The q-product of generalised Brownian motions

Mădălin Guţă

September 27, 2001

Mathematisch Instituut, Katholieke Universiteit Nijmegen, Toernooiveld 1, 6526 ED Nijmegen, The Netherlands

Abstract

The notion of generalised Brownian motion is extended to multiple processes indexed by a set I. For −1 ≤ q ≤ 1 the q-product of positive definite functions on pair partitions having the multiplicative property is defined, and shown to be a positive definite function on I-coloured pair partitions. The resulting I-indexed generalised Brownian motion interpolates between graded tensor product (q = −1), reduced free product (q = 0) and tensor product (q = 1) of the given Brownian motions.

1 Introduction

Two different notions of independence stand out in non-commutative probability: tensor and free independence. The quantum stochastic calculus of Hudson and Parhasarathy [23] generalises the classical independence to tensor independence, and the free probability of Voiculescu [28] relies on free independence.

Beyond the well established frameworks of these two theories, an investigation concerning the notions of quantum white noise, Brownian motion and Markov processes is developed by Köstler [17] in the spirit of Kümmerer’s approach to quantum probability [18, 19, 20]. Related to this, is the theory of generalised Brownian motion initiated by Bożejko and Speicher which provides concrete examples of quantum white noises but also raises interesting operator algebraic questions.

The generalised Brownian motions [4] are non-commutative processes ω(f) indexed by elements f of a real Hilbert space K and endowed with a distinguished “gaussian” positive linear functional ρ_t given by the following pair prescription:

ρ_t(ω(f_1) . . . ω(f_n)) = ∑ V∈P_2(n)

t(V) ∏ (k,l)∈V

⟨f_k, f_l⟩ (1.1)

where the sum runs over all pair partitions of the ordered set {1, . . . , n} and t : ⋃ k∈N P_2(2k) → C is a function defined on all possible pair partitions called positive definite. We regard ω(f) as symmetric operators on the Hilbert space arising from the GNS construction.

The most important examples of positive definite functions are t(V) = 1 for all V which characterises the classical Brownian motion [24] and, t(V) = 0 for crossing partitions and t(V) = 1 for non-crossing partitions which characterises the free Brownian motion [28].

A remarkable interpolation between these cases arises from the algebra of qdeformed commutation relations a(f)a^∗(g) − qa^∗(g)a(f) = ⟨f, g⟩ 1 for −1 ≤ q ≤ 1 investigated in a number of papers [5, 6, 7, 8, 9, 10, 13, 14, 21, 25, 29]. The monomials in fields ω(f) := a(f) + a^∗(f) have vacuum expectations as in 1.1 with t_q (V) = q^{cr(V)} and cr(V) being the number of crossings of the pair partition V. Further functorial and operator algebraic properties of this Brownian motion are studied in [3]. It turns out that we have a functor of white noise [18, 19] that is, a functor from the category of real Hilbert spaces with contractions to the category of non-commutative probability spaces.

Another interpolation between the classical and free Brownian motion is found in [4] : t_p(V) = p^{|V|−B(V)} where |V| is the number of pairs of V and B(V) is the number of connected components or blocks of V, and 0 ≤ p ≤ 1.

Ispired by ideas from combinatorics, such as that of species of structures [1, 15] and analytic functors [16], the author together with Hans Maassen [11, 12] have found a more functorial approch to the study of generalised Brownian motion. The GNS representation space of the algebra of fields ω(f) over a real Hilber space K, with respect to the gaussian state ρ_t has the Fock-like form

F_t(K_C) := ∞⨁ n=0 1 n! V_n ⊗_s K^{⊗n}_C , (1.2)

where V_n is a Hilbert space carrying a unitary representation U_n of the symmetric group S(n), and ⊗_s denotes the closed subspace of the tensor product V_n ⊗ K^{⊗n}_C whose orthogonal projection is

P_n = 1 n! ∑ τ ∈S(n)

U_n(τ) ⊗ Ũ_n(τ), (1.3) and Ũ_nf_1 ⊗ . . . ⊗ f_n = f_{τ −1(1)} ⊗ . . . ⊗ f_{τ −1(n)} (1.4)

for f_i ∈ K_C. The factor^1_{n!} in 1.2 refers to the inner product on V_n ⊗_s K^{⊗n}_C . We note that F_t is an endofunctor of the category of Hilbert spaces with contractions called analytic functor [16]. The fields ω(f) can be represented as the sum of creation and annihilation operators a(f) + a^∗(f) which are defined with the help of a sequence of operators j_n : V_n → V_{n+1} satisfying the intertwining relations with respect to the representation of the symmetric groups U_n and U_{n+1}: j_nU_n(τ) = U_{n+1}(ι(τ))j_n , with ι the natural embedding of U_n into U_{n+1} by keeping the last letter fixed. Concretely,

a^∗(f) : P_n(v_n ⊗ ψ_n) → P_{n+1}(j_nv_n ⊗ r(f)ψ_n). (1.5) where v_n ∈ V_n, ψ_n ∈ K^{⊗n}_C and r(f) is the right creation operator as defined on the full Fock space over K_C. For more details we refer to the first 3 sections of [12]. Using this insight, a new class of positive functions on pair partitons has been found [2], which extend the indecomposable characters of the infinite symmetric group and for which the gaussian state is not tracial.

In the present work we answer a question of Roland Speicher concerning the existence of the q-product of generlised Brownian motions. In his paper [26] Speicher has analysed the existence of universal products on the category of unital algebras with normalised linear functionals. The universal product should satisfy some natural requirements such as associativity and universal calculation rule for mixed moments. The result is that the only possibilities are the tensor product and the reduced free product. In the case of q-deformations, a concrete result in this direction has been proved in [21]. However one can still define a q-product for the algebras of generalised Brownian motions with gaussian states ρ_{ta} characterised by the positive definite functions t_a with a in a index set I, by the calculational rule:

(∗^{(q)}_{a∈I} ρ_{ta} )

(_n ∏ i=1 ω_{c(i)}(f_i) ) = ∑ V q^{cr(V,c)} ∏ a∈I t_a(V_a) ∏ (i,j)∈V

⟨f_i, f_j ⟩ . (1.6)

The sum is taken over those pair partitions V such that if (i, j) ∈ V then c(i) = c(j) ∈ I, which we call the “colour” of the pair (i, j), the pair partition V_a is the subset of pairs in V which are coloured in the colour a, and the coefficient cr(V, c) counts the number of crossings between pairs of different colours. The main objective of the paper is to prove the positivity of this functional for functions t_a which have a certain multiplicativity property. This is done in section 3, but as a preparation for that we develop the framework for I-indexed generalised Brownian motion which is a fairly straightforward extension of the usual theory to the case of more than one processes “coexisting”, this time the key notion being that of positive definite function on I-coloured pair partions.

The q-product interpolates between graded tensor product [22] (q=-1), reduced free product [28] (q=0) and tensor product [24] (q=1).

Finally, a central limit theorem is proved showing that as n → ∞, the functional obtained by taking the q-product of a function t a number n of times and restricting it to the algebra of fields ω(f) =^{1√}_n

∑_n

i=1 ω_i(f), converges in law to that of the q-deformed fields given by t_q (V) = q^{cr(V)}.

2 Generalised Brownian motions indexed by I and the^∗-semigroup BP^I_2 (∞)

Let I be an arbitrary index set. In this section we will extend the notions of generalised Brownian motion and the associated^∗-semigroup of broken pair partitions [12] to the case of multidimensional processes indexed by the set I.

Definition 2.1 Let P be a finite ordered set. By P^I_2 (P ) we denote the set of I-coloured pair partitions, that is pairs (V, c) with V ∈ P_2(P ) and c : V → I.

Definition 2.2 Let X be an arbitrary finite ordered set and (L_a, P_a, R_a)_{a∈I} a disjoint partition of X into triples of subsets indexed by elements of I. For each a ∈ I we consider a triple (V_a, f^{(l)}_a , f^{(r)}_a ) where V_a ∈ P_2(P_a) and

f^{(l)}_a : L_a → {1, . . . , |L_a|}, f^{(r)}_a : R_a → {1, . . . , |R_a|} (2.1)

are bijections. Any order preserving bijection α : X → Y induces a map

α_a : (V_a, f^{(l)}_a , f^{(r)}_a ) → (α ∘ V_a, f^{(l)}_a ∘ α^{−1}, f^{(r)}_a ∘ α^{−1}) (2.2)

where α ∘ V := {(α(i), α(j)) : (i, j) ∈ V}. This defines an equivalence relation. The corresponding element d of BP^I_2 (∞) is such an equivalence class of collections of triples (V_a, f^{(l)}_a , f^{(r)}_a ) for a ∈ I.

In other words the elements of BP^I_2 (∞) are broken pair partitions as in definition 3.1 in [12], with additional labeling with indices from I of the pairs and legs. For each a ∈ I there is a broken pair partition d_a, however only a finite number of them are not empty. The product and involution are defined as for the^∗- semigroup BP_2(∞) with the additional condition that the left legs and right legs which are joined must be indexed by the same element of I. Let d_1 = (V_{a,1}, f^{(l)}_{a,1}, f^{(r)}_{a,1} )_{a∈I} and d_2 = (V_{a,2}, f^{(l)}_{a,2}, f^{(r)}_{a,2} )_{a∈I} be two elements of BP^I_2 (∞) with the notations from definition 2.2. Let M = min(|R_{a,1}|, |L_{a,2}|) be the number of legs which “join” by taking the product of d_1 and d_2. Then we define d_1 · d_2 = (V_a, f^{(l)}_a , f^{(r)}_a )_{a∈I} (2.3)

with

V_a = V_{a,1} ∪ V_{a,2} ∪ { ( (f^{(r)}_{a,1} )^{−1}(i), (f^{(l)}_{a,2})^{−1}(i) ) : i ≤ M } , (2.4)

and the map f^{(l)}_a defined on the disjoint union of the sets L_{a,1} of left a-coloured legs from the left diagram d_1, and L_{a,2} \ (f^{(l)}_{a,2})^{−1}({1, . . . , M}) consisting of the unpaired left a-coloured legs of the diagram d_2 by { f^{(l)}_a (i) = f^{(l)}_{a,1}(i) for i ∈ L_{a,1} f^{(l)}_a (j) = f^{(l)}_{a,2}(j) − M + |L_{a,1}| for j ∈ L_{a,2} \ (f^{(l)}_{a,2})^{−1}({1, . . . , M}) .

The function f^{(r)}_a is defined similarly. The product does not depend on the chosen representatives for d_i in their equivalence class and is associative. The diagrams with no legs are the I-coloured pair partitions, thus P^I_2 (∞) ⊂ BP^I_2 (∞).

The involution is given by mirror reflection. If d = (V_a, f^{(l)}_a , f^{(r)}_a ) then d^∗ = (V^∗_a , f^{(r)}_a , f^{(l)}_a ) with the underlying set X^∗ obtained by reversing the order on X and V^∗_a := {(i, j) : (j, i) ∈ V_a} (2.5) is the adjoint of V_a. It can be checked that

(d_1 · d_2)^∗ = d^∗_2 · d^∗_1. (2.6)

We are interested in positive functionals t̂ on the^∗-semigroup BP^I_2 (∞) which have the form t̂(d) = { t(d) if d ∈ P^I_2 (∞) 0 otherwise. (2.7)

The function t : P^I_2 (∞) → C will be called positive definite on I-coloured pair partitions and will be shown to characterise generalised Brownian motions indexed by I.

Let n : I → N be a function which is equal to zero except a finite number of elements. We denote by BP^I_2 (n, 0) the set of diagrams d for which |R_a| = 0 and |L_a| = n(a). The GNS-representation (χ_t, V, ξ_t) with respect to t̂ is characterised by ⟨χ_t(d_1)ξ_t, χ_t(d_2)ξ_t⟩_V = t̂(d^∗_1 · d_2) (2.8) which implies V = ⨁ n V_n where V_n = lin{χ_t(d)ξ_t : d ∈ BP^I_2 (n, 0)}. (2.9)

On V_n there is a unitary representation of the direct product group

S(n) := X_{a∈I} S(n(a)) (2.10)

each of the terms S(n(a)) permuting the a-coloured left legs of the diagrams in BP^I_2 (n, 0). We denote by π(d) the diagram obtained by applying the permutation π to the element d and the representation by U_n. We distinguish the operators j_a := χ_t(d_{a,0}) where d_{a,0} is the diagram containing one left leg indexed by a ∈ I. The following intertwining relation will be important in later constructions:

j_a : V_n → V_{n+δa} j_a · U_n(τ) = U_{n+δa} (ι^{(a)}_n (τ)) · j_a (2.11)

with (n + δ_a)(b) := n(b) + δ_{a,b} and ι^{(a)}_n the natural embedding of S(n) into S(n + δ_a).

The function t on a I-coloured pair partition (V, c) can be calculated by putting the pair partition in the “standard form”, as a sequence (from the right to left) consisting of left legs, followed by permutations acting on the legs of the same index in I and right legs which connect with the left legs having the same index, etc. The permutations can be fixed by asking that if two pairs of the same colour cross, then the crossing should be performed once and only once by the right-most permutation possible.

For example, let X = {1, . . . , 6} and V = {(1, 4), (2, 5), (3, 6)} with the colouring c((1, 4)) = c((3, 6)) = a and c((2, 5)) = b. Then

(V, c) = d^∗_{a,0} · d^∗_{b,0} · d^∗_{a,0} · (π_{1,2}, e)(d_{a,0} · d_{b,0} · d_{a,0}) (2.12) where (π_{1,2}, e) is an element of S(2) X S(1). The function t can be calculated as follows t((V, c)) = ⟨ξ_t, j^∗_a j^∗_b j^∗_a U_{2,1}(π_{1,2}, e) j_a j_b j_a ξ_t⟩ . (2.13)

In general, let V ∈ P_2(2n) be a pair partition and c : V → I a colouring. Then c can be also seen as defined on {1, . . . , 2n} with the condition that it takes the same value in points belonging to the same pair of V. We split the ordered set {1, . . . , 2n} in a number 2m of disjoint subsets B^{(r)}_i := {k_{i−1}, . . . , p_i} and B^{(l)}_j := {p_i + 1, . . . , k_i}, with k_0 = 1 and k_r = 2n such that the blocks B^{(l)}_j contain left legs of pairs in V and B^{(r)}_j contain right legs. Finally the value of t can be written as the expectation

t((V, c)) = ⟨ ξ_t,

p_1∏

l=1 j^∗_{c(l)} U_{n1} (π_1)

k_1∏

l=p_1 +1

j_{c(l)} . . . U_{nr} (π_r ) 2n∏ l=p_m+1

j_{c(l)} ξ_t ⟩ . (2.14)

On the basis of this structure we pass now to the construction of the generalised Brownian motion indexed by I. Let t : P^I_2 (∞) → C be a positive definite function on I-coloured pair partitions, and H a Hilbert space. We define the Fock-like space F_t(H) := ⨁ n 1 n! V_n ⊗_s ⨂ a∈I H^{⊗n(a)} (2.15)

with the factor^1_{n!} := ∏ a 1 n(a)! refering to the inner product. The symbol ⊗s is

a short notation for the subspace consisting of vectors ψ which lie in the range of the projection P_n P_n := 1 n! ∑ τ ∈S(n)

U(τ) ⊗ Ũ(τ). (2.16)

The operators Ũ(τ) act on the space ⨂ a∈I H^{⊗n(a)} by permuting the vectors in each term H^{⊗n(a)}.

On F_t(H) we define creation and annihilation operators for each index a ∈ I and vector f ∈ H. Let r_b(f) be the creation operator which acts on the tensor product r_b(f) : ⨂ a∈I H^{⊗n(a)} → ⨂ a∈I H^{⊗n(a)+δa,b} (2.17)

as identity on H^{⊗n(a)} for a ≠ b and as right creation operator on H^{⊗n(b)}. The annihilation operator a_b(f) acts on a vector of the level n of the Fock space as follows:

a_b(f) : V_n ⊗_s ⨂ a∈I H^{⊗n(a)} → V_{n−δb} ⊗_s ⨂ a∈I H^{⊗n(a)−δa,b}

a_b(f) : ψ_n → (j^∗_b ⊗ r^∗_b (f))ψ_n (2.18)

As a consequence of 2.11 we have

P_{n−δb} (j^∗_b ⊗ r^∗_b (f))P_n = (j^∗_b ⊗ r^∗_b (f))P_n (2.19)

which means that a_b(f) is a well defined operator on the dense domain F^{(fin)}_t (H) of the Fock space F_t(H) consisting of “finite number of particles” states. The creation operator acts on a simple vector v_n ⊗_s f := P_nv_n ⊗ f as

a^∗_b (f) v_n ⊗_s f = (j_bv_n) ⊗_s (r_b(f)f). (2.20)

We give without proof the following result which is a straightforward extension of the similar one in the case of one generalised Brownian motion [12]:

Theorem 2.3 Let f_1, . . . , f_n be vectors in a Hilbert space H. Then the expectation values with respect to the vacuum state ρ_t of the monomials in creation and annihilation operators have the expression

ρ_t( n∏ i=1 a^{♯i}_{bi} (f_i)) = ∑ (V,c)∈P^I_2 (n)

t((V, c)) ∏ (i,j)∈V

⟨f_i, f_j ⟩ · δ_{bi,bj} · Q(♯_i, ♯_j ) (2.21)

where Q = ( ρ_t(a_ba_b) ρ_t(a_ba^∗_b ) ρ_t(a^∗_b a_b) ρ_t(a^∗_b a^∗_b ) ) = ( 0 1 0 0 ) . Furthermore consider H = K_C with K a real Hilbert space and define the fields ω_b(f) := a_b(f) + a^∗_b (f) for vectors f in K. Then the restriction of ρ_t to the^∗- algebra generated by the fields is the gaussian state characterising the I-indexed generalised Brownian motion.

Corollary 2.4 Let f_1, . . . , f_n be vectors in the real Hilbert space K. Then

ρ_t( n∏ i=1 ω_{bi} (f_i)) = ∑ (V,c)∈P^I_2 (n)

t((V, c)) ∏ (i,j)∈V

⟨f_i, f_j ⟩ · δ_{bi,bj} . (2.22)

Remark 2.5 The restriction of the state ρ_t to the algebra generated by the fields ω_b(f) for a fixed b ∈ I is a generalised Brownian motion in the usual sense. For different indices b one obtains in general different Brownian motions.

An important class of positive definite functions on pair partitions are those which have the multiplicativity property

t(V) = t(V_1) · t(V_2) (2.23)

for any pair partition V which is the reunion of two subpartitions V_1 and V_2 not crossing each other. For a multiplicative function t, the operators j_a are isometric (see lemma 5.9 in [12]). Furthermore by proposition 5.10 of [12], the field operators ω_b(f) are in this case essentially selfadjoint.

3 The q-product of generalised Brownian motions

Definition 3.1 Let (V, c) ∈ P^I_2 (∞) be a I-coloured pair partition. The number of inter-crossings of (V, c) is defined by the total number of crossings between the pairs of different colours in V

cr(V, c) = 1 2 ♮{(p, q) | p, q ∈ V crossing, c(p) ≠ c(q)}. (3.1)

The main result of this work is the existence of the q-product of generalised Brownian motions which satisfy the multiplicativty property.

Theorem 3.2 Let I be an index set and −1 ≤ q ≤ 1. Let t_a be a given multiplicative positive definite function on P_2(∞) for every a ∈ I. Then the function (∗^{(q)}_{a∈I} t_a)((V, c)) := q^{cr(V,c)} ∏ a∈I t_a(c^{−1}(a)). (3.2)

is positive definite on P^I_2 (∞).

Proof. We will firstly prove that for each n : I → N the kernel k_n defined on the set of diagrams in BP^I_2 (n, 0) is positive definite. Let d_i = (V_{a,i}, f^{(l)}_{a,i} )_{a∈I} for i = 1, 2, be two such diagrams with legs only to the left. Then we have

k_n(d_1, d_2) = (∗^{(q)}_{a∈I} t_a)(d^∗_1 · d_2). (3.3)

The kernel k_n can be written as a product of three kernels

k_n(d_1, d_2) = ∏ a∈I t_a((d^∗_1 · d_2)_a) · q^{cr(d1)+cr(d2)} · q^{cr(d1,d2)}. (3.4)

where by (d^∗_1 · d_2)_a we denote the a-colured component of d^∗_1 · d_2. The first product is a positive kernel by the positivity of each of the functions t_a. The second product is also a positive definite kernel. The exponent cr(d_i) stands for the number of inter-crossings of d_i, that is number of crossings between pairs p, q with different indices - i.e., p ∈ V_{a,i} and q ∈ V_{b,i} with a ≠ b - plus the number of crossings between pairs and left legs with different indices - i.e., p = (l, r) ∈ V_{a,i} and k ∈ L_{a,i} = Dom(f^{(l)}_b ) such that l < k < r and a ≠ b. To obtain the total number of inter-crossings cr(d^∗_1 · d_2) of the I-indexed pair partition d^∗_1 · d_2, we need to add the number of crossings of right legs of d^∗_1 and left legs of d_2 which have different colours. This is the exponent cr(d_1, d_2) of the last term of the product 3.4. The factor q^{cr(d1 ,d2)} depends only on the functions f^{(l)}_{a,i} which determine the positions of the left legs, and does not depend on the pair partitions V_{a,i}. The positivity of cr(d_1, d_2) is thus equivalent to that of the vacuum representation of an algebra with commutation relations which is described below.

Consider the algebra generated by the operators a_{b,i} with i = 1, . . . , n(b) satisfying the commutation relations

a_{b,i}a^∗_{c,j} − q_{a,b} a^∗_{c,j} a_{b,i} = δ_{a,b}δ_{i,j} (3.5)

with q_{a,b} = 1 if a = b and q_{a,b} = q if a ≠ b. Such algebras have been investigated in [13, 14, 25] and more generally in [7]. There it is proved that for |q| ≤ 1 the algebra can be represented on a Hilbert space with vacuum vector Ω̃ satisfying a_{b,i}Ω̃ = 0. In particular this implies that the third kernel in 3.4 is positive definite and thus k_n as well.

We denote the Hilbert spaces generated by the kernels k_n by V_n. Let

λ_n : BP^I_2 (n, 0) → V_n (3.6)

be the Gelfand map, i.e. ⟨λ_n(d_1), λ_n(d_2)⟩ = k_n(d_1, d_2). On BP^I_2 (n, 0) there is an action of the group S(n) and k_n is invariant under this action, thus it gives rise to the unitary representation U_n on V_n. On the Hilbert space V := ⨁ n V_n we define the operators j_a by

j_aλ_n(d_1) = λ_{n+δa} (d_{a,0} · d_1). (3.7)

The multiplicative property of the function t_a implies that

k_n(d_{a,0} · d_1, d_{a,0} · d_2) = k_n(d_1, d_2) (3.8)

which means that j_a is a well defined isometry. Moreover j_a satisfies the intertwining property 2.11. We have thus constructed a representation of the ∗-semigroup BP^I_2 (∞) on the Hilbert space V , with respect to the positive functional t̂ where t = ∗^{(q)}_{a∈I}t_a.

As described in the previous section we define now the creation and annihilation operators a^♯_b(f) on the Fock space F_∗(q)_{a∈I ta} (H) for f ∈ H in an arbitrary Hilbert space H and b ∈ I. Similarly, the fields are ω_b(f) := a^∗_b (f) + a_b(f).

Definition 3.3 Let t be a multiplicative positive definite function on (I-indexed) pair partitions. We denote by Γ_t(K) the von Neumann algebra on F_t(K_C) generated by the selfadjoint operators ω_b(f) with f in a real Hilbert space K and b ∈ I. If the state ρ_t on Γ_t(K) is tracial then we call the function t tracial. For a complex Hilbert space H we denote the von Neumann algebra on F_t(H) generated by all the fileds ω_b(f) with f ∈ H by Γ_t(H).

Graded tensor product for q = −1. We take a closer look at the case q = −1. Let F be the unitary operator F f = −f on H. Then

Γ_t(F ) : X → F_t(F )XF_t(F )^∗ (3.9)

is an order two^∗-automorphism of Γ_t(H) which we call Z_2-grading. The vacuum state ρ_t is invariant under Γ_t(F ). This makes (Γ_t(H), ρ_t) a Z_2-graded noncommutative probability space [22].

Definition 3.4 [22] Let (A, ϕ) be a Z_2-graded probability space with grading γ. Two von Neumann subalgebras A_1 and A_2 of A which are invariant under γ, are called graded independent if the gradedly commute, i.e. a_1a_2 = (−1)^{∂a1∂a2} for all a_i ∈ A_i which satisfy γa_i = (−1)^{∂ai} a_i, where ∂a_i ∈ {0, 1} is the grading of a_i, and moreover ϕ(a_1a_2) = ϕ(a_1)ϕ(a_2). If A = A_1 ⋁ A_2 then we call A the graded tensor product of A_1 and A_2.

From the definition of the −1-product function ∗^{(−1)}_{a∈I} t_a we can conclude that the creation and annihilation operators of different index anticommute, i.e.

a^{♯1}_b (f_1)a^{♯2}_c (f_2) = −a^{♯2}_c (f_2)a^{♯1}_b (f_1) (3.10)

for b ≠ c. This implies that the algebra Γ_∗(q)_{a∈I ta} (H) is the graded tensor product of the non-commutative probability spaces Γ_{ta} (H) for a ∈ I.

Corollary 3.5 The q-product ∗^{(q)}_{a∈I} t_a of multiplicative positive definite functions t_a is a positive definite multiplicative function on P^I_2 (∞) and interpolates between the graded tensor product (q=-1), reduced free product (q=0) and the tensor product (q=1). If all t_a are tracial then ∗^{(q)}_{a∈I} t_a is tracial.

The q-product provides a method for obtaining new positive definite functions on pair partitions by taking the product of known ones and restricting to a subalgebra generated by the sums of creation operators a_b(f) over the same vector. Let I be a finite index set and t_a be positive multiplicative functions for each a ∈ I. On F_∗(q)_{b∈I tb} (K) we define the new creation operators a^∗(f) :=

1√_{|I|} ∑ b∈I a^∗_b (f). The restriction of the state ∗^{(q)}_{b∈I} t_b to the algebra generated

by a^♯(f) is a Fock state and the associated positive definite function on pair partitions (∗^{(q)}_{b∈I} t_b)^{(r)} has the following expression in terms of t_a and q:

(∗^{(q)}_{b∈I} t_b)^{(r)}(V) = ( 1 |I| )_{|V|} ∑

c:I→V

q^{cr(c,V)} ∏ a∈I t_a(c^{−1}(a)) (3.11)

The restriction of a q-product of n functions which are equal to t will be denoted by t^{∗n}_q . We denote by t_q the positive definite function arising from the algebra of q-commutation relations:

t_q (V) = q^{cr(V)}. (3.12)

The following central limit theorem states that for any positive definite multiplicative t, the q-product t^{∗n}_q converges to t_q as n goes to infinity.

Theorem 3.6 (Central Limit) Let t be a positive definite multiplicative function on pair partitions. Then t^{∗n}_q converges pointwise to t_q when n → ∞.

Proof. Let V be a pair partition. Then

t^{∗n}_q (V) = ( 1 n )_{|V|} ∑

c:n→V

q^{cr(c,V)} ∏ a∈I t(c^{−1}(a)). (3.13) for n := {1, . . . , n}. We consider n big enough such that n > |V|. From the sum we isolate the terms which give to each pair in V a different color, c(p_1) ≠ c(p_2) for p_1 ≠ p_2. Any such term brings a contribution equal to

(_1 n )_{|V|} q^{cr(V)} which in total gives q^{cr(V)}.

The rest of the terms can be grouped according to the partition of V in subpartitions determined by the colour of the pairs V_a = {c^{−1}(a)} for a = 1 . . . , n. A fixed such partitioning of V has at most |V| − 1 sets and thus the number of possibilities of atributing one of the n colours to each set is smaller that n^{|V|−1}. In the limit n → ∞ the contribution of this group of terms in the sum 3.13 tends to zero.

Example. Consider the free Brownian motion, i.e. t(V) = 0 if V is crossing and t(V) = 1 if V is non-crossing. Then the product of n such functions gives

t^{∗n}_q (V) = ( 1 n )_{|V|} · q^{cr(V)} · ♯{c : V → n | cr(c^{−1}(i)) = 0, ∀i ∈ n}. (3.14)

Remark. At the moment is it not clear to us in what extent the q-product defined here for generalised Brownian motions can be extended to other algebras. For example let A, B be two algebras as considered in [7] with generators satisfying commutations relations of the type

a_ia^∗_j − ∑ k,l t^{i,k}_{j,l} a^∗_ka_l = δ_{i,j} (3.15)

for A and similarly for B. Then the q-product could be defined by adding the commutation relations a_ib^∗_m = qb^∗_ma_i for all generators a_i of A and b_m of B. The new algebra will satisfy the conditions formulated in corollary 3.2 of [7] if the given algebras A, B do satisfy them.

Acknowledgement. The author would like to thank Roland Speicher for suggesting the problem and for inspiring discussions.

References

[1] F. Bergeron, G. Labelle and P. Leroux, “Combinatorial Species and Treelike Structures” Cambridge University Press 1998.

[2] M. Bożejko and Guta, M., Functors of White Noise Associated to Characters of the Infinite Symmetric Group, preprint August 2001.

[3] M. Bożejko, B. Kümmerer and R. Speicher, q-Gaussian Processes: Noncommutative and Classical Aspects, Commun. Math. Phys. 185, (1997), 129-154.

[4] M. Bożejko and R. Speicher, Interpolations Between Bosonic and Fermionic Relations given by Generalized Brownian Motion, Math. Z. 222, (1996), 135-160.

[5] M. Bożejko and R. Speicher, An Example of a Generalized Brownian Motion, Commun. Math. Phys. 137, (1991), 519-531.

[6] M. Bożejko and R. Speicher, An Example of a Generalized Brownian Motion II, in Accardi (ed.) “Quantum Probability and Related Topics VII”, World Scientific, Singapore, 1992, 67-77.

[7] M. Bożejko and R. Speicher, Completely Positive Maps on Coxeter Groups, Deformed Commutation Relations, and Operator Spaces, Math. Ann. 300, (1994), 97-120.

[8] D. Fivel, Interpolation Between Fermi and Bose Statistics using Generalized Commutators, Phys. Rev. Lett. 65,(1990) 3361-3364.

[9] U. Frisch and R. Bourret, Parastochastics, J. Math. Phys. 11,(1970) 364- 390.

[10] O.W. Greenberg, Particles with Small Violations of Fermi or Bose Statistics, Phys. Rev. D 43, (1991), 4111-4120.

[11] M. Guţă and H. Maassen, Symmetric Hilbert Spaces arising from Species of Structures, preprint math-ph/0007005, to appear in Math. Z..

[12] M. Guţă and H. Maassen, Generalised Brownian Motion and Second Quantisation, preprint math-ph/0011028 to appear in J. Funct. Anal..

[13] Jørgensen, P.E.T., Schmitt, L.M. and Werner R.F., q-Canonical Commutation Relations and Stability of the Cuntz Algebra, Pac. J. Math., 165, (1994), 131-151.

[14] Jørgensen, P.E.T., Schmitt, L.M. and Werner R.F., Positive Representations of General Wick Ordering Commutation Relations, J. Funct. Anal., 134, (1995), 33-99.

[15] A. Joyal, Une Théorie Combinatoire des Séries Formelles, Adv. Math. 42, (1981), 1-82.

[16] A. Joyal, Foncteurs Analytiques et Especes de Structures, in “Combinatoire enumerative”, Proc. Colloq., Montreal/Can. 1985, Lect. Notes Math. 1234, (1986), 126-159.

[17] Köstler, C.: “Quanten-Markoff-Prozesse und Quanten-Brownsche Bewegungen”, PhD thesis, Stuttgart 2000.

[18] B. Kümmerer, Quantum White Noise, in Heyer, Herbert (ed.) et al., “Infinite dimensional harmonic analysis”, Bamberg: D. u. M. Graebner, 156- 168, 1996.

[19] B. Kümmerer, Survey on a Theory of Non-commutative Markov Processes, in L.Accardi, W. von Waldeenfels (Eds.): “Quantum Probability and Applications III”, Lect. Notes Math. 1303, Springer Verlag, Heidelberg (1988), 154-182.

[20] Kümmerer, B.: A Dilation Theory for Completely Positive Operators on W^∗-Algebras, Dissertation, Tübingen, 1982.

[21] H. Maassen and H. van Leeuwen, A q-deformation of the Gaussian Distribution, J. Math. Phys. 36, (1995), 4743-4756.

[22] Mingo, J.A. and Nica, A., Crossings of Set-partitions and Addition of Graded Independent Random Variables, International Journal of Mathematics 8 (1997), 645-664.

[23] Parthasarathy, K.R.: “An Introduction to Quantum Stochastic Calculus”, Birkhäuser Verlag, Basel,1992.

[24] B. Simon, “The P (Φ)_2 Quantum Euclidian Field Theory”, Princeton Univ.Press, 1974.

[25] R. Speicher, Generalized Statistics of Macroscopic Fields, Lett. Math. Phys.

27 (1993), 97-104.

[26] R. Speicher, On Universal Products, in “Free Probability theory”, Fields Institute Communications, ed. D. Voiculescu, Providence: AMS 1997, 257- 266.

[27] M. Takesaki, “Theory of Operator Algebras I”, Springer Verlag, New York, 1979.

[28] D. Voiculescu, K. Dykema and A. Nica, “Free Random Variables”, Providence RI: AMS, 1992.

[29] D. Zagier, Realizability of a Model in Infinite Statistics, Commun. Math.

Phys. 147, (1992), 199-210.