
Sparsity and state and 
detector tomography

Richard Gill (Leiden)

1.  Very preliminary results from recent collaboration 
with Jelmer Renema (quantum optics, Leiden)

2.  Very low-tech, low-quantum



1. Detector tomography

• Recent work of Jelmer Renema et al.
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What are next- 
generation photo-

detectors good for?
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scribed by a Positive Operator-Valued Measure (POVM)
element !! = "n!!n|n!"n|, and the detector responds to
the state with a probability R! = Tr(!!!). The POVM
contains a full quantitative description of the measure-
ment process.

Solving this set of equations simultaneously is a prob-
lem of a statistical nature due to the inevitable shot
noise on the detection of individual photons, making the
set of equations not analytically invertible. This prob-
lem can be solved by a maximum likelihood (ML) tech-
nique, using the Expectation Maximization (EM) algo-
rithm [6, 8, 12–17] to find the best solution, while re-
specting the normalization of the state. A derivation is
given in [15]. The i-th iteration of this algorithm is given
by:
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where !(i) is the state at the i-th iteration, N0 is the total
number of experimental preparations, R! is the measured
click probability at the "-th experimental configuration
and p!(!(i)) is the calculated click probability at the "-th
experimental configuration.

It is known that this algorithm can take many itera-
tions to converge. Following earlier work [6, 8, 12–17], we
take our number of iterations to be 106. It is known that
this algorithm converges to the ML solution, for which
the standard errors are given by the Cramer-Rao bound
[17].

Experiment - The SSPD used in this experiment is
a commercial NbN meander produced by Scontel. The
width of the wire is 100 nm, and the distance between
the wires is 150 nm. The size of the active area is 10 µm
by 10 µm. The device was cooled in a bath cryostat to a
temperature of 1.7 K. The measured overall system quan-
tum e!ciency for the one-photon Fock state was 2.8% at
a bias current of 13.3 µA (corresponding to Ib/Ic # 0.9)
and a wavelength of # = 1500 nm.

For our detector tomography procedure [40], we illu-
minate the device with a series of coherent states varying
from 130 fW to 108 nW (0.05 to 4.1$104 photons/pulse).
The low powers were achieved with a computer-controlled
variable attenuator, whose linearity to -60 dB was verified
independently. From the measured response to coherent
states, we reconstruct the POVM using the method de-
scribed in [29]. The coherent states were generated by
a Fianium supercontinuum pulsed laser. The repetition
rate of this laser was 20 MHz, the specified pulse width <
7 ps. The light was filtered to have a center wavelength
#0 = 1500 nm and a spectral width ## = 12 nm. Fig.
1 shows the resulting set of inferred detector response
curves, i.e. the probability of the detector to respond to
a certain Fock state. The observed POVM was then used
to reconstruct coherent and thermal states.

Figure 1: Response curves inferred from detector tomography
as a function of bias current through the device. On the x axis
is the bias current, on the y axis is the probability that the
detector responds to a particular number of photons (Fock
state). The black line indicates 0 photons, the arrow indicates
the direction of increasing photon number. Note that we have
shown only the first incident 15 photon numbers for clarity.

We generate pseudothermal states by the standard
technique of a rotating ground glass plate [32], which
was illuminated with the coherent states described above.
The exponential probability distribution of the intensity
of the resulting speckles creates photon statistics that
are equivalent to thermal light when averaged over many
realizations of the angle setting of the plate.

After the reconstruction of the coherent states, the
alignment of the detector in the cryostat was degraded.
We therefore recharacterized the device in its new con-
figuration with a set of coherent states before performing
the reconstruction of the thermal states. The degrada-
tion manifests itself as an increased dark count probabil-
ity, which was 0.01 / pulse at Ib/Ic # 0.9.

Results - Fig 2. shows a representative sample of the
reconstructed coherent and thermal states. We recon-
struct a series of coherent and thermal states, using the
algorithm given by Eq. (1), iterated 106 times. For the
quality of our reconstruction we use the fidelity, defined
as F =

"nmax

n=0

#
!nn$!nn, where !̃ represents the density

matrix of the coherent state corresponding to the average
number of photons found in the reconstruction.

Fig. 3 shows the fidelity of the state reconstruction, as
a function of mean photon number"n!. We observe that
the quality of the reconstruction degrades as the average
number of photons increases. This can be understood
from Fig. 1: as the number of photons increases, the
curves lie closer together, making it more di!cult to dis-
tinguish the contributions from various photon numbers.
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Fig. 3. EPDC parameters and linear detection efficiency as function of bias current. This
figure was obtained by repeatedly applying the method outlined in Section IV at various
bias currents. The three dashed lines indicate the bias currents from Fig 3.

[6], e.g. we reproduce the finding that the transitions between the various detection regimes
(where the detector behaves approximately as an N-photon detector) are equally spaced in the
current domain.
From Eq. 3, we can see that the response of the detector is given by terms of the form

pici(N), where ci(N) is the probability of having N photons. From this we can see that each pi
will be most dominant in the range of powers where the probability of having the corresponding
number of photons is highest. For example, at 17 µA the detector has p1= 0.06 and p2= 0.37,
meaning that at low powers (ηN < 0.16), where the one-photon contribution from the state
is dominant, the detector will respond mostly to single photons, but at higher powers (ηN >

0.16) the response will be dominated by the two-photon events. This quantifies the change of
detection regimes reported in measurements of count rate as a function of power [6].
As can be seen from Fig. 2, dark counts are negligible (Rdark < 10!4) in our measurement.

However, we note that for dark counts the assumption pi+1 > pi, holds [13], since otherwise
it would be the case that illuminating the detector makes it less likely to click. Therefore, our
model is compatible with the presence of dark counts.
The fitted linear detection efficiency η fluctuates between 1"10!4 and 1.5"10!4. Normal-

izing to the estimated effective area of the detector of 100 nm by 150 nm and the beam size,
we obtain an intrinsic detection efficiency of 5-7%. While it should be noted that this is only a
rough estimate, it is higher than the value of 1% reported in [6]. We attribute this to the lower
temperature of the experiment, at which NbN detectors are known to be more efficient [5].
It should be noted that since we combine all linear losses into a single parameter, we are

unable to distinguish losses after the absorption event from those before the absoption event,

Compare this with a conventional (linear) photodetector, which, after taking account of
attenuation, has a chance of ‘’dark counts”–spontaineous clicks – but otherwise, threshhold
behaviour: p
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(x) ⇡ 1 for x � 1.
Combining the two parts of the description, we see that when the detector is fed a state

⇢, the probability that the detector clicks, for given bias �, is
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In POVM language, the detector implements the two-element POVM, with components
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where ⇧
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is the orthogonal projector onto the Fock state of n photons.
Figure 3 of Renema et al. (2011) shows graphs of estimated values of p

�

(x) for x =
1, 2, 3, 4 and � = 11, 12, .., 20. The vertical axis is logarithmic to base 10. Our first step is to
come up with an analytic approximation to these curves which we will use in subsequent
modeling as being the “true” characteristics of the detector. (Later we will investigate
the e↵ects of getting these curves slightly wrong, i.e., sensitivity to errors in the detector
tomography of the device). In their already logarithmic scale, the curves in Renema’s
figure 3 are reminiscent of upside down exponential functions of negative constants times
bias current. (See four piecewise straight-line curves in the first figure below). Following
this cue, I replotted the curves using double logarithmic transformation on the y-axis,
e↵ectively plotting � log

e

(� log10(p�(x))) against � for x = 1, 2, 3, 4. This showed more
or less parallel and equally spaced straight lines. Fitting this model by least squares in
R (www.R-project.org), I arrived at the approximation (from here on, all logarithms are
natural logarithms)

p

�

(x) = exp(� log(10) exp(�(�6.591 + 0.3346 � + 0.71x))). (1)

The following R code and graph shows the fitting procedure, the fitted curves, and
the original points from Renema’s Figure 3. The input data file “povm.csv” (available
on request from the authors) was generated by drawing line segments by hand on top of
Renema’s figure 3 within the Apple Mac OSX presentation software “Keynote”, overlaying
the four piecewise linear graphs, and the two axes, and their tick-marks. The (underlay)
original figure was then discarded, leaving just the“bare bones”of the figure. This one page
presentation document with a collection of piecewise linear paths and single line segments
was exported to a pdf file; and the pdf file then exported to a postscript file, within which
the coordinates of all these line segments could easily be recognized; however the coordinate
system is now relative to the postscript plotting window. Editing the postscript file by hand
generated a spread sheet in csv format which could be further processed in R, recovering
the original coordinates of the graph by linear transformation, based on the location in
the plotting window of axes and tickmarks. This resulting spreadsheet “povm.csv” just
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•             is increasing in x

•             is only non-trivial (not 0, not 1) for 
a small range of values of x

• Fit models with successively larger number 
of “non-trivial”             till no more 
improvement in fit (cf. AIC, BIC)

Estimation strategy
Use prior knowledge to reduce dimension

Prob(click|�, ⇢) =
X

n

⇢
nn

X

xn

✓
n

x

◆
⌘x (1 � ⌘)n�x

p�(x)

p�(x)

p�(x)

p�(x)

p�(x)

⇒



Estimation method

• EM algorithm (to compute MLE)

• Maximizes log likelihood=

• Minimizes (approx) chi-squared

X

�,click/no click

O log E

O = Observed #, E = Expected #

X

�,click/no click

(O � E)2/E

a
bX

a
b

Factor 2 
difference!



Convergence rates

• EM algorithm: log error at n’th iterate is 
linear in n;  constant=ratio of actual data 
Fisher information to complete data Fisher 
information

• One more zero every M iterates

• Newton-Raphson: log error at n’th iterate 
is negative exponential in n

• # zeros doubles every M’ iterates



Problems

• EM: we probably never get to convergence 
(final result dominated by initial guess)

• No (easy, direct) error bars

• Newton-Raphson: needs good initial guess 
otherwise fails

• Constraints are troublesome



Future?

• Use knowledge that              are smooth 
functions of beta

• Effect of errors in detector tomography on 
results of state tomography

p�(x)



2. State tomograpy

• Work in progress (at very initial stages)

• Detector characteristics known, state unknown

• Different photo-detectors, different settings

• Setting one: detector efficiency

• Setting two: beam-splitter with variable 
splitting ratio

• Possibly two more beam-splitters...



New model:

• Start with n photons with probability

• Split into x and y = n–x with probability

• Each detector gives click iff one photon 
triggers the detector; all photons act 
independently; probability one photon 
triggers detector is

⇢nn
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How to estimate (   )?

• Proposal: direct (numerical) Newton-
Raphson type maximization of log 
likelihood or minimization of chi square

• Gives error bars for free (Hessian!)

• Needs good initial guess

• Use lower-dim fits as starting values

⇢nn



What lower-
dimensional submodels?

• State concentrated on a small range of 
photon numbers



Standard properties
(smooth models, large N)

• Maximum likelihood estimator has approx 
smallest possible variance among all approx 
unbiased estimators

• Inverse negative Hessian of log likelihood at 
maximum is estimator of this variance-
covariance matrix (error bars!)

• One step Newton-Raphson from root-N 
consistent initial estimate has same 
properties!



• Optimality of smooth functionals of MLE 
(as estimator of same functional of 
parameter), e.g. 2nd order correlation

• MLE achieves optimal expected “fidelity”

Standard properties
(continued...)

g(2)(0)



g(2)(0) = hn2i � hni
hni

dg(2)(0)

d⇢nn
= n(n � 2hni � g(2)(0)

hni

Now just use propagation of errors (physics) 
 = delta-method (statistics)

Ex. 1. Second order correlation function
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Ex. 2. “Fidelity”
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Avoid constrained 
optimization

• Pretend total number observations N is 
realization of Poisson variable with 
unknown mean lambda

• Parametrize by �n = �⇢nn

Step 1:



Avoid constrained 
optimization

• Parametrize by

Step 2:

µn = �
1
2
n



Avoid constrained 
optimization

• Use propagation of errors (on reverse 
transformation) to get observed 
information matrix for parameters/
functionals of interest from observed 
information matrix for new parameters

Afterwards:



Examples

• Does it help having two settings? (t and k)

• Does it help having more beam splitters 
(more detectors?)

HERE I RAN A SMALL “R” SCRIPT, see file Gill.R



Initial results

• Varying splitting ratio, fixed efficiency, two 
detectors is not quite as good as varying 
efficiency, one detector; but close...

• Varying efficiency, fixed splitting ratio, 
adding detectors, gives only tiny 
improvement



Problems
• Will this procedure work when we go to larger 

range of photon numbers?

• When we choose “best” model by (e.g.) 
carefully tuned AIC / BIC type methods, we are 
optimizing bias/variance tradeoff. The 
“standard” error bars from MLE approach 
represent only the variance, and moreover are 
themselves biased (computed slightly “off 
truth”, and optimistic)

• Are there alternative, better approaches?


