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H2���� (Ē, Tpµ)Γ

b
g

� H2���� (Ē, Tpµ)Γ
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p
�sJ_^7FZQ J_^7F `MH(OdTWhSO�[ TWQ�CYJ(D

O×
υ

XjT D J]f CPF C5Q�J_^7F�!ZFIH Q7FMf V7FIcNLZT DGF CoJ.^RLID4L�DUTWV7`MH(OdTWh
Od[��WQ�CoJNF�CPQRA7F%*lCgD O�X O�H h7^dCPc.JNO

Oυ

� $ F DGFIF J_^RL J
λ
LIQ7AlJ_^7F

Zp � F%*sJNFIQ�DEC5ORQ L H(F�TWQRH(LIXjCP�WFIA
OdTdJ1DUCPA7F�J_^7Fah�f5LIc_FZDmL V7Osn�F

p
� 
 QvhRL H<JNCPc_T7f5LIH

λ
[ L cNJNO�H(D%J_^7H(O�TW`s^

GΣ(K)
LIQ7A DGOSCYJ V7Fsf5ORQ7` D

JNO
H1

Σ (Zp) = Hom(GΣ(K),Zp)
�

� T HKJ_^7FIHNX O�H1F J_^7Frh7H(ORA�TWcNJ � [\ORHNXjT7fgL XST D J ^7O�fPA	� DGO ∑
λυ(x) = 0

Cg[
x
V7FsfPO�Q7` D JNO

K×
L Q7A J_^7F DUTWX H(TWQRD Osn�FIH;LZfgf h�fgL c_FZD4CPQ

K
�


\[7J_^7F��IFIO�h7Odf5A�J c ORQ(' FZc JNTWH(F�CgD/!�Q7O#��QaJNOS^7O�fPA [\ORH JU^RF��WFsfPA
K
�ZJU^RFIQlJ_^7F DGhRL c_F

H1
Σ (Zp)hRL HKL XrF J_H1CgDUCPQ7` Lsfgf

λ
^RLID H(LIQ4!

r2 +1
� ��^RFIH(F

r2
D J1LIQ7ARD.[\O�HqJ_^7F Q�TWXrV7FIH O�[ c_O�X hdfPF%* h�fgL c_FZD

Od[
K
�PD FZF �LG F#� c $ CPw w �WeWH(ORhRO�DUCYJNCPO�Q ���:5N�gusw�
 �H�

� ^7F X OdD_JqCPXrh7O�HKJ1L Q J F%*ZLIX h�f5F%C5DqJ_^7F ��� � �$��" � 
  �
Zp � F%*sJNFIQ�DEC5ORQ,�?b%F �WQ7F J_^7F c(idc_fPOIJNORXSCPc

cE^RL HKL cNJNFIH������
χ(σ) ∈ Z×

p

VZi
σ(ζ) = ζ

���	�
χ(σ) [\O�H σ C5QSJ_^7F"�?LZfPO�C5D `MH1O�TWh

Gal(K :K)
L QRA

ζ
CPQ

µ(p)
� � ^7FZQ
�����

λ = logp ◦
�����
χ
C5D LSQ7ORQ � J_H(CYndC5Lsf ^7O�X O�X O�H h7^�CgDGX LID H(F#��TRCPH(FIA,� � FIH(F

logp

C5D
J_^7F

p � L A�CPc4fPO�`ML H(CYJ_^7X Od[�
�� LIDEL
� L��
�Ri J_^7FlF%*�h�fgC5cUCoJ%A7FZDGcEH1C5h�JNCPO�Q Od[ JU^RF @%HKJNCPQ H(FIc_CPh7H(ORc_CoJ<i XjL hr[\O�H%c(i�c_fPO J1ORXSCPc F%*sJNFIQ�DEC5ORQRD �

� F"�WQ7A J_^7F [\Odf fPO(��CPQR`l[\ORHNXjTRf5L F�� 
\[
υ
CgD L J C5QG�WQ�CoJ<i�� J_^7FZQ������

λυ = 0
�ab%FIQ7O J1FrVZi

qυ
J_^7F

Q�TWXrV7FIH O�[;Fsf5FIX FZQ�J1D CPQ JU^RFrH(FZDUC5A�TWF7�WFsfPA
Fυ

L J L7�WQ�CYJ1F h�fgL c_F
υ
� 
 [

υ
C5D LIV7OsndF

` 6= p
�

J_^7FIQ

���	�
λυ(x) = logp(qυ) · ordυ(x) = − logp |NKυ :Q`

(x)|`
L Q7AjO J_^7FIH � CgDGF

���	�
λυ(x) = − logp(NKυ :Qp(x)).

@ D Llc_ORQRDGF#�dTWFIQ7c_FG�#� F DGFIF JU^�LMJ
∑

υ-p

�����
λυ(x) = −

∑

υ|p

�����
λυ(x) = logp(NK:Q(x))

C [
x ∈ K× � � 
+�:7 �

V W �#W�
 � D C�LNJ ]�B L5��LF� L4C-L 
 �5L��8A F
Zp �

A � I A;M8]
J-LNM8]
�IF J

∞K : K
VRF�L

Zp � F%*sJNFZQRDUCPORQ O�[ �?LZfPO�C5D � `sH(OdT h Γ
� �ZF J

M
VRF�L � Q�CYJNF

p � JNORHKDUCPO�Q GΣ �XrORA�T7f5F�� � ^7F X OdD J�CPXrh7ORH<J1L Q�Ja[ L cNJ L V7OdTdJ
Γ
C5DlJ_^RLMJlCoJlC5D L `MH1O�TWh�Od[ c_OR^RORXrOdfPO�` C5c LZf
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A�CPXrFIQRDUCPO�Q 38� 9 QRc_F�LI`MLZC5Q���F CPQ�J_H(ORAdTWc_F LIQ�LIV7V7H(F ndCgLMJNCPO�Q CPQ Q7OIJ1LMJNCPO�QRD �%Q�L X FMfYi�JU^RF
Od[gJNFIQrORc cUT H H1C5Q7`=�.LsfPOdCgD � c OR^7O�X O�fPOR` ir`MH(OdTWh�D

Hi(GΣ(∞K),M) = H i
Σ(∞K,M)

��Cgf fWLZf5DGOSV7F
A7FIQ7OIJNFIArVIi

∞H
i
Σ(M)

�

��� ���
�D���F�V+�
�@A)%���	�A�

� ^7F DGh7FIcNJ_H(Lsf DGF#��TWFIQRc_F Od[ � ORcE^RDGcE^�Cgf5A � � FIH H(F �PDGFIF��	G F#� c $ C5w w � � ^7FIORH(FIX 
 
 �438�:6 
��WA7FI`MFIQ �FIHKLMJNFZD%L Q7Aj` CondFZD

�F��, ,-�E��� �!���,� 
 � � � i > 1 � " � ��
��  � � � �'& � � " � � � �!�������

0 � H1(Γ,∞H
i−1
Σ (M)) � H i

Σ(M)
res� ∞H

i
Σ(M)Γ � 0.

� 
 �9; �

 Q h�L HKJNCPc_T7fgL HH�sJ(L(!ICPQ7`�f CPXSCYJ1D �<��F=�WQRA J_^7F T DGFs[PTRf DGF#��TWFIQRc_F

0 � H1(Γ,∞H
1
Σ (A(p))) � H2

Σ (A(p))
res� ∞H

2
Σ (A(p))Γ � 0

� 
+�9< �
@ QjF%*�h�fgC5c_CYJ ARFZDGcGH(CPh�JNC5ORQjOd[ J_^7F CPQ(' FZc JNC5ORQ.��Cgfgf VRFl` CYn�FIQ f5LMJ1FIH.CPQ>
+�V8��438�

?%������� �O��0����	���	��+=�D���
����� ���

�IF J XrFaCPQ�J_H(ORAdTWc_FlidF JmL QRO J_^7FIH D ^RORHKJ_^RLIQ7A	� QRL XrFsfYiS[\ORH4J_^7F hRH1O<' FIcNJNCYn�F fgCPXSCYJ(D Od[?` f5ORVRLsf
c_OR^7O�X O�fPO�` ij`sH(OdT hRDmLID � F1� Lsf�! TWh J_^7F JNO#��FZH.J1O

∞K
�

∞Hi
Σ(M) = lim←−H

i
Σ(nK,M)

��^7FZH1F J_^7F�h7H(O#' FIcNJ CondF fgC5XjCoJ CgD4J1L(!ZFIQ6� CoJU^rH(FZDGh7FIcNJ.J1O J_^7F�c_O�H(FZD JUH(CPcNJNCPO�QrXjL hRD#� � ^RF iSL H(F
D O�X F J C5X FsD A7FZQ7O JNFZA VZi

H � �
�

�F��, ,-�E���:Q���
!��"
M � � � ���! #"$� GΣ(K) 
 
���% � � � )	� � ����
 � " � � - ��� �$�
�  ��!� � � � �!������� � � ��% � � 
�� 
 � �  � 
 �

H1(Γ,∞H2
Σ(M))

cor
∼= � H

2
Σ (M)

0 � H1(Γ,∞H1
Σ(M))

cor� H1
Σ (M) � ∞H2

Σ(M)Γ � 0

0 � H1(Γ,∞H0
Σ(M))

cor� H0
Σ (M) � ∞H1

Σ(M)Γ � 0

∞H0
Σ(M)Γ ∼= � 0

*�
+�,��- ) @%c_c_ORH(A�C5Q7`lJNO �	G F#� c $ C5w w ��� ^RFIORH(FIX uN�438��3
3 
 J_^7FIH(F C5D LSD hRFIcNJUHKLZf DGF#�dTWFIQ7c_FSAdTWF
JNO��RLMJ1F�� $ F DGh7FsfgfRCYJ O�T�J4[\O�H

G = GΣ(K)
�
H = GΣ(∞K)

LIQ7A
A = M

�

Ep,q
2 = Hp

(
Γ,
(
lim←−H

2−q
Σ (nK,M)

)∧)
=⇒ H2−p−q

Σ (K,M)∧
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�ZCPQRc_F
Γ
^�LID;c_O�^7ORXrOdf5OR` CPc LZfRA�C5X FIQ�DEC5ORQE3G�MJ_^�C5D;c OdfgfgL hRDGFZD LIQ7A � F�c LIQ F%*sJ_H(LIc J D ^RORHKJ.F%*sL cNJ

DGF#��TWFZQ7c_FZD

0 � H1
(
Γ,∞Hi+1

Σ (M)∧
)

� Hi
Σ(M)∧ � H0

(
Γ,∞Hi

Σ(M)∧
)

� 0.
� 
+��3Zw �

� ^7FS[ L cNJ%J_^RL J J_^7FjFIA7`MFjX O�H h7^�CgDGX C5DmJU^RFrc ORH(FZD J_H1CPcNJNCPO�Q�XrL hvCgD�h7H(OsndFZQ�CPQ �	G F<� c $ CPw w �
J_^7FIO�H1FZX uN��38��3�u 
G�

� � �	��+V+4���"! ��� W!���$� � � 
 "  � � � � 
 � � � ����
 � " � � - ��� � �
�  ��!� �'& � � " � ��� �!�������

0 � H1(Γ,∞H1
Σ(TpA))

cor� H1
Σ (TpA) � ∞H2

Σ(TpA)Γ � 0.
� 
+��3
3 �

*�
�����- )�$ F3� C fgfWJ1L(!IF�J_^7FlCPQ7A�T c JNCondFaf CPXSCYJ OsndFIH
k
Od[ J_^7F DGF#��T FIQ7c_F � 
+�43Zw � [\O�H

M = A[pk]L Q7A
i = 1

� 
 QaJU^RF � H(D J LIQ7A f5LID J.J1FIH X5�(� F�FIQ7A TWh"� CoJ_^ J_^�C5Q7` D%fgCE!IF

lim←−
k

(
lim←−
n

Hi
Σ(nK,A[pk])

)
.

CPQaJ_^7F DGFIc_O�Q7ASL H(` TWXrFIQ�J;Od[WJ_^7F
Γ � c OR^7O�X O�fPOR` ir`MH(OdTWh�D(� $ FlcNL Q DQ� L haJ_^7FZDGF�h7H(O#' FIcNJ CondF

fgC5XjCoJ1D L QRA	� T DUCPQ7`���LMJNF�� D L H(` T X FIQ JK�8��F c L Q CPQRDGFIH<J J_^7F h7H(O<' FIcNJNCYndFSfgC5XjCoJ OsndFIH
k
C5QvJ_^7F

c_O�^7ORXrOdf5OR` i `sH(O�TWh,�

� C���� +����N��+F' ��+�
 �

�ZTWh7hRO�DGF
∞Kw : Kυ

C5DrL
Zp � F%*sJNFIQ�DEC5ORQ ��CYJ_^ �.LZf5OdCgD `MH(OdTWh

Γw

� � ^7F L VROZn�F�F+*sL cNJSDGF ���TWFZQ7c_FZD � 
+�V< � L Q7A � 
+��3
3 � ^RLMndF fPO�c LZf7LIQRLZfPO�` T FZD � V�T�J;V7FIc LsT DGF�Od[ f5ORc Lsf ��LMJNF A�T LsfgCYJ i��sJU^RF i
L H(F L cNJNT LZfgfoi A�T LZfRJNOjFZLIcG^SOIJ_^7FIH �

0 � H1(Γw,H
0(∞Kw, A(p))) � H1(Kυ , A(p)) ≺ H1(∞Kw, A(p))Γw � 0

0 ≺ lim←−H
2(nKw, TpǍ)Γw

g

f

≺ H1(Kυ, TpǍ)

g

f

≺ H1(Γw, lim←−H
1(nKw, TpǍ))

g

f

≺ 0

(

+�43�u

)

� +:� ����+(

� ��+V� �N!

�dO�H � Q7F6� FMfPXrFIH.`MH(OdTWhRD Osn�FIH
∞K

�#��F1��Cgfgf T7D F J_^7F L V7Osn�FaL V7VRH1F ndC5L J C5ORQ	�RQRL XrFsfYi
∞R

[\ORH
R(A/∞K)

� �7iSJ(L(!ICPQ7`�fgCPXSCYJ(D ORQrJ_^7F ` fPO�VRLZf A�T7LZfgCoJ<i OsndFIH J_^7F6� Q�CYJNFlf5LMi�FIHKD
nK

� ORQRF `sF J1D
J_^7F [\Odf fPO(��CPQR` JU^RH1FZF�D J1L JNFIXrFIQ�J1D#�

lim←−RΣ(Ǎ/nK)
C5D A�T LZfRJNO

∞H
2
Σ (A(p))

� 
+��3�5 �
� ^7FIH(F�L H(F�F+*sL cNJ;DGF#�dTWFIQ7c_FsD � J_^7F D1iRX VROdf ⊕ c ORQ�JNCPQdTWFZD JNOrD J1LIQ7A [\ORH]J_^7F�A�CPH(FIcNJ;DET X OsndFIH
LZf f h�f5L c FZD%LIV7OsndF

Σ
�

0 � A(∞K)(p) � ⊕A(∞Kυ)(p) � ̂
∞H2

Σ(TpǍ) � ∞R � 0
� 
+��3 x �
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0 � ∞R � ∞H
1
Σ (A(p)) �

⊕H1(∞Kυ, A(p))
≺0 ≺ ∞H

2
Σ (A(p)) ≺ ̂

∞H1
Σ(TpǍ)

(

+��3�6

)

V W��#W�� � ��L ��L4C-L 
;J�B D;C�C�A*� � D
� ^7F�f5FIX XjL J_^RLMJ�CgDjh7H(OZn�FIA ^7FZH1F�C5DShRH1O�VRL V�foi*D J1L Q7ARLIH1A*L Q7A�QRFIFIA Q7O J V7F F%*�h�f5LZC5Q7FIA,�
G F n�FIHKJ_^7Fsf5FZDED�
;c OdT7f5A Q7O J/�WQ7AvL Q i H(Fs[\FIH(FIQ7c_F JNO CYJ%C5QvVRLIDUCPc%JNF%*sJ_V7O�O ! D O�Qv^7ORXrOdf5OR` CPc Lsf
LZfP`MFIV7HKL DUTWcE^ LID�� $ FsC�<sx 
 ��� ^7F%X O�X FIQ J/^RLID LZfgDGO c ORXrF;JNO CPQ�J_H(ORA�T c_F4J_^7F Q7O J1L J C5ORQ ◦ � �

 J���Cgf f7LZf � LMi�D4XrFZL Q�L XjL haC5QaL c_O�cE^RLZCPQac_ORXrh�f5F+*N� � ^�C fPF � � C fgfRV7F T DGFIA O�Q�fYilC [RJ_^7F
c_ORXrh�fPF%*�C5D � & � � " � " " � � � ����
 ��� ��- " � � � 
�
��
� �
�F��, ,-�#��� ����
���"

F : C � D � � � � � - " �'& � � "�-'����� " � 
 � ��" � ����� " � � � � � �  � � � � "$� �!� 
' � ��  $" � ������� � �  ���+��� "� 


� � ) � 
  #"$� G = R1F

- ��
  $" � ��
 � "�
  � � "�%���
' 
 ��% -'����� "$� 
 � ��% � � � ��
��
" �,� " � � � �  � � ��
 %���
  
 � % -'����� " � 
 � 
 � �� � � ) � � ��� � �  
 ��� � ���'& � � " � ��� ���������

0 � X1 � X2 � · · · � Xn � 0

 ��
C � " � ��
�� � 
�� " ��� ����� ���  � ��� 
 ���$�'&!� �  �� D

0 � F X1 � F X2 � F X3 ◦ � · · · ◦ � F Xn ◦ � 0

0 � GX1 ◦ � GX2 ◦ � · · · ◦ � GXn−1 � GXn � 0.

� ��
+� �


��
 ��� ����
 � � � ��� �! � � �� � � 
�� 
 � �  � 
 � Hi−1(GX•) = H i+1(F X•)

- ��
 � � � i )
*�
+�,��- ) � C5H(D J���F DGh�fgCoJ;TWh J_^7F�F%*ZL cNJ4DGF#�dTWFIQ7c_F�C5QSD ^RORHKJ4F%*ZL cNJ4DGF#�dTWFIQ7c_FsD

0 � X1 � X2 � Z3 � 0

0 � Z3 � X3 � Z4 � 0���

0 � Zn−1 � Xn−1 � Xn � 0
@ Q7A�Q7O(� ��F c L Q�H(FZLIA�J_^7F c_O�cE^RLZCPQ c_ORXrh�f5F+*ZFZD�OdTdJ�O�[;LvV�C5` A�CgL `MH(LIX C5Q �W` TWH(F 
+��3 O�Q
JU^RF [\Odfgf5O(��CPQ7` hRL `MF�� �dO�H J_^7FvD J1LMJNFIXrFIQ�J ORQ�J_^7F c OR^7O�X O�fPOR` i `sH(OdT hRD �;Q7O J1F>�WHKD_J J_^RLMJ
JU^RF�!IFZH Q7Fsf%O�[%J_^7F XjL h

F Xi+1 ◦ � F X i+2 F#��T7LZf5D
F Zi �4DGO
J_^7F�`sH(O�TWh

Hi+1(F X•)C5D�C5DGORXrORHNh7^�CPc�JNO�J_^7F C5XrL `MF Od[
F Zi � GZ i−1 � 9 Q�J_^7F O J_^7FZH DEC5A7F � JU^RF CPXjL `sF Od[

GXi−2 ◦ � GX i−1 CgD JU^RF�DEL X F�LID J_^7F CPXjL `MF�O�[
GZi−2 � GX i−1 L Q7A*D O JU^RF

c_OR^7O�X O�fPO�` ij`sH(OdT h
Hi−1(GX•)

C5D4J_^7F3!IFZH Q7Fsf Od[
GZ i−1 � GX i �

@4fYJNFIHNQRLMJNCYn�FsfYi��RORQ7Fac L QjT DGF J_^7Fl^�iRh7FIH � c_OR^7O�X O�fPO�` i DGh7FIcNJ_HKLZf DGF#��TWFIQRc_FaARFI`sFZQ7FIHKLMJNCPQ7`
LMJ.J_^7F DGFIc_O�Q7A h�L `sFG�#��CYJ_^ J_H1CYndCgLZf7f CPXSCYJ;V7FIc LZT7D F J_^7F D J1L H<JNCPQ7` c ORXrh�fPF%*

X• C5D F%*sL cNJ �
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0 0

F X1
g

GX1
g

0 � F X1 � F X2
g

� F Z3 � GX1 � GX2
g

◦

� GZ3 � 0

0 � F Z3 �≺ F X3
g

� F Z4 � GZ3 �≺ GX3
g

◦

� GZ4 � 0

· · · ≺ · · ·
g

◦

· · · · · · ≺ · · ·
g

◦

· · ·

0 � F Zn−1 �≺ F Xn−1
g

◦

� F Xn � GZn−1 �≺ GXn−1
g

◦

� GXn � 0

F Xn
g

◦

GXn
g

0
g

◦

0
g

� C5` T H1F"
+��3 �	� ^RFlc ORXrh�fPF%*IFsD L h7h7FsL H.CPQSL�A�CgL `sHKL X

� ^7F�XrLZC5Q h�T H h7OdD F O�[RJ_^�C5D;fPFZX XjL�L H(F JU^RF J ��O c ORH(Odf f5L H(CPFZD A7FIAdTWc_FIA [\H(ORX CYJ
� 9 Q7c_F � F
L h7hdfYiSCoJ.JNOaJ_^7F [PTWQ7cNJNO�H

Tp
L Q7AaJ_^7FIQaJNOaJ_^7F [PTWQ7cNJNO�H

H0(Γ, ·) �
� � �	��+V+4���"! ��� 
���
���"

0 � X1 � · · · � Xn � 0 � � � � �'& � � " � ��� �!� ����� ��- ��� 
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TpǍ ≺ 0
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 [
F
C5D%L fPORcNLZf4�WFsf5A

Kυ

�ZJ_^7FIQaJ_^7F J ��OSF%*ZLIc J;DGF#��TWFIQRc_FZD4L H(F�A�T LZf�J1OrFsL cE^ O J_^7FIH]ndCgL=�RL JNF
A�T LZf CYJ<i�� k DEC5Q7` JU^RF XjTRfYJNCPh�f CPc L J C5ORQaVIi

[p]
LID;CPQ J_^7F A�CgL `sHKL XjD4L V7OsndFG�#� F c L QahRLIDED.JNOlJ_^7F

fgCPXSCYJ(D(�

0 � A(F )(p) � H1(F, TpA) � TpH
1(F,A(p)) � 0
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Σ (TpǍ)(p)∧

g

Y •
���
g

H1
Σ (TpA)

g

◦ � ⊕H1(Kυ , TpA)
g

◦ � H1
Σ (Ǎ(p))∧
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+�gu�; �H�&
 Q7A7FZFIA	��CYJ;CgD L
Gυ � X O�H h7^�CgDGX �dV7FIcNLZT DGF
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Qp

Od[ J_^7F A7F JNFIH XSCPQ�L Q�J Od[ J_^�C5D
hRLZC5H1C5Q7`N�,
PJ C5D�� Fsfgf � A7F �WQ7FZA TWh J1O�L%TWQdCYJ CPQ Z×

p

� $ F DELMi J_^RL J J_^7F
p � L A�CPcq^7FsCP`M^�J/LIDEDGORc_CgLMJNFIAJNO

λ
CgDjQ7ORQ � ARFI`sFZQ7FIHKLMJNF ORQ J_^7F5�WQ7F � FsfPXrFIH `MH(OdTWh�C [ J_^7F�H(FI` T7fgLMJNORH C5D Q7O J��_FIH(O�� 9%[

c_O�TWHKD FG����FSDG^7O�T7fPA�XrFIQ�JNCPO�Q�^RFIH(FlJU^RF n�FIH i C5X h7O�HKJ1LIQ�J c_O�Q(' FIcNJNTWH(FjA�TWFaJNO e�FIH H(CPQ � IqC5OdTXrFIQ�JNCPO�Q7FIA CPQaJ_^7F�V7FI` CPQ7QdCPQ7` O�[ J_^�CgD DGFIcNJNCPORQ��
� � �������	�N���	� ����R%1�� � -

λ
%�� ����� � " � � � � � � ��"$� 
  �

Zp 
 �'&�"$��� �  � � � " � ��� " � �(� �  �
' �!� 〈·, ·〉�����  ���� � 
 %��	�,����� 
 � "$� ��� " � � ����� ��� � 
 ��
 ��
������ � R(Ǎ/K)×R(A/K) )
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 Q [ L cNJ �sJ_^7F�fPO�c LZfWc ORQ7A�CoJNCPORQ�D ORQaJ_^7F c_O�c(idc_f5F
ξ
L H(FlQRO J%Q7FZFIA7FIA,� � FIQRc_F JU^RFIH(F CgD LlQRLMJNTWHKLZf hRLZCPH(CPQ7`

H1
Σ (K,TpǍ)×RΣ(A/K) � Zp.

� 
+��5
5 �

�F��, ,-� ��� R
R!� � � � 
 � � a : Hom(R(A/K),Qp/Zp) � HomZp
(RΣ(A/K),Zp)

 �� � 
+� u u �

 � � � " � � p 
 %� 
  �  � � � � �  �
  ��!� 〈ξ, ·〉λ "$� " � � ��� 
�
�� � � � ��%� �!� p 
 � %� � � �  
' �!��- � 
 � � � λ ∈
H1

Σ (K,Zp) � ��% ξ ∈ RΣ(Ǎ/K) )
� ^�CgDaC5D c_fPFZL H [\H(ORX J_^7FO� LMi�� F hRLIDEDGFIA DUCPXST7fYJ(L Q7FIO�T DUfYi�JNO J_^7FvfgCPXSCYJ(D(� 
 Q JU^RF�cNLIDGF

JU^�LMJ JU^RF L V7FMfgC5LIQ n�LIH1CPF J<i
A

CgD�h7H1C5Q7c_CPhRLsfgfYi�h7OdfgL H1CgD FZA	�qJU^RFIQ J_^7F C5Q7A�TWc FIA
V�C fgCPQRFZL Hm[\ORH X
ORQ

RΣ(A/K)
� CoJU^ n LZfgTWFsDlC5Q

Zp

CgDaD1iRXrXrF J_H1CPc<� � ^�C5D c L Q�V7F ndFIH(C �WFZA AdCPH(FIcNJNfYi ORQ�JU^RF
c_ORc(i�c_fPFZD#� �dORH Fsfgf CPh�JNCPc cUT H n�FZD � CoJ3� C fgf V7F�L h7h�L H(FIQ�J L Q�i(� LMi�[\H(ORX J_^7F [\O�H XST7f5L�T DUCPQ7`
DEC5`sXjL [PTWQ7cNJNCPO�QRD#�

Q'R�� Q 
 �?'	� 
 �*-/#%=.9 $�= - &10 #%= &(>?# -


<Q J_^7F�L HKJNCPc_f5F � � cG^S;�6 
(�4� cE^7QRFsCPA7FZH A7F �WQRFZD L QjL QRLZfoi JNCPc4L Q7A LIQjLsfP`MFIV7HKLZCPc ^7FsCP`M^�J [\ORH.JU^RF
cUfgLIDEDUCPc LZf � FsfPXrFIH `MH(OdTWh
O�[ L Q�L V7FMfgC5LIQ n L H1C5F JNCPFZD ��CYJ_^�O�H1AdCPQRL H i�H1FZA�TWcNJNCPORQ�LMJ LZf f]h�f5LIc_FZD
L V7OsndF

p
� � ^7F LZf5`sFZV7HKLZCPc ^7FsC5`s^ J T DGFZD=
�� LIDEL
� LaJ_^7FZORH i L Q7A C5D c_fPOdD FMfYi XrORA7FMfgfPFZA ORQ J_^7F

T DGF Od[ J_^7F C5Q�JNFIHKDGFIcNJNCPO�Q [\O�H X O�Q JU^RF G��FZH1O�Q � � F n�FIH1C `MH(OdTWh CPQ J_^7Fv[PTWQ7cNJNCPO�Q �WFsf5A cNLIDGF
� DGFIF � ��LMJA8
8�
�� � $ Fv[\Odf fPO#�,^7FIH(F JU^RF�ARFZDGcGH(CPh�JNC5ORQ�Od[ eRFZH H1C5Q � IqCPO�T�CPQ �_e I <�u 
 �PL Q7A�JU^RF
FZLIDUCPFIH.F+*�hdf5L QRL J C5ORQ C5Q � e I <�5ML 
�� �
$ F"�(*SL

Zp � F%*sJNFIQ�DEC5ORQ ∞K
ndC5L L Q7ORQ � J_H1CondC5LZfqcE^RL HKL cNJNFIH λ ∈ H1

Σ (Zp)
L Q7A � F cE^7O�O�DGF L

`sFIQRFIHKLMJNORH
γ
CPQaJ_^7F3�.LZfPO�C5D `sH(OdT h

Γ
�

V W���W Y ����A � D��
e

� ^7FIH(F�CgD L XjL hrc_ORXSCPQR`�[\H1O�X JU^RF � ORcE^RDGcE^�Cgf5A � � FIH H(F DGh7FIcNJ_HKLZfWDGF#��TWFIQRc_F �RDGFIF � 
+�:5 x �H� @%QF+*�hdfgCPc_CoJ4c_O�QRD J_H1TWcNJNCPO�Q	�RARFIh7FIQ7AdCPQ7` O�Q J_^7F�cE^7O�CPc_F�Od[
γ
�dCgD ` CYn�FIQj^7FIH(F �

e : ∞H
1
Σ (A(p))Γ � H2

Σ (A(p)).
� 
+�:5 x �

�ZTWh7h7OdD F
η
C5D L 3 � c ORc(i�cUf5F3��CYJ_^rn�LZf TWFZD CPQ

A(p)
H1FZh7H(FZDGFIQ�JNCPQ7`aL QvFsf5FIX FZQ�J%CPQrJ_^7F DGOdTWH(c_F

Od[
e
� 
PJ c L Q�V7F ��H(CYJ(JNFIQBLIDvL�DGF#��TWFZQ7c_F�Od[�c ORc(i�cUf5FZD

(nη)
H1FZh7H(FZDGFIQ�JNCPQ7` FMfPFIXrFIQ�J1D Od[

H1
Σ (nK,A(p))

��CYJ_^
n+mres(nη) = n+mη

[\O�H
n
fgL H(`sF�FIQ7O�TW`M^,� � � FIH(F�L Q7A CYJ ��^RL J;[\Odf fPO#� D �

JU^RFlQRO J1LMJNC5ORQ
nres

L Q7A
ncor

A7FIQ7OIJNF�JU^RFlH(FZD J_H1C5cNJ C5ORQSL Q7Ajc_O�H(FZD JUH(CPcNJNCPO�Q J1O
H i

Σ(nK, ·)
� �

G F%*sJ �
λ
` CondFZD H(C5DGFaJNO LIQ Fsf5FIXrFIQ�J

l
CPQ

∞H1
Σ(Zp)

�/J_^RL J C5D L DGF#��T FIQ7c_F
nl ∈ H1

Σ (nK,Zp)A7F �WQ7FZA VZi J_^RLMJ
nl = p−n · nres(λ)

� 
 Q7A7FIFZA	�

ncor(n+ml) = p−n−m · ncor ◦ n+mres(λ) = p−n−m · pm · nres(λ) = nl.
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nη ∪ nl ∈ H2

Σ (nK,A(p))
�,� ^7F [\O�fgfPO#� C5Q7` c LZf5c_T7f5LMJNC5ORQ

0cor(n+mη ∪ n+ml) = 0cor ◦ncor (n+mres(nη) ∪ n+ml) = 0cor (nη ∪ ncor(n+ml))

= 0cor (nη ∪ nl)

DG^7O(� D J_^RLMJ CYJ(D c_ORH(FZD J_H1C5cNJ C5ORQrJNO
K

A7O�FZD Q7OIJ A7FZh7FIQ7A�ORQ
n
[\ORH DUT � cUC5FIQ�JNfYirfgL H(`sF

n
L Q7A

J_^RLMJ DGO CYJ A7O�FZD QRO J A7FIh7FIQRA O�Q�J_^7FvcE^7O�DGFIQ�fgCPXSCYJ�DGF#��T FIQ7c_Fj[\ORH
η
� $ FvA7F
�WQ7F

e(η) =

λ(γ)−1 · 0cor (nη ∪ nl)
�


 Q hRL HKJNC5cUTRf5L H �?Cg[
η
C5D JU^RF�H(FZD J_H1C5cNJ C5ORQ�Od[ L Q FsfPFIXrFIQ�J�CPQ

H1
Σ (A(p))

CoJlc LIQ*V7F>� H1CYJ(JNFZQ
DUCPXrh�fYi LID

λ(γ)−1 · (η ∪ λ)
�

� ^�CgD CgD;J_^7F�XrL h �
αS,γ

� CPQ �_e I <�u ��h�L HKL `sHKL hR^ x � x � 7 
 � 
 J.C5D4CPQ#' FIcNJNCYndF L Q7AlJ_^7F c_OG!IFIH QRFsf
C5D

∞H
2
Σ (A(p))Γ

� � ^7F [ L cNJNO�H
λ(γ)−1 C5D4CPQ�J_H(ORA�T c_FIAr^7FIH(F ��DGOlJU^�LMJ

e
V7FIc_O�X FsD C5Q(' FIcNJNCYn�F�L Q7A

A7O�FZDlQ7O J A7FIhRFIQ7A
O�Q
λ
V�T�J ORQdfYi O�Q

∞K
� G OIJNFjJ_^RLMJ DUCPQRc_F

γ
C5D L `sFZQ7FIHKLMJNO�H O�[

Γ
�/J_^7F

c_O�c(idc_fPF
λ(γ)−1 · nl

D_JNC fgf ^RLID4CPQ JNFI`MH(Lsf n LZfgT FZD%LIQ7A C5D LIc JNT LsfgfYi DUTWH ' FIcNJNCYndF�ORQ�JNO
Zp

�

V W ��W�� ����A � D��
f

� ^7F �WHKD J ` fPORV�LZf/A�T LZf CYJ<i D J1LMJNFIXrFIQ�J CPQjc_O�H1O�fgfgL H i 
+�:5 `ML ndF T D LIQSCgDGORXrORH hR^�C5DGX

f : RΣ(Ǎ/K) � H2
Σ (A(p))∧.

� 
 ��5
6 �
@%c_c_ORH(A�C5Q7` JNO �LG F#� c $ CPw w ��h�L `sF x u
5 
(�<��F cNL Q F%*�h�fgC5c_CYJNfYiacNLZfPc_T7fgLMJNF CoJ?J_^7F [\Odfgf5O(��CPQ7`/� LMi��
�IF J

ξ
H(FIh7H(FZDGFIQ�J L Q FsfPFZX FIQ J CPQ

ŘΣ

L Q7Arf5F J
ζ
H(FIh7H(FZDGFIQ�J DGORXrF J_^�CPQR` C5Q

H2
Σ (A(p))

���ZCPQ7c_F
ξ∪ζ VRFsfPO�Q7`MD/J1O H3

Σ (Tpµ) = 0
� J_^7FIH(F;C5D L%c_ORcE^RLsCPQ

ψ
� CoJ_^ n LZfgTWFsDqCPQ

Tpµ
DET cG^%J_^RLMJ

dψ = ξ∪ζ ��dO�HmF n�FIH i�h�fgL c_F
υ
CPQ

Σ
�4��FScE^7O�O�DGF LSc_O�cE^RLZCPQ

ξ′υ
��CYJ_^rn�LsfgTWFZD CPQ

TpǍ
L Q7AvLjc_O�cG^�LZCPQ

ζ ′υ��CYJ_^ n LZfgT FZD C5Q
A(p)

DET cG^lJ_^RL J
dξ′υ = resυ(ξ)

L Q7A
dζ ′υ = resυ(ζ)

� � ^7FIQ JU^RFlc ORcE^RLZC5QRD

− resυ(ψ) + (ξ′υ ∪ resυ(ζ))
L Q7A − resυ(ψ)− (resυ(ξ) ∪ ζ ′υ)

L H(F�VRO J_^ c_O�c(idc_fPFsD L Q7A*H1FZh7H(FZDGFIQ�J J_^7F DEL XrF�FsfPFZX FIQ J�CPQ
H1(Kυ, Tpµ)

� � ^7F XrL h
f
CgD

A7F � Q7FIArVIi
f(ξ)(ζ) = −

∑

υ∈Σ

invυ

(
resυ(ψ) + (resυ(ξ) ∪ ζ ′υ)

)
.

V W ��W�
 ����A>L;I ��A;F � D��#]
t ORH(FIOsn�FIHH� � F�^RLMn�F�J_^7F [\O�fgfPO#� C5Q7` XjL hRD

b : R � ∞R
Γ

c : ∞R
Γ � ∞RΓ

d : ∞RΓ � ∞H
1
Σ (A(p))Γ
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b
c_ORXrFZD][\H1O�X J_^7F c_ORQ�J_H(OdfIJ_^7FIO�H(FIX 
+��3�6 � J_^7F XjL h

c
CgD?CPQRA�TWc_FIA�VZi J_^7F CPA7FZQ�JNCYJ<i

L Q7AaJ_^7F�XrL h
d
CgD%C5Q7A�TWc_FZAS[\H(O�X J_^7F CPQ7c_fgT7DEC5ORQ,�


\[
η
H(FIhRH1FsD FZQ�J1D L QjFsf5FIXrFIQ�J;Od[

R
�ZJ_^7FIQ

∞res(η)
H(FIh7H(FZDGFIQ�J(D

d ◦ c ◦ b(η) �

VXW���W � ����A ��A B L � �	L8] J IKJ-LNM L �,I ��A
��A(J�
*� I

$ F hRH1Osn�F Q7O#� J_^RL J J_^7Frc_ORXrh7O�DUCoJ C5ORQ�Od[ JU^RF A7FsD cEH(CPV7FIA�XjL hRD ` CYn�FZD�L XST7fYJNCPhdfPFjOd[ JU^RF
^7FsCP`M^�J XjL h,� $ F L H HKL QR`sF JU^dCPQ7` DmCPQ LSVdCP` AdC5L `MHKL X J_^RL JmH(FZDGFIXrV�f5FZD%J_^7F A�CgL `sHKL X �P6N��3�u �
CPQ?�RLMJ1F�� D LIHKJNCPc_fPF � �RLMJA8
8�
 � $ Frc_OdTRfPA�F#��T LZf fYi ��FMfgf]A7HKL
� Lrh�CPcNJNTWH(FSfgC�!ZFjC5Q�hRH1O�h7O�DUCoJ C5ORQ
8��gu CPQ � � cE^=;�6 
 �
	S�A��0�� ��� �N�:��� ����R �!� �  #" � " � � � � � 
 � � ��" � "� $��� � " � � p 
 %� 
  �  � � � � �  
' ���� � � "  � ��� �

λ(γ)−1 · 〈ξ, η〉λ = f(ξ)(e ◦ d ◦ c ◦ b(η))
- � 
 � � � ξ ∈ RΣ(Ǎ/K) � � % η ∈ R(A/K) ) �� �
  � � 
'� � � " � � p 
 � %� � � �  �
  ��!�

hλ : RΣ(Ǎ/K) � Hom(RΣ(A/K),Zp)

� � � � � � � � � � � � "$��% ��� " � � ����
 � � �  $"  � � ��- 
 � � �  �� " � � ��� 
 
 �!" � "� 
 � %� � ��
 � 


R(A/K) ≺ â
Hom(RΣ(A/K),Zp)

∧
1

λ(γ) · ĥλ
� RΣ(Ǎ/K)∧

R(A/∞K)Γ

b
g

c � R(A/∞K)Γ
d� ∞H

1
Σ (A(p))Γ

e � H2
Σ (A(p))

f̂
f

(
� )�� �

)

*�
+�,��- ) @ D F+*�hdf5LZC5Q7FIAjL V7OsndFaC5QSJ_^7FlA7FZDGcEH1C5h�JNCPORQ�D Od[/J_^7FaXrL h�D
b
�
c
�
d
L Q7A

e
�dJ_^7Fac_ORc(i�c_fPF

λ(γ)−1 · (η ∪ λ)
H1FZh7H(FZDGFIQ�J1D

ζ = e ◦ d ◦ c ◦ b(η) � $ FScNL QvDGh7FIc_Cg[gijJ_^7FScE^7OdC5c_FSOd[
ψ
C5Q JU^RF

A7FZDGcEH1CPh J C5ORQvO�[
f
LID
λ(γ)−1 · (ω ∪ λ)

T7DEC5Q7` fPFIXrXrL 
+�gusw�� �ZC5XjC f5L H(fYi
ζ ′υ

c L Q V7FScE^7O�DGFIQ JNO
V7F

λ(γ)−1 · (η′υ ∪ resυ(λ))
��� ^7FIQ

f(ξ)(ζ) = −
∑

υ∈Σ

invυ

(
λ(γ)−1 · resυ(ω ∪ λ) + λ(γ)−1 · (resυ(ξ) ∪ η′υ ∪ λ)

)

= λ(γ)−1 ·
∑

υ∈Σ

invυ(ωυ ∪ λ) = λ(γ)−1 · 〈ξ, η〉λ,

T DUCPQ7`rJ_^7F�A7F �WQdCYJNCPO�Q −ωυ = resυ(ω) + resυ(ξ) ∪ η′υ
C5Q�f5FIX XjL 
+�gusw�� � ^�C5DShRH1Osn�FZD JU^RF

D_J(LMJNFIXrFIQ�J [\O�H J_^7F
p � A�CYndCgDUCPV�f5F hRLsCPH1C5Q7` L Q7A J_^7F c ORXrhRLMJNCPV�C fgCoJ<i�CPQ�
+�gu u�� Q�C5DG^7FZD JU^RF h7H(O�Od[ �
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CYJ]c L Q�V7F A7FIA�TWc FIAlLIQ7A�Q�TWXrFIH1C5c LZfgfoi ndFIH(C �WFIA [\H(ORX J_^7F Q7O�Q � A7FI`MFIQ7FIHKL cKi�O�[dJ_^7F ^7FsC5`s^�J ORQ
J_^7F"�WQ7F7� FMfPXrFIH%`MH(OdTWhO� LID LZf5DGOvQRO JNFIA�VZi e�FIHNH1CPQ � I/CPOdT CPQvc_O�H(OdfgfgLZCPH(F 5N� x �:5lCPQ � e I <�6 
 �
�dO�H J_^7Fl`sFZQ7FIHKLZfW[\ORHNXjT7fgLMJNCPO�Q O�[ J_^7F���FZL#!>�IFIO�h7Odf5A�J c_O�Q(' FIcNJNTWH(FaAdTWF J1O>� H(FIFIQRV7FIH(` L Q7A
� cE^7Q7FsC5A7FIH � � F H(Fs[\FIH/JNO �_e I <�uG� p O�Q(' FIcNJNTWH(F 5N�guN� u 
 L Q7A�L h7hRFIQ7A�C *�� CPQ �_e I <�6 
 � � FIF Lsf5DGO
DGFIcNJNCPORQ.0/
+� xa[\ORH4X O�H(Fl^RFsTWH1CgD J C5c4C5Q�[\ORHNXrL J C5ORQSO�Q J_^7F�c_O�Q(' FIcNJNTWH(F��
�F�%,-, � ��� R ��� � - " � � p 
 � %� � � �	 � � " � �  
' �!� � ��" � ����� ŘΣ � ��% RΣ

�  #" � 
 � �#�!� �  �� Zp
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 %��	�,����� 
 � "$� � " � � � ∞H
2
Σ (A(p))Γ = 0 )

*�
�����- ) � ^RFrXjL h
λ(γ)−1 · ĥ = f̂ ◦ e ◦ d ◦ c ◦ b ◦ â C5D LjhRDGFsTWA7O � C5DGORXrORHNh7^�C5DGX T Q7A7FIH4J_^7F
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�

	S�	� 0������ ����� �-��� �
R!���,����� � � � " � � p 
 � %� � � �  � � " ��� � ���  � "$��% "$�
λ
� � " � � ����� ��� ��
���
���
������

 � ����� 
 %�� �,��� ��
 � "$� ) � � ��� " � � 
+�  � � �  ���+��� "� $� �
R(Ǎ/K)
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Σ (∞K, Ǎ[pk]) �� lim←−

k

H1
Σ (∞K, Ǎ(p))[pk]
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0 � Ê(2Z2)[2
k] � E(Q2)[2

k] � Φ(Q2)
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� $ C5DG^�CPQR`lJNO FZQ�f5L H(`MF

k
�8��Fr^RLMn�F JNO

XjL(!IF�J_^7FlLIDEDET X h�JNC5ORQSJ_^RL J
X(2) = X[2]
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Ǎ◦(K) ⊗

A◦(K) � Zp

c L Q Q7O(� V7F F+*�hRH1FsDGDGFIA LIDaJ_^7F
p � LIA�CPcaf5OR` L H1CoJ_^7X Od[%J_^7F�CPQ�JNFZH(DGFIcNJNCPO�Q

hRLZCPH(CPQ7` ORQaJ_^7F-G �FIH(ORQjXrORA7FMfWLID ARFZDGcGH(CPV7FZA CPQlJ_^7F CPQ�J_H(ORAdTWcNJ C5ORQ,���ZCPQ7c_FmJU^RF C5Q�JNFIHKDGFIcNJNCPO�Q
hRLZCPH(CPQ7` CgD Q7ORQ � A7FZ`sFIQRFIHKLMJNFIAvO�QSJ_^7F G �FIH(ORQ � � F ndFIH(C `MH1O�TWhvO�[qJU^RF G �FIH(ORQ � XrORARFsf ndC5F ��FZA
LID%L�n L H1C5F J<i OsndFIH?J_^7F=�WFsf5ArO�[ c ORQRD J1L Q J1D%C5Q

K
�<��F DGFIF J_^RLMJ]J_^7F

p � L AdCPc ^7FsCP`M^�J;hRLZC5H1CPQR` C5DQ7ORQ � A7FZ`sFIQRFIHKLMJNFIA,� $ FlH(Fs[\FZH JNO7�RLMJ1F�� D%L HKJNCPc_f5F	� �RL J 8
8�
G�

 QlJ_^7F c LIDGF � ^7FIQ JU^RF cE^RL HKL cNJNFIH(C5D JNCPc.C5D F#�dT LZfdJ1O

p
�sJ_^7F�L V7Osn�F.�dTWFZD JNCPORQ�D%AROSQ7O J;XrL#!IF

XjTWcE^lD FZQRDGF �ZLID?J_^7F��WQ7F `MH(OdTWh.��Cgf f V7F J1ORO DGXjLZfgf � $ F�^RLMndFmJNOaCPXrh7OdD FmJU^�LMJ JU^RF L V7FMfgC5LIQ




 
 
 ��5=� ^7F J1Ll[PT Q7cNJ C5ORQRD 7�3

n�LIH1CPF J<i ^RLID�O�H(A�CPQRLIH i�H(FIAdTWcNJ C5ORQ	� DGO J_^RL J���F c L Q�T7D F J_^7F c LIQ7ORQ�C5c LZf?^7FsC5`s^ J�hRLZCPH(CPQ7`SLID
CPQ �_edL h7w w 
 �



� � � � �j�
� ���

�B�I�I��� � � � � ��� � ��!

�Z- ��
�	����3	:()6 �! ��
�	�6�(�- ��
��9� (������+	X()6��7-'L!C
��
�	
���+	:(�6 ��6�()-�(X��� � 	�?
@P
�	
�+�7�+�3/'<�()��� /��7-��:J�K��!�+L�	 MX/'��� NP���3L�	:��?


 QaJU^dC5D cE^RLIh�JNFIH �#� F LZC5X JNOjA7FIAdTWc_F L Q L QRLsfYi JNCPc [\ORHNXjTRf5L [\ORH]J_^7F
p � L AdCPc ^7FsCP`M^�J;ORQ J_^7F

�WQ7F�� FsfPXrFIH `MH(OdTWhaOd[7LIQaFsf fgC5h�JNCPc.c_TWH n�F L QRA JNO fgC5Q4! CoJ JNO�L QRL��� n�F
p � L AdCPc.^RFsCP`M^�J
��� T�J �WHKD_J �

��F ^RLMn�F J1Oa^RL ndF L�`MORO�AlTWQ7ARFIHKD_J(L Q7A�C5Q7` Od[dJ_^7F � ARFIQ7ORXSCPQ�LMJNORH�� Od[7L h7O�CPQ�J.O�QlL QlFsf fgCPh J C5c
cUT H n�F��

Q�� R2S " �.3 0/= :<: �W- &19%3%' �.3 ��-/# =�" : �.'/'��a$d94+��
	 �]&K$�&(3%>

� ^7F [\O�H XST7f5LMJNC5ORQRD.C5Q J_^�CgD DGFIcNJ C5ORQlL H(F�!IFIh J?LID4`sFZQ7FIHKLZfdLID4h7OdDGDUC5V�fPF �s[\ORH	��F CPQ�JNFZQ7A�JNO�T DGF
JU^RFlH(FZDUT7foJ1D%fgLMJNFIH.C5QaJU^RF�D JNTWA�iSOd[/[ L XSCgfgC5FZD Od[qFsfgf CPh�JNC5c%c_TWH ndFsD(�

V��9WZY[WZY � DGM�B<A(C C�D IKJ-LNM
�IF J

R
V7F�L TWQ�C��dTWF [ L cNJNO�H1CgDGL J C5ORQlA7ORXjLZC5Q,� $ F � C fgf�D J T A�i J_^7F�hROdCPQ J1D Od[WL QlFsfgf CPh�JNC5c c_TWH ndF

E
OsndFIH?J_^7F [\HKL cNJ C5ORQ"�WFMfPA

F
Od[
R
��` CondFIQjVZijL $ FsC5FIHKD JUHKLIDED%F#��T L J C5ORQ

y2 + a1 xy + a3 y = x3 + a2 x
2 + a4 x + a6

� $ F#� �
� CoJU^ c ORF�� c_CPFIQ�J(D

ai

CPQrJ_^7FSH(CPQ7`
R
�%@ Q7ORQ � �_FIH(O h7O�CPQ�J

P
c LIQvLZf � LMi�D V7F.� H1CYJ(JNFZQ C5QrJ_^7F

[\ORH X
P = (x(P ), y(P )) =

( a(P )
e(P )2 ,

b(P )
e(P )3

)
,

� 
E0=�43 �
��^7FZH1F

a(P )
�
b(P )

L Q7A
e(P )

L H(F FsfPFIXrFIQ�J(D Od[
R

DUTWcE^ J_^RLMJ
e(P )

C5D�H(FsfgLMJNCYndFMfYi h7H(CPXrF J1O
V7O J_^

a(P )
LIQ7A

b(P )
�?9%[ c_O�TWHKD FG� J_^7FZDGF F+*�hRH1FsDGDUC5ORQRD�L H(FvO�Q�fYi?� Fsfgf � A7F �WQ7FZA TWh�JNO�J_^7F

XjT7foJNCPh�f CPc LMJNC5ORQSVZiSTWQ�CoJ1D%C5Q
R× �

� ^7F�D(iRX V7O�f
t
��Cgfgf%LZf � LMi�D D_J(L Q7A*[\O�H J_^7F�T Q�Cg[\O�H XSC��_FIH −x

y

L J JU^RF�ORH(CP` CPQ
O

O�[
E

C5Q
F (E)

� �IF J
m > 0

V7F�LIQ C5Q�JNFI`MFIH � � ^RF
m � J_^�A�CYndCgDEC5ORQ h7OdfoiRQ7ORXSC5Lsf

fm

�P� CoJ_^�H(FZDGh7FIcNJ




E0=�43lpqLIQ7c_Fsf f5LMJNCPO�QRD4L Q7A J_^7F�p/f5LIDED � H(OdTWh�edLZCPH(CPQ7` 7F5

JNO�J_^7F�cG^RO�DGFIQ $ FsC5FIHKD_J_HKLIDED F<��T LMJNCPO�Q � CgD A7F � Q7FIA�JNO*VRF J_^7F [PTWQ7cNJNCPO�Q�CPQ
F (E)

^RLMndC5Q7`
A�CondC5DGORH

[m]?(O)−m2 · (O)
L Q7A QRORH XjLZf C5DGFIA�JNO ^RL ndF

m · t1−m2 LID?J_^7FmfPFZLIA�CPQ7`%JNFZH X LMJ J_^7F
ORH(CP` CPQ

O
�7@�A7F J1LsCgfPFZA A7FZDGcEH1C5h�JNCPO�QaO�[�J_^7FZDGF [PT Q7cNJ C5ORQRD.c L QlV7F [\O�TWQ7A�CPQ�JU^RF �WHKD J?L h7hRFIQ7A�C *

Od[ � t�L<��L
< 3�
 �6
 J � C fgf VRFST7D FZA�H(FIhRFZLMJNFIAdfYirJU^�LMJ J_^7FSD ��T L H(FSO�[
fm

c L Q�V7F6��H(CYJ(JNFIQ LID L
h7O�fYiRQ7O�XjCgLZf CPQaJ_^7F [PTWQ7cNJNCPO�Q

x
Od[ J_^7F [\ORH X

f2
m = m2 xm2−1 +

fPO(� FIH;O�H1ARFIH?JNFIH XjD%C5Q
x

� 
E0=� u �
� ^7O�DGF�c ORF�� c_CPFIQ�J(D?J T H Q O�T�J JNOaV7F h7O�fYiRQ7O�XjCgLZf5D.C5Q

Z[a1, a2, a3, a4, a6]
�sCPQ h�L HKJNCPc_T7fgL H/J_^7F i

L H(F CPQ
R
� �ZC5XjC f5L H(fYi��GJ_^7F [PTWQRc JNC5ORQRD

gm = x·f2
m−fm+1 ·fm−1

�sA7F �WQRFIA�[\ORHqLsfgfIC5Q�JNFI`MFIHKD
m >

1
� LIH1Frh7O�fYiRQ7O�XjCgLZf5D Od[ A7FI`MH1FZF

m2 CPQ
x
��CYJ_^ CPQ�JNFZ`sHKLZf]c_O�F�� cUC5FIQ�J1D#� � ^RFZDGFrhROdfYiRQRORXSC5LZfgD

L h7hRFZL H.CPQaJ_^7F [\ORHNXjTRf5LlA7FZDGcEH1C5V�CPQ7` XjTRfYJNCPh�f CPc L J C5ORQSVZi
m

�

a(mP )

e(mP )2
= x(mP ) =

gm(P )

fm(P )2
=

gm(P ) · e(P )2m2

(fm(P ) · e(P )m2)2
,

� 
E0=��5 �
n�LsfgCPAj[\ORH

m > 1
L QRA h7O�CPQ�J(D

P ∈ E(F )
J_^RLMJ LIH1FlQ7OIJ

m � JNO�HKDEC5ORQ,�&� ^7FlF+*�hRH1FsDGDUC5ORQ O�QSJ_^7F
H1C5`s^ J.CgD ��H(CYJ(JNFIQ LZD;L�[\HKL cNJ C5ORQaOd[ Fsf5FIX FZQ�J1D CPQ

R
�IDUCPQ7c FmJ_^7F h7O#��FZH Od[

e(P )
C5D;DUT � c_CPFIQ�J J1O

Fsf CPXSCPQRLMJ1F LZfgf�J_^7F�A7FZQ7ORXSCPQRL JNORH �4t ORH(FahRH1FZcUCgDGFsfYi

fm(P )2 · e(P )2m2
= m2 a(P )m2−1 e(P )2 +

^�CP`M^7FIH.ORH(A7FIH?JNFIHNXrD CPQ
e(P )

� 
E0�� x �
C5D L h7OdfoiRQ7ORXSC5LZf CPQ

R[a(P ), e(P )]
� � T�J4J_^7FIH(FaC5D QRO H(FZLIDGORQSJNO V7FMfgCPF ndF JU^�LMJ;J_^�C5D F%*�h7H(FZD �DUCPO�QvORQjJ_^7FaH1C5`s^�J O�[ � 
�0��:5 �.C5DmL H(FIA�TWc_FZA [\HKL cNJ C5ORQ,� �Ri A7F
�WQ�CYJNC5ORQvO�[

e(mP )
�RJU^RFlf5LIH1`MFZD J

c_O�X XrORQ�[ L cNJNO�H O�[ JU^RFvQ�TWXrFIHKLMJNO�H L Q7A JU^RFvA7FIQ7O�XjC5QRLMJNO�H C5Q�J_^�C5D [\HKL cNJNCPORQ � C fgf V7FjJ_^7F
D ��T L H(F O�[�J_^7F [\O�fgf5O(��CPQ7` FsfPFZX FIQ J?Od[

R
��^dCPcE^ ��Cgf f7V7F c LZf fPFIA JU^RF � � ����� � � � "� $� � Od[

P
� ^7FIQ

XST7fYJNCPhdfgCPFZA"��CYJ_^
m

�

δm(P ) =
fm(P ) · e(P )m2

e(mP )
.

� 
E0=��6 �
� ^�CgD C5D.� Fsfgf � A7F �WQ7FZA TWh
JNO*L�TWQ�CoJlCPQ

R× � ^7FIQ7F ndFIH
m > 1

L Q7A
P ∈ E(F )

C5DjQRO JaL
m � JNO�H(DUC5ORQ hROdCPQ JK��V�T�J A7FIh7FIQRARDmORQaJ_^7F�F#��T7LMJNCPORQ � $ F#� �H�
�F�%,-, �#��T ��1���� ��%���
 � � �,� �!�,�(��- ��� � � "  � � ��- " � ��- ��
�


x = u2 · x′ + r1, y = u3 · y′ + u2r2 · x′ + r3,
� 
E0=�98 �

�  #" � u � �  �!� � � �! #"� ��
R× � ��% " � � ri  � R � " � � � � �����	� � � "  � � δm(P )

� � � � �!� � � ��� �!�,� � �
� ���! #" )
� ^7FlXjLZCPQjH(FZDUT7fYJ ORQ cNL Q7c_Fsf f5LMJNC5ORQRD C5D J_^7F [\Odf fPO(��CPQR` Q7ORQ � c LIQ7c_Fsf f5LMJNCPO�Qjh7H(ORh7OdDECoJNCPORQ�� 
PJ

c L QjV7FlA7FIAdTWc_FIAS[\H(ORX J_^7F�F%*�h�fgC5cUCoJ;[\O�H XST7f5L [\O�H]JU^RF�f5ORc LZf QRORQ � L H(cE^�CPXrFIA�CgL QSH(FZLZf � n LZfgT FIA^7FsC5`s^ J [PTWQ7cNJNCPO�QRD ��� ^RFIORH(FIX�0/
+� x ��3 C5Q � �ZCgf�<sx 
�� � $ F�` CondF L DG^7ORH<J C5Q7A7FIh7FZQ7A7FIQ�J�h7H(ORO�[
^7FIH(F��



7 x 
E0=�43lpqLIQ7c_Fsf f5LMJNCPO�QRD4L Q7A J_^7F�p/f5LIDED � H(OdTWh�edLZCPH(CPQ7`

	S�A��0�� ��� �N�:��� ��T ��R!��
!��"
E � � � � �	� �  � "� � � ��




� �  



��� � � � � ��� � � "� $� � � $ F#� � �



��
 � 
' �!�

R
� �  � �  � ��� 
 ���$��"$� �  $" � 
+� � � � � " "$� � %� � � 
���"$� 
	� � � � "� $� � υ �  #" � 
�� �  $% ��� ��� � % Fυ ) � -

� � �  �� "
P ∈ E(F )


���% � ��� � "$� � � � � 
 �  ��!��� � � 
 � �  �� "  �� " � � 
+� % � � "  � �
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0 � Ê(pZp) � E◦(Qp)
? � Ẽ � � (Fp)(p) � 0

0 � E◦(Qp)
? � E(Qp)

? � Φ(Qp)(p) � 0
(
0 
+�43

)

� FIQ7c_F�J_^7F DUTWVR`sH(OdT h
B

^RLIDmCPQRA7F%*jh7H1C5X F�J1O
p
C5QjJ_^7F�!IFZH Q7Fsf Od[qJ_^7FSXjL h [\H(ORX

E(Q)
J1O

E(Qp)
?
�

�ZF J
Q1

�
Q2

� �
�
�
Qr

V7F
L VRLIDUCgD O�[
B
� b%FIQ7OIJNF VIi

Lp

J_^7F
p � L A�C5cjFsfgf CPh�JNCPc f5OR` L H1CoJ_^7X

c_O�Q�ndFIH(` CPQ7`�O�Q
J_^7FO� ^7Odf5F�O�[ J_^7Fv[\ORHNXrLsf `sH(OdT h*L Q7A�` CYndC5Q7` T D LIQ CgDGORXrORH hR^�C5DGX���CYJ_^
pZp

� $ F�c_ORQRcUf TWA7F J_^RLMJ

M = {x1Q1 + · · ·+ xr Qr | xi ∈ Zp

DUTWcE^aJU^�LMJ
x1 Lp(Q1) + · · · + xr Lp(Qr) = 0}

� ^7F5�WHKD JaD_J1FIh*C5DaJ_^7FZH1FM[\ORH(F JNO*c_ORXrh�T�J1F�L
Z � VRLIDUCgDSOd[

B
� 
\[ ��F�D J1L HKJ ��CYJ_^ L
VRLIDUCgD

{Pi}
Od[
E(Q)

X O�A�T7fPOvJNORHKDUCPO�Q � CoJ_^
H(Fsf5LMJNCondFsfoi�DGXrLZf f H(FZLsf � n�LZf TWFIA ^7FsCP`M^�J �	��F c L Q � Q7A
Z � fgC5Q7FZL H?c_ORXrV�CPQ�LMJNCPORQ�D O�[WJ_^7F

Pi

J_^RL J f CPF�CPQ
B
��9 QRc_F���F ^�LMndF�[\O�TWQ7ASDUT �vc_C5FIQ�JNfYi XjL Q�i

JNOv`MFIQ7FZH(L JNF
B
�RL H(FIAdTWcNJ C5ORQjT DUCPQ7` J_^7FO�G� � � LsfP`MORH1CoJ_^7X ��h7FIHNXjCoJ1D T D%JNO �WQ7A LaVRLIDUCgD Od[

B��CYJ_^ H(FsfgLMJNCYn�FsfYi DGXrLsfgf H(FZLZf � n�LZf TWFIA�^7FsC5`s^�J
�7
 Q J_^�C5D�� LMi�� JU^RFrc ORXrh�T�J1LMJNC5ORQ JU^�LMJ [\Odf fPO#�
L H(F [ LID JNFIH �
G O#� CoJ C5D FZLZD1i JNO c_ORXrh�T�J1F�J_^7FaXjLMJ_H1C *SOd[ JU^RFaV�C fgC5Q7FZL H [\ORHNX ORQ

B ⊗ Zp

��CYJ_^ H(FZDGh7FZc J
JNOjJ_^7F�DUCP`MXrLl[PTWQ7cNJNCPO�Q O�[ � FIH QRLIH1AdCR� � T�J CYJ CgD CPXrh7ORH<J1L Q�J;J1O XjL(!IFaDUTWH(F JU^�LMJ;J_^7F h7O�CPQ�J(D
CPQvJ_^7F V�LIDUC5D L H(F XjT7foJNCPh�f CPFIA�DGO J_^RL JmJU^RF i ^�LMndFr`sO�ORA
H(FIAdTWcNJ C5ORQ�LMJ LZf f.hdf5L c_FsD(�79 Q7c_FjL
Zp � VRLIDUC5D Od[ M

�5CPQlJ_^7F h7H(FZDGFIQ J1LMJNCPO�Q L V7OsndF�� C5D;[\OdTWQRAST7DEC5Q7`
Lp

�ZJ_^7F ARF JNFIHNXjC5QRL Q�J;Od[7J_^7F
hRLZC5H1C5Q7` H1FsD_J_H(CPcNJNFIA JNO

M
cNL QaVRF�c_O�X h�TdJNFIA,� 
PJ1D?n LZfgT L J C5ORQ�C5D CPQRA7FIh7FIQRA7FIQ�J.O�[ LZfgf�cE^7O�CPc_FZD �

CYJ C5D;JU^RF�� Fsf f � A7F �WQRFIAan�LZf T LMJNCPO�QrO�[WJ_^7F � c(i�cUf5O JNO�XjC5c �?H(FI` TRf5LMJNO�H4ORQ
M
�

� V WZY[W � ����A J M���A � L��
MΣ

JEM
M

@4fYJ_^7OdT `s^ CoJ C5D Q7O J�Q7FZFIA7FIA A�CPH(FIcNJNfYi L Q�iRXrORH(FjC5Q J_^7F7�WQRLZf [\O�H XST7f5L Od[ JU^RF52�T7f5FIH cG^�L H �L cNJNFIH(C5D JNCPc �?CoJ�cNL Q D_JNC fgf4V7FvC5Q�JNFIH(FZD JNCPQ7`SJNO�c_ORXrh�T�JNF J_^7FvCPQRA7F%*�O�[
MΣ

C5Q
M
�;TWQ7A7FIH�OdTWH



<sx 0 
+�43 � ^7F LZf5`sO�H1CYJ_^7XjD

LIDEDET X h�JNC5ORQRD;JU^dC5D CgD J_^7FlDEL XrF LID4J_^7F CPQRA7F%* Od[
RΣ

CPQ
R
� � ^RFaFZLZDEC5FZD J cE^7O�CPc_F [\ORH

Σ
CgD LID

JU^RF T Q�CPO�QrO�[WJ_^7F�VRLIA h�fgL c_FZD � {∞} LIQ7A {p} � �7iSA7F � Q�CYJNCPO�Q

0 �MΣ �M �
⊕

υ∈Σ(-p)

E(Qυ)?

� ^7F J1L H(`sF J%Od[WJU^RF f5ORc LsfgC5DELMJNC5ORQSXjL hj^RLID%ORH(A7FIH

c =
∏

� � � υ 6=p

c(p)
υ ·N (p)

υ

��^7FZH1F
cυ

C5D.J_^7F���L XjL ` L
� L�Q�TWXrV7FIH]LMJ
υ
LIQ7A

Nυ

CgD J_^7F Q�TWXrV7FIH?Od[ Q7O�Q � DEC5Q7` T7f5L H]h7O�CPQ�J1DCPQaJ_^7F�H1FZA�TWcNJNCPORQ�� � ^�C5D h7H(ORA�T c J
c
�(� ^�C5cG^ CgD Llh7O#��FIH4O�[

p
��C5D �dT7CYJNF�O�[gJNFIQrF#��T LZfRJ1O

1
�

94J_^7FIH � CgDGF �<�WQ7AaL VRLIDUC5D
Mi

Od[
M

F+*�hRH1FsDGDGFIAaLID
Zp � c ORXrV�CPQRL J C5ORQRD O�[RJU^RF VRLIDUC5D {Qj}

Od[
B
� DELMi

Mi =
∑
mi,j · Qj

� p ^7O�O�DGF CPQ JNFI`MFIHKD
m′

i,j

J_^RLMJ L H(F c_O�Q7`MH1TWFIQ J%JNO
mi,j

XrORAdT7fPO
c
�

� ^7FIQ�J_^7F hROdCPQ J1D
M ′

i =
∑
m′

i,j ·Qj

CPQ
E(Q)

H(FIh7H(FZDGFIQ�J.L
Z/c � V�LIDUC5D Od[ M/c

��� ^7F CPQRA7F%*�Od[
MΣ

C5Q
M

C5D J_^7F O�H(A7FIH]Od[dJ_^7FmCPXjL `MF `sFIQRFIHKLMJNFIAlVIilh7OdC5Q�J1D
M ′

i

CPQ�J_^7F L V7OsndF fPORcNLZfgCgDGL J C5ORQRD#�

� V W Y[W�
 �4L�B D C I LNF�] J-LNM �	LNJ M I)]
� ORXrF JNCPXrFZD,� F � CgDG^ JNO c ORXrh�T�JNF J_^7F�Q�TWXrV7FIH]Od[RJNO�H(DUC5ORQSh7O�CPQ�J1D;C5Q

E(Qp)(p)
� $ H1CoJNF J_^7F

D1iRX VROdf ⊗ [\O�H]J_^7F JNFIQRDGORH;hRH1O�A�TWcNJ ��CYJ_^
Qp/Zp

� � ^RFaF%*ZLIc J DGF#��TWFZQ7c_FZD

0 � E◦(Qp)(p) � E(Qp)(p) � Φ(Qp)(p)
δ � E◦(Qp)⊗ � E(Qp)⊗ � 0

0 � E◦(Qp)(p) � Ẽ � � (Fp)(p)
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