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Abstract

The content of this thesis can be divided into two broad topics. The first half investigates
the deficient values and deficient functions of certain classes of meromorphic functions.
Here a value is called deficient if a function takes that value less often than it takes most
other values. It is shown that the derivative of a periodic meromorphic function has no
finite non-zero deficient values, provided that the function satisfies a necessary growth
condition.

The classes B and S consist of those meromorphic functions for which the finite
critical and asymptotic values form a bounded or finite set. A number of results are
obtained about the conditions under which members of the classes B and S and their
derivatives may admit rational, or slowly-growing transcendental, deficient functions.

The second major topic is a study of real functions — those functions which are real
on the real axis. Some generalisations are given of a theorem due to Hinkkanen and Rossi
that characterizes a class of real meromorphic functions having only real zeroes, poles
and critical points. In particular, the assumption that the zeroes are real is discarded,
although this condition reappears as a conclusion in one result.

Real entire functions are the subject of the final chapter, which builds upon the
recent resolution of a long-standing conjecture attributed to Wiman. In this direction,
several conditions are established under which a real entire function must belong to the
classical Laguerre-Polya class LP. These conditions typically involve the non-real zeroes

of the function and its derivatives.
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CHAPTER 1

Introduction

The aim of this chapter is to describe selected parts of the classical theory that underlies
the work presented in subsequent chapters. In addition to the the necessary definitions,
a number of useful and well-established results are stated, and these may be used later
without explicit reference. Proofs will not be reproduced here, rather we shall indicate
where they may be found in the literature. Many more background results and concepts

will be introduced at appropriate points in the development of this thesis.

1.1 Nevanlinna theory

The value distribution theory of meromorphic functions was greatly developed by Rolf
Nevanlinna during the 1920s. In both its scope and its power his approach greatly
surpasses previous results, and in his honour the field is now also known as Nevanlinna
theory. A pivotal role is played by the Nevanlinna characteristic of a meromorphic
function, which conveys information about the function’s rate of growth and also gives
an indication of the frequency with which different values are taken. The definitive
reference for this section is Hayman’s monograph [20].

Let f be a meromorphic function, where here and henceforth meromorphic should
be taken to mean meromorphic on the whole complex plane, unless explicitly stated
otherwise. Before defining the Nevanlinna characteristic (or simply the characteristic)
of f we introduce some important functionals. Firstly, the proximity function is given

by ,
1 4 .
m(r, f) = / log+’f(re’9)’ dg, r >0,
27 0

where logTax = max{logz,0}. This can be thought of as a measure of the extent to
which f(z) is large on the circle |z| = r. The two counting functions count the poles of
f: the first, n(r, f), is defined to be the number of poles of f in {z : |z| < r}, where

each pole is counted according to its multiplicity. The integrated counting function is



CHAPTER 1: INTRODUCTION

then defined to be

N(r, f) = /T n(t, f) ; n(0, ) dt +n(0, f)logr, r>0.
0

The characteristic of f is now given by the sum

T(r,f):m(r,f)—i—N(r,f),

and is an increasing function of . The following estimates for the characteristic of the
sum or product of two functions are easily obtained by summing similar inequalities

involving the proximity and counting functions:
T(r,fg) <T(r,f)+T(r,g),  T(r,f+g) <T(r f)+T(rg)+log2.

The power of this approach to meromorphic function theory is illustrated by the

following theorem due to Nevanlinna.

Theorem 1.1 (First Fundamental Theorem). Let f be a non-constant meromorphic

function and let a € C. Then

T(r, ) = m<r, fl_a> +N<r, fl_a> +O(1) = T<r, = a> +o(1)

as r — o0.

For non-constant f the characteristic 7'(r, f) tends to infinity with 7, and hence for

any a € C either m(r, fia) or N(r, fia) must get large. In the latter case we have that
f takes the value a often, while the former case corresponds to f being close to a on
some part of the circle |z| = r. Another viewpoint is to say that the First Fundamental
Theorem shows how the characteristic provides an upper bound for the frequency with
which f takes any given value. In fact, a value is said to be deficient if it is not taken
as frequently as is permitted by Theorem 1.1. More precisely, the deficiency of a value

a € CU {oo} is defined to be

3o, f) = limint 70 = 1~ imsup 7",

where we write N(r,a) for N(r, ﬁ) if a € C, and N(r,00) = N(r, f), so that N(r,a)
counts the a-points of f. We define m(r,a) similarly. The value a is called deficient if
d(a, f) > 0. To quote Hayman [20], “we may regard d(a, f) loosely as the proportion by
which the number of roots of the equation f(z) = a is less than the maximum permitted
number.”

In fact deficient values are unusual, as for most values a the counting term N (r,a)

will dominate the proximity function m(r, a) in the statement of the First Fundamental
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Theorem. This is expressed by the defect relation, that for a non-constant function f

we have

> . f) <2

aeCU{oo0}
In particular, the set of deficient values is countable. Furthermore, as an omitted value
always has a deficiency equal to 1, the defect relation is a significant generalisation of
Picard’s famous theorem that a non-constant meromorphic function can omit at most
two values.

The defect relation is a consequence of Nevanlinna’s Second Fundamental Theorem,
a key ingredient of which is the following lemma. Known as the lemma of the logarithmic
derivative, this is an important and very useful result in its own right. It provides an
upper bound on the average size of the logarithmic derivative f'/f in terms of the

characteristic T'(r, f).

Lemma 1.2 (Lemma of the logarithmic derivative). Let f be meromorphic and non-

constant. Then

m <r, '};> = O(log T(r, f) + logr),

as r tends to infinity outside a set of finite measure.

So far we have been analysing how frequently a function f ‘hits’ a fixed value, but we
shall also be interested in how often our function coincides with a slowly-varying ‘moving
target’. In this context, a second meromorphic function h satisfying 7'(r, h) = o(T(r, f))
as r — oo is said to be a deficient function of f if §(0, f —h) > 0. This means that
points where the two functions agree occur at a rate less than the maximum allowed by
the First Fundamental Theorem.

The next two results describe certain properties of the behaviour of the Nevanlinna
characteristic. The first of these demonstrates that, for an entire function, T'(r, f) is

comparable to the logarithm of the maximum modulus

M(r, f) = max{[f(2)] : |2] <7}

Indeed, the maximum modulus has always been a useful tool for studying entire func-
tions, and in some ways the Nevanlinna characteristic represents a powerful evolution

of the maximum modulus to the meromorphic setting.

Lemma 1.3. If f is an entire function then, for 0 <r < R,

70 ) < log M0 ) < (0

-Tr

)T(R, f)-

Rational maps are clearly distinguished from transcendental meromorphic functions

by the behaviour of their respective characteristic functions.
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Lemma 1.4. Let g be a rational function and let f be a transcendental meromorphic

function. Then T(r,g) = O(logr) while

T(r,[)
log r

— 00, asT — 00.

Before moving on we introduce two more functionals: the order p(f) and lower
order \(f) describe the asymptotic rate of growth of a meromorphic function f. They
are defined by

logT logT
p(f) = limsup log T'(r. /) f), A(f) = liminf log T'(r. /)

A log r r—oo  logr

and satisfy 0 < A(f) < p(f) < oco. For example, the function exp (z") has order n,
while rational functions have zero order by Lemma 1.4, and the lower order of exp (e?)

is infinite.

1.2 Subharmonic functions

Here we describe a class of functions that frequently occur in complex function theory.

Definition. A function u : D — [—00,00) on a domain D C C is subharmonic if it is
upper semi-continuous and satisfies the sub-mean-value property; that is, for each z € D
there exists r1 > 0 such that
2 A
u(z) < 2 /) u(z 4 re?) db, 0<r<r.

We remark that this definition is local in the sense that a function is subharmonic on
D if and only if it is subharmonic on some neighbourhood of each point in D. Harmonic
functions are always subharmonic and if f is analytic on a domain D then the functions

|f| and log|f| are both subharmonic on D. Furthermore, if u and v are subharmonic

then so are u + v and max{u, v}. For details see [53, p.28].

1.3 Densities of sets

The upper linear density and upper logarithmic density of a measurable set E C [0, 00)

are respectively defined to be

S 1 E— 1 dt
dens F = lim sup — / dt, logdens ¥ = lim sup / —.
17]NE [1r]nE

r—oo T r—oo 108T t

The lower linear density and lower logarithmic density of E, denoted respectively by
dens I/ and logdens F, are obtained by taking the liminf in place of the limsup in the

above. These densities are related by the following elementary lemma.



CHAPTER 1: INTRODUCTION

Lemma 1.5 ([3]). The densities of measurable sets E, F C [0,00) satisfy the following:

(i) 0 < dens E <logdens E <logdens £ < dens F <1,

(ii) logdens(E U F') < logdens E + logdens F.

1.4 Singularities of the inverse function

A meromorphic function f has a critical point at z if f'(z) = 0 or if z is a multiple pole
of f. The value taken by f at a critical point is called a critical value. A well-known
consequence of Rouché’s Theorem is that if w € C is not a critical value of f, and if
f(z) = w for some z, then f is injective on some neighbourhood of z. This means that
it is possible to define a branch ¢ of the inverse function f~! on a neighbourhood of w
such that ¢(w) = z and f o ¢ is the identity map near w. This inverse function ¢ turns
out to be analytic.

The question now arises of how far ¢ may be analytically continued. From the fact
that f fails to be injective near a critical point, it is clear that we cannot necessarily
define a continuation of ¢ to a neighbourhood of any critical value of f. Hence the
critical values of f are called the algebraic singularities of f~1.

However, the critical values of f are not the only barrier to the analytic continuation
of the inverse function. Suppose that we wish to analytically continue ¢ along a path
I'(t). It may happen that as we approach a point o = I'(¢), we find that ¢(I'(¢)) — oo as
t — to. Assuming that f is transcendental, this occurs if and only if « is an asymptotic
value of f; that is, there exists a path ~ tending to infinity on which f — a. These
asymptotic values are the transcendental singularities of f~' and will be discussed in
much greater detail in Section 6.3.1.

The asymptotic and critical values of f together constitute the singular values of the
inverse function f~!. These singular values play a significant role in complex dynamics.
We denote by B the class of all transcendental meromorphic functions for which the
inverse has a bounded set of finite singular values. The subclass S consists of those
functions possessing a finite set of singular values of the inverse function.

The exponential function e® is a member of S because it has no critical points and
0 and oo are its only asymptotic values. As another example consider the function
f(z) = e* +1/z. All critical points ¢ of this function must satisfy e —1/¢? = 0, so that
the critical values are given by 1/¢?+1/¢. Since only finitely many of the critical points
can lie in |¢| < 1, we see that the set of critical values of f is bounded. Furthermore,
the only asymptotic values of f are 0 and oo, and hence f belongs to the class B.

A series of results on deficient functions of members of the classes B and S and their
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derivatives will be obtained by exploiting the following lemma, first proved for entire

functions by Eremenko and Lyubich.

Lemma 1.6 ([14, 54]). Let f belong to the class B. Then there exist L >0 and M >0
such that, if |z| > L and |f(z)| > M, then

2f'(2)
f(2)

where C' is a positive absolute constant.

log | f(2)/M]
8 7

(1.4.1)
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Rational deficient functions of

certain derivatives

As described in the introductory chapter, the class B consists of those transcendental
meromorphic functions that have a bounded set of finite critical and asymptotic values.
This chapter considers derivatives of functions in the class B, and demonstrates that
under a variety of different conditions these derivatives cannot admit certain rational
deficient functions. The deficient values of these derivatives were studied by Langley in
[37]. The proofs of all the results of this chapter appeared in [49].

The main result of Section 2.1 will show that if f € B has finite lower order then any
rational deficient function of any derivative of f must vanish at infinity. The results of
Section 2.2 restrict to functions in the class S, the subclass of B whose members have a
finite number of singularities of the inverse. It is then shown that any rational deficient
function of the first derivative f’ must have a multiple zero at infinity and, further, must
be identically zero if f has finite lower order.

Lemma, 1.6 underlies the results of this chapter and the next, while much of the work
done in this chapter is focussed on carefully controlling the analytic continuation of a

branch of the inverse function.

2.1 Rational deficient functions of derivatives of f € B

The following was proved for h a non-zero constant in [37] and the proof given here is

closely based on that paper.

Theorem 2.1. Let f be a member of the class B of finite lower order, and let n be a

positive integer. Let h be a rational function, not zero at infinity. Then (0, f(”)—h) =0.

The function e + 1/z in the class B shows that the hypothesis on h cannot be

omitted (see, however, Theorems 2.4 and 2.6 below).
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2.1.1 Proof of Theorem 2.1
Several of the results presented in this chapter will rely on the following lemma.

Lemma 2.2 ([37]). Let g be transcendental and meromorphic in the plane, such that
5(0,9) > 25 > 0. Then there exist a sequence ry, — oo, and for each k an arc Q. of the

circle S(0,rg) with centre 0 and radius 7y, such that
log|g(2)| < =0T (rk, 9), z € O,
and such that the angular measure my, of Q. satisfies
my(log T(ry, 9))° — oc.

If, in addition, g has finite lower order \ them my > m, in which m is a positive constant

depending only on 6 and .

Suppose that f, h and n are as in the hypothesis of Theorem 2.1, but that the
deficiency (0, fn — h) > 26 > 0. For some N > 0 we may write, without loss of

generality,

N
j 1 (N +n)!
) =) a2 +0(a™),  an =7
j=0
Lemma 2.2 gives a positive constant m, a sequence rp — oo, and for each k an arc €

of S(0,71) of angular measure at least m such that

‘f(”)(z)—h(z)‘ <exp( (5T(rk,f( )—h>>, z € Q.

Therefore,
N
» A
—Zajzj <—0, z € Qy,
- T
where Ag, Ay, ... denote positive constants independent of ri. Integration now gives a
monic polynomial Py(z) = zNt" 4+ .. HN+"(z — dj) such that

f(Q)(z)—Png)(z)‘ < Ap_gry t q=0,...,n, z€Q. (2.1.1)

Note that this polynomial may depend on r; and that the monicity follows from our
choice of apy. For sufficiently large r,, and a small positive constant ¢ independent of

71, choose
N+n

ZkEQk\ U dj,crk
7j=1

where we write B(a,r) for the open disc centred at a with radius r. Then we have

|Py(21)| > (cr)™VT™, so that using (2.1.1) gives

|f(zi)| > (erp) N — Aprp
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and hence |f(z;)| — co. From (2.1.1) we also have that

21 f' (21) ri (| P(ze)] + Anoar )
f(2k) H k(zk)| — A nrk ’
T (1P (z1)| + Ap—177?)
5P (z)|
2ry| Py, (=)

P (z0)] to(1) =0(1),  asrp — oo

This gives a contradiction with Lemma 1.6 and proves the theorem.

2.2 Rational deficient functions of the derivative of f € S

The next result is a partial extension of Theorem 2.1 to functions of arbitrary order.

Theorem 2.3. Let f be a member of the class S and let h be a rational function, not

zero at infinity. Then §(0, f' —h) = 0.

This result was proved in [37] for h a non-zero constant. We adapt the proof given

there to prove both Theorem 2.3 and also the following theorem.

Theorem 2.4. Let f belong to the class S and let h be a rational function with o

simple zero at infinity; that is, zh(z) tends to a finite non-zero limit as z — co. Then

5(0, f"—h)=0.
Theorems 2.3 and 2.4 have an immediate consequence.

Corollary 2.5. If f is a member of the class S then any deficient rational function of

f" has a multiple zero at infinity.

Finally, by imposing a constraint on the order of f, we may rule out altogether the

existence of rational deficient functions of the derivative.

Theorem 2.6. Let f be a member of the class S of finite lower order. Then f’ admits

no rational deficient functions, except possibly the zero function.

2.2.1 Some results needed for Theorems 2.3 and 2.4

As in [37], we require a version of the Koebe Distortion Theorem.

Lemma 2.7 ([24, 37]). Let 0 <r < R < oo and let f be analytic and univalent in the
disc B(a,R). Then

3 4
max{|f'(2)] : |2 — af <r} < (@) < o 16_3) min{|f'(2)] : |2 - a] < r}.

2R
(R—r)
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We will write S(a,r) for the circle with centre a and radius r. The next elementary
lemma uses Poisson’s formula to give a lower bound for the harmonic measure of a small
arc of a circle. This will often be used in conjunction with the classical Two Constants

Theorem.

Lemma 2.8. Suppose that 0 < r < R and that ¥ is an arc of S(zo, R) of angular

measure at least m. Then for z € B(zy,r) the harmonic measure of ¥ with respect to z

and B(zp, R) satisfies

m R—r
¥, B(z,R)) > — -
OJ(Z, ) (Z07 )) = 9r R+r
Proof. Poisson’s formula gives that
1 R? — |2|? m R —r?
¥, B =— [ ————dt>—  ——. O
w(z, %, B(zo, B)) 277/2 |Reit — 2|2~ — 2r  (R+71)?

Recall the definition of a subharmonic function from Section 1.2. For a proof of the

following classical result see, for example, [53, p.101].

Lemma 2.9 (Two Constants Theorem). Let E be a Borel subset of the boundary of a
domain D. Let u be subharmonic on D such that u is bounded above by My > 0 and

limsup u(z) < My, RSO

z—x, z€D

Then
u(z) < Myw(z, E, D) + My, z € D.

In the next lemma and hereafter, by the degree of a rational function g we shall

mean max{deg P, deg Q} where P, Q are polynomials without common factors and such
that g = P/Q.

Lemma 2.10. Let f be a meromorphic function and let g be a rational function, not
zero at infinity, and of degree N. Then there exist positive constants k1 and ks such

that, for small ¢,
K2
foncvi=| U B ™) | u{lel> =5}
f(z5)F#00

where

Us={z€C:lg(z)] <}
and the z; are the zeroes of g.
It shall be useful to note that if ¢ is a branch of f~! and the point w is not in Vj,

then ¢(w) lies outside Us and so |g(¢(w))] > 6.

10
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Proof of Lemma 2.10. We can write

9(z) = (2 — 2;)" Gj(2)

where Gj(z;) # 0,00 and 1 < nj; < N. Therefore there exists K; such that, for small ¢,
the component of Us containing z; lies in a ball of radius K jél/ ™. This holds for each

zj so that
Us C UB(zj, Kd””j) - UB<zj, Kél/N>
for some K.
If z; is not a pole of f, then the Taylor expansion gives K j’ > () such that, for small p,

1f(2) = f(z)] < K}p when |z — z;| < p.

Take r1 = K max{K’}.
If zj is a pole of f, then there exists K}’ > 0 such that, for small p,

[f(2)] > K] /p when |z~ z;| <p.

Take ko = min{K7}/K. O

2.2.2 Proof of Theorem 2.3

Let f and h be as in the hypothesis, but assume that 6(0, f/ — h) > 0. Then f must
have infinite lower order by Theorem 2.1.

Without loss of generality we may write
h(z) =2"g(z),  g(o0) =1, (2.2.1)

where n > 0 and g is a rational function. Let N be the degree of g and let z1, ..., 25 be
the zeroes of g, possibly with repetition. Denote by a; the finite elements of the finite

set
{singular values of f~'} U {f(z1),..., f(zn)}.

By applying Lemma 2.2 to f’ — h, we obtain a sequence r, — oo and, for each k, an

arc Q). of S(0,ry) of arc length

32
32¢p, = (og T(rm /' — 1))’ (2.2.2)
such that
fz(nz) - 9(2)‘ < |f(2) = h(2)] < exp(—=e1iT(ry, f = h)), 2z €W (2.2.3)

11
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Here and throughout this proof ¢;, C;, d; denote positive constants independent of ry.

Using (2.2.1) and (2.2.3) shows that

Z’I’L

MO 1’ =o(l), zeQ. (2.2.4)

We recall that Q) has arc length 32, and hence we may denote its endpoints by

/ I ) 32 [Tk
oy and 3, = aje /

. Then since e /ry is small,
(@)™ = B™ | = ok = Bl (o)™ (14 P/ L eBinenne)

o = Brlr-

v

We have from (2.2.4) that f'(z) = 2"(1 + o(1)) for z € Q. Integrating this now gives
that

£l = 160 = — ((a)™™ = (8)"") 1+ o(1)).

Hence, by the above we can pick ay, i € Q). such that

| (o) = f(Br)| = 16ey. (2.2.5)

Let Qj be that subarc of €} joining aj, to fi. Since e, — 0 and there are only finitely

many aj, there is no loss of generality in assuming that
|f(ar) — aj| > 8y for all j. (2.2.6)

The aim of this proof is to analytically continue a branch of the inverse function f~!
satisfying an asymptotic differential equation. By extending sufficiently far, we shall

uncover a contradiction with the Eremenko-Lyubich Lemma of page 6. We begin with:

Lemma 2.11. Let ¢ be that branch of f=' mapping f(ar) to ay. Then ¢ estends
analytically and univalently to B(f(ax),2er) and satisfies there

1
g(d(w))

Proof. By (2.2.6) the function ¢ extends to be analytic and univalent on B(f(ay), 82k).

O™ (w)e (w) — ’ < exp(—caT(ry, f' — h)). (2.2.7)

Using (2.2.4), and always assuming that r is sufficiently large,

] = | ks | < 2 (2:28)
R PO AP I B
so that the Distortion Theorem (Lemma 2.7) gives
2(8ey)? 32
o)< 2 @ < 2 weB(flo) 4. (229)
(45k) Tk
Integrating this leads to
128¢
d(w) —ax| < <1, we B(f(an) den),

Tk

12
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so that |¢(w)] is large on B(f(ay),4ex), implying that |g(¢(w))| > 5 there, by (2.2.1).

Therefore,
o™ (w)¢' (w) — 1‘ < (rp + 1)7@ +2=0(1), we B(f(a),4e). (2.2.10)
glo(w) | =T TS SR

Furthermore, (2.2.5) shows that there exists a simple subarc Ly of f(§2) joining f(oy)
to S(f(ax),4er). For w € Ly, by writing z = ¢(w) the estimates (2.2.3) and (2.2.4) give
that

fz) _ 9(2)‘

L& g(2)]

" (w)' (w) — < dexp(—c1T(rg, f/ —h)). (2.2.11)

1
g(p(w)) ' -

Using (2.2.10), (2.2.11) and the standard harmonic measure estimate
w(w, Ly, B(f(ak), 4€k) \ Lk) > (1, w e B(f(ak), QEk) \ Ly,

an application of the Two Constants Theorem now establishes (2.2.7). To see this, apply

Lemma 2.9 to the subharmonic function

1

u(w) =log|¢"(w)¢'(w) — s

on the domain B(f(a),4er) \ Li. This yields
U(W) < _ClclT(rk‘a f/ - h) + O(l) < _CQT(T/W f, - h)
for w € B(f(a),2¢ek) \ L and a suitable choice of cs. O

We now assert that
|flaw)| <t (2.2.12)

with at most finitely many exceptions which we discard. Otherwise, |f(ag)| > rp'

infinitely often and (1.4.1), (2.2.4) give a contradiction, since

L r _ewf ()| _ (@) 5
C 7 M "] flo) et 7

where C, M are as in Lemma 1.6.
Define

n =min{|a; —aj|:a; # ay}
and let o be positive but small compared to min{1,n}. Following [37], it is now claimed

that for all sufficiently large k there exists (, with

Gk — flow)| =0 (2.2.13)

13
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such that ¢ may be analytically continued to B((;,0 + 2ex). To show this, first let
a, be the nearest a; to f(oy). Choose ¢, satisfying (2.2.13) so that a,, f(ag), ¢ are
collinear, with f(oy) separating a, from (. If there then exists a, € B((x, 0 + 2¢y), it
must satisfy |f(ox) — a,| < 30 and so a, = a, since o is small compared to 7. This
contradicts the fact that |a, — ;| > 0+ 8¢y, by (2.2.6) and the choice of ;. Hence no a;

lies in B((k, 0 + 2¢i), so ¢ may be extended analytically and univalently into this disc.

Lemma 2.12. For w € B((x,0),

n / 1 —CgT(Tk, f/ — h)
¢"(w)e' (w) — Q(¢(w))‘ < exp <(10gT(Tk’f, — h))10> (2.2.14)
and
[p(w) — axl < 1. (2.2.15)
Proof. Note that (2.2.12), (2.2.13) imply that
B(Cr, 0 + ;) C B0, | f(ag)| + 20 + ex) € B(0, 2r7 ). (2.2.16)

As discussed above, no a; lies in B((, 0 + 2¢) so

dist(B(Ck, 0 +€k), f(25)) > ek for all f(z;) # oo.

3 N K N
5 = 8. — mi ck M2
k min (Rl ) ’ <2TZ+1 >

Vi€ | U B(f(z)e) | U{lwl > 2rp™Y,
J(zj)7#00

Therefore, taking

we have

so that
Vs, N B(Ck, o +e) =0

where k1, ko and Vs are as in Lemma 2.10. The remark following Lemma 2.10 then gives

1 1 ki \ Y 2rntl N
_—— < =< (1> + ( k > ; w € B((k, 0 + k). (2.2.17)

K2

Using (2.2.8), (2.2.13) and the Distortion Theorem (Lemma 2.7) yields
[¢'(w)] < diey®,  w € By + ).

Integrating this,
|p(w) — x| < dagi !, |(w)] < dogyt + 1

14
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for w € B((k,0 + e). Together with (2.2.17) this gives that

o w%>—1'<c><w)% € B(Goo + 1) (2.2.18)
WO T Gy | ST \e ) 0 ETBRITER, =

for some integer Ny depending only on n and N.

By (2.2.13) the disc B(f(ak),2ex) meets the circle S((x, 0 + ;) on an arc Xy of
angular measure at least dsey. Furthermore, (2.2.7) holds on ¥; and Lemma 2.8 shows
that

w(w, Sk, B(Cry o + €x)) > daer, w € B(Ck,0).

Using this, (2.2.2), (2.2.7), (2.2.18) and applying the Two Constants Theorem now gives

1 cadyT (ry, f' — h)
9(o(w)) (log T'(rg, f' — h))10
for w € B((x,0). Recalling that f has infinite lower order, the estimate (2.2.14) follows.

Suppose now that (2.2.15) fails, so that by (2.2.13) we can pick wg € B((x,0) such
that

log [¢" (w)¢' (w) — < O(logry) +O(loglog T (ry, f' —h)) —

|p(wo) — ax| =1

but |¢(w) — ag| < 1 for all w on the linear path v joining f(ax) to wy. Then ¢(w) is
large on 7 so that |¢™(w)¢'(w)| < 2 there by (2.2.1) and (2.2.14). Hence

1
+1 +1) _
e A ) i

/¢Wwwwwm4szmmaﬂ%ng4a
i

the first inequality being shown when n > 1 by writing v = ¢(wp) — ax and observing
that |(ag + v)"F — o™ > 77 > n + 1 for r; large enough. Since o is small this
contradiction establishes (2.2.15). O

We continue to follow [37]: Let 7 be positive, but small compared to o/q, where ¢

is the number of a;. Choose

Uk € [Im(Ck) - %alm(Ck) + %

such that the strip {w € C : |Im(w)—yx| < 47} contains none of the a;. Then ¢ extends

analytically and univalently to this strip, starting from the point
Wy, = Re(Ck) + iyx € B(Ck, 0).
Choose K large so that |a;| < K for all j and define the rectangular domains

Dy = {weC:|Re(w)—Re(y)| < 4K, |Im(w) —yx| < 7},
Dy, = {weC:|Re(w)—Re()| < 8K, |Im(w) — yx| < 27}.

15
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Lemma 2.13. For large ry, and w € Dy,
[p(w) — ag| < Cs, (2.2.19)

and

n ’ B 1 ox —C4T(Tk, f/ — h)
9" (w)¢' (w) g(¢(w)>' < exp <(logT(rk,f’—h))10>' (2.2.20)

Proof. From (2.2.15) we know that |¢(W})| > rp — 1, so that for rj, large enough (2.2.1)
and (2.2.14) imply that |¢/(Wj)| < 2. Hence, repeated use of the Distortion Theorem

yields
¢'(w)| < Cy,  we D, (2.2.21)

Using (2.2.15) and integrating (2.2.21) establishes (2.2.19) for w € Dj:
|p(w) — | < [d(w) = p(Wi)[ +1 < Cs.

Therefore, [¢(w)| is large on Dj, and so |g(¢(w))| > 3 there. Hence

6" ()0/ () =~ | < )N (0)| + sy = OUf), we D,
and since (2.2.14) holds on the line w = Re((x) + iy, |y — yx| < 27, the Two Constants
Theorem gives (2.2.20). O
Let
it it
Ak:Wk—sK—ﬁ, Ak:B<Ak,8(n’f+1)),
~ it . N
A,C:Wk+3K+m, Ak:B<Ak,8(n’f+1)>.

Then dist(Ak,Ak) = 6K, and so one of the discs A, and Ay, must lie in the region
{w € C:|w| > 3K}. The argument is the same in either case, so we shall assume that
this holds for Ay.

Let

TZJrl TZ+1

=B A, —"—+ K "' =B| A, —"—— 4+ 2K

k k78(n+1)+ ) k ka8(n+1)+

and observe that since none of the a; lie in the disc A}, we may extend ¢ analytically

and univalently to A} starting from Wj, — 3K € Dj. See Figure 2.1.

Lemma 2.14. For w € Ag,

n+1

0"+ (w) — o™ < (2.2.22)
and
¢"(w)¢'(w) =1+ o(1). (2.2.23)

16
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ooy
A,
DA

‘ I B

FIGURE 2.1: Arrangement of domains.

Proof. We will again use Lemma 2.10 to bound g(¢(w)).
Recalling that Wy, € B(Cx, o), we have from (2.2.16) that [W| < 2r7*! and so

1
A}, € B(0,3r).
Furthermore, since no a; lie in A},

dist (A, f(z;)) > K for all f(z;) # oo.

N
Ko
5=5k=<3r;§+1> ;

gives V;, disjoint from A}, and an application of Lemma 2.10 and the subsequent remark

N
3 n+1
L ( T ) . we A (2.2.24)

Using the above and taking

gives that

l9(¢(w))] 2
From (2.2.1), (2.2.19) and (2.2.20) we have that |¢/(W},—3K)| < 2, so that the Distortion

Theorem yields
6/ (w)] < Csry ™D we A (2.2.25)

Using (2.2.19) and integrating the above gives, for w € A},
[p(w)| < |p(w) = p(Wy = 3K)| + 715 + Cs

< (C5r4("+1)> TZH* +2K |+, +C3 < CﬁrS(nH)
k 4(n+1) k ’

which combines with (2.2.24) and (2.2.25) to give

L
9(o(w))

17
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where the integer N; depends only on n and N.

Since Dy, intersects A}, in an arc I'y, of angular measure at least ds/ rZH, Lemma 2.8

implies that

dg

2n+27
Tk

As (2.2.20) holds on I'y, the Two Constants Theorem, (2.2.26) and (2.2.27) give that

w(w, Ty, A}) > w e Ay. (2.2.27)

L
9(d(w))

Note that the right hand side tends to —oo because f’— h has infinite lower order. Hence

cadgT (ry, f — h)
rz"”(logT(rk,f’ — h))w’

log [¢" (w)d (w) — we Ay

‘ < O(logrg) —

1
" (w)¢' (w) — ‘ = o(1), w € Ay. (2.2.28)
9(p(w))
Suppose now that (2.2.22) fails, so that we can pick wg € Ay such that
TTH_I
" (wo) — o}t = kT (2.2.29)

but [¢" ! (w) — | < r1/2 for all w on the linear path v joining Wy — 3K to wp

(this is possible by (2.2.19) for 7 sufficiently large). Observe that, for w on ,

n+1
0" () =t < K = Jp(w)| > 5
) 3
= 6" w)'(w)] < 3,

the second implication assuming 7y is large and using (2.2.1) and (2.2.28). Hence

W= 3K) = 6" )] = | [ (04 06" ()6 ) du
Y
< 203Dy — Wi~ 35)
3t
< T, (2.2.30)

but also,

" (W — 3K) — ¢" T (wo)| > (9" (wo) — o T — 6" (W), — BK) — o™

n+1
Tk

2

P = O(rg)

using (2.2.29) and (2.2.19). This contradicts (2.2.30) if 7, is sufficiently large. Therefore
(2.2.22) holds and together with (2.2.1) and (2.2.28) gives (2.2.23). O

We complete the proof of the theorem by picking w € Ay with
rn—f—l

~ > k
S )

18
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and setting Z = ¢(w). By Lemma 2.14,

Tn+1 R 3TTL+1 . A 1
oSl < == and  [¢"(w)¢' ()] > 5.

Then using Lemma 1.6,

1 ot /16(n+ 1) 0|
48(n+1) 2 (32t 1) = 2p(w)|n T
b0 | S0 | ¢
P(w) 2f'(2)

< — < .
~ log ’ﬂ‘ - potl
M log | 5

This contradiction proves Theorem 2.3.

2.2.3 Proof of Theorem 2.4

Let f and h be as in the hypothesis, but assume that (0, f — h) > 0. This proof is
again closely based on [37] and will be similar to that of Theorem 2.3.
Let g(z) = zh(z); then g is rational and without loss of generality

g(z) =1 as z— oc. (2.2.31)

Let N be the degree of g and let z1,...,zx be the zeroes of g, possibly with repetition.
Denote by a; the finite elements of the finite set

{singular values of f_l} U{f@0),f(z1),...,f(zn)}-

Since the function f is single-valued, w = f(0) is the only point at which any branch of
the inverse function f~' can take the value zero. Hence, any branch of f~! is non-zero
on any domain containing none of the a;.

By applying Lemma 2.2 to f' — h, we obtain a sequence r, — oo and, for each k, an

arc Q of S(0,ry) joining ay to Bk, of angular measure

32
(log T'(rg, f = h))*>’

32, = (2.2.32)

such that
|f'(2) = h(2)] <exp(—=arT(ry, f' = h),  z€ Y. (2.2.33)

Here and throughout this proof ¢;, C; denote positive constants independent of ;. From

(2.2.31) and (2.2.33) we have that

12f'(2) — g(2)| < exp(—=coT(ri, f' = h)),  z€ W (2.2.34)

1
= 0<> , z € Q.
2]

and




CHAPTER 2: RATIONAL DEFICIENT FUNCTIONS OF CERTAIN DERIVATIVES

Integrating this last expression,

Flaw) = F(Br) — 10% — | F(ow) — F(Br) * 32ei] = o(e),

where the choice of sign depends on the choice of labelling of the endpoints of 2 as

and B. For either choice,

160, < |f(a) — F(Bi)] < 6dey, (2.2.35)
and so since €, — 0 there is no loss of generality in assuming that
|f(ow) — aj| > 8ei, for all j. (2.2.36)
Let the constants M, C and L be as in Lemma 1.6 and choose A large enough that
Al A > 2C (2.2.37)
og — . 2.
S

It is now asserted that
|f(ax)| < A (2.2.38)

for all but finitely many oy, which we discard. If not, then |f(«ay)| > A infinitely often

and we can find Z = a4, such that
|2] =1 > L, |If(2)] > A>M  and e f ()| < 2,

using (2.2.31) and (2.2.34). But then Lemma 1.6 gives

A_|1G)
PR ETE)

contradicting (2.2.37) and so proving the assertion.

< ¢ < ¢
= log|f(2)/M] ~ log(A/M)’

(2.2.39)

Lemma 2.15. Let ¢ be that branch of the inverse function f~' mapping f(ax) to ay.

Then ¢ extends to be analytic and univalent on B(f(ax),2ek) and satisfies there
[p(w)| > Ciry, (2.2.40)

and

Pw) 1 < exp(—csT(ri, f' — h)). (2.2.41)

p(w)  g(d(w))
Proof. By (2.2.36) and the discussion following the definition of the a;, the function ¢

extends to be analytic, univalent and non-zero on B(f(«y), 8cx). This implies that log ¢
is also analytic and univalent there.

Using (2.2.31) and (2.2.34) gives that

¢'<f<ak>>‘ _

o(f(aw) =2

lag f'(ag)| — 77 (2.2.42)

20
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assuming as always that rp is sufficiently large. Applying the Distortion Theorem to

log ¢ now shows that
¢'(w)

¢(w) ' < (s, w e B(f(ak),élek). (2.2.43)
Integrating this for w € B(f(ay),4¢ey) leads to
JACTY ¢ (t) _ B Qg Tk
Cy > /w S0 | = om0 (o)) ~ log o(u)| = Jlog 7% | > log 7k

which establishes (2.2.40). This means that |¢p(w)| is large for w € B(f(ax),4ex),
implying that [g(¢(w))| > § by (2.2.31). Therefore,

¢'(w) 1 ’
— < Cy+2, w € B(f(ag),4er).
‘ o(w)  g(d(w))
Furthermore, (2.2.35) shows that there exists a simple subarc Ly of f(€) joining f(oy)
to S(f(ak),4ex) and, for w € Ly, (2.2.34) and (2.2.43) give

¢'(w) 1 ’

p(w)  g(o(w))

¢ (w) 1 ow)
$(w) ' l9(d(w))| ’¢'(w) 9(¢(w))
< 20 exp(=exT(rk, ' = h):

The last two statements, together with the standard harmonic measure estimate
w(w, Ly, B(f(aw),4ex) \ L) > C3,  w € B(f(a),2¢ex) \ Li,

are now sufficient to give (2.2.41) by applying the Two Constants Theorem to the sub-

harmonic function log % - m : -

Lemma 2.16. There exist a small positive constant o and a sequence ( satisfying

G — flap)| =0 (2.2.44)
such that ¢ extends to be analytic, univalent and non-zero on B((, o) and satisfies there

w1 |, (2.2.45)

p(w)  g(p(w))
Proof. By the argument preceding Lemma 2.12, we can choose o and (} satisfying
(2.2.44) such that B((y, 0 + 2¢)) contains none of the a; (we use the fact that (2.2.36) is
the same as (2.2.6), while (2.2.44) is (2.2.13)). Hence we can extend ¢ analytically and

univalently to the disc B((x, 0 + 2¢x). Furthermore, ¢ is non-zero there and so log ¢ is
also analytic and univalent. This means that the Distortion Theorem may be applied
to log ¢, using (2.2.42) and (2.2.44) to give

‘z((;‘]’))‘ < Sf w € B(Cr, o + 1) (2.2.46)
k
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By our choice of a;, o and ¢} we have
dist(B(Ck, 0 + €k), f(25)) > ek for all f(z;) # oo, (2.2.47)
and (2.2.38), (2.2.44) give that
B((k,0 +¢er) C B(0,A+1). (2.2.48)

Let k1, ko and Vy be as in Lemma 2.10 and take

e N
5:5k:</€?> .

N
Since € — 0, we can assume that § < ( A“j1> . Therefore,

V| U BUGe | Uflel>Aa+1)
J(z5)#00

and so using (2.2.47) and (2.2.48),
Vs, N B(Cp,0 +€x) = 0.

Applying Lemma 2.10 and the subsequent remark, we obtain
:7]\[’ ’UJEB(Ck,O""Ek)

Combined with (2.2.46) this yields

¢,(w) - 1 < &7 w € B(Ck70+€k)7 (2.2.49)

ow)  glow)| =

where Ny = max{N,4}.
By (2.2.44), the disc B(f(ay),2¢) intersects the circle S((x, 0 + &) in an arc 3y of

angular measure at least c4ei, and hence Lemma 2.8 gives
W(w,zk,B(Ck,U+€k)) > 658%7 w GB(QC,O')-

Since (2.2.41) holds on X, we apply the Two Constants Theorem, using (2.2.32) and
(2.2.49), to obtain

IN

C
log <5N50> — 03055-:%T(7“k, ' —h)

¢'(
1 —
og 5 A

6385T(Tk, f/ — h)
(log T'(rg, f' — h))10

Noting that this last expression tends to —oo establishes (2.2.45). O

< O(loglog T (ry, f" — h)) —

22



CHAPTER 2: RATIONAL DEFICIENT FUNCTIONS OF CERTAIN DERIVATIVES

Following [37], let 7 be positive, but small compared to ¢/q, where ¢ is the number

of a;. Choose
o o
ye € [Im(G) = T, Im(G) + 5

such that the strip {w € C: |Im(w) — y| < 47} contains none of the a;. Then starting
from the point
Wi = Re(Ck) + iy € B((k,0),

we may analytically continue ¢ to give a non-zero, univalent function on this strip.

Define the rectangular domains

Dy = {weC:|Re(w)—Re(()| <24, |Im(w) —yx| < 7},
D, = {we€C:|Re(w)—Re()| <44, |Im(w) —yx| < 27}.

Lemma 2.17. For w € Dy,

_ ( = o(1). (2.2.50)
Proof. By the choice of yg,
dist(D;c, f(zj)) =227 for all f(z;) # oo,

and by (2.2.38) and (2.2.44),
Dy, € B(0,C).

It then follows from Lemma 2.10 that
lg(d(w))] > c6,  weE D, (2.2.51)

because D) does not meet Vs for small §. Considering this and (2.2.45) shows that

‘d)/(Wk) 2
¢(Wi) | ~ ¢’
so that repeated use of the Distortion Theorem applied to log ¢ gives
¢ (w) ‘ /
< Cr, w € Dy.
‘ d(w) '
Hence, using (2.2.51) again,
¢ (w) 1 ’ 1 /
— < C7r+ —, weE D;.
d(w)  g(o(w)) C6 g
Noting that (2.2.45) holds on the line w = Re((x) + iy, |y —yx| < 27, we can now obtain

(2.2.50) by once more applying the Two Constants Theorem to log % — g(T%w)) . O
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Choose R > L so large that, by (2.2.31),
g(z) 1<y forlel> R (2.2.52)
Lemma 2.18. For ry sufficiently large,
[p(w)| > R,  w €Yy = DyUB((,0). (2.2.53)
Proof. Using (2.2.44) we may pick wi € B(Ck,0) N B(f(ak),er), then by (2.2.40),
|¢(wi)| > Crry > R. (2.2.54)

Let X be the component of the open set {w € Y} : |¢p(w)| > R} that contains wy. Note
that for w € X we have, using (2.2.52), that

FETIRE
g(d(w))| ~2°
and so by (2.2.45) and (2.2.50),
‘(i((;")) ‘ <2, weX. (2.2.55)

Suppose now that (2.2.53) fails to hold. Then 0X NY} # (). We consider two cases

as shown in Figure 2.2.

Case 1: 0X N B(Ck,0) £ 0

Pick v € 0X N B((, o) such that the straight line segment joining wy, to v lies in
X. Let v be this line segment.

Case 2: 0X N B((i,0) =10

Pick v € 90X NY}, such that the line segment joining Wy, to v lies in X. Let v be
the line from wy to Wy followed by the line from Wj, to v.

In either case |¢(v)| = R and the path v from wy to v satisfies
yC X and length(y) < Cs. (2.2.56)

Now using (2.2.54), (2.2.55) and (2.2.56) gives

Crirg ‘ 'Cb(wk:) ‘
lo < llo
B e
¢ (w)
< J|log ¢(wy) — log ¢(v :'/ dw
log ou) ~logo) = | [ 5
¢’(w)‘
< Cgsu < 2C%.
< SwEI; S(w) | = 8
This is clearly a contradiction for r; large enough. O

24



CHAPTER 2: RATIONAL DEFICIENT FUNCTIONS OF CERTAIN DERIVATIVES

Case 1
\
v Y
f (o)
Case 2
v
\ Wi —
Yy
y
X
wy,
flaw)

FIGURE 2.2: Choosing v and ~.

To complete the proof of Theorem 2.4 we observe that, for r; sufficiently large, we

can find w € Dy, and 2 = ¢(w) such that
|lw| >A>M
and by (2.2.53),
2| = [p(w)] > R > L.
Then using (2.2.50) and (2.2.52),

1 [dw)
12f'(2)] | o(w)

Hence, we can again use Lemma 1.6 to obtain (2.2.39) in contradiction to (2.2.37).

1
5"

>

2.2.4 Proof of Theorem 2.6

Suppose that f € S is of finite lower order, but that A # 0 is a rational deficient
function of f’. Then by Theorems 2.3 and 2.4 we may take n > 2 such that, without

loss of generality,
h(z) =2z""(1+0(1)), as|z| — occ. (2.2.57)

Lemma 2.2 gives a positive constant m, a sequence r; — oo and, for each k, an arc

Q, of S(0, 7)) of angular measure m on which
|f" = h| < exp(=0T(rk, f' — h)) = o(1/ry), (2.2.58)

where § is a positive constant. The second estimate of (2.2.58) makes use of the fact

that T'(r, f' — h)/logr — oo since f’ — h is transcendental. Combining (2.2.57) and
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(2.2.58) shows that, for z € (U,
1+ 0(1)

fi(z) = LZ(” N

for some sequence c¢i. The ¢ cannot tend to infinity, as this would lead to a contradiction

, andso f(z)=c,— as ry — 00, (2.2.59)

with Lemma 1.6 because zf’/ f would tend to zero on the arcs ;. Hence we may assume

that ¢ — c¢. Applying Lemma 1.6 to 1/(f — ¢) € S now gives that, for z € Q,

z2f!
7 e — 00, as T — 00. (2.2.60)
By (2.2.59),
zf! 2" f! 1+o0(1
fic - zn—l(]{— c) B (ck _C);’r_b—l(_) 1:#_(11)’ 2 €
as r, — 00, and so (2.2.60) implies that
(cp — )21 = ﬁ +o(1), ze€Qy.

Therefore, ¢ # ¢ for large ri. However, the argument of the left-hand side of this last
expression varies by (n — 1)m over Qj, while that of the right-hand side varies only by

o(1). This contradiction completes the proof of Theorem 2.6.

2.2.5 Remark on multiple zeroes at infinity

It is worth mentioning that the method of Theorems 2.3 and 2.4 does not seem to extend
to prohibit the derivative of f € S from having a rational deficient function with a double
(or higher order) zero at infinity. In the proofs given above, we obtain the asymptotic
differential equations ¢'¢" = 1+ o(1) and ¢'/¢ ~ 1. By analytic continuation, we
find points where both |w| and |¢(w)| are large and so the Eremenko-Lyubich Lemma

(Lemma 1.6) applies. Considering a rational function with a double zero at infinity leads
1

wo—w

to the exact

to the equation ¢'/¢? ~ 1. Comparison with the solution ¢(w) =
equation ¢'/¢? = 1 suggests that it is not possible to find points where both |w| and
|p(w)| are large in this case.

Another viewpoint on this is to note that both proofs consider regions where | f’ — h|
is small. In Theorem 2.3 we have h(z) ~ 2" for non-negative n, and so f asymptotically
behaves like z"*1. Similarly, in Theorem 2.4 we have that h(z) ~ 1/z and f behaves
like log z. In both cases, |f(z)] is large when |z| is large and it is possible to find points
satisfying the hypothesis of the Eremenko-Lyubich Lemma. If, however, h has a multiple
zero at infinity, then h(z) ~ z=™ for m > 2, and this leads to f behaving like a + z!~™.
In particular, | f(2z)| may remain bounded when |z| is large and the Eremenko-Lyubich
Lemma on which the method relies does not apply.

Whether the derivative of an infinite order function in the class S can have a deficient

rational function with a multiple zero at infinity remains an open question.
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CHAPTER 3

Slowly growing deficient functions

of members of the class B

The classes B and S are of interest in iteration theory because of the significant role
played by the singular values of the inverse function [4, 14, 46, 54]. Motivated by a
desire to investigate the frequency of fixed points of mappings in the class B, Langley
and Zheng [43] studied their small deficient functions. In this chapter, we extend a
result of [43] by giving a number of conditions on transcendental deficient functions of

members of the classes B and S. The proofs presented here have been published in [48].

Theorem 3.1. Let f be a member of the class B of finite lower order, and let h be a zero

order transcendental meromorphic function with deficient poles; that is, 6(co,h) > 0.

Then §(0, f —h) = 0.
We shall obtain the following related result for deficient functions of positive order.

Theorem 3.2. Let 0 < §,v < 1 and let f be a member of the class B of finite lower
order A\. Then there exists p > 0 with the following property. For all transcendental
meromorphic functions h of order less than p, and satisfying 5(co, h) > 26p(h)'™", we
have

5(0, f — h) < 6.

Moreover, for e > 0 we may take p = 601)/Y provided that § < do(e, \) where dg is

positive and depends only on € and .
The next result partially extends Theorem 3.1 to functions f € B of arbitrary order.

Theorem 3.3. Let f belong to the class B and let h be transcendental and meromorphic

with deficient poles, and such that
T(r,h) = O(logr)Y asr — oo

for some P. Then 6(0, f —h) = 0.
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Theorems 3.1, 3.2 and 3.3 together substantially improve a result from [43], in which
it was shown that if f is the class B and h is transcendental meromorphic with finitely
many poles, and such that T'(r, h) = o(logr)? as r — oo, then §(0, f — h) = 0.

For a function h to be called a deficient function of f, it is normally required that
T(r,h) = o(T(r, f)) as r — oo, but this is not necessary for Theorems 3.1, 3.2 or 3.3.
Thus in each case we are also considering whether f € B can be a deficient function of
h. Note, however, that f — h is non-constant, as we shall see that the deficiency of the
poles of h ensures that h ¢ B.

We can modify the hypotheses of the above three results by using the following

observation on deficient functions, the proof of which is given later.

Lemma 3.4. If f and h are meromorphic functions such that either
T(r,h) =o(T(r,f)) or T(r,f)=o0(T(r,h)) asr— oo (3.0.1)

then

5(0,f1— ! )—5(O,f—h) for all a € C.

—a h-—a

By applying this, Theorems 3.1, 3.2 and 3.3 immediately give the following corollary.

Corollary 3.5. Let a € C and let f be a transcendental meromorphic function such

that the set of singular values of the inverse function f~' does not accumulate at a.

(i) If f has finite lower order and h is a zero order transcendental meromorphic func-

tion satisfying (3.0.1) and with deficient value a, then 6(0, f —h) = 0.

(ii) Suppose that 0 < 6,v < 1 and that f has finite lower order. Then there exists

p > 0 such that, for all transcendental meromorphic functions h satisfying (3.0.1)
with order less than p and &(a, h) > 26p(h)'™%, we have (0, f — h) < 4.

(iii) If h is a transcendental meromorphic function satisfying (3.0.1), with deficient
value a, and such that T(r,h) = O(logr) as r — oo for some P, then we have
5(0,f —h)=0.

If f is in the class S then it satisfies the condition in the above corollary for any
value of a, because a finite set of singular values has no accumulation points. Note also
that the condition is equivalent to the function 1/(f — a) belonging to the class B.

We mention that it was shown in [43] that a non-constant rational function cannot
be a deficient function of a member of the class S. Further, it has been pointed out to
the author by Alexandre Eremenko that, by combining a recent deep result of Yamanoi
with a result about the class S due to Teichmiiller, it could be shown that functions in

the class S never admit non-constant small deficient functions.
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3.1 Preliminaries

The following is included for completeness.

Proof of Lemma 8.4. We may assume that T'(r, h) = o(T(r, f)) as r — 0o, and because
(f —a) — (h—a) = f — h we may also assume that a = 0. We need two simple facts;

the first of these is the straightforward estimate

T(r,1/f=1/h) > T(r,1/f)—T(r,1/h) —log2
> T(r,f)(1+0(1)) >T(r,f —h)(1+0(1)).

Secondly, since the function hf/(f — h) has poles only where f and h both have poles

or where f —h =0, we have

Zi
n<7‘, f—h

> <n(r,1/(f —h)) + 2n(r, h).

Hence,
1o N
5<0’ 7 h) = bl e 1)
. N(r,1/(f —h)) + 2N (r, h)
= T = (4 o)
_ - N(r,1/(f—h)) _
= 1—11713)5(;13p T f — 1) =4(0,f —h),
and since 1/(1/f) = f we get equality. O

Recall from Section 1.3 the definition of the logarithmic density of a measurable set.

Lemma 3.6 ([21]). Let S(r) be an unbounded positive non-decreasing function on
[ro,00), continuous from the right, of order p and lower order A\. Let A > 1 and B > 1.
Then

S(Ar) < BS(r)

outside an exceptional set G satisfying

[ log A log A
logdens G < p (lz§B> , logdens G < A <IS§B> .

The next result provides a lower bound on the minimum modulus, which is defined
by
L(r,h) = min{|h(2)| : |z| =7}

Lemma 3.7 ([18]). Let h be a meromorphic function of order p. If p < o < 1/2 then
log L(r, h) > cos(ma)m(r, h) — nosin(we)T(r, h), rek,
where the set E has lower logarithmic density at least 1 — p/o.
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In particular, it follows from Lemma 3.7 that if i has deficient poles and order zero,

then there exists a positive constant d such that
log L(r, h) > dT'(r, h) (3.1.1)

on a set of logarithmic density 1.

The following standard argument shows that a function h which satisfies (3.1.1) for
arbitrarily large r cannot belong to the class B. Nevanlinna [47, p.287] proved that if
h € B then, for sufficiently large R, all the components of

W ={zeC:|h(z)| > R}

are simply-connected. We assume that R > |h(0)| and choose r; large enough that
L(ri1,h) > R by (3.1.1). Then S(0,r1) lies in a simply-connected component of W and

so 0 € W, which is a contradiction.

Lemma 3.8 (Cartan’s Lemma, [23, p.366]). Let x1,...,z5 be real numbers, not nec-
essarily distinct, and define p(r,t) = #{m : |z, —r| < t}. Then for A > 2e and h > 0
we have that

p(r,t) < 0<t< oo,

eh’

for r outside an exceptional set of linear measure less than 2Ah.

Cartan’s Lemma is used in the proof of Fuchs’ small arcs lemma [16], of which the
next result is a routine consequence. The version stated here is derived from [23, p.721]

and is stated explicitly in [39].
Lemma 3.9 ([39]). Let g be a non-constant meromorphic function and let 0 < n < 1.

(i) There ezist a constant K(n) > 1 depending only on 1, and a subset I, C [0,00)
of lower logarithmic density at least 1 —n, such that if r € I, is large and F}. is a

subinterval of [0,27] of length m, then

A

(ii) Suppose that the function g has finite lower order (respectively finite order). Then

2Te

WWW)%SKWﬂmem<m>'

g(re®?)

there exist a positive constant L, and a subset J,, C [0,00) of upper (respectively
lower) logarithmic density at least 1 —n, such that if r € Jy is large and F, is a

subinterval of [0,2x] of length m, then

Js

In fact, the second part of Lemma 3.9 follows from the first part and Lemma 3.6.

2me

! ( g 10
rgre”) df < LT(r,g)mlog <> .
m

g(rei?)
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The following Fuchs type result is key to the proof of Theorems 3.1 and 3.2.
Lemma 3.10. Let h be a meromorphic function.

(i) Suppose that h has order zero (respectively lower order zero) and let 61,99 € (0,1).
rh! (re')

Then
27
/0 h(re®)

for all r outside an exceptional set E of upper (respectively lower) logarithmic

do < 6, T(r, h)

density at most ds.

(i) There exists a positive absolute constant Ky such that if the order of h satisfies

/271’
0

. . . . . 1
Jor all r outside an exceptional set of upper logarithmic density at most ;.

0<ph) < 3—12, then

Th'(rew)

wrey | 20 < Kop(W)T(r, 1)

Remark. It is straightforward to show (using for example [39, Lemma 6]) that part (i)
of Lemma 3.10 actually implies that

/27r Th/(?”ew)
0

h(rei?)
as r — oo outside a set of zero logarithmic density (respectively zero lower logarithmic

df = o(T(r,h))

density).

Proof of Lemma 3.10. For 0 < |z| = r < R, the differentiated Poisson-Jensen formula
[32, p.65] gives

4R
(R—r)?

2
|z — el

<

(T(R,h) +0(1)+ >

lex|<R

where the ¢, are the zeroes and poles of h repeated according to multiplicity. Integrating

this leads to

2 rh’(rew) ST Rr
_ < — (T 1 2 H 1.2
/0 h(revﬁ) do — (R - T)Q( (R’ h) + O( )) + Z k> (3 )
lek|<R
where ,
T de 4 do
O A Al (3.1.3)

We proceed to estimate the Hy. Defining v, = |r — |cx|| /7, for a given r, and following

Fuchs [16], we divide the ¢ into two classes:
(I) those ¢ for which vy, < /2, i.e. |r —|cgl| < 7r/2,

(IT) those ¢y for which v > 7/2, i.e. |r — |ek|| > 7r/2.
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For ¢, € (II), we have the following straightforward estimates:

4 2
H, §2T/ do _ r <4
o |7 —lexll  |r—lexl|
> Hy <4n(R), (3.1.4)
|Ck|<R

CkE(H)
where n(R) = n(R, h) +n(R,1/h) is the number of ¢ lying in |z| < R.
Now consider ¢ € (I). Using (3.1.3),

Yk w/2 IS
H, < Qr/ d9+27“/ j‘f +2r/ d—9
o |m—lekll e [Im(re® —|eg|)] a2 T

k

2 /2 dh
= W—FQT/ — 7
I — |ex|| v, Tsind

k

7r/2d9

< 2+7r+7r/ —
5 0

k

r

= 247+ 7log for ¢, € (I). (3.1.5)

2lr — fex|l”

To count the number of |cg| near r, we define
plr t) = #H{Jex] < R [r —exl] <t}

counting with multiplicities. Set R = 2" for o > 2. An application of Cartan’s Lemma

(Lemma 3.8) with A = 6 and h,, = 2"7355/3 gives that

n(R)t  48n(R)t
eh,  2ntledy’

p(r,t) < 0<t<oo, (3.1.6)

for r € [27, 2”*1] outside an exceptional set F,, of linear measure at most 12h,, = 2"~ 15,.

Combining (3.1.5) and (3.1.6) yields

wr/2
Z H < /t <2+7r+7rlog7;—:>d,u(r,t)

|Ck|<R =0
ck€(T)

r/2
< (2+ W)M(T, LT) + 7T/ plr,t) dt
0

2 t
24(2 4+ m)mrn(R) /2 48n(R)
<
< 9+ eg, + 7T/O I tleh, dt
487 (1
< AT ), (3.1.7)
652

for r € [27,2"F1]\ E,. Observe that

n(R) < n(ar) =n(ar,h) +n(ar,1/h) <

< foga (T@®r. 1)+ 0(1))
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Using this, (3.1.4) and (3.1.7), the estimate (3.1.2) becomes

2 rh’(re“’)
I _/ ri(re”)
o | h(re?)
< m(T(R, h)+O0(1)) + (8 " W) n(R)
8m(a2m)2n 96m(1+m)\ 2 o2
< (Grazge (45 ra) 0+

~ 16 <(a 71“2)2 + loéa <1 + 127?(;70)) (T(a®r,h) + A),  (3.1.8)

for r € [27,2"1]\ E, and some constant A. Hence, for 2™ < s < 2Tl inequality

(3.1.8) holds for all r € [1, s] outside |J"_, Er, which has linear measure at most

627 1424 ...+ 27 < bys.

Therefore, (3.1.8) holds for all » > 0 outside an exceptional set E’ with upper linear

density at most 2. By Lemma 1.5(i), the upper logarithmic density of E’ is also at

most d3. We now prove the two parts of the lemma separately.

(i)

(i)

Assume that h has order zero (respectively lower order zero). Then Lemma 3.6
gives that
T(a®r,h) + A < 2T(r, h)

outside a set E” of upper (respectively lower) logarithmic density zero. Now let
E = F'UE". By Lemma 1.5(ii), the upper (respectively lower) logarithmic density
of E is at most d2. By the above, for r ¢ E,

/ daw( ra 1 <1+127r<1+w>>>T<r,h>.

rh! (re'?) N
(a—2)?2  loga eda
The proof of part (i) is thus completed by choosing « sufficiently large.

Assume now that the order of h satisfies 0 < p(h) < % Applying Lemma 3.6

gives that
T(a®r,h) + A < eT(r,h) + A < 3T(r, h)

outside a set E” of upper logarithmic density at most 2p(h)loga. Thus taking

dy = % and loga = ﬁ(h) > 2, we have from (3.1.8) that
2T b (ret?) 48 (maloga 967 (1 + )
—_— 1+———= )T (r,h
/0 h(rei?) ~ loga <(a —2)2 i e > (r,h)

for r ¢ E' U E"”. The upper logarithmic density of this exceptional set does not
exceed

+

| —
o =
IS

d2 + 2p(h)loga =
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Since the term
malog

(a—2)?
is bounded for o > €2, we can find an absolute constant Ky such that

malog a 14 967 (1 + )

48(16p(h)) <(a_2)2 . ) T(r,h) < Kop(h)T'(r,h). O

3.2 Proof of Theorem 3.1

As in the hypothesis, let f € B be of finite lower order and let h be a transcendental

meromorphic function of zero order with deficient poles, but suppose that 6(0, f—h) > 0.

Lemma 3.11. There exist positive constants m and ¢, and a set J of positive upper

logarithmic density such that, for r € J,
log|f(z) = h(2)| < =cT'(r,f — h) (3.2.1)
on a subset ¥, of S(0,r) of angular measure at least m. Furthermore, for z € ¥,
2f'(z) = 2zh/(2) + o(1) asr — oo in J. (3.2.2)

Proof. Since (0, f — h) > 0, we can pick zg with |z9| = r, for all sufficiently large r,
such that
1
log £ (20) — h(z0)| <~ 5000, f ~ KYT(r, £ — ).

Applying Lemma 3.9(ii) to f — h gives a constant L > 0 and a set J of positive upper
logarithmic density such that, for r € J and F), any subinterval of [0, 27] of length m,

J,

Choose m so small that

) — 1)
f(re?) — h(rei?)

}d@ < LT(r,f — h)mlog <2m7re) .

2me

Lmlog <m> < ié((),f —h).

Let Q, be that arc of S(0,r) with midpoint 2y and angular measure 2m. Then for r € J
the estimate (3.2.1) holds on €2, with ¢ = 6(0, f — h)/4. Furthermore, by considering
F, ={argz:z € Q,} in the above, we see that

/ f'(z) = h'(2)
1 f(z) = h(z)
so that the subset of 2, on which
‘f’(z) —h(2)
f(z) = h(z)

' \dz| < 2LT(r, f — hymlog ( e) ,

s
m

2LT(r, f — h) log (E)
m
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must have angular measure at least m. Let X, be this subset. Using (3.2.1) now yields,

for z € %,
|2f'(2) — zh/(2)] < 2LT(r, f — h)log(me/m) exp(—cT'(r, f — h)) = o(1)
asr — oo in J. ]

The remark following Lemma 3.7 shows that we can find a positive constant d such
that
log L(r,h) > dT(r, h) (3.2.3)

on a set of logarithmic density 1. Let J' be that subset of J on which (3.2.3) holds and

note that J’ has positive upper logarithmic density. In particular,
h(z) =+ o00 as |z|=r—oco0in J.

For z € 3, Lemma 3.11 gives that

f(z) =h(z)+o0(1), asr—ocoinJ', (3.2.4)
implying that
1 1+ o(1) .

f(z) = 0 and = as r —ooin J'. 3.2.5
) F) ) 5:22)

Together with (3.2.2) this gives, for z € ¥,

! B 1

ZHC) . (2) +of )(1 +0(1)), asr— ooin J'. (3.2.6)

f(z) h(z)
Let M and C be as in Lemma 1.6, the hypothesis of which is satisfied by f and z € %,
for all sufficiently large r € J’ by (3.2.5). Therefore, using Lemma 1.6, (3.2.3), (3.2.4)
and (3.2.6) yields

dT'(r,h) <log|h(z)] = (1+o0(1))log|f(2)]
< (1+40(1)) (C /)

) + log M)
zh/(z) + o(1)

h(z)

for z € ¥, as r — oo in J'. Hence there exists K > 0 such that, for all large r € J’ and

= (1+o0(1) <c

‘—HogM)

z € Xy,
2l (2)

h(z)

Since the angular measure of 3, is at least m, this leads to

/27r
0

for large r € J'. This contradicts Lemma 3.10(i), thus proving the theorem.

> KT(r,h).

rh'(rew)

_ >mKT(r, h
h(rc®) do > m (r,h)
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3.3 Proof of Theorem 3.2

Let f, 6, v and X be as in the hypothesis. Assume that the transcendental meromorphic

function h satisfies §(oco, h) > 26p(h)' =, but that
50, f —h) > 4.

Let Ko be as in Lemma 3.10(ii) and let K be the constant K (1) of Lemma 3.9(i);
then K7 > 1. Define the constants

Cl = 16OKQK1 and CQ = W/QCK(),

where C' is as in Lemma 1.6. We may assume that Cy < 15, since Lemma 3.10(ii)

continues to hold if we demand that Ky > 87/C. The function

o(x) = Cre™ Mz log (Cﬁ)
T

is strictly increasing for 0 < x < Cq, and ¢(C2/2) > 47K} > ¢ so that we may define
p’ < C2/2 by ¢(p”) = 0.
We aim to show that p(h) > p. We will then be done, because for ¢ > 0 and ¢ less
than some positive dy(e, \) we see that ¢(6'1¢) < §, and this implies that §(1+)/¥ < p.
By Theorem 3.1 we have that p(h) > 0, and since p < C3/2 we may assume that
p(h) < 3% It follows that the lower order A(f — h) is less than A\ + 3—12 Applying
Lemma 3.7 to h, and taking o = 8p(h) in the notation there, now leads to

logdens {7‘ > 0:log L(r,h) > ? <7;((:’ Z)) - 87rp(h)> T(r, h)} > g

Therefore, recalling that 6(co,h) > 26p(h)! ™ and calculating v/2(26 — 87) ~ 1.2, we
get that

V2

V2 p(h)! VT (r, h)
2

log L(r, h) > 5

(26 — 8mp(h))p(h) T (r, h) > (3.3.1)

on a set of lower logarithmic density at least %. Hence, h ¢ B by the argument given
after (3.1.1), and so f — h is non-constant.

Applying Lemma 3.9(i) to f — h with n = % gives a set I3 of lower logarithmic
density at least % such that, for r € I g,

J,

where F). is any interval of length m. An application of Lemma 3.6 now yields

J,

)~ W re)
f(ret?) — h(re?)

2me

‘d& < K T(er, f —h)mlog () ,
m

() — W(re))
f(re??) — h(re?)

2
‘ do < K1 T(r, f — h)mlog (;:) (3.3.2)
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for r € H C Iy /g, where the upper logarithmic density of H is at least %. To see this,
take S(r) = T(r,f —h), A = e and B = ¢**(/~") in the notation of Lemma 3.6 and
make use of Lemma 1.5(ii). Let H' be that subset of H on which (3.3.1) holds; then H’
has upper logarithmic density at least %

Choose m = C1p¥ /4K, = 2wp”/Cy < 7. Then

K16 m log (2”6) _ o(p") _ g
m

| (3.3.3)

The next lemma and its proof are very similar to Lemma 3.11.

Lemma 3.12. There exist ¢ > 0 and, for each r € H, a subset ¥, of S(0,7) of angular

measure at least m on which
log |f(z) — h(z)| < =cT'(r, f — h) (3.3.4)
and
2f'(z) = 2h/(2) + o(1) asr — oo in H. (3.3.5)
Proof. Since §(0, f —h) > §, we can pick zg with |z9| = r, for all large r, such that
log |f (20) — h(z0)] < —%5T(7’, f—h). (3.3.6)

Let Q, be that arc of S(0,r) with midpoint zp and angular measure 2m. Using (3.3.2),
(3.3.3) and (3.3.6), we see that for r € H, the estimate (3.3.4) holds on €, with ¢ = 6/4.
By considering F, = {argz : z € Q,} in (3.3.2), with m replaced by 2m, we see that
f'(z) = W(z)
/ L () —hlz)
so that the subset of €2, on which

‘f’(Z) W(z)
f(z) = h(z)

|dz| < 2K T(r, f — h)mlog ( e) ,

™
m

AA+1 _
- 2K T (r, f — h) log (E)
r

must have angular measure at least m. Let ¥, be this subset. For z € ¥, using (3.3.4)

now yields
|2f'(2) — 2k (2)| < 2K T(r, f — h) log(me/m) exp(—cT'(r, f — h)) = o(1)
as r — oo in H. O

It follows from (3.3.1) and (3.3.4) that, for z € %,

1 1+o0(1) o
f(z) > o0 and = , asr—ooin H'. 3.3.7
) ERTE 337
Together with (3.3.5) this gives, for z € X,
! n 1
2z) _ 2h) + of )(1 +0(1)), asr—ooin H'. (3.3.8)

flz) ()
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The hypothesis of Lemma 1.6 is now satisfied by f and z € 3, for all sufficiently large
r € H' by (3.3.7). Therefore Lemma 1.6, (3.3.1), (3.3.4) and (3.3.8) now yield

p(h)! VT (r, h)

5 <loglh(z)] = (1+o0(1))log|f(2)|
2f'(2)
< (1+40(1)) (C ) '—i—logM)
2l (2)
= 26

for z € ¥, as r — oo in H'. Since ¥, has angular measure at least m, integrating the

above leads to

/27r
0

But, by Lemma 3.10(ii), there exist large r € H' for which

/271'
0

Comparing these last two inequalities, we must have that

rh/ (re'?)
h(rei?)

mp(h)' ™"

>
a9 2 4C

T(r,h) for all large r € H'.

rh! (re'?)

h(re®) df < Kop(h)T(r, h).

m

p(h)” > 0K, "

by the choice of m and C4.

3.4 Proof of Theorem 3.3

Most of the proof of Theorem 3.3 will be contained in the next three lemmas, the first

of which builds upon the result of Hayman stated as Lemma 3.6.

Lemma 3.13. Suppose that for j =1,...,N the functions 1;(r) are positive and non-
decreasing on [e,00), continuous from the right, and such that ¥;(r) = O(logr)t as
r — oo, for some P. Let « > 1 and § > 0. Then there exist a constant B and a set E

of lower logarithmic density at most § such that, for r ¢ E,
P;(r®) < By(r)
for each j=1,...,N.
Proof. For s > 1, define
¢;(s) = ¥j(e”) = O(s").
Then Lemma 3.6 applies to ¢; (we may assume that 1; is unbounded) to give

pj(as) < Bo;(s)
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for s outside an exceptional set G;. The constant B is chosen so large that

S log 0
1 i <P < —.
ogdens G < <logB> SN
Now let G = |J G, and note that by Lemma 1.5,
logdens G < 4. (3.4.1)

Taking E = {r > e:logr € G} and r = e* ¢ E, we now have that, for each 7,

@ZJj (Ta) = qu(()és) < BQZSJ(S) = BT[)](T')

Suppose now that logdens E > | > §. Let xg be the characteristic function of E.
Then
" dt
L(r) = XE(t)? > llogr —c
€

for some constant ¢ and all » > e. We now calculate

/ dl B /’" ) dt _/’”dL(t)
s T L XE tlogt J. logt
L T L(t
0), [ L0

log r t(logt)?
L(r) " l c
— dt
~ logr +/6 <tlogt t(logt)2>

C

+lloglogr+i —c=llogs+1—c,
log r log r

> -
so that logdens G > [ > § contradicting (3.4.1). Hence, the lower logarithmic density of

E does not exceed ¢ and the lemma is proved. ]

We apply the previous lemma to obtain the following pointwise estimate for the

logarithmic derivative of a slowly-growing meromorphic function.

Lemma 3.14. Let h be meromorphic such that T(r,h) = O(logr)¥ for some P, and let
0<d6<1. Then
zh/
M T, 7 = O(T(T’ h))

as r — oo outside a set of lower logarithmic density 6.

We remark that we can in fact take § = 0 in the above statement, by applying, for

example, [39, Lemma 6].

Proof of Lemma 3.14. We may assume that the function h is transcendental. Define
n(r) =n(r,h) +n(r,1/h). Then

27T (r2, h)

oz T +0(1) = O(log )P 1. (3.4.2)

n(r) <
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Using (3.4.2) and applying Lemma 3.13 to n(r) and T'(r, h), we obtain a constant B and
a set F of lower logarithmic density at most /2 such that, for r ¢ F,

T(r?,h) < BT(r, h), n(r?) < Bn(r).

In particular, by using (3.4.2) again,

n(r?) = O(jli);?) forr ¢ E. (3.4.3)

Since h has order zero, we see from the standard product representation for meromorphic

functions of order less than 1 [20, p.21] that

1 1
< < I — 4.4
a2 (3:44)

where r = |z|, and the ay are the zeroes and poles of h repeated according to multiplicity.

Suppose that r € [2771,2") and let s = 2" and

‘ B (2)
h(z)

u(r,t) = #{Jax] < s(0g5)" : r — Jaxl| < t}.
Cartan’s Lemma (Lemma 3.8) gives, with A = 6 and h,, = 0s/96,

p(r,t)  96n(s(logs)?)
<
t eds

for 0 < t < oo and r € [2"71,27)\ F,,, where the exceptional set F,, has measure at most

ds/8. Since p is integer-valued, we have

eds
t)y=0 f t<ty=—""7""%5--
uirst) or t= 96n(s(log s)¥)
Therefore, for r € 2771 27)\ F,,,
s(log s)¥
DR T D S A A
jax|<r(logr)P Jax|<s(10g )" fo
u(r, s(log s)") /5<1°g8>”u<r, f)
= —— =2 - dt
s(log s)? to 12

P s(log )P
< 96n(s(logs)") <1+/ dt)
eds . t

0

96n(s(log s)") 96n(s(log s)7)(log 5)”
- eds <1 - log ed ) '

Noting that s(logs)” < 2r(log2r)” < r2, for r at least some large Ry, now gives

Z | — Jag|| ™" < %ZS@ (1 + log 96n(r?)(log 2T)P) (3.4.5)

ed
lag|<r(logr)?f
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for r € [2771,27) \ F,,. Hence if 2™"! < R < 2™ then (3.4.5) holds for r € [Ro, R]
outside the set |J["_; F},, which has measure at most §( + 1 +... +2m7%) < §R/2.
Therefore, (3.4.5) holds for r ¢ F', where logdens F' < dens F' < §/2. Using (3.4.2) and
(3.4.3), this gives
T(r,h)logl T(r,h
S -l - o TEIEERED) o (TRI) (g

rlogr r
lag|<r(logr)¥

as r — oo outside £ U F'. Furthermore, logdens(E U F') < ¢ by Lemma 1.5.

We now consider those aj, for which |ag| > r(logr)P. For such ay, we have

|ag|
J— > _—
|r — |ag|| 5

> 2
/ 2 @)
r(logr)¥ t

00 oo P—1
< 2/ i;)dzt < C’/ %dt (3.4.7)
r(logr)¥ 13 r(logr)¥ 13

for some constant C' by (3.4.2).

provided r is large. Using this,

S =l

lag|>r(logr) P

IN

It is now claimed that, for ¢ € R,

00 q q
I, = / (IOth) dt = O((IOg R) ) , as R — oc.
R t R

For ¢ < 0 this is trivial, and

Iq:/oo [fl(logt)ql a (UOgt)qﬂ b= ql, 1+ (log R)4

R 2 dt t R
so that the claim holds for all ¢ by induction. Using this and (3.4.7) now gives that
1 1 Py\P-1 1
S a7t = o WBroe )TN _ (1Y 54
r(logr)? r
|ax[>r(logr)”

Putting together (3.4.4), (3.4.6) and (3.4.8) now yields

zh (2)
=o(T(r,h
Wy | = T )
as |z| = r — oo outside a set of lower logarithmic density not exceeding . 0

The proof of the next lemma is due to James Langley.

Lemma 3.15. Let G be a transcendental meromorphic function of positive lower order
and suppose that 0 is a deficient value of G. Then, for all r outside a set of finite

logarithmic measure, there exists some z with |z| = r such that
G =o(1) and [2G/(2)| = o(1)

as r — oQ.
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Proof. Write T(r) = T(r,G) and let p(s) = T(e%)2.
Lemma 2.4] to p(s) gives

D=

Applying Borel’s Lemma [20,

1

1\ 2 1
2 =D 5—|—><2p8 =2T(e’

) =5+ o) <2l = 2mie)

outside a set of values of s of finite linear measure. Taking r = e® and R = rexp(T'(r)
this becomes

T (exp (s +T(e®)”

N[

_%)7
T(R) < 4T(r) (3.4.9)
for r outside a set of finite logarithmic measure. Let
; 1
H, = {t € [0,27] : log |G(re™)| < —25(0,G)T(r)}

Then

S log™ !

21 Jjo,2n)\ H,

1
———dt < =6(0,G)T
’G(T(ilt” =9 ( ) ) (T)a
so that by the definition of deficiency

57 J lo +\G(rleit)| dt > %5(0, G)T(r)(1 — o(1)). (3.4.10)
Let m(r) be the measure of H,. Lemma III of [11] gives that
% . log+|G(rleit)| dt < %m(r) (1 + log+mtr)> T(R,1/G). (3.4.11)
Observe that
R exp(T(r)"2) 1 L 1
For ™ sy b o1~ e (T 0T ™) T = TR+ o)
and that for small m(r),

1 +log™

m(r)

m(r):
Using (3.4.9), (3.4.10) and the above, the inequality (3.4.11) becomes

26(0,G)(1 — o(1)) < 44m(r)1T(r)2 (1 + o(1)),

and it follows that m(r) > T (r)fg for all r outside a set of finite logarithmic measure.
Now consider

T(r)é}.

el it
H;:{tEHTzlog' (re”)
If H = H,, then

G(rett)

, 1/ .
>
m(r,G'/G) > o log

G'(re't)

G(rett)
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but for r outside a set of finite measure, this contradicts the lemma of the logarithmic

derivative (Lemma 1.2) as G has positive lower order. Therefore, we can pick z = re’

with ¢ € H, \ H/, and this z satisfies

log |G(2)] < —%5(0, G)T(r),

log |2G'(2)] < logr + T(r)%

5(0,G)T(r). O

N | =

We now proceed to prove Theorem 3.3. Let f and h be as in the hypothesis, but
assume that §(0, f — h) > 0. By Theorem 3.1, we may assume that f has infinite lower

order. By the remark following Lemma 3.7, there exists a positive constant d such that
log L(r,h) > dT'(r, h)

on a set of logarithmic density 1. Applying Lemma 3.15 to f — h gives, for each r outside

a set of finite logarithmic measure, a point z = z, with |z| = r, such that
f(z)=h(z)+0(1) and zf'(2) =zh(2)+o(1)

as r — 0o. Arguing as in the proofs of Theorems 3.1 and 3.2, this leads to

z2f'(z)  zh(z) +o(1) o o s
f(Z) - h(Z) (1 + (1))7 f T

as r — oo on a set of logarithmic density 1. Combining Lemmas 1.6 and 3.14 with the
2f'(2)

o) ol

as r — oo outside a set of small lower logarithmic density. This contradiction completes

above now gives, for z = z;,

zh (2)
h(z)

dT(r,h) <log |h(2)] =log|f(2) +o(1)] = O(

) ol h)

the proof of the theorem.
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CHAPTER 4

Deficient values of periodic

derivatives

Entire periodic functions can have deficient values; for example, the function e*+a omits
the value a. However, the derivative of this example has no non-zero finite deficient
values. Theorem 4.1 below shows that this holds in general for any derivative of a
periodic meromorphic function of finite lower order. Some counterexamples of infinite
lower order are constructed in Section 4.1. The results of this chapter have previously
been published in [48].

Theorem 4.1. Let f be a periodic meromorphic function of finite lower order. Then

f' has no non-zero finite deficient values.
The proof of Theorem 4.1 will use the following elementary lemma.
Lemma 4.2. For r > 0 and small positive m, let L(¢) be the length of the interval
{Re (rew) 0o, 0+ m]} .

Then L(¢) > r (1 — cos ).

Proof.

o<
NS

r(1 — cos(¢ +m)),
L(é) =
(@) { r(cos ¢ — cos(¢p +m)),

[-3.0]
2
L is clearly increasing over [—%, O]. For ¢ € (0, z-— %),

L'(¢) = r(sin(¢ + m) —sing) > 0

and so L is in fact increasing on [—%, r— %] By symmetry considerations, we see that
r

2
this implies that L(¢) > L(—%) =r (1 — cos Z) for all ¢. O

We now establish the main result.
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Proof of Theorem 4.1. Let f be a periodic meromorphic function of finite lower order
and suppose that f’ has a non-zero finite deficient value. Without loss of generality
we may take both the period and the deficient value to be 1. Let § be such that
8(1, f") > 36 > 0.

Using Fuchs’ small arcs lemma (Lemma 3.9), we find a small positive m and a set
J C [0,00) of upper logarithmic density at least % such that, if r € J is large and F. is
a subinterval of [0, 27] of length m, then

/ " (re')
Fy

’ df < 6T(r, f). (4.0.1)

Fix r € J large such that
(1 — cos —m> > 2
T co
2 ’

m(r, f’1—1> > 30T (r, f'),
and
2mrexp(—0T(r, f')) < 1.

Here we can satisfy the second inequality by the definition of deficiency, and the third
by using Lemma 1.4 and the fact that f’ must be transcendental. Choose z( satisfying
20l = and log |f'(z0) — 1] < —36T(r, /).
Let € be an arc of S(0,7) with endpoint zp and angular measure m. Then using
(4.0.1) we see that
log | f/(2) — 1] < =28T(r, f), z €. (4.0.2)

Forn € A =ZN[—2r,2r]\{0}, the circle S(0, r) intersects S(n,r) at one or two points
with real part §. By Lemma 4.2 and the choice of r, the interval {Re z : z € Q} has length
at least r(l — Cos %) > 2, and so it must contain %, % for some N —1, N € A. Hence
Q meets S(N — 1,r) and S(N,r). We pick points of intersection o and 3 respectively,
as shown in Figure 4.1. Note that « + 1 € S(N,r), and that reflection of Q in the line
Rez = & gives an arc Q' of S(NV,r) that contains a + 1 and 3. Using (4.0.1) and the

periodicity of f’ and f” we have, for some 0y,

fle o= [

Since 8 € QN Q/, the above and (4.0.2) yield

f"(N + ré?)

fI(N + rei) —1 rdf < 6T (r, f).

log|f'(z) — 1| < =6T(r, f), zeQuU.

Let v be the path joining a to 8 along €2 followed by the path from § to a+ 1 along €.
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S(0,7) S(N —1,r) S(N,r)

| |
N-1 N N+1
2

FIGURE 4.1: Arrangement of circles, arcs and points.

Then the length of v is at most 2ms and so

< length(y) max{|f'(z) — 1]} < 2mr exp(=0T(r, /') <1,

A (f'() — 1) dz

by recalling our choice of . However, this is a contradiction since

/(f'(z)—1)d2'=f(a+1)—(a+1)_(f(a)_a):_l' 0
.

4.1 Infinite order counterexamples

e 1— t
/ °at
0 t

has derivative 1 —e®”, which omits the value 1. In fact, there exist derivatives of periodic

The periodic entire function

entire functions having arbitrarily many deficient values. The rest of this section is
devoted to constructing such an example.

For an integer g > 2, define

Then F' is entire, periodic and has derivative

z

F'(z) = /0 e dt. (4.1.1)

It shall be useful to define the function G(z) = e=¢*" and the set S as the union of the

Sk:{z:

sectors
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Lemma 4.3. Taking G(z) and Sk as above, the contribution to m(r,1/G) of the set

where e* € S s
T(r,G)

q
We delay the proof of Lemma 4.3. To exhibit the deficiencies of F', let w = e27/4

Jp = (1+0(1)), asr— oo.

and, for integer k, let
k

I —/ e dt = Wk, (4.1.2)
0

where the path of integration is given by ¢t = w”s for s € [0,00). Note that I # 0,00
and I; # Ij, for 0 < j < k < ¢. By Cauchy’s Theorem,

F'(2) =1 — / e,
Tk

where 7y follows the circular arc from e* to w¥|e?| and then the ray w”s for s € [|€*], 00).
Suppose now that e* € Si. For t lying on v, we have that
‘eftq‘ — e~ Re(t?) <e Re(e?) _ ‘G(Z)‘
(since v C Sk and ¢ — t? maps Sy to the right half-plane). Writing

g qtq—le—tq
= W

and integrating by parts yields

_edz _—
_4a e qg—1 / e
e dt = — dt.
/Yk: qe(q_l)z q Yk tq
Hence, when e* € S,

Dz
|F'(2) = I| < |G(2)] < 14 1/ W) = 0(e”|G(2)])

q g Jy It
as |z| = r — oo. Using this together with Lemma 4.3 now leads to

T(r,G)

(14+0(1)) < m(r, F’ilk> +O(r), asr — oo. (4.1.3)

If e* € S and t lies on the straight line joining the origin to e?, then [e=| < 1 so
that |F'(z)| < |e*| by (4.1.1). If instead e* ¢ S and ¢ lies on the straight line joining the
origin to e, we see that [e™**| < |G(2)| so that by (4.1.1) we have |F'(z)| < [e*G(z)].
Therefore,

T(r,G)>T(r,F')—r. (4.1.4)
The function G(z) = e~¢*" has infinite lower order (see (4.1.5) below), hence the O(r)
terms in inequalities (4.1.3) and (4.1.4) are certainly o(7'(r, G)). Comparing (4.1.3) with
(4.1.4) now reveals that 6(Iy, F') > 1/q for k =0,...,q — 1. Since F’ is entire, the sum

of the deficiencies over finite values cannot exceed 1, and so we must have equality here.

47



CHAPTER 4: DEFICIENT VALUES OF PERIODIC DERIVATIVES

Proof of Lemma 4.3. We first observe that if e ¢ S, then Re(e?*) < 0 and so |G(z)| > 1.

Hence, these points contribute nothing to m(r,1/G), and so
T(T‘,G) = J0+...+Jq,1 JrO(l)

Thus it will suffice to prove that J, = J; + o(T(r, G)).
We remark that

k
efesS, <« ‘Im(z) — 27 (n + q)‘ < 21(1 for some integer n.

From [20, p.7] we have that

qr
T(r,G) ~ —e. (4.1.5)
\/2m3qr
Calculate, for z = re' € Sy,
1 z
log™* [Gre®)| = log™ }eeq ‘ = Re(e??) = 9" cos(gr sin 0) (4.1.6)
and fix a small angle o > 0. Then for 0 € [a, 27 — @],
1
log™ ———— = O %) = o(T(r,G
08" ey = Ol =olT(r.C)

by (4.1.5). Note also that the angular measure of {z : | Im z| < 47} with respect to S(0, )
is O(1/r), so that the contribution to Jj from this region is O(e?" /r) = o(T'(r, G)).

Let J,j and J,~ denote the contributions to Jj from the upper and lower half-planes

respectively. It now follows from all of the above that, for £k =0,...,q,
N
JF = Hppn+o(T(r,G)),
n=1

where H}, ,, is the contribution to .Jj from

Eygpn=5(0,7)N {z :Re(z) > 0,

w8 <3}

and N is the least integer exceeding 1+ (r/27)sina. In particular, 2r N ~ rsin o and
N is independent of k. See Figure 4.2.

Using (4.1.6) and changing from the angular variable € to the scaled imaginary part
t = grsin @ shows that

Hyipn = / e 5% cos(grsin 0) df
{0:reicEy, ,}
2 (ng+k)+m/2 e«/q2r2—t2
/ cos t—————=dt. (4.1.7)
27 (ng+k)—m/2 q2r2 — 2

For 0 < 0 < 2a, the variable t is positive but small compared to gr, and therefore

1< \/q27"2 —(t+2m)2 < \/q2r2 — 12
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FIGURE 4.2: The sets Ej, ,, shown for N = 4. The shaded set is {z : e* € Si}.

Since e*/x is increasing for = > 1, this implies that
NEETEEE P
< .
V@2 —(t+2m)2  \¢?r? — 12

Hence Hy41, < Hyp, by (4.1.7), and therefore

(4.1.8)

Jlj+1 SJ,:—I—O(T(T,G)) for k=0,...,9—1.

However, JI = J; because Sy = Sy, and so we must have that J]j = JlJr +o(T(r,G))
for all k, 1.
This argument can be repeated to show that J,_ ;, > J;~ +o(T'(r,&)), and hence we

have equality (in this case t is negative so inequality (4.1.8) is reversed). O
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CHAPTER 5

Real meromorphic functions

A meromorphic function is said to be real if f(z) is real or infinite whenever z is real.
Many functions from real analysis extend to real meromorphic functions on the complex
plane; for example, sin z, ¢* and rational functions with real coefficients. It is easily seen
that any real meromorphic function f satisfies the reflection property f(z) = m

The study of real entire functions has a long history and will be the subject of
Chapter 6. The starting point for this chapter is the following theorem of Hinkkanen
and Rossi [31].

Theorem 5.1 ([31]). Suppose that f is a non-entire real transcendental meromorphic
function with only real poles, and that the zeroes of f and f' are real. If ' omits a

non-zero value o, then the omitted value is real and
f(z) =az — Atan(cz +d) + A, (5.0.1)
where X\, ¢, d and A are real and \,c # 0. Furthermore, the zeroes of f" are real.

This result arose from an endeavour to determine all meromorphic functions f with
only real poles for which f, f’ and f” each have only real zeroes. Hellerstein, Shen
and Williamson [25, 26, 27] settled this question for all entire functions and for those
meromorphic functions that are not a constant multiple of a real function. The problem
remains open for real meromorphic functions, although there are some other partial
results similar to Theorem 5.1. The real entire case is discussed in more detail in
Section 6.1.1.

We aim to generalise Theorem 5.1 by adopting weaker hypotheses: the functions
studied in the sequel are permitted arbitrary zeroes and finitely many non-real poles
and critical points. In addition, the derivative must either take some non-zero value
only finitely often (Theorems 5.2 and 5.3), or at least have a non-zero deficient value

(Corollary 5.5). The results and proofs of this chapter appeared in [50].

20



CHAPTER 5: REAL MEROMORPHIC FUNCTIONS

5.1 Two characterization theorems

The following theorem characterizes all functions that fail to satisfy Hinkkanen and
Rossi’s hypothesis at only finitely many points. In this case, the restriction on the

zeroes of f is shown to be a consequence rather than a prerequisite.

Theorem 5.2. Suppose that f is a real transcendental meromorphic function such that
all but finitely many of the zeroes and poles of f' are real, and f'(z) = a only finitely

often for some finite non-zero . Then f can be written in the form

P(Z)eicz . ﬁe—icz

—az i I
fe) = ozt g e Playe

A, (5.1.1)

where a, X and A are real constants, al # 0, ¢ > 0 and P is a polynomial with zeroes
ai,...,an (repeated to multiplicity) such that a; # ax.

In the converse direction, if f is given by (5.1.1) then all but finitely many of the
zeroes and poles of f and f" are real, and the equation f'(z) = « has at most 2N
solutions, counting with multiplicities. Moreover, all but finitely many of the zeroes of

1 are real if and only if either 0 < Ae/a < 1 or

Ae=a and Z |whi1 Zj\Q <0 as real x — +oo. (5.1.2)
Lemma 5.10 below shows that if A\c = a then the condition (5.1.2) is satisfied if
Y- Ima; <0, and is not satisfied if Y Ima; > 0.
Before proceeding we briefly consider some examples. If we take P(z) = €, then
we see that (5.1.1) simply reduces to (5.0.1). Choosing instead P(z) = z+iand c =1
gives

zsinz + cos z 2

f(z) =az+ A/ + A, f(z)=a—X\

sin z — z cos z (sinz — z cos 2)

3"

In this case the derivative omits «, showing that the relevant part of Theorem 5.2 cannot
be changed to “f’(z) = a has 2N solutions”.

Kohs and Williamson proved in [33] that Hinkkanen and Rossi’s Theorem 5.1 es-
sentially continues to hold without the demand that f is real and transcendental. By
an extension of the method of Kohs and Williamson, we show that in the statement of
Theorem 5.2 we may replace the assumption that the function is real by the condition

that it has infinitely many poles.

Theorem 5.3. Let g be a transcendental meromorphic function such that all but finitely
many of the zeroes and poles of g are real, and ¢'(z) = B only finitely often for some

finite non-zero 3. Then all but finitely many of the zeroes of ¢" are real, and either
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CHAPTER 5: REAL MEROMORPHIC FUNCTIONS

(i) we have g = Bf + d, where d is a constant and f is a real function satisfying the

hypothesis of Theorem 5.2 with o = 1; or

(i) we have g(z) = R(2)e'® + Bz + d, where R is a rational function, ¢ and d are

constants and ¢ is real.

The following example demonstrates that case (ii) can occur, and hence also that
Theorem 5.2 may fail for strictly non-real functions with finitely many poles. Let o be

non-zero and take
3—1z
f(z)=az+ —ae's.
z2—1

Then f has only one pole and clearly cannot be written in the form (5.1.1). However,

N\ 2
f'(z)=a+ <Z+Z_> e

Z—1

the derivative

only takes the value a at one point and has finitely many non-real zeroes. To establish
this last claim, write

(= — )% (2) o oy
W:(»Z—Z)Qe zz/2+(z+z)2€zz/2.
It will be shown in Lemma 5.16 that functions of this form have only finitely many

non-real zeroes.

5.2 An asymptotic result

We now weaken the hypotheses of Theorems 5.1 and 5.2 by allowing f’(z) = « infinitely
often, and just requiring « to be a deficient value of f’. Under these conditions, f has
the same asymptotic behaviour away from the real axis as was found in the two earlier

theorems. We shall prove this as a corollary to the following result.

Theorem 5.4. Let g be a real transcendental meromorphic function of positive lower
order. Assume that g has a non-zero finite deficient value o, and that all but finitely

many of the zeroes, poles and a-points of g are real.
(i) If « is real, then for e > 0,

g(z) ~a asz— o0 with e <|argz| <m—e.

(ii) If a is non-real, then g takes the values o and @ only finitely often and

P(2)e'* — P(z)e
P(2)eicz 4 P(z)e~ic=’

g(z) = Re(a) + i Im(cv)
where ¢ is real and P is a polynomial.
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Remark.

1. In case (ii) of the above, the function g is asymptotic to « in one component of

e < |argz| < m — ¢, and is asymptotic to @ in the other component.

2. If g has zero lower order and a deficient value «, then by a result of [18] similar
to Lemma 3.7, there exist a positive constant d, and a set of radii r with upper
logarithmic density one, such that log |g(re®) — a| < —dT(r,g). That is, g(z) ~ a
on whole circles of suitable radius. It follows that g has no other deficient values,

and that if ¢ is a real function then « must be real.

Using the fact that f and f’ have equal lower order [21], we establish a corollary to
Theorem 5.4. As a transcendental derivative cannot take two finite values only finitely
often (see Lemma 5.9 below), applying Theorem 5.4 to f’ and then integrating yields

the following result.

Corollary 5.5. Let f be a real transcendental meromorphic function of positive lower
order. Assume that f' has a non-zero finite deficient value o, and that all but finitely
many of the poles of f, and the zeroes and a-points of f', are real. Then o is real and,
fore >0,

f(z) ~az asz— oo with e <|argz| <m—e.

We present an example of a function that satisfies the hypothesis of Corollary 5.5
but not that of Theorem 5.2. Let the real transcendental function h be given by

1
h(z) = 3 tan® 2 — 3tan z 4 4z.

Observe that h has only real poles and that the derivative

2

W (z) = tan® zsec? z — 3sec? z + 4 = (tan® z — 1)?

has only real zeroes. Recalling that tan? z omits —1, we see that h/(z) = 4 if and only
if tanz = +v/3. As all the zeroes of tanz + /3 are real and simple, it follows that
B (z) = 4 only for real z, and that

1 4r
n(r, h’—4> =—+0(), r— oo

T
By calculating

T(r,h') = 2T (r,tan? z — 1) = 4T (r,tan z) + O(1) = s +0(1), r— o0,
™
we find that 1/ — 4))
N(r,1/(h —4 1
S(4,h) =1 —1i : -
W)= 1=t =56y

so that 4 is a deficient value of A’.
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5.3 Proof of Theorem 5.2

5.3.1 Preliminaries

The first lemma given here is contained in a more general result due to Edrei [9].

Lemma 5.6 ([9]). Let f be meromorphic with only finitely many non-real zeroes and
poles, and only finitely many non-real roots of f™(z) = a, for some o € C\ {0} and
n>0. If

50, f) + 8(c0, f) + 6(a, f™) >0,

then the order of f does not exceed one.

Lemma 5.7 ([19, Corollary 1]). Let f be meromorphic of finite order p, let ¢ > 0 and
let

H = {(ki, 1), (k2,72), - ., (km, jm)}

be a finite set of pairs of integers that satisfy kg > j, > 0 for ¢ = 1,...,m. Then for
all 1 € [0,27) outside a set of zero measure, there exists R(1)) > 1 with the following
property: for all z satisfying arg z =1 and |z| > R(Y), and for all (k,j) € H, we have

‘ F®)(z)

()

We now state a version of the classical Phragmén-Lindelof principle.

< |z|k)lp—1te)

Lemma 5.8 ([57, Theorem 5.61]). Let R > 0 and let —m < a < b <. Let f be analytic

on a domain containing
S={z:]z]| > R, a <argz < b}.
Assume that f is bounded on the boundary of S and that

log |f(2)] < 2|7
for all large z in S, where o < w/(b—a). Then f is bounded in S.

In connection with Lemma 5.8, it shall be useful to note that if a function f is
meromorphic on the plane with finitely many poles and finite order p < o, then after
factoring out the poles, Lemma 1.3 shows that log |f(2)| < |2|? for all large z.

The next lemma is a well-known consequence of Nevanlinna’s Second Fundamental

Theorem.

Lemma 5.9 ([20, p.59]). The derivative of a transcendental meromorphic function takes

every finite value infinitely often, with at most one exception.
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CHAPTER 5: REAL MEROMORPHIC FUNCTIONS

Lemma 5.10. Let z1,...,2, € C and y1,...,y, € R. Then
Z m = \z|722yj +0(|2]7)  as|z| = .
j=1 7 j=1

Proof. This is trivial, we simply write

Yj o Yj _ Y -3
Fo5P - RRAF o) e O -

5.3.2 Wiman-Valiron theory

The Wiman-Valiron theory can be used to describe the behaviour of an entire function,
and its derivatives, near points where the function attains its maximum modulus. The
results stated in this section may all be found in [22], and represent only a small part
of this powerful theory.

Given a transcendental entire function F', the Wiman-Valiron technique is based on

the function’s power series,
o0
F(z) = Z anz".
n=0
For » > 0, we define the mazimum term
w(r, F) = max{|a,|r" : n=0,1,2,...}.

The central index v(r, F') is then defined to be the largest n for which |a,|r™ = u(r, F).
It can be shown that v(r, F') is a non-decreasing function of r, and that v(r, ') — oo as
T — 00.

There is a connection between the rates of growth of v(r, F') and T'(r, f). In partic-

ular, the order p(F') as defined on page 4 satisfies

1 F
p(F) = limsup%. (5.3.1)

r—00 logr

We now state part of the main theorem of Wiman-Valiron theory.

Lemma 5.11 ([22]). Let F' be a transcendental entire function and let k € N. If |zo| = r
and |F(z0)| = M(r, F), then
F®)(z0) w(r, F)*
F(Zo) Zok

as r — oo outside a set of finite logarithmic measure.

5.3.3 Hille’s method

The proof of Theorem 5.2 involves studying solutions of differential equations of the

form

w” + b(z)w =0 (5.3.2)
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CHAPTER 5: REAL MEROMORPHIC FUNCTIONS

where b(z) is a rational function. Hille’s method [29, §5.6] can be used to give an
asymptotic description of these solutions if b(z) ~ dz" as z — oo, where n > —1. We

shall only consider the n = 0 case, so that
b(z) =d+O(|z|™h), 2z— oo,

for some non-zero constant d.
The critical rays are defined to be those rays arg z = 6 for which

argd

d
_a8 or 0=m— 5 -

H =

Assume that argz = 6y is a critical ray, let § > 0 and let R; be large and positive.
Define the region
S1={z:]z]| > Ry, |argz — 6| <7 — 6}

and the transformation
z
Z:/ b(t) 2 dt = d'?2 4+ O(log |2]), z€ 51, z — .
Rleieo
There then exist principal solutions u4(z) and u_(z) of (5.3.2) on S; given by
us(z) = b(z) "V exp(£iZ + o(1)).

These principal solutions are analytic in S; and have no zeroes there. However, any
linear combination pu4 + ru—, where p and v are non-zero constants, has infinitely
many zeroes near the critical ray arg z = 6y. Another significant feature of the critical

rays is that the dominant d*/2z term in Z is real on these rays.

5.3.4 Proof of Theorem 5.2 — Part one

Let f be a real transcendental meromorphic function such that all but finitely many
of the zeroes and poles of f’ are real, and f/(z) = « only finitely often for some finite
non-zero «. This section is devoted to proving that f can be written in the form (5.1.1)
with a, A and A real, A #% 0, ¢ > 0 and P a polynomial without a pair of complex
conjugate roots.

It is immediate that « is real, since otherwise the real transcendental derivative f’

only takes the values o and @ finitely often, contradicting Lemma 5.9. Let
H(z) = f(z) —az (5.3.3)

and note that by Lemma 5.6 the order of H satisfies p(H) = p(f’) < 1.
Our aim is to write f in the form (5.1.1) by expressing H as a quotient of solutions to
the differential equation (5.3.2), in which the function b(z) is equal to half the Schwarzian

derivative of H.
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CHAPTER 5: REAL MEROMORPHIC FUNCTIONS

Lemma 5.12. The Schwarzian derivative
H" 3/ H" 2
S(H) = e
(H) H' 2 (H / >

Proof. Since H has finite order, the lemma of the logarithmic derivative gives that

18 rational.

m(r,S(H)) = O(logr).

Recall that the Schwarzian derivative S(H) has poles only at the multiple points of H.
Therefore, to show that S(H) is rational, we shall show that H has only finitely many
multiple points. As H' = f’ — « has finitely many zeroes, our task is reduced to showing
that H has only finitely many multiple poles.

Define the real function g(z) by

"=a+1/g. (5.3.4)

Denote by aq,...,an the poles of g, and by b1,...,by and cq,co,... respectively the
non-real and real zeroes of g+ 1/, all repeated according to multiplicity. The sequence
¢n, must be infinite because, by Lemma 5.9, the transcendental derivative f’ cannot take
the values 0 and « both only finitely often. Using Lemma 5.6 gives p(g) = p(f’) < 1, so
that we have the Weierstrass product representation [20, p.21]

1 Mo(z=by) T
g(z) 4= = Zpeaz—l-b H]?’\L]:l(z ) H (1 - Z) BZ/C"
@ [[i=1(z — an) njélo En

M

g N 1 1 >
g+1/a:a_Zz—an+Zz—bn+Z
n=1 n=1

for some real constants a and b, and p = #{n : ¢, = 0}. We calculate
1 1
(o)
o \z—tn z
cn#0

g/ !/ N 1 M 1 oo 1
<9+1/04> :Zm_Zm—zm. (5.3.5)

n=1 n=1 n=1

We now restrict z to real values with |z| large, and see from (5.3.5) that

g/ / o0 _1 1

—F ] = —— +0 <> <0, 5.3.6

(57 2 er O\ (53.9)

the final inequality coming from Lemma 5.10 by truncating the sum in (5.3.6) to a large
number of terms.

By (5.3.3) and (5.3.4), the multiple poles of H correspond to zeroes of g of order

greater than 2. At these zeroes the left-hand side of (5.3.6) vanishes, and hence there

can only be finitely many of them on the real axis. Since H has only finitely many

non-real poles, this completes the proof. O
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Let
b(z) = %S(H)(z). (5.3.7)

Theorem 6.1 of [35] states that if D C C is a simply-connected domain on which b
is analytic, then (5.3.2) has two linearly independent analytic solutions w;, we on D
such that H = w;/wy there. We may assume that these solutions are normalised by

wiwh — wijwy = 1. It follows that, on D,

A S H -1
w22’ H w1w27 H2 w12’

and therefore w2, wiws and wo? all have meromorphic extensions to the complex plane.
Hence, if v is any solution of (5.3.2) on D, then v? extends meromorphically to the whole
complex plane. Furthermore, this extension has order at most one, and has poles only
at the (finitely many) poles of b. The latter claim can be proved by noting that v? is a
solution of 4b(2)w? + 2ww” — (w')? = 0.

It is through studying equation (5.3.2) and its solutions that we will be able to
express f = H + «az in the form (5.1.1).

Lemma 5.13. The rational function b(z) has a non-zero real value at infinity.

Proof. That b(z) is both a rational function and a real function follows from Lemma 5.12
and (5.3.7). Moreover, b(z) does not vanish identically because H is not a M6bius map.
Hence, we must show that b(co) # 0,00. As the order of H does not exceed one,
Lemma 5.7 gives a ray on which

‘ H//

H///
<k | %

w <™.

Therefore, using (5.3.7) again, the rational function b(z) must be finite at infinity.

Suppose now that b(oco) = 0, so that
S(H)(z) = 2b(z) = O(|]z]7')  as z — oo (5.3.8)

We shall use Wiman-Valiron theory to show that in this case the order of H is at most %
This leads to a contradiction as follows: By hypothesis, H = f’ — « has finitely many
zeroes, however, it was proved in [13] that the derivative of any transcendental function
of order less than 1 must have infinitely many zeroes.

We now prove the assertion that (5.3.8) implies that p(H) < 5. Since H' has finitely

1
3
many zeroes, we can write

F
= —_— = — . .9
g B (5.3.9)
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where F' is a transcendental entire function and P is a polynomial. We calculate

S(H) = p
' P 2 " P F P 2 P
o) (22 ) -
F P F P F P P

1 (F\* F" F
= 2<F> _F+O<

2F
For each r > 0, choose zp such that |z9| = r and |F(z)| = M(r,F). Applying

1
—I—W) as z — 00.

Lemma 5.11 to the above gives that, as r — oo outside a set of finite logarithmic

v(r 2 y(r, F)? v(r
S(H)(z) = ;( (Z’OF)(1+O(1))> - (Z’Of) (1+0(1))+O( (T’QFH;)
v\r 2
_ _;;?u+qm.

The last equality here uses the fact that the central index v(r, F') tends to infinity with .
It now follows that (5.3.8) implies that

v(r,F)=0 (7‘1/2) (5.3.10)

as r — oo outside a set of finite logarithmic measure. Since v(r, F') is a non-decreasing
function of r, we deduce that in fact (5.3.10) holds as » — oo without an exceptional

set. Using (5.3.1), (5.3.9) and (5.3.10) now establishes that p(H) = p(F) < 3. O

Let C be the non-zero real value taken by b at infinity, and choose ¢ so that ¢? = C.
We now apply Hille’s method as described in Section 5.3.3 to find solutions of (5.3.2).

Let arg z = 0y be a critical ray and let
S1={z:|z| > Ry, |argz — 0| <7 — 04},

where R; is large and 0 < § < 7/4. By Hille’s method, principal solutions of (5.3.2) on

S1 are given by
us(z) = b(z) "V exp(£icz + O(log|z])), z — oco. (5.3.11)

These solutions are analytic and non-zero on .Sj.

The next lemma shows that we may take ¢ to be real and positive.
Lemma 5.14. The value C' is positive.

Proof. Suppose that C' < 0 and so c¢ is purely imaginary. In this case, the critical
ray argz = 0y lies along the imaginary axis and if p, v are non-zero constants, then

puy + vu_ has infinitely many zeroes near this critical ray.
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By the discussion of (5.3.7) above, H = w/wy and H' = —1/ws? on Si, where wy
and ws are linear combinations of w4 and u_. Since H has only finitely many non-real
poles, wo must be a multiple of a principal solution, we = kus. Then using (5.3.11),
we see that H'(z) = —1/(ku+)? tends to either zero or infinity as |z| — oo with z real.
Hence, H'(z) + o = 0 has only finitely many real roots. On recalling that f' = H' 4+ «
has only finitely many non-real zeroes, we uncover a contradiction with Lemma 5.9: the

transcendental derivative f’ takes both of the values 0 and « only finitely often. O

We now choose ¢ = v/C > 0.

Lemma 5.15. We can write

_ kP(2)e" +1Q(z)e "
H(Z) - P(z)eicz + Q(Z)e—icz

where k, 1 € C and P and Q are polynomials without common zeroes.

(5.3.12)

Proof. For z € 51, let

v1(2) = us(2)eT,

Referring again to the discussion preceding Lemma 5.13, we find that the functions
v} = (ueT®*)? extend to be meromorphic on the plane, with finitely many poles and

orders not exceeding one. Also, (5.3.11) gives that
vi(z) =O0(|z/M), zeS,

for some M. Applying the Phragmén-Lindeldf principle (see Lemma 5.8 and the follow-
ing remark) to the functions v3 /2™ now shows that these functions are bounded near
infinity. Hence, the functions v% must be rational. Moreover, as vy is analytic on S,
we can write

T4

v =
S+

(5.3.13)

where ry and sy are polynomials and st has no zeroes in S;. In particular, we may

1/2 on Sl.

define an analytic branch of (sys_)
The discussion of (5.3.7) above gives that, on Si, we can write H as a quotient of

solutions of (5.3.2),

e e Uy it L L (5.3.14)
Hoty + vou_ MoV €Y% 4 vov_eTCE
Multiplying through by a factor (s s_)'/2, and then taking P = psv, (sys_)"/? and

Q = vyv_(sys_)'/?, we see that (5.3.14) becomes (5.3.12) on S;. These functions P
and @ are analytic on S7, and by (5.3.13) both P2 and Q? are polynomial. Neither P
nor () can vanish identically, since if 15 = 0 then H'(z) = r(2)e*?** for some rational

function r(z), and this contradicts the reality of H.
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We may assume that the polynomials P? and Q2 have no common zeroes in the
plane. To see this, first suppose that P?(zg) = Q*(z0) = 0. If zg € S, then P and Q
are analytic at zp and we may divide both by (z — zp). Otherwise, zg ¢ S1 and we may
divide both P and Q by a branch of (z — z9)'/? that is analytic on S;.

We complete the proof by showing that P and ) are themselves polynomial, so
that (5.3.12) must hold on the whole plane by the Identity Theorem. We shall prove
that P and (Q may be analytically continued along any path, and then the Monodromy
Theorem gives that P and @) are analytic, and hence polynomial, on the plane.

Let

v:]0,00) = C, ~(0) € 51

be a path starting in S;. Suppose that 0 < ¢ty < oo is maximal such that both P
and @ can be analytically continued along the path v(t) for 0 < t < to. As P? and
Q? are polynomial, the point y(tg) must be a zero of either P? or Q2. Suppose that
P(v(t0))? = 0 (the proof being identical if instead Q(v(tp))? = 0). Then v(to) is not a
zero of @2, and so @ admits analytic continuation along «(t) for ¢t < to + ¢. Since H is
meromorphic on the plane, (5.3.12) defines a meromorphic continuation of P along ~y(t)

for t < tg + €; namely,

I —H(y(t)) “diey(t
P(y(t)) = Fr—r—r @y ())e 270,
H(y(t)) — k
As P? is a polynomial this continuation must be analytic, contradicting the maximality
of tg. ]

The function H is real and satisfies (5.3.12), so we must have that
Im (/’~c|P(9U)\2 +1|1Q(x) > + kP(z)Q(z)e*® + l%@(x)efmcﬂ =0, zeR. (53.15)
Write k = k. +tk; and [ = [, + ¢l;, where k., k;, [, l; € R, and let
R(z) = Re (P(x)@) and I(x) =1Im (P(:U)M) .

Observe that R and I are real polynomials, not both vanishing identically. Now (5.3.15)

becomes
Ei|P(2)|* 4 L|Q(2)|* + [(kr — 1) R(x) — (ki + 1;)I(x)] sin 2cx +
- [(ke — L)I() + (ki + L) R(x)] cos 2z = 0,
and because P, ), R and [ are polynomials, this leads to

kil P(2)” + L] Q(x)? = 0, (5.3.16)
(ky — L)R(x) — (ki + 1)I(z) = O, (5.3.17)
(k?r — ZT)I(ﬁ) + (k‘z + ll)R(ﬁ) =0 (5.3.18)
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Inspection of (5.3.17) and (5.3.18) yields k, = [, and k; = —I;. Hence, [ = k and k must

be non-real, otherwise H would be constant. Now (5.3.16) shows that, for real z,

P(2)P(z) = Q(2)Q(2), (5.3.19)

and in fact this holds on the whole plane, as both sides are polynomials in z. Since P
and ) have no common zeroes, it follows that zg is a zero of P if and only if Zg is a zero

of @) of equal multiplicity. Therefore,

for some 3, and (5.3.19) gives that |3 = 1. Using the fact that 81/2 = 8~1/2 allows
us to assume that 3 = 1, by replacing P and Q by P, = /2P and Q; = 3'/2Q, and
re-labelling.

By writing k = [ = A + \i and using (5.3.3), equation (5.3.12) now becomes (5.1.1).

5.3.5 Proof of Theorem 5.2 — Part two

In this section, f is assumed to be given by (5.1.1) where a, A and A are real, a\ # 0,
¢ > 0 and P is a polynomial with zeroes ai,...,ayn (repeated to multiplicity) such
that a; # az. We aim to prove that f and f” have only finitely many non-real zeroes
and poles, and that the equation f/(z) = a has at most 2N solutions, counting with
multiplicities. We show further that all but finitely many of the zeroes of f’ are real if
and only if either 0 < Ac¢/a < 1 or condition (5.1.2) is satisfied.

Together with the result established in the previous section, this completes the proof
of Theorem 5.2.

It will be useful to write Q(z) = P(Z) and to differentiate (5.1.1) to obtain
P'Q — PQ’ + 2icPQ

" — o= 20\ . .
f @ ¢ (Pezcz + Qefzcz)2

(5.3.20)

and ) )
po(z)elcz + p]_ (Z)G_ZCZ

(Peicz + Qe—icz)B )
where pg, p1 are polynomials, by using the quotient rule (G/H?) = (HG' —2GH')/H?.
From the reality of both f” and the denominator of (5.3.21), we have

f” —

(5.3.21)

po(z)eicz + 1 (Z)e—icz = po (Z)e—icz + 1 (z)eicz’

which implies that p1(z) = po(Z).

The assertion that the equation f’(z) = a has at most 2N solutions is proved simply
by observing that the numerator of the right-hand side of (5.3.20) is a polynomial of
degree 2N.
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From (5.1.1), we see that if zy is a pole of f then zy satisfies
Plao)ei™ + Plag)e e —0,

and if z1 is a zero of f then z; satisfies

(@21 + A+ iA)P(21)e + (az1 + A —iX)P(zr)e " = 0.
Similarly, from (5.3.21) we see that if 29 is a zero of f” then 29 satisfies
p0(22)€ic22 _'_meficzz = 0.

Therefore, the fact that f and f” have only finitely many non-real zeroes and poles

follows from the next lemma.
Lemma 5.16. If p(z) #Z 0 is a polynomial, then

F(z) = p(2)e” + p(z)e (5.3.22)
has only finitely many non-real zeroes.

Proof. For real x,
F(z) =2 Re(p(x)) cosz — 2 Im(p(x)) sin . (5.3.23)

Let m be a large positive or negative integer. If Re(p(x)) # 0, then (5.3.23) shows that
F(z) changes sign over the interval [mm, (m + 1)x]. Otherwise, Im(p(z)) # 0 and F(z)
changes sign over [(m — %) m, (m + %) m]. In either case, we see that F' has at least
2t/ — O(1) real zeroes in {z : |z| < t}.

We calculate that T'(r, F') = 2r /7 + O(logr) as r — oo, using (5.3.22) and the fact

that p(z)e'® is large where p(Z)e % is small, and vice versa. Denoting by n(¢) the number

of non-real zeroes of F'in {z: |z| < t}, we have

2t
n(t,1/F) > n(t) + P 0(1)
and so
" n(t) 2r
—=dt < N(r,1/F)——+O(logr)
0 t T
2
< T(r,F)— il O(logr) = O(logr), r — oc.
T
This implies that n(t) is bounded, and so F' has finitely many non-real zeroes. ]

Lemma 5.17. All but finitely many of the zeroes of f' are real if and only if either
0 < Ae/a < 1 or condition (5.1.2) holds.
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Proof. Define the real functions

2icz Q —2icz
= — = .3.24
g1 0 e~ + e (5.3.24)
and
2M (Q P .
gZ_a<Q_P_2ZC>_2
4)\e Y Ima; (5.3.25)
_ e, A .
e a = (z —aj)(z —aj)
Then by (5.3.20),
aPQ@
f/ = (91 - 92)7

(Peicz + Qe—icz)2

so that f’ and g; — g2 have the same zeroes with finitely many exceptions. To see this,

note that g1(z) = —2 at a zero of Pe’®* +Qe~* but that go(2) = —2 only finitely often.
Fix an analytic branch of log(P/Q) on the simply-connected domain

D={z:|z| >R, Imz <1},

where R is large. We can choose a real number ¢ such that

e(z) = ¢ —ilog <SEZ> =o0(l) asz—ooin D. (5.3.26)

The function e(z) is analytic and real, since |P(x)/Q(x)| = 1 for real x. For each large

positive or negative integer n, we can find a real number x,, such that
2cxy +e(xy) = nm + .
Using (5.3.24) and (5.3.26), we can write
g1(z) =2cos(2cz — p+¢(z)), =z€D. (5.3.27)

We now have that

nmw+ ¢
2c

Assume now that either 0 < A¢/av < 1 or condition (5.1.2) holds. Then (5.3.25)

gi(xzy) =2(-1)" and =z, =

+o(1) asn— +oo. (5.3.28)

gives |g2(z)| < 2 for all large real x, and so (5.3.28) shows that g; — g2 changes sign over
[, Znt1]. Therefore, g1 — g2 has at least 4ct/m — O(1) real zeroes in {z : |z| < t}, and

the same is true of f’. Using (5.3.20), we calculate
. , 4
T(r, ") = 2T(r, Pe'* + Qe **) 4+ O(logr) = =4 O(logr), 1 — o0,
T

using the fact that Pe’* is large where Qe "“* is small, and vice versa. By an argument
similar to that used at the end of the proof of Lemma 5.16, this is sufficient to show
that all but finitely many of the zeroes of f’ are real.

We tackle the proof of the converse in two cases.
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(i) Suppose first that either Ae/a < 0 or Ac¢/av > 1. Then, by (5.3.25) and (5.3.27), for
real = of large absolute value we have that |g;(x)| < 2 and |g2(z)| > 2. Therefore,
both g; — g2 and f’ have only finitely many real zeroes. Hence, f’ must have
infinitely many non-real zeroes. This is because the derivative f’ cannot have only

finitely many zeroes and a-points in the plane, by Lemma 5.9.

(ii) Suppose instead that Ac = o but that (5.1.2) fails to hold. Then

I
Z ’xrilsz and so  go(x) > 2
j

either for all large positive x or for all large negative x. For such z, we have
lg1(x)] < 2 by (5.3.27). Hence, g1 — g2 either has only finitely many positive

zeroes, or only finitely many negative zeroes.

Using (5.3.25) and (5.3.28) gives that
g1(x2,) —2=0 and ¢a2(z) —2=0(1), asz— o0,

and we see from (5.3.27) that |g; — 2| is bounded away from zero on a small circle
about x2,. Hence, it follows from Rouché’s Theorem that g; — go has at least one
zero near each point xa,, for |n| sufficiently large. Combining this with (5.3.28)
and the result of the previous paragraph shows that g; — go has infinitely many

non-real zeroes, and the same is true of f’. O

5.4 Proof of Theorem 5.3

The following lemma is the key to the proof of Theorem 5.3.

Lemma 5.18. Let F' be meromorphic such that all but finitely many of the zeroes and
poles of F' are real, and F(z) = 1 only finitely often. If F has infinitely many multiple

poles, then F' is real.

Proof. The order of F' does not exceed one by Lemma 5.6. Hence, we can write

h(z)Py(2)e?
k(z)Py(2)

where: h and k are real entire functions of order at most one with only real zeroes and

F(z)=

no common zeroes; the polynomials P; and P, have no real zeroes; and A is a constant.
Furthermore, there exists an unbounded real sequence (x,,) of multiple zeroes of k. Since
F' — 1 has only finitely many zeroes, but the same poles as F', we can also write
P3<z)e(A+B)z

FE) =1+ = e

(5.4.1)
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where Pj is a polynomial and B is a constant. Equating these two expressions for F'(z)
yields

h(z)Py(z) = k(2)Pa(2)e™ 4% + P3(z)eP*. (5.4.2)
Evaluating (5.4.2) and its derivative at each of the points z,, gives

h(zn)Py(xn) = Py(x,)eB™ (5.4.3)

and
B () Py (2) + h(xn) P (2,,) = (Pi(z) + BPg(xn))eBI”,

which lead to
W (2n) + P{(xn) _ Pé(xn)
h(zy,) Py(xy) Ps(xn)

Therefore, B must be real because h is a real function and Pj(z,)/Pj(,) — 0 as

+ B.

|xy| — oco. Now (5.4.3) shows that Pi(z,)/Ps(x,) is real for every x,, and therefore
Py /P is a real function (since the rational function P;(z)/Ps(z) — P1(Z)/Ps(Z) must be
identically zero). Dividing equation (5.4.2) by P3 gives that the function
Py(z)e 4
P3(Z>

is real, and hence (5.4.1) shows that F' must also be real. O

Let the function g be as in the hypothesis of Theorem 5.3. Assume first that g has
infinitely many poles and apply Lemma 5.18 with F' = ¢’/3. This gives that on the real
axis g/ has constant imaginary part. It then follows immediately that we have case (i)
of the theorem.

Now suppose instead that g has only finitely many poles. By Lemma 5.6, the order

of ¢’ is at most one and it follows that
9'(2) = B = Ri(z)e'

for some rational function Ry #Z 0. We show next that ¢ is real. Suppose not, then ¢'(x)
tends to either § or infinity as real z — 400, and so ¢’ must have finitely many real
zeroes. But then ¢’ takes each of the values 0, 8 and oo only finitely often, implying
that ¢’ is rational and hence ¢ = 0.

Write Ry(z) = P(2) + > p_, W? where P is a polynomial, the my, are positive
and the z; need not be distinct. Observe that

) P icz P’ icz
/P(z)ewz dz = (z')e - / (z.)e dz + constant
ic ic

and, for m > 2,

eZCZ d e’LCZ lce’LCZ d
— _ tant.
/ G (A—m)(z—2)m 1 / (1= m)(z — gym—1 ©7 T constan
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Hence, repeated integration by parts yields

9(2) = Bz = / Ry(2)e"* dz +d = R(2)e"” + / (Z A’“em> dz+d,  (544)

z— Z
k=1 k

where R(z) is rational and d,d’, Ay, ..., A, are constants. Then the sum

n

Z Akewz _ i (g(z) B ,BZ - R(Z)eicz _ d)

Z—z dz
k=1 k

is the derivative of a meromorphic function, and so must be identically zero as it cannot
have any simple poles. Now (5.4.4) shows that we have case (ii) of the theorem.
Finally, the assertion about the zeroes of ¢” follows from Theorem 5.2 in case (i) and

by straightforward differentiation in case (ii).

5.5 Proof of Theorem 5.4

Let g be as in the hypothesis of Theorem 5.4. Then by Lemma 5.6, the order of g does
not exceed one.
Suppose initially that « is non-real. Then since g is real it has no real a-points, and
so g takes the values o and @ only finitely often. Hence, we may write
g(z) —a _ P(z) p2icz
a—g(z) Q)

where ¢ is a complex constant and P and () are polynomials with zeroes at the a-points

(5.5.1)

and a-points of g respectively. Since g is real, it follows that Q(z) and P(Z) have

the same zeroes according to multiplicity, and so Q(z) = SP(Z) for some constant (3.

Furthermore,

P(z) Q2icx _ g(z) —@ _ (a - 9(2)) _ BP(2) Q2ic
9(z) —@ P(z)

BP(Z) a—g(z)

)

which implies that 2(¢=%% = |B|2. Therefore, ¢ is real and |8] = 1. Using f/2 = g=1/2
allows us to assume that 8 = 1, by replacing P and Q by P, = /2P and Q, = ~/2Q
and re-labelling. Rearranging (5.5.1) now yields

g(2) |P(Z)e " + P(2)e'*| = aP(2)e!* + aP(z)e ',

which gives the required form for g.

We now turn our attention to the case where « is real, so that without loss of
generality we may henceforth assume « = 1. The next lemma provides a simple estimate

of the logarithmic derivative without the exceptional set that occurs in Lemma 5.7.
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Lemma 5.19. Let F' be a meromorphic function of order at most p with all but finitely
many of its zeroes and poles real. Let § > 0 and n > 0. Then

F'(z)
F(z)

=0(]2|P7) asz— o0, § < |argz| < m — 6.

Proof. First note that
m(r,F) +m(r,1/F) +n(r,F) + n(r,1/F) = o(r*™), r — .

Let z be such that |z| = r and § < |argz| < m — 0. The differentiated Poisson-Jensen
formula [32, p.65] gives

2

|z — 2]

<

)

’F’(z)
F(z)

=

(m(2r, F) +m(2r,1/F) + Y
|z;|<2r

where the z; are the zeroes and poles of F' repeated according to multiplicity. For the

finitely many non-real z;, we have |z — z;|~! = O(r~!) as 7 — oo, while for the real z;

we have |z — z;| > |Im z| > rsind. Therefore, as r — oo,

< O(T‘P—l-l-n) + (n(2r, F) +n(2r,1/F)) = O(Tp—l—l-n). 0

rsind

’F’(z)
F(2)

Since the order of g is at most one, taking 0 < €1 < €/4 and 1 > 0 both small and
applying Lemma 5.19 gives that

9@
=o(|z|") asz—o00, e <|argz|<m—e;. (5.5.2)
9(2)
Define o € (1,2) by
Asi 2
o=1+ Smég/), (5.5.3)

where A = \(g) is the lower order of g. Applying Lemma 3.9(ii) to g — 1, we can find
a small positive constant m, and a set J of lower logarithmic density greater than 1/c,

such that if » € J is large and F, is a subinterval of [0, 27| of length m, then

/ §(1,9)
Er

4
By the definition of deficiency, for large r € J there exists zg with |zp| = r and

6(1,9)
2

rg' (re'?)
g(re?) —1

T(r,g).

‘d@g

log [g(z0) — 1| < — T(r,g).

It follows that ¢ is near 1 on any arc of angular measure m with zy as one endpoint. In

particular, because g is real and €1 is small we can find, for large r € J, an arc

Qr) CA(r)={z:|z| =7, 261 <argz <7 — 21}
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of angular measure m/2 on which
log|g(2) — 1] < —e1T'(r, g), (5.5.4)

denoting by ¢y, ca, ... positive constants not depending on r.
It is now claimed that we can choose by induction a sequence (ry) in J satisfying
21, < rpe1 < rp?. Otherwise, there exists a large ry € J such that (2ry,77) N J = 0.

Taking [ such that 1/0 <1 < logdens J then leads to the following contradiction:

dt Tk dt
llogry? < / < / 5= (1/0)logri” + log2.
il 1

rrelng b

We deduce immediately that
o
U (rg,ri”) contains all large 7. (5.5.5)
k=1

Define two sequences of arcs by Qi = Q(rg) and Ay = A(ry). Applying Lemma 5.19
to g — 1 gives that, on €y,

so that on €y using (5.5.4) twice yields

q'(2)
9(2)

log

IN

log|g'(2)] 4 o(1)

< loglg(z) — 1|+ O(log i) < —c2T (1, 9), T — 0.

We show next that a similar bound holds on the whole of the arc Ag. To do this, note

that by conformal invariance,
w(z,Qk,Dk \ Qk) >c3, z€ A,

where Dy, = {z : 1,/2 < |2| < 2ry, €1 < argz < m — e1}. Using (5.5.2) and the above,

the Two Constants Theorem now gives

/
g (Z)‘
log < —c4T(rg,9), z€ Ag. 5.5.6
o (rk.9) (5.5
Let
S = {z:1mp <|z| <2, 26 <argz < m— 2},
S, = {z:mp <zl < e<argz<m—e}.

Lemma 5.20. For large k, the harmonic measure of the arc Ay satisfies

1 1
w(z, Ak, Sk) > 27y A(0—1)/sin(e/2) - 2mrp 2

z € 5.
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o TkQ

Tk Tk

FIGURE 5.1: The domain Sy, with subdomain S}, and boundary arc Ay.

Remark. In fact, for z € S} it is true that w(z, Ay, Sk) > ey Tl D/ (m—4en) - angd
this can be shown in a number of ways. For example, an explicit series represen-
tation for w(z, Ag, Sk) can be obtained by conformally mapping S onto a rectangle.
Another method involves comparing w(z, Ak, S) with the harmonic measure of the in-
terval [—r, 7] with respect to the upper half-plane, which can itself be estimated via a

mapping to the unit circle. However, Lemma 5.20 will suffice for our purpose.

The proof of Lemma 5.20 is simply an application of the following lemma that goes

back to Nevanlinna.

Lemma 5.21 ([10, Lemma EJ). Let D be a domain bounded by a Jordan curve C
consisting of a Jordan arc A and its complement B in C. Let T be a rectifiable curve in
D joining a point a € A to a point in B. Let z be a point on I and let pg(z) denote the
distance of z from B. Then

| * ]
w(z A, D) > 5 exp {—4/a P5(0) }

where the integral is taken along T.

Proof of Lemma 5.20. The equality in the statement of the result follows from (5.5.3).
Let 7 be large, ¢ € S} and let w be a nearest point to ¢ of B = 95y \ Ar. Then
either argw = 2¢; or argw = m — 2¢1. Using the fact that ¢ — 21 > £/2, it follows that

p5(C) = |¢ —w| = |¢]sin(e/2).

For z € S}, choose the path I'(t) = te'®8% for t € [ry,r12]. Applying the previous lemma

now yields
1 L at 1 —4 El
Ag, Sk) > — —4 —_—_ = — —1 —
w(z, A, k) 2 27 exp{ /m tsin(s/Q)} 27 eXp{sin(a/2) °8 (rk)} ’
which gives the required result upon noting that |z| < r4°. O
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Using (5.5.2), (5.5.6) and Lemma 5.20, the Two Constants Theorem gives that, for
z €Sy,

/
9'(2)| _ —cal(rk,g)
<
log 00| S T2 + O(log ), T — 00,
and in particular,
g'(2) =o(ry %) TR — 00. (5.5.7)
9(2) ’

Pick a point z; € €y for each k. For large k, there are no zeroes or poles of g in Sg, and

so for z € S}, we can write

9(z) = g(zx) exp ( / gt dw) “1to(l), koo

using (5.5.4) and (5.5.7). By (5.5.5), if z is large and € < argz < ™ — ¢, then z € S}, for

some k, which tends to infinity with z. Hence, by the above,
g(z) ~1, asz—o00, e<argz <m—E¢.

Since g is real this completes the proof.
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CHAPTER 6

Non-real zeroes of derivatives of

real entire functions

6.1 Introduction

6.1.1 Two conjectures of Pélya and Wiman

This chapter is motivated by the recent resolution of a long-standing conjecture at-
tributed to Wiman. The conjecture dates back to around 1911 and involves the Laguerre-
Pélya class LP. An entire function f belongs to the class LP if there exists a sequence
of real polynomials with only real zeroes that converges locally uniformly to f. Such
functions are necessarily real and have only real zeroes unless f = 0. It is not difficult
to show that LP is closed under differentiation; hence, all derivatives of a function in
L P have only real zeroes. Pdlya asked whether this last fact was enough to characterize

the class LP, while Wiman’s conjecture went a step further.

Former Conjecture (Pélya [52]). If f is a real entire function such that %) has only
real zeroes, for every k > 0, then f € LP.

Former Conjecture (Wiman [1, 2|). If f is a real entire function such that ff" has

only real zeroes, then f € LP.

Wiman’s conjecture therefore implies the following striking result: If the zeroes of a
real entire function and its second derivative are real, then the zeroes of all its derivatives
are confined to the real axis.

The first important steps towards a proof of Wiman’s conjecture were made in 1960
by Levin and Ostrovskii [45] who introduced a factorisation of the logarithmic derivative
that appears in almost all later work on this topic, see Section 6.3.2 for more details.
Their second major contribution was the refinement of an analogue of the Nevanlinna

characteristic for functions defined on a half-plane. This characteristic is described in
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Section 6.1.3 below. Levin and Ostrovskii used this machinery to show that if a real
entire function f is such that ff” has only real zeroes, then its maximum modulus
cannot grow too fast, in particular loglog M (r, f) = O(rlogr) as r — oo.

In 1977 Hellerstein and Williamson [26, 27] settled Pélya’s conjecture by showing
that a real entire function f must belong to LP if f, f’ and f” each have only real
Zeroes.

Sheil-Small proved Wiman’s conjecture for functions of finite order in his 1989 Annals
paper [55]. His main idea was to adopt a more geometric approach by studying how
the logarithmic derivative f’/f and the Newton function z — f/f’ behave as mappings
of the upper half-plane. Upon recalling that a function has finite order only when
loglog M(r, f) = O(logr) as 7 — 00, we see that there is a gap between Sheil-Small’s
result and the work of Levin and Ostrovskii. By bridging this gap, Bergweiler, Eremenko
and Langley [7] finally completed the proof of Wiman’s conjecture in 2002.

6.1.2 The classes U,

There are now many theorems related to the Pélya-Wiman conjectures, and the new
results presented in Section 6.2 are best viewed in this context. Before proceeding we
introduce a family of classes of real entire functions.

For each integer p > 0, the class V3, consists of all functions

g(z) exp (—az?*?),

where a > 0 and g is a real entire function with real zeroes and genus at most 2p + 1;

that is, g has a convergent representation

n=1

k

where A and the aj are real, b is a non-negative integer, m < 2p + 1 and h is a real
polynomial with degree at most 2p + 1. The classes Us, are now defined by Uy = Vj
and Uy, = Vo \ Vop—o for p > 1. The connection with the Pélya-Wiman conjectures is
made clear by the Laguerre-Pélya Theorem that Uy = LP [34, 51]. We denote by U,
the class of real entire functions f = P fy, where fy € U, and P is a real polynomial. It
follows that every real entire function of finite order with finitely many non-real zeroes
belongs to exactly one of the classes Us,.

The next result follows a convention that we shall adopt throughout this chapter: all
counts of zeroes are made with regard to multiplicity unless explicitly stated otherwise.

This result was first proved for f € Uy, and k = 2 in [55].

Theorem 6.1 ([12]). Let f be a real entire function. If f € Us,, then %) has at least

2p non-real zeroes for all k > 2.
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Like the class LP, each of the classes U3, is closed under differentiation [12, Corol-
lary 2.12]. In particular, it suffices to prove Theorem 6.1 with k& = 2. The corresponding
infinite order result was proved for k = 2 in [7], and for k > 3 in [38].

Theorem 6.2 ([7, 38]). Let f be a real entire function of infinite order. Then ff*) has

infinitely many non-real zeroes for all k > 2.

One immediate corollary of these results is that if f is a real entire function and
ff%® has only real zeroes, for some k > 2, then f € LP. This represents one natural
generalisation of Wiman’s conjecture. Two unpublished articles by Langley [41, 42]
together give an excellent account of many of the key ideas used to prove Theorems 6.1

and 6.2 in the k£ = 2 cases, thereby establishing Wiman’s conjecture.

6.1.3 The Tsuji half-plane characteristic

The characteristic for functions defined on a half-plane was first introduced by Tsuji [58]
and was developed further by Levin and Ostrovskii [45]. We shall henceforth write
H = {z € C:Imz > 0} for the (open) upper half-plane and say that a function is
meromorphic on the closed upper half-plane H C C to mean that it is meromorphic
on some domain containing H. We describe how to define the Tsuji characteristic of a

function f that is meromorphic on H, and explore some of its basic properties.

i

Ir

—1 0 1
FIGURE 6.1: The sets used to define the Tsuji characteristic. A point on the bold

arc 7y, with argument # has modulus r sin 6.

For r > 1, let n(r, f) denote the number of poles of f, counted with multiplicity,
that lie in {z : |z —ir/2| < r/2, |z| > 1}. See Figure 6.1. The Tsuji integrated counting

function is then given by

N(r, f) = /1 “(i;f) dt (6.1.1)

for r > 1. Taking v, to be the arc of S(ir/2,7/2) that lies outside the unit disc (the
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bold arc in Figure 6.1) traversed anticlockwise, we define the Tsuji proximity function

m(r, f) = do.

27T,Y

1 / log*|f(2)] ;. _ 1 /“‘Si“‘“l/” log*|f(r sin 6e'’)|

2 dz = 2
z 27 Jsin—1(1/r) rsin® 0

The Tsuji characteristic of f is then the sum

f(?",f) - m(r, f) +m(r7f)'

Many results involving the Nevanlinna characteristic have analogues for the Tsuji

characteristic. As in Nevanlinna theory, the inequalities
r fg) <Z(r, f)+2r,9),  Tr, f+g) <Zr, f) +Z(r, g) +log2

follow from similar inequalities for the counting and proximity functions. For a non-
constant f and a € C, the First Fundamental Theorem ([17, p.27], compare Theorem 1.1)
states that

T(r,1/(f —a)) =%(r, f) + O(1) asr — oo.

The Second Fundamental Theorem also holds [17, p.104-112] and leads to the following
result. For distinct a; € C,

3
T(r, f) < Z‘ﬁ(r, 1/(f —aj)) + O(logr + log™ Z(r, f)) (6.1.2)
j=1

as r — oo outside an exceptional set of finite measure. Despite these similarities between
the Nevanlinna and half-plane characteristics, there are some important differences that
should not be overlooked. A notable example is that T(r, f) = O(logr) does not imply
that f is rational, and indeed T(r,e~%) is bounded as r — oco.

We shall say more about the Tsuji characteristic at the beginning of Section 6.3.

6.2 Statement of results

In the spirit of the Pélya-Wiman conjectures, the aim of this chapter is to seek out
conditions under which a real entire function must belong to the class LP or to one of
the more general classes U;,. These conditions will typically involve the non-real zeroes
of the function and its derivatives.

The first result below implies that a real entire function f belongs to LP if it has

only real zeroes and all the non-real zeroes of f” are critical points of f.

Theorem 6.3. Let f be a real entire function with finitely many non-real zeroes. If
I € U, then f" has at least 2p non-real zeroes that are not critical points of f. If

instead f 1is of infinite order, then f” has infinitely many such zeroes.
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Theorem 6.3 is a minor strengthening of the k& = 2 cases of Theorems 6.1 and 6.2.
Our next result extends these cases in a different direction. It turns out that statements
regarding the zeroes of ff” can often be generalised to ones considering the zeroes of
ff" —a(f")? for certain values of a. To do this, we modify Sheil-Small’s approach by
using a ‘relaxed’ version of the Newton function.

The zeroes of the differential polynomial ff” — a(f’)? for a general meromorphic f
have previously been studied in [5] and [36]. With all this in mind, we remark that if
f is entire then a zero of ff”/(f")? — a of multiplicity m is a zero of ff"” — a(f")? of

multiplicity at least m.

Theorem 6.4. Let a < 1 and let f be a real entire function with finitely many non-real
zeroes. If f € U, then F1"/(f)? — a has at least 2p non-real zeroes. If instead f is of

infinite order, then ff"/(f')? — a has infinitely many non-real zeroes.

To see that we cannot take a > 1 in the above, let f(2) = exp(2%) for p € N. Then
f €Uy, and
I 2p — 1 —2p(a — 1)2%°
(T 2p2?P ’
which has no zeroes if ¢ = 1 and only 2p — 2 non-real zeroes if a > 1.

The following corollary is proved in Section 6.5. Note that this time there are no

assumptions about the zeroes of the function.

Corollary 6.5. Let a < % and let f be a real entire function such that f'/f is of finite
lower order. If ff"/(f")? — a has only finitely many non-real zeroes, then f € Us, for
some p. Moreover, if ff"/(f')? # a on H, then f € LP.

Corollary 6.5 is new even for a = 0, in which case it shows that a real entire function
f must belong to the class LP if f’/f has finite lower order and each non-real zero of
ff" is a critical point of f. The next result considers zeroes of higher derivatives and its
proof is similar to that of Corollary 6.5. In fact, the a = 0 case of Corollary 6.5 implies
the k = 2 case of Theorem 6.6.

Theorem 6.6. Let k > 2 and let f be a real entire function such that f(kfl)/f(k”) 18
of finite lower order. Suppose that all (respectively, all but finitely many) of the non-real
zeroes of ff%) are also zeroes of f*=2) and f*~V. Then f € LP (respectively, f € Us,

for some p).

The hypothesis that f#—1) /f (k=2) {5 of finite lower order is certainly satisfied if either
for f'/f is of finite order. See Lemma 6.34 for a proof of the latter fact.
The results stated above all require that the function under consideration either has

only finitely many non-real zeroes or satisfies an order condition. We now seek results
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that are free of these particular restrictions. Instead, we take integers M > k > 2 and

define the following hypotheses for an analytic function f:

(I) all the non-real zeroes of ff*) are zeroes of f with multiplicity at least k but at
most M;

(I') all but finitely many of the non-real zeroes of ff*) are zeroes of f with multiplicity

at least k£ but at most M;
(II) ff" — a(f’)? has no non-real zeroes, for some a € C\ {3, 1};
(') ff” — a(f’)?* has finitely many non-real zeroes, for some a € C\ {3,1}.

Under these hypotheses, the next result provides a bound on the Tsuji characteristic
as defined in Section 6.1.3.
Theorem 6.7. If f is analytic on H and satisfies either (I') or (1I') then, for all j > 0,
fFU+D
@)

In Section 6.6 we will apply Theorem 6.7 to obtain the following three results.

N(r,1/f) =0O(logr) and T <r, > =O(logr) as r— oco. (6.2.1)

Theorem 6.8. Let f be a real entire function and take real a < % and M >k > 2.

Suppose that either

(i) all (respectively, all but finitely many) of the non-real zeroes of ff*—1Dfk) gre

zeroes of [ with multiplicity at least k but at most M ; or

(ii) ff"—a(f")? has no (respectively, finitely many) non-real zeroes and f' has finitely

many non-real zeroes.
Then f € LP (respectively, f € Us, for some D).

We need the following definition which makes exact the notion of points not occurring
too frequently. Let a1, as9,... be a sequence of complex numbers, this sequence either

being finite or tending to infinity. Writing n(r) for the number of a; lying in {z : |z| < r},

N(T)—/lrn(tr)dt,

we say that the sequence a; has finite exponent of convergence if and only if

log N
lim sup L(T) < 00
r—00 log r

and setting

For a meromorphic function g, we shall say that “the zeroes of g have finite exponent of
convergence” to mean that the sequence of zeroes repeated according to multiplicity has
finite exponent of convergence. We comment that it follows from the First Fundamen-
tal Theorem (Theorem 1.1) that the zeroes of a finite order function must have finite

exponent of convergence.
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Theorem 6.9. Let f be a real entire function.

(i) If (I') holds and the zeroes of fU) have finite exponent of convergence for some

0<j<k-—1, then f € Us, for some p. If in addition (I) holds, then f € LP.

(i1) If (I') holds and the zeroes of f or f' have finite exponent of convergence, then
f'/f has finite order. Moreover, if a < % then we have f € Us, for some p, and
in fact f € LP if (I) also holds.

The final two results only place a ‘finite exponent of convergence’ condition on certain
non-real zeroes. That is, we simply consider the sequence of non-real zeroes repeated

according to multiplicity. There is no restriction on the frequency of the real zeroes.

Theorem 6.10. Let f be an entire function satisfying either (I') or (1'). Suppose that
the non-real zeroes of fU) have finite exponent of convergence for some j > 0. Then

loglog M (r, f) = O(rlogr) as r — oc.

The particular estimate for the rate of growth found in Theorem 6.10 has a long his-
tory in this area. We have already mentioned that Levin and Ostrovskii [45] established
this bound for a real entire function f such that ff” has only real zeroes. It is through
Shen’s generalisation [56] of one of Levin and Ostrovskii’s results that Theorem 6.10
does not require a real function.

Our last theorem extends the theme of Theorem 6.8(i) and Theorem 6.9(i).

Theorem 6.11. Let 1 < j <k < M < oo and let f be a real entire function such that
all (respectively, all but finitely many) of the non-real zeroes of FfD R are zeroes of
f with multiplicity at least k but at most M. Assume further that these non-real zeroes

have finite exponent of convergence. Then f € LP (respectively, f € Us, for some D).

6.3 Preliminaries

We begin with two established lemmas involving the Tsuji characteristic. The first is a

version of Hayman’s Alternative that goes back essentially to Levin and Ostrovskii [45].
Lemma 6.12. Let g be meromorphic on H. If

MN(r,1/g) = O(logr) and N <r, ) =O(logr), 1 — 00,

g -1
then T(r,g) = O(logr).

The proof of Lemma 6.12 is obtained from the proof of Hayman’s Alternative [20,

p.60] by replacing the Nevanlinna characteristic with the Tsuji half-plane characteristic
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and using the fact that the lemma of the logarithmic derivative continues to hold in the
Tsuji case [45, p.332] (see also [17, p.108]). We remark that, by (6.1.1), a function ¢
satisfies the hypothesis of Lemma 6.12 if g and ¢’ — 1 both have finitely many zeroes in
the upper half-plane.

The next result will be used to provide a connection between the Nevanlinna and
Tsuji proximity functions. We define

1 ™ i
mox(r,9) = 277/0 log™ |g(re 9)] do, (6.3.1)

and note that for a real meromorphic function on the plane m(r, g) = 2mox(r, g).

Lemma 6.13 ([45]). If g is meromorphic on H and m(r,g) = O(logr) as r — oo, then
> mogr (r, 1
/ o (;g)dr:O<OgR>, R — .
R r R

The following lemma concerns subharmonic functions as defined in Section 1.2.

Lemma 6.14 ([59]). Let u be a non-constant continuous subharmonic function on the

plane. For r > 0, let 0*(r) be the angular measure of that subset of S(0,7) on which

u(z) > 0, except that 0*(r) = oo if u(z) > 0 on the whole circle S(0,r). Then, forr >0,
27

B(r,u) = max{u(z) : |z| =r} < % max{u(2re), 0} dt
0

and, if r < R/4 and r is sufficiently large,

R/2 g
B(r,u) < 9vV2B(R,u)exp (—7‘(/2 sG(f(s)> .

6.3.1 Transcendental singularities of the inverse function

Recall the discussion of the singularities of the inverse function in Section 1.4. The
asymptotic values of a transcendental meromorphic function g are called the transcen-
dental singularities of g~'. These are further classified as direct or indirect as follows.
Suppose that g(z) tends to a € C as z goes to infinity along a path . For each ¢ > 0, let
C'(e) denote that component of the set {z : [g(z) —«a| < £} which contains an unbounded
subpath of . Two different asymptotic paths on which ¢ — « are considered to deter-
mine separate transcendental singularities if and only if the corresponding components
C'(e) are distinct for some € > 0. The path v determines an indirect transcendental sin-
gularity over « if C'(¢) contains infinitely many a-points of g for every £ > 0. Otherwise,
the singularity is called direct and C(e), for all sufficiently small €, contains no a-points.
Transcendental singularities over oo are defined and classified by considering 1/g. A
transcendental singularity will be referred to as “lying in a domain D” if C(e) C D for

small e.
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The Denjoy-Carleman-Ahlfors Theorem [47, §X1.4] places a bound on the number

of direct transcendental singularities. In particular, we have the following result.

Lemma 6.15 ([47, §X1.4]). A meromorphic function of finite lower order has finitely

many direct transcendental singularities.

In subsequent sections we shall often want to limit the number of singularities of an
inverse function found in the upper half-plane. Lemmas 6.15, 6.16 and 6.17 will be used

several times for this purpose.

Lemma 6.16 ([40]). Let g be a meromorphic function such that T(r,g) = O(logr) as

r — 0o. Then there is at most one direct singularity of g~ lying in H.

The Bergweiler-Eremenko Theorem is an important result about indirect transcen-
dental singularities. We state Hinchliffe’s extension of it to include functions of finite

lower order.

Lemma 6.17 ([6, 30]). Let g be a meromorphic function of finite lower order. Then

1 must be a limit point of critical values. In

any indirect transcendental singularity of g
particular, if g has finitely many critical values, then g~ has no indirect transcendental

singularities.
The next result is standard; a proof is included for completeness.

Lemma 6.18. Let D be an unbounded simply-connected domain whose boundary con-
sists of two simple curves 1 and 72, both tending to infinity and disjoint apart from
their common starting point. Let g be analytic on a domain containing the closure D.
If g(2) = a; as z — o0 on v;, for j = 1,2, where oy, ap € C are distinct, then there is

a direct transcendental singularity over oo lying in D.

Proof. Since oy # ae, an application of a strong form of the Phragmén-Lindelof principle
[59, p.308] gives that ¢ is unbounded in D. Therefore, the sets D,, = {z € D : |g(2)| > n}
are non-empty and D,, C D for n > ng. Let Chp, be a component of D,,,. We inductively
choose a sequence of nested components C,, C D,, for n > ng. To do this, first assume
that C), has been chosen appropriately and define v,(z) = |g(z)| for z € C,, and
vn(z) = n for z € C\C,,. Then the real-valued function v,, is continuous and subharmonic
in the plane, see Section 1.2. The Liouville Theorem for subharmonic functions [53, p.31]
states that a bounded subharmonic function on C is constant. Since |g| is non-constant
on any domain in D, it follows that v,, is non-constant and hence unbounded. Therefore,
g is unbounded on C), and we can choose C), 11 to be a component of D, lying in C,.

The proof is now completed by simply choosing a path « : [ng,00) — D such that
v(t) € Cy, for t > n. O
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6.3.2 The Levin-Ostrovskii factorisation

Nearly half a century after the Pélya-Wiman conjectures were posed, the first significant
progress was made by Levin and Ostrovskii [45]. They wrote the logarithmic derivative
as the product of two functions, one having few poles and one mapping the upper half-
plane into itself. Variations of this technique are central to the proofs of Theorems 6.1

and 6.2.

Lemma 6.19 ([7, 40]). Let f be a real entire function with finitely many non-real zeroes.
Then the logarithmic derivative has a factorisation

_
L= =y (6.3.2)

i which ¢ and v are real meromorphic functions satisfying the following:

(i) either ¥ =1 or¢(H) C H;
(ii) ¥ has a simple pole at each real zero of f, and no other poles;
(i1i) ¢ has finitely many poles, none of them real;

(iv) on each component of R\ f~1({0}) the number of zeroes of ¢ is either infinite or

even;
(v) if f € Usy: then ¢ is a rational function, and if in addition f has at least one real
zero, then the degree at infinity of ¢ is even and satisfies

deg_(6) = lim 28 |¢(2)]

z—o0  log|z|

> 2p; (6.3.3)

(vi) if f has infinite order, then ¢ is transcendental.

Parts (i)-(v) are proved in [40, Lemma 4.2], as the cited lemma applies to any
real entire f with finitely many non-real zeroes. Part (vi) is [7, Lemma 5.1]. We
briefly elucidate the construction of 1 in the case where the set of real zeroes aj of f
is unbounded above and below. Assume that ay < agy; and for simplicity that ag = 0.
Since L has a positive residue at each zero of f, there exists a zero by of L in (ag, agi1)-

We take 1 to be the product of the terms pg(z), where

_bp— = 1—z/by

11— 2z/ay’

po(2) pr(2) k # 0;

ag — 2’
this product converging by the alternating series test. For z € H, we observe that

argpr(z) is the angle between the lines from z to ar and by respectively, so that

arg(z) = > argpi(z) € (0,7) and thus ¢ (z) € H.
The next result is the Carathéodory inequality [44, Ch. 1.6, Theorem &'], which is

essentially the Schwarz lemma on a half-plane.
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Lemma 6.20 ([44]). Let ¢ : H — H be analytic. Then

Y@)sing _ | 5G]
e < Wel< T

This shows that away from the real axis v is neither too large nor too small, so that
in (6.3.2) the growth of f’/f is dominated by that of ¢.

for  r>1, 0€(0,7).

6.4 Proof of Theorems 6.3 and 6.4

Theorems 6.3 and 6.4 are proved by making a number of small alterations to the proofs of
Theorems 6.1 and 6.2. The main difference is that we shall consider a ‘relaxed’ Newton
function z — hf/f’, where the constant h is no longer always taken to be 1.

We shall first prove both theorems in the infinite order case, as these results can
be quickly deduced from a theorem of Bergweiler, Eremenko and Langley [7]. We then
tackle the remaining finite order case, where we base our arguments on existing proofs,
but cannot so easily quote suitable results from the literature. Some of the original
papers on this subject can be difficult to follow, hence the reader is directed to [42]
which gives a unified presentation of the proof of Theorems 6.1 and 6.2, and upon which

this section draws heavily.

6.4.1 Infinite order case

The following is the theorem of Bergweiler, Eremenko and Langley mentioned above.

Lemma 6.21 ([7]). Let L be a real meromorphic function such that all but finitely many
poles of L are real and simple and have positive residues. Suppose that L = ¢, where ¢
and Y are real meromorphic functions such that: either ¢ =1 or ¢»(H) C H; every pole
of Y is real and simple and is a simple pole of j); and ¢~5 1s transcendental with finitely

many poles. Then L+ I:’/f/ has infinitely many non-real zeroes.

Let f be a real entire function of infinite order with only finitely many non-real
zeroes. By Lemma 6.19, we have the Levin-Ostrovskii factorisation L = f'/f = ¢. For
a<1,let

p=(1—-a)p and L= (1-a)L= .
Then L, ¢ and 1 satisfy the hypothesis of Lemma 6.21 by Lemma 6.19(i)—(iii) and (vi).
Therefore, Lemma 6.21 gives that

M:E+LE/:(1G)]U+JC<M>:J”<HH a>

[y f? fA)?
has infinitely many non-real zeroes. Since M does not vanish at a zero of L, this
establishes the infinite order case of Theorem 6.4. Setting a = 0 gives the infinite order

case of Theorem 6.3.
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6.4.2 Finite order case

We assume that f € Uj, for some p > 1 and that ff "/(f")? — a has finitely many
non-real zeroes, where a < 1. To prove Theorem 6.3, we make these assumptions with
a=0.Let L=f"/f.

Lemma 6.22. The Tsuji characteristic of the logarithmic derivative satisfies
T(r,L) = O(logr), r — 00. (6.4.1)

Proof. Note that poles of L are zeroes of f, and so only finitely many of them can be
non-real. Write g = 1/L; then g has finitely many zeroes in H, and ¢’ =1 — ff"/(f')?
takes the value 1 — a only finitely often in H. An application of Lemma 6.12 now gives
that T(r, L) = F(r,g/(1 —a)) + O(1) = O(logr) as r — oo. O

We make the following definitions.

1
h = - > 0,
UL D S
o=:-ngS=cogy O=n(fEoa). e
W={z€H:G(z) € H}, Y={2€H:L(z) € H}. (6.4.3)

Observe that Y C W, since h is positive. For h = 1, this key observation is due to
Sheil-Small [55], who was the first to consider these sets. It is through a detailed study
of how G maps components of W into H that Theorems 6.3 and 6.4 will be proved.

If h = 1, then G is the Newton function for f, otherwise it is called a relaxed Newton
function. These functions arise when using the (relaxed) Newton method [4, §6] to find

the zeroes of f by iterating G (in this context, usually |h — 1| < 1).
Lemma 6.23. The closure of Y contains no real zeroes of f.

Proof. This is from [55, p.181]. If = is a real zero of f, then it is a simple pole of L with
positive residue. Then since L is univalent near x and real on the real axis, we see that

Im L(z) < 0 for points in H near x. Thus x does not lie in the closure of Y. 0

We continue to follow [42]. Our next result (cf [40, §5]) deals with transcendental

singularities as discussed in Section 6.3.1.

Lemma 6.24. The function G has no asymptotic values in C\ R, while the function L
has only finitely many.
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Proof. Suppose that a € C\ R is an asymptotic value of G. Since G has finitely many
non-real critical values by (6.4.2), the Bergweiler-Eremenko Theorem (Lemma 6.17)
shows that a must be a direct transcendental singularity of G~'. Therefore, there exist
e € (0,1) and a component D of the set {z € C: |G(2) — a| < £} such that G(z) # a on
D. Since G is real meromorphic, we may assume that D C H. We define a continuous

subharmonic function on the plane by

5

log——————, z€D
v(z) = G(2) — o

0, ze€ C\D.

Lemma 6.14 gives that

3 [T € 1
B(r/2 < — logt —————— dt < - —_— .
(r/2v) < 27r/0 °8 |G(rett) — af dt < 3mo <r, G—a)

By (6.4.1) and (6.4.2), we have ¥(r,1/(G — a)) = O(logr) as r — oo. Using this and
the above, together with Lemma 6.13 and the fact that B(r,v) is increasing [53, §2.3],
now leads to

B(R/2,v) > B(r/2,v) *© mox(r,1/(G — a)) log R
2R2§/R ngrg3/R s drzO( e )

Hence,

B(R,v) = O(RlogR) as R — oc. (6.4.4)

We now let § be small and positive, and claim that
G(z) o0 asz—o00, 6d<argz<m—Jd. (6.4.5)

Let L = f'/f = ¢ be the Levin-Ostrovskii factorisation described in Lemma 6.19.
If f has at least one real zero, then deg. (¢) > 2 by (6.3.3), and then (6.4.5) follows
from Lemma 6.20 and (6.4.2). Otherwise, f has no real zeroes, and so there exist real

polynomials P and ) such that
f=Pe? L=P/P+Q, degQ > 2p, (6.4.6)

using the fact that f € U3, (see Section 6.1.2). Hence L is a rational function with a
pole at infinity, and again (6.4.5) follows from (6.4.2).
By (6.4.5), the angular measure of D N S(0,r) is at most 26, for all » > ry. Thus

Lemma 6.14 gives, as R — oo,

B R/2
B(R,v) > (ro, v) exp (77/ ds) = cR™/%
2

9v2 o 208

for some positive constant c. As ¢ is arbitrarily small, this contradicts (6.4.4), showing

that G' cannot have an asymptotic value in C \ R.
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Suppose now that L has infinitely many non-real asymptotic values. Since L has
finitely many non-real poles, we see from Lemma 6.18 that L~! must have at least
two direct transcendental singularities over oo lying in H. By (6.4.1), this stands in

contradiction to Lemma 6.16. O

Therefore, G has no asymptotic values in H by the previous lemma, and finitely
many critical values in H by (6.4.2). We use these facts to obtain the next result, which

is Lemma 7.1 of [42].

Lemma 6.25. For each component A of W there is a positive integer ks such that G
maps A onto H with valency ka; that is, each value w € H is taken ka times in A.

Furthermore, G' has at least kg — 1 zeroes in A.

Lemma 6.25 is proved by the following standard argument (see [7, p.987-988] or
[38, §11]). Let v+ C H be a bounded simple curve such that H* = H \ v is simply-
connected and contains no singular values of G~!. Then each component of G~(H*)
is mapped univalently onto H* by GG, and G maps every component of W onto H with
finite valency. The final assertion is proved by an application of the Riemann-Hurwitz
formula.

We introduce some more notation before stating our next lemma. Denote by 2¢ the

number of distinct non-real zeroes of f and define
D\ ={z€ H:|z| <)}, E(A)={z€ H:|z| > A}.
The next result is Lemma 6.1 of [42].

Lemma 6.26. For sufficiently small positive \, and sufficiently large positive A, there
are at least p + q pairs of bounded components K; C V; C H such that the following

conditions are satisfied:

(i) K; is a component of the set L~Y(D(X)), mapped univalently onto D(X) by L;
(ii) Vj is a component of the set G™1(E(A)), mapped univalently onto E(A) by G;
(i) the Vj are pairwise disjoint;

(iv) OK; N OVj contains one zero of L.

Proof. Let Z be a finite set of zeroes of L and let A\ and 1/A be small. The proof of [42,
Lemma 6.1], which is essentially the argument of [38, p.383-385] and [40, Lemma 8.1],
contains an elementary analysis of the behaviour of L near its zeroes which shows that

each ¢ € Z gives rise to pairs {K;, V;} as in the statement of the lemma as follows:
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e If ( € ZNH is a zero of L of multiplicity m, then there exist m such pairs { K, V;}
with ¢ € 9K, N V.

e If ( € ZNR is a zero of even multiplicity m, then there exist m/2 such pairs
{K;,V;} with ( € 0K; N 0V;. In this case, the sign of L(x) does not change as
real x passes through ( from left to right.

e Now suppose that ¢ € ZNR is a zero of L of odd multiplicity m. If L™ (¢) > 0,
then there exist (m+1)/2 pairs { K, V;} and L(z) has a positive sign change at (;
that is, L(z) changes from negative to positive as  passes through ¢ from left to
right. If instead L(™)(¢) < 0, then ¢ gives rise to (m — 1)/2 pairs {K;,V;} and
L(x) has a negative sign change at ¢. In either case, ( € 0K, N dV; for each pair.

(e H
CeR, L®() <0 CeR, LB() >0
%
v, Vi
V1 V2
¢
' K Ky
¢ ¢

Vs

FIGURE 6.2: The three cases for pairs {K;, V;} when L has a triple zero at (.

Provided that A and 1/A are chosen sufficiently small, the components arising from
distinct zeroes are disjoint. It remains to show that we can find at least p+¢ components
K. To this end, we again make use of the factorisation L = ¢ from Lemma 6.19, where
¢ is rational by Lemma 6.19(v). Let I be a component of R\ f~1({0}) containing y; > 0
zeroes of ¢ and mj zeroes of L, not forgetting our convention that zeroes are counted
with regard to multiplicity. Then m; > uy, and uy is even by Lemma 6.19(ii) and (iv).
Hence, by the statements above, the interval I gives rise to

my+ Sy >,u1—|-81
2 - 2

nr =

(6.4.7)

components K, where sy is the number of positive sign changes minus the number of
negative sign changes undergone by L(z) on I. Since s; > —1 and puy is even, (6.4.7)
implies that ny > ur/2.

Denote by 2r and 2t respectively the number of real and non-real zeroes of ¢, and

recall that the non-real zeroes of L are precisely the non-real zeroes of ¢. By summing
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over all components of R\ f~1({0}) that contain real zeroes of L, the arguments above
show that there are at least r + ¢ components K that satisfy the conditions of the
lemma.

The function ¢ has only simple poles in the plane, and these occur precisely at the
2q distinct non-real zeroes of f. Hence, equating the number of zeroes and poles of ¢ in
C U {oo} leads to

2r + 2t = 2q + deg . (¢). (6.4.8)

Thus the conclusion of the lemma follows at once from (6.3.3), except in the case where
f has no real zeroes. In this last case, however, we must once more have (6.4.6). If
deg @ > 2p+1, then deg (¢) > 2p—1 by Lemma 6.20, and again the result follows from
(6.4.8). Suppose finally that deg @ = 2p. Then since f € Uj,, the leading coefficient ¢

of @ is positive and L(z) ~ 2pcz?P~!

as z — oo by (6.4.6). Here there is one component
I = R and s; = 1. As L has simple poles at the distinct zeroes of f, equating the

number of zeroes and poles of L in CU {oo} gives
my + 2t = 2q +deg (L) =2q +2p — 1. (6.4.9)

Therefore, in this case we have at least p* components K, where, using (6.4.7) and

(6.4.9),

« my+1
pr>nr+t= 12 +t=p-+q. L]

We are now ready to complete the proof as in [42]. Choose 0 € (7/4,3m/4) such
that the ray v(s) = se’?, s € (0,00), contains no singular values of L~'. This is
possible because L has countably many critical values and, by Lemma 6.24, finitely many
asymptotic values in H. For each K, choose z; € K; with L(z;) € ~, and continue L=t
along ~ in the direction of infinity. Let I'; be the image of this continuation starting at
zj. ThenT'; is a path in Y on which L(z) — oo, where Y is defined by (6.4.3). Hence, T';
tends either to infinity or to a pole of L, which must be a zero of f in H by Lemma 6.23.
Since K; CY C W, each Kj lies in some component A of W. A component A, of W
will be called type () if there exists K; C A, such that I'; tends to infinity, and type
(B) otherwise.

Lemma 6.27. Let n, denote the number of K; contained in a component A, of W.

o If A, is type (), then n, is at most the number of zeroes of G' in A,.

o If A, is type (B), then ny is at most the number of distinct zeroes of f in A, .
Proof. First suppose that A, is type (). By Lemma 6.25, it will suffice to show that

n, < k4, — 1. But the fact that the valency k4, of G on A, exceeds the number n, is
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made clear by the following observation: each of the n, sets K; C A, corresponds to
a bounded component V; C A, which is mapped onto E(A) by G, while we also have
a path tending to infinity in A, on which L(z) — oo and consequently G(z) — oo, by
(6.4.2).

Now suppose instead that A, is type (). For each K; contained in A,, the path T';
must tend to a zero w; of f in H. Since L has a simple pole at wj, it is univalent near
wj, and there cannot be two different paths I';, I'js near w; that are both mapped onto
v by L. Therefore, the w; corresponding to different K; must be distinct. Moreover,

using (6.4.2) gives that G(w;) = w; € H, so that w; € A,. O

This completes the proof of Theorem 6.4, since Lemma 6.26 gives p 4+ ¢ components
K, but by (6.4.2) and Lemma 6.27, the number of K; does not exceed ¢ plus the number
of zeroes of ff”/(f)> —ain H.

To prove Theorem 6.3, we put a = 0 and note that G’ does not vanish at any zero
of f' by (6.4.2). Hence, using (6.4.2) again, the number of zeroes of G’ in 4, is at most
the number of distinct zeroes of f in A, plus the number of zeroes of f” in A, that are
not zeroes of f’. Lemma 6.26 still provides p + ¢ components K;, but now Lemma 6.27
shows that this cannot exceed ¢ plus the number of zeroes of f” in H that are not critical

points of f.

6.5 An iteration argument

The field of complex dynamics studies the behaviour of the iterates of analytic and
meromorphic functions on the complex plane, see for example [4, 46]. This is a very
active area of research and has enjoyed many successes in recent years. We will use some
of the well-known elements of iteration theory to establish a useful lemma.

We shall write F™ for the nth iterate of the function F; that is, F°(2) = z and
F"(z) = F(F"1(2)) for n > 1. If F is a rational function, then the iterates F™ are
also rational and so are defined at all points z € C U {oco}. On the other hand, a
transcendental F' cannot sensibly be defined at infinity, so that F" is only defined at
points z € C that are not poles of F, F?, ... F" 1

The Fatou and Julia sets are central to complex dynamics. Qualitatively, the Fatou
set of a function is that part of CU{oco} on which the function’s iterates behave smoothly,
while the Julia set is the region where they behave chaotically. To give a formal def-
inition, let F' be meromorphic and let F = {F" : n € N} be the family of iterates of
F. A point z € CU {oo} belongs to the Fatou set of F' if and only if the family F is
defined and normal on some neighbourhood of z. The Julia set is then defined to be

the complement of the Fatou set in CU {oo}. It follows that both the Fatou set and the
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Julia set are invariant under F', in the sense that both sets are mapped into themselves
by F. Moreover, the Fatou and Julia sets for any iterate F"* are the same as those for F'.

A point zp is called a fized point of F if F(zy) = zo. Such a fixed point is said to
be attracting if |F'(z0)] < 1, and superattracting if F'(zp) = 0. Lemma 6.28 below is
based upon the fact that, as a function is iterated, each attracting fixed point draws
in a singularity of the inverse function (see Section 1.4). For a rational function F', we
denote by sing(F~!) the set of critical values of F, including oo if F' has any multiple
poles. For a transcendental function, sing(F~!) consists of these critical values together

with any finite asymptotic values of F'. We now define the sets
A(F)={2€ C\R: F(z) = z and either 0 < |[F'(2)] < 1or F'(z) = -1}  (6.5.1)

and
C(F)={z€C\R:zesing(F ), |F(z) — 2| + |F'(z)| > 0}, (6.5.2)

so that C(F') contains the non-real singularities of the inverse function F~! that are not

superattracting fixed points of F'. We can now state the aforementioned useful lemma.

Lemma 6.28. Let F be a real meromorphic function on the plane. If C(F') is finite,
then so is A(F) and |A(F)| < |C(F)|.

Proof. Let zj € A(F). We suppose first that |F’(z;)| < 1. It then follows that z; lies in a
component C; of the Fatou set of . This component is called the immediate attracting

basin of the attracting fixed point z;, and we have
F"(z) = z; as n— o0, z€C(j. (6.5.3)

If we suppose instead that F”(z;) = —1, then there must exist at least two components
of the Fatou set on which F"(z) — z; and which include z; in their boundary. These
components are called Leau domains [46, §10]. In this case, we let C; be the union of
all these Leau domains, so that we again have (6.5.3).

It follows from (6.5.3) that distinct points z; € A(F') give rise to disjoint subsets
C; of the Fatou set. Since F' is real, we see also that no C; can meet the real axis.
Moreover, co ¢ C; because if F' is a real rational function, then F"(c0) € R U {o0}.

It is well known [4, §4.3] that each set C; must contain a point of sing(F 1), say w;.
By the previous paragraph, w; € C\ R. If w; is a fixed point of F, then w; = z; by
(6.5.3), in which case |F'(wj)| = |F'(z;)| > 0 since z; € A(F). Hence, w; € C(F) and
the result follows. O
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6.5.1 Proof of Corollary 6.5

As in the statement of the corollary, we take a < % and let f be a real entire function
such that f’/f is of finite lower order. Suppose that ff”/(f')? —a has only finitely many
non-real zeroes.

We aim to show that f has only finitely many non-real zeroes. Let G be defined by
(6.4.2), where h = (1 —a)~! and so 0 < h < 2. By (6.4.2) and our hypotheses on f, we
see that G has finite lower order and G’ has finitely many non-real zeroes. Lemmas 6.15
and 6.17 now show that G~! has finitely many direct, and no indirect, transcendental
singularities over C \ R. Thus the set C(G) is finite (this is trivial if G is a rational
function), and Lemma 6.28 implies that A(G) is also finite.

If ( € C\ R is a zero of f of multiplicity m, then G(¢) = ¢ and

G')=1-h <f>l(§) =1- L € [-1,1).
I m

Hence, assuming that ¢ is not one of the finitely many non-real zeroes of G’, we have
that ¢ € A(G). We therefore deduce that f has a finite number of non-real zeroes.
Theorem 6.4 now gives that f € Uy, for some p.

Now suppose that ff”/(f')? # a on H. Then by (6.4.2), the finite critical values of
G are all real. Since f € U;,, Lemma 6.24 applies and shows that G has no asymptotic
values in C \ R. Thus C(G) is empty. Therefore, Lemma 6.28 shows that A(G) is also
empty, and so f cannot have any zeroes ¢ € C\ R. Hence, f must belong to the class

LP by Theorem 6.4 (recall from Section 6.1.2 that Uy = LP).

6.5.2 Proof of Theorem 6.6

Let k& > 2 and let f be a real entire function such that =1 /f*=2) ig of finite lower
order (we exclude the case where f(*~2) = 0). Assume that all but finitely many of the
non-real zeroes of ff*) are also zeroes of f#~2) and f* =1 Write

f(H) ) , f(kf2)f(k)
Fip(z) =2z — f(kl)z)’ F, = —W. (6.5.4)

Then Fj, is the Newton function of f*~2) and is, in particular, a real meromorphic

function of finite lower order.

Lemma 6.29. If ¢ is a non-real zero of f=2) of multiplicity m > 2, then { € A(F}),
where A(Fy) is defined by (6.5.1) and (6.5.4).

Proof. Observe that Fj(() = ¢ and calculate

(k-2)\’ 1
F(Q) =1~ (%) (()=1- oo
Hence, 3 < F}(¢) < 1 and thus ¢ € A(Fy). O
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By Lemma 6.29, all but finitely many of the non-real zeroes of ff*) are members
of A(Fy), because of our assumption about these zeroes.

Our next task is to prove that C(F}) is finite. The main observation here is that by
(6.5.4), all but finitely many of the non-real critical points of F}, are also fixed points of
Fy. Using (6.5.2), this immediately implies that C(F}) contains only a finite number of
critical values of Fj.. A second consequence of our observation is that the set of critical
values of Fj, can have no limit points in C \ R. Therefore, by Lemma 6.17 there are no
indirect transcendental singularities of F~ ! lying in C\R. Hence, using Lemma 6.15 we
see that Fj has only finitely many non-real asymptotic values, and so C(Fy) is indeed
finite.

An application of Lemma 6.28 now shows that ff®*) has finitely many non-real
zeroes. Theorem 6.2 then implies that f has finite order, and hence f € U, for some p.

We prove next that f € LP if all the non-real zeroes of ff*) are zeroes of fk=2)
and f*#~1. For such a function f, Lemma 6.29 shows that all the non-real zeroes of
ff%®) lie in A(F},). Therefore, by Theorem 6.1 and Lemma 6.28, it will suffice to show
that C(Fj) = () in this case. By (6.5.4), a non-real zero of F}, is now necessarily a zero
of -2 and so a fixed point of Fj. Using (6.5.2), it follows that no critical values
of Fj belong to C(Fy), and it just remains to show that Fj, has no non-real asymptotic
values. Since the class U3, is closed under differentiation [12, Corollary 2.12], we have
that fk=2) ¢ Uj,- Therefore all the statements made when proving Theorems 6.3 and
6.4 in Section 6.4 remain valid with f(#—2)

f with f#=2) and set a = 0, then the function G' defined in (6.4.2) becomes Fj. The

result we require is then provided by Lemma 6.24.

in place of f. In particular, if we replace

6.6 Theorem 6.7 and applications

In this section, we will establish Theorem 6.7 and then apply it to prove Theorems 6.8,
6.9 and 6.10.

6.6.1 Proof of Theorem 6.7

We shall first obtain a normal families result for functions satisfying (I') or (II'). This
leads to a lower bound for the distance between the distinct zeroes of such functions,
from which a careful counting argument gives the first estimate of (6.2.1). The half-
plane versions of some standard value distribution results then complete the proof of
Theorem 6.7.

We begin with the following theorem of Bergweiler and Langley [8], where Res(F, w)
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denotes the residue of F' at w, and the differential operators W, are defined by

W) =y V() = 9Pl) + ()

Lemma 6.30 ([8]). Let k > 2 and let Fy be a family of functions meromorphic on a
domain Q. Then Fy is a normal family on S if there exists § € (0,1] such that the
following conditions hold for all F € Fy.

e Ui (F) has no zeroes.
o Ifw is a simple pole of F, then |Res(F,w) — j| >0 for all j € {0,1,...,k—1}.

e For all discs D(c,R) C Q such that D(c,0R) contains two poles of F' counting
multiplicities, but D(c, R) \ D(¢,0R) contains none, we have

> Res(Fw)—(k—1)| >4
weD(c,0R)

We repeat the observation made in [8] that an easy proof by induction yields

Vi(g'/9) = 9™ /g. (6.6.1)

Lemma 6.31. Let k > 2, let a € C\ {%, 1} and let G be a family of functions analytic
on a domain Q). Suppose that for each g € G, either

(i) every zero of gg'"®) in Q is a zero of g with multiplicity at least k; or

(ii) gg”" — a(g')? has no zeroes in ().
Then F ={g/g : g € G} is a normal family on SQ.

Remark. In fact, Lemma 6.31 holds for a family of meromorphic functions provided
that every member satisfies condition (i) and -1+ ¢ N as well as a # 1, 1. The proof

needs only minor modification, but we will not need this result.

Proof of Lemma 6.31. We may assume that either every g € G satisfies (i) or that every
g € G satisfies (ii). Suppose first that each g € G satisfies condition (i) and let G = ¢'/g.
Then using (6.6.1), we see that W(G) = ¢(*) /g does not vanish in Q. Moreover, the
poles of G are simple and have integer residues not less than k. Therefore, the family
Fo=19"/g: g € G} satisfies the hypotheses of Lemma 6.30, and hence both Fy and F
are normal on €.

Next suppose instead that each g € G satisfies condition (ii). We may assume
that a is non-zero, otherwise every g € G satisfies (i) with £ = 2. This time we set
G = (1 —a)g’/g and again appeal to Lemma 6.30. We see that

N\ 2 "o \2 —a
Uy(G) = G+ G = (1—a) ((1—a> (z) + 99 92@) ) :192 (99" — alg)?),
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and so Us(@G) has no zeroes in . Condition (ii) implies that g has only simple zeroes,
so that G has only simple poles, each with residue 1 — a. Since 1 — a is neither zero nor
one, and 2(1 — a) # 1, we find that the family 71 = {(1 —a)g¢'/g : g € G} satisfies the
hypotheses of Lemma 6.30 with k& = 2. Therefore, F; is normal on 2 by Lemma 6.30,
and the result follows. O

The next lemma is essentially contained in [15, Lemma 2.1]; its proof is reproduced

here for completeness. Recall the notation
E(R) ={z€ H :|z| > R}. (6.6.2)

Lemma 6.32 ([15]). Let R >0, d >0 and 0 < ¢ < 1. Suppose that u is meromorphic
on H such that the family
{u(zo + (cIm zp)z)

clm zg

D20 € E(R)}

is normal on the unit disc, and |u'(¢)| > d whenever u(¢) = 0 with ( € E(R).
Then there exists b > 0 with the following property: any pair z1,z0 € H of distinct

zeroes of u satisfies |z1 — zo| > bIm 2;.

Proof. Let z1 € H be a zero of u. Since u has only a finite number of zeroes lying
in {z € H : |z| < R}, there is no loss of generality in assuming that z; € E(R). By
equicontinuity, there exists a positive constant §, independent of the choice of z1, such

that
u(z1 + (cImz1)2)

clm =

<1 for ze€ B(0,26);

equivalently, |u(z)| < ¢Imz; for z € B(z1,20cIm z;). Now assume that 2, is a zero of u

with 0 < |21 — 22| < dcIm z;. The function

(z—21)(z — 22)

is analytic on B(z1,20cIm z1), and satisfies

clm z;
h <
Ih(z)] = (26cIm z1)(0cIm z71)
on the boundary of B(z1,2d¢Im z;), and so on the whole disc by the Maximum Principle.
Therefore,
d < i (21)] = (21 — 22)h(z)] < 22=22L
< |u'(z1)] = [(21 — 22)h(21)] < 58%cTm
which gives the required lower bound for |z; — 29| O

Lemma 6.33. Let b > 0 and suppose that u is meromorphic on H such that any pair
21,29 € H of distinct zeroes of u satisfies |z1 — zo| > blm z. If the zeroes of u have

bounded multiplicities, then MN(r,1/u) = O(logr) as r — oo.
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Proof. We begin by claiming that, for r > 1,

1
{z:]z\Zl, gr}gDT:{aﬁ—i—iy:gySr, ]azgﬁ/ry}. (6.6.3)
r

i
Z —_
2 2
See Figure 6.3. To prove this claim, suppose that = + iy lies in the set on the left-

hand side of (6.6.3). By calculating that S(0,1) intersects S(ir/2,r/2) at points with

imaginary part 1/r, we get that 1/r <y <r. Then
2

. i r 9 ™2 r
e e A I
211/2
= o[ < |ry—y?| " <y

and hence =z 41y € D,.

—1 0 1
FIGURE 6.3: The truncated parabola D,..

Cover the upper half-plane H with squares
Apg= {z (271 <Imz < 2P, |Rez — 2P 1¢| < 2p*2}, p,q € 7,

as shown in Figure 6.4. Observe that each square A, , contains at most N zeroes of
u, where IV is independent of p and ¢. This is because the distinct zeroes in A, , are
separated by a distance of at least 2°~'b and have bounded multiplicities. It now follows
from (6.6.3) that n(r,1/u) is at most N times the number of squares A, , that meet D,.
To count these squares, first note that row p meets D, if and only if 2? > 1/r and
2P=1 <y or equivalently, —L < p < L+ 1, where L is the greatest integer not exceeding

logy r. When row p meets D,, the square A, , does so if and only if

1
2 (- 3) < Vi

and there can be at most 4 (2_p/ 2\/77) + 2 such integers ¢q. Therefore, the number of

squares A, , that intersect D, does not exceed

L+1 y 2L/2
—p/2
) (4(2P \/;)+2) < Vi T AL+
p=—
4r
S 1_27_1/2+410g27“+4.
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Asp
Imz=2
A1 A1 A
Imz=1
Ap—3 | Ao,—2 | Ao—1 Ao Ao Ap2 Ap3
Imz = %

0
FIGURE 6.4: Each square A, , has side length 2P~

Hence, n(r,1/u) = O(r) as r — oo. Recalling definition (6.1.1) now completes the

proof. O

We are now able to apply the preceding sequence of lemmas to establish Theorem 6.7.
To this end, let f be analytic on H and satisfy either (I') or (II'). Fix ¢ € (0,1). Then
for a sufficiently large choice of R, the family

G={f(z0+ (cImzp)z) : z0 € E(R)} (6.6.4)

of analytic functions on the unit disc satisfies the hypothesis of Lemma 6.31. Hence,

B f(zo+ (¢Imzp)z)
F= { (cIm zp) f'(z0 + (cIm zp)z2)

120 € E(R)} (6.6.5)

is a normal family on the unit disc by Lemma 6.31.

We note that the multiplicities of the non-real zeroes of f are bounded above by
some constant My. In case (II'), this follows from the fact that f has only finitely many
non-real multiple zeroes. We now write u = f/f’. If { is a non-real zero of u, then
must also be a zero of f, say of multiplicity m, and so u/(¢) = 1/m > 1/Mj. Therefore
Lemma 6.32 applies to u with d = 1/Mj, since we have shown that (6.6.5) is normal on
the unit disc. Upon combining the conclusion of Lemma 6.32 with the observation that

u has only simple zeroes, we obtain from Lemma 6.33 that
N(r,1/f) < MoMN(r,1/u) = O(logr), r — 0. (6.6.6)

This establishes the first estimate of (6.2.1).
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We now assert that
T(r, f'/f) =O(logr), 1 — 0. (6.6.7)

In the case that f satisfies (II'), we can use Hayman’s Alternative to deduce (6.6.7) as
follows. Since (7, 1/u) = O(logr) by (6.6.6), and

fI" —a(f")?
(f)?

has finitely many non-real zeroes by (II'), Hayman’s Alternative (Lemma 6.12) gives

W —14+a=—

that T(r,u) = O(logr) as r — oo.

Now suppose instead that f satisfies (I'). Observe that it will suffice to show that
(6.6.7) holds as r — oo outside a set of finite measure, because the Tsuji characteristic
differs from a non-decreasing continuous function by a bounded additive term [17, p.27].
Hence, if (6.6.7) fails to hold, then there must exist a set J of infinite measure such
that logr = o(ZT(r, f'/f)) as r — oo through values in J. Since f is analytic on H and
satisfies (I'), we get from (6.6.6) that

N(r, 1/f) +N(r, 1/fF) +N(r, f) = O(logr) = o(Z(r, f'/f)) asr — co on J.

Since the lemma of the logarithmic derivative holds for the Tsuji characteristic (see [17,
p.108]), we can now apply the standard Tumura-Clunie argument [20, Thm 3.10, p.74]
on J to obtain a contradiction. Here we use the fact that all the exceptional sets arising
in the proof have finite measure, and that the exceptional cases encountered all imply
(6.6.7) anyway. See also Lemma 1 of [28] and the remark of [28, p.476].

Write
fU+U

Li=5m
so that T(r, Lg) = O(logr) as r — oo, by (6.6.7). Assume the inductive hypothesis that
T(r, Lj) = O(logr) as 7 — oo, for some j > 0. As L’/L; only has (simple) poles at the

zeroes and poles of L;, we know that
N(r, L;»/Lj) =O0(%(r,L;)) = O(logr), r — 0.
Moreover, the lemma of the logarithmic derivative on a half-plane [17, p.108] gives that

m(r, L’;/Lj) = O(logr). Thus, using the relation

!/

Lij1=Lj+ -2 (6.6.8)
L;

and a standard inequality from Section 6.1.3 shows that T(r, L;j11) = O(logr) as r — oco.

The second estimate of (6.2.1) now follows by induction.
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Remark. Theorem 6.7 states that f has very few zeroes from the viewpoint of the Tsuji
characteristic. However, f could have many non-real zeroes in the Nevanlinna sense; in
fact, these zeroes could have infinite exponent of convergence. This difference can arise
when the zeroes are concentrated near the real axis, as suggested by Figure 6.4. We
remark, however, that the condition on the separation of the zeroes in Lemma 6.33 is
not strong enough to conclude that the zeroes form an A-set as studied, for example,
by Shen in [56].

6.6.2 Proof of Theorem 6.8

The proofs of parts (i) and (ii) are similar but for clarity they are presented separately.

Part (i). Suppose that all but finitely many of the non-real zeroes of ff* =1 f(*) are
zeroes of f with multiplicity at least k but at most M. To show that f € U;, for
some p, it will suffice by Theorem 6.2 to show that ff%*) has only finitely many
non-real zeroes. Define Fj by (6.5.4), and note that all but finitely many of the
non-real zeroes of ff*) belong to A(F},) by Lemma 6.29. Hence, by Lemma 6.28
it will suffice to prove that C(F}) is finite. As in Section 6.5.2, the hypothesis on f
and (6.5.4) imply that all but a finite number of the non-real critical points of Fj,
are fixed points of F}, so that C(F}) contains only finitely many critical values of
Fj by (6.5.2). It remains to show that Fj does not have infinitely many non-real

asymptotic values.

The function f satisfies (I'), so Theorem 6.7 and (6.5.4) give that
T(r, Fy) = T(r, fED/02) £ O(1) = O(logr)  as r — oo

Lemma 6.16 now shows that there is at most one direct transcendental singularity
of Iy~ Ulying in H. Observe that our hypothesis on f implies that F}, has a finite
number of poles in H. It follows that F} has at most two asymptotic values in H,
since any pair of indirect transcendental singularities requires a direct singularity
over oo lying between them by Lemma 6.18. Therefore, Fj has at most four
non-real asymptotic values. This completes the proof that f € Us,.

k) are zeroes of f with

Now assume that all of the non-real zeroes of ff*—1) f(
multiplicity at least & but at most M. We have already shown that f € U3, so f
has finite order and, in particular, f*—1 /f (*=2) must have finite lower order. We

conclude that f € LP by Theorem 6.6.

Part (ii). Suppose that f’ and ff” —a(f')? both have only finitely many non-real zeroes.

We aim to show that the zeroes of f are real with finitely many exceptions, so that
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f € Us, for some p by Theorem 6.4. We define G by (6.4.2) with h = (1—a)™", so
that h € (0,2). Then G has finitely many non-real critical points by (6.4.2) and
our assumptions on f. Note that if ( € C\ R is a zero of f, but is not one of the
finitely many non-real zeroes of G’ or f’, then by (6.4.2),

f /
GO =¢ md G =1-n(%)©=1-he (11,
and so ¢ € A(G). Therefore, to show that f has finitely many non-real zeroes, it
will again suffice by Lemma 6.28 to show that C(G) is finite. Since G has a finite
number of non-real critical values, we only need to limit the number of non-real

asymptotic values.

Using the fact that f satisfies condition (II'), we deduce from Theorem 6.7 that
T(r,G) = O(logr) as r — oo. The proof that G has at most four non-real
asymptotic values is now exactly as in part (i), using the fact that non-real poles
of G can only occur at the finitely many non-real zeroes of f’. This completes
the proof that f € Uj,, and we note that this certainly implies that f'/f is of
finite lower order. Under the stronger assumption that ff” — a(f’)? has no non-
real zeroes, Corollary 6.5 immediately gives that f € LP (see also the sentence

preceding Theorem 6.4).

6.6.3 Proof of Theorem 6.9

We will use the following simple lemma.

Lemma 6.34. Let g be a meromorphic function and let L; = g(jH)/g(j). Then the
orders satisfy p(Lj11) < p(L;).

Proof. Assume that L; has finite order, otherwise there is nothing to prove. Equation

(6.6.8) holds for the Lj, and so

T(r,Lj41) < T(r,L;)+T(r, L;/Lj) +O(1) <4T(r,L;j) + O(logr), 1 — 00,
using the lemma of the logarithmic derivative. O

To prove Theorem 6.9, suppose that f is a real entire function such that either

(i) condition (I') holds and the zeroes of f() have finite exponent of convergence for

some 0 <j<k—1;o0r

(ii) condition (II') holds and the zeroes of f() have finite exponent of convergence for

j=0or 1.
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In either case, let L* = f'/f if j = 0, and let L* = fU~1/f0) if j > 0. Then the poles

of L* have finite exponent of convergence, and so there exists K > 3 such that

*© N(t,L*
I1=/ (t}{ )dt<oo.
1

Theorem 6.7 gives that T(r, L*) = O(logr) as r — oo. Hence, by Lemma 6.13 and the

sentence preceding it, we have

o0 *
Iy = Mdt<oo.
1 t3

Since T'(r, L*) is an increasing function of r, we see that for r > 1,

L), [T

(2r)K tK

dt < I + I,

from which we deduce that L* has finite order.

In case (ii), the function L* is either f'/f or f/f’, and so f’/f must have finite order.
In this case, the proof is now completed by applying Corollary 6.5.

To conclude the proof in case (i), we first appeal to Lemma 6.34 to show that
p(f*=1 /=2y < p(L*). Then f*+=1D/f*k=2) certainly has finite lower order, and the

required results follow from Theorem 6.6.

6.6.4 Proof of Theorem 6.10

As in the statement of the theorem, suppose that f is an entire function satisfying
either (I') or (I'), and assume that the non-real zeroes of f() have finite exponent of
convergence for some j > 0.

There exists an entire function IT whose zeroes are precisely the non-real zeroes of
Y and whose order is equal to the exponent of convergence of these zeroes and so is
finite. (Here IT may be formed as a Weierstrass product, see [20, p.24-30].) Pick three

distinct values a1, as,as € C. Checking a straightforward set inclusion shows that
n(r,1/(1 - a,)) < n(r,1/(IT - a,))
and since Il has finite order, it follows that there exists K > 0 such that
N(r,1/(IT—a,)) < N(r,1/(II—ay)) = O(TK).

The Second Fundamental Theorem for the Tsuji characteristic (6.1.2) now gives

3
T(r,II) < Z‘ﬁ(r, 1/(IT — a,)) + O(log 7 + log T(r, 11)) = O(r¥)

v=1
as r — oo outside a set of finite measure. It follows that in fact T(r,II) = O(rK)

as r — oo without an exceptional set, because ¥(r,II) differs from a non-decreasing
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continuous function by a bounded additive term [17, p.27]. Using this, the lemma of the
logarithmic derivative [17, p.108] gives that m(r,II'/II) = O(log r) as r — oc.
Define the entire function g by f@) = IIg, so that g has only real zeroes. Then

/ (J+1) /
m <7‘, i}) <m (r, %) +m <r, IIII) +0(1) = O(log ), (6.6.9)

as r — 00, by using the above and Theorem 6.7. Since g satisfies (6.6.9) and has only

real zeroes, Theorem 1A of [56] states that loglog M (r,g) = O(rlogr) as r — co. As Il

has finite order, it follows that
loglog M(r, f9) = O(rlogr), r — oc. (6.6.10)
By integrating fU) a total of j times, it is easy to see that
M(r, f) < IM(r, f9)Y+ 0@, r— oo,
so that (6.6.10) leads to the required estimate,

loglog M(r, f) = O(rlogr), r — oo.

6.7 Proof of Theorem 6.11

For functions of finite order, Theorem 6.11 follows immediately from Theorem 6.6.
Therefore to prove Theorem 6.11 in full, it will suffice to show that any function satis-
fying the more general hypotheses has finite order. Note further that the j = k —1 case
of Theorem 6.11 is contained in Theorem 6.8(i).

Henceforth, we shall assume that f is an infinite order function that satisfies the
more general hypotheses of Theorem 6.11 with j < k — 2. We aim to demonstrate a
contradiction with Theorem 6.2 by showing that ff*) has only finitely many non-real
zeroes. The proof will then be complete.

We will again study a suitable Newton function. Let

B FE=2)(2) , [k p(k=2)
The next result is absolutely central to Theorem 6.11, but we postpone its proof to
Section 6.7.2. Instead, we first describe how we may obtain the desired contradiction

from it by applying the ideas of Section 6.5.
Proposition 6.35. F~! has no indirect transcendental singularities over C \ R.

In fact, once Proposition 6.35 is established, it is easy to show that F' has only a finite

number of non-real asymptotic values. To do this, observe that f satisfies condition (I’)
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of page 77, so that T(r, F') = O(logr) by Theorem 6.7. Then Lemma 6.16 gives that
F~1 has at most two direct transcendental singularities over C \ R.

Using (6.7.1) and the hypotheses on f, we see that all but finitely many of the non-
real critical points of F' are also fixed points. Hence, the set C(F') defined by (6.5.2) is
finite. Lemma 6.28 now gives that the set A(F') of (6.5.1) must also be finite. Since
Lemma 6.29 applies to zeroes of f with multiplicity at least k, we find that the non-
real zeroes of ff*) belong to A(F) with only finitely many exceptions. This leads us
to deduce that ff%*) has only finitely many non-real zeroes. As indicated earlier, this

contradiction with Theorem 6.2 is enough to complete the proof of Theorem 6.11.

6.7.1 An estimate required for Proposition 6.35

Write, for m =0,1,...,k,
f(m—H)

Lm _ W.
Then because f satisfies condition (I') of page 77, we get from Theorem 6.7 that

T(r, L) = O(logr), asr — oo. (6.7.2)

This section is devoted to proving the following result, which will later be used in
the proof of Proposition 6.35. Both these proofs will use many ideas from [38], where

Theorem 6.2 was proved for k > 3.

Proposition 6.36. Let § > 0 and P > 0. Then on a set of r of logarithmic density 1

we have

Fm D (z)
|Lm(2)| = ‘f(m)(z)

> 2|, Jel=r d<argz<m—6 (6.7.3)

for 0 <m <k.

In fact, Proposition 6.36 holds for any real entire function f of infinite order that
satisfies (I') and has non-real zeroes with finite exponent of convergence.

We use a Levin-Ostrovskii factorisation
similar to that discussed for Ly in Section 6.3.2. See also [38, §4].

Lemma 6.37. For 0 < m < k, there exist real meromorphic functions ¢, and ¥y,

satisfying (6.7.4) such that

(i) either ¥y, =1 or vy, (H) C H;

(ii) ém has only simple poles, all of which are zeroes of ) and only finitely many of

which are real; and

(iii) ¢m has finite order.
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Proof. It f(™) has a finite number of real zeroes, then we set ¢, = 1. Otherwise, f(™
has infinitely many real zeroes a,. The a,, are simple poles of L,, and we may assume
that a, < an+1. By Rolle’s Theorem, there exists a zero b, of f (mH), and hence of L,
in (ap,an+1). For |n| at least some large ng, the numbers a,, and a,; have the same
sign. We now take 1, to be the product of the terms

1—2z/b,

T In| > no,
n

pn(2)

this product converging by the alternating series test. For z € H, we observe that
argp,(z) is the angle between the lines from z to a, and b, respectively, so that
arg ¥, (z) = ZlenO argpn(z) € (0,7), and thus 9,,(z) € H. Hence, 1, and ¢,
satisfy (i) and (ii) by construction.

From part (i) and Lemma 6.20, we get that mo.(r,1/¢,,) = O(logr) as r — oo,
where mox(r, 1/¢m,) is defined by (6.3.1). Using this, (6.7.2) and (6.7.4), and applying
Lemma 6.13, gives that

/OO mOﬂ'(Ta ¢m) dr < /OO mOTr(T7 Lm) + mOw(rv l/wm)
1 73 )

3 dr < oc. (6.7.5)

Following [38, Lemma 4.1], we now claim that there exists ¢ > 1 such that, for
0<m<k,
n(r, om) < Z n(r,1/¢,) + O(r?) asr — oo. (6.7.6)

0<p<m

To prove this we need only consider the non-real poles of ¢,,, since ¢,, has only finitely
many real poles by part (ii). When m = 0, the estimate (6.7.6) follows from noting that
the (simple) non-real poles of ¢y are non-real zeroes of f, and so have finite exponent
of convergence. Now suppose that m > 1 and zg is a non-real pole of ¢,,. Then zg is
a simple pole of ¢, and a zero of f™). Let 0 < p < m be the least integer such that
f®)(2) = 0. Then either p > 1 and ¢,_1(20) = 0; or else z is a non-real zero of f,
and these have finite exponent of convergence. This completes the proof of (6.7.6), as
claimed.

We now prove part (iii) of the lemma by induction on m. Suppose that p(¢,) < oo
for 0 < v <m —1 (we assume nothing when m = 0). Then from (6.7.6) we have that,
for some ¢, > 1,

N(r,¢pm) = O(r™) asr — oo.

Hence, using (6.7.5) and the fact that ¢,, is a real function,

o T(Tv ¢m) o 2’m07r(7“, ¢m> > N(T’, (bm)
/1 dTS/l —s dr+/1 — " dr < 0.

r(Im +2 r T(Im+2

Since T'(r, ¢p,) is increasing, it follows that ¢, is of finite order. O
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The next lemma provides a pointwise estimate for the logarithmic derivative of a

finite order function. It is a special case of Corollary 2 of [19].

Lemma 6.38 ([19]). If h is a meromorphic function of finite order, then

K(z)
h(z)

as |z| =r — oo outside a set of finite logarithmic measure.

1 +

’ = O(log7)

By Lemma 6.37, each of the functions ¢,, has finite order. We can therefore apply
Lemma 6.38 to show that, for 0 < m < k,

P (2)
Pm(2)

as |z| = r — oo outside a set of finite logarithmic measure.

Lemma 6.37(i) states that if v, # 1, then v,,(H) C H. In this case, an analytic

log™

‘ = O(logr) (6.7.7)

branch of log,, may be defined on H. By Bloch’s Theorem, the image of B(z, 1“212)

under log ¢, must contain a disc of radius at least Cg|(log,) (2)|"™2%, where Cp is

Bloch’s Constant. As this image is contained in log H, the radius of such a disc cannot

exceed 7/2 and therefore

/
Un)| (6.7.8)
U (2) Cplm=z
Using (6.7.4) and the definition of the L,,, we obtain the identity
Loy m—1 m—1
L:L_+m—:L_+m—+m—7
" met mel mt gbmfl 77[)m71
which immediately leads to
/ /
_ Vp1(2)
log | L ()] > log™*| L1 ()] — log | 2=t | gt (Ym0 (679
¥ Ln(2)] = log Ly (2)] — log*| S22 25 —log | L2 g3, (6.7.9)

If we now take z with |z| = r and § < arg z < 7 — §, and repeatedly use (6.7.9) together
with (6.7.7) and (6.7.8), then we conclude that

log ™| L (2)| > log™|Lo(2)| — O(logr) (6.7.10)

as r — oo outside a set of finite logarithmic measure. As a result of (6.7.10), we see
that it will suffice to prove Proposition 6.36 with m = 0. We shall now concentrate on
this particular case.

Let II be a real entire function of finite order whose zeroes are precisely the non-real
zeroes of f. For example, II may be formed as a Weierstrass product [20, p.24-30]
because the non-real zeroes of f are assumed to have finite exponent of convergence.

Define g by
f=1lg;
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then g is real entire and has only real zeroes. We take the Levin-Ostrovskii factorisation
gd'/g = ¢ as described in Lemma 6.19. The function ¢ is entire by Lemma 6.19(i)
and (iii), as ¢ has no non-real zeroes. Moreover, ¢ is transcendental by Lemma 6.19(vi)
because f, and hence also g, are of infinite order. Observe that
f/ H/ g/ H/
Ly=—==—=+== —+¢¢; (6.7.11)
fooo g
We show next that the order of ¢ does not exceed 1. The characteristic T'(r, ¢)
of the real entire function ¢ is equal to 2mo.(r, ¢), and because this is increasing we
immediately obtain the inequality
T(R> (Z)) /2R 2m07r(7“, ¢)
R < ——"dr. 6.7.12
erp 5[y T (0742

From the fact that II has finite order, we can use the Tsuji half-plane versions of the

Second Fundamental Theorem and the lemma of the logarithmic derivative to show
that m(r, II'/II) = O(log ), as in Section 6.6.4. Together with (6.7.2) and (6.7.11), this
gives that m(r,¢'/g) = O(logr). We see from Lemma 6.19(i) and Lemma 6.20 that
mor(r,1/1) = O(logr). Using these estimates and applying Lemma 6.13 to ¢'/g, we
deduce that

m07r mox (1,9’ /9) + mox(r, 1/1) log R
[ [t s, st

as R — oo. The first inequality here just uses the fact that ¢ = (¢'/g)/v. Comparing
this estimate with (6.7.12) reveals that T'(R, ¢) = O(Rlog R), so that the order of ¢ is
indeed no greater than 1.

By combining the next lemma with the fact that ¢ is transcendental, we are able to

find points of large modulus that satisfy the inequality in Proposition 6.36 when m = 0.

Lemma 6.39. Given e > 0 and § > 0, we can find o € (0,0] and a set E; C [1,00) of
upper logarithmic density at most € with the following property. For each r ¢ Ey, there
exists 0 = 0(r) € (o,m — o) such that

T(r,¢)
2

log | Lo(re')| > —O(logr) asr— oc.

Proof. We begin by calling again upon two standard growth estimates that both hold
outside small exceptional sets. As the function II has finite order, Lemma 6.38 tells us

that
1 +

H/(Z) = ogr
o) ‘ = O(logr) (6.7.13)

as |z| = r — oo outside a set of finite logarithmic measure. Meanwhile, the order of ¢

does not exceed 1, and so we learn from Lemma 3.6 that, provided C > 1,

T(2r,¢) < CT(r, ) (6.7.14)
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outside a set of upper logarithmic density at most log2/log C. We now set C' = 21/e
and let 1 be the union of the above two exceptional sets. Then logdens Fy < e.

As ¢ is entire, Lemma 1.3 and (6.7.14) lead to
log M (r,¢) < 3T(2r,¢) < 3CT(r,¢), ¢ Ei. (6.7.15)

We now take o = min {%, (5} and claim that, for each r ¢ E7, we can pick 0 € (o,m7—0)

such that
T(r,)
5

Otherwise, if no such # exists, then we could obtain a contradiction as follows, by using

(6.7.15) and the fact that ¢ is a real function:

log p(re’)| >

(6.7.16)

1 2T )
T(r,¢) = 27r/0 log™ | (re™) | dt

4o T(r,¢) _ 3T(r,¢)
< — <
< 5 3CT(r,9) + 5 <4
We can now complete the proof of the lemma by using (6.7.11), (6.7.13), (6.7.16)
and Lemma 6.20,

1T (Tew)
I(re)

log|Lo(re”)| = log|g(re”)| + log[y(re)| — log*

> T(g@) — O(logr)

—log?2

as r — oo outside Ej. O
Lemma 6.40. Given ¢ > 0 and o > 0, we can find A > 1 such that ff*) has no zeroes
m

A(r)={z:r/A<|z| < Ar, 0/2 <argz <m—0/2}
for all r outside a set Ey of upper logarithmic density at most €.
Proof. Fix ¢ € (0,1) and let G and F be the families of functions on the unit disc
given by (6.6.4) and (6.6.5) respectively, where E(R) is as in (6.6.2). As f satisfies
condition (I'), a sufficiently large choice of R ensures that each member of G satisfies
hypothesis (i) of Lemma 6.31, and so we deduce that F is normal on the unit disc.
We now write v = f/f’. The argument following (6.6.5) shows that u satisfies the
hypothesis of Lemma 6.32.

Denote by z1, za, . .. those distinet zeroes of ff*) that lie in
{z:0/2<argz<m—0/2}.
Applying Lemma 6.32 to u gives b > 0 such that, if z,, z, are distinct zeroes of f, then
|2p — 24| > bIm z, > bsin(o/2)|z|.
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Since all but finitely many of the z, are zeroes of f, we may assume that the above
inequality holds for all distinct pairs z,, z, by reducing b if necessary. It follows that
the number of the z, that lie in any annulus {z : 7 < |z| < 2r} has an upper bound

independent of r. Therefore, we can find a constant B such that
#{zn 1 |zn| <1} < Blogr, r>2.

We now take A\ = exp(e/2B) and

00 Zn
Ey = U ['A’ A\zny] :
n=1

1 / dt
r—oo logr Eo>Nl1,r] t

Then

logdens F = limsup

1 Alzal gt
< limsup g / —
r—oco logr ] 2] /2 t
Blog A
< limsup 208 AT 2log A\ = ¢.

r—00 lo

It just remains to note that if w € A(r) and ff®) (w) = 0, then w = z, for some n. In

this case, /A < |z,| < Ar and hence r € Es. O

Lemma 6.41 ([38, Lemma 2.4]). Let s > 0 and let h be analytic on B(0,2s) with
h(z)h®)(2) # 0 there. Then G = W' /h satisfies

log M(s,G) < co(1 +log™|G(0)]),
i which cg > 0 depends only on s.

The estimate for Ly provided by Lemma 6.39 is valid at only one point for each value
of the modulus r. We now aim to use Lemmas 6.40 and 6.41 to extend this estimate to
a large arc of the circle |z| = r.

Choose ¢ > 0 small, let 0 and Fq be as in Lemma 6.39, and let A and E5 be as in
Lemma 6.40. Let » > 1 with r ¢ E; U E, and take § = 6(r) as given by Lemma 6.39.

Define the scaled functions

= f(rz z) = 1:(2) =rlLg(rz
fr(z) _f( )7 Gr( ) fr(z) LO( ) (6717)

Lemma 6.40 gives that ff*) has no zeroes in A(r), and so it follows that f, ﬁk) is
non-zero on A(1). Therefore, repeated application of Lemma 6.41 gives a constant ¢y,

depending only on A and o, such that
log® |G, (€)| < e1(1 + logT |G (e))])
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for all t € [6,m — 4]. It is clear from (6.7.17) that
[Lo(rz)| < |Gr(2)| < r|Lo(rz)],
and so we can re-write the above as
logT|Lo(re?)| < ¢1(1 + logr + logt|Lo(re')|), t e [d,m—0].
Combining this with the result of Lemma 6.39 gives that
log™|Lo(re™)| > coT(r, ¢) — O(log ), ted,m—0], (6.7.18)

as r — oo outside F7 U Es, and where the constant ¢s is independent of r and ¢.
By recalling (6.7.10) and the fact that ¢ is transcendental, the estimate (6.7.18) shows
that (6.7.3) holds for r outside an exceptional set with upper logarithmic density at most

2e. Since € may be chosen arbitrarily small, this completes the proof of Proposition 6.36.

6.7.2 Proof of Proposition 6.35

Assume that F~! has an indirect transcendental singularity over some a € H. Our
strategy for demonstrating a contradiction is based upon [38, §10] and will be as follows.
First, we find a whole sequence of asymptotic values 3, such that F'(z) — /3, as z tends

to infinity on a path I',. From (6.7.1), we have that

(1)
Li a(2) = ; _— 8 = — ot (6.7.19)

Hence, Proposition 6.36 shows that F'(z) &~ z in most of the plane. It follows that
the region where F' is near (3, must be narrow, and this fact can be used to deduce
that F' — B, quickly on I',,. Via (6.7.19), this leads to a good description of how Lj_o
behaves like (z — 3,) ! on T',,. By integrating this, we discover the asymptotics of f (k—2)
on I'y, and then also of fU) and fU~Y by further integration. The hypothesis on the
zeroes of f) implies that 1 /Lj—1 = fla-n /f () has only finitely many non-real poles.
This lack of poles, together with our asymptotic knowledge of this function, allows us to
show that 1/L;_; grows rapidly in the upper half-plane. The contradiction between this
fast rate of growth and the estimate of (6.7.2) will ultimately establish Proposition 6.35.

Following the above outline, the details of the proof will now be presented under the
assumption that F~! has an indirect transcendental singularity over a € H. We are
guided by [38, §10] throughout.

Recall that the non-real critical values of F' form a discrete set because, by (6.7.1),

all but finitely many of the non-real critical points are fixed points. The proof of [38,
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Lemma 10.3] uses this fact to show that, for n = 0,1,2, ..., there exist pairwise distinct

Bn € H and pairwise disjoint simple paths to infinity I';, C H such that
F(z) —» B, as z— 00 on I',.

We now appeal to the argument of Lemmas 10.4, 10.5 and 10.6 of [38] — these rely on
[38, Lemma 9.2], the conclusion of which is provided in our case by Proposition 6.36 and
(6.7.19). By doing so, we are able to find constants A, € C\ {0} and error functions 7,
such that

FED() = An(z = Ba) + (=), Talz) = Ol 7Y, (6.7.20)

as z — oo on I', (this is Lemma 10.4 and (42) of [38]). Furthermore, for any K € N,

/ 7 (1) || < 0. (6.7.21)

I'n
This assertion is part of [38, Lemma 10.6] and means that the error term 7, decays

quickly on T',,. The next lemma is essentially Lemma 10.7 of [38].

Lemma 6.42. Let 0 < m < k —2. Then, as z — co on 'y,

An(z _ ﬂn)kfmfl

ey + O )

() =

Proof. If m = k — 2, then the result is an immediate consequence of (6.7.20). Now
assume that m < k — 3. Fix zy € I';,, and write

An(z _ 5n)k—m—1
(k—m—1)!

h(z) = f™(z) -

Then (6.7.20) gives that h(*="=2)(z) = 7,,(2). Taylor’s formula with the integral form

of the remainder gives a polynomial @) of degree at most k — m — 3 such that

2y —u k—m—3
h(z) = Q(z) + / ((k_m)_g)!m(u) du.

Using (6.7.21) now shows that h(z) = O(|z|F~™3) as z — oo on I',,, as required. O

Recalling our assumption that 1 < j < k — 2, we apply Lemma 6.42 with m =5 —1
and m = j to show that, as z — oo on I'y,

JUE) (=BT O 2B,
FOG) k=)= B)F T+ O(F59) &k

+0(|z|™Y). (6.7.22)

By the hypothesis on the non-real zeroes of f(), there exists a large r such that
E(r1) = {z € H : |z| > 1} contains no poles of fU~1/f0). We can now choose simple
paths I'} in E(r1), each tending to infinity and pairwise disjoint apart from a common

starting point, such that (6.7.22) holds as z — oo on I'}. Relabelling if necessary,
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we obtain pairwise disjoint simply-connected subdomains D1, Ds, ... of E(ry), with D,
bounded by I'? _; and I'},. Set

f(jil)(z) Z = 571
fOz)  k—j’

The construction of the D,, shows that H,, is analytic on the closure D,,. Furthermore,

Hy(z) = (6.7.23)

by considering (6.7.22), we see that H,, tends to zero as z — oo on I'}, while H,, tends

Bn_ﬂnfl
k—j

on D,, by the Phragmén-Lindel6f principle [59, p.308] (see also Lemma 6.18).

to the non-zero value as z — oo on I'y ;. Therefore, H,, must be unbounded
Let N be a large integer. Take ¢* > 0 large, and for n = 1,..., N define

0, z € C\ D,.
Then each wu, is a continuous subharmonic function on the plane that is both non-

negative and non-constant. Let 6,,(s) be the angular measure of the intersection of D),

with the circle |z| = s. Applying Lemma 6.14 to u,,, with r9 large and 1 < n < N, gives

/ TdS g B(2r,un) +0(1) < log (1/ un(4re“)dt>+0(1)
o § 2m 0

A

IN

log (mOW(4T7 Hn)) + O(l)

N U1
log™ | mox | 4r, N + o(log )

as r — 00, using (6.7.23). Summing this over n, and combining with the the Cauchy-

IN

Schwarz inequality

) N N 1 N -
NS00 5 LGy

yields

(-1)
N2logr < Nlog™t (mo7r (47“, ff(])>> + o(logr), r — 00.

Since f) /U= = [, 1, this implies that
(N —o(1))logr < log+(m07r(47’, 1/L;—1)), 7 — 00,

and so, for all large r,
mox(r,1/Li—1) > V7L (6.7.24)

However, (6.7.2) gives that T(r,1/L;—1) = O(logr) as r — oo. Therefore, by

/oo m()ﬂ-(T, 1/Lj_1) dT‘
1 3

converges. As N is large, this clear contradiction with (6.7.24) is enough to complete

Lemma 6.13 the integral

the proof of Proposition 6.35.

109



[1]

[2]

[3]

[4]

[5]

[6]

[7]

8]

[11]

[12]

References

M. Alander, Sur les zéros extraordinaires des dérivées des fonctions entieres réelles,
Ark. for Mat., Astron. och Fys. 11 No. 15 (1916), 1-18.

M. Alander, Sur les zéros complexes des dérivées des fonctions entitres réelles, Ark.

for Mat., Astron. och Fys. 16 No. 10 (1922), 1-19.

P. D. Barry, The minimum modulus of small integral and subharmonic functions,

Proc. London Math. Soc. (3) 12 (1962), 445-495.

W. Bergweiler, Iteration of meromorphic functions, Bull. Amer. Math. Soc. 29

(1993), 151-188.

W. Bergweiler, On the zeros of certain homogeneous differential polynomials, Arch.
Math. 64 (1995), 199-202.

W. Bergweiler and A. Eremenko, On the singularities of the inverse to a meromor-

phic function of finite order, Rev. Mat. Iberoamericana 11 (1995), 355-373.

W. Bergweiler, A. Eremenko and J. K. Langley, Real entire functions of infinite

order and a conjecture of Wiman, Geom. Funct. Anal. 13 (2003), 975-991.

W. Bergweiler and J. K. Langley, Nonvanishing derivatives and normal families, J.

Anal. Math. 91 (2003), 353-367.

A. Edrei, Meromorphic functions with three radially distributed values, Trans.

Amer. Math. Soc. 78 (1955), 276-293.

A. Edrei and W. H. J. Fuchs, On meromorphic functions with regions free of poles

and zeros, Acta Math. 108 (1962), 113-145.

A. Edrei and W. H. J. Fuchs, Bounds for the number of deficient values of certain
classes of meromorphic functions, Proc. London Math. Soc. (3) 12 (1962), 315-344.

S. Edwards and S. Hellerstein, Non-real zeros of derivatives of real entire functions

and the Pélya-Wiman conjectures, Complex Var. Theory Appl. 47 (2002), 25-57.

110



[13]

[14]

[15]

REFERENCES

A. Eremenko, J. K. Langley and J. Rossi, On the zeros of meromorphic functions
of the form f(z) = 2, ar/(z — zx), J. Anal. Math. 62 (1994), 271-286.

A. Eremenko and M. Yu. Lyubich, Dynamical properties of some classes of entire

functions, Ann. Inst. Fourier Grenoble 42 (1992), 989-1020.

A. Fletcher, J. K. Langley and J. Meyer, Nonvanishing derivatives and the MacLane
class A, Illinois J. Math. 53 (2009), 379-390.

W. H. J. Fuchs, Proof of a conjecture of G. Pélya concerning gap series, Illinois J.
Math. 7 (1963), 661-667.

A. A. Gol’dberg and 1. V. Ostrovskii, Value distribution of meromorphic functions,
Transl. Math. Monogr. 236, Amer. Math. Soc., Providence RI, 2008. Translated
from the 1970 Russian original, NAUKA, Moscow.

A. A. Gol’dberg and O. P. Sokolovskaya, Some relations for meromorphic functions
of order or lower order less than one, Izv. Vyssh. Uchebn. Zaved. Mat. 31 (1987),
26-31 (translation: Soviet Math. (Izv. VUZ) 31 (1987), 29-35).

G. G. Gundersen, Estimates for the logarithmic derivative of a meromorphic func-

tion, plus similar estimates, J. London Math. Soc. (2) 37 (1988), 88-104.
W. K. Hayman, Meromorphic functions, Oxford at the Clarendon Press, 1964.

W. K. Hayman, On the characteristic of functions meromorphic in the plane and

of their integrals, Proc. London Math. Soc. (3) 14A (1965), 93-128.

W. K. Hayman, The local growth of power series: a survey of the Wiman-Valiron

method, Canad. Math. Bull. 17 (1974), 317-358.
W. K. Hayman, Subharmonic Functions Vol. 2, Academic Press, London, 1989.

W. K. Hayman, Multivalent Functions, 2nd edition, Cambridge Tracts in Mathe-
matics 110, Cambridge University Press, Cambridge 1994.

S. Hellerstein, L. C. Shen and J. Williamson, Reality of the zeros of an entire
function and its derivatives, Trans. Amer. Math. Soc. 275 (1983), 319-331.

S. Hellerstein and J. Williamson, Derivatives of entire functions and a question of

Pélya, Trans. Amer. Math. Soc. 227 (1977), 227-249.

S. Hellerstein and J. Williamson, Derivatives of entire functions and a question of

Pélya, II, Trans. Amer. Math. Soc. 234 (1977), 497-503.

S. Hellerstein and C. C. Yang, Half-plane Tumura-Clunie theorems and the real
zeros of successive derivatives, J. London Math. Soc. (2) 4 (1972), 469-481.

111



[29]

[30]

[33]

[34]

[35]

[36]

[37]

[38]

REFERENCES

E. Hille, Ordinary differential equations in the complex domain, Wiley, New York,
1976.

J. D. Hinchliffe, The Bergweiler-Eremenko theorem for finite lower order, Result.

Math. 43 (2003), 121-128.

A. Hinkkanen and J. Rossi, On a problem of Hellerstein, Shen and Williamson,
Proc. Amer. Math. Soc. 92 (1984), 72-74.

G. Jank and L. Volkmann, Finfihrung in die Theorie der ganzen und meromorphen

Funktionen mit Anwendungen auf Differentialgleichungen, Birkhéduser, Basel, 1985.

W. P. Kohs and J. Williamson, Derivatives of meromorphic functions of finite order,
Trans. Amer. Math. Soc. 306 (1988), 765-772.

E. Laguerre, Sur les fonctions du genre zéro et du genre un, C. R. Acad. Sci. Paris

95 (1882); Oeuvres 1 174-177.

I. Laine, Newvanlinna Theory and Complex Differential Equations, Walter de
Gruyter, Berlin-New York, 1993.

J. K. Langley, A lower bound for the number of zeros of a meromorphic function

and its second derivative, Proc. Edinburgh Math. Soc. 39 (1996), 171-185.

J. K. Langley, Deficient values of derivatives of meromorphic functions in the
class S, Comput. Methods Funct. Theory 4 (2004), 237-247.

J. K. Langley, Non-real zeros of higher derivatives of real entire functions of infinite

order, J. Anal. Math. 97 (2005), 357-396.

J. K. Langley, Meromorphic functions in the class S and the zeros of the second

derivative, Comput. Methods Funct. Theory 8 (2008), 73-84.

J. K. Langley, Non-real zeros of linear differential polynomials, J. Anal. Math. 107
(2009), 107-140.

J. K. Langley, The Wiman conjecture, 2007, available online at

http://www.maths.nottingham.ac.uk/personal/jkl /wimanconjecture.pdf.

J. K. Langley, The Wiman conjecture: a unified approach, 2007, available online at
http://www.maths.nottingham.ac.uk/personal /jkl/allwiman.pdf.

J. K. Langley and J. H. Zheng, On the fixpoints, multipliers and value distribution
of certain classes of meromorphic functions, Ann. Acad. Sci. Fenn. 23 (1998), 133-
150

B. Ja. Levin, Distribution of zeros of entire functions, GITTL, Moscow, 1956. 2nd
English transl., Amer. Math. Soc., Providence RI, 1980.

112



[45]

[47]

[48]

[49]

[52]

[53]

[54]

[55]

[56]

REFERENCES

B. Ja. Levin and I. V. Ostrovskii, The dependence of the growth of an entire function
on the distribution of zeros of its derivatives, Sibirsk. Mat. Zh. 1 (1960), 427-455.
English transl., Amer. Math. Soc. Transl. (2) 32 (1963), 323-357.

J. Milnor, Dynamics in one complex variable, 3rd edition, Ann. Math. Stud. 160,

Princeton University Press, Princeton, 2006.

R. Nevanlinna, FEindeutige analytische Funktionen, 2nd edition, Springer-Verlag,

Berlin, 1953.

D. A. Nicks, Deficiencies of certain classes of meromorphic functions, Ann. Acad.
Sci. Fenn. Math. 34 (2009), 157-171.

D. A. Nicks, Rational deficient functions of derivatives of mappings in the classes

S and B, Comput. Methods Funct. Theory 9 (2009), 239-253.

D. A. Nicks, Real meromorphic functions and a result of Hinkkanen and Rossi,
Lllinois J. Math. 53 (2009), 605-622.

G. Pélya, Uber Anniherung durch Polynome mit lauter reellen Wurzeln, Rend.
Circ. Mat. Palermo 36 (1913), 279-295.

G. Pélya, Sur une question concernant les fonctions entieres, C. R. Acad. Sci. Paris

158 (1914), 330-333.

T. Ransford, Potential theory in the complex plane, London Mathematical Society
Student Texts 28, Cambridge University Press, Cambridge, 1995.

P. J. Rippon and G. M. Stallard, Iteration of a class of hyperbolic meromorphic
functions, Proc. Amer. Math. Soc. 127 (1999), 3251-3258.

T. Sheil-Small, On the zeros of the derivatives of real entire functions and Wiman’s

conjecture, Annals of Math. 129 (1989), 179-193.

L.-C. Shen, Influence of the distribution of the zeros of an entire function and its
second derivative on the growth of the function, J. London Math. Soc. (2) 31 (1985),
305-320.

E. C. Titchmarsh, The theory of functions, 2nd edition, Oxford University Press,
1939.

M. Tsuji, On Borel’s directions of meromorphic functions of finite order, I, Tohoku

Math. J. 2 (1950), 97-112.

M. Tsuji, Potential theory in modern function theory, 2nd edition, Chelsea Pub-
lishing Co., New York, 1975.

113



