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Quantum parameter estimation

M�� X � PM
� �̂

Estimation problem: estimate ◊ by performing a measurement M on system in state fl◊

What is quantum about this ?
I fixed measurement: "classical stats" problem with special probabilistic structure
I "optimal" measurement: need to understand structure of quantum statistical model
I quantum enhance precision when ◊ is encoded with "sensitive states"

Classical and quantum Cramér-Rao bounds1: if ◊̂ is unbiased
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Classical  
Fisher info

Quantum  
Fisher info

1A. Holevo. Probabilistic and Statistical Aspects of Quantum Theory (1982); S. L. Braunstein, C. M. Caves, P.R.L. (1994)



Pure states models

one parameter pure state rotation model: |Â◊Í := e
≠i◊G

|ÂÍ, ÈÂ|G|ÂÍ = 0

Quantum Fisher Information: F (◊) = 4
.. dÂ◊

d◊

..2 = 4VarÂ(G) = 4
+

Â

--G
2
-- Â

,

Example: One-dimensional qubit rotation

|Â◊Í := exp (i◊‡x) | ø Í = cos(◊)| øÍ + sin(◊)| ¿ Í

I Quantum Fisher information F = 4Èø |‡
2
x| øÍ = 4

I ‘most informative’ observable ‡y

Example: Gaussian shift model CV system [Q, P] = i1

I
---


F/2 ◊

f
coherent state with mean

1
F/2 ◊, 0

2

I quantum Fisher information = 4Var
1

F/2P
2

= F

I Cramér-Rao bound achieved by measuring Q

Tutorial: Convergence of IID ensemble converges to Gaussian shift model
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Tutorial: Convergence of IID ensemble converges to Gaussian shift model
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Markovian quantum open systems in continuous time

System
��(t)

Environment

Dissipative evolution of open system

d

dt
fl(t) = Lfl(t) = ≠i[H, fl(t)] +

ÿ

i

L
i
fl(t)Liú

≠
1
2

{fl(t), L
iú

L
i
}

Ergodicity: system converges to stationary state flss (Lflss = 0)

fl(t) = e
tL

flin ≠æ flss

Estimating unknown “dynamical parameters” ◊ ‘æ D◊ = (H◊, L
i

◊
) by direct probing

I system may not be accessible (e.g. in quantum control applications)
I system would need to be initialised repeatedly
I Information about dynamical parameters “leaks" continuously into the environment



System identification and estimation with input-output open systems

System
Input Output

N(t)

Q(t)

B(t)
(H, L)

Unitary dynamics: singular coupling with incoming input fields (Q Stoch Di� Eq2)

dU(t) =
1

≠iHdt + LdA
ú(t) ≠ L

ú
dA(t) ≠

1
2

L
ú
Ldt

2
U(t)

System identification: if ◊ æ (H◊, L◊), estimate ◊ by measuring the output3

I which parameters can be identified ?
I how does the output QFI scale with time t ?
I how does this relate to dynamical properties, e.g. ergodicity, spectral gap...?
I which measurements are informative ?
I how to achieve high estimation accuracy ?

2K. R. Parthasarathy, An introduction to quantum stochastic calculus, Springer Birkhäuser (1992)
3H. Mabuchi Quant. Semiclass. Optics (1996); J. Gambetta and H. M. Wiseman Phys. Rev. A (2001);
S. Gammelmark and K. Molmer Phys. Rev. A (2013), S.Bonnabel, M.Mirrahimi, P.Rouchon, Automatica (2009)...



Quantum input-output systems4

Input-output formalism describes controlled open system dynamics

Quantum filtering, feedback control, quantum networks

Control and system identification: two sides of the coin

Feedback control of cavity state in the atom maser
C. Sayrin et al, Nature (2011)

Advanced LIGO
B. P. Abbott et al. Phys. Rev. Lett. (2016)

4C. W. Gardiner and P. Zoller, Quantum Noise (2004)
H. M. Wiseman and G. J. Milburn, Quantum measurements and control (2010)



Output state as superposition of quantum trajectories

Monitoring the environment produces jump trajectories with infinitesimal Kraus operators

I "no emission": K
0
◊

= e
≠i”tH◊

Ò
1 ≠ ”t

q
j

L
jú
◊

L
j

◊

I "emission" in channel j: K
j

◊
= e

≠i”tH◊
Ô

”tL
j

◊

System-output state: coherent superposition of quantum trajectories, (continuous) MPS5

|Â
s+o

◊
(t)Í = U◊(t)|Âs+o

in
Í =

ÿ

j1,...,jn

K
jn
◊

. . . K
j1
◊

|ÂÍ ¢ |jn . . . j1Í, n = t/”t

5M. Fannes, B. Nachtergale and R. Werner, Commun. Math. Phys.(1992);
D. Perez-Garcia, F. Verstraete, M. Wolf and I. Cirac, Quantum Inf. Comput. (2007)



Generator of parameter change in system+output state

Model dynamics with unknown parameter ◊ œ Rm

D◊ = (H◊, L◊) ≠æ

--�s+o
◊

(t)
,

= U◊(t)|Ï ¢ �Í

Tangent vector at D◊ corresponding to changes in component ◊a

Ḋ◊,a = (Ḣ◊,a, L̇◊,a) =
1

ˆH

ˆ◊a

,
ˆL

ˆ◊a

2
D� Ḋ�,a

Ḋ�,b

Generator of parameter change for component ◊a

ˆ

ˆ◊a

--�s+o
◊

(t)
,

= U̇◊,a(t)|Ï ¢ �Í = U◊(t)G◊,a(t)|Ï ¢ �Í

Generator is a quantum stochastic integral (fluctuation operator)

G◊,a(t) :=
Ô

tFt(Ḋ◊,a) =
⁄

t

0
L̇◊,a(s)dA

ú(s) ≠ iED(Ḋ◊,a)(s)ds

ED(Ḋ) := Ḣ + Im(L̇ú
L) ≠ Tr

#
fl

D

ss(Ḣ + Im(L̇ú
L))

$
1



Quantum information geometry of stationary output state

T nonid
D

Ḋb

Ḋa

D

T id
D

Theorem (QFI as Riemanian metric)
The quantum Fisher information matrix Fa,b(t) = 4Re

+
G

ú
◊,a

(t) · G◊,b(t)
,

grows linearly in t

with rate Fa,b given by the asymptotic Markov covariance of fluctuators

Fa,b = 4Re
!

Ḋ◊,a, Ḋ◊,b

"
D

:= 4Re Tr
#
flss

!
L̇◊,a ≠ i[L◊, L

≠1
¶ ED(Ḋ◊,a)]

"ú
·

!
L̇◊,b ≠ i[L◊, L

≠1
¶ ED(Ḋ◊,b)]

"$
.

The tangent space decomposes into identifiable and unidentifiable subspaces TD = T
id

D
ü T

nonid

D

T
nonid

D
:= {Ḋ : Ḋ = i[K, D] + c(1, 0)} ≠æ (Ḋ, Ḋ

Õ)D = 0

T
id

D
= {Ḋ : ED(Ḋ) = 0} ≠æ (Ḋ, Ḋ

Õ)D = Tr(flD
ssL̇

ú
L̇

Õ)

Fa,b defines a Riemannian metric on P = D/G

Tutorial: Convergence to Gaussian model on CCR algebra
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Counting measurement and total counts statistic6

Let �(out)(t) be the counting process with stationary emission rate

m◊ = T r(fl◊

ssL
ú
◊
L◊) = lim

tæŒ

�(out)(t)
t

Let ◊ = ◊0 + u/
Ô

t in terms of local parameter u.

Theorem (asymptotic normality and classical Fisher information for counting)
If dynamics is ergodic, then �(out)(t) satisfies local asymptotic normality, i.e. the following
convergence in distribution holds as t æ Œ,

�(out)(t) ≠ tm◊0
Ô

t

D
≠æ N(µcu, Vc)

where µc := dm◊
d◊

--
◊0

and Vc have explicit expressions in terms of Ḋ = (Ḣ, L̇) and L.

The asymptotic (rescaled) classical Fisher information is given by the SNR

Ic = µ
2
c

Vc

Æ F

The estimator ◊̂t := ◊0 + �(out)(t)≠tm◊0
tµc

is asymptotically normal and satisfies
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tE
#
(◊̂t ≠ ◊)2$

= I
≠1
c .

6C. Catana, L. Bouten, M.G, J. Phys. A (2015)



Homodyne measurement and integrated current statistic7

Let X(t)(t) = A
(out)(t) + A

(out)ú(t) be the homodyne process with stationary mean

m◊ = T r(fl◊

ss(L◊ + L
ú
◊
)) = lim

tæŒ

X(t)
t

Let ◊ = ◊0 + u/
Ô

t in terms of local parameter u.

Theorem (asymptotic normality and classical Fisher information for homodyne)
If dynamics is ergodic, then X(t) satisfies local asymptotic normality, i.e. the following
convergence in distribution holds as t æ Œ,

X(t) ≠ tm◊0
Ô

t

D
≠æ N(µhu, Vh)

where µh := dm◊
d◊

--
◊0

and Vh have explicit expressions in terms of Ḋ = (Ḣ, L̇) and L.

The asymptotic (rescaled) classical Fisher information is given by the SNR

Ih =
µ

2
h

Vh

Æ F

The estimator ◊̂t := ◊0 + X(t)≠tm◊0
tµh

is asymptotically normal and satisfies

lim
tæŒ

tE
#
(◊̂t ≠ ◊)2$

= I
≠1
h

.

7C. Catana, L. Bouten, M.G, J. Phys. A (2015)



Example: atom maser

Input excited 
atoms

Cavity

��

Thermal bath

Output  atoms

detection trajectory

(t1, 2)(t2, 1)

|n�

Tuesday, 29 October 13

Atom maser with Jaynes-Cummings interaction

U : |1Í ¢ |kÍ ‘æ cos
1

„


k + 1

2
|1Í ¢ |kÍ + sin

1
„


k + 1

2
|0Í ¢ |k + 1Í

Coarse grained cavity dynamics for Poisson distributed input atoms with rate Nex

dfl

dt
= L(fl) =
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LiflL

ú
i

≠
1
2

{L
ú
i
Li, fl}
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I L1 : |kÍ ‘æ
Ô

Nex sin(„
Ô

k + 1) |k + 1Í (excitation absorbed from atom)

I L2 : |kÍ ‘æ
Ô

Nex cos(„
Ô

k + 1) |kÍ (atom remains in excited state)

I L3 : |kÍ ‘æ


k(‹ + 1) |k ≠ 1Í (photon emitted in the bath)

I L4 : |kÍ ‘æ


(k + 1)‹ |k + 1Í (photon absorbed from the bath)



Stationary state and phase transitions

Mean photon number and photon distribution in the stationary state as function of – =
Ô

Nex„

unique stationary state

flss(n) = flss(0)

nŸ

k=1

1
‹

‹ + 1
+

Nex

‹ + 1
sin2(„

Ô
k)

k

2

jumps in mean photon number around – = 1, 2fi, 4fi

bistable stationary distribution around – = 2fi, 4fi

can be undestood via large deviations for the counting process1

1J. P. Garrahan and I. Lesanovsky, Phys. Rev. Lett. 2010



The many Fisher informations of the atom maser8, 9

Quantum Fisher information F = 4NexTr(flssN)
Total counts exhibits zero Fisher information at maximum of QFI
ML based on full counting trajectory has Fisher close(r) to QFI
ABC with ‘composite statistics’ comes close to ML

red: quantum Fisher info
black: observe cavity + bath
blue: observe cavity
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red: Fisher info total counts
blue: Fisher info counting process

8C. Catana, M van Horssen, M.G., Phil. Trans. Royal Soc. A (2012)
9C.Catana, T. Kypraios and M.G. J. Phys. A: Math. Theor. (2014)



Outline

Quantum estimation

The quantum Fisher information of input-output systems

Estimation with ‘simple’ measurements

Quantum post-processing with coherent absorbers

Dynamical phase transitions and Heisenberg scaling



How to design ‘better’ measurements?

Using full information in measurement trajectory (eg via ML) may be expensive

Alternative: extend class of ‘simple measurements’ by ‘quantum post-processing’

System
Input Output

N(t)H

B(t)

L

Post-proc

H̃<latexit sha1_base64="FCkflrHHIyx5wwerxetMIGLQYK4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ot4KXnqsYD8gDWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhangBlz32yltbe/s7pX3KweHR8cn1dOznlGZpqxLlVB6EBLDBJesCxwEG6SakSQUrB9O7xd+/4lpw5V8hFnKgoSMJY85JWAlvz4ELiKWt+f1UbXmNtwl8CbxClJDBTqj6tcwUjRLmAQqiDG+56YQ5EQDp4LNK8PMsJTQKRkz31JJEmaCfHnyHF9ZJcKx0rYk4KX6eyIniTGzJLSdCYGJWfcW4n+en0F8G+RcphkwSVeL4kxgUHjxP464ZhTEzBJCNbe3YjohmlCwKVVsCN76y5uk12x4bsN7aNZad0UcZXSBLtE18tANaqE26qAuokihZ/SK3hxwXpx352PVWnKKmXP0B87nD7M4kNM=</latexit><latexit sha1_base64="FCkflrHHIyx5wwerxetMIGLQYK4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ot4KXnqsYD8gDWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhangBlz32yltbe/s7pX3KweHR8cn1dOznlGZpqxLlVB6EBLDBJesCxwEG6SakSQUrB9O7xd+/4lpw5V8hFnKgoSMJY85JWAlvz4ELiKWt+f1UbXmNtwl8CbxClJDBTqj6tcwUjRLmAQqiDG+56YQ5EQDp4LNK8PMsJTQKRkz31JJEmaCfHnyHF9ZJcKx0rYk4KX6eyIniTGzJLSdCYGJWfcW4n+en0F8G+RcphkwSVeL4kxgUHjxP464ZhTEzBJCNbe3YjohmlCwKVVsCN76y5uk12x4bsN7aNZad0UcZXSBLtE18tANaqE26qAuokihZ/SK3hxwXpx352PVWnKKmXP0B87nD7M4kNM=</latexit><latexit sha1_base64="FCkflrHHIyx5wwerxetMIGLQYK4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ot4KXnqsYD8gDWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhangBlz32yltbe/s7pX3KweHR8cn1dOznlGZpqxLlVB6EBLDBJesCxwEG6SakSQUrB9O7xd+/4lpw5V8hFnKgoSMJY85JWAlvz4ELiKWt+f1UbXmNtwl8CbxClJDBTqj6tcwUjRLmAQqiDG+56YQ5EQDp4LNK8PMsJTQKRkz31JJEmaCfHnyHF9ZJcKx0rYk4KX6eyIniTGzJLSdCYGJWfcW4n+en0F8G+RcphkwSVeL4kxgUHjxP464ZhTEzBJCNbe3YjohmlCwKVVsCN76y5uk12x4bsN7aNZad0UcZXSBLtE18tANaqE26qAuokihZ/SK3hxwXpx352PVWnKKmXP0B87nD7M4kNM=</latexit><latexit sha1_base64="FCkflrHHIyx5wwerxetMIGLQYK4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ot4KXnqsYD8gDWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhangBlz32yltbe/s7pX3KweHR8cn1dOznlGZpqxLlVB6EBLDBJesCxwEG6SakSQUrB9O7xd+/4lpw5V8hFnKgoSMJY85JWAlvz4ELiKWt+f1UbXmNtwl8CbxClJDBTqj6tcwUjRLmAQqiDG+56YQ5EQDp4LNK8PMsJTQKRkz31JJEmaCfHnyHF9ZJcKx0rYk4KX6eyIniTGzJLSdCYGJWfcW4n+en0F8G+RcphkwSVeL4kxgUHjxP464ZhTEzBJCNbe3YjohmlCwKVVsCN76y5uk12x4bsN7aNZad0UcZXSBLtE18tANaqE26qAuokihZ/SK3hxwXpx352PVWnKKmXP0B87nD7M4kNM=</latexit> L̃<latexit sha1_base64="A9VSiK1nDy7VY2rw1P3azmumyyw=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFhPBKtylUbuAjYVFBPMBlyPs7e0lS/Z2j905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oWp4AZc99spbWxube+Udyt7+weHR9Xjk65RmaasQ5VQuh8SwwSXrAMcBOunmpEkFKwXTm7nfu+JacOVfIRpyoKEjCSPOSVgJb8+AC4ilt/P6sNqzW24C+B14hWkhgq0h9WvQaRoljAJVBBjfM9NIciJBk4Fm1UGmWEpoRMyYr6lkiTMBPni5Bm+sEqEY6VtScAL9fdEThJjpkloOxMCY7PqzcX/PD+D+DrIuUwzYJIuF8WZwKDw/H8ccc0oiKklhGpub8V0TDShYFOq2BC81ZfXSbfZ8NyG99CstW6KOMroDJ2jS+ShK9RCd6iNOogihZ7RK3pzwHlx3p2PZWvJKWZO0R84nz+5UJDX</latexit><latexit sha1_base64="A9VSiK1nDy7VY2rw1P3azmumyyw=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFhPBKtylUbuAjYVFBPMBlyPs7e0lS/Z2j905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oWp4AZc99spbWxube+Udyt7+weHR9Xjk65RmaasQ5VQuh8SwwSXrAMcBOunmpEkFKwXTm7nfu+JacOVfIRpyoKEjCSPOSVgJb8+AC4ilt/P6sNqzW24C+B14hWkhgq0h9WvQaRoljAJVBBjfM9NIciJBk4Fm1UGmWEpoRMyYr6lkiTMBPni5Bm+sEqEY6VtScAL9fdEThJjpkloOxMCY7PqzcX/PD+D+DrIuUwzYJIuF8WZwKDw/H8ccc0oiKklhGpub8V0TDShYFOq2BC81ZfXSbfZ8NyG99CstW6KOMroDJ2jS+ShK9RCd6iNOogihZ7RK3pzwHlx3p2PZWvJKWZO0R84nz+5UJDX</latexit><latexit sha1_base64="A9VSiK1nDy7VY2rw1P3azmumyyw=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFhPBKtylUbuAjYVFBPMBlyPs7e0lS/Z2j905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oWp4AZc99spbWxube+Udyt7+weHR9Xjk65RmaasQ5VQuh8SwwSXrAMcBOunmpEkFKwXTm7nfu+JacOVfIRpyoKEjCSPOSVgJb8+AC4ilt/P6sNqzW24C+B14hWkhgq0h9WvQaRoljAJVBBjfM9NIciJBk4Fm1UGmWEpoRMyYr6lkiTMBPni5Bm+sEqEY6VtScAL9fdEThJjpkloOxMCY7PqzcX/PD+D+DrIuUwzYJIuF8WZwKDw/H8ccc0oiKklhGpub8V0TDShYFOq2BC81ZfXSbfZ8NyG99CstW6KOMroDJ2jS+ShK9RCd6iNOogihZ7RK3pzwHlx3p2PZWvJKWZO0R84nz+5UJDX</latexit><latexit sha1_base64="A9VSiK1nDy7VY2rw1P3azmumyyw=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFhPBKtylUbuAjYVFBPMBlyPs7e0lS/Z2j905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oWp4AZc99spbWxube+Udyt7+weHR9Xjk65RmaasQ5VQuh8SwwSXrAMcBOunmpEkFKwXTm7nfu+JacOVfIRpyoKEjCSPOSVgJb8+AC4ilt/P6sNqzW24C+B14hWkhgq0h9WvQaRoljAJVBBjfM9NIciJBk4Fm1UGmWEpoRMyYr6lkiTMBPni5Bm+sEqEY6VtScAL9fdEThJjpkloOxMCY7PqzcX/PD+D+DrIuUwzYJIuF8WZwKDw/H8ccc0oiKklhGpub8V0TDShYFOq2BC81ZfXSbfZ8NyG99CstW6KOMroDJ2jS+ShK9RCd6iNOogihZ7RK3pzwHlx3p2PZWvJKWZO0R84nz+5UJDX</latexit>

Dynamical parameters of cascaded system (L, H) B (L̃, H̃)

Hc = H + H̃ ≠ i(LL̃
ú

≠ L
ú
L̃) Lc = L + L̃

QFI of joint system does not change but allows for more general measurements

How to design good quantum post-processors, or more general feedback networks ?



Coherent absorbers10

System
Input

H L

Absorber

H̃<latexit sha1_base64="FCkflrHHIyx5wwerxetMIGLQYK4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ot4KXnqsYD8gDWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhangBlz32yltbe/s7pX3KweHR8cn1dOznlGZpqxLlVB6EBLDBJesCxwEG6SakSQUrB9O7xd+/4lpw5V8hFnKgoSMJY85JWAlvz4ELiKWt+f1UbXmNtwl8CbxClJDBTqj6tcwUjRLmAQqiDG+56YQ5EQDp4LNK8PMsJTQKRkz31JJEmaCfHnyHF9ZJcKx0rYk4KX6eyIniTGzJLSdCYGJWfcW4n+en0F8G+RcphkwSVeL4kxgUHjxP464ZhTEzBJCNbe3YjohmlCwKVVsCN76y5uk12x4bsN7aNZad0UcZXSBLtE18tANaqE26qAuokihZ/SK3hxwXpx352PVWnKKmXP0B87nD7M4kNM=</latexit><latexit sha1_base64="FCkflrHHIyx5wwerxetMIGLQYK4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ot4KXnqsYD8gDWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhangBlz32yltbe/s7pX3KweHR8cn1dOznlGZpqxLlVB6EBLDBJesCxwEG6SakSQUrB9O7xd+/4lpw5V8hFnKgoSMJY85JWAlvz4ELiKWt+f1UbXmNtwl8CbxClJDBTqj6tcwUjRLmAQqiDG+56YQ5EQDp4LNK8PMsJTQKRkz31JJEmaCfHnyHF9ZJcKx0rYk4KX6eyIniTGzJLSdCYGJWfcW4n+en0F8G+RcphkwSVeL4kxgUHjxP464ZhTEzBJCNbe3YjohmlCwKVVsCN76y5uk12x4bsN7aNZad0UcZXSBLtE18tANaqE26qAuokihZ/SK3hxwXpx352PVWnKKmXP0B87nD7M4kNM=</latexit><latexit sha1_base64="FCkflrHHIyx5wwerxetMIGLQYK4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ot4KXnqsYD8gDWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhangBlz32yltbe/s7pX3KweHR8cn1dOznlGZpqxLlVB6EBLDBJesCxwEG6SakSQUrB9O7xd+/4lpw5V8hFnKgoSMJY85JWAlvz4ELiKWt+f1UbXmNtwl8CbxClJDBTqj6tcwUjRLmAQqiDG+56YQ5EQDp4LNK8PMsJTQKRkz31JJEmaCfHnyHF9ZJcKx0rYk4KX6eyIniTGzJLSdCYGJWfcW4n+en0F8G+RcphkwSVeL4kxgUHjxP464ZhTEzBJCNbe3YjohmlCwKVVsCN76y5uk12x4bsN7aNZad0UcZXSBLtE18tANaqE26qAuokihZ/SK3hxwXpx352PVWnKKmXP0B87nD7M4kNM=</latexit><latexit sha1_base64="FCkflrHHIyx5wwerxetMIGLQYK4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ot4KXnqsYD8gDWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhangBlz32yltbe/s7pX3KweHR8cn1dOznlGZpqxLlVB6EBLDBJesCxwEG6SakSQUrB9O7xd+/4lpw5V8hFnKgoSMJY85JWAlvz4ELiKWt+f1UbXmNtwl8CbxClJDBTqj6tcwUjRLmAQqiDG+56YQ5EQDp4LNK8PMsJTQKRkz31JJEmaCfHnyHF9ZJcKx0rYk4KX6eyIniTGzJLSdCYGJWfcW4n+en0F8G+RcphkwSVeL4kxgUHjxP464ZhTEzBJCNbe3YjohmlCwKVVsCN76y5uk12x4bsN7aNZad0UcZXSBLtE18tANaqE26qAuokihZ/SK3hxwXpx352PVWnKKmXP0B87nD7M4kNM=</latexit> L̃<latexit sha1_base64="A9VSiK1nDy7VY2rw1P3azmumyyw=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFhPBKtylUbuAjYVFBPMBlyPs7e0lS/Z2j905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oWp4AZc99spbWxube+Udyt7+weHR9Xjk65RmaasQ5VQuh8SwwSXrAMcBOunmpEkFKwXTm7nfu+JacOVfIRpyoKEjCSPOSVgJb8+AC4ilt/P6sNqzW24C+B14hWkhgq0h9WvQaRoljAJVBBjfM9NIciJBk4Fm1UGmWEpoRMyYr6lkiTMBPni5Bm+sEqEY6VtScAL9fdEThJjpkloOxMCY7PqzcX/PD+D+DrIuUwzYJIuF8WZwKDw/H8ccc0oiKklhGpub8V0TDShYFOq2BC81ZfXSbfZ8NyG99CstW6KOMroDJ2jS+ShK9RCd6iNOogihZ7RK3pzwHlx3p2PZWvJKWZO0R84nz+5UJDX</latexit><latexit sha1_base64="A9VSiK1nDy7VY2rw1P3azmumyyw=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFhPBKtylUbuAjYVFBPMBlyPs7e0lS/Z2j905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oWp4AZc99spbWxube+Udyt7+weHR9Xjk65RmaasQ5VQuh8SwwSXrAMcBOunmpEkFKwXTm7nfu+JacOVfIRpyoKEjCSPOSVgJb8+AC4ilt/P6sNqzW24C+B14hWkhgq0h9WvQaRoljAJVBBjfM9NIciJBk4Fm1UGmWEpoRMyYr6lkiTMBPni5Bm+sEqEY6VtScAL9fdEThJjpkloOxMCY7PqzcX/PD+D+DrIuUwzYJIuF8WZwKDw/H8ccc0oiKklhGpub8V0TDShYFOq2BC81ZfXSbfZ8NyG99CstW6KOMroDJ2jS+ShK9RCd6iNOogihZ7RK3pzwHlx3p2PZWvJKWZO0R84nz+5UJDX</latexit><latexit sha1_base64="A9VSiK1nDy7VY2rw1P3azmumyyw=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFhPBKtylUbuAjYVFBPMBlyPs7e0lS/Z2j905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oWp4AZc99spbWxube+Udyt7+weHR9Xjk65RmaasQ5VQuh8SwwSXrAMcBOunmpEkFKwXTm7nfu+JacOVfIRpyoKEjCSPOSVgJb8+AC4ilt/P6sNqzW24C+B14hWkhgq0h9WvQaRoljAJVBBjfM9NIciJBk4Fm1UGmWEpoRMyYr6lkiTMBPni5Bm+sEqEY6VtScAL9fdEThJjpkloOxMCY7PqzcX/PD+D+DrIuUwzYJIuF8WZwKDw/H8ccc0oiKklhGpub8V0TDShYFOq2BC81ZfXSbfZ8NyG99CstW6KOMroDJ2jS+ShK9RCd6iNOogihZ7RK3pzwHlx3p2PZWvJKWZO0R84nz+5UJDX</latexit><latexit sha1_base64="A9VSiK1nDy7VY2rw1P3azmumyyw=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFhPBKtylUbuAjYVFBPMBlyPs7e0lS/Z2j905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oWp4AZc99spbWxube+Udyt7+weHR9Xjk65RmaasQ5VQuh8SwwSXrAMcBOunmpEkFKwXTm7nfu+JacOVfIRpyoKEjCSPOSVgJb8+AC4ilt/P6sNqzW24C+B14hWkhgq0h9WvQaRoljAJVBBjfM9NIciJBk4Fm1UGmWEpoRMyYr6lkiTMBPni5Bm+sEqEY6VtScAL9fdEThJjpkloOxMCY7PqzcX/PD+D+DrIuUwzYJIuF8WZwKDw/H8ccc0oiKklhGpub8V0TDShYFOq2BC81ZfXSbfZ8NyG99CstW6KOMroDJ2jS+ShK9RCd6iNOogihZ7RK3pzwHlx3p2PZWvJKWZO0R84nz+5UJDX</latexit>
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<latexit sha1_base64="PudNhfhxM04tFSoM5xW9yvtJqRc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy203bpZjfsboQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOFMG8/7dgobm1vbO8Xd0t7+weFR+fikrWWqKLao5FJ1I6KRM4EtwwzHbqKQxBHHTjS5nfudR1SaSfFgpgmGMRkJNmSUGCsF1Se/p4gYcaz2yxWv5i3grhM/JxXI0eyXv3oDSdMYhaGcaB34XmLCjCjDKMdZqZdqTAidkBEGlgoSow6zxckz98IqA3colS1h3IX6eyIjsdbTOLKdMTFjverNxf+8IDXDmzBjIkkNCrpcNEy5a6Q7/98dMIXU8KklhCpmb3XpmChCjU2pZEPwV19eJ+16zfdq/n290rjK4yjCGZzDJfhwDQ24gya0gIKEZ3iFN8c4L86787FsLTj5zCn8gfP5A23hkKI=</latexit><latexit sha1_base64="PudNhfhxM04tFSoM5xW9yvtJqRc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy203bpZjfsboQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOFMG8/7dgobm1vbO8Xd0t7+weFR+fikrWWqKLao5FJ1I6KRM4EtwwzHbqKQxBHHTjS5nfudR1SaSfFgpgmGMRkJNmSUGCsF1Se/p4gYcaz2yxWv5i3grhM/JxXI0eyXv3oDSdMYhaGcaB34XmLCjCjDKMdZqZdqTAidkBEGlgoSow6zxckz98IqA3colS1h3IX6eyIjsdbTOLKdMTFjverNxf+8IDXDmzBjIkkNCrpcNEy5a6Q7/98dMIXU8KklhCpmb3XpmChCjU2pZEPwV19eJ+16zfdq/n290rjK4yjCGZzDJfhwDQ24gya0gIKEZ3iFN8c4L86787FsLTj5zCn8gfP5A23hkKI=</latexit><latexit sha1_base64="PudNhfhxM04tFSoM5xW9yvtJqRc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy203bpZjfsboQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOFMG8/7dgobm1vbO8Xd0t7+weFR+fikrWWqKLao5FJ1I6KRM4EtwwzHbqKQxBHHTjS5nfudR1SaSfFgpgmGMRkJNmSUGCsF1Se/p4gYcaz2yxWv5i3grhM/JxXI0eyXv3oDSdMYhaGcaB34XmLCjCjDKMdZqZdqTAidkBEGlgoSow6zxckz98IqA3colS1h3IX6eyIjsdbTOLKdMTFjverNxf+8IDXDmzBjIkkNCrpcNEy5a6Q7/98dMIXU8KklhCpmb3XpmChCjU2pZEPwV19eJ+16zfdq/n290rjK4yjCGZzDJfhwDQ24gya0gIKEZ3iFN8c4L86787FsLTj5zCn8gfP5A23hkKI=</latexit><latexit sha1_base64="PudNhfhxM04tFSoM5xW9yvtJqRc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy203bpZjfsboQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOFMG8/7dgobm1vbO8Xd0t7+weFR+fikrWWqKLao5FJ1I6KRM4EtwwzHbqKQxBHHTjS5nfudR1SaSfFgpgmGMRkJNmSUGCsF1Se/p4gYcaz2yxWv5i3grhM/JxXI0eyXv3oDSdMYhaGcaB34XmLCjCjDKMdZqZdqTAidkBEGlgoSow6zxckz98IqA3colS1h3IX6eyIjsdbTOLKdMTFjverNxf+8IDXDmzBjIkkNCrpcNEy5a6Q7/98dMIXU8KklhCpmb3XpmChCjU2pZEPwV19eJ+16zfdq/n290rjK4yjCGZzDJfhwDQ24gya0gIKEZ3iFN8c4L86787FsLTj5zCn8gfP5A23hkKI=</latexit>
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<latexit sha1_base64="XGNE0he75/MpnDKTuIrKOiftamI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy2m3bpZjfsToRS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLx7dzvPDJtuJIPOElZmJCh5DGnBK0UVJ/qPU3kULBqv1zxat4C7jrxc1KBHM1++as3UDRLmEQqiDGB76UYTolGTgWblXqZYSmhYzJkgaWSJMyE08XJM/fCKgM3VtqWRHeh/p6YksSYSRLZzoTgyKx6c/E/L8gwvgmnXKYZMkmXi+JMuKjc+f/ugGtGUUwsIVRze6tLR0QTijalkg3BX315nbTrNd+r+ff1SuMqj6MIZ3AOl+DDNTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB29tkKM=</latexit><latexit sha1_base64="XGNE0he75/MpnDKTuIrKOiftamI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy2m3bpZjfsToRS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLx7dzvPDJtuJIPOElZmJCh5DGnBK0UVJ/qPU3kULBqv1zxat4C7jrxc1KBHM1++as3UDRLmEQqiDGB76UYTolGTgWblXqZYSmhYzJkgaWSJMyE08XJM/fCKgM3VtqWRHeh/p6YksSYSRLZzoTgyKx6c/E/L8gwvgmnXKYZMkmXi+JMuKjc+f/ugGtGUUwsIVRze6tLR0QTijalkg3BX315nbTrNd+r+ff1SuMqj6MIZ3AOl+DDNTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB29tkKM=</latexit><latexit sha1_base64="XGNE0he75/MpnDKTuIrKOiftamI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy2m3bpZjfsToRS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLx7dzvPDJtuJIPOElZmJCh5DGnBK0UVJ/qPU3kULBqv1zxat4C7jrxc1KBHM1++as3UDRLmEQqiDGB76UYTolGTgWblXqZYSmhYzJkgaWSJMyE08XJM/fCKgM3VtqWRHeh/p6YksSYSRLZzoTgyKx6c/E/L8gwvgmnXKYZMkmXi+JMuKjc+f/ugGtGUUwsIVRze6tLR0QTijalkg3BX315nbTrNd+r+ff1SuMqj6MIZ3AOl+DDNTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB29tkKM=</latexit><latexit sha1_base64="XGNE0he75/MpnDKTuIrKOiftamI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy2m3bpZjfsToRS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLx7dzvPDJtuJIPOElZmJCh5DGnBK0UVJ/qPU3kULBqv1zxat4C7jrxc1KBHM1++as3UDRLmEQqiDGB76UYTolGTgWblXqZYSmhYzJkgaWSJMyE08XJM/fCKgM3VtqWRHeh/p6YksSYSRLZzoTgyKx6c/E/L8gwvgmnXKYZMkmXi+JMuKjc+f/ugGtGUUwsIVRze6tLR0QTijalkg3BX315nbTrNd+r+ff1SuMqj6MIZ3AOl+DDNTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB29tkKM=</latexit>
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<latexit sha1_base64="w0EOWmXbiSCT227u4W6CQVLEDkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5JUQY8FLx4r2FZoQ9lsJ+3SzSbsToQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGP9EDADUihooUAJD4kGFgUSOsH4ZuZ3HkEbEat7nCTgR2yoRCg4Qyt1q08XPc3UUEK1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzU+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2Px0IDRzlxBLGtbC3Uj5imnG0KZVsCN7yy6ukXa95bs27q1cal3kcRXJCTsk58cgVaZBb0iQtwklMnskreXPQeXHenY9Fa8HJZ47JHzifP3D5kKQ=</latexit><latexit sha1_base64="w0EOWmXbiSCT227u4W6CQVLEDkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5JUQY8FLx4r2FZoQ9lsJ+3SzSbsToQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGP9EDADUihooUAJD4kGFgUSOsH4ZuZ3HkEbEat7nCTgR2yoRCg4Qyt1q08XPc3UUEK1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzU+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2Px0IDRzlxBLGtbC3Uj5imnG0KZVsCN7yy6ukXa95bs27q1cal3kcRXJCTsk58cgVaZBb0iQtwklMnskreXPQeXHenY9Fa8HJZ47JHzifP3D5kKQ=</latexit><latexit sha1_base64="w0EOWmXbiSCT227u4W6CQVLEDkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5JUQY8FLx4r2FZoQ9lsJ+3SzSbsToQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGP9EDADUihooUAJD4kGFgUSOsH4ZuZ3HkEbEat7nCTgR2yoRCg4Qyt1q08XPc3UUEK1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzU+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2Px0IDRzlxBLGtbC3Uj5imnG0KZVsCN7yy6ukXa95bs27q1cal3kcRXJCTsk58cgVaZBb0iQtwklMnskreXPQeXHenY9Fa8HJZ47JHzifP3D5kKQ=</latexit><latexit sha1_base64="w0EOWmXbiSCT227u4W6CQVLEDkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5JUQY8FLx4r2FZoQ9lsJ+3SzSbsToQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGP9EDADUihooUAJD4kGFgUSOsH4ZuZ3HkEbEat7nCTgR2yoRCg4Qyt1q08XPc3UUEK1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzU+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2Px0IDRzlxBLGtbC3Uj5imnG0KZVsCN7yy6ukXa95bs27q1cal3kcRXJCTsk58cgVaZBb0iQtwklMnskreXPQeXHenY9Fa8HJZ47JHzifP3D5kKQ=</latexit>
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<latexit sha1_base64="PudNhfhxM04tFSoM5xW9yvtJqRc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy203bpZjfsboQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOFMG8/7dgobm1vbO8Xd0t7+weFR+fikrWWqKLao5FJ1I6KRM4EtwwzHbqKQxBHHTjS5nfudR1SaSfFgpgmGMRkJNmSUGCsF1Se/p4gYcaz2yxWv5i3grhM/JxXI0eyXv3oDSdMYhaGcaB34XmLCjCjDKMdZqZdqTAidkBEGlgoSow6zxckz98IqA3colS1h3IX6eyIjsdbTOLKdMTFjverNxf+8IDXDmzBjIkkNCrpcNEy5a6Q7/98dMIXU8KklhCpmb3XpmChCjU2pZEPwV19eJ+16zfdq/n290rjK4yjCGZzDJfhwDQ24gya0gIKEZ3iFN8c4L86787FsLTj5zCn8gfP5A23hkKI=</latexit><latexit sha1_base64="PudNhfhxM04tFSoM5xW9yvtJqRc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy203bpZjfsboQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOFMG8/7dgobm1vbO8Xd0t7+weFR+fikrWWqKLao5FJ1I6KRM4EtwwzHbqKQxBHHTjS5nfudR1SaSfFgpgmGMRkJNmSUGCsF1Se/p4gYcaz2yxWv5i3grhM/JxXI0eyXv3oDSdMYhaGcaB34XmLCjCjDKMdZqZdqTAidkBEGlgoSow6zxckz98IqA3colS1h3IX6eyIjsdbTOLKdMTFjverNxf+8IDXDmzBjIkkNCrpcNEy5a6Q7/98dMIXU8KklhCpmb3XpmChCjU2pZEPwV19eJ+16zfdq/n290rjK4yjCGZzDJfhwDQ24gya0gIKEZ3iFN8c4L86787FsLTj5zCn8gfP5A23hkKI=</latexit><latexit sha1_base64="PudNhfhxM04tFSoM5xW9yvtJqRc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy203bpZjfsboQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOFMG8/7dgobm1vbO8Xd0t7+weFR+fikrWWqKLao5FJ1I6KRM4EtwwzHbqKQxBHHTjS5nfudR1SaSfFgpgmGMRkJNmSUGCsF1Se/p4gYcaz2yxWv5i3grhM/JxXI0eyXv3oDSdMYhaGcaB34XmLCjCjDKMdZqZdqTAidkBEGlgoSow6zxckz98IqA3colS1h3IX6eyIjsdbTOLKdMTFjverNxf+8IDXDmzBjIkkNCrpcNEy5a6Q7/98dMIXU8KklhCpmb3XpmChCjU2pZEPwV19eJ+16zfdq/n290rjK4yjCGZzDJfhwDQ24gya0gIKEZ3iFN8c4L86787FsLTj5zCn8gfP5A23hkKI=</latexit><latexit sha1_base64="PudNhfhxM04tFSoM5xW9yvtJqRc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy203bpZjfsboQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOFMG8/7dgobm1vbO8Xd0t7+weFR+fikrWWqKLao5FJ1I6KRM4EtwwzHbqKQxBHHTjS5nfudR1SaSfFgpgmGMRkJNmSUGCsF1Se/p4gYcaz2yxWv5i3grhM/JxXI0eyXv3oDSdMYhaGcaB34XmLCjCjDKMdZqZdqTAidkBEGlgoSow6zxckz98IqA3colS1h3IX6eyIjsdbTOLKdMTFjverNxf+8IDXDmzBjIkkNCrpcNEy5a6Q7/98dMIXU8KklhCpmb3XpmChCjU2pZEPwV19eJ+16zfdq/n290rjK4yjCGZzDJfhwDQ24gya0gIKEZ3iFN8c4L86787FsLTj5zCn8gfP5A23hkKI=</latexit>
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<latexit sha1_base64="XGNE0he75/MpnDKTuIrKOiftamI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy2m3bpZjfsToRS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLx7dzvPDJtuJIPOElZmJCh5DGnBK0UVJ/qPU3kULBqv1zxat4C7jrxc1KBHM1++as3UDRLmEQqiDGB76UYTolGTgWblXqZYSmhYzJkgaWSJMyE08XJM/fCKgM3VtqWRHeh/p6YksSYSRLZzoTgyKx6c/E/L8gwvgmnXKYZMkmXi+JMuKjc+f/ugGtGUUwsIVRze6tLR0QTijalkg3BX315nbTrNd+r+ff1SuMqj6MIZ3AOl+DDNTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB29tkKM=</latexit><latexit sha1_base64="XGNE0he75/MpnDKTuIrKOiftamI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy2m3bpZjfsToRS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLx7dzvPDJtuJIPOElZmJCh5DGnBK0UVJ/qPU3kULBqv1zxat4C7jrxc1KBHM1++as3UDRLmEQqiDGB76UYTolGTgWblXqZYSmhYzJkgaWSJMyE08XJM/fCKgM3VtqWRHeh/p6YksSYSRLZzoTgyKx6c/E/L8gwvgmnXKYZMkmXi+JMuKjc+f/ugGtGUUwsIVRze6tLR0QTijalkg3BX315nbTrNd+r+ff1SuMqj6MIZ3AOl+DDNTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB29tkKM=</latexit><latexit sha1_base64="XGNE0he75/MpnDKTuIrKOiftamI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy2m3bpZjfsToRS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLx7dzvPDJtuJIPOElZmJCh5DGnBK0UVJ/qPU3kULBqv1zxat4C7jrxc1KBHM1++as3UDRLmEQqiDGB76UYTolGTgWblXqZYSmhYzJkgaWSJMyE08XJM/fCKgM3VtqWRHeh/p6YksSYSRLZzoTgyKx6c/E/L8gwvgmnXKYZMkmXi+JMuKjc+f/ugGtGUUwsIVRze6tLR0QTijalkg3BX315nbTrNd+r+ff1SuMqj6MIZ3AOl+DDNTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB29tkKM=</latexit><latexit sha1_base64="XGNE0he75/MpnDKTuIrKOiftamI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoMeCF48V7AekoWy2m3bpZjfsToRS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSNirTlLWoEkp3I2KY4JK1kKNg3VQzkkSCdaLx7dzvPDJtuJIPOElZmJCh5DGnBK0UVJ/qPU3kULBqv1zxat4C7jrxc1KBHM1++as3UDRLmEQqiDGB76UYTolGTgWblXqZYSmhYzJkgaWSJMyE08XJM/fCKgM3VtqWRHeh/p6YksSYSRLZzoTgyKx6c/E/L8gwvgmnXKYZMkmXi+JMuKjc+f/ugGtGUUwsIVRze6tLR0QTijalkg3BX315nbTrNd+r+ff1SuMqj6MIZ3AOl+DDNTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB29tkKM=</latexit>
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<latexit sha1_base64="w0EOWmXbiSCT227u4W6CQVLEDkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5JUQY8FLx4r2FZoQ9lsJ+3SzSbsToQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGP9EDADUihooUAJD4kGFgUSOsH4ZuZ3HkEbEat7nCTgR2yoRCg4Qyt1q08XPc3UUEK1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzU+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2Px0IDRzlxBLGtbC3Uj5imnG0KZVsCN7yy6ukXa95bs27q1cal3kcRXJCTsk58cgVaZBb0iQtwklMnskreXPQeXHenY9Fa8HJZ47JHzifP3D5kKQ=</latexit><latexit sha1_base64="w0EOWmXbiSCT227u4W6CQVLEDkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5JUQY8FLx4r2FZoQ9lsJ+3SzSbsToQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGP9EDADUihooUAJD4kGFgUSOsH4ZuZ3HkEbEat7nCTgR2yoRCg4Qyt1q08XPc3UUEK1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzU+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2Px0IDRzlxBLGtbC3Uj5imnG0KZVsCN7yy6ukXa95bs27q1cal3kcRXJCTsk58cgVaZBb0iQtwklMnskreXPQeXHenY9Fa8HJZ47JHzifP3D5kKQ=</latexit><latexit sha1_base64="w0EOWmXbiSCT227u4W6CQVLEDkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5JUQY8FLx4r2FZoQ9lsJ+3SzSbsToQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGP9EDADUihooUAJD4kGFgUSOsH4ZuZ3HkEbEat7nCTgR2yoRCg4Qyt1q08XPc3UUEK1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzU+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2Px0IDRzlxBLGtbC3Uj5imnG0KZVsCN7yy6ukXa95bs27q1cal3kcRXJCTsk58cgVaZBb0iQtwklMnskreXPQeXHenY9Fa8HJZ47JHzifP3D5kKQ=</latexit><latexit sha1_base64="w0EOWmXbiSCT227u4W6CQVLEDkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5JUQY8FLx4r2FZoQ9lsJ+3SzSbsToQS+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGP9EDADUihooUAJD4kGFgUSOsH4ZuZ3HkEbEat7nCTgR2yoRCg4Qyt1q08XPc3UUEK1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzU+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J47WdCJSmC4otFYSopxnT2Px0IDRzlxBLGtbC3Uj5imnG0KZVsCN7yy6ukXa95bs27q1cal3kcRXJCTsk58cgVaZBb0iQtwklMnskreXPQeXHenY9Fa8HJZ47JHzifP3D5kKQ=</latexit>

Output

vacuum vacuum

Absorber: stationary state of joint system is pure with Schmidt form

|ÂssÍ =
ÿ

n

Ô
pn|nÍ ¢ |nÍ, flss =

ÿ

n

pn|nÍÈn|

As consequence, joint output is vacuum

Absorber’s dynamical parameters

L̃ = ≠
ÿ

n,m

Ò
pn

pm
Èm|L|nÍ |nÍÈm|

H̃ = ≠
1
2

ÿ

n,m

1Ò
pn

pm
H

(eff)
m,n +

Ò
pm

pn
H

(eff)ú
m,n

2
|nÍÈm|

10K. Stannigel, P. Rabl, and P. Zoller, New Journal of Physics (2012)



Null measurement with compensating absorber

System
Input Output

N(t)

B(t)Absorber
H�

<latexit sha1_base64="9hYxULVX7V2dBi8u8Sk/nYMUe18=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxocREwAgXsrfswYa9vcvunAm58C9sLDTG1n9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3M797hPXRsTqHqcJ9yM6UiIUjKKVHqvNQR/HHGl1UK64NXcBsk68nFQgR2tQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLiGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3ydDoTlDObWEMi3srYSNqaYMbUglG4K3+vI66dRrnlvz7uqVxk0eRxHO4BwuwYMraEATWtAGBgqe4RXeHOO8OO/Ox7K14OQzp/AHzucPp0+QNA==</latexit><latexit sha1_base64="9hYxULVX7V2dBi8u8Sk/nYMUe18=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxocREwAgXsrfswYa9vcvunAm58C9sLDTG1n9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3M797hPXRsTqHqcJ9yM6UiIUjKKVHqvNQR/HHGl1UK64NXcBsk68nFQgR2tQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLiGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3ydDoTlDObWEMi3srYSNqaYMbUglG4K3+vI66dRrnlvz7uqVxk0eRxHO4BwuwYMraEATWtAGBgqe4RXeHOO8OO/Ox7K14OQzp/AHzucPp0+QNA==</latexit><latexit sha1_base64="9hYxULVX7V2dBi8u8Sk/nYMUe18=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxocREwAgXsrfswYa9vcvunAm58C9sLDTG1n9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3M797hPXRsTqHqcJ9yM6UiIUjKKVHqvNQR/HHGl1UK64NXcBsk68nFQgR2tQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLiGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3ydDoTlDObWEMi3srYSNqaYMbUglG4K3+vI66dRrnlvz7uqVxk0eRxHO4BwuwYMraEATWtAGBgqe4RXeHOO8OO/Ox7K14OQzp/AHzucPp0+QNA==</latexit><latexit sha1_base64="9hYxULVX7V2dBi8u8Sk/nYMUe18=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxocREwAgXsrfswYa9vcvunAm58C9sLDTG1n9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3M797hPXRsTqHqcJ9yM6UiIUjKKVHqvNQR/HHGl1UK64NXcBsk68nFQgR2tQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLiGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3ydDoTlDObWEMi3srYSNqaYMbUglG4K3+vI66dRrnlvz7uqVxk0eRxHO4BwuwYMraEATWtAGBgqe4RXeHOO8OO/Ox7K14OQzp/AHzucPp0+QNA==</latexit>

L�
<latexit sha1_base64="Ya68y/v4gII7X71Lo54992UvWL0=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmI5hYkTsatSOxsbDARMAIF7K3zMGGvb3L7pwJufAvbCw0xtZ/Y+e/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41RxaPJaxfgiYASkUtFCghIdEA4sCCZ1gfD3zO0+gjYjVPU4S8CM2VCIUnKGVHqu3/R6OAFm1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzS+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J46WdCJSmC4otFYSopxnT2Ph0IDRzlxBLGtbC3Uj5imnG0IZVsCN7yy6ukXa95bs27q1caV3kcRXJCTsk58cgFaZAb0iQtwokiz+SVvDnGeXHenY9Fa8HJZ47JHzifP61/kDg=</latexit><latexit sha1_base64="Ya68y/v4gII7X71Lo54992UvWL0=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmI5hYkTsatSOxsbDARMAIF7K3zMGGvb3L7pwJufAvbCw0xtZ/Y+e/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41RxaPJaxfgiYASkUtFCghIdEA4sCCZ1gfD3zO0+gjYjVPU4S8CM2VCIUnKGVHqu3/R6OAFm1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzS+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J46WdCJSmC4otFYSopxnT2Ph0IDRzlxBLGtbC3Uj5imnG0IZVsCN7yy6ukXa95bs27q1caV3kcRXJCTsk58cgFaZAb0iQtwokiz+SVvDnGeXHenY9Fa8HJZ47JHzifP61/kDg=</latexit><latexit sha1_base64="Ya68y/v4gII7X71Lo54992UvWL0=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmI5hYkTsatSOxsbDARMAIF7K3zMGGvb3L7pwJufAvbCw0xtZ/Y+e/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41RxaPJaxfgiYASkUtFCghIdEA4sCCZ1gfD3zO0+gjYjVPU4S8CM2VCIUnKGVHqu3/R6OAFm1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzS+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J46WdCJSmC4otFYSopxnT2Ph0IDRzlxBLGtbC3Uj5imnG0IZVsCN7yy6ukXa95bs27q1caV3kcRXJCTsk58cgFaZAb0iQtwokiz+SVvDnGeXHenY9Fa8HJZ47JHzifP61/kDg=</latexit><latexit sha1_base64="Ya68y/v4gII7X71Lo54992UvWL0=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmI5hYkTsatSOxsbDARMAIF7K3zMGGvb3L7pwJufAvbCw0xtZ/Y+e/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41RxaPJaxfgiYASkUtFCghIdEA4sCCZ1gfD3zO0+gjYjVPU4S8CM2VCIUnKGVHqu3/R6OAFm1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzS+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J46WdCJSmC4otFYSopxnT2Ph0IDRzlxBLGtbC3Uj5imnG0IZVsCN7yy6ukXa95bs27q1caV3kcRXJCTsk58cgFaZAb0iQtwokiz+SVvDnGeXHenY9Fa8HJZ47JHzifP61/kDg=</latexit>

L̃�0<latexit sha1_base64="qufwICddS3JiGwwgmFFWQHBk/RY=">AAAB/3icbVA9SwNBEN3zM8avU8HG5jARrMJdGrUL2FhYRDAfkIRjbzNJluztHbtzQjiv8K/YWChi69+w89+4Sa7QxAcDj/dmmJkXxIJrdN1va2V1bX1js7BV3N7Z3du3Dw6bOkoUgwaLRKTaAdUguIQGchTQjhXQMBDQCsbXU7/1AErzSN7jJIZeSIeSDzijaCTfPi53kYs+pLeZn3ZxBEh9Nyv7dsmtuDM4y8TLSYnkqPv2V7cfsSQEiUxQrTueG2MvpQo5E5AVu4mGmLIxHULHUElD0L10dn/mnBml7wwiZUqiM1N/T6Q01HoSBqYzpDjSi95U/M/rJDi47KVcxgmCZPNFg0Q4GDnTMJw+V8BQTAyhTHFzq8NGVFGGJrKiCcFbfHmZNKsVz614d9VS7SqPo0BOyCk5Jx65IDVyQ+qkQRh5JM/klbxZT9aL9W59zFtXrHzmiPyB9fkDo8SVzg==</latexit><latexit sha1_base64="qufwICddS3JiGwwgmFFWQHBk/RY=">AAAB/3icbVA9SwNBEN3zM8avU8HG5jARrMJdGrUL2FhYRDAfkIRjbzNJluztHbtzQjiv8K/YWChi69+w89+4Sa7QxAcDj/dmmJkXxIJrdN1va2V1bX1js7BV3N7Z3du3Dw6bOkoUgwaLRKTaAdUguIQGchTQjhXQMBDQCsbXU7/1AErzSN7jJIZeSIeSDzijaCTfPi53kYs+pLeZn3ZxBEh9Nyv7dsmtuDM4y8TLSYnkqPv2V7cfsSQEiUxQrTueG2MvpQo5E5AVu4mGmLIxHULHUElD0L10dn/mnBml7wwiZUqiM1N/T6Q01HoSBqYzpDjSi95U/M/rJDi47KVcxgmCZPNFg0Q4GDnTMJw+V8BQTAyhTHFzq8NGVFGGJrKiCcFbfHmZNKsVz614d9VS7SqPo0BOyCk5Jx65IDVyQ+qkQRh5JM/klbxZT9aL9W59zFtXrHzmiPyB9fkDo8SVzg==</latexit><latexit sha1_base64="qufwICddS3JiGwwgmFFWQHBk/RY=">AAAB/3icbVA9SwNBEN3zM8avU8HG5jARrMJdGrUL2FhYRDAfkIRjbzNJluztHbtzQjiv8K/YWChi69+w89+4Sa7QxAcDj/dmmJkXxIJrdN1va2V1bX1js7BV3N7Z3du3Dw6bOkoUgwaLRKTaAdUguIQGchTQjhXQMBDQCsbXU7/1AErzSN7jJIZeSIeSDzijaCTfPi53kYs+pLeZn3ZxBEh9Nyv7dsmtuDM4y8TLSYnkqPv2V7cfsSQEiUxQrTueG2MvpQo5E5AVu4mGmLIxHULHUElD0L10dn/mnBml7wwiZUqiM1N/T6Q01HoSBqYzpDjSi95U/M/rJDi47KVcxgmCZPNFg0Q4GDnTMJw+V8BQTAyhTHFzq8NGVFGGJrKiCcFbfHmZNKsVz614d9VS7SqPo0BOyCk5Jx65IDVyQ+qkQRh5JM/klbxZT9aL9W59zFtXrHzmiPyB9fkDo8SVzg==</latexit><latexit sha1_base64="qufwICddS3JiGwwgmFFWQHBk/RY=">AAAB/3icbVA9SwNBEN3zM8avU8HG5jARrMJdGrUL2FhYRDAfkIRjbzNJluztHbtzQjiv8K/YWChi69+w89+4Sa7QxAcDj/dmmJkXxIJrdN1va2V1bX1js7BV3N7Z3du3Dw6bOkoUgwaLRKTaAdUguIQGchTQjhXQMBDQCsbXU7/1AErzSN7jJIZeSIeSDzijaCTfPi53kYs+pLeZn3ZxBEh9Nyv7dsmtuDM4y8TLSYnkqPv2V7cfsSQEiUxQrTueG2MvpQo5E5AVu4mGmLIxHULHUElD0L10dn/mnBml7wwiZUqiM1N/T6Q01HoSBqYzpDjSi95U/M/rJDi47KVcxgmCZPNFg0Q4GDnTMJw+V8BQTAyhTHFzq8NGVFGGJrKiCcFbfHmZNKsVz614d9VS7SqPo0BOyCk5Jx65IDVyQ+qkQRh5JM/klbxZT9aL9W59zFtXrHzmiPyB9fkDo8SVzg==</latexit>

H̃�0<latexit sha1_base64="0hDsR3srmRakIA3ZfrtY1Qc0bso=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aUwET2EmF/UW8JJjBLNAEoaeTk3SpGehu0YI4xz8FS8eFPHqb3jzb+wsB018UPB4r4qqen4ihUbH+bbW1jc2t7YLO8Xdvf2DQ/vouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++Hbqtx9AaRFH9zhJoB+yYSQCwRkaybNPyz0UcgBZPfeyHo4AmefkZc8uORVnBrpK3AUpkQUanv3VG8Q8DSFCLpnWXddJsJ8xhYJLyIu9VEPC+JgNoWtoxELQ/Wx2f04vjDKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZm4r/ed0Ug+t+JqIkRYj4fFGQSooxnYZBB0IBRzkxhHElzK2Uj5hiHE1kRROCu/zyKmlVK65Tce+qpdrNIo4COSPn5JK45IrUSJ00SJNw8kieySt5s56sF+vd+pi3rlmLmRPyB9bnD52Alco=</latexit><latexit sha1_base64="0hDsR3srmRakIA3ZfrtY1Qc0bso=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aUwET2EmF/UW8JJjBLNAEoaeTk3SpGehu0YI4xz8FS8eFPHqb3jzb+wsB018UPB4r4qqen4ihUbH+bbW1jc2t7YLO8Xdvf2DQ/vouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++Hbqtx9AaRFH9zhJoB+yYSQCwRkaybNPyz0UcgBZPfeyHo4AmefkZc8uORVnBrpK3AUpkQUanv3VG8Q8DSFCLpnWXddJsJ8xhYJLyIu9VEPC+JgNoWtoxELQ/Wx2f04vjDKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZm4r/ed0Ug+t+JqIkRYj4fFGQSooxnYZBB0IBRzkxhHElzK2Uj5hiHE1kRROCu/zyKmlVK65Tce+qpdrNIo4COSPn5JK45IrUSJ00SJNw8kieySt5s56sF+vd+pi3rlmLmRPyB9bnD52Alco=</latexit><latexit sha1_base64="0hDsR3srmRakIA3ZfrtY1Qc0bso=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aUwET2EmF/UW8JJjBLNAEoaeTk3SpGehu0YI4xz8FS8eFPHqb3jzb+wsB018UPB4r4qqen4ihUbH+bbW1jc2t7YLO8Xdvf2DQ/vouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++Hbqtx9AaRFH9zhJoB+yYSQCwRkaybNPyz0UcgBZPfeyHo4AmefkZc8uORVnBrpK3AUpkQUanv3VG8Q8DSFCLpnWXddJsJ8xhYJLyIu9VEPC+JgNoWtoxELQ/Wx2f04vjDKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZm4r/ed0Ug+t+JqIkRYj4fFGQSooxnYZBB0IBRzkxhHElzK2Uj5hiHE1kRROCu/zyKmlVK65Tce+qpdrNIo4COSPn5JK45IrUSJ00SJNw8kieySt5s56sF+vd+pi3rlmLmRPyB9bnD52Alco=</latexit><latexit sha1_base64="0hDsR3srmRakIA3ZfrtY1Qc0bso=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aUwET2EmF/UW8JJjBLNAEoaeTk3SpGehu0YI4xz8FS8eFPHqb3jzb+wsB018UPB4r4qqen4ihUbH+bbW1jc2t7YLO8Xdvf2DQ/vouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++Hbqtx9AaRFH9zhJoB+yYSQCwRkaybNPyz0UcgBZPfeyHo4AmefkZc8uORVnBrpK3AUpkQUanv3VG8Q8DSFCLpnWXddJsJ8xhYJLyIu9VEPC+JgNoWtoxELQ/Wx2f04vjDKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZm4r/ed0Ug+t+JqIkRYj4fFGQSooxnYZBB0IBRzkxhHElzK2Uj5hiHE1kRROCu/zyKmlVK65Tce+qpdrNIo4COSPn5JK45IrUSJ00SJNw8kieySt5s56sF+vd+pi3rlmLmRPyB9bnD52Alco=</latexit>

Let ◊ = ◊0 + ”◊ with ◊0 a known ‘preliminary estimator’

Use absorber system (H̃◊0 , L̃◊0 ) as compensator for unknown system (H◊, L◊)

Is this useful ?
I null measurement is conceptually simple
I procedure can be implemented adaptively

I SNR has the form

1
dm◊

d◊

--
◊0

22

V◊0
. Variance V◊0 is easier to compute wrt vacuum



Homodyne measurement

System
Input Output

N(t)

B(t)Absorber
H�

<latexit sha1_base64="9hYxULVX7V2dBi8u8Sk/nYMUe18=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxocREwAgXsrfswYa9vcvunAm58C9sLDTG1n9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3M797hPXRsTqHqcJ9yM6UiIUjKKVHqvNQR/HHGl1UK64NXcBsk68nFQgR2tQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLiGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3ydDoTlDObWEMi3srYSNqaYMbUglG4K3+vI66dRrnlvz7uqVxk0eRxHO4BwuwYMraEATWtAGBgqe4RXeHOO8OO/Ox7K14OQzp/AHzucPp0+QNA==</latexit><latexit sha1_base64="9hYxULVX7V2dBi8u8Sk/nYMUe18=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxocREwAgXsrfswYa9vcvunAm58C9sLDTG1n9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3M797hPXRsTqHqcJ9yM6UiIUjKKVHqvNQR/HHGl1UK64NXcBsk68nFQgR2tQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLiGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3ydDoTlDObWEMi3srYSNqaYMbUglG4K3+vI66dRrnlvz7uqVxk0eRxHO4BwuwYMraEATWtAGBgqe4RXeHOO8OO/Ox7K14OQzp/AHzucPp0+QNA==</latexit><latexit sha1_base64="9hYxULVX7V2dBi8u8Sk/nYMUe18=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxocREwAgXsrfswYa9vcvunAm58C9sLDTG1n9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3M797hPXRsTqHqcJ9yM6UiIUjKKVHqvNQR/HHGl1UK64NXcBsk68nFQgR2tQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLiGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3ydDoTlDObWEMi3srYSNqaYMbUglG4K3+vI66dRrnlvz7uqVxk0eRxHO4BwuwYMraEATWtAGBgqe4RXeHOO8OO/Ox7K14OQzp/AHzucPp0+QNA==</latexit><latexit sha1_base64="9hYxULVX7V2dBi8u8Sk/nYMUe18=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxocREwAgXsrfswYa9vcvunAm58C9sLDTG1n9j579xgSsUfMkkL+/NZGZekEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pmDjVjLdZLGP9EFDDpVC8jQIlf0g0p1EgeTeY3M797hPXRsTqHqcJ9yM6UiIUjKKVHqvNQR/HHGl1UK64NXcBsk68nFQgR2tQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLiGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3ydDoTlDObWEMi3srYSNqaYMbUglG4K3+vI66dRrnlvz7uqVxk0eRxHO4BwuwYMraEATWtAGBgqe4RXeHOO8OO/Ox7K14OQzp/AHzucPp0+QNA==</latexit>

L�
<latexit sha1_base64="Ya68y/v4gII7X71Lo54992UvWL0=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmI5hYkTsatSOxsbDARMAIF7K3zMGGvb3L7pwJufAvbCw0xtZ/Y+e/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41RxaPJaxfgiYASkUtFCghIdEA4sCCZ1gfD3zO0+gjYjVPU4S8CM2VCIUnKGVHqu3/R6OAFm1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzS+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J46WdCJSmC4otFYSopxnT2Ph0IDRzlxBLGtbC3Uj5imnG0IZVsCN7yy6ukXa95bs27q1caV3kcRXJCTsk58cgFaZAb0iQtwokiz+SVvDnGeXHenY9Fa8HJZ47JHzifP61/kDg=</latexit><latexit sha1_base64="Ya68y/v4gII7X71Lo54992UvWL0=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmI5hYkTsatSOxsbDARMAIF7K3zMGGvb3L7pwJufAvbCw0xtZ/Y+e/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41RxaPJaxfgiYASkUtFCghIdEA4sCCZ1gfD3zO0+gjYjVPU4S8CM2VCIUnKGVHqu3/R6OAFm1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzS+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J46WdCJSmC4otFYSopxnT2Ph0IDRzlxBLGtbC3Uj5imnG0IZVsCN7yy6ukXa95bs27q1caV3kcRXJCTsk58cgFaZAb0iQtwokiz+SVvDnGeXHenY9Fa8HJZ47JHzifP61/kDg=</latexit><latexit sha1_base64="Ya68y/v4gII7X71Lo54992UvWL0=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmI5hYkTsatSOxsbDARMAIF7K3zMGGvb3L7pwJufAvbCw0xtZ/Y+e/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41RxaPJaxfgiYASkUtFCghIdEA4sCCZ1gfD3zO0+gjYjVPU4S8CM2VCIUnKGVHqu3/R6OAFm1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzS+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J46WdCJSmC4otFYSopxnT2Ph0IDRzlxBLGtbC3Uj5imnG0IZVsCN7yy6ukXa95bs27q1caV3kcRXJCTsk58cgFaZAb0iQtwokiz+SVvDnGeXHenY9Fa8HJZ47JHzifP61/kDg=</latexit><latexit sha1_base64="Ya68y/v4gII7X71Lo54992UvWL0=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmI5hYkTsatSOxsbDARMAIF7K3zMGGvb3L7pwJufAvbCw0xtZ/Y+e/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41RxaPJaxfgiYASkUtFCghIdEA4sCCZ1gfD3zO0+gjYjVPU4S8CM2VCIUnKGVHqu3/R6OAFm1X664NXcOukq8nFRIjma//NUbxDyNQCGXzJiu5yboZ0yj4BKmpV5qIGF8zIbQtVSxCIyfzS+e0jOrDGgYa1sK6Vz9PZGxyJhJFNjOiOHILHsz8T+vm2J46WdCJSmC4otFYSopxnT2Ph0IDRzlxBLGtbC3Uj5imnG0IZVsCN7yy6ukXa95bs27q1caV3kcRXJCTsk58cgFaZAb0iQtwokiz+SVvDnGeXHenY9Fa8HJZ47JHzifP61/kDg=</latexit>

L̃�0<latexit sha1_base64="qufwICddS3JiGwwgmFFWQHBk/RY=">AAAB/3icbVA9SwNBEN3zM8avU8HG5jARrMJdGrUL2FhYRDAfkIRjbzNJluztHbtzQjiv8K/YWChi69+w89+4Sa7QxAcDj/dmmJkXxIJrdN1va2V1bX1js7BV3N7Z3du3Dw6bOkoUgwaLRKTaAdUguIQGchTQjhXQMBDQCsbXU7/1AErzSN7jJIZeSIeSDzijaCTfPi53kYs+pLeZn3ZxBEh9Nyv7dsmtuDM4y8TLSYnkqPv2V7cfsSQEiUxQrTueG2MvpQo5E5AVu4mGmLIxHULHUElD0L10dn/mnBml7wwiZUqiM1N/T6Q01HoSBqYzpDjSi95U/M/rJDi47KVcxgmCZPNFg0Q4GDnTMJw+V8BQTAyhTHFzq8NGVFGGJrKiCcFbfHmZNKsVz614d9VS7SqPo0BOyCk5Jx65IDVyQ+qkQRh5JM/klbxZT9aL9W59zFtXrHzmiPyB9fkDo8SVzg==</latexit><latexit sha1_base64="qufwICddS3JiGwwgmFFWQHBk/RY=">AAAB/3icbVA9SwNBEN3zM8avU8HG5jARrMJdGrUL2FhYRDAfkIRjbzNJluztHbtzQjiv8K/YWChi69+w89+4Sa7QxAcDj/dmmJkXxIJrdN1va2V1bX1js7BV3N7Z3du3Dw6bOkoUgwaLRKTaAdUguIQGchTQjhXQMBDQCsbXU7/1AErzSN7jJIZeSIeSDzijaCTfPi53kYs+pLeZn3ZxBEh9Nyv7dsmtuDM4y8TLSYnkqPv2V7cfsSQEiUxQrTueG2MvpQo5E5AVu4mGmLIxHULHUElD0L10dn/mnBml7wwiZUqiM1N/T6Q01HoSBqYzpDjSi95U/M/rJDi47KVcxgmCZPNFg0Q4GDnTMJw+V8BQTAyhTHFzq8NGVFGGJrKiCcFbfHmZNKsVz614d9VS7SqPo0BOyCk5Jx65IDVyQ+qkQRh5JM/klbxZT9aL9W59zFtXrHzmiPyB9fkDo8SVzg==</latexit><latexit sha1_base64="qufwICddS3JiGwwgmFFWQHBk/RY=">AAAB/3icbVA9SwNBEN3zM8avU8HG5jARrMJdGrUL2FhYRDAfkIRjbzNJluztHbtzQjiv8K/YWChi69+w89+4Sa7QxAcDj/dmmJkXxIJrdN1va2V1bX1js7BV3N7Z3du3Dw6bOkoUgwaLRKTaAdUguIQGchTQjhXQMBDQCsbXU7/1AErzSN7jJIZeSIeSDzijaCTfPi53kYs+pLeZn3ZxBEh9Nyv7dsmtuDM4y8TLSYnkqPv2V7cfsSQEiUxQrTueG2MvpQo5E5AVu4mGmLIxHULHUElD0L10dn/mnBml7wwiZUqiM1N/T6Q01HoSBqYzpDjSi95U/M/rJDi47KVcxgmCZPNFg0Q4GDnTMJw+V8BQTAyhTHFzq8NGVFGGJrKiCcFbfHmZNKsVz614d9VS7SqPo0BOyCk5Jx65IDVyQ+qkQRh5JM/klbxZT9aL9W59zFtXrHzmiPyB9fkDo8SVzg==</latexit><latexit sha1_base64="qufwICddS3JiGwwgmFFWQHBk/RY=">AAAB/3icbVA9SwNBEN3zM8avU8HG5jARrMJdGrUL2FhYRDAfkIRjbzNJluztHbtzQjiv8K/YWChi69+w89+4Sa7QxAcDj/dmmJkXxIJrdN1va2V1bX1js7BV3N7Z3du3Dw6bOkoUgwaLRKTaAdUguIQGchTQjhXQMBDQCsbXU7/1AErzSN7jJIZeSIeSDzijaCTfPi53kYs+pLeZn3ZxBEh9Nyv7dsmtuDM4y8TLSYnkqPv2V7cfsSQEiUxQrTueG2MvpQo5E5AVu4mGmLIxHULHUElD0L10dn/mnBml7wwiZUqiM1N/T6Q01HoSBqYzpDjSi95U/M/rJDi47KVcxgmCZPNFg0Q4GDnTMJw+V8BQTAyhTHFzq8NGVFGGJrKiCcFbfHmZNKsVz614d9VS7SqPo0BOyCk5Jx65IDVyQ+qkQRh5JM/klbxZT9aL9W59zFtXrHzmiPyB9fkDo8SVzg==</latexit>

H̃�0<latexit sha1_base64="0hDsR3srmRakIA3ZfrtY1Qc0bso=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aUwET2EmF/UW8JJjBLNAEoaeTk3SpGehu0YI4xz8FS8eFPHqb3jzb+wsB018UPB4r4qqen4ihUbH+bbW1jc2t7YLO8Xdvf2DQ/vouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++Hbqtx9AaRFH9zhJoB+yYSQCwRkaybNPyz0UcgBZPfeyHo4AmefkZc8uORVnBrpK3AUpkQUanv3VG8Q8DSFCLpnWXddJsJ8xhYJLyIu9VEPC+JgNoWtoxELQ/Wx2f04vjDKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZm4r/ed0Ug+t+JqIkRYj4fFGQSooxnYZBB0IBRzkxhHElzK2Uj5hiHE1kRROCu/zyKmlVK65Tce+qpdrNIo4COSPn5JK45IrUSJ00SJNw8kieySt5s56sF+vd+pi3rlmLmRPyB9bnD52Alco=</latexit><latexit sha1_base64="0hDsR3srmRakIA3ZfrtY1Qc0bso=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aUwET2EmF/UW8JJjBLNAEoaeTk3SpGehu0YI4xz8FS8eFPHqb3jzb+wsB018UPB4r4qqen4ihUbH+bbW1jc2t7YLO8Xdvf2DQ/vouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++Hbqtx9AaRFH9zhJoB+yYSQCwRkaybNPyz0UcgBZPfeyHo4AmefkZc8uORVnBrpK3AUpkQUanv3VG8Q8DSFCLpnWXddJsJ8xhYJLyIu9VEPC+JgNoWtoxELQ/Wx2f04vjDKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZm4r/ed0Ug+t+JqIkRYj4fFGQSooxnYZBB0IBRzkxhHElzK2Uj5hiHE1kRROCu/zyKmlVK65Tce+qpdrNIo4COSPn5JK45IrUSJ00SJNw8kieySt5s56sF+vd+pi3rlmLmRPyB9bnD52Alco=</latexit><latexit sha1_base64="0hDsR3srmRakIA3ZfrtY1Qc0bso=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aUwET2EmF/UW8JJjBLNAEoaeTk3SpGehu0YI4xz8FS8eFPHqb3jzb+wsB018UPB4r4qqen4ihUbH+bbW1jc2t7YLO8Xdvf2DQ/vouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++Hbqtx9AaRFH9zhJoB+yYSQCwRkaybNPyz0UcgBZPfeyHo4AmefkZc8uORVnBrpK3AUpkQUanv3VG8Q8DSFCLpnWXddJsJ8xhYJLyIu9VEPC+JgNoWtoxELQ/Wx2f04vjDKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZm4r/ed0Ug+t+JqIkRYj4fFGQSooxnYZBB0IBRzkxhHElzK2Uj5hiHE1kRROCu/zyKmlVK65Tce+qpdrNIo4COSPn5JK45IrUSJ00SJNw8kieySt5s56sF+vd+pi3rlmLmRPyB9bnD52Alco=</latexit><latexit sha1_base64="0hDsR3srmRakIA3ZfrtY1Qc0bso=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aUwET2EmF/UW8JJjBLNAEoaeTk3SpGehu0YI4xz8FS8eFPHqb3jzb+wsB018UPB4r4qqen4ihUbH+bbW1jc2t7YLO8Xdvf2DQ/vouKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++Hbqtx9AaRFH9zhJoB+yYSQCwRkaybNPyz0UcgBZPfeyHo4AmefkZc8uORVnBrpK3AUpkQUanv3VG8Q8DSFCLpnWXddJsJ8xhYJLyIu9VEPC+JgNoWtoxELQ/Wx2f04vjDKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZm4r/ed0Ug+t+JqIkRYj4fFGQSooxnYZBB0IBRzkxhHElzK2Uj5hiHE1kRROCu/zyKmlVK65Tce+qpdrNIo4COSPn5JK45IrUSJ00SJNw8kieySt5s56sF+vd+pi3rlmLmRPyB9bnD52Alco=</latexit>

Homodyne: stochastic process {X(s) = 1Ô
t
(A(out)(s) + A

(out)ú(s)) : s œ [0, t]}

I First moment: integrated homodyne current X(t) has Fisher info rate
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I Second moment: quadratic functional Y (t) =
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I Maximum Fisher info rate achieved for k(s, r) = ċ◊0 (r ≠ s)
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..ċ◊0 (·)

..2 =
⁄ Œ

0
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Simple example

‘Reference’ model
L0 = ‘(|0ÍÈ1| + |1ÍÈ2| + |2ÍÈ3|), H0 = 0
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Perturbed model:
L = L0, H = 1Ô
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<latexit sha1_base64="0/4lhLJF8/rJj8s5Mii2qI5/JaQ=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xt9pIle7vH7pwQYn6GjYUitv4aO/+Nm+QKTXww8Hhvhpl5USq4Qc/7dgobm1vbO8Xd0t7+weFR+fikbVSmKWtRJZTuRsQwwSVrIUfBuqlmJIkE60Tj27nfeWTacCUfcJKyMCFDyWNOCVopqD7Ve5rIoWDVfrni1bwF3HXi56QCOZr98ldvoGiWMIlUEGMC30sxnBKNnAo2K/Uyw1JCx2TIAkslSZgJp4uTZ+6FVQZurLQtie5C/T0xJYkxkySynQnBkVn15uJ/XpBhfB1OuUwzZJIuF8WZcFG58//dAdeMophYQqjm9laXjogmFG1KJRuCv/ryOmnXa75X8+/rlcZNHkcRzuAcLsGHK2jAHTShBRQUPMMrvDnovDjvzseyteDkM6fwB87nD3DukKg=</latexit><latexit sha1_base64="0/4lhLJF8/rJj8s5Mii2qI5/JaQ=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xt9pIle7vH7pwQYn6GjYUitv4aO/+Nm+QKTXww8Hhvhpl5USq4Qc/7dgobm1vbO8Xd0t7+weFR+fikbVSmKWtRJZTuRsQwwSVrIUfBuqlmJIkE60Tj27nfeWTacCUfcJKyMCFDyWNOCVopqD7Ve5rIoWDVfrni1bwF3HXi56QCOZr98ldvoGiWMIlUEGMC30sxnBKNnAo2K/Uyw1JCx2TIAkslSZgJp4uTZ+6FVQZurLQtie5C/T0xJYkxkySynQnBkVn15uJ/XpBhfB1OuUwzZJIuF8WZcFG58//dAdeMophYQqjm9laXjogmFG1KJRuCv/ryOmnXa75X8+/rlcZNHkcRzuAcLsGHK2jAHTShBRQUPMMrvDnovDjvzseyteDkM6fwB87nD3DukKg=</latexit><latexit sha1_base64="0/4lhLJF8/rJj8s5Mii2qI5/JaQ=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xt9pIle7vH7pwQYn6GjYUitv4aO/+Nm+QKTXww8Hhvhpl5USq4Qc/7dgobm1vbO8Xd0t7+weFR+fikbVSmKWtRJZTuRsQwwSVrIUfBuqlmJIkE60Tj27nfeWTacCUfcJKyMCFDyWNOCVopqD7Ve5rIoWDVfrni1bwF3HXi56QCOZr98ldvoGiWMIlUEGMC30sxnBKNnAo2K/Uyw1JCx2TIAkslSZgJp4uTZ+6FVQZurLQtie5C/T0xJYkxkySynQnBkVn15uJ/XpBhfB1OuUwzZJIuF8WZcFG58//dAdeMophYQqjm9laXjogmFG1KJRuCv/ryOmnXa75X8+/rlcZNHkcRzuAcLsGHK2jAHTShBRQUPMMrvDnovDjvzseyteDkM6fwB87nD3DukKg=</latexit><latexit sha1_base64="0/4lhLJF8/rJj8s5Mii2qI5/JaQ=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xt9pIle7vH7pwQYn6GjYUitv4aO/+Nm+QKTXww8Hhvhpl5USq4Qc/7dgobm1vbO8Xd0t7+weFR+fikbVSmKWtRJZTuRsQwwSVrIUfBuqlmJIkE60Tj27nfeWTacCUfcJKyMCFDyWNOCVopqD7Ve5rIoWDVfrni1bwF3HXi56QCOZr98ldvoGiWMIlUEGMC30sxnBKNnAo2K/Uyw1JCx2TIAkslSZgJp4uTZ+6FVQZurLQtie5C/T0xJYkxkySynQnBkVn15uJ/XpBhfB1OuUwzZJIuF8WZcFG58//dAdeMophYQqjm9laXjogmFG1KJRuCv/ryOmnXa75X8+/rlcZNHkcRzuAcLsGHK2jAHTShBRQUPMMrvDnovDjvzseyteDkM6fwB87nD3DukKg=</latexit>

L0
<latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit><latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit><latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit><latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit>

L0
<latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit><latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit><latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit><latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit>

L0
<latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit><latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit><latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit><latexit sha1_base64="oycRYO8s3+1gTABJhb6bf+KrFlA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxsbDAxAMSuJC9ZQ827O1ddudMCOE32FhojK0/yM5/4wJXKPiSSV7em8nMvDCVwqDrfjuFjc2t7Z3ibmlv/+DwqHx80jJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49u5337i2ohEPeIk5UFMh0pEglG0kl+977vVfrni1twFyDrxclKBHM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy1VNOYmmC6OnZELqwxIlGhbCslC/T0xpbExkzi0nTHFkVn15uJ/XjfD6DqYCpVmyBVbLooySTAh88/JQGjOUE4soUwLeythI6opQ5tPyYbgrb68Tlr1mufWvId6pXGTx1GEMziHS/DgChpwB03wgYGAZ3iFN0c5L86787FsLTj5zCn8gfP5A3wsjcQ=</latexit>

H � 1�
t

<latexit sha1_base64="DKbi2UgScKKiD19H8cHKg60ld2s=">AAACBnicbVBNS8NAEN34WetX1KMIi63gqSS9qLeClx4r2A9oStlsN+3SzSbuTsQScvLiX/HiQRGv/gZv/hu3bQ7a+mDg8d4MM/P8WHANjvNtrayurW9sFraK2zu7e/v2wWFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++nvrte6Y0j+QtTGLWC8lQ8oBTAkbq2yflukfiWEUP2AsUoambpZ6+U5BClpX7dsmpODPgZeLmpIRyNPr2lzeIaBIyCVQQrbuuE0MvJQo4FSwreolmMaFjMmRdQyUJme6lszcyfGaUAQ4iZUoCnqm/J1ISaj0JfdMZEhjpRW8q/ud1EwgueymXcQJM0vmiIBEYIjzNBA+4YhTExBBCFTe3YjoiJg0wyRVNCO7iy8ukVa24TsW9qZZqV3kcBXSMTtE5ctEFqqE6aqAmougRPaNX9GY9WS/Wu/Uxb12x8pkj9AfW5w9xtpkT</latexit><latexit sha1_base64="DKbi2UgScKKiD19H8cHKg60ld2s=">AAACBnicbVBNS8NAEN34WetX1KMIi63gqSS9qLeClx4r2A9oStlsN+3SzSbuTsQScvLiX/HiQRGv/gZv/hu3bQ7a+mDg8d4MM/P8WHANjvNtrayurW9sFraK2zu7e/v2wWFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++nvrte6Y0j+QtTGLWC8lQ8oBTAkbq2yflukfiWEUP2AsUoambpZ6+U5BClpX7dsmpODPgZeLmpIRyNPr2lzeIaBIyCVQQrbuuE0MvJQo4FSwreolmMaFjMmRdQyUJme6lszcyfGaUAQ4iZUoCnqm/J1ISaj0JfdMZEhjpRW8q/ud1EwgueymXcQJM0vmiIBEYIjzNBA+4YhTExBBCFTe3YjoiJg0wyRVNCO7iy8ukVa24TsW9qZZqV3kcBXSMTtE5ctEFqqE6aqAmougRPaNX9GY9WS/Wu/Uxb12x8pkj9AfW5w9xtpkT</latexit><latexit sha1_base64="DKbi2UgScKKiD19H8cHKg60ld2s=">AAACBnicbVBNS8NAEN34WetX1KMIi63gqSS9qLeClx4r2A9oStlsN+3SzSbuTsQScvLiX/HiQRGv/gZv/hu3bQ7a+mDg8d4MM/P8WHANjvNtrayurW9sFraK2zu7e/v2wWFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++nvrte6Y0j+QtTGLWC8lQ8oBTAkbq2yflukfiWEUP2AsUoambpZ6+U5BClpX7dsmpODPgZeLmpIRyNPr2lzeIaBIyCVQQrbuuE0MvJQo4FSwreolmMaFjMmRdQyUJme6lszcyfGaUAQ4iZUoCnqm/J1ISaj0JfdMZEhjpRW8q/ud1EwgueymXcQJM0vmiIBEYIjzNBA+4YhTExBBCFTe3YjoiJg0wyRVNCO7iy8ukVa24TsW9qZZqV3kcBXSMTtE5ctEFqqE6aqAmougRPaNX9GY9WS/Wu/Uxb12x8pkj9AfW5w9xtpkT</latexit><latexit sha1_base64="DKbi2UgScKKiD19H8cHKg60ld2s=">AAACBnicbVBNS8NAEN34WetX1KMIi63gqSS9qLeClx4r2A9oStlsN+3SzSbuTsQScvLiX/HiQRGv/gZv/hu3bQ7a+mDg8d4MM/P8WHANjvNtrayurW9sFraK2zu7e/v2wWFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++nvrte6Y0j+QtTGLWC8lQ8oBTAkbq2yflukfiWEUP2AsUoambpZ6+U5BClpX7dsmpODPgZeLmpIRyNPr2lzeIaBIyCVQQrbuuE0MvJQo4FSwreolmMaFjMmRdQyUJme6lszcyfGaUAQ4iZUoCnqm/J1ISaj0JfdMZEhjpRW8q/ud1EwgueymXcQJM0vmiIBEYIjzNBA+4YhTExBBCFTe3YjoiJg0wyRVNCO7iy8ukVa24TsW9qZZqV3kcBXSMTtE5ctEFqqE6aqAmougRPaNX9GY9WS/Wu/Uxb12x8pkj9AfW5w9xtpkT</latexit>

|0�
<latexit sha1_base64="X4xyA2ZjVkgJLAKY69i2gNjIiXg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xtNsmSvd1jd04IZ36GjYUitv4aO/+Nm+QKTXww8Hhvhpl5USK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbVSqKWtRJZTuRsQwwSVrIUfBuolmJI4E60ST27nfeWTacCUfcJqwMCYjyYecErRSUH3yeprIkWDVfrni1bwF3HXi56QCOZr98ldvoGgaM4lUEGMC30swzIhGTgWblXqpYQmhEzJigaWSxMyE2eLkmXthlYE7VNqWRHeh/p7ISGzMNI5sZ0xwbFa9ufifF6Q4vA4zLpMUmaTLRcNUuKjc+f/ugGtGUUwtIVRze6tLx0QTijalkg3BX315nbTrNd+r+ff1SuMmj6MIZ3AOl+DDFTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB23WkKY=</latexit><latexit sha1_base64="X4xyA2ZjVkgJLAKY69i2gNjIiXg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xtNsmSvd1jd04IZ36GjYUitv4aO/+Nm+QKTXww8Hhvhpl5USK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbVSqKWtRJZTuRsQwwSVrIUfBuolmJI4E60ST27nfeWTacCUfcJqwMCYjyYecErRSUH3yeprIkWDVfrni1bwF3HXi56QCOZr98ldvoGgaM4lUEGMC30swzIhGTgWblXqpYQmhEzJigaWSxMyE2eLkmXthlYE7VNqWRHeh/p7ISGzMNI5sZ0xwbFa9ufifF6Q4vA4zLpMUmaTLRcNUuKjc+f/ugGtGUUwtIVRze6tLx0QTijalkg3BX315nbTrNd+r+ff1SuMmj6MIZ3AOl+DDFTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB23WkKY=</latexit><latexit sha1_base64="X4xyA2ZjVkgJLAKY69i2gNjIiXg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xtNsmSvd1jd04IZ36GjYUitv4aO/+Nm+QKTXww8Hhvhpl5USK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbVSqKWtRJZTuRsQwwSVrIUfBuolmJI4E60ST27nfeWTacCUfcJqwMCYjyYecErRSUH3yeprIkWDVfrni1bwF3HXi56QCOZr98ldvoGgaM4lUEGMC30swzIhGTgWblXqpYQmhEzJigaWSxMyE2eLkmXthlYE7VNqWRHeh/p7ISGzMNI5sZ0xwbFa9ufifF6Q4vA4zLpMUmaTLRcNUuKjc+f/ugGtGUUwtIVRze6tLx0QTijalkg3BX315nbTrNd+r+ff1SuMmj6MIZ3AOl+DDFTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB23WkKY=</latexit><latexit sha1_base64="X4xyA2ZjVkgJLAKY69i2gNjIiXg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xtNsmSvd1jd04IZ36GjYUitv4aO/+Nm+QKTXww8Hhvhpl5USK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbVSqKWtRJZTuRsQwwSVrIUfBuolmJI4E60ST27nfeWTacCUfcJqwMCYjyYecErRSUH3yeprIkWDVfrni1bwF3HXi56QCOZr98ldvoGgaM4lUEGMC30swzIhGTgWblXqpYQmhEzJigaWSxMyE2eLkmXthlYE7VNqWRHeh/p7ISGzMNI5sZ0xwbFa9ufifF6Q4vA4zLpMUmaTLRcNUuKjc+f/ugGtGUUwtIVRze6tLx0QTijalkg3BX315nbTrNd+r+ff1SuMmj6MIZ3AOl+DDFTTgDprQAgoKnuEV3hx0Xpx352PZWnDymVP4A+fzB23WkKY=</latexit>

|1�
<latexit sha1_base64="1eoAY0nLYmcbJtaCxSIaumL58sg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xtJsmSvd1jd08IZ36GjYUitv4aO/+Nm+QKTXww8Hhvhpl5UcKZNp737RQ2Nre2d4q7pb39g8Oj8vFJW8tUUWxRyaXqRkQjZwJbhhmO3UQhiSOOnWhyO/c7j6g0k+LBTBMMYzISbMgoMVYKqk9+TxEx4ljtlytezVvAXSd+TiqQo9kvf/UGkqYxCkM50TrwvcSEGVGGUY6zUi/VmBA6ISMMLBUkRh1mi5Nn7oVVBu5QKlvCuAv190RGYq2ncWQ7Y2LGetWbi/95QWqG12HGRJIaFHS5aJhy10h3/r87YAqp4VNLCFXM3urSMVGEGptSyYbgr768Ttr1mu/V/Pt6pXGTx1GEMziHS/DhChpwB01oAQUJz/AKb45xXpx352PZWnDymVP4A+fzB29ikKc=</latexit><latexit sha1_base64="1eoAY0nLYmcbJtaCxSIaumL58sg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xtJsmSvd1jd08IZ36GjYUitv4aO/+Nm+QKTXww8Hhvhpl5UcKZNp737RQ2Nre2d4q7pb39g8Oj8vFJW8tUUWxRyaXqRkQjZwJbhhmO3UQhiSOOnWhyO/c7j6g0k+LBTBMMYzISbMgoMVYKqk9+TxEx4ljtlytezVvAXSd+TiqQo9kvf/UGkqYxCkM50TrwvcSEGVGGUY6zUi/VmBA6ISMMLBUkRh1mi5Nn7oVVBu5QKlvCuAv190RGYq2ncWQ7Y2LGetWbi/95QWqG12HGRJIaFHS5aJhy10h3/r87YAqp4VNLCFXM3urSMVGEGptSyYbgr768Ttr1mu/V/Pt6pXGTx1GEMziHS/DhChpwB01oAQUJz/AKb45xXpx352PZWnDymVP4A+fzB29ikKc=</latexit><latexit sha1_base64="1eoAY0nLYmcbJtaCxSIaumL58sg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xtJsmSvd1jd08IZ36GjYUitv4aO/+Nm+QKTXww8Hhvhpl5UcKZNp737RQ2Nre2d4q7pb39g8Oj8vFJW8tUUWxRyaXqRkQjZwJbhhmO3UQhiSOOnWhyO/c7j6g0k+LBTBMMYzISbMgoMVYKqk9+TxEx4ljtlytezVvAXSd+TiqQo9kvf/UGkqYxCkM50TrwvcSEGVGGUY6zUi/VmBA6ISMMLBUkRh1mi5Nn7oVVBu5QKlvCuAv190RGYq2ncWQ7Y2LGetWbi/95QWqG12HGRJIaFHS5aJhy10h3/r87YAqp4VNLCFXM3urSMVGEGptSyYbgr768Ttr1mu/V/Pt6pXGTx1GEMziHS/DhChpwB01oAQUJz/AKb45xXpx352PZWnDymVP4A+fzB29ikKc=</latexit><latexit sha1_base64="1eoAY0nLYmcbJtaCxSIaumL58sg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tDhPBKtylUbuAjWUE8wGXI+xtJsmSvd1jd08IZ36GjYUitv4aO/+Nm+QKTXww8Hhvhpl5UcKZNp737RQ2Nre2d4q7pb39g8Oj8vFJW8tUUWxRyaXqRkQjZwJbhhmO3UQhiSOOnWhyO/c7j6g0k+LBTBMMYzISbMgoMVYKqk9+TxEx4ljtlytezVvAXSd+TiqQo9kvf/UGkqYxCkM50TrwvcSEGVGGUY6zUi/VmBA6ISMMLBUkRh1mi5Nn7oVVBu5QKlvCuAv190RGYq2ncWQ7Y2LGetWbi/95QWqG12HGRJIaFHS5aJhy10h3/r87YAqp4VNLCFXM3urSMVGEGptSyYbgr768Ttr1mu/V/Pt6pXGTx1GEMziHS/DhChpwB01oAQUJz/AKb45xXpx352PZWnDymVP4A+fzB29ikKc=</latexit>
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1) Parameters for ‡
(ij)
x and ‡

(ij)
y with i, j Ø 1 have zero QFI

2) Perturbations u
x

1 , u
y

1 have F = 16
‘2 and is achieved by first moment homodyne of P (t), Q(t)

3) Perturbations u
x

2 , u
y

2 have F = 16
‘2 and is achieved by second moment homodyne functionals

4) Perturbations u
x

3 , u
y

3 have F = 16
‘2 and is achieved by third moment homodyne functionals

5) Wanted: general theory with H0|0Í = 0 and L0|0Í = 0.



Outline

Quantum estimation

The quantum Fisher information of input-output systems

Estimation with ‘simple’ measurements

Quantum post-processing with coherent absorbers

Dynamical phase transitions and Heisenberg scaling



Thermodynamics of quantum trajectories 11 : the atom maser

Input excited 
atoms

Cavity

��

Thermal bath

Output  atoms

detection trajectory

(t1, 2)(t2, 1)

|n�

Tuesday, 29 October 13

Counting distribution away from DPT  Counting distribution at DPT  

inactive

active

Cavity state (filter) away from DPT Cavity state (filter) at DPT

11J. Garrahan, I. Lesanovsky, Phys. Rev. Lett. (2010)



Counting statistics and dynamical phase transitions12

If L is ergodic (spectral gap �⁄ := ≠Re⁄2 > 0) then

I system converges to stationary state fl(t) = e
tL(flin)

tæŒ
≠≠≠≠≠æ flss

I Counting operator N(t) has normal fluctuations (�N(t) Ã
Ô

t) around mean tµ

If L is near phase transition (�⁄ ¥ 0) then
I metastability: slow convergence to stationarity, long correlation time · = 1/�⁄

I intermittent trajectories, counting operator N(t) has bimodal distribution up to times ·

If L has degenerate stationary states then
I infinite correlation times
I counting operator N(t) remains bimodal all times and variance increases as t

2

12J. Garrahan, I. Lesanovsky, Phys. Rev. Lett. (2010); I. Lesanovsky, M. van Horssen, M. G., J. Garrahan, P. R. L. (2013)



Phase estimation: Heisenberg limit at the DPT13

System
Input Output

H L

ei�µat|passive� +

ei�µpt|active�

�

First order phase transition: system with two "stationary phases" (H = Hi ü Ha) with
di�erent emission rates µi ”= µa

Initial state: superposition Ô
pi|‰iÍ + Ô

pa|‰aÍ with |‰a,iÍ œ Hi,a

GHZ-type system-output state with generator N(t)
|Â„(t)Í = e

i„N(t)
|Â(t)Í ¥

Ô
pie

i„µit
|Âi(t)Í + Ô

pae
i„µat

|Âa(t)Í

Heisenberg limit wrt time:

F (t) = 4Var(N(t)) ¥ t
2
pipa(µa ≠ µi)2

must measure sys+out to achieve QFI
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13K. Macieszczak, M.G. I. Lesanovsky, J. P. Garrahan Phys. Rev. A (2016)



Phase estimation: QFI time behaviour near phase transition

System
Input Output

H L

�

System near first order DPT: metastability =∆ counting trajectories exhibit intermittency

Short time (t π ·) distribution of generator N(t) is bimodal =∆ quadratic growth of QFI

Long time (t ∫ ·) ergodicity and normal fluctuations win =∆ linear growth of QFI

�2N(t)

� = ���1

� t2

� t�

t



Outlook

Estimation and identification of input-output systems
I Identifiable parameters manifold P = D/G

I Information Geometry: QFI is real part of covariance of Markov generators
I Local Asymptotic Normality: CCR Gaussian shift limit model (tutorial)
I Fisher information depends on measurement AND statistic of trajectory
I Quantum post-processing with coherent absorber
I Dynamical phase transitions allow for quadratic scaling of QFI
I Linear I-O systems: time dependent and stationary theory (tutorial)

Ongoing / future work

I General quantum Markov CLT
I use of coherent feedback in system identification
I more realistic models with inaccessible channels
I design of better input states
I time-dependent paramters



Convergence to Gaussian model for i.i.d. ensembles

�
F/2u

�
F/2v

Q

P

�����n
�0+u/

�
n

�

�����n
�0+v/

�
n

�

Quantum data: ensemble of n identically prepared systems

|Â◊Í
¢n :=

!
ei◊G

|ÂÍ

"¢n

, ÈÂ|G|ÂÍ = 0

Local asymptotic normality (Gaussian approximation):

In an “uncertainty neighbourhood" of size n≠1/2 around ◊0, the overlaps of joint states are
approximately equal to those of a Gaussian model with QFI = F

+
Â¢n

◊0+u/
Ô

n

-- Â¢n

◊0+v/
Ô

n

,
=

+
Â|ei(u≠v)G/

Ô
n
-- Â

,n

¸ ˚˙ ˝
(1≠ÈÂ|G2|ÂÍ/2n+... )n

≠æ e(u≠v)2F/8 =
e

F/2 u

---


F/2 v

f



Gaussian approximation (LAN) for (system +) output state6

����s+o
�0+u/

�
t
(t)

�

����s+o
�0+v/

�
t
(t)

�

u
v

Parameter uncertainty ¥ t≠1/2
∆ interesting statistical features are local: ◊ = ◊0 + u/

Ô
t

D
◊0+u/

Ô
t

= D◊0 + 1
Ô

t
Ḋu + O(t≠1) = D◊0 + 1

Ô
t

ÿ

a

uaḊ◊0,a + O(t≠1)

Theorem (Local asymptotic normality)
Let WD be the CCR algebra over T

id

D
(continuous variable system) with Weyl unitaries W (u)

and “vacuum” state |0Í satisfying

W (u)W (v) = e≠iIm(Ḋu,Ḋv)D W (u + v), È0|W (u)|0Í := e≠ 1
2 ÎḊuÎ2

D

System+output quantum model |�s+o

◊0+u/
Ô

t
(t)Í converges locally to coherent states (Gaussian)

model |uÍ := W (u)|0Í.

lim
tæŒ

e
�s+o

◊0+u/
Ô

t
(t)

--- �s+o

◊0+v/
Ô

t
(t)

f
= e≠ 1

2 ÎḊu≠ḊvÎ2
D = Èu|vÍ

6M.G., J. Kiukas, J. Math. Phys. (2017), Similar result for the reduced output state


