
Exceptional holonomy 8-manifold with SU(3)xSU(2)xU(1) isometry

Background: 

Exceptional holonomy 7-manifolds are of importance for compactifications of M-theory. They are closely related to exceptional holonomy 8-manifolds 

Both are also of importance for mathematics, as the last entries in Berger’s classification list to be understood. Also of importance for Donaldson’s 
programme to construct invariants of 8-manifolds by repeating the success of the 4D story. 

Closed examples are difficult to construct (metrics are not explicit), similar to how closed hyper Kahler metrics in 4D are never explicit. 

But cohomogeneity one examples (complete but not closed) are understood, with the first examples coming from work by Bryant and Salamon, and then 
many more examples constructed by physicists.  

For our purposes, we are interested in 8D examples. These are of two types:

Asymptotically conical:
<latexit sha1_base64="wDJ/uXZG8+6jbaJgwnnMjiGwENY=">AAACCHicbVDLSgMxFM34rPU16tKFwSIIQpkpYt0IRTcuK9gHtNOSyWTa0CQzJBmhDF268VfcuFDErZ/gzr8x085CWw8kHM659yb3+DGjSjvOt7W0vLK6tl7YKG5ube/s2nv7TRUlEpMGjlgk2z5ShFFBGppqRtqxJIj7jLT80U3mtx6IVDQS93ocE4+jgaAhxUgbqW8fBapXuYKB7FXgGczuQT/tSg6zoZNetW+XnLIzBVwkbk5KIEe9b391gwgnnAiNGVKq4zqx9lIkNcWMTIrdRJEY4REakI6hAnGivHS6yASeGCWAYSTNERpO1d8dKeJKjblvKjnSQzXvZeJ/XifR4aWXUhEnmgg8eyhMGNQRzFKBAZUEazY2BGFJzV8hHiKJsDbZFU0I7vzKi6RZKbsXZffuvFS7zuMogENwDE6BC6qgBm5BHTQABo/gGbyCN+vJerHerY9Z6ZKV9xyAP7A+fwC6Gpfn</latexit>

ds2 = dr2 + r2g7base

Asymptotically locally conical:
<latexit sha1_base64="WUfw3DsIumsAzXC1cULYRZihllI=">AAACEnicbVDLSgMxFM34rPU16tJNsAiKUGYGqW6EohuXFewDOg8ymUwbmnmQZIQy9Bvc+CtuXCji1pU7/8ZMOwttPZBwOOfem9zjp4wKaRjf2tLyyuraemWjurm1vbOr7+13RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcf3RR+94FwQZP4Xo5T4kRoENOQYiSV5OmngXCtKxhw14JnsLgHXm7zCBZDJ25DiYGdDqlreXrNqBtTwEVilqQGSrQ8/csOEpxFJJaYISH6ppFKJ0dcUszIpGpngqQIj9CA9BWNUUSEk09XmsBjpQQwTLg6sYRT9XdHjiIhxpGvKiMkh2LeK8T/vH4mw0snp3GaSRLj2UNhxqBMYJEPDCgnWLKxIghzqv4K8RBxhKVKsapCMOdXXiQdq2426ubdea15XcZRAYfgCJwAE1yAJrgFLdAGGDyCZ/AK3rQn7UV71z5mpUta2XMA/kD7/AEjWZtG</latexit>

ds2 = dr2 + r2g6base + d�2

Circle of finite size at infinity

In both cases, a cohomogeneity one metric is characterised by the geometry of its 7D base, which is a homogeneous group space G/H



Before constructing concrete examples, useful to recall basic facts

Cayley form 
<latexit sha1_base64="GwS2I7ujlss43vCgNXHzhIa+MEA=">AAAB/XicbVDLSgMxFL3js9ZXfezcBItQN2VGirosunGhUME+oDOWTCZtQzOZIckIdSj+ihsXirj1P9z5N6btLLT1QOBwzj3cm+PHnClt29/WwuLS8spqbi2/vrG5tV3Y2W2oKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9cjv3mA5WKReJOD2PqhbgnWJcRrI3UKey7tT5zmUDutQkF+L5SujnuFIp22Z4AzRMnI0XIUOsUvtwgIklIhSYcK9V27Fh7KZaaEU5HeTdRNMZkgHu0bajAIVVeOrl+hI6MEqBuJM0TGk3U34kUh0oNQ99Mhlj31aw3Fv/z2onunnspE3GiqSDTRd2EIx2hcRUoYJISzYeGYCKZuRWRPpaYaFNY3pTgzH55njROys5p2bmtFKsXWR05OIBDKIEDZ1CFK6hBHQg8wjO8wpv1ZL1Y79bHdHTByjJ78AfW5w+zF5QW</latexit>

� 2 ⇤4(M) is a differential form of a special algebraic type. It defines on M a Riemannian metric and a triple cross product. 

Alternatively, it defines on M a Riemannian metric 
<latexit sha1_base64="kQjKZkqhdcwySmNiuu9TU6IPEqo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnR73ZqA94tlf2KPwNZJkFOypCj1i19dXqKZQlKywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKQJmnA8u3ZCTp3SI7HSrqQlM/X3xJgmxoySyHUm1A7MojcV//PamY2vwzGXaWZRsvmiOBPEKjJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wSXFaC+4ty9SaPowDHcAJnEMAVVOEOalAHBo/wDK/w5invxXv3PuatK14+cwR/4H3+AF48jv8=</latexit>g� and a unit spinor 

<latexit sha1_base64="X9TVBYsN1+VJZsYn5X3NBSKwYGw=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48R7Ic0oWy2m3bp7ibsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8KOVMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040vp35nSeqNEvkg5mkNBR4KFnMCDZWegx8zfqBP2L9as2tu3OgVeIVpAYF/H71KxgkJBNUGsKx1j3PTU2YY2UY4XRaCTJNU0zGeEh7lkosqA7z+cFTdGaVAYoTZUsaNFd/T+RYaD0Rke0U2Iz0sjcT//N6mYmvw5zJNDNUksWiOOPIJGj2PRowRYnhE0swUczeisgIK0yMzahiQ/CWX14l7Yu616h795e15k0RRxlO4BTOwYMraMId+NACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPivqQPg==</latexit>

 �

Proposition: The Riemannian metric 
<latexit sha1_base64="kQjKZkqhdcwySmNiuu9TU6IPEqo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnR73ZqA94tlf2KPwNZJkFOypCj1i19dXqKZQlKywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKQJmnA8u3ZCTp3SI7HSrqQlM/X3xJgmxoySyHUm1A7MojcV//PamY2vwzGXaWZRsvmiOBPEKjJ9nfS4RmbFyBHKNHe3EjagmjLrAiq6EILFl5dJ47wSXFaC+4ty9SaPowDHcAJnEMAVVOEOalAHBo/wDK/w5invxXv3PuatK14+cwR/4H3+AF48jv8=</latexit>g� has holonomy contained in Spin(7) if and only if 

<latexit sha1_base64="6myAp9rSgPwIUsoPgivXCslQYhQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrWFNpTNZtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1LBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKYYtlohEdQKqUXCJLcONwE6qkMaBwHYwup367SdUmifywYxT9GM6kDzijBortcNec8iv3X615tbdGcgy8QpSgwLNfvWrFyYsi1EaJqjWXc9NjZ9TZTgTOKn0Mo0pZSM6wK6lksao/Xx27oScWCUkUaJsSUNm6u+JnMZaj+PAdsbUDPWiNxX/87qZia78nMs0MyjZfFGUCWISMv2dhFwhM2JsCWWK21sJG1JFmbEJVWwI3uLLy+TxrO5d1L3781rjpoijDEdwDKfgwSU04A6a0AIGI3iGV3hzUufFeXc+5q0lp5g5hD9wPn8AleaPFA==</latexit>

d� = 0

Alternatively, when the spinor 

<latexit sha1_base64="X9TVBYsN1+VJZsYn5X3NBSKwYGw=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48R7Ic0oWy2m3bp7ibsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8KOVMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040vp35nSeqNEvkg5mkNBR4KFnMCDZWegx8zfqBP2L9as2tu3OgVeIVpAYF/H71KxgkJBNUGsKx1j3PTU2YY2UY4XRaCTJNU0zGeEh7lkosqA7z+cFTdGaVAYoTZUsaNFd/T+RYaD0Rke0U2Iz0sjcT//N6mYmvw5zJNDNUksWiOOPIJGj2PRowRYnhE0swUczeisgIK0yMzahiQ/CWX14l7Yu616h795e15k0RRxlO4BTOwYMraMId+NACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPivqQPg==</latexit>

 � is parallel
<latexit sha1_base64="aSwOHzGed/ZBVQlMC5LdDSOhVlo=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFcFUSEXUjFN24rGAv0IQwmU7boZNJmJkIJXThxldx40IRtz6EO9/GaZqFtv4w8PGfczhz/jDhTGnH+bZKK6tr6xvlzcrW9s7unr1/0FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOL6Z1TsPVCoWi3s9Sagf4aFgA0awNlZgVz2BQ46DbBh4zRGbIq+pWI5XTmDXnLqTCy2DW0ANCjUD+8vrxySNqNCEY6V6rpNoP8NSM8LptOKliiaYjPGQ9gwKHFHlZ/kRU3RsnD4axNI8oVHu/p7IcKTUJApNZ4T1SC3WZuZ/tV6qB5d+xkSSairIfNEg5UjHaJYI6jNJieYTA5hIZv6KyAhLTLTJrWJCcBdPXob2ad09r7t3Z7XGdRFHGapwBCfgwgU04Baa0AICj/AMr/BmPVkv1rv1MW8tWcXMIfyR9fkD882XpA==</latexit>rg� � = 0

Similar statements in 7D

A generic 3-form 
<latexit sha1_base64="0SFPDx83jvGCHdcEb/W9C/fQDzY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMqKjLohsXihXsAzpjyWTSNjTJDElGKGMX/oobF4q49Tfc+Tem7Sy09UDgcM493JsTxIwq7TjfVm5ufmFxKb9cWFldW9+wN7fqKkokJjUcsUg2A6QIo4LUNNWMNGNJEA8YaQT9i5HfeCBS0Ujc6UFMfI66gnYoRtpIbXvHu+GkizwqoHdlYiG6PypdH7TtolN2xoCzxM1IEWSotu0vL4xwwonQmCGlWq4Taz9FUlPMyLDgJYrECPdRl7QMFYgT5afj+4dw3ygh7ETSPKHhWP2dSBFXasADM8mR7qlpbyT+57US3TnzUyriRBOBJ4s6CYM6gqMyYEglwZoNDEFYUnMrxD0kEdamsoIpwZ3+8iypH5bdk7J7e1ysnGd15MEu2AMl4IJTUAGXoApqAINH8AxewZv1ZL1Y79bHZDRnZZlt8AfW5w87BpTx</latexit>

⌦ 2 ⇤3(M) of a positive type defines on M a Riemannian metric as well as a cross-product.

Alternatively, it defines Riemannian metric
<latexit sha1_base64="kptt28XJsT4LWp9IaYnzbaAKS6c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqD3rdO4ED0itXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM3unbgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO33e7TOF1PCxJYQqZm916ZAoQo2NqGRD8BdfXibNs6p/UfXvzyu16zyOIhzBMZyCD5dQg1uoQwMocHiGV3hzHp0X5935mLcWnHzmEP7A+fwB3DmP2w==</latexit>g⌦ as well as a unit spinor  

<latexit sha1_base64="aau2eLSum3LoFQhIYKheaOYxpo8=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF29GMCawu4TZyWwyZB7LzKwQQj7DiwdFvPo13vwbJ8keNLGgoajqprsryTgz1ve/vdLK6tr6RnmzsrW9s7tX3T94NCrXhLaI4kp3EmwoZ5K2LLOcdjJNsUg4bSfDm6nffqLaMCUf7CijscB9yVJGsHVSGDUN60Z3gvZxt1rz6/4MaJkEBalBgWa3+hX1FMkFlZZwbEwY+JmNx1hbRjidVKLc0AyTIe7T0FGJBTXxeHbyBJ04pYdSpV1Ji2bq74kxFsaMROI6BbYDs+hNxf+8MLfpVTxmMsstlWS+KM05sgpN/0c9pimxfOQIJpq5WxEZYI2JdSlVXAjB4svL5PGsHlzUg/vzWuO6iKMMR3AMpxDAJTTgFprQAgIKnuEV3jzrvXjv3se8teQVM4fwB97nDwtUkRo=</latexit>

 ⌦

Proposition: The Riemannian metric 
<latexit sha1_base64="kptt28XJsT4LWp9IaYnzbaAKS6c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqD3rdO4ED0itXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM3unbgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO33e7TOF1PCxJYQqZm916ZAoQo2NqGRD8BdfXibNs6p/UfXvzyu16zyOIhzBMZyCD5dQg1uoQwMocHiGV3hzHp0X5935mLcWnHzmEP7A+fwB3DmP2w==</latexit>g⌦ has holonomy contained in G2 if and only if 

<latexit sha1_base64="DbUo928B0gmtO3zvlvpiHc4Sz98=">AAACCHicbVDLSgMxFM3UV62vUZcuDBZBRMqMiLoRim7cWcE+oDOWTCZtQ5PMmGSEMnTpxl9x40IRt36CO//GtB1BWw9cOJxzL/feE8SMKu04X1ZuZnZufiG/WFhaXllds9c3aipKJCZVHLFINgKkCKOCVDXVjDRiSRAPGKkHvYuhX78nUtFI3Oh+THyOOoK2KUbaSC17O/SuOOmgM+cAencJCmEI08Ht/o/asotOyRkBThM3I0WQodKyP70wwgknQmOGlGq6Tqz9FElNMSODgpcoEiPcQx3SNFQgTpSfjh4ZwF2jhLAdSVNCw5H6eyJFXKk+D0wnR7qrJr2h+J/XTHT71E+piBNNBB4vaicM6ggOU4EhlQRr1jcEYUnNrRB3kURYm+wKJgR38uVpUjssuccl9/qoWD7P4siDLbAD9oALTkAZXIIKqAIMHsATeAGv1qP1bL1Z7+PWnJXNbII/sD6+ASYNmCY=</latexit>

d⌦ = 0, d⇤⌦ = 0
<latexit sha1_base64="aau2eLSum3LoFQhIYKheaOYxpo8=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF29GMCawu4TZyWwyZB7LzKwQQj7DiwdFvPo13vwbJ8keNLGgoajqprsryTgz1ve/vdLK6tr6RnmzsrW9s7tX3T94NCrXhLaI4kp3EmwoZ5K2LLOcdjJNsUg4bSfDm6nffqLaMCUf7CijscB9yVJGsHVSGDUN60Z3gvZxt1rz6/4MaJkEBalBgWa3+hX1FMkFlZZwbEwY+JmNx1hbRjidVKLc0AyTIe7T0FGJBTXxeHbyBJ04pYdSpV1Ji2bq74kxFsaMROI6BbYDs+hNxf+8MLfpVTxmMsstlWS+KM05sgpN/0c9pimxfOQIJpq5WxEZYI2JdSlVXAjB4svL5PGsHlzUg/vzWuO6iKMMR3AMpxDAJTTgFprQAgIKnuEV3jzrvXjv3se8teQVM4fwB97nDwtUkRo=</latexit>

 ⌦

Alternatively, when the spinor 

is parallel
<latexit sha1_base64="akIIlpSSnvJpjf1Z3yOFZeDLrh0=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4KomIuhGKbtxZwT6gCeFmOmmHTiZhZiKU0KUbf8WNC0Xc+gnu/BunbRbaeuDCmXPuZe49YcqZ0o7zbS0sLi2vrJbWyusbm1vb9s5uUyWZJLRBEp7IdgiKciZoQzPNaTuVFOKQ01Y4uB77rQcqFUvEvR6m1I+hJ1jECGgjBfaBJyDkEOS9wLuNaQ9G2KsrVjwuncCuOFVnAjxP3IJUUIF6YH953YRkMRWacFCq4zqp9nOQmhFOR2UvUzQFMoAe7RgqIKbKzyeHjPCRUbo4SqQpofFE/T2RQ6zUMA5NZwy6r2a9sfif18l0dOHnTKSZpoJMP4oyjnWCx6ngLpOUaD40BIhkZldM+iCBaJNd2YTgzp48T5onVfes6t6dVmpXRRwltI8O0TFy0TmqoRtURw1E0CN6Rq/ozXqyXqx362PaumAVM3voD6zPHxMrmVw=</latexit>rg⌦ ⌦ = 0

Remark: Can replace the parallel spinor condition with the Killing spinor condition
<latexit sha1_base64="oaUMcq1+PI7FcocE4IIS0k7GD6M=">AAACHXicbVDLSgMxFM3UV62vUZdugkWomzIjRd0IRTfurGAf0CnDnTRtQzOZIckIZeiPuPFX3LhQxIUb8W9M21nU1gMXTs65l9x7gpgzpR3nx8qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7JVgCKciZoXTPNaSuWFMKA02YwvJn4zUcqFYvEgx7FtBNCX7AeI6CN5NuVUssTEHDw077v3YW0D+NT7NUUy15XuOWRbqTnNd8uOmVnCrxM3IwUUYaab3953YgkIRWacFCq7Tqx7qQgNSOcjgteomgMZAh92jZUQEhVJ51eN8YnRuniXiRNCY2n6vxECqFSozAwnSHogVr0JuJ/XjvRvctOykScaCrI7KNewrGO8CQq3GWSEs1HhgCRzOyKyQAkEG0CLZgQ3MWTl0njrOyel937SrF6ncWRR0foGJWQiy5QFd2iGqojgp7QC3pD79az9Wp9WJ+z1pyVzRyiP7C+fwFPbqFx</latexit>

(Xrg⌦) ⌦ = X · ⌦

Equivalent to 
<latexit sha1_base64="7KuUY0n56PGS7+1NLFwdnrmTyRk=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgLkoiom6Eoht3VrAPaGOZTCbt0JkkzEyEGoq/4saFIm79D3f+jdM2C209cOHMOfcy9x4/4Uxpx/m25uYXFpeWCyvF1bX1jU17a7uu4lQSWiMxj2XTx4pyFtGaZprTZiIpFj6nDb9/NfIbD1QqFkd3epBQT+BuxEJGsDZSx94N2jeCdjG6QNnw/mjy6Nglp+yMgWaJm5MS5Kh27K92EJNU0EgTjpVquU6ivQxLzQinw2I7VTTBpI+7tGVohAVVXjbefogOjBKgMJamIo3G6u+JDAulBsI3nQLrnpr2RuJ/XivV4bmXsShJNY3I5KMw5UjHaBQFCpikRPOBIZhIZnZFpIclJtoEVjQhuNMnz5L6cdk9Lbu3J6XKZR5HAfZgHw7BhTOowDVUoQYEHuEZXuHNerJerHfrY9I6Z+UzO/AH1ucPJvaUZA==</latexit>

d⌦ = ⇤⌦ One gets so-called nearly parallel G2 structures

Proposition: The cone metric
<latexit sha1_base64="wDJ/uXZG8+6jbaJgwnnMjiGwENY=">AAACCHicbVDLSgMxFM34rPU16tKFwSIIQpkpYt0IRTcuK9gHtNOSyWTa0CQzJBmhDF268VfcuFDErZ/gzr8x085CWw8kHM659yb3+DGjSjvOt7W0vLK6tl7YKG5ube/s2nv7TRUlEpMGjlgk2z5ShFFBGppqRtqxJIj7jLT80U3mtx6IVDQS93ocE4+jgaAhxUgbqW8fBapXuYKB7FXgGczuQT/tSg6zoZNetW+XnLIzBVwkbk5KIEe9b391gwgnnAiNGVKq4zqx9lIkNcWMTIrdRJEY4REakI6hAnGivHS6yASeGCWAYSTNERpO1d8dKeJKjblvKjnSQzXvZeJ/XifR4aWXUhEnmgg8eyhMGNQRzFKBAZUEazY2BGFJzV8hHiKJsDbZFU0I7vzKi6RZKbsXZffuvFS7zuMogENwDE6BC6qgBm5BHTQABo/gGbyCN+vJerHerY9Z6ZKV9xyAP7A+fwC6Gpfn</latexit>

ds2 = dr2 + r2g7base
has holonomy contained in Spin(7) if and only if the base carries the geometry of a nearly parallel G2 structure

Remark: Similar statement for cones on 6D bases requires the base to carry the so-called nearly Kahler geometry



The conical exceptional holonomy 8D manifolds are classified by the number of the Killing spinors on the cone base

3 Killing spinors: Base is 3-Sasakian, and cone is hyper Kahler

2 Killing spinors: Base is Sasakian, and cone is Calabi-Yau, that is holonomy SU(4)

1 Killing spinor: Cone has holonomy Spin(7) From paper: Nearly parallel G2 structures, Friedrich, Kath, Moroianu, Semmelmann

For purposes envisaged (isometry GSM), we are interested in the case with two Killing spinors

In this case, the 7D base is actually a circle bundle over a 6D Kahler-Einstein manifold

This fits with the known construction by Calabi of a SU(n) holonomy metric in the total space of a complex line bundle over a KE (n-1)-manifold

For the case of interest, the 6D KE space is just the product
<latexit sha1_base64="CgwJkuxoEAkKpTAiUTAxG/RnKfA=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQyCp7AbJHoRgrl4jGgekN2E2ckkGTL7YKZXCEtuXvwVLx4U8eovePNvnE32oIkFDUVVN91dXiS4Asv6NnIrq2vrG/nNwtb2zu6euX/QVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsb11K/9cCk4mFwD5OIuT4ZBnzAKQEt9czjdreCr7DjExh5XlKrT7tl7AD3mcJ33XLPLFolawa8TOyMFFGGes/8cvohjX0WABVEqY5tReAmRAKngk0LTqxYROiYDFlH04DoRW4y+2OKT7XSx4NQ6goAz9TfEwnxlZr4nu5M71WLXir+53ViGFy6CQ+iGFhA54sGscAQ4jQU3OeSURATTQiVXN+K6YhIQkFHV9Ah2IsvL5NmuWRXSvbtebF6ncWRR0foBJ0hG12gKrpBddRAFD2iZ/SK3own48V4Nz7mrTkjmzlEf2B8/gB5wZfM</latexit>

X6 = CP2 ⇥ S2

Metric explicitly (from Duff, Nilsson “Kaluza-Klein supergravity”), Section 9.2 

<latexit sha1_base64="IEn7DO6vXTk1+yMlzYf2iryaJpw="></latexit>

ds2CP2 =

✓
6

⇤4

◆
[dµ2 +

1

4
sin2 µ(�2

1 + �2
2 + cos2 µ�2

3)]

<latexit sha1_base64="LvNL81n32mBqdOFg2C0aQS/ADtI="></latexit>

ds2S2 =

✓
1

⇤2

◆
[d✓2 + sin2 ✓d�2]

Both are Kahler-Einstein

Note that their product is only Einstein if 
<latexit sha1_base64="NuzkPvHbF97w/az4n6HIbRQpMqw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp6kYounHhooJ9QBvCZDJph04ezEyEEOqvuHGhiFs/xJ1/47SNoK0HBg7nnMu9c7yEM6ks68tYWV1b39gsbZW3d3b39s2Dw46MU0Fom8Q8Fj0PS8pZRNuKKU57iaA49DjteuPrqd99oEKyOLpXWUKdEA8jFjCClZZcszK41WEfu/XLH9ZwzapVs2ZAy8QuSBUKtFzzc+DHJA1ppAjHUvZtK1FOjoVihNNJeZBKmmAyxkPa1zTCIZVOPjt+gk604qMgFvpFCs3U3xM5DqXMQk8nQ6xGctGbiv95/VQFF07OoiRVNCLzRUHKkYrRtAnkM0GJ4pkmmAimb0VkhAUmSvdV1iXYi19eJp16zT6r2XeNavOqqKMER3AMp2DDOTThBlrQBgIZPMELvBqPxrPxZrzPoytGMVOBPzA+vgGDvJQK</latexit>

⇤2 = ⇤4 It is then also Kahler-Einstein



These metrics are then put together into a U(1) bundle over 
<latexit sha1_base64="7JNPaD3zdP0HuFuQDwFFEJh1QuE=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJEXVZ7MZlRfuAJi2T6aQdOnkwMxFKqBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4v5kwqy/o2Ciura+sbxc3S1vbO7p65f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW9cz/z2AxWSReG9msTUDfAwZD4jWGmpbx45AVYjz0vrjWmvihzFAirRXa/aN8tWxZoBLRM7J2XI0eibX84gIklAQ0U4lrJrW7FyUywUI5xOS04iaYzJGA9pV9MQ60VuOvtgik61MkB+JHSFCs3U3xMpDqScBJ7uzO6Vi14m/ud1E+VfuSkL40TRkMwX+QlHKkJZHGjABCWKTzTBRDB9KyIjLDBROrSSDsFefHmZtKoV+6Ji356Xa9d5HEU4hhM4AxsuoQY30IAmEHiEZ3iFN+PJeDHejY95a8HIZw7hD4zPH1EFlic=</latexit>

CP2 ⇥ S2

<latexit sha1_base64="d4RAZ8T3ukSJssC0LOGAW6v4LS0="></latexit>

ds2 = c2(d⌧ +m sin2 µ�3 + n cos ✓d�)2 + ds2CP2 + ds2S2

Here m,n are integers characterising the U(1) bundle. The exterior derivative of these 1-forms gives the Kahler forms on the two spaces

Connections on non-trivial U(1) bundles over 
<latexit sha1_base64="GP4YzTIA6JssTOj5R36BrG4cdfs=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZSkiLosduOyon1Am5bJdNIOnTyYmYgl5FfcuFDErT/izr9x0mahrQcGDufcyz1z3IgzqSzr2yisrW9sbhW3Szu7e/sH5mG5LcNYENoiIQ9F18WSchbQlmKK024kKPZdTjvutJH5nUcqJAuDBzWLqOPjccA8RrDS0tAs932sJq6bNJrpoHaO7ge1oVmxqtYcaJXYOalAjubQ/OqPQhL7NFCEYyl7thUpJ8FCMcJpWurHkkaYTPGY9jQNsE+lk8yzp+hUKyPkhUK/QKG5+nsjwb6UM9/Vk1lSuexl4n9eL1betZOwIIoVDcjikBdzpEKUFYFGTFCi+EwTTATTWRGZYIGJ0nWVdAn28pdXSbtWtS+r9t1FpX6T11GEYziBM7DhCupwC01oAYEneIZXeDNS48V4Nz4WowUj3zmCPzA+fwCO+pN5</latexit>

CP2, S2

The Ricci tensor is
<latexit sha1_base64="+yPSh2EjV0OqW98e8wUujjivpXU="></latexit>

R00 = c2(
4

9
m2⇤2

4 +
1

2
n2⇤2

2),

Rij = ⇤4(1�
2

9
c2m2⇤4)�ij , i, j = 1, 2, 3, 4

Rij = Rij = ⇤2(1�
1

2
c2n2⇤2)�ij , i, j = 5, 6

Einstein condition is then an algebraic problem

<latexit sha1_base64="629VhsxralnswikDXm1q9Ic19MM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlKURGEohsXLirYBzQhTKaTduhkEmYmYglZuvFX3LhQxK2f4M6/cdoG0dYDA4dz7uHOPX7MqFSW9WUUFhaXlleKq6W19Y3NLXN7pyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3g59tt3REga8Vs1iokboj6nAcVIackz9+/PzqETCIRT51rHesirZT+0mnlm2apYE8B5YuekDHI0PPPT6UU4CQlXmCEpu7YVKzdFQlHMSFZyEklihIeoT7qachQS6aaTQzJ4qJUeDCKhH1dwov5OpCiUchT6ejJEaiBnvbH4n9dNVHDqppTHiSIcTxcFCYMqguNWYI8KghUbaYKwoPqvEA+QbkXp7kq6BHv25HnSqlbs44p9UyvXL/I6imAPHIAjYIMTUAdXoAGaAIMH8ARewKvxaDwbb8b7dLRg5Jld8AfGxzfWKZk8</latexit>

x :=
⇤4

⇤2
<latexit sha1_base64="Z5RqTguKaLkv460ddqWb8yYWgYw=">AAACDHicbVDLSsNAFJ3UV62vqEs3g0EQhJKUom6EohsXLirYBzShTCaTduhkEmYm0hL6AW78FTcuFHHrB7jzb5y2EbT1wMDhnHO5c4+fMCqVbX8ZhaXlldW14nppY3Nre8fc3WvKOBWYNHDMYtH2kSSMctJQVDHSTgRBkc9Iyx9cTfzWPRGSxvxOjRLiRajHaUgxUlrqmpZ7o8MB6lbhBXRDgXBWHY4z56QyHMMfz7Tssj0FXCROTiyQo941P90gxmlEuMIMSdlx7ER5GRKKYkbGJTeVJEF4gHqkoylHEZFeNj1mDI+0EsAwFvpxBafq74kMRVKOIl8nI6T6ct6biP95nVSF515GeZIqwvFsUZgyqGI4aQYGVBCs2EgThAXVf4W4j3QjSvdX0iU48ycvkmal7JyWnduqVbvM6yiCA3AIjoEDzkANXIM6aAAMHsATeAGvxqPxbLwZ77Nowchn9sEfGB/fl+uaEw==</latexit>

⇤4 =
4x

1 + 2x
⇤

<latexit sha1_base64="iKA7gvLxpphjJWcaDyt1qWv858k=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4sgCCUpRd0IRTcuXFSwD2hCmUwm7dDJJMxMxBKyd+OvuHGhiFt/wJ1/47SNoK0HBg7nnMude7yYUaks68soLC2vrK4V10sbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63uhy4nfuiJA04rdqHBM3RANOA4qR0lLfLDvXOuyjfg2eQycQCKf1LLWPa/cZ/LHMilW1poCLxM5JBeRo9s1Px49wEhKuMENS9mwrVm6KhKKYkazkJJLECI/QgPQ05Sgk0k2nt2TwUCs+DCKhH1dwqv6eSFEo5Tj0dDJEaijnvYn4n9dLVHDmppTHiSIczxYFCYMqgpNioE8FwYqNNUFYUP1XiIdIF6J0fSVdgj1/8iJp16r2SdW+qVcaF3kdRXAAyuAI2OAUNMAVaIIWwOABPIEX8Go8Gs/Gm/E+ixaMfGYf/IHx8Q2sIZmP</latexit>

⇤2 =
4

1 + 2x
⇤

<latexit sha1_base64="/EjFLxP/WJ7pL7gDZjqsUp7snrI="></latexit>

c�2 =
4(4m2x2 + 9n2)

9(1 + 2x)
⇤

<latexit sha1_base64="u47yJzeWV8nyUN9+49fX5l81ld4="></latexit>⇣m
n

⌘2
=

9(2x� 1)

4x2(3� 2x)
Given m/n, we get a cubic equation for x, which has exactly one real root

<latexit sha1_base64="PHbZZiejPs40+Z0cmK6SDcR76GQ=">AAAB+nicbVDLTsMwENzwLOWVwpGLRYXEqU0KAo4VXDgWiT6kNqoc12mtOk6wHaAK/RQuHECIK1/Cjb/BTXuAlpF2NZrZldfjx5wp7Tjf1tLyyuraem4jv7m1vbNrF/YaKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSHVxO/eU+lYpG41aOYeiHuCxYwgrWRunbBLVc6nN6hx6yflCtdu+iUnAxokbgzUoQZal37q9OLSBJSoQnHSrVdJ9ZeiqVmhNNxvpMoGmMyxH3aNlTgkCovzU4foyOj9FAQSVNCo0z9vZHiUKlR6JvJEOuBmvcm4n9eO9HBhZcyESeaCjJ9KEg40hGa5IB6TFKi+cgQTCQztyIywBITbdLKmxDc+S8vkkal5J6V3JvTYvVyFkcODuAQjsGFc6jCNdSgDgQe4Ble4c16sl6sd+tjOrpkzXb24Q+szx/fGpJ1</latexit>

1/2  x  3/2

The case
<latexit sha1_base64="YlA4fK98abxfaMnXsrgKT28V4ys=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRV1GWxG5cV7QOatEymk3bo5MHMjVBCceOvuHGhiFu/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jaXlldW29sFHc3Nre2TX39psqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARreaNa5rcemFQ8Cu9hHDM3IIOQ+5wS0FLPPEydgMDQ89JafdKtTBzgAVP4rnvWM0tW2ZoCLxI7JyWUo94zv5x+RJOAhUAFUapjWzG4KZHAqWCTopMoFhM6IgPW0TQkepGbTl+Y4BOt9LEfSV0h4Kn6eyIlgVLjwNOd2b1q3svE/7xOAv6Vm/IwToCFdLbITwSGCGd54D6XjIIYa0Ko5PpWTIdEEgo6taIOwZ5/eZE0K2X7omzfnpeq13kcBXSEjtEpstElqqIbVEcNRNEjekav6M14Ml6Md+Nj1rpk5DMH6A+Mzx/OU5cK</latexit>

CP2 ⇥ S3
<latexit sha1_base64="ELuWLTSJEbqBpyQZjCGfwxQW380=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU90tol6EohePFdy20C4lm2bb0GyyJFmxLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1SpZkUD2ac0CDGA8EiRrCxkv907Z3VeuWKW3VnQMvEy0kFcjR65a9uX5I0psIQjrXueG5iggwrwwink1I31TTBZIQHtGOpwDHVQTY7doJOrNJHkVS2hEEz9fdEhmOtx3FoO2NshnrRm4r/eZ3URFdBxkSSGirIfFGUcmQkmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdkQvMWXl0mzVvUuqt79eaV+k8dRhCM4hlPw4BLqcAcN8IEAg2d4hTdHOC/Ou/Mxby04+cwh/IHz+QO4z435</latexit>

x = 1/2 gives Isometry SU(3) x SO(4)

The case
<latexit sha1_base64="jQR5wIRjrPWExIvGPIesn4Qtc8c=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4qrtV1ItQ9OKxgtsW2qVk02wbmk2WJCuWpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dpeWV1bb2wUdzc2t7ZLe3tN7RMFaE+kVyqVog15UxQ3zDDaStRFMchp81weDvxm49UaSbFgxklNIhxX7CIEWys5D9dn51Wu6WyW3GnQIvEy0kZctS7pa9OT5I0psIQjrVue25iggwrwwin42In1TTBZIj7tG2pwDHVQTY9doyOrdJDkVS2hEFT9fdEhmOtR3FoO2NsBnrem4j/ee3URFdBxkSSGirIbFGUcmQkmnyOekxRYvjIEkwUs7ciMsAKE2PzKdoQvPmXF0mjWvEuKt79ebl2k8dRgEM4ghPw4BJqcAd18IEAg2d4hTdHOC/Ou/Mxa11y8pkD+APn8we72437</latexit>

x = 3/2 gives
<latexit sha1_base64="azHOsZNFAnp2QmKaob8R3wNCf24=">AAAB9HicbVDJTgJBEK3BDXFDPXrpSEw8kRnidiR68YhBlgQG0tP0QIeexe4aEkL4Di8eNMarH+PNv7GBOSj4kkpe3qtKVT0vlkKjbX9bmbX1jc2t7HZuZ3dv/yB/eFTXUaIYr7FIRqrpUc2lCHkNBUrejBWngSd5wxvezfzGiCstovARxzF3A9oPhS8YRSO51c5lG0XANal2St18wS7ac5BV4qSkACkq3fxXuxexJOAhMkm1bjl2jO6EKhRM8mmunWgeUzakfd4yNKRmkTuZHz0lZ0bpET9SpkIkc/X3xIQGWo8Dz3QGFAd62ZuJ/3mtBP0bdyLCOEEessUiP5EEIzJLgPSE4gzl2BDKlDC3EjagijI0OeVMCM7yy6ukXio6V0Xn4aJQvk3jyMIJnMI5OHANZbiHCtSAwRM8wyu8WSPrxXq3PhatGSudOYY/sD5/ALWLkWk=</latexit>

S5 ⇥ S2 Isometry SO(6) x SO(3) All other cases have isometry SU(3) x SU(2) x U(1)



We are interested in the remaining special case 
<latexit sha1_base64="Pdwz8VjKM1WFo1HdsgdflTUv7xk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQsoT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31Ww9cGxGrexwn3I/oQIlQMIpWunu89Hrlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvrOrdnlZqV3kcRTiAQzgGD86hBjdQhwYwGMATvMCrI51n5815n7cWnHxmH37B+fgG2e+NhA==</latexit>

x = 1
<latexit sha1_base64="g3n0rTyWAmvsij60noxXhr2nsmA=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4Kkkp6kYounHhooJ9QBvCZDJph04ezEyEEOqvuHGhiFs/xJ1/47SNoK0HBg7nnMu9c7yEM6ks68tYWV1b39gsbZW3d3b39s2Dw46MU0Fom8Q8Fj0PS8pZRNuKKU57iaA49DjteuPrqd99oEKyOLpXWUKdEA8jFjCClZZcszK41WEfu43LH1Z3zapVs2ZAy8QuSBUKtFzzc+DHJA1ppAjHUvZtK1FOjoVihNNJeZBKmmAyxkPa1zTCIZVOPjt+gk604qMgFvpFCs3U3xM5DqXMQk8nQ6xGctGbiv95/VQFF07OoiRVNCLzRUHKkYrRtAnkM0GJ4pkmmAimb0VkhAUmSvdV1iXYi19eJp16zT6r2XeNavOqqKMER3AMp2DDOTThBlrQBgIZPMELvBqPxrPxZrzPoytGMVOBPzA+vgGD0JQK</latexit>

⇤4 = ⇤2or or
<latexit sha1_base64="HBcJlPn+mxcMYIKEbZr3Q0jcd5c=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuqlUPTisYL9gHYp2TTbhibZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweh26reeqNIskg9mHFNf4IFkISPYWKktqudnSFYrvWLJLbszoGXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFUYkG1n87unaATq/RRGClb0qCZ+nsixULrsQhsp8BmqBe9qfif10lMeO2nTMaJoZLMF4UJRyZC0+dRnylKDB9bgoli9lZEhlhhYmxEBRuCt/jyMmlWyt5l2bu/KNVusjjycATHcAoeXEEN7qAODSDA4Rle4c15dF6cd+dj3ppzsplD+APn8wdNnI7W</latexit>

m = 3, n = 2

This is the case when 

<latexit sha1_base64="7JNPaD3zdP0HuFuQDwFFEJh1QuE=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJEXVZ7MZlRfuAJi2T6aQdOnkwMxFKqBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4v5kwqy/o2Ciura+sbxc3S1vbO7p65f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW9cz/z2AxWSReG9msTUDfAwZD4jWGmpbx45AVYjz0vrjWmvihzFAirRXa/aN8tWxZoBLRM7J2XI0eibX84gIklAQ0U4lrJrW7FyUywUI5xOS04iaYzJGA9pV9MQ60VuOvtgik61MkB+JHSFCs3U3xMpDqScBJ7uzO6Vi14m/ud1E+VfuSkL40TRkMwX+QlHKkJZHGjABCWKTzTBRDB9KyIjLDBROrSSDsFefHmZtKoV+6Ji356Xa9d5HEU4hhM4AxsuoQY30IAmEHiEZ3iFN+PJeDHejY95a8HIZw7hD4zPH1EFlic=</latexit>

CP2 ⇥ S2

is Kahler-Einstein

The arising 7D metric is the special case of the Calabi construction, which gives a SU(4) holonomy metric in the total space of the complex line bundle over a KE 6-manifold

Explicitly, if set
<latexit sha1_base64="ltavQK3PLJ4PwaCkdH/zCPIqhJ8=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4qjNa1I1QdOPCRQX7gOlQMpm0Dc0kQ3JHKEM/w40LRdz6Ne78G9N2Flo9EDiccy6594SJ4AZc98spLC2vrK4V10sbm1vbO+XdvZZRqaasSZVQuhMSwwSXrAkcBOskmpE4FKwdjm6mfvuRacOVfIBxwoKYDCTvc0rASn73zkYjcnV2UuuVK27VnQH/JV5OKihHo1f+7EaKpjGTQAUxxvfcBIKMaOBUsEmpmxqWEDoiA+ZbKknMTJDNVp7gI6tEuK+0fRLwTP05kZHYmHEc2mRMYGgWvan4n+en0L8MMi6TFJik84/6qcCg8PR+HHHNKIixJYRqbnfFdEg0oWBbKtkSvMWT/5LWadU7r3r3tUr9Oq+jiA7QITpGHrpAdXSLGqiJKFLoCb2gVwecZ+fNeZ9HC04+s49+wfn4Bu0EkF4=</latexit>

⇤ = 3/4
<latexit sha1_base64="mpJLK0/fgLPIhbHokraF8v4yMGo="></latexit>

ds2 =
1

8

�
d⌧ + 3 sin2 µ�3 + 2 cos ✓ d�

�2
<latexit sha1_base64="KdOG9syNRpVOAn6bO/o/zhMZX/k="></latexit>

+6(dµ2 +
1

4
sin2 µ(�2

1 + �2
2 + cos2 µ�2

3) + (d✓2 + cos2 ✓d�2)

The cone over this has holonomy SU(4) and isometry SU(3)xSU(2)xU(1)

The resolution of this cone is provided by the Calabi metric in the total space of the complex line bundle over



Calabi construction

On a Kahler manifold we have <latexit sha1_base64="gOhfs16H5HsTlNvhUl/QEHoLivY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV0R9Rj04jGCeUCyhNlJbzJmHsvMrBBC/sGLB0W8+j/e/BsnyR40saChqOqmuytOOTM2CL69ldW19Y3NwlZxe2d3b790cNgwKtMU61RxpVsxMciZxLpllmMr1UhEzLEZD2+nfvMJtWFKPthRipEgfckSRol1UqOjBPZJt1QOKsEM/jIJc1KGHLVu6avTUzQTKC3lxJh2GKQ2GhNtGeU4KXYygymhQ9LHtqOSCDTReHbtxD91Ss9PlHYlrT9Tf0+MiTBmJGLXKYgdmEVvKv7ntTObXEdjJtPMoqTzRUnGfav86et+j2mklo8cIVQzd6tPB0QTal1ARRdCuPjyMmmcV8LLSnh/Ua7e5HEU4BhO4AxCuIIq3EEN6kDhEZ7hFd485b14797HvHXFy2eO4A+8zx+SKY8h</latexit>!

<latexit sha1_base64="xM4wywd5oWN/9iFRhtuinRs5k+Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdu8EHeBeueJX/RnQMglyUoEc9V75q9tXJBVUWsKxMZ3AT2yYYW0Z4XRS6qaGJpiM8IB2HJVYUBNms2sn6MQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vwozJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVRyIQSLLy+T5lk1uKgG9+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AGEpjwE=</latexit>

⌦ Top holomorphic form
<latexit sha1_base64="qppfYm2HHSXEKPNkxLvTRP+Dv70=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLIAglEVE3QtGNOyvYC7ShTCYn7dCZJMxMhBqKr+LGhSJufQ93vo3TNgtt/WHg4z/ncM78fsKZ0o7zbRUWFpeWV4qrpbX1jc0te3unoeJUUqjTmMey5RMFnEVQ10xzaCUSiPA5NP3B9bjefACpWBzd62ECniC9iIWMEm2srr0XdG4F9MgxwwRP8dLp2mWn4kyE58HNoYxy1br2VyeIaSog0pQTpdquk2gvI1IzymFU6qQKEkIHpAdtgxERoLxscv0IHxonwGEszYs0nri/JzIilBoK33QKovtqtjY2/6u1Ux1eeBmLklRDRKeLwpRjHeNxFDhgEqjmQwOESmZuxbRPJKHaBFYyIbizX56HxknFPau4d6fl6lUeRxHtowN0hFx0jqroBtVQHVH0iJ7RK3qznqwX6936mLYWrHxmF/2R9fkDnMqUCQ==</latexit>

d⌦+ ia⌦ = 0

<latexit sha1_base64="uOrOUwG4Wd1xDp8MYKjzL/85udc=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqBch6MVjBPOQZAmzs51kyDyWmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqKTSo4kq3I2KAMwkNyyyHdqKBiIhDKxrdTv3WE2jDlHyw4wRCQQaS9Rkl1kmPcVcJGJBrv1eu+FV/BrxMgpxUUI56r/zVjRVNBUhLOTGmE/iJDTOiLaMcJqVuaiAhdEQG0HFUEgEmzGYHT/CJU2LcV9qVtHim/p7IiDBmLCLXKYgdmkVvKv7ndVLbvwozJpPUgqTzRf2UY6vw9HscMw3U8rEjhGrmbsV0SDSh1mVUciEEiy8vk+ZZNbioBvfnldpNHkcRHaFjdIoCdIlq6A7VUQNRJNAzekVvnvZevHfvY95a8PKZQ/QH3ucPRgKQEA==</latexit>

d! = 0

This defines a complex structure by declaring it to be (n,0) form. This complex structure is integrable as a consequence of this equation

These data satisfy
<latexit sha1_base64="S2xXFKT8u6uoEpWrUukHGm6MtU8=">AAACDXicbZBNS8MwGMdTX+d8q3r0EpyCBxmtiHoRhl68OcG9wFpGmqZbWNLUJBVG2Rfw4lfx4kERr969+W3M1h5084GEP7//85A8/yBhVGnH+bbm5hcWl5ZLK+XVtfWNTXtru6lEKjFpYMGEbAdIEUZj0tBUM9JOJEE8YKQVDK7GfuuBSEVFfKeHCfE56sU0ohhpg7r2vnfDSQ/l94VzBL37FIWwoCKnXbviVJ1JwVnhFqICiqp37S8vFDjlJNaYIaU6rpNoP0NSU8zIqOyliiQID1CPdIyMESfKzybbjOCBISGMhDQn1nBCf09kiCs15IHp5Ej31bQ3hv95nVRH535G4yTVJMb5Q1HKoBZwHA0MqSRYs6ERCEtq/gpxH0mEtQmwbEJwp1eeFc3jqntadW9PKrXLIo4S2AV74BC44AzUwDWogwbA4BE8g1fwZj1ZL9a79ZG3zlnFzA74U9bnD42Jmpo=</latexit>

⌦⌦ = 0, ⌦! = 0

<latexit sha1_base64="l2nuS9yuX/2tLRNaP8V4ejCVP/s=">AAACCHicbZDLSgMxFIYzXmu9VV26MFgEV2VGRF0W3bizgr1AZyyZ9EwbmmSGJCOUoUs3voobF4q49RHc+TZm2i609YfAx3/O4eT8YcKZNq777SwsLi2vrBbWiusbm1vbpZ3dho5TRaFOYx6rVkg0cCahbpjh0EoUEBFyaIaDq7zefAClWSzvzDCBQJCeZBGjxFirUzrwbwT0iB8SlU1w5GsmsB/nfG87ym7FHQvPgzeFMpqq1il9+d2YpgKkoZxo3fbcxAQZUYZRDqOin2pICB2QHrQtSiJAB9n4kBE+sk4XR7GyTxo8dn9PZERoPRSh7RTE9PVsLTf/q7VTE10EGZNJakDSyaIo5djEOE8Fd5kCavjQAqGK2b9i2ieKUGOzK9oQvNmT56FxUvHOKt7tabl6OY2jgPbRITpGHjpHVXSNaqiOKHpEz+gVvTlPzovz7nxMWhec6cwe+iPn8wf0/5nw</latexit>

⌦⌦̄ ⇠ !n where the proportionality coefficient is a constant

Closed symplectic form

In addition, in terms of these data the Einstein condition becomes the statement that
<latexit sha1_base64="OZQFzQJidT13ab09BhZ9qKyCkOU=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKqBch6MVjBGMC2SXMzvYmQ+axzMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq74owzY33/2yutrK6tb5Q3K1vbO7t71f2DR6NyTaFFFVe6ExMDnEloWWY5dDINRMQc2vHwduq3n0AbpuSDHWUQCdKXLGWUWCeFCbnGBodKQJ/0qjW/7s+Al0lQkBoq0OxVv8JE0VyAtJQTY7qBn9loTLRllMOkEuYGMkKHpA9dRyURYKLx7OYJPnFKglOlXUmLZ+rviTERxoxE7DoFsQOz6E3F/7xubtOraMxklluQdL4ozTm2Ck8DwAnTQC0fOUKoZu5WTAdEE2pdTBUXQrD48jJ5PKsHF/Xg/rzWuCniKKMjdIxOUYAuUQPdoSZqIYoy9Ixe0ZuXey/eu/cxby15xcwh+gPv8wcVi5ES</latexit>

da = s! where s is a multiple of scalar curvature

Example of the 2-sphere
<latexit sha1_base64="iYliQ99e0U+fcXAnWsyMAk4DMQg=">AAACGXicbVDJSgNBEO1xjXGLevTSGISIEGZCUC9C0IvHCGaBTAw9PTVJk56F7h4lmcxvePFXvHhQxKOe/Bs7y0GNDwoe71VRVc+JOJPKNL+MhcWl5ZXVzFp2fWNzazu3s1uXYSwo1GjIQ9F0iATOAqgppjg0IwHEdzg0nP7l2G/cgZAsDG7UIIK2T7oB8xglSkudnGmHPnQJPse2JwhNytgd2vfgdgG7tkNEMkzTpGAdj4aj29LRbSnt5PJm0ZwAzxNrRvJohmon92G7IY19CBTlRMqWZUaqnRChGOWQZu1YQkRon3ShpWlAfJDtZPJZig+14mIvFLoChSfqz4mE+FIOfEd3+kT15F9vLP7ntWLlnbUTFkSxgoBOF3kxxyrE45iwywRQxQeaECqYvhXTHtEJKR1mVodg/X15ntRLReukaF2X85WLWRwZtI8OUAFZ6BRV0BWqohqi6AE9oRf0ajwaz8ab8T5tXTBmM3voF4zPbxT9n7s=</latexit>

! =
4dz ^ dz̄

(1 + |z|2)2

<latexit sha1_base64="LW6xMj20bFVKHHwIcgHunmEUg3U=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgCCUpom6Eoht3VrAPaGKZTCft0MkkzEyENs3Kjb/ixoUibv0Gd/6N0zYLbT1w4XDOvdx7jxcxKpVlfRu5hcWl5ZX8amFtfWNzy9zeqcswFpjUcMhC0fSQJIxyUlNUMdKMBEGBx0jD61+N/cYDEZKG/E4NIuIGqMupTzFSWmqb+85NQLoIXkDHFwgnZdgZpol9PBqO7stp2yxaJWsCOE/sjBRBhmrb/HI6IY4DwhVmSMqWbUXKTZBQFDOSFpxYkgjhPuqSlqYcBUS6yeSNFB5qpQP9UOjiCk7U3xMJCqQcBJ7uDJDqyVlvLP7ntWLln7sJ5VGsCMfTRX7MoArhOBPYoYJgxQaaICyovhXiHtJxKJ1cQYdgz748T+rlkn1asm9PipXLLI482AMH4AjY4AxUwDWoghrA4BE8g1fwZjwZL8a78TFtzRnZzC74A+PzB8ArmAs=</latexit>

⌦ =
2dz

1 + |z|2

<latexit sha1_base64="P25ueov3swgn24dL41Od/BBblew=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARBLEkpagboejGZQV7gSaWyWTSDp1cmJkITZoXceOruHGhiAs34ts4bbPQ1h8GPv5zDmfO70SMCmkY31phaXllda24XtrY3Nre0Xf3WiKMOSZNHLKQdxwkCKMBaUoqGelEnCDfYaTtDK8n9fYD4YKGwZ0cRcT2UT+gHsVIKqun19AltDyOcGpmKc1yTlzLQTxNMngKc3KTLDVPxsn4vpr19LJRMaaCi2DmUAa5Gj3903JDHPskkJghIbqmEUk7RVxSzEhWsmJBIoSHqE+6CgPkE2Gn0+syeKQcF3ohVy+QcOr+nkiRL8TId1Snj+RAzNcm5n+1biy9CzulQRRLEuDZIi9mUIZwEhV0KSdYspEChDlVf4V4gFQ+UgVaUiGY8ycvQqtaMc8q5m2tXL/K4yiCA3AIjoEJzkEd3IAGaAIMHsEzeAVv2pP2or1rH7PWgpbP7IM/0r5+ABN6oo4=</latexit>

a =
1

i

zdz̄ � z̄dz

1 + |z|2
<latexit sha1_base64="/3RnFl1gFzXl9iTHzvQtCiFWfFY=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5IUUTdC0Y3LCvYBTSiTyaQdOo8wMxFK7MJfceNCEbf+hjv/xmmbhbYeuHA4517uvSdKGdXG876dpeWV1bX10kZ5c2t7Z9fd229pmSlMmlgyqToR0oRRQZqGGkY6qSKIR4y0o+HNxG8/EKWpFPdmlJKQo76gCcXIWKnnHsboCgaJQjj3x3ltDAPJSR/13IpX9aaAi8QvSAUUaPTcryCWOONEGMyQ1l3fS02YI2UoZmRcDjJNUoSHqE+6lgrEiQ7z6f1jeGKVGCZS2RIGTtXfEzniWo94ZDs5MgM9703E/7xuZpLLMKcizQwReLYoyRg0Ek7CgDFVBBs2sgRhRe2tEA+QDcPYyMo2BH/+5UXSqlX986p/d1apXxdxlMAROAanwAcXoA5uQQM0AQaP4Bm8gjfnyXlx3p2PWeuSU8wcgD9wPn8AD8yVfw==</latexit>

da =
1

2
!

Calabi considers the total space of the 
<latexit sha1_base64="tRVdhHScU24gCnbuGyRmlOCws9k=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAgupMyIqMuiGxcuKtgHtGPJZDJtaCYzJplCGfodblwo4taPceffmLaz0NYDgcM553Jvjp8Iro3jfKOl5ZXVtfXCRnFza3tnt7S339Bxqiir01jEquUTzQSXrG64EayVKEYiX7CmP7iZ+M0hU5rH8sGMEuZFpCd5yCkxVvI6dzYakMdMnjrjbqnsVJwp8CJxc1KGHLVu6asTxDSNmDRUEK3brpMYLyPKcCrYuNhJNUsIHZAea1sqScS0l02PHuNjqwQ4jJV90uCp+nsiI5HWo8i3yYiYvp73JuJ/Xjs14ZWXcZmkhkk6WxSmApsYTxrAAVeMGjGyhFDF7a2Y9oki1NieirYEd/7Li6RxVnEvKu79ebl6nddRgEM4ghNw4RKqcAs1qAOFJ3iGV3hDQ/SC3tHHLLqE8pkD+AP0+QM5WZG/</latexit>

⇤n,0 line bundle

Let 
<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t be the complex coordinate along the fibre

Introduce
<latexit sha1_base64="DcDwoSP4k9C2r3Enz1vxc9C3dD0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCG0sioiIIRTcuK9gHtKFMJpN26GQSZm6EGoq/4saFIm79D3f+jdM2C209cOFwzr3ce4+fCK7Bcb6twsLi0vJKcbW0tr6xuWVv7zR0nCrK6jQWsWr5RDPBJasDB8FaiWIk8gVr+oObsd98YErzWN7DMGFeRHqSh5wSMFLX3utAnwHBl1c4AHyMOSYYunbZqTgT4Hni5qSMctS69lcniGkaMQlUEK3brpOAlxEFnAo2KnVSzRJCB6TH2oZKEjHtZZPrR/jQKAEOY2VKAp6ovycyEmk9jHzTGRHo61lvLP7ntVMIL7yMyyQFJul0UZgKDDEeR4EDrhgFMTSEUMXNrZj2iSIUTGAlE4I7+/I8aZxU3LOKe3darl7ncRTRPjpAR8hF56iKblEN1RFFj+gZvaI368l6sd6tj2lrwcpndtEfWJ8/oGSTZQ==</latexit>

✓ := dt� iat
<latexit sha1_base64="lXmgG2+t4hyyHXXuU1dDV5qJ51c="></latexit>

d|t|2 = t̄dt+ tdt̄ = t̄(✓ + iat) + t(✓̄ � iat̄) = t̄✓ + t✓̄Then

This will be the (1,0) form along the fibres

Consider
<latexit sha1_base64="MoRuxbos7dUZuO79qqe1BNEFskY="></latexit>

!̃ = u! +
1

is
u0✓ ^ ✓̄

Here u is a function of 
<latexit sha1_base64="pwCDPCK3r+3PxLPKbmMhQj6uIgA=">AAAB7HicbVBNT8JAEJ3iF+IX6tFLIzHxRFpi1CPRi0dMLJBAJdtlCxu222Z3akIKv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZekAiu0XG+rcLa+sbmVnG7tLO7t39QPjxq6jhVlHk0FrFqB0QzwSXzkKNg7UQxEgWCtYLR7cxvPTGleSwfcJwwPyIDyUNOCRrJm+DksdYrV5yqM4e9StycVCBHo1f+6vZjmkZMIhVE647rJOhnRCGngk1L3VSzhNARGbCOoZJETPvZ/NipfWaUvh3GypREe67+nshIpPU4CkxnRHCol72Z+J/XSTG89jMukxSZpItFYSpsjO3Z53afK0ZRjA0hVHFzq02HRBGKJp+SCcFdfnmVNGtV97Lq3l9U6jd5HEU4gVM4BxeuoA530AAPKHB4hld4s6T1Yr1bH4vWgpXPHMMfWJ8/zKyOrg==</latexit>

|t|2 and prime denotes the derivative



Proposition:

The form 

<latexit sha1_base64="LWgRYWzjfLuVoypG8XUqnH9TfB4=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaWDabSbt0Nxt2N0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJTFFpUcqm6IdHAWQItwwyHbqqAiJBDJxzdTP3OIyjNZHJvxikEggwSFjNKjJUefMN4BLkvBQzIpF+tuXV3BrxMvILUUIFmv/rlR5JmAhJDOdG657mpCXKiDKMcJhU/05ASOiID6FmaEAE6yGdXT/CJVSIcS2UrMXim/p7IidB6LELbKYgZ6kVvKv7n9TITXwU5S9LMQELni+KMYyPxNAIcMQXU8LElhCpmb8V0SBShxgZVsSF4iy8vk/ZZ3buoe3fntcZ1EUcZHaFjdIo8dIka6BY1UQtRpNAzekVvzpPz4rw7H/PWklPMHKI/cD5/AAAXktc=</latexit>

!̃ is closed

Proof:
<latexit sha1_base64="jcTiJ8n3F2nUeJwO1W/V6Z9AuYQ=">AAACCnicbVC7SkNBEN0bXzG+opY2q0EQxHCviNoIQRvLCOYBSQhzN5Nkyd4Hu3OFEFLb+Cs2ForY+gV2/o2bR6GJBwYO58wwM8ePlTTkut9OamFxaXklvZpZW9/Y3Mpu75RNlGiBJRGpSFd9MKhkiCWSpLAaa4TAV1jxezcjv/KA2sgovKd+jI0AOqFsSwFkpWZ2v1WnLhLwK34iualHAXaA0zGXHCZOM5tz8+4YfJ54U5JjUxSb2a96KxJJgCEJBcbUPDemxgA0SaFwmKknBmMQPehgzdIQAjSNwfiVIT+0Sou3I20rJD5Wf08MIDCmH/i2MwDqmllvJP7n1RJqXzYGMowTwlBMFrUTxSnio1x4S2oUpPqWgNDS3spFFzQIsullbAje7MvzpHya987z3t1ZrnA9jSPN9tgBO2Ieu2AFdsuKrMQEe2TP7JW9OU/Oi/PufExaU850Zpf9gfP5A9SbmRc=</latexit>

d✓ = �is!t+ ia✓
<latexit sha1_base64="gy2LidDSwHE4ReHEBkc2hJxAvRM="></latexit>

d!̃ = u0(t̄✓ + t✓̄)! +
1

is
u0(�is!t+ ia✓)✓̄ � 1

is
u0✓(is!t̄� ia✓̄)

The 
<latexit sha1_base64="DT4QgJJcTXHqWg4+mNDrqgMbvcg=">AAAB/HicbZBNS8NAEIY39avWr2iPXoJF8FQSEfVY9OKxgv2AJpTJdtsu3WzC7kQIof4VLx4U8eoP8ea/cdvmoK0vLDy8M8PMvmEiuEbX/bZKa+sbm1vl7crO7t7+gX141NZxqihr0VjEqhuCZoJL1kKOgnUTxSAKBeuEk9tZvfPIlOaxfMAsYUEEI8mHnAIaq29XwccxQ/BDUPkCp3275tbduZxV8AqokULNvv3lD2KaRkwiFaB1z3MTDHJQyKlg04qfapYAncCI9QxKiJgO8vnxU+fUOANnGCvzJDpz9/dEDpHWWRSazghwrJdrM/O/Wi/F4XWQc5mkyCRdLBqmwsHYmSXhDLhiFEVmAKji5laHjkEBRZNXxYTgLX95Fdrnde+y7t1f1Bo3RRxlckxOyBnxyBVpkDvSJC1CSUaeySt5s56sF+vd+li0lqxipkr+yPr8AV2zlT0=</latexit>

a✓✓̄ terms cancel, as do the other terms as well

Proposition:
<latexit sha1_base64="YJ1XNpqC/gCFFki3krrow5W6HG8=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SDEJuyKqI0QtLEzgnlANoTZ2ZtkyOyDmbtKCKlt/BUbC0Vs/QI7/8ZJsoUmHrhw5px7mXuPF0uh0ba/rczC4tLySnY1t7a+sbmV396p6ShRHKo8kpFqeEyDFCFUUaCERqyABZ6Eute/Gvv1e1BaROEdDmJoBawbio7gDI3Uzu+72ANk7gP4XaDuTQBdRi+oX8T0cdTOF+ySPQGdJ05KCiRFpZ3/cv2IJwGEyCXTuunYMbaGTKHgEkY5N9EQM95nXWgaGrIAdGs4OWVED43i006kTIVIJ+rviSELtB4EnukMGPb0rDcW//OaCXbOW0MRxglCyKcfdRJJMaLjXKgvFHCUA0MYV8LsSnmPKcbRpJczITizJ8+T2nHJOS05tyeF8mUaR5bskQNSJA45I2VyTSqkSjh5JM/klbxZT9aL9W59TFszVjqzS/7A+vwBKfKZRQ==</latexit>

✓ ^ ⌦ = d(t⌦) is exact, and so closed

Proof:
<latexit sha1_base64="HB1DxMWGhB4wcKuP1AkARQTImWY=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6ALy4yIulFEN+5UsCp0SrmTuW1DMw+SO0op/o0bf8WNoCK69E9MO7PwdSBwcs65JPcEqZKGXPfDGRkdG5+YnJouzczOzS+UF5cuTZJpgTWRqERfB2BQyRhrJEnhdaoRokDhVdA9HvhXN6iNTOIL6qXYiKAdy5YUQFZqlg94uE7cP42wDRv7PCT/FsM2FgrflJw45Jd97lMHCfJErjXLFbfqDsH/Eq8gFVbgrFl+9sNEZBHGJBQYU/fclBp90CSFwruSnxlMQXShjXVLY4jQNPrDPe/4mlVC3kq0PTHxofp9og+RMb0osMkIqGN+ewPxP6+eUWuv0ZdxmhHGIn+olSlOCR+UxkOpUZDqWQJCS/tXLjqgQZCttmRL8H6v/JdcblW9nap3vl05PCrqmGIrbJWtM4/tskN2ws5YjQl2zx7ZC3t1Hpwn5815z6MjTjGzzH7A+fwCI46kWQ==</latexit>

d(t⌦) = dt ^ ⌦� ita⌦ = ✓ ^ ⌦

These data thus define an integrable complex structure in which  

Proposition: The algebraic constraints are satisfies
<latexit sha1_base64="TbED83h6Xi1bspMTssc2wG4E5x4=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0EQi7ArojZC0MbOCOYB2RBmZ2+SIbMPZu4qYck/2PgrNhaK2NrY+TdOHoUmHrhw5px7mXuPn0ih0XG+rdzC4tLySn61sLa+sbllb+/UdJwqDlUey1g1fKZBigiqKFBCI1HAQl9C3e9fjfz6PSgt4ugOBwm0QtaNREdwhkZq20ceChlA5sUhdNnQe4CgC9TDHiCbPLybkUMvnLZddErOGHSeuFNSJFNU2vaXF8Q8DSFCLpnWTddJsJUxhYJLGBa8VEPCeJ91oWloxELQrWx805AeGCWgnViZipCO1d8TGQu1HoS+6QwZ9vSsNxL/85opds5bmYiSFCHik486qaQY01FANBAKOMqBIYwrYXalvMcU42hiLJgQ3NmT50ntuOSeltzbk2L5chpHnuyRfXJIXHJGyuSaVEiVcPJInskrebOerBfr3fqYtOas6cwu+QPr8wc03J5U</latexit>

!̃ ^ ✓ ^ ⌦ = 0
<latexit sha1_base64="ke7enoAVtl0BEwAK+ZsEFTkvCeM=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMi6jHoxZsRzAKZIfT01CRNeha6a5QYgr/ixYMiXv0Pb/6NneWgiQ8KHu9VUVUvyKTQ6Djf1sLi0vLKamGtuL6xubVt7+zWdZorDjWeylQ1A6ZBigRqKFBCM1PA4kBCI+hdjfzGPSgt0uQO+xn4MeskIhKcoZHa9j71sAvIvAcIO+DdxNBhtG2XnLIzBp0n7pSUyBTVtv3lhSnPY0iQS6Z1y3Uy9AdMoeAShkUv15Ax3mMdaBmasBi0PxhfP6RHRglplCpTCdKx+ntiwGKt+3FgOmOGXT3rjcT/vFaO0YU/EEmWIyR8sijKJcWUjqKgoVDAUfYNYVwJcyvlXaYYRxNY0YTgzr48T+onZfes7N6eliqX0zgK5IAckmPiknNSIdekSmqEk0fyTF7Jm/VkvVjv1sekdcGazuyRP7A+fwDckJTY</latexit>

✓ ^ ⌦ is the top holomorphic form, and 
<latexit sha1_base64="Y2mJA6YsjJLkjUTcQRQYs1BtTDc=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoZbEInkoioh6LXjxWsB/QhLLZTNqlu5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/vV2sFhRyeZotCmCU9ULyQaOJPQNsxw6KUKiAg5dMPx7czvPoLSLJEPZpJCIMhQsphRYqw0qFWxbxiPIPcTAUMyHdTqbsOdA68SryB1VKA1qH35UUIzAdJQTrTue25qgpwowyiHacXPNKSEjskQ+pZKIkAH+fzwKT61SoTjRNmSBs/V3xM5EVpPRGg7BTEjvezNxP+8fmbi6yBnMs0MSLpYFGccmwTPUsARU0ANn1hCqGL2VkxHRBFqbFYVG4K3/PIq6Zw3vMuGd39Rb94UcZTRMTpBZ8hDV6iJ7lALtRFFGXpGr+jNeXJenHfnY9FacoqZI/QHzucPzwqTMg==</latexit>

!̃ is a (1,1) Kahler form

The metric defined by these data will be Einstein if
<latexit sha1_base64="rlHzHFJ+8gtbQBshn7s3eJInRQQ="></latexit>

!̃n+1 ⇠ ✓ ^ ✓̄ ^ ⌦ ^ ⌦̄
<latexit sha1_base64="hg5tBwTEZ+G9JfWE239m8trj9hQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1hEVyURUTdC0Y3LCvYBbSyT6aQdOpkJ8xBKCG78FTcuFHHrV7jzb5y2WWjrgQuHc+7l3nvChFGlPe/bKSwsLi2vFFdLa+sbm1vu9k5DCSMxqWPBhGyFSBFGOalrqhlpJZKgOGSkGQ6vx37zgUhFBb/To4QEMepzGlGMtJW67l4nkginfpaqDJp7Ds0RvMSCK911y17FmwDOEz8nZZCj1nW/Oj2BTUy4xgwp1fa9RAcpkppiRrJSxyiSIDxEfdK2lKOYqCCdvJDBQ6v0YCSkLa7hRP09kaJYqVEc2s4Y6YGa9cbif17b6OgiSClPjCYcTxdFhkEt4DgP2KOSYM1GliAsqb0V4gGymWibWsmG4M++PE8aJxX/rOLfnparV3kcRbAPDsAx8ME5qIIbUAN1gMEjeAav4M15cl6cd+dj2lpw8pld8AfO5w981JbY</latexit>

1

s
unu0 = constThis gives the equation

<latexit sha1_base64="+t9bhOXtTXf1RZcZJ6K1qTZWYkY=">AAACBHicbVDLSgNBEJyNrxhfUY+5DAYhEgi7QdSLEPQieIlgHpAXs5NJMmR2dpnpFcImBy/+ihcPinj1I7z5N06SPWhiQUNR1U13lxsIrsG2v63Eyura+kZyM7W1vbO7l94/qGo/VJRVqC98VXeJZoJLVgEOgtUDxYjnClZzh9dTv/bAlOa+vIdRwFoe6Uve45SAkTrpTNiOZN6Z4EtMfakhp/EYxu1iHt+edNJZu2DPgJeJE5MsilHupL+aXZ+GHpNABdG64dgBtCKigFPBJqlmqFlA6JD0WcNQSTymW9HsiQk+NkoX93xlSgKeqb8nIuJpPfJc0+kRGOhFbyr+5zVC6F20Ii6DEJik80W9UGDw8TQR3OWKURAjQwhV3NyK6YAoQsHkljIhOIsvL5NqseCcFZy702zpKo4jiTLoCOWQg85RCd2gMqogih7RM3pFb9aT9WK9Wx/z1oQVzxyiP7A+fwAPJZZu</latexit>

un+1 = const(s|t|2 +K)Whose solution is

This gives the following Calabi-Yau metric
<latexit sha1_base64="E+sfH2ujtaPv1MPhlNHzPQFiyHQ="></latexit>

ds2 = (s|t|2 +K)
1

n+1 ds2KE +
1

n+ 1
(s|t|2 +K)�

n
n+1 |dt� iat|2

Has holonomy contained in SU(n+1)

Example: Applying this construction to S2 we get Eguchi-Hanson instanton

Proposition: This metric is asymptotically conical, with the circle bundle over the KE metric as the base of the cone



Conclusion: The regular, complete metric that has holonomy SU(4) and isometry SU(3) x SU(2) x U(1) is obtained by applying Calabi's construction to 
<latexit sha1_base64="7JNPaD3zdP0HuFuQDwFFEJh1QuE=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCpJEXVZ7MZlRfuAJi2T6aQdOnkwMxFKqBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4v5kwqy/o2Ciura+sbxc3S1vbO7p65f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW9cz/z2AxWSReG9msTUDfAwZD4jWGmpbx45AVYjz0vrjWmvihzFAirRXa/aN8tWxZoBLRM7J2XI0eibX84gIklAQ0U4lrJrW7FyUywUI5xOS04iaYzJGA9pV9MQ60VuOvtgik61MkB+JHSFCs3U3xMpDqScBJ7uzO6Vi14m/ud1E+VfuSkL40TRkMwX+QlHKkJZHGjABCWKTzTBRDB9KyIjLDBROrSSDsFefHmZtKoV+6Ji356Xa9d5HEU4hhM4AxsuoQY30IAmEHiEZ3iFN+PJeDHejY95a8HIZw7hD4zPH1EFlic=</latexit>

CP2 ⇥ S2

Asymptotically, this is the conical metric explicitly described before


