HO(At, Q}L‘t), k))
~ t A
=Cp ®z, A" (Fp)y
=C, @z, H'(CYY).
Here the first isomorphism is induced by the canonical comparison isomorphisms

(5) Tp,r(A) = Yr/kp @z, Tp(A) 2 Yo pp @z, Hi(0u(A")(C),Z) ,

the second by the maps C, ®¢ ; m, and the canonical decomposition
(6) R ®g (F@k Homy (HO(A!, Q4,), k))

B H(ku, (€ ro F) @c (C @xo Homy(HO(A', Q%) K)))
VES

= P H (ko CYor @c (C@po Home (H(A",Q40),5)) ).
VESs

1%

and the third by the sum over places v in S, of the classical exponential map
(7) F, @y Homy, (H°(A", Q4), k) = Homp, (H° (A%, Q ) F,) = Q,A"(F,))

where we set F, := F ® k.
Under our stated hypotheses the complex C}f}' belongs to DP (Z [G]) It is also acyclic outside

degrees zero and one and such that H° (CIX(}') is Zy-free and so we may use the construction of §4.1
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to define an element of Ko(Z,[G],C,[G]) by setting
XES (A FR) = xa (CR55 AT,

We are now ready to state the main result of this section. In this result, and the sequel, we shall
use the composite homomorphism

dap C(CP[GDX — K ((CP[G]) - KO(ZP[G]an[G])

where the first arrow is the inverse of the (bijective) reduced norm homomorphism Nrdc, () and the
second is the standard boundary homomorphism 0g .

Proposition 4.2. Assume that A and F satisfy the hypotheses (a)—(g). Then in Ky (ZP[G], CP[GD
one has

RO, (W (A ) (1), ZIC)) = —x; (A F/R) XA /R + Y by (Lo(A, F/R)).
veESUS,

Here for each place v in SU S, we set
Nrdg, g (1 = Fry " | Vor(A)"),  ifvtp
Nrdg,(6)(1 = @o | Dero(Vo.r(4))), if v p,

where @, s the crystalline Frobenius at v.

Lo(A, F/k) := {

Proof. To discuss RQ;(h'(A,r)(1),Z[G]) we first recall relevant facts concerning the formalism of
virtual objects introduced by Deligne in [24] (for more details see [16, §2]).

With R denoting either Z,[G] or C,[G] we write V(R) for the category of virtual objects over R
and [C]g for the object of V(R) associated to each C in DP(R). Then V(R) is a Picard category
with 71 (V(R)) naturally isomorphic to K7 (R) (see [16, (2)]) and we write (X,Y) +— X - Y for its
product and 1 for the unit object [0]g. Writing Py for the Picard category with unique object 1p,
and Autp,(1p,) = 0 we use the isomorphism of abelian groups

®) o (V(Zp[G]) XV (C,(6]) 7’0> = Ko(2Z,[G], C,[G)

that is described in [16, Proposition 2.5]. In particular, via this isomorphism, each pair comprising
an object X of V(Zy[G]) and a morphism ¢ : C,[G] ®z,16) X — 1c,[c) gives rise to a canonical
element [X, ] of Ko(Z,[G],C,[G]).

Now if C' belongs to DP(Z,[G]) and is acyclic outside degrees a and a + 1 (for any inte-
ger a), then any isomorphism A : H® ((Cp ®z, C) >~ Ha“((Cp ®z, C’) of C,[G]-modules gives
a canonical morphism Ariy : [Cp ®z, Clc, () — 1c,[g) in V((CP[G]). The associated element
[[C}Zp @ )\Triv] of Ky (Zp [G], (CP[GD coincides with the Euler characteristic xz, () c,[q] (C’, )\(’1)&)
defined in [11, Definition 5.5]. In particular, from Proposition 5.6(3) in loc. cit. it follows that
[[C[-1]lz,(6), Amiv] = —[[Cz,(G), Mviv], Whilst Theorem 6.2 and Lemma 6.3 in loc. cit. combine
to imply that if H*(C) is Z,-free, then

(9) [[C]ZP[G]a)\Triv} = XG,p(C7 )\) —+ (Sg,p( H Nrde[G] (—id | (@p ®Zp Hi(C))(_l)i>’

i=1,2 mod 4

where x¢ p(—, —) is the explicit Euler characteristic discussed in §4.1.
We now set

C5% = RUo(O 5[3], T, r(A)),
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which is the complex of the compactly supported étale cohomology of T, r(A) on Spec(Ok?S[%]),
regarded as a complex of Z,[G]-modules in the natural way.

Then a direct comparison of the definitions of C}% and C’f,”'F shows that there is a canonical
exact triangle in DP(Z,[G])

(10) Ol - —=Cp——C L — 55

We consider the following diagram in V (C,[G])

(11) [Cp @z, Ci'F] C, G —25 [C, @y, C}fx}%.[_ 1]}@1,[@] - [Cp ®z, C,]:x’,.F]cp ©
a [ ] (O]
1c,(q) : 1c,[q) * 1, (0]
o (MMuesus, Lo(A,F/K)) id
1c,(q) : lc,(q) 1, [q)-

Here A is the morphism induced by the scalar extension of (10), ¢ denotes the canonical identification
and the morphisms a and o’ are defined by the condition that the two squares commute.
We claim that this definition of @ and o/ implies that

(12) o' oa = (Cp ®r,j Vo) © (Cp B, Up) ™

where the morphisms ¥, and 1, are as constructed in [16, §3.4]. To verify this we note that the scalar
extension of (10) is naturally isomorphic to the exact triangle in DP (Cp [G]) induced by the central
column of the diagram [16, (26)] and then simply compare the explicit definitions of the morphisms
Ai{f‘}j and ¥, and of )\IX?}]' and ¥.,. After this it only remains to note the following fact. For each

place v € S\ S,, respectively v € S,, we write V,, and ¢, for V, p(A4)!* and Fr, ', respectively

Ders(Vp,r(A)) and ¢, and then V2, for the complex Vj,, iR Vp.v, with the first term placed

in degree zero. Our definition of )\‘X%’j implicitly uses the morphism [V, ]g,(c1 — 1g,[¢) induced

by the acyclicity of V7, whereas the definition of 1, uses (via [16, (19) and (22)]) the morphism
[Vp.,v]Qp[G] — 1g,[¢) induced by the identity map on Vj, ,; the occurrence of the morphism o' in the
equality (12) is thus accounted for by applying the remark made immediately after [16, (24)] to each
of the complexes V;?, and noting that Nrdg, (g)(1 — ¢u | Vp0) = Ly (A, F/k).

Now, taking into account the equality (12), the term RQ;(h'(A,r)(1),Z[G]) is defined in [16] to
be equal to

[[C5%) 2, 61 (o Br3 9) 0 (Cp @0, )] = [[C5k) 0 @ 0]

The product structure of mo(V (Zy[G]) X v (c,c)) Po) then combines with the commutativity of (11)
to imply that it is also equal to
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“CZ,.F} Z,[G)’ a] + [1z,(q), o]
= [R5 -1 0 OS5 ) m] + [[CE e ONF )] + (12,01, @]
= =[O85 i Q%) mae] + [[Ch5mier N )]
+ 12,01 g[s Lo(A,F/k))-

This implies the claimed result since (9) implies that
loc,e exp,j oc
[[CA,F ]ZP[G]’ (/\A,%J)Triv} = X;(A, F/k)

(as 0cp( Nrdg, (g (—id | Qp®z, H! (C}fcl;))) = 0 because Q, ®z, H' (C:CI;') is a free Q,[G]-module)

and

(%) ONF )| = =3 (A F/R)

(because [['=2 Nrdg, ¢ (—id | Q, ®z, H"(Ci;”}?))(_l)l = 1) whilst the explicit description of the
isomorphism (8) implies that

Lz TI LA F/m)| =se,( TI oA F/b)

vESUS,, vESUS,

= Y dap(Lu(A F/E)).

vESUS,

O

4.4. The local term. In this section we explicitly compute the Euler characteristic X;OC(A, F/k)

that occurs in Proposition 4.2 in terms of both archimedean periods and global Galois-Gauss sums.

In the sequel we sometimes suppress explicit reference to the fixed identification of fields j : C =
C,. In addition, for each natural number m we will write [m] for the set of integers ¢ which satisfy
1<i<m.

4.4.1. Periods and Galois Gauss sums. We fix Néron models A" for A® over Oy and Aj for Aj,
over O, for each v in S}’;, and then fix a k-basis {wp}ye[q) of the space of invariant differentials
HO(A*, Q) which gives Oy, -bases of HO(A!,QY,) for each v in S and is also such that each wp
extends to an element of HP (At, Q}M) '

For each place v in Sg we fix Z-bases {7, }aciq) and {7, 4 }ac(q) of H1 (O’U(At)((C),Z)C:1 and

H, (O'U(At)(((:), Z) 6:71, where ¢ denotes complex conjugation, and then set

det (/ w(,) det (/ wb)
FY’j’,a a,b 'Yuia a,b

where in both matrices (a,b) runs over [d] x [d]. For each v in Sc we fix a Z-basis {Vy,a}ac[24] Of

Hi(0,(A")(C),Z) and set
alf el =),

v,a )

Q7 (4) = » 9 (4) = :

Q,(A) :=
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where (a,b) runs over [2d] x [d]. (By explicitly computing integrals these periods can be related to
those obtained by integrating measures as occurring in the classical formulation of the Birch and
Swinnerton-Dyer conjecture — see, for example, Gross [30, p. 224]).

For any ¢ € Ir(G) and v € Sg, we set ¥} (1) := dimc Vf’““ and ¢ (1) := (1) — ¢ (1). Then we
define the periods
QF (A D . Q- (A% D if v e Sy and
Q,(A)¥M if v € Sg;

and Q(A,9) = [[,cq. Qw(A,?) and finally set

QA F/R) = Y QA1) ey € C(Cy[G)) ™.

Pelr(G)

(A, 9) = {

For each v in Sg, respectively. in S¢, we also define w, (1)) to be equal to %> () respectively. %1,
and then set woo (¥) := [[,cg._ wy(¢) and

woo(F/E) =Y wae(¥) ey € C(Cy[G]) ™
Yel(@)

To describe the relevant Galois Gauss sums we first define for each non-archimedean place v of k
the ‘non-ramified characteristic’ u, to be the image under the natural induction map ¢(C,[ G, ]) i
C((CP[G])X of the element (1 —e7 )+ (— Fr;l)ejv of ¢(Q[G,])*.

For each character ¢ in Ir(G) we then define a modified equivariant global Galois-Gauss sum by
setting

T(F/k) := (H uv) Z ey T(Q,Ind(gz/}) € C(QC[G])X

veSk Pelr(G)

where the individual Galois Gauss sums 7(Q, —) are as defined by Martinet in [37].

4.4.2. Computation of the local Euler characteristic. The explicit computation of the Euler char-
acteristic x;-OC(A,F/ k) is made considerably more difficult by the presence of p-adic places which
ramify in any of the relevant field extensions. For simplicity in the sequel, and to focus attention on
the key ideas in the present article, we therefore impose the following additional hypothesis

(h) p is unramified in F/Q.

A full treatment of the terms XIOC(A,F /k) in the general (ramified) case will then be given in a
future article.

In the following result we use the elements L, (A, F/k) of ((Q,[G])* that are defined in Proposi-
tion 4.2. We will also write j,. for the isomorphism ¢(C[G])* = ((C,[G])* that is induced by j. We
finally recall that d denotes the dimension of A.

Theorem 4.3. If A and F satisfy the hypotheses (a)—-(h), then one has

Woo (F/k)® - Q(A, F/k)
(F/k)d WGSIZIUSP LU(A,F/k))-

XES (A, FI) = 06, (Ju(

Proof. We set HF/k HO (kv, Yo r ®z Hi(0,(AY)(C), )) for each v in S, and then also HA/k =
Does.. Hj/k and C’XCF' = HF/k[ 0] A!(F,))[—1]. Then, as pis odd and RL s (ky, Ty, r(A)) is acyclic

sV
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for all v in S, (by Lemma 4.1(i)), the comparison isomorphisms (5) induce a natural isomorphism

K CRe2ORY & @ Hf (k. Ty r(A))[-1]

vEShH
in DP(Z,|G]) and hence an equality in Ko (Z,[G], C,[G])
(13) (AL FIR) = xap (CR5355) = 3 va <H}(kv,Tp,F(A))[fl], o)
vEShH
= 5G’p( I] z.(A F/k)).

vESY

Here we set 5\2(3; = (Qp ®z, H'(r)) 0 A5 0 (Qp ®g, Ho(f<a))_1 and the second equality follows
by combining for each v in S}, the explicit definition of the term L, (A, F/k) together with the facts
that there is an exact sequence of Z,[G]-modules

;o 1-Ft / 1
0———T, p (A ———T, p(A) ———H} (ky, Ty, p (A)) ——0,
and that T, r(A)!" is a projective Z,[G]-module (as a consequence of hypothesis (e)).
We next note that )\ji% := uoopu, where iy is the second isomorphism that occurs in the definition
of )\fjﬁ%’j and po = @, ¢ s, M3 where each 3 is induced by the classical exponential map (7).

For each v in S, we set Op, := Of ®0, O,. Then hypothesis (h) implies that each such place v
is unramified in F,/k, and hence, by Noether’s Theorem, that the Z,[G]-module Or, =[]\, OF,,
is free. In particular, the Z,[G]-module

JAva = @ OFv ®oku Homokv (HO (Ai, Q}%),Okv),
vESy

w’ |v

is free and so in Ko (Zy[G], Cp[G]) one has an equality

XG,p (Cf,cﬁ’.v )‘i;q;“)
= xap(HA[0) @ Ja,p, [~ 1], 111) + X (a1, [0] @ AU (Fp)N[=1], aa).

Combining this equality with (13) and the explicit computations in Lemmas 4.4 and 4.5 below one
finds that x'°(A, F/k) is equal to

J
66 (o (woe (F/RYUA F/R)) T] LolA F/R)) = d- (O, Yiny):
UGSbUSp
Here we have set Yp := HE(F) Z, endowed with its natural action of G, and written 7 : C,®q, F}, =
Cp®z, YFp for the natural isomorphism. To deduce the claimed result from this expression it suffices
to show (OF7P77TF,YF7P) is equal to dg p (j* (T*(F/k:))) and, since no p-adic place of k ramifies in
F/k, this follows directly from equation (34), Proposition 7.1 and Corollary 7.6 in [6]. O

Lemma 4.4. If at each place v in Sy, the extension F,,/Q, is unramified and A has good reduction,
then one has

X6 (Ja, 0@ A (B 1=1],12) = ba ([T Lo(A F/B)).

vES)
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Proof. We fix v in S, and write A{, j for the Néron model Af, x o, OF, of A* over Op, := ], Ory,-

w

Then Home,, (H°( Z,F’Q.lAz,F)’OFv) is naturally isomorphic to the free Z,[G]-module J4 g, =

Or, ®o,, Homo, (HO(_AY;’Q}L‘Z%OM).
In addition, the stated hypotheses on v imply that there exists a full free Z,[G]-submodule

Dv = Dcr,v (TP7F(A)) = OFU ®Okv Dcr,v (TP(A))

of Dy o(Vp r(A)), where Dq, , is the quasi-inverse to the functor of Fontaine and Lafaille used by
Niziol in [42], and the theory of Fontaine and Messing [28] implies that the canonical comparison
isomorphism

HOI’IIFU (HO(Ath s Qzlﬁ% ), Fv) = dewj (Vp,F(A))/FO

maps Ja g, to D,/F°D, (see §5 in [3]).
In this case it is also shown in [8] that there is a natural short exact sequence of perfect complexes
of Zp[G]-modules (with vertical differentials)

(0,id) (id,0)

0——>D,/F'D, — > D, & D,/F'D, D, 0
T (1901“7")T 1‘P1}T
0 0 D, d D, 0.

Here the term D, /F°D, in the first complex occurs in degree 1 and 7 is the tautological projection.
Further, the exponential map of Bloch and Kato maps the cohomology in degree 1 of the second
complex bijectively to H}(kv, Ty, r(A)) = A'(F,); and the differential 1 — ¢, of the third complex
is injective. For a proof of all these claims see Lemma 4.5 (together with Example 3.11) in loc.
cit.. The long exact sequence of cohomology of the above exact sequence thus gives rise to a
short exact sequence of Z,[G]-modules 0 — Jar, — AYF,), — cok(l —¢,) — 0, in which
(following [3, Example 3.11]) the second arrow is equal to u3. This sequence then implies that the

term xgp(Ja,r, [0] & A'(F,))[—1], u3) is equal to
XG.p(cok(l = u)[=1],0) = 0a.,p (1 = ¢v | Der,o(Vip,r(A)))) = dc.p(Lo(A, F/k))
and by summing over all places v in S, this implies the claimed equality. ]

For each o € ¥(k) we fix an embedding & € X, (F).

Lemma 4.5. In Ko(Z,[G],C,[G]) one has

X (HA10] @ Jap, [-1], )
= —d- (Orp,7r, Yiop) + 8 (1 (woo (F/R)* QA F/R))).

Proof. For each place v in Sg we define 7, in G via the equality 7,(6,) = co &,. For each integer a
in [d] we then define an element

Ty g 1= %(1 + 74)00 Rz ’YIG + %(1 — Ty)0p @ Vva

and we note that, since p is odd, the set X, := {2y,a}ac[q) i & Zp[G]-basis of Hi/vlfp.
For v in S¢ and a in [2d] we set x, 4 := 6y ®2Y0,a and note that X, := {4 4 }ac[2q) is @ Zp[G]-basis

of HYY .
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We next set n := [k : Q] = |Sr| + 2|Sc| and fix an O, p[G]-generator Z of Op, and a Z,-basis
{Zm }mem) of Okp and set ty, p := Z2,, @ wy with w; the element of Homy, (HO(At, L), k) that is
dual to wy. Then the set 7 := {tm b} (m,b)e[n]x[d] 15 @ Zyp|G]-basis of Ja F,.

The key to our argument is to compute the matrix of 1 with respect to the bases 7 and X :=
Uves.. Xv of R@g (F @ Homy(HY (A", Qa¢), k)) and R@y Hj/k. To do this we find it convenient to
introduce an auxiliary basis. Thus, for v in Sg we set YV, := {yu b boe[d) With Yo p 1= Gy @z 4« (W}),
and for v in Sc we set Yy 1= {yup}oefea) With yup 1= 0y @z 0y« (wy) if b € [d] and y,p = 7, Q7
c(ovs(wp)) if b e [2d] \ [d]. Then Y := Uyes. Yy is an R[G]-basis of @, cg_ kuYo.r @k, (kv Ok.0,
Homy (H®(A",QY%,),k)) and for each index a one has

({E ) — Z;iil %(QUQJ(1+TU>+Q'UCL]( TU))yU,ja ifve S]Ra
25:1 Qv,a,j Yuv,js if v € S¢

w;) if a € [2d] \ [d].
This formula implies that the matrix of pu; with respect to the bases X and 7 is M ~'® where
® = diag((P,)ves..) is a diagonal block matrix with blocks

(I)U: {( va]§1+7'v)/2+gva]( 7'1))/2) el x[d] ifUES]R7

v,a,j

with QF . .= f'Y'via w; and §y 4, = f%awj if a € [d] and Q,4; = c(f

v,a

( V0.3 ) (a,5)€[2d] x [2d] if v e Sc

and M is the matrix in GL,q(C[G]) that represents the isomorphism (6) with respect to the bases
7 and Y so that

ou(2a) deG bu (g(Z))gf1 ifve Sg and a = 7,
A ~Jou(za) Yoye 00(9(2))g7! if v € Sc and o = j,
(@200 7 06 gy (24) Ygeccoou(9(Z2))g™t ifveSeand a=j+d,
0 otherwise.

Writing [M~'®] for the class of M ~'® in K;(C,[G]) one therefore has

(1) xop(HA01® Jam, (1], 1) = dap (1M @)
= 6¢,p(Nrde, (g (M ™1 ®)) = =8¢, (Nrde, (M) + b, (Nrde, ¢ (®))-

Now M is equal to the product MM, for the block matrices M; = (a(za)ld)aez(k) wcin] and

My = diag((zgeG 5(9(2))9_1)Id)062(k) and so Nrdg(¢ (M) is equal to the product

d
Nrdgie (M) Nrdegg) (Mz) = Nrdege) ((0(2a))oa)* Nrdegg (diag(z 5(9(2)) g_l)a)
geG

d
= Nrdg(g ((U(Za) > 5(9(2))971)11 a) :
geG ’

In addition, (o(z,) > ogea &(g(Z))gfl)a ,, is the matrix of the natural isomorphism 7p : C, ®q, I}, &
C, ®z, Yr, with respect to the Z,[G]-bases {Z24}ae[n) and {6}oexk) of OF, and Yp,, and so

(15) d6,p(Nrde,(q)(M)) = d - g, < {(0(%) > 5(9(Z))9_1)WD =d-(Orp, 7F. Yrp).

geG
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Next we note that Nrdc,¢(®) = [[,es.
d[k,:R .
S wene v dete, (@, | V) with

e [k,,:R]) _ {det((Qq aj)ad)
)

)
P
det((Qv)a)j)aJ
Now if v is real, then det(Q, ,)a.; = @, - 2 (4) and det(€2, aj) aj =@, it Q5 (A) with @} and
w, in {£1}, whilst if v is complex, then det(2y q,j)a,; = @o 4.Q,(A) with @, in {+1}. Thus,

since each of the terms

ST ep(@) D (wy )P D = Nedg, i) (wi (1 +70)/2 + @y (1 - 7)/2)
Pelr, (G)

Nrdc, (¢(®,) and that for each v in S also Nrdc, j)(®y) =

W e et (R0 )ay) ™" if v € Sg,

detc, (@,
w(b) if v € Sc.

if visreal, and 3 e, (o € w® = Nrdg, g)(w@y) if v is complex, belong to the kernel of d¢ ,, we
conclude that ¢ , (Nrdcp [G](é)) is equal to

5(;71,( Z €y H (Q wi ( .Q;(A))w;u)) H (id-QU(A))‘/’(l))

PEIr(G) VESR vESc
dop(( X wn)en)( X oA ve))
Yelr(G) Yelr(G)

=56, (woo(F/k)d -Q(A, F/k)).

This formula combines with (14) and (15) to give the claimed formula for the term xq (Hf:/p’c [0]

S
Tar, 1], ). O

This completes the proof of Theorem 4.3.

5. CONGRUENCES BETWEEN DERIVATIVES

We assume in the sequel that, in addition to the hypotheses (a)—(h), the following standard
conjecture is also valid.

(i) For each finite set of places ¥ of k and each character ¢ in Ir(G) the 3-truncated -twisted
Hasse-Weil L-function Ly (A, ), s) of A has an analytic continuation to s = 1 where it has a

zero of order ry := dimc (Vy ®z A(F))G.

Here G acts diagonally on the tensor product and so 7y is equal to the multiplicity with which 1,
and hence also v, appears in the representation C @y, A(F).

For each v in Ir(G) we then write L3;(A,4,1) for the the coefficient of (s —1)" in the Taylor
expansion at s =1 of Ly (A4,1,s).

In this section we use the computations of §4 to give a reinterpretation, under the hypotheses (a)-
(i), of the appropriate case of the equivariant Tamagawa number conjecture of [16, Conjecture 4]
as a family of congruence relations between the leading terms L;r(A,dJ, 1) as ¢ varies over Ir(G).
We next discuss several consequences of this reinterpretation and then, motivated by the results
of [18], we specialise to the case that the (p-completed) Mordell-Weil group A(F'), is a projective
Z,[G]-module. In this case we prove results that will subsequently enable us in §6 to give some
important new theoretical and numerical verifications of [16, Conjecture 4].
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5.1. The general case. If A and F satisfy the hypotheses (g) and (i), then [16, Conjecture 4] for
the pair (h'(A,r)(1), Z[G]) asserts the validity of an equality in Ko (Z[G],R[G]). In such a case we
shall say that the ‘€TNC,, for (h'(A4,r)(1), Z[G]) is valid’ if for every isomorphism of fields j : C = C,,
the predicted equality is valid after projection under the homomorphism jg . defined in (4).

If p does not divide |G|, then the algebra Z,[G] is regular and it is straightforward to use the
techniques described in [15, §1.7] to give an explicit interpretation of these projections. If p divides
|G|, however, then obtaining an explicit interpretation is in general very difficult (see, for example,
the efforts made by Bley in [3, 4]).

The following result is thus of some interest since, as we shall see later, it can be combined with
the structure results obtained in [18] to show that under certain natural conditions one can explicitly
interpret, and verify, the eTNC,, for (h*(A,r)(1),Z[G]) even if G is non-abelian, p divides |G| and
the rank of A(F) is strictly positive.

For each non-archimedean place v of k, we decompose the non-ramified characteristic u, as
> petr(G) v,y + €y With each u,y in C*. For each ¢ in Ir(G) we then define a modified global
Galois-Gauss sum by setting

(16) T (Q, Indg 1/}) = Uy T(Q, Indg 1/1)
with wy =[], cqr o,y

Theorem 5.1. Assume that A and F satisfy the hypotheses (a)-(i). Then the element

A1) -7 (Q,Tnd% )
Caepi= 2 e QA ) - woo (¢)

Pelr(G)

belongs to ¢(C[G]) * and the eTNC, for (R'(A,;r)(1),Z]G)) is valid if and only if for every isomor-
phism of fields j : C =2 C, one has

(17) 0c.p(5+(L2a py1)) = X3 (A, F/k)

Proof. Since Lgr (A,9,1) # 0 for all ¥ in Ir(G) the element L7 /i clearly belongs to ((C[G])*.
We next recall that [16, Conjecture 4(iv)] for the pair (h'(A,r)(1), Z[G]) asserts
RQ(W (Ar)(1), Z[G]) = —6c (L  (are)h' (A1) (1), 0))
where d¢ is the ‘extended boundary homomorphism’ C(R[GDX — Ko(Z|G],R[G]) defined in [16,
Lemma 9] and L” (Q[G]hl(A/F)(l), 0) is the leading term at s = 0 of the ((C[G])-valued L-function
L(Q[G]hl(A/F)(l),s) defined in [16, §4.1].
Noting that for each isomorphism j : C = C,, one has jg,«0de = d¢ p © j«, and recalling the result

of Proposition 4.2, it follows that the eTNC, for (hl(A/F)(l), Z[G]) is valid if and only if for every
isomorphism j one has

66 (7o (L (aicah (A/)(1),0)) )

=X (A F/k) + XP(AF/k) = > dap(Lo(A F/E)).
veSUS,

Now hypotheses (e) and (h) combine to imply that S, = (SUS,) \ (S, U S,) and for each place v
in this set the term L, (A4, F/k) is equal to the value at s = 0 of the Euler factor at v that occurs in
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the definition of L(Q[G]hl(A/F)(l), s) (by [16, Remark 7]). In view of the formula for x'°°(A, F/k)
that is given in Theorem 4.3, one therefore finds that the above equality is valid if and only if

o (o (Elggh W W.0) T ERNN
It now suffices to show that the quotient on the left hand side of this equality is equal to ﬁ’;" Fk

and this follows from a straightforward comparison of all of the terms involved and then noting that
the definition of the truncated L-function Lg, (Q[G]hl(A/F)(l)7 s) implies L (Q[G]hl(A/F)(l),O) =

Z¢elr(c) ewLE,. (4, W, 1). u

If it is valid, then the equality (17) can be combined with the theory of organising matrices
developed in [17] to extract from the element 52’ ryi & range of detailed information about the
arithmetic of A over F. To give an explicit example of such an implication we assume, motivated by
the results of Theorem 2.7 and Corollary 2.10 in [18], that there exists a surjective homomorphism
of Z,[G]-modules of the form

7 :Sel,(Ap)Y — I =IIP" & [I"P"

where II is a trivial source Z,[G]-module, IIP" is a projective Z,[G]-module and 7 induces, upon
passage to G-coinvariants, an isomorphism A(k); =~ TIg (via the relevant canonical short exact
sequence of the form (1)). The notion of ‘trivial source Z,[G]-module’ that we use here corresponds
to the one defined in [18, §2.3.2]. For the purpose of applying the result [17, Corollary 2.13] to
prove Proposition 5.2 below we however warn the reader that this terminology differs from the
one introduced in §2.2 in loc. cit., where trivial source modules are instead called ‘permutation
modules’. In this case we also write Y, for the subset of Ir(G) comprising characters for which
the homomorphism e, (C ®z 7) is bijective and then define an idempotent in ¢(Q[G]) by setting
€pr 1= Zwe"rpr €yp-

Given a natural number m and a matrix M in M, (Z,[G]) we write M’ for the corresponding
‘generalised adjoint matrix’ in M, (Q,[G]) that is defined by Johnston and Nickel in [31, §3.6]. We
then write A, (G) for the ¢(Z,[G])-submodule of ¢(Q,[G]) given by the set

{o€¢(QIG)) + ifm>0and M€ My (Z,[G]) then oM’ € M,y (Z,[G]) |-
For more details about this module see Remark 5.4 below.

Proposition 5.2. Assume that A and F satisfy the hypotheses (a)—(i) and that the equality (17) is
valid. Fiz a surjective homomorphism of Z,|G)-modules

7 Sely(Ap)Y — 11

as above and an element a of Ay(G). For each homomorphism 0 : A'(F), — A(F); of Z,|G]-modules
and each isomorphism of fields j : C = C,, set

R;(0) := Nrde, () ((C, ®z, 0) 0 (Aﬁ?ﬁj)fl).

Then for each such 6 and j the element a R;(0) j. (‘C:X,F/k) epr belongs to Zy[G] and annihilates
both modules 1L, (A%.) and IIP*. In particular, the element

Ls, (A, 9,1) - 7 (Q, Tnd 2 )
LAk = €y
we%) Q(A, ) - woo ()4

is such that a - j.(La i) belongs to Z,[G] and annihilates 111, (A%).




20 DAVID BURNS, DANIEL MACIAS CASTILLO AND CHRISTIAN WUTHRICH

Proof. Hypothesis (a) implies that the module A*(F), is Z,-free. Lemma 4.1 therefore implies, in
the terminology of [17], that RI's(k, T}, r(A)) is an admissible complex of Z,[G]-modules and equa-
tion (17) asserts that j, (EZ,F/]C) is a characteristic element for the pair (RTs(k, T, p(A)), ()‘IZ,Tﬁj)_l)'
The first claim is therefore a direct consequence of [17, Corollary 2.13] and the isomorphisms

L, (Af) = L, (Ap)" = (Sely(Ap)Y),,, = H* (BT s (k, T, r(A))),
where the first isomorphism is induced by the Cassels-Tate pairing, the second follows from the short
exact sequence (1) (with L = F') and the last is a consequence of Lemma 4.1.

To deduce the second claim we note that, under our hypotheses (a)—(i), the natural projection
map

or’

Sel,(Ap)Y — (Selp(Ap)Y), = Sely(Ag)Y — A(k)y =: 11
is a homomorphism 7 of the required type. Further, in this case one has ITP* = 0 and so hypothesis (i)
implies Ty, is equal to {¢ € Ir(G) : Ls (A, 4,1) # 0} and hence that L4 pjx = La gk epr =
L:Z,F/k epr- It therefore suffices to show that R;(#)epr = epy and this is true because in this case the
space ep, Home (C - A(F),C) vanishes. O

Remark 5.3. The conjectural equality (17) implies, via Proposition 5.2, a family of explicit con-
gruence relations between the complex numbers A(y) that are defined by the equalities A(¢)) ey =
aR;(0) j.( :X,F/k) ey as ¢ varies over Tp,. This is because

aR;(0)j-(Lhpp)em = Y AW)ey = 1GI7 Y g > »(1)d(g) A)

YET 9E€G  YETp

and this sum belongs to ¢ (ZP[G]) if and only if the elements A(%)) satisfy all of the following
conditions:

(1) A(Y) € Zy[y] for all ¢ € Ty
(i) a(A(W)) = A(ao) for all ¢ € T}, and « € Go,®)/Q,}

(ill) Dyer,, ¥(1)(9)A(¥) =0 (mod |G|Zy) for all g € G.

Remark 5.4. Ideals of the form A,(G) were introduced by Nickel in [41] and have been computed
extensively by Johnston and Nickel in [34]. For example, if M = I,,, then M’ = I, so that
A,(G) C ((Zy[G]) and it is shown in loc. cit. that this inclusion is an equality if and only if
the order of the commutator subgroup of G is not divisible by p. More generally, for each M in
My (Zy[G]) the matrix M’ belongs to My, (M) for any maximal order M in Q,[G] that contains
Z,[G] (cf. [41, Lemma. 4.1]) and so Jacobinski’s description in [33] of the central conductor of M
in Z,[G] implies, for example, that for any Q¢-valued character ¢ of G the element 1 (1)~!G|ey
belongs to Z,[¢)] ®z, A,(G) where Zy[1)] is the subring of Qj, that is generated over Z;, by the values
of 1. This gives an easy ‘lower bound’ on A,(G) (but which is, in most cases, not best possible).

Remark 5.5. For the explicit computation of terms of the form x;(A, F/k) and R;(#) occurring
in Theorem 5.1 and Proposition 5.2 respectively in the case that G is cyclic of p-power order we
refer the reader to [7] where, in addition, Theorem 5.1 is used in order to discuss further explicit
(conjectural) properties of elements of the form a R;(6) j (E;"F/k) epr in such settings.

5.2. The case of projective Mordell-Weil groups. In the rest of this article we consider the
conjectural equality (17) in the case that A(F), and A*(F), are both projective Z,[G]-modules. (In
this regard, note that if A is principally polarised, then the Z,[G]-modules A(F), and A'(F), are
isomorphic.) This corresponds to taking the module IT in Proposition 5.2 to be equal to II* = A(F);
and the more general case that Il = A(F); is a trivial source Z,[G]-module will be considered in a

future article.
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In the following result we use the notion of non-commutative Fitting invariant that was introduced
by Parker [44] and studied further by Nickel [41].

Proposition 5.6. Assume that A and F satisfy (a)-(i). Assume also that A(F), and A'(F), are
both projective Z,|G]-modules.

Then the projective dimension of the Z,|G]|-module 111,(A%) is at most one and there exists an
isomorphism v, : A(F)5 = AY(F), of Z,|G]-modules.

For each ¢ € Ir(G) now set

BT (A ) 1= dete, ((Cp 02, 1) o WY | (View @ 44F)) ) e 5.

Then the equality (17) is wvalid if and only if the (non-commutative) Fitting invariant of the
Zy|G)-module 1, (A%) is generated by the set of elements of the form wu - L7 Flkjo where u is in

Nrde tell (Kl (Zp [G] )) and

*
[’A,F/k,j,Lp =

Z Jx (% . Lgr(A”L’ -7 (Q,Ind% w)d> 1

) d NT,j :
pem@) QA ) - weo (V) Ry, (Ar)

Proof. The assumed projectivity of A(F), implies that its Z,-linear dual A(F); is also a projective

Zy[G)-module. The existence of an isomorphism ¢, therefore follows from Swan’s Theorem [22,
Theorem 32.1] and the fact that )\i’T};j induces an isomorphism of C,[G]-modules C, - A*(F), =
HOHl(cp (Cp X7, 14(}7)7 Cp) = (Cp . A(F);

We now write C* for the complex A*(F), 2, A(F);, where the first term occurs in degree one.
Then, since A(F'); is a projective Z,[G]-module, we may choose a Z,[G]-equivariant section to the

natural surjection
H?(RL4(k, T, r(A))) = Sel,(Ap)Y — A(F); = H*(C*).

Since the kernel of this surjection is isomorphic (via the Cassels-Tate pairing) to III,(A%), such a
section induces a short exact sequence of Z,[G]-modules

0 — H*(C*) — H?(RUy(k, Ty p(A))) — 1, (AR) — 0
and hence also an exact triangle in DP(Z,[G]) of the form
C* — RT;(k, Ty r(A)) — I, (A%)[-2] — C*[1].

In particular, since IIT,,(A%)[—2] belongs to DP(Z,[G]), the projective dimension of the finite Z,[G]-

module IIT,(A%) is finite, and hence at most one (by [12, Chapter VI, (8.12)]), as claimed.
Further, if we use the cohomology sequence of the above triangle to identify C, - H*(C*®) and

Cp,-H'(RT s (k, Ty r(A))[1]) in all degrees 4, then this triangle combines with the additivity criterion

of [11, Corollary 6.6] to imply that the element x;(A, F/k) = —xap (R (k, T, r(A)), Xy ) is
equal to
—XG.p (C.’ AlX,Tﬁj) — XG,p (I-HP(A%)[*QL 0)
= ~XG,p (C.’ )‘iaﬁ) +XaG.p (C', (Cp ®z, Lp)fl) — XG,p (IHp(A%)[_Q]a 0)
=dap (NrdﬁCp[G]((Cp @z, tp) O )‘Z,TFJ)) — XG,p (mp(A%)[_QL 0)-
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Here the first displayed equality is valid as xq,,(C*, (C, @z, tp) 1) = 0 and the second because the
difference —x¢,,(C*, )\A 1)+ xa,p(C*, (Cp ®z, 1p) ") is represented by the triple (A*(F),, (Cp, ®z,
1) o Ny i A'(F)y).
The equality (17) is therefore valid if and only if one has

(
5Gp<ﬂ* Ly F/k -Nrdg, (¢ ((C ®2z, Lp) © /\I:,Tﬁ])_l)
=06 (3« (L ri)) = 0Gp (Nrdc,,[c:] ((Cp @z, 1p) 0 AIX,T#j))
= Xj(A7 F/k) — 5G,p (Nrdcp[g] ((Cp ®z, Lp) o )\igg))

= —XG,p (H-Ip(A%)[_QL 0)'

In addition, one has Nrdc, (6] ((Cp ®z, tp) © Aiﬁ;j)ejow = RIJTLPJ (A p)ejoy for each ¢ in Ir(G) and
=)
3« (L4 py) - Nrde, (6 ((Cp @z, 1) © )\NT j) =L F k-
Given this, a straightforward exercise (comparing the explicit definitions of refined Euler characteris-
tic and non-commutative Fitting invariants) shows that the above formula for x¢,, (I, (A%)[—2], 0)
is valid if and only if Fitz | (H_Ip(A})) is generated by the set of elements w - E:x,F/k,j,Lp with u in
Nrdg, () (K1(Zy[G])), as claimed. O

5.3. Dihedral congruences for elliptic curves. We now investigate the criterion of Proposi-
tion 5.6 in the case that A is an elliptic curve (so A = A') and F/k is dihedral (in the sense of
Mazur and Rubin [10]).

Thus, as before, we have an odd prime p and a Galois extension F/k of group G with p-Sylow
subgroup P and we assume that P is an abelian (normal) subgroup of G of index two and that the
conjugation action of any lift to G of the generator of G/P inverts elements of P. In particular, the
degree of F/k is equal to 2p™ for some n > 1 and K/k is a quadratic extension. We fix an element
7 of order 2 in G. We set 1 := 15 and write € for the unique non-trivial linear character of G.

In the following result, we will be interested in the case when A has rank one over K. In this case
we write pa for the unique linear character which does not occur in the C[G]-module C ®7 A(K).
Hence py = 1 if tk(Ax) = 0 and p4 = € otherwise.

We also set Z' := Z[%]

Proposition 5.7. Assume that the elliptic curve A, odd prime p and dihedral extension F/k satisfy
the hypotheses (a)—(e) and (g), that all places above p split in K/k, that tk(Ax) = 1 and that
ImI,(Ak) = 0.

Then 11,(Ar) = 0 and there is a point Q in A(F) with 7(Q) = —(—1)*A4%) Q which generates
a Z'[G]-module that is isomorphic to Z'[G](1 — (—1)"™4%) 1) and has finite, prime-to-p, index in
7' @y A(F).

In particular, one hasr,, =0 and ry, =1 for all Y € Ir(G) \ {pa}.

Proof. Under the stated hypotheses, [18, Corollary 2.10(ii)] implies that III,(Ar) vanishes, that
Sel,(Ar)Y is a projective Z,[G]-module and that the multiplicity with which each p in Ir(P) occurs
in the representation C,, - Sel,(Ar)" is equal to one.

Roiter’s Lemma (cf. [22, (31.6)]) therefore implies (via the exact sequence (1)) the existence of
an exact sequence of Z'[G)-modules

0 Z/[G)(1 ~ (~1)*40)r)

7' Rz A(F) X 0,
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where the group X is both finite and of order prime to p.

Since the group A(F )i, is also finite of order prime to p (by hypothesis (a)) it follows that any
point Q of A(F) whose projection in A(F)q is equal to the image of 1 — (—1)™ (4% 7 multiplied by
a large enough power of 2 has the properties described above.

The above description of Z' ®7 A(F) also implies that the C[G]-module C ®7 A(F) is isomor-
phic to C[G](1 — (—1)™(“%)7) and the claimed formulas for r,, are then easily verified by explicit
computation. O

For each subgroup H of G and character p in Ir(H) we set

T,:= Y p(h~")h € ((C[H]).

heH

For any point R of A(F') and any ¢ € Ir(G) we then define a non-zero complex number

e () = it - (Tu(R), T()

where (-, -)p is the C-linear extension of the Néron-Tate height on A, defined relative to the field F.

In the next result we assume the hypotheses of Proposition 5.7 to be satisfied and fix a point @
as in that result. For each ¢ € Ir(G) we then obtain a non-zero complex number Q, = Qg by
setting

F

Vdy - Lg (A9,1)

18) Qv =t o) iy

where the quantity u, is as in (16). Further we define
dy = |di|,  de=ldr/di|, and  dpqg ) = dr| - Nf(x)
for all x € Ir(P) \ {1p} and

H, =1 and Hy = hpy(Q), for all 1 # pa.

Here di denotes the absolute discriminant of a number field E and for any finite dimensional complex
character i of Gg we write Nf(1) for the absolute norm of its Artin conductor.

We also note that hypothesis (i) combines with Proposition 5.7 to imply that the leading term
Ls (A,4,1) is equal to the value Lg,(A,1,1) for ¢ = pa and to the first derivative Lg (A, 1, 1) for

$in (@) \ {pa}-

Theorem 5.8. Fiz an odd prime p, a dihedral extension F/k of degree 2p™ and an elliptic curve A
over k. Assume that A and F satisfy the hypotheses (a)—(h), that all places above p split in K/k,
that rk(Ax) =1 and that I1,(Ak) = 0. Fiz a point Q in A(F) as given by Proposition 5.7.
Then the equality (17) is valid if and only if the following conditions are satisfied.
(i) For each v in Ir(G) the number Q, defined above belongs to Q(v), is a unit at all primes
above p and satisfies (Qy)* = Quo for all o in Gal(Q(¥)/Q).

(ii) For all m € P one has a congruence
(19) Qip Qe =— Z X(7) Qruag ()  (mod p"Z,)
x€lr(P)\{1p}

where Z,y denotes the localisation of 7 at p.
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Remark 5.9. If Q' is any element of A(F) with T,,(Q") # 0 for all ¢ € Ir(G) \ {pa}, then for each
¢ € Ir(G) one can define a non-zero complex number Q) = Qg4 just as in (18). Our proof of
Theorem 5.8 will actually show that if the conditions (i) and (ii) are valid with each Q. replaced
by Q! then @’ is a Z,[G]-generator of A(F), and the equality (17) is valid.

Remark 5.10. If n = 1, so the extension F/k in Theorem 5.8 is dihedral of degree 2p, then each
term x(7) is congruent to 1 modulo the unique prime above p in Q(x) and so the congruences (19)
reduce to a single congruence

(20) Qip Qe =-2 Z Qy (mod pZy).

Yelr(G)

dim()=2
Proof of Theorem 5.8. Tt suffices to prove that the criterion of Proposition 5.6 is valid if and only
if both the condition (i) and the congruences in (19) are valid. Now, since III,(Ar) = 0 (by [18,
Corollary 2.10(ii)]), the criterion of Proposition 5.6 is equivalent to asking that the element E;L Flkojoi
belongs to ker(dg ). In view of Lemma 5.11 below it is thus enough to show that the condition (i)
and the congruences in (19) are valid if and only if the element £ := j. (3,1, (@) Quew) belongs to
ker(dg.p)-

To investigate the element d¢ , (L) we fix a maximal Z,-order M, in Q,[G] that contains Z,[G].
Then ¢ ,(L') belongs to the subgroup Ko(Zy[G], Qy[G]),.. of Ko(Zy[G], C,[G]) if and only if £’ €
Nrdg,[q) (zmg) and this condition is satisfied if and only if the conditions of Theorem 5.8(i) are valid
(for more details of these equivalences see the proof of [16, Lemma 11]).

It thus suffices to show that an element £ = 3, 1, () Evey of Nrdg, (g (my) Dyenic) Q(¥)
belongs to ker(dq ) if and only if the congruences in (19) are valid with each term Q, replaced by
&y and with Z,) replaced by Z,. But, from the results of Lemma 5.12(i) and (ii) below, one has
dap(€) = 0 if and only if res(€) € Z,[P]*, and by Lemma 5.12(iii) this is true if and only if the
congruences in (19) are valid after making the changes described above.

This therefore completes the proof of Theorem 5.8. O

Lemma 5.11. There exists an isomorphism of Zy[G]-modules v, : A(F); — A(F), such that

E:}?F/k’j)bp is equal to the element L' := j. (3 e (qy Quey) defined above.

Proof. We claim first that for each p € Ir(G) there is an equality

r(@uddp) _ [1e V= ORI, ifp =1
R § ] = (1) T, e
up /1dic [N () if p=1Indp x
where x € Ir(P) \ {1p} and with S| denoting the subset of S, comprising places which split in K/k.
To prove this we note that for each p in Ir(G) one has

(22) w7 (Q.1dZ p) = 7(@.af ) = (115 /)" 7 (k. ),

where the first equality follows straight from the definition (16) and the second from the result of [37,
Theorem 8.1(iii)].

Now if p = 1¢, then 7(k, p) = 1 and V/» = C, for all v in S; so u, = (—1)I51, whilst it is clear
that weo (p) = i1°¢!, and so in this case the equality (21) is an immediate consequence of (22).

(21)
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Next we note that e = Ind%(1p) — 1¢ and hence that [37, Theorem 8.1(iii)] implies

7(k,Ind%(1p)) o e Vx|
— P 1 1)) = ;/5zl — I8l VICKI
7(k,€) T 10) (k, nd?( p)) 1 di/ip =1 AR

where Sg, is the set of real places of k that ramify in K/k and dg ), the absolute norm of the different
of K/k. One then obtains the claimed equality (21) by substituting this formula for 7(k, €) into (22)
and then using that fact that we (e) = #/5cIHISEl whilst u, = (—1)15] since det(—Fr,, | VI») is equal
to —1 for v € S} and to 1 for v € S; \ SL.

Finally we assume that p = Ind$ y with y € Ir(P)\ {1p}. Then, just as above, one finds that

T(k’ ,0) :T(k7 Indg(lP)) : T(K’ X)

. d
=il %! |' T (k)
k

o VIdk] W(x
= woo<x> N1,

where W (x) is the Artin root number of x and Wy, () the infinite part of the Artin root number
of x and the final equality follows from the very definition of 7(K, x). Now Wy (x) = 1 since no
archimedean place ramifies in F/K. In addition, the inductivity of Artin root numbers implies
W(x) = W(p) and so, since p is an orthogonal character, the main result of Frohlich and Queyrut
in [29] implies that W (x) = 1. Thus, upon substituting the last displayed expression into (22), and
noting that ws (p) = i*MWI5cl+15! one obtains the claimed equality (21) in this case.

Having proved (21), we now write 6 for the generator of the Z,[G]-module A(F); that sends Q
to 1 and g(@) to zero for each non-trivial element g of P. We then define ¢, to be the isomorphism
of Zy|G]-modules A(F'); — A(F), that sends 0¢ to Q.

One computes that ((C, ®z, ¢,) o )\ﬁg’j)(@) = j«(Rg)(Q), where Rq is the resolvent element
Y 0er(@,9(Q)) - g in Cy[G], and also that 0 (1,(9)) = 9(Q) for all ¥ € A(F);.

Proposition 5.7 implies ,, = 0so RYTJ (A,r) =1 = H,, and also that for each ¢ € Ir(G)\{pa},

PAsLp

the complex vector space (Vi ®z A(F))¢ = C[G]- T, (Q) has dimension one and hence Rgzj (A/p)-
Ty(@) = ((Cp 82, 1) o Xa¥) (Tu(Q)).
Now, for any ¥ € A(F), and P € A(F) one has T;(9)(P) = ﬁ(Tf(P)) where we write z +— 7

for the Z,-linear involution on Z,[G] that inverts elements of G. In addition, for each ) # pa one
has

T5(60) (Tu(@) = > i) )Q(g*hcz)

g€G heG
= 2 A+ (S 0 vl
geG g€

because ¢~ 'h(Q is a multiple of Q only when h = g or h = gr. The first sum here is always equal to
|G|, while the second is equal to |G| for ¢ = 1, to —|G]| for 1) = € and to 0 otherwise. Hence, writing
0 for Ay 7 (T(Q)), we find that
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2lG , |
1/,|(1)| Ry (Asp) = Ty(0g) ((Cp ®z, tp) © A} (Tw(Q)))

= 00(T#((Cy @2, 1)) = 00 ((Cp &2, 1,) (TH()))

= (Tf(ﬁ))(Q) = 19(T1L(Q)) :j(<Tw(Q)aT¢(Q)>F) _ qﬁj(hFﬂb(Q))'

Upon substituting this equality and (21) into the definition of ['Z,F/k,j,Lp one obtains the element
L', as required. O

In the next result we write Op, for the valuation ring of a finite extension L of Q.

Lemma 5.12. Write M, for the integral closure of Z, in Q,[P].

(i) The following diagram commutes

X res /X
Nrdg, () (M) o,
Nrdg, (g Nrdg, P

im(a: K (M) = K1 (QlG]) ) — = im (85 K1 (M) — K1 (Qy[P]))
9G.p b,

Ko(Z,[G,Q,[G)) Ko(Zy[P],Qu[P)),.,-

.G
I'EEP’U

tor

Here res is the homomorphism that sends an element 3,1 () vy in Nrdg, g1 (M) C

¢(C,lGY) * = 2w Crew to&igéeern + 20 cr(p) (1) Emag xEx, ezt a and 3 are the natural
scalar extension homomorphisms, res’ and reslc’%0 the natural restriction homomorphisms and
O . and 0% the restrictions of the connecting homomorphisms Og., and Op.,.
G.p Pp P P
ii) The homomorphism resG , is injective.
P P,0 ]
(it) Fiz & := 3 cqp(p) Exex inside M =37 1.p) Oép(x)ex' Then & belongs to Z,[P|* if and

only if 3, cr(p) x(m)~rE, belongs to |P|-Z, for all 7 in P.

Proof. To prove claim (i) we fix a set of representatives Ir(P) of the orbits of the action of Gg, on

Ir(P) and abbreviate the functor Ind%(—) to 1G(—).
The commutativity of the lower square of the diagram follows from the naturality of the long exact
sequences of relative K-theory. To consider the upper square we use the Qp-algebra isomorphisms

we QG2 QxQx [ M2AQUEW))

x€r(P)"\{1p}

and wp : Qp[P] = [, cry(pyr Qp(x) Where wa(g) = (1,€(g), (Slg(x)(g))x), with Sjg(,) a representa-
tion G — My (Qp(Ig(X)) of character 1%(x), and wp(m) = (x(7)), for each g € G and 7 € P. Taken
together these isomorphisms induce a diagram
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QxQx I QIS = I Q)
x€Ir(P)t - xeIr(P)t
x#1p
(det,det,(det)X)T (det)y
K@) x K@) x [T K (Ma(Q(F(x)))) 1 K(Q0)
x€Ir(P)T x€Ir(P)t
X#1p
K1(wc)T Ki(we)
K,(Q,[6)) K1 (Q,[P)

in which the left and right hand composite vertical arrows are equal to Nrdg, () and Nrdg,(p; and
res is defined to make the diagram commute. To complete the proof of claim (i) it thus suffices to
show res sends each element (a, &, (ay)y) to (ad, (ay)y) and this follows from the argument used by
Breuning in [10, Lemma 3.9].

To prove claim (ii) we recall a group is said to be Qp-elementary if it is isomorphic to a group
(Z/nZ) x J where J is an f-group for some prime ¢ that is coprime to n and the image of the
homomorphism J — Aut(Z/nZ) = Gal(Q(e™)/Q) belongs to the decomposition subgroup of p.
This means that a subgroup of G is Q,-elementary if it is either a subgroup of P or of the form
(C, 7"y where C is a cyclic subgroup of P and 7’ an element of order 2. We consider the exact
commutative diagram

K1(Z,[G)) K1(QplG)) Ko (Z,[G), Q[G))

b -

lim , Ky (Zp[H]) —— lim , K3 (Qp[H]) —— lim, Ko (Z,[H], Qp[H])

where the limits are over all Q,-elementary subgroups H of G. The transition maps are the homo-
morphisms induced by inclusions H C H' and by maps of the form H — gHg~ "' for g € G and all

vertical arrows are the natural restriction maps. By a theorem of Dress [27] (see also [43, Theorem
11.2]), the maps a1 and ay are bijective and hence ag is injective. Now Ko (Z,[H], Qp[ D)o 18
trivial whenever H has order prime to p and in [10, Proposition 3.2.(2)] Breuning has shown that
the restriction map Ko (Zy[H], Qu[H]), . — Ko(Zp[C],Q,[C]),,, is injective for any subgroup H of
the form (C,7"). The map a3 therefore restricts to give an injective homomorphism
Ko(Zy]G), Qp[G)),, — lim Ko (Zp[J], QplJ]),,, = Ko(Zp[P), Qp[P]),,»
J

where J runs over all subgroups of P, as required to prove claim (ii).
Claim (iii) follows from the equalities

3 SXZPHx(mlw—ZQPN > xmlsx)w
X€EIr(P) meP TeP X€EIr(P)

and the fact that Z,[P]* = Z,[P] N MM *. O



28 DAVID BURNS, DANIEL MACIAS CASTILLO AND CHRISTIAN WUTHRICH

6. SPECIAL CASES

In this section we use the criteria of Theorem 5.8 to give both theoretical and numerical verifi-
cations of the p-part of the equivariant Tamagawa number conjecture for pairs (hl(A sr)(1), Z[GD
where A is an elliptic curve for which A(F') has strictly positive rank and G is both non-abelian and
of order divisible by p.

We believe that, apart from the recent results of Bley in [5], where the group A(F), is assumed
to be trivial and the field F' to be an abelian extension of Q of exponent p, these results constitute
the first verifications of the p-part of the equivariant Tamagawa number conjecture for any elliptic
curve and any Galois extension of degree divisible by p.

We begin by giving the proof of Theorem 1.1, which relies on the theory of Heegner points and
makes crucial use of the theorem of Gross and Zagier. We note that the additional hypotheses in
Theorem 1.1 imply the validity of hypothesis (i). In addition, Kolyvagin [31, Proposition 2.1] shows
that in this case one has III,,(Ax) = 0. In particular one knows that the p-primary part of the
Birch and Swinnerton-Dyer conjecture holds for A, . Furthermore, the hypotheses (d) and (h) are
obviously satisfied in the setting of Theorem 1.1.

6.1. The proof of Theorem 1.1. In view of Theorems 5.1 and 5.8 we are reduced to verifying the
conditions (i) and (ii) that occur in the latter result.

To do this we fix a modular parametrisation ¢: Xo(N) — A of smallest degree. We also denote
by ¢ the Manin constant of ¢ and write @ for the trace in A(F') of the Heegner point that is defined
over the Hilbert class field of K.

Set C:=4cy-c72- |(91X(|72 and ¢oo = [A(R) : A°(R)] is the number of connected components of
A(R). Under our hypotheses, the theorem of Gross and Zagier (see, in particular, [32, §I, (6.5) and
the discussion on p. 310]) implies that for each x € Ir(P) one has

L/(A/K7Xa1)\/ ‘dK| 1

(23) 0 # A=) C- E<TX(Q)’TX(Q)>F
_ ) O hpmag(@), i x #1p
C-hpp,(Q), if y =1p,

where p/y is the linear character of G appearing in A(K) and co denotes the archimedean place
of Q. The second equality here follows from the equality TInng = T\, + T and the fact that
(T (Q), T (Q))r = 0 (since the height pairing is G-invariant).

For each 1 in Ir(G) we set

L*(A,’(/J, 1) i \/@

(24) Qy =

Q(Av 1/’) : Hﬂ’
where the quantities dy, and Hy, are as defined just before Theorem 5.8. We also write
L5 (A1
(29 p=tsldnl)
L (A7 1/17 1)
for the correction term that accounts for the S;-truncation in the leading terms for each ¢ € Ir(G).
Then the non-zero complex number Qy := uy - ty - Dy is as in Theorem 5.8 using our Heegner

point Q. By using (23), and the fact that dy, = did. = |dk]| for all ¢ of dimension two (as F/K is
unramified), one then finds that

Ql . Qe = Uz tl Ue te : Cv and

(26) o _ B
= Uy ty - C if = Indp x for x € Ir(P) \ {1p}.
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Our hypotheses imply that A(K) has rank one and III,(Ax) vanishes by Kolyvagin [31] and hence
all of the hypotheses of Theorem 5.8 are satisfied except for the requirement that p splits in K/Q.
However, the sole purpose of the latter hypothesis is to ensure (via the proof of Proposition 5.7)
that the Q[P]-module Q ®z A(F) has a free rank one direct summand and so, since (23) implies
that the point @) generates such a summand, this hypothesis can be ignored in our case. Following
Remark 5.9, it therefore suffices for us to prove that the terms Q, satisfy both the conditions of
Theorem 5.8(i) and the congruences (19).

Since the p-part of the Birch and Swinnerton-Dyer conjecture holds for A/, the hypotheses (a)
and (b) and the known vanishing of III,(Ax) combine to imply that Q; and Q. are both p-units.
The hypothesis (c¢) implies that A has good reduction at p and so the hypothesis (ii) combines
with [1, Theorem 2.7] to imply that the Manin constant ¢ is a p-unit. Using also the fact that p is
unramified, we find that C' is a p-unit too.

We proceed to compute the values of u, and t,. Since F//K is unramified, we have that each
ramified place v in S, has ramification index 2 and v does not split in K/Q. It is easy to see that
u. = 1 and that uy = uy = (—1)!%! for all ¥ of dimension two. Next, for any ¢ in Ir(G), we have

ty = ] Nede, e (1 ~ Pt Iml’l‘ (Tp(4) ® Vw)lw>
vESy

and since no place of bad reduction is allowed to ramify by hypothesis (¢), one has (T;,(4) ® V¢)I“’ =
T,(A) ® VJ‘”. Hence t. = 1 and t1 = ty for all ¢ of dimension two. Moreover, this last value ¢4
is equal to [[,cg [A(ky)|/[Ro], which is a p-unit by hypothesis (f). Therefore Q, is a p-unit for all
P € Ir(G).

Next we note that Q; - Q. = Qy for any 1 of dimension two as we have shown that u; t1 u.t. =
Uy ty. Since each element Qy also belongs to @, this formula makes it clear that they satisfy the
condition of Theorem 5.8(i). In addition, it shows that for any = € P one has

Y MQuagy = - Q- (14 Y x(m).

x€Ir(P)\{1p} X €Ir(P)

Finally we note that the last sum in the above expression is equal to 0 if 7 # 1 and to | P| otherwise.
Hence the expression is in both cases congruent to Q3 Q. modulo pZ,), as required to complete the
proof of Theorem 1.1.

6.2. Ss-extensions. In this section we investigate the case that F//K is a cyclic extension of degree
p = 3 and hence F'/k is a non-abelian extension of degree six. We show that the conjecture of Birch
and Swinnerton-Dyer (or ‘BSD’ for short) implies an explicit congruence modulo rational squares
and then combine this congruence with Theorem 5.8 to prove the equality (17) for a natural family
of examples.

We assume throughout that G is a non-abelian group of order six. In this case Ir(G) comprises
1:=1g, € and ¢ = Ind$ y for a fixed x in Ir(P)\ {1p}. We fix a subfield L of F' that is of degree
3 over k and set H := Gp/r.

6.2.1. An arithmetic congruence. For each character 7 in Ir(G) we define

N L*(Aﬂ?» 1) i \/@

27 o, = \
( ) ! Q(Aa 77) : Hn
Here the quantities d,, are as defined just before Theorem 5.8 and we have set

Z ;. Reg(d - Reg(4
(28) Hy == Reg(A ), _ Reg(4/K) ond 7. . Bes(4n)

“ Reg(Ay) "7 Reg(A)y)
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with Reg(A,g) denoting the regulator of (-,-)r on the Mordell-Weil group A(E) for any field E.
These slight variations of the regulators that we used earlier fit well with BSD and do not require
any knowledge of the explicit Galois structure of A(F),. In fact, BSD predicts that each expression
Qn is a non-zero rational number.

In the following result we include the assumed analytic continuation of the L-series and finiteness
of the Tate-Shafarevich group in the assumption that BSD holds but do not assume any of the
hypotheses (a)—(d) and (f)—(h). This result may therefore suggest one sort of congruence relation
that might be expected to hold when our hypotheses fail. We note also that the remark made by
Dokchitser and Dokchitser in the fourth paragraph after Conjecture 1.4 of [26] hints at the possibility
of this sort of result in a more restrictive setting.

Theorem 6.1. Let A be an elliptic curve over k and assume no place at which A has bad reduction
ramifies in F/k. Then if the Birch and Swinnerton-Dyer conjecture holds for A, A,k and A,
one has a congruence modulo non-zero rational squares

(29) 0,0, = Qd, (mod 0O).

Proof. Fix a finite field extension E of k. If v is a (finite or infinite) place of E, write ¢(A/E,) for
the number of connected components [A(E,) : A(E,)°] of A(E,). For a finite place v in E, also
write w)¢ for a Néron differential of A, g, . Then BSD for the field E asserts that

L' (A/p, 1) Ide| . . wa | [HI(Ap)|
(30) O(A, ) - Reg(Ap) = al;[y (A/E,) ﬁnli:!v Ne | TA(E) or 2

where we write Q(A,g) for the period Hvesug Q. (A)- Hvesg Q,(A) of A over E, as defined in §4.4.1
with respect to a fixed invariant differential w4 of A ;.

The term Ql is equal to the left hand side of (30) with F = k. Furthermore the products Ql Qe
and O, Qw link to the left hand sides of (30) for the fields K and L respectively. More precisely, one

has
L™ (A/k, 1) VIdk|
Q(A/k) - Reg(A/k) H eld/k)

veSE

Ql'@e:

where, as before, Sp denotes the set of real places of k£ that become complex places in K. The
formula for Q4 Qw is modified by the same factor as there is exactly one complex place in L above
each place in Sg. In proving this last formula one also uses the fact that dy = |dx|- N f(x) is equal
to |dy,/dy| since ¢ = Ind$% 15 — 1.

In addition, since we are working modulo squares, we may neglect the terms |III(Ag)| and
|A(E)tor|> which occur on the right hand side of the formula (30). The required congruence (29)
will therefore be proved if we can show for each place v in k that

(31) c(A/ky) - [] e(4/Kw) = [] e(A/Lw)  (mod O)
i i
and for each finite place v in k that

WA WA
e
wwe

(32)

‘(UA
” Né _H
w
vl W W wlv

in K in L

Né
w?) w

Now, by our assumption, no place at which A has bad reduction is ramified in F/k and so the
Néron differential for A over k, remains a Néron differential for A over both of the fields K,, and
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Né

L,,. Hence the equation (32) is valid for all finite places, because wy/w,

[k:k|+[K:kl=][L:k.

Next we note that the congruence (31) only needs to be checked at places at which A has bad
reduction (and which therefore do not ramify in F'/k) and at infinite places. If the decomposition
group G, at a place above v in F is trivial, then both sides of this congruence are equal to c(A/k,)3. If
G, is cyclic of order 2, then there is one place w’ in L with L,,, = k, and one place w" with L,,» = K,
for the unique place w above v in K and so both sides of (31) are equal to ¢(A/k,)-c(A/K,). Finally
we have to treat the case when G, is cyclic of order 3 and hence the place v is finite. In this case the
left hand side of (31) is equal to ¢(A/k,)? while the right hand side is equal to ¢(A/L,,) where L,, is an
unramified cubic extension of k,. If ¢(4/L,) = ¢(A/k,) then we have indeed a congruence modulo
squares. However it is possible that the Tamagawa numbers change in an unramified extension.
Luckily, the only possibility for this to happen in a cubic extension is when the Kodaira type is Ij
and then the change is from ¢(A/k,) = 1 to ¢(A/L,,) = 4, see for instance Step 6 in [47] on page 367,
and the congruence (31) holds in all cases. O

is in k, and one has

6.2.2. The connection to eTNC,. We now use Theorem 6.1 to show that, under the hypotheses of
Theorem 5.8, the relevant cases of BSD imply the equality (17).

Corollary 6.2. We assume that the elliptic curve A and field F' satisfy the hypotheses (a)-(h). We
assume also that G and L are as in Theorem 6.1 (so p = 3) and that the Birch and Swinnerton-Dyer
conjecture holds for A over each of the fields k, K and L.

Then the equality (17) is valid provided that IIT,(Ax) = 0, tk(Ax) = 1 and there exists a point
Q in A(F) which generates a G-module of finite prime-to-p index in A(F') that is isomorphic to
ZIG)(1 — (—1)Ao)7).

Proof. First, we note that given our hypotheses (a), (b) and (e), our choice of w4 (as in §4.4.1) and
our assumption that III,(Ax) vanishes, the validity of BSD implies that the term Q,, is a p-adic
unit for all n € Ir(G).

Next we link Qn to @, in Theorem 5.8, the difference being the terms ﬁn versus H, and the
terms u, and t, (as defined in (25)). Using the explicit structure of A(F),, it is easy to show that

|
)

. H.,
Hw = H‘/H ]{e = { ~

if pa=1 Hy ifpsa=1
%He ipr—

and H1 ~ 3
2H1 lprZG.

where all congruences are modulo squares in Zé); namely the quotients are squares of indices, like

the index of Z[G]Q in A(F). Up to squares in Z(XB) we therefore have a congruence

1
QlQEEL
u

Qy.
¥ty

Ui tl Ue te
An argument similar to the one that concludes the proof of Theorem 1.1 hence implies that we will
have verified the criterion in Theorem 5.8 if we show that uj t1 uc t. and uy ty are 3-adic units that
are congruent modulo 3. Writing N,, = |A(k, )| for the number of points in the reduction at a place
v and ¢, = |ky|, we can summarise the computations of the local contribution to these terms at a
place v € S; in the following table according to the type of ramification. Here e, stands for the
ramification index at a place in F' above v and f, for the residual degree.
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det(—Fry|V,/») | det(1 — Fryt g, |(Vy @ T,(A))")

ey fu | ui  uc Uy t1 te by
2 1]-1 1 —1 | Ny/qu 1 Ny/qu
3 1]|-1 -1 1 |NJ/g No/qu 1
3 2 ]-1 1 1 | No/¢o Nu/qw - qu/No 1

In the last line w denotes the unique place w in K above v. If a place v were totally ramified it must
be above 2 or 3 as the tame inertia group is cyclic and it can not be above 2 because the wild inertia
group is normal in the inertia group. Hence there was no need to list the totally ramified case as all
places above p = 3 were assumed to be unramified by (h). From the table we can conclude that all
the terms u,, and ¢, are indeed 3-units by (f) and that

mue fite Ty (Nw> = I[ (-Nu) (mod )

uw tw vES! Quw

with S/ :={v]|e, =3 and f, = 2}.

Hence we are reduced to showing that —N,, = 1 (mod 3) when e, = 3 and f, = 2. We first
note that for such a place we must have ¢, = —1 (mod 3). Indeed, this is true because the map
0o : Gal(F, /Ky) — ps(ke) in Corollaire IV.1 in [15] is G-equivariant and, since F, /k, is dihedral,
the action of 7 on ps3(ky) is non-trivial.

Finally, we have the equality N,, = N, - (2¢, + 2 — N,,) valid for all quadratic extension of finite
fields. Hence N, = —N2 = —1 (mod 3). O

Remark 6.3. A closer analysis of the above argument shows that the hypotheses of Corollary 6.2
may be weakened a little. One can allow places above 3 to be tamely ramified in F/k and can omit
any assumption about the reduction of A at such places. In addition, one need only assume that
the group A(k,)[p] vanishes for places v that are both inert in K/k and ramify in F/K.

Remark 6.4. For any prime p > 3, the methods used in the proofs of Theorem 6.1 and Corollary 6.2
enable one to deduce from the assumed validity of suitable cases of the Birch-Swinnerton-Dyer
Conjecture a congruence for the product ]_[dim(w):2 Qw, rather than for the sum Zdim(q/)):Q Qw that
occurs in (17).

6.3. Numerical examples. In this final section we describe two numerical examples to further
illustrate the predicted congruences in Theorem 5.8 and to explain how one can check these congru-
ences for numerous examples. It is comparatively straightforward to give examples with p = 3 but
Corollary 6.2 implies that there is limited interest in doing so. We therefore discuss examples with
p="7and p=>.

Our numerical computations were done using Sage [18], which uses underlying Pari-GP [19]. The
computations of the L-values was done in Magma [9] which contains an implementation of [25]. The
code can be obtained from the last named author’s webpage.

6.3.1. A Stark-Heegner point example. We consider the example of the elliptic curve labelled 37al
in Cremona’s tables [20]

A: v 4y =2 -z
over the Hilbert class field F of K = (@(\/ 577). The curve has rank 1 over Q and K. The extension
F/K is of degree p = 7 defined by a root £ of the polynomial

2T =228 — 725 +1024 +132% — 1022 —x + 1.
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All hypotheses (a)—(h) except the finiteness of III(Ap) in (g) can be verified easily. We find in [23]
that there is a point

Q= (256 — 45— 14 1T +302 —TE—3, 265 —19¢* — 263 + 322 +§—5)

of infinite order on A defined over L = Q(§) obtained from Darmon’s construction of modular points.
The trace of Q in L/Q is equal to the generator R = (0,0) € A(Q). Let o be a generator of P. It is
easy to check that
ZROZQBZ(c+o NQBZ(c* +072)Q

has finite index coprime to p in A(L). Hence we can take ) as the point whose existence is predicted
by Proposition 5.7. (In the general case, we may have to take a linear combination of a new point
in A(L) and the generator in A(Q) to assure that the trace generates A(Q).) In fact, in our case,
we can check that A(F') = Z[G]Q by using the bound given in [21].

Using modular symbols for the character e and a Heegner point computation for 1, we can prove
that the formulae (24) evaluate to

. L'(A1) A L(A,e,1) - \dy

R R e ¢
and hence conclude that BSD holds for A,g and A,x with III(Ag) = HI(Ax) = 0. Next, we
compute a numerical approximation to L’(A,,1) for a 2-dimensional representation ¢ € Ir(G).
The corresponding value of Qw is equal to 4.0000000000000 for all such 1, but we know of no means
of proving that this value is indeed algebraic and equal to the value 4. It predicts with good accuracy
that BSD for A7, would imply that IIT1(Az) and III(Ar) are trivial. However assuming that Qy =4,
we compute the S.-truncated version

578 2312 o
0, = ~5 and Q. =4 and Qy = ~ 5T for all dim(vy) = 2

and hence find that the congruence (20) holds modulo p = 7. Note that in this particular case,
the values Q, were all in Q. In other words we have found convincing numerical evidence that a
Gross-Zagier formula

=4

LA, x: DVdre 2, 1
Q+(A)2 - ? ' W<TX(Q)>TX(Q)>F

analogous to (23) should hold for all y € Ir(P) because ¢, = 2 and ¢ = 1.

6.3.2. A quintic example. As a second example, we consider the curve

A: v 4+ ozy = 28 — 4z — 1
labelled 21al in [20]. It has rank 0 over Q, but rank 1 over K = Q(i) and the group A(K) is
generated by the point
3 —347i
R=(3 =57

Now we consider the extension F'/K given by a solution & of the polynomial
2 =22 —62° +102% + 172 — 12

The extension F'/K is only ramified at the place 19Z[i]. All of our hypotheses except (g) can be
verified to hold in this example.
By a simple search for points, we find the point

T = (g(fg‘L — & —126-8), 5(39¢" -7 —213¢% —127¢ + 196))
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of infinite order defined over L = Q(£). The bounds in [21] can then be used to prove that ZT &
Z (o + o~ YT generates A(L)y where o is a generator of P. To find the point @ is a bit more
elaborate than in the previous example as pg4 = 1. In fact the Z[G]-module generated by T and R
will have index p in A(F') because [18, Corollary 2.5] tells us that A(F'), is projective. We are going
to use the relation
(p=1)/2
p-o P =Trp e +(0—1) Y i(oc"—07")
i=1
in Z[G] which is reminiscent of Kolyvagin’s derivative construction. We now try to find a point
T = aT +b(oc+0o YT in A(L) with 0 < a,b < p such that O # Q" = R+ (0 — 1)(T") is
divisible by p in A(F). Then we can take Q such that poP*1/2(Q) = Q' to be the point predicted
by Proposition 5.7. In our concrete case this works with (a,b) = (4,3). It can be shown that
A(F) =2y & %y @ Z|G)Q as a Z[G)-module.
Using modular symbols and Heegner points, we can provably compute that

Q=7 amd Q=
and hence deduce that BSD holds for A,g and A,k with trivial Tate-Shafarevich groups in both
cases. We compute to a high precision the derivatives of L(A,,s) for the representations v = i,
and 1, of dimension two and we find, with an error less than 10728, that Q,, - Oy, ~ 256, predicting
that |III(Az)| = 4 and Qy, + Qy, ~ 48. Tt also predicts that IT[(Ar) has order 32. We will now
assume that these are actually equalities and conclude that Qq/,i =8- (3 + \/5) One then computes
the S;-truncated values to be
8 24
AT
and this shows that the congruence (20) holds modulo p = 5.

Q1= and Qy, + Qy, = —96
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