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Abstract. A quantum theory for the Markovian dynamics of an open system
under the unsharp observation which is continuous in time, is developed within
the CCR stochastic approach. A stochastic classical equation for the posterior
evolution of quantum continuously observed system is derived and the spon-
taneous collapse (stochastically continuous reduction of the wave packet) is
described. The quantum Langevin evolution equation is solved for the general
linear case of a quasi�free Hamiltonian in the initial CCR algebra with a �xed
output observable �eld, and the posterior Kalman dynamics coresponding to
an initial Gaussian state is found. It is shown for an example of the posterior
dynamics of quantum unstable open system that any mixed state under a com-
plete nondemolition measurement collapses exponentially to a pure Gaussian
one.

1. Introduction

The time evolution of quantum system under an observation which is continu-
ous in time cannot be described by any Schrödinger equation due to the stochastic
irreversible nature of von Neumann reduction of the wave packet at any instant
of measurement. An adequate model of the quantum unitary evolution giving a
continuous collapse by a conditioning with respect to the measurements can be ob-
tained in the framework of quantum stochastic (QS) calculus [15], �rstly introduced
for output nondemolition processes in [2, 3] and recently developed in a quite gen-
eral form in [1, 4, 5]. A stochastic wave equation for an observed quantum system
derived in [5] by using the quantum �ltering method [4], provides an explanation
of pure quantum relaxation of an atom under a complete observation [6] (Zeno
paradox) and a Watch�Dog e¤ect [9] for the reduced wave function of a quantum
particle under the continuous observation.
In this paper we develop a regorous quantum stochastic theory of unsharp nonde-

molition measurements of continual families of arbitrary noncommuting observables
Rt;x given sequentially in the real space-time (t;x) 2 R1+d. In the case d = 0 this
de�nes the standard unitary dilation of an instrumental process for the quantum
measurements, which are continuous in time, considered within an operational ap-
proach by Barchielli and Lupieri [1]. We give the direct proof of stochastic evolution
equation for the posterior states of a general quantum system under a continuous in-
direct measurement of a noncommutative �eld-process Rt = fRt;x j x 2 Rdg. The
observed process Y (t) is supposed to be nondemolition in the sense [4] �[6] of the
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commutativity [Y (r); X(t)] = 0 of the past observables Y t = fY (r)jr � tg with the
Heisenberg operators X(t) of the system for every t and self-nondemolition (com-
mutative) [Y (r); Y (t)] = 0 for all r; t. In that case a posteriori state can be found
[9] for any initial prior state by the Takesaki conditional expectations �fX(t)jY tg on
fY (r) j r � tg0 restricted tothe future von Neumann algebras Lt = fX(s)js � tg00.
We shall show that it is possible to represent the open quantum system under ob-
servation within a class of quantum stochastic evolutions in such a way that the
observed commutative process Y (t) for the sequential unsharp measurements of a
noncommutative process Rt is described as the sum of noncommutative Heisenberg
operators R(t) = U�(t)RtU(t) of the subsystem under the measurement and a clas-
sical (commutative) while noise (error) e(t). The unitary evolution U(t) of such
systems perturbed by a singular interaction with a meter is described in a �Bose
reservoir� by a quantum stochastic Schrödinger equation [15], driven by a white
noise (force) f(t). Note that the force f(t) responsible for the perturbation of the
system due to the measurements, may appear in the quantum Langevin equation as
well as the classical (commutative) white noise [4]�[6]. But the pair (e; f) cannot
be described within the classical theory of generalized processes any more because
the error e(t) does not commute with f(t) given the nondemolition condition for
R(t) and Y (t) = R(t) + e(t).
It is interesting to note that stochastic equations of the particular di¤usive type

of (3.3) and (3.9), in their normalized nonlinear version [4, 5, 6], have appeared in
the physical literature also in connection with phenomenological dynamical theo-
ries of quantum reduction and spontaneous collapse [17] � [11]. The idea is that
the wave-function reduction associated to a continual measurement is some kind of
di¤usion process and some particular equations of this type are postulated. Our
approach shows that this di¤usion postulate as well as the continual counting reduc-
tion [8] can be derived in the natural general form from the unitary stochastic evo-
lution of a big quantum system by the conditioning with respect to a chosen nonde-
molition process under the continual measurement. The unsharp self-nondemolition
measurements and the objecti�cation problem are discussed now intensively in the
physical literature [12, 13] within the Davies-Lewis-Ludwigs operational approach,
but real progress in clarifying the connection between the operational theory of
continual measurements [1] and the spontaneous reduction theories [17] �[10] can
be done only by using the quantum stochastic and nonlinear �ltering methods [4]
�[6],[8] which are considered in this paper.

2. A quantum stochastic model with continual unsharp
measurements

Let us consider the dynamical problem of a sequential observation in continuous
time t � 0 of a measurable family Lt = fLt;xjx 2 �g of operators Lx = Lt;x; x =
(t;x) in a Hilbert space H, where � is a Borel space with a �-algebra A. We do
not suppose that the operators Lx are pairwise commutative or even self�adjoint
or normal. But we at �rst assume that they are bounded, Lx 2 L(H), almost
everywhere on the space R+ �� with respect to the product �(dx) = dt�(dx) of a
positive measure �(dx) on the Borel space � and the standard Lebesque measure
dt on R+. Here L(H) denotes the space of continuous (bounded) operators in H.
One can consider for example the problem of the (indirect) measurement of

spin momenta Lt;x = Lx, described in the Schrödinger picture by the operators in
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H = C2 of spin projections Lx = 1
2 M(dx)=dx+L

�
x, where M(�) =

R
�
Rxdx is an

operator�valued measure M(�) 2 L(C2) of the momentum in a solid angle � � �
with Rx = Lx + L�x having the eigen�values �1, and �(dx) = dx is the standard
solid angle measure on the sphere � = fx 2 R3jjxj = 1g, normalized to 4�.
Due to the absence of a joint spectral resolution for the noncommutative family

fLxjx 2 �g, there is no possibility of measuring the corresponding physical quanti-
ties in the usual (direct) sense. Moreover there is no way within orthodox quantum
mechanics and measurement theory to describe an observation which is continuous
in time even for a single self�adjoint operator Lx = L with a simple spectrum or to
predict the dynamics of the quantum system under such an observation due to the
absence of nontrivial mathematical models for noninstantaneous measurements.
We shall show that these di¢ culties can be removed within the quantum the-

ory of open systems and indirect measurements, based on the quantum stochastic
approach [15, 3]. The basic idea is that the quantum system under an observation
must be described as the subsystem of a big system, including a Boson �eld A as
a model of an observation channel coupled to the system by a singular interaction.
The measurement information about the physical quantities Lx under such cou-
pling can be continuously extracted in a nondemolition way from the continually-
sequential unsharp observation of the output �eldB = U1AU

�
1 given by the direct

measurements of the compartible complex observables Z =B+A�
�.

Let A(dx) be the Bose-�eld annihilation measure on �1 = R+��, satisfying the
canonical commutation relations (CCR)

(2.1) [A(�0); A�(�)] = �(� \�0); 8�; �0 2 A(�1)
in the Fock space F over the Hilbert space L2(�1) of square integrable functions
of x 2 �1. One can realize [7] F as the space L2(�) = �1n=0L2(�n) of functions f ,
square integrable in the sense that

(2.2)
Z
jf(�)j2�(d�) =

1X
n=0

Z
: : :

Z
0�tn<:::<tn<1

jf(x1; : : : ; xn)j2
nY
i=1

�(dxi) <1;

of chains � = (x1; : : : ; xn); xi = (ti;xi); t1 < : : : < tn of all �nite lengths j�j =
n = 0; 1; : : : with respect to the natural measure �(d�) =

Q
x2� �(dx). We identify

the chains � 2 � as subsets fx1; : : : ; xng � �1; t1 < : : : < tn and the time ordered
elements (x1; : : : ; xn) 2 �n1 of the n-cube �n1 , so that � =

S1
n=o �n is considered as

the direct union of the sets �n = f(x1; : : : ; xn)jt1 < : : : < tng. Then the annihilation
operator A(�) of the Boson quanta in a measurable region � 2 �1 is

(2.3) [A(�) f ](�) =

Z
�

f(� t x)�(dx);

where � t x is de�ned as the chain (x1; : : : ; xi; x; xi+1; : : : ; xn) of length n + 1 for
almost all x = (t;x), namely if t =2 ft1; : : : ; tng.
One can easily �nd that the operator (2.3) is adjoint to the creation operator

A�(�) of the quanta in � 2 A(�1)

(2.4) (A�(�)f)(�) =
X

x2�(�)

f(�nx); �(�) = � \�;

with respect to the scalar product (2.2) and satis�es the CCR (2.1), where �nx =
(x1; : : : ; xi�1; xi+1; : : : ; xn) is the complement of the elementary chain x 2 �1 in
the chain � 2 �n with xi = x 2 �. In the following we shall regard the operators
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A(�), A�(�) acting as (2.3), (2.4) in the Hilbert space H
F of square integrable
vector�functions h : �! H with the invariant domain D =

S
�>1D(�), where

D(�) = fh 2 H 
Fj
Z
�j�jkh(�)k2�(d�) <1g:

Let us consider the quantum stochastic evolution Ut, t 2 R+ in H 
 F , given
by the Hudson�Parthasarathy operator equation [15, 7] dU + KUdt = (LdA� �
L�dA)U for U(t) = U�t having in our (nonstationary) case the form

(2.5) dU�t +KtU
�
t dt =

Z
�

(dA�(t;dx)Lx � L�xdA(t;dx))U�t ; U�0 = I;

where Kt = iHt +
1
2

R
L�t;xLt;x�(dx), the integral is taken over x 2 �, A(t;E) =

A([0; t) � E), and dA(t;E) = A(t + dt;E) � A(t;E) is the forward di¤erential of
the process A(t;E) for �xed E 2 A. The necessary condition for the unitarity
U�t = U�1t of the family Ut; t > 0 satisfying the quantum stochastic di¤erential
equation (2.5) is [15] the self�adjointness of the operators Ht (Hamiltonian) in H
and that the integrals

R
�
L�t;xLt;x�(dx) exist and equal Kt +K

�
t .

The solution of equation (2.5) can be described [7] explicitly in terms of the
quantum stochastic multiple integral in Fock scale provided the conditions

(2.6)
Z
t<s

kHtkdt <1;
Z
t<s

Z
�

kLt;xk2dt�(dx) <1; 8s 2 R+

hold which are su¢ cient for the existence and uniqueness of the unitary solution
Ut of equation (2.5) with Ht = H�

t .
Let us de�ne the output observed process Y (t) of unsharp measurements of the

continual family fLx + L�x j x 2 �1g as the time dependent selfadjoint operator�
valued measure Y (t;E); E 2 B on some �-semi-ring B � A with �(E) < 1 given
by the quantum stochastic (forward) di¤erential

(2.7) dY (t;E) =M(t;E)dt+ dQ(t;E); Y (0;E) = 0;

where M(t;E) =
R
E
Ut(Lt;x + L�t;x)U

�
t �(dx), Q(t;E) = A(t;E) + A�(t;E). In the

case of the initial vacuum state j0i 2 F of the Bose �eld and B generating A,
the generalized processes _Yx(t) = dY (t;dx)=dt�(dx) can be regarded as a com-
plete indirect observation of noncommuting operators Rx = Lx + L�x; x 2 �1
given by the instantaneous sequential measurements of the commuting operators
Y (dx) = dY (t;dx). Indeed the di¤erentials dQ(t;E) for all measurable E 2 � in
that case are statisticaly equivalent to Wiener increments with zero mean values
h0jdQ(t;E)j0i = 0 and minimal covariances h0jdQ(t;E0)dQ(t;E)j0i = dt�(E \ E0)
compatible with the CCR (2.1). They are independent of the operators M(t;E) =R
E
Rx(t)�(dx), de�ned at the in�nitesimal volume E = dx by the Heisenberg oper-

ators Rx(t) = UtRxU
�
t as M(t;dx) = Rx(t)�(dx). Hence the di¤erences between

the increments dY (t;dx) = Y (t + dt;dx) � Y (t;dx) of the form (2.7) and the op-
erators Rx(t)dt�(dx) are just independent Gaussian variables dQ(t;dx), de�ning
the minimal random error of the measurement of the noncommutative family Rt =
fRt;xjx 2 �g in the continuous time t 2 R+ as white noise _Q(t) = f _Qx(t)jx 2 �g.
One can consider Y (t;E); E 2 B as a coarse�graining Yi(t) = Y (t;Ei) of the fam-
ily Y (t;E); E 2 A, corresponding to a �-partition B = fEi 2 A j i 2 Ig of a
measurable subset M =

P
Ei � �.
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The following theorem shows that the QS equation (2.5) up to the Hamiltonian
Ht corresponds to the unique Evans�Hudson di¤usion j(t;X) = UtXU

�
t , satisfying

the nondemolition principle

[X(s); B(t;E)]; 8t � s 2 R+; X 2 L; E 2 A
for all X(t) = j(t;X) over a von-Neumann initial subalgebra L � L(H) respectively
to the given output �eld

B(t;E) =

Z t

0

Z
E

Lx (r)�(dx)dr +A(t;E); E 2 A:

Theorem 1. Let j(t) : L ! L(H 
 F), t 2 R+ be a quantum di¤usion over a
unital �-algebra L � L(H) having the QS-di¤erential

dj(t;X) = 
(t;X)dt+�(t;X)dA�(t) +��(t;X)dA(t);

where dA�� =
R
�
dA�(dx)�x, �

�dA =
R
�
�xdA(dx), and

�x(t;X
�) = ��x(t;X)

�; 
(t;X�) = 
(t;X)�

are the linear structural maps L ! L(H
F), necessary satisfying the conditions
(i) �x(t;X

�X) = j(t;X�)�x(t;X) + �
�
x(t;X

�)j(t;X);

(ii) ��x(t;X
�X) = j(t;X�)��x(t;X) + �x(t;X

�)j(t;X);

(iii) 
(t;X�X) =�(t;X)��(t;X)� j(t;X)�
(t;X)� 
(t;X)�j(t;X);
with �(X)��(X) =

R
�
�x(X)

��x(X)�(dx), �x(t; I) = 0 = ��x(t; I), 
(t; I) = 0.
The family fX(t) = j(t;X) j X 2 Lg satis�es the nondemolition condition
(2.8) [X(s); Y (t;E)] = 0; 8s � t

with respect to the output �elds Y (t) 2 fB(t;E); B�(t;E)g,

dB(t;E) =

Z
E

j(t; Lx)�(dx)dt+ dA(t;E); E 2 A;

dB�(t;E) =

Z
E

j(t; L�x)�(dx)dt+ dA
�(t;E); t 2 R+

if and only if �, �� are the inner di¤erentiations:

�x(t;X) = j(t; [X;Lt;x]); ��x(t;X) = j(t; [L�t;x; X]);


(t;X) = �(t;X) +
1

2

Z
�

j(t; L�x[X;Lx] + [L
�
x; X]Lx)�(dx);

where �(t;X�) = �(t;X)� is a j(t)-di¤erentiation L ! L(H
F):
�(t;X�X) = j(t;X�)�(t;X) + �(t;X�)j(t;X); �(t; I) = 0:

In the inner case �(t;X) = j(t; i[Ht; X]) these conditions together with (2.6) uniquelly
de�ne the quantum Markov spatial �ow j(t;X) = UtXU

�
t given by the Hudson�

Parthasarathy equatuion (2.5). Moreover, the output �elds B(t), B�(t) and, hence,
the nondemolition process Y (t) = B(t)+B�(t) are locally unitary equivalent to the
input �elds A(t), A�(t) and to the commutative process Q(t) = fQ(t;E) j E 2 Bg:
B(t) = U1A(t)U

�
1, B

�(t) = U1A
�(t)U�1 in the sense

(2.9) Y (t;E) = UsQ(t;E)U
�
s ; 8s � t:

In particular, Y (t;E) = UtYt(E)U
�
t for all E 2 B, where Yt(E) = Q([0; t) � E) =

Q(t;E), Q(dx) = A(dx) +A�(dx); x 2 �1.
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Proof. The increments dX(t) = X(t+dt)�X(t) of the linear �-maps j(t) : X 7!
X(t), j(t;X)� = j(t;X)� uniquelly de�ne the linear �-map 
(t) : L ! L(H 
 F)
and the adjoint maps�(t),��(t) due to the linear independence of the di¤erentials
dt and dA�(t), dA(t). An application of the QS Ito formula [15] to the conditions
j(t; I) = I, j(t;X�X) = j(t;X)�j(t;X) gives 
(t; I) = 0, �(t; I) = 0 = ��(t; I),
and

d(X(t)�X(t)) = dX(t)�dX(t) + dX(t)�X(t) +X(t)�dX(t)

= [�(t;X)��(t;X)� 
(t;X)�j(t;X)� j(t;X)�
(t;X)]dt
+(��(X)j(X) + j(X)���(X))dA

+(�(X�)j(X) + j(X�)�(X))dA�:

Comparing this with the QS di¤erential

dj(t;X�X) =��(X�X)dA+�(X�X)dA� � 
(X�X)dt;

we obtain the conditions (i), (ii), (iii), found in [?] for the Markovian case.
If Y (t) is a nondemolition process respectively to X(t), then

[dX(t); Y (s)] = [X(t+ dt); Y (s)]� [X(t); Y (s)] = 0; 8t � s

for t � s and hence

[
(t;X); Y (s)] = [�x(t;X); Y (s)] = [�
�
x(t;X); Y (s)] = 0; 8t � s

due to the commutativity of dt, dA�(t;E), dA(t;E) with Y (s), s � t. Applying the
QS Ito formula to the condition [X(t); Y (t)] = 0 for Y (t) 2 fB(t;E); B�(t;E)g we
obtain

d[X(t); B(t;E)] =

Z
E

([X(t); Lx(t)]� �x(t;X))�(dx) = 0

d[X(t); B�(t;E)] =

Z
E

([X(t); L�x(t)] + �
�
x(t;X))�(dx) = 0;

i. e. �x(X) = [X;Lx], �
�
x(X) = [L�x; X] due to [dX(t); Y (t)] = 0, Lx(t) =

j(t; Lt;x), L�x(t) = j(t; L�t;x). This together with �(X) = j(i[H;X]) gives 
(t;X) =
j(t; 
t(X)), where


t(X) = i[Ht; X] +
1

2

Z
�

(L�x[X;Lx] + [L
�
x; X]Lx)�(dx)

is the solution of the equation


t(X
�X)�X�
t(X)� 
t(X)�X =

Z
[L�x; X][X;Lx]�(dx);

uniquelly de�ned up to a �-di¤erentiation �t(X) = i[Ht; X], Ht = H�
t . The unique

solution j(t;X) = UtXU
�
t of the derived nonstationary Langevin equation under

the boundness conditions (2.6) was found in [7], Corollary 4.
Let us denote by U(s; t); s � t the solution of the quantum stochastic evolution

equation (2.5) on the interval (t; s] with U(t; t) = I under the integrability condi-
tions (2.6). The operators U(s; r) commute with Y r, r � s, due to commutativity
of Y r 2 A(r);A�(r) and the operators Lt;L

�
t , dA(t), dA

�(t), t 2 [r; s) generating
U(s; r). Hence UsY tU

�
s = UtY tU

�
t because U

�
s = U(s; t)�U�t for any s > t and
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because of unitarity of U(s; t). Using the quantum Ito formula [15] one can easily
�nd

dY (t;E) = d(UtYt(E)U
�
t ) = dUtYt(E)U

�
t + UtdYt(E)U

�
t + UtYt(E)dU

�
t

+dUtdYt(E)U
�
t + dUtYt(E)dU

�
t + UtdYt(E)dU

�
t + dUtdYt(E)dU

�
t ;

dB(t) = dA(t) + UtLtU
�
t d�; dB

�(t) = dA�(t) + UtL
�
tU

�
t d�;

dY (E) = dQ(E) +

Z
E

U(Lx + L
�
x)U

��(dx) = dQ(E) +M(E)dt

for Y (t;E) = B(t;E) + B�(t;E), E 2 B due to the only nonzero in�nitesimal
multiplication dA(t;E0)dA�(t;E) = dt�(E \ E0), where M is de�ned by (2.7). The
relation (2.8) for the process (2.7) is a simple consequence of (2.9) and [X;Q(E)] = 0
for any E 2 A(�1) and X 2 L(H)
 IF :

[X(s); Y (t;E)] = [UsXU
�
s ; UsYt(E)U

�
s ] = Us[X;Yt(E)]U

�
s = 0:

Remark 1. Considering instead of Y (t) = UsQ(t)U
�
s the sequential measure-

ments of the output momentum process Y (t) = UsV (t)U
�
s , s � t, de�ned by

V (t;E) = 1
i (A(t;E)�A

�(t;E)) as

dY (t;E) = N(t;E)dt+ dV (t;E); E 2 B;

where N(t;E) = 1
i

R
E
U(Lt;x � L�t;x)U

�
t �(dx), one can extract the information

about the noncommuting self�adjoint operators Sx = 1
i (Lx � L�x). Moreover, by

doubling �! �� f�; +g the space � and considering the family fLt;x;�; Lt;x;+g
with Lt;x;� = Lt;x=

p
�2 instead of fLt;xg one can realize the continuous time�

sequential indirect observation of the pairs of operators

Rx;+ =
1p
2
(Lx + L

�
x); Rx;� =

1p
2i
(Lx � L�x); x 2 R+ � �

by the measurement of the two commutative output processes Y �(t) = U1Q�(t)U
�
1.

Here Q�(t) = A�(t) + A
�
�(t) are given by the independent Boson measures A�

on A(R+ � �) as A�(t;E) = A�([0; t) � E); E 2 B, and Ut satis�es the equa-
tion (2.5) with two-fold quantum stochastic integral over �� f�; +g instead of �
which can be written again as (2.5) in terms of A = 1p

2
(A+ + iA�). The com-

plexi�ed observable process Z = 1p
2
(Y + + iY �) de�nes the unsharp observation

Z(t;E) = B(t;E) + A��(t;E), E 2 B, A�� = 1p
2
(A�+ + iA��) of the nondemolition

output �eld B(t) = U1A(t)U
�
1.

In the case B = A such the continuous measurement gives a complete nondemo-
lition sequential observation [3] of the non�Hermitian operators Lx in terms of the
complexi�ed output process Z(t) = U1W (t)U�1 having the stochastic di¤erential

(2.10) dZ(t;E) = dt

Z
E

Lx(t)�(dx) + dW (t;E); E 2 B;

where Lx(t) = UtLt;xU
�
t and W (t) = 1p

2
(Q+(t) + iQ�(t)) = A(t) +A

�
�(t) is the

complex Wiener process in Fock space over L2(R+���f�;+g) with multiplication
table

dW �(t;E)dW (t;E0) = dt�(E \ E0) = dW (t;E0)dW �(t;E);

dW (t;E)dW (t;E0) = 0; dW �(t;E)dW �(t;E0) = 0:
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3. A posteriori quantum dynamics under
the continual measurements.

Let us consider the quantum di¤usion j(t) : L ! L(H 
 F) of the system over
a unital ��algebra L in H, together with the given nondemolition output �elds
dB = Ld� + dA, dB� = L�d� + dA�. The operators j(t;X) = X(t) under the
conditions of Theorem 1 satisfy the quantum Langevin equation

dX(t)� dt
Z
�

1

2
(L�x(t)[X(t); Lx(t)] + [L

�
x(t); X(t)]Lx(t))�(dx)

= i[H(t); X(t)]dt+

Z
�

(dA�(t;dx)[X(t); Lx(t)] + [L
�
x(t); X(t)]dA(t;dx)) ;(3.1)

having the unique solution X(t) = UtXU
�
t , where U

�
t , t 2 R+ are the unitary

operators de�ned by the QS equation (2.5), and

K(t) = UtKtU
�
t ; K�(t) = UtK

�
t U

�
t ; Lx(t) = UtLx;tU

�
t ; L�x(t) = UtL

�
x;tU

�
t :

The equation (3.1) can be obtained from (2.5) by using the QS Ito formula

d(UtXU
�
t ) = dUtXU

�
t + UtXdU

�
t + dUtXdU

�
t

and the Hudson�Parthasarathy multiplication table [15]

dA�(t;E)dA(t;E0) = 0; dA(t;E0)dA�(t;E) = dt�(E \ E0);
dA(t;E)dA(t;E0) = 0; dA�(t;E)dA�(t;E0) = 0; 8E;E0 2 A

The a posterior dynamics of the system under the observation (2.7) with a given
initial state �0 is the dynamics �0 7! �̂t, t 2 R+ of the a posterior state �̂t on L,
giving posterior mean values x̂t = �̂tfXg of X 2 L as stochastic functions of the
trajectories of the observed process Y t = fY (r)jr � tg. According to [4] the a
posterior state is de�ned by the conditional expectation �fXg(t) = �tfX(t)jY tg on
the commutant Nt = fY (r)jr � tg0 in L(H
F), which contains Y t and X(t) due
to the nondemolition property (2.8). By Theorem 1 the operators �fXg(t) 2 N 0

t

have in the Schrödinger picture the form

(3.2) U�t �fXg(t)Ut = U�t �tfUtXU�t jY tgUt = I 
 �̂tfXg; 8X 2 L
since U�t N 0

tUt commutes with L(H)
 I. As a map �̂t : L !Mt into the Abelian
algebraMt = U�t N 0

tUt � L(F) generated by fY rjr � tg on F , the a posterior state
satis�es a nonlinear stochastic equation , obtained for the �rst time with respect
to Y (t) as the quantum �ltering equation in [4, 5]. Here we shall derive a linear
quantum stochastic equation for a nonnormalized posterior state �̂tfXg = �̂t�̂tfXg,
where �̂t is a positive stochastic functional �̂t = �̂(Y t) of Y r = Q(r), r � t.
Moreover, we shall prove that the stochastic normalization factor �̂t can be taken
as the probability density �̂(vt) of the trajectories vt = fv(r)jr � tg of the observed
process Y t with respect to the standard probability measure � of a Wiener process
w, represented in the Fock space F as Q with respect to the vacuum state j0i 2 F .
Once the density operator �̂t = �̂tfIg is found by the solution of the linear posterior
evolution equation, the density function �̂(vt) = �wt is given by the Segal (duality)
transformation Q 7! w of the observable process Qt = U�t Y

tUt in the Schrödinger
picture.
We shall say the nondemolition observation is complete for the quantum di¤usion,

described by the stochastic evolution equation (3.1), if the subsets E 2 B in (2.7)
generate the �-algebra A. Let us see now in that case the posterior dynamics is
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not mixing: �̂t = T̂t�0T̂
�
t , i. e. it is de�ned as �

w
t fXg = ('wt jX'wt ), for �0fXg =

( jX ) by a posterior stochastic propagator Twt :  2 H 7! 'wt = Twt  . We show
the renormalized propagator F̂wt =

p
�wt T

w
t also satis�es a linear stochastic wave

equation F̂ +KF̂dt = LdwF̂ in H, given in the Fock space representation by the
operator evolution equation in H
F ,

(3.3) dF̂t +KtF̂tdt =

Z
�

Lt;xF̂tdYt(dx); F̂0 = I;

where LtdY t :=
R
�
Lt;xdYt(dx) = LtdQ(t), (F̂t(w) j F̂t(w) ) = �wt . The proof

is given in Lemma 1 and Lemma 2 in terms of �̂tfXg = F̂ �t XF̂t.
Firstly let us note that the wave propagator F̂t : H ! H 
Mt as any other

adapted Wiener functional of Y is de�ned in the Fock representation F t = F̂tj0i by
the generating functional F tg =

R
�
F t(�)

Q
x2� g(x)�(dx) coinsiding with the Wick

symbol hf jF̂tjfi = F tg for g = f + f�, where jfi 2 F is the coherent state

jfi(�) = e�kfk
2=2

Y
x2�

f(x); kfk2 =
Z
jf(x)j2�(dx)

for a f : �1 ! C with kfk2 < 1, denoted as f2 = kfk2, if f� = f . It helps to
prove the

Lemma 1. The solution F̂t of the stochastic equation (3.3) satis�es the equiva-
lency condition F̂tj0i = U�t j0i respectively to the vacuum j0i 2 F with the unitary
propagator U�t de�ned by the equation (2.5), i.e. F̂th = U�t h for all h =  
 j0i,
where  2 H, t � 0.

Proof. To this end we note that A-measurability coincides with B-measurability
in this case and the equation for F �t = U�t j0i with F �0 = I can be simply obtained
by allowing the right hand side of (nref{eq:ccr1.5}) to act on the Fock vacuum j0i.
This gives

(LtdA
�(t)�L�tdA(t))U�t j0i = (LtdA�(t) +LtdA(t))U

�
t j0i = LtdY tF

�
t ;

where LtdA
�(t) =

R
�
Lt;xdA

�(t;dx) due to B-measurability of the map Lt : x 7!
Lt;x for almost all t, the commutativity of the increments dBt(E) = dA(t;E) with
U�t and with F̂t and the annihilation property dBt(E)j0i = 0 = dA(t;E)j0i for
all E 2 A. The equation for the L(H)-valued symbol F tg = hgjF̂tj0ieg

2=2 of the
nonunitary classical stochastic evolution F̂t de�ned by (hgjF̂th00) = ( jF tg 0) for all
hg =  
 eg2=2jgi, h00 =  0 
 j0i, is given by

(3.4)
d

dt
F tg +KtF

t
g =

Z
�

Lt;xF
t
gg(t;x)�(dx); g = g� 2 L2(�1):

This coinsides with the equation for hgjU�t j0ieg
2=2 = F �g;t having the same form

as (3.3) with F �g;t instead of F̂t and Gt =
R t
0
g(r)dr, g(t) = f(t) + f�(t) instead

of Y t = Bt +B
�
t , Bt(E) = A(t;E), E 2 B, and the initial operator F �g;0 = I. It

means that F �g;t = F gt and U
�
t j0i = F̂tj0i due to the uniqueness of the solution of

the equation (3.3) proved in [7] under the conditions (2.6). �
Secondly, let us �nd the QS Langevin equation for the process Xg(t) = UtX

t
gU

�
t ,

Xt
g = êtgX, where g 2 L2B(�1) is a B(R+)
B�measurable square integrable function
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and êtg =: e
q(gt) := êgt is the Wick ordered exponential

êgt =:exp

Z t

0

Z
�

g(r;x)dQ(r; dx) := ea
�(gt)ea(gt)

of the observable yt(g) =
R t
0
gdY = q(gt) in the Schrödinger picture, corresponding

to the product eg(�) =
Q
x2� g(x), � 2 � in the Fock representation of eg = êgj0i.

Here and below gt 2 L2B(�1) denotes the projection of g with gt(x) = 0, if x =2
[0; t)� E for every E 2 B, otherwise gt = g, and a�(gt) =

R
gt(x)A

�(dx) = a(g�t )
�,

q(gt) = (a + a�)(gt). Taking into account that this exponential is de�ned by the
equation dêtg = êtgg(t)dY t with ê0 = 1, we can obtain for G(t) = UtX

t
gU

�
t =

êg(t)X(t)

dG+ (GK +K�G)dt = dt

Z
�

fL�xGLx + (L�xG+GLx)g(x)g�(dx)

+

Z
�

f[L�x; G]dB(dx) + dB�(dx)[G;Lx]

+g(x)(dB(dx) + dB�(dx))Gg
using the quantum Ito formula d(êX) = dêX + êdX + dêdX for êg(t) = Utê

t
gU

�
t

and (3.1). It helps to write the equation for the vacuum expectation operator

�tgfXg = h0jG(t)j0i = Ftê
t
gXF

�
t ; �

t
gfIg = Pgt := �sgtfIg; 8s � t

as h0jfdG+ (GK +K�G)dtg(t)j0i = dth0jfL�GL+ (L�G+GL)gg(t)j0i, or equiv-
alently

d

dt
�tgfXg+�tgfK�

tX +XKtg

=

Z
�

�tgfL�t;xXLt;x + (XLt;x + L�t;xX)g(t;x)g�(dx):(3.5)

The equation (3.5), with �0gfXg = X, de�nes both the prior quantum Markovian
dynamics [16] Mt : X 7! FtXF

�
t as M

t = �t0 and an operator�valued generating
functional Pg = F1êgF

�
1 = limt!1�

t
gfIg of factorial (normal ordered) moment

operators
h0j : _Y (x1) : : : _Y (xn) : j0i = �nPg=�g(x1) : : : �g(xn) jg=0

for the measurements at tm < t; xm 2 �; m = 1; : : : ; n of generalized derivatives
_Y (x) = Y (dx)=�(dx) � _Yx(t) of the measure Y (dx) on B(R+)
B. It follows from
the Weyl representation

(3.6) êtg(q) = exp

Z t

0

f
Z
�

g(r;x)dYr(dx)�
1

2

Z
�

g(r;x)2�(dx)drg = eq(gt)�g
2
t =2

of the Wick exponent êtg =: e
q(gt) :, that equation (3.5) de�nes the characteristic

operator �tgfXg = h0jeiy(gt)X(t)j0i of y(gt) =
R
gt(x)Y (dx) = Utqt(gt)U

�
t :

�tgfXg = Fte
iqt(gt)XF �t = e�g

2
t =2�tigfXg:

Let us denote by vt = fvt(E)jE 2 Bg a stochastic trajectory vt(E) : 
 ! R
of the process Y t in the Wiener representation vt(E) = Yt(E; !) and by �t(g) =R t
0
gdv, the Wiener integral of g(x); x 2 �1. Now we prove the absolute continuity

ItfXg(d!) = �̂tfXg(�t)d�(!) of the corresponding instrument ItfXg(E), E 2 B
with respect to the standard Wiener measure d�(!).



3 A posterior quantum dynamics under continual measurements 11

Lemma 2. The solution of the equation (3.5) is given by the expectation

(3.7) �tgfXg =
Z



e�t(g)�g
2
t =2�̂tfXg(�t)d�(!)

of a stochastic map �!t : X 7! �̂tfXg(�t) as the nonanticipating function �!t =
�̂t(�t) of vr, r < t, normalized by a stochastic operator �function P!t = P̂(�t) and
the factorial exponent (3.6) of the representation q(gt) 7! �t(g).

Proof. Let us take 
 as the spectrum of the commutative �eld measure Q(dx),
denoted as w(dx) in the standard Wiener representation !(f) =

R
f(x)w(dx); f 2

L2(�1) and � as the Gaussian probability measure on 
 with the correlationsZ



w(�)w(�0)d�(!) = �(� \�0) = h0jQ(�)Q(�0)j0i

induced by the Fock vacuum state. Then !(gt) = �t(g) as q(gt) = yt(g) for every
B-measurable g : �1 ! R, and due to U�t j0i = F̂tj0i and the commutativity êtgF̂t =
F̂tê

t
g one can obtain

�tgfXg = h0jUtêtgXU�t j0i = h0jêtgF̂ �t XF̂tj0i

=

Z



êtg(!)F̂
�
t (!)XF̂t(!)d�(!)

=

Z



e�t(g)�g
2
t =2F̂ �t (!)XF̂t(!)d�(!):

Here F̂t(!) = F!t is the solution F̂t = F qt of the equation (3.3) as the functional of
Yr(E) = q(1r(E)), r < t, E 2 B in the Wiener representation, where 1r(E) is the
indicator of [0; r)� E, and êtg(!) = e�t(g)�g

2
t =2 is the Wick exponent (3.6). Due to

arbitrariness of B(R+)
B�measurable g, it de�nes the posterior map �̂t = �t(yt)
in (3.7) as the classical conditional expectation

(3.8) �̂tfXg(�t) =
Z



F̂ �t (!)XF̂t(!)d�(!j�t)

with respect to the ��algebra on 
, generated by the data vr(E) = w([0; r) � E),
r 2 [0; t), E 2 B. It is given by integrating on 
 with the Gaussian conditional
measure d�(!j�t) = d�(!)=d�(�t), where d�(�t) is the induced Gaussian probabil-
ity measure on the trajectories vt = fv(r)jr < tg = wtjB of the standard Wiener
measure w(t;E) = w([0; t) � E) on B 3 E. Hence the probability measure of the
data vt for the nondemolition observation (2.7) with a given initial wave function
 2 H has the density

�!t =

Z
kFt(!) k2d�(!j�t) = ( jP̂(�t) ) � �̂(�t);

where P̂(�t) = �̂tfIg(�) = P!t . The non-Gaussian measure d� = �d� de�nes the
factorial generating functionals �tg = hêtg(y)i for the process Y t as ( j�tgfIg )
and the mean values hX(t)i of the operators X(t) at the initial states  2 H as
( j�(0)t fXg ) by the averaging

( j�tgfXg ) =
Z
e�t(g)�g

2
t =2�̂tfXg(�t)d�(�t) = �tgfXg
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of the product êtg(�t)�̂tfXg(�t), where �̂tfXg(�t) = ( j�̂tfXg(�t) )=�̂(�t), over
all the observed in the past trajectories vt. �
Let us derive the corresponding linear stochastic equation for the non�normalized

posterior map (3.8) X 7! �̂tfXg de�ning the posterior transformation �0 7! �0 � �̂
for any initial �0 by �̂tfXg = �̂tfXg=�̂t, �̂t = �0fP̂tg. In the case of a complete
nondemolition observation it can be obtained in the Schrödinger picture from (3.3)
in the same way as (3.1) from (2.5) by using the Ito�s formula for F̂ �t XF̂t = �̂tfXg:

d(F̂ �t XF̂t) + F̂t(XKt +K
�
tX �

Z
�

L�t;xXLt;x�(dx))F̂tdt

=

Z
�

F̂ �t (XLt;x + L
�
t;xX)F̂tdYt(dx):

In the general case the stochastic di¤erential equation for (3.8) gives the following
theorem.

Theorem 2. The conditional expectation (3.8), de�ning in (3.7) the absolutely
continuous operational measure �̂tfXg(�t)d�(!) with respect to the Wiener process
vt(!), represented in Fock space by Y t = fYt(E)jE 2 Bg, satis�es the linear sto-
chastic equation

d�̂tfXg+ �̂tfXKt +K
�
tX �

Z
�

L�t;xXLt;x�(dx)gdt

=

Z
�

�̂tfX �Lt;x + �L�t;xXgdYt(dx)(3.9)

corresponding to the equation (3.5) for the Wick symbol �tgfXg = hf j�̂tjfi, g =
2< �ft. Here �Lt;x are B�measurable operator�valued functions of x 2 �, �Lt;x = 0,
if x =2 E for any E 2 B, de�ned for almost all t as a conditional averaging of Lt;x
with respect to B � A byZ

�

�Lt;xg(x)�(dx) =

Z
�

Lt;xg(x)�(dx)

for any B�measurable square�integrable g : � 7! R and �f(t;x) is de�ned similary
by the averaging of f(t;x). In particular, �Lt;x = 1

�(Ei)

R
Ei
Lt;x�(dx) for all x 2 Ei,

if B = fEi 2 Aji 2 Ig is a ��partition M =
P

i2I Ei of M � � and �(Ei) 6= 0.

Proof. By the classical Ito�s formula

d(êtg�̂tfXg) = dêtg�̂tfXg+ êtgd�̂tfXg+ dêtgd�̂tfXg

=

Z
�

g(t;x)êtg�̂tfX +X �Lt;x + �L
�
t;xXgdYt(dx)

�êtg�̂tfXKt +K
�
tX � L�t;xXLt;xgdt

+êtg�̂t

�Z
�

(X �Lt;x + �L
�
t;xX)g(t;x)�(dx)

�
dt

we obtain from (3.9) equation (3.5) for �tgfXg = h0jêtg�̂tfXgj0i, if we take into
account that h0jdYt(E)j0i = 0, 8E 2 B andZ

�

(X �Lt;x + �L
�
t;xX)g(t;x)�(dx) =

Z
�

(XLt;x + L
�
t;xX)g(t;x)�(dx)
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due to B�measurability of g(t; �). Hence equation (3.9) describes the conditional
mean value (3.8) in the Fock representationwt 7! Qt with respect to the probability
measure d�(wt) induced onMt by the vacuum state:Z

êtg(w
t)�̂fXg(wt)d�(wt) = h0jêtg�̂tfXgj0i: �

Remark 2. In the case of the output momentum process, described in the
Schrödinger picture by Yt(E) = V (t;E), E 2 B, one can obtain in the same way the
posterior equation for the non-normalized linear stochastic map �̂t in the form

d�̂tfXg+ �̂tfXKt +K
�
tX �

Z
�

L�t;xXLt;x�(dx)gdt

=
1

i

Z
�

�̂tfX �Lt;x � �L�t;xXgdYt(dx):

Then by doubling the space � and considering the time-continuous measurement
of the commutative family Y t;� = Q�(t) as in section ??, one can obtain the
posterior equation, corresponding to the complex observation Zt(E) = W (t;E),
E 2 B of Lt = fLt;xjx 2�g:

d�̂tfXg+ �̂tfXKt +K
�
tX �

Z
�

L�t;xXLt;x�(dx)gdt

=

Z
�

�̂tfX �Lt;xgdZ�t (dx) +
Z
�

�̂tf�L�t;xXgdZt(dx):(3.10)

In the case B = A of complete complex observation this equation has a factoriz-
able solution �̂tfXg = F̂ �t XF̂t, 8X 2 L, where F̂t, satis�es the stochastic equation
(3.3) in the complexi�ed version

dF̂t +KtF̂tdt =

Z
�

Lt;xF̂tdZ
�
t (dx); Zt =

1p
2
(Y t;+ + iY t;�):

4. A continual observation of CCR quasifree diffusion

Let � be a symplectic ]-space, i.e. a complex space with involution

� 2 � 7! �] 2 � ; �]] = � ; (
X

�i�i)
] =

X
��i �

]
i ;8�i 2 C

and skew-symmetric bilinear ]-form s : � � � ! C, such that s(�]; �) is purely
imaginary for all � 2 �:

s(�; �]) = �s(�]; �) ; s(�] �)� = s(�; �]):

We denote by <� the real space of the vectors � = �], by � a separating space of
complex�valued linear functionals # : � 7! #(�), on <� enquiped with the weak*
topology, =� = f# 2 � j # + #] = 0g, where #](�) = #(�)�, 8� 2 <� and by
R(�); � 2 � an operator ]-representation R(�)� = R(�]) of the canonical commuta-
tion relations (CCR)

(4.1) [R(�); R(�])] =
1

i
s(�; �]); 8� 2 �

in a Hilbert space H associated with a Gaussian state

(4.2) �0feiR(�)g = ei#0(�)�
1
2 �

2

� �0(�):
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Here i#0 2 =� is de�ned by the expectation #0(�) = �0fR(�)g of R and the
quadratic form �2 = h�; �i; satisfying the Heisenberg inequality

�2�2 � h�; �i2 � 1

4
s(�; �)2; 8�; � 2 <�;

is de�ned by the symmetric covariance form

h�; �i = 1

2
�0fR(�)R(�) +R(�)R(�)g � #0(�)#0(�):

One can realise R(�) � #0(�) as double real part 2<A0 = (A0 + A�0)(�) of the
creation operator A�0(�) = A0(�

])� with the vacuum state �0fXg = ( 0jX 0) in
an initial Fock space H = F0 over the Hilbert space H = �� , associated with the
scalar product

(�j�) = h�; �]i+ i

2
s(�; �]); 8�; � 2 �:

Indeed, the adjoint operators A0(�
]) ; A�0(�) satisfying the CCR

[A0(�
]); A�0(�)] = (�j�);

generate F0 by the unitary representation

(4.3) X(�) = ei#0(�)��
2=2eiA

�
0(�)eiA0(�) ; � 2 <�

of the Weyl operators X(�) = expfiR(�)g on  0:

X(�) 0 = �0(�)e
iA�

0(�) 0 ;

X(�)X(�) = eis(�;�)X(� + �) ;

and ( 0jX(�) 0) = �0(�).
We shall identify the dual space � with the completion of � in the (nonde-

generate) norm I�I = h�]; �i1=2 =
p
(<�)2 + (=�)2 on �, such that #(�) = h�; #i.

Denoting j : � 7! j� = � the canonical bounded map �! H,

kj�k2 = (�j�) = I�I2 + i

2
s(�; �]) = I�I2 + s(<�;=�)

� I�I2 + js(<�;=�)j � I�I2 + 2I<�II=�I � 2I�I2;
one can express the scalar product (�j�) through the complex metric bounded oper-
ator g = j�j as (�j�) = h�];g�i. Here # = g� 2 �, 8� 2 � is the complex functional
#(�) = (�]j�) = h�;g�i de�ning together with #](�) = h�];g�i� = (�j�) the ]-
functional 2<# = # + #] = 2<� + s=�, where s : <� ! � is the skew-symmetric
operator h�; s�i = s(�; �), Is�I � 2I�I due to the Heisenberg inequality.
Let us consider the quantum di¤usion of CCR algebra under the continuous

measurement of the unbounded operators Lx = R(�x); x 2 R+ � �, de�ned by a
family f�xjx 2 R+��g of vectors in �, weakly square integrable:

R t
0
"� (#

]; #)d� <
1 for all t 2 R+ and # 2 �, where

(4.4) "t(#
]; #) =

Z
�

#](�t;x)#(�
]
t;x)�(dx) =

Z
�

jh�]t;x; #ij2�(dx);

#](�) = #](<�) + i#](=�) = #(�])� for all � 2 �. Moreover, we shall suppouse that
the integral (4.4) is a weak* continuous function of # 2 � such thatZ

�

f(x)#(�]t;x)�(dx) = h�
]
tf ; #i
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for every square integrable function f : � ! C, where �]tf is an element of �
denoted as

R
�
�]t;xf(x)�(dx). We shall suppose also that the Hamiltonian Ht of the

system under the observation is given in the Fock space H by the normal ordering
Ht =: ht(R) : of a quadratic form vt(#) +

1
2 !t(#; #) = ht(#). This means

( �jHt �) = vt(#) +
1

2
!t(#; #); # = #0 + 2<(g�);

where  � = expf� 1
2 (�j�)+A

�
0(�)g 0;  0 2 H is the normalized vacuum: A0 0 =

0, ( 0 j  0) = 1 in the initial space H = F0.
Let us suppose that fvtjt 2 R+g is a locally integrable family of ]�linear forms

vt(#) = h#; vti and f!tjt 2 R+g is a locally integrable family of real symmetric
bilinear forms on =� such that

I�It1 =

Z t

0

I�rIdr <1; I!It1 =
Z t

0

I!rIdr <1 8t <1;

where I�tI =
p
�2t , �

2
t = h�t; �ti, I!tI = supf!t(#0; #) j I#0I < 1; I#I < 1g. Assuming

the weak* continuity of the linear functions �t(#) and !t(#
0; #) on � 3 #; 8#0 2 �,

we identify �t(#) with #(�t), �t 2 <� and !t(#
0; #), with #0(!t#) = h#0;!t#i,

where !t is a symmetric and hence bounded operator on the Hilbert space �. The
quadratic form of Ht, corresponding to

i[Ht; R(�)] = �t(s�) +R(!ts�) ; 8� 2 �

gives together with i[R(�); Lt;x] = s(�; �t;x); i[L
�
t;x; R(�)] = s(�]t;x; �) the linear

quantum Langevin equation (3.1) for X(t) = j(t; R(�)):

(4.5) dR(t; �) +R(t; i�ts�)dt = dP (t; �) + �t(s�)dt:

Here dP (t; �) = i
R
�
fs(�; �]t;x)dA(t;dx) � s(�; �t;x)dA

�(t;dx)g, �t : =� ! <� is
the linear imaginary operator �t = 1

2 
t + i!t, where 
t = "t � "]t is given by
the weak* continuous function 
t(#

0; #) = 2i="t(#0; #) of #; #0 2 =�, #0(�t#) =
�t(#

0; #) = h#0;�t#i,

�t(#
0; #) = i="t(#0; #) + i!t(#0; #); 8#; #0 2 =� :

The following theorem gives the solution of the operator equation (4.5) together
with an integral of a B(R+) 
 B-measurable locally squareintegrable function g :
�1 ! R over the di¤erential

(4.6) dY (t;E) = R(t; �t(E) + �
]
t(E)) + dQ(E):

Here �t(E) 2 � ; �]t(E) =
R
E
�]t;x�(dx) = �t(E)

] is de�ned for any E for which
�(E) <1 due to weak* continuity on � 3 # of the integral

R
E
#(�t;x)�(dx). Note,

that the corresponding unitary quantum stochastic evolution (1.5) with unbounded
operator

Kt =
1

2

Z
�

R(�]t;x)R(�t;x)�(dx) + iHt

exists only if h 0jKtj 0i = 1
2

R
�
k�t;xk2�(dx) � kt(0) < 1 for almost all t. The

Wick symbol kt(#) = ( �jKt �) is de�ned in this case as

kt(#) = kt(0) + i�t(#) +
1

2
("t(#; #) + i!t(#; #)) ; 8# = #0 + 2<(g�):
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In this theorem we use the notations I � It1, I � It2 for the norms

I�It1 =

Z t

0

I�rIdr; I�I
t
2 =

�Z t

0

Z
�

I�r;xI
2�(dx)dr

�1=2
;

where I�I = h�; �i1=2 for a � 2 <�, and I�tI = Ii�tI means the norm I�tI =
supfI�t#I=I#Ig of the real operator i�t on the Hilbert space �. Let us also de-
note gt(r) = g(r), r < t, gt(r) = 0, ft(r;x) = 0 = f�t (r;x); 8r � t, and

f�t (r;x; �) = g(r;x) + is(�r; �
]
r;x) = f(r;x; �])�; r < t:

Theorem 3. Let the equations (4.5,4.6) for the quantum di¤usion on the CCR
algebra be de�ned by �t 2 <�, !t : �! <� and �x 2 � such that

I�It1 <1; Ii�It1 <1; I�� + ��
]
It2 <1; 8t 2 R+

where x 7! ��x 2 � is a weakly B(R+)
B-measurable function of x = (t;x), de�ned
by ��tg = �tg for every g 2 L2B(�). Then the equation (4.5) has a unique solution,
de�ned in the Hilbert space H
F = F0
L2(�) by the quantum stochastic integral

(4.7) R(t; �) + y(gt) =

Z t

0

s(�r; �r)dr +R(�(t)) + a(f
�
t ) + a

�(ft)

along the trajectories �r = '
(g)
r (t; �); r 2 [0; t) of the backward predual di¤erential

equation

� _�r + i�rs�r =

Z
�

g(r;x)(��r;x +
��
]
r;x)�(dx);(4.8)

�t = � 2 �; �(t) = '
(g)
0 (t; �) = �0;(4.9)

with g = 0 corresponding to y(gt) = 0. The output integral

y(gt) =

Z t

0

Z
�

g(t;x)dY (r; dx)

of a B(R+) � B-measurable function g 2 L2B(�1) over the di¤erntial (4.6) is given
also by the quantum stochastic integral (4.7) along the trajectory �r = '

(g)
r (t; 0) of

the equation (4.8) with � = 0, corresponding to R(t; �) = 0.

Proof. First we write the weak solution of the equation (4.8) in the standard
form

�r = 'r(t)� +

Z t

r

Z
�

g(s;x)'r(s)(
��s;x +

��
]
s;x)ds�(dx);

where 'r(t)� = '
(0)
r (t; �) is the solution of the equation (4.8) with g = 0. The

resolving operator 'r(t) exists as the chronologically ordered exponential

'r(t) =
1X
n=0

Z
: : :

Z
r�t1<:::<tn<t

�t1s : : :�tnsdt1 : : :dtn

due to the estimate I'r(t)I = supfI'r(t)�I j I�I < 1g �

�
1X
n=0

IsIn
Z
: : :

Z
0�t1:::tn<t

I�t1 I : : : I�tn Idt1 : : :dtn � expfI2! � i
It1g
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because IsI � 2. Hence one can obtain the existence of h�r; #i for every r 2 [0; t)
and # 2 � due to the estimate

jh�r; #ij � jh'r(t)�; #ij+
Z t

r

Z
�

jg(s;x)h'r(s)2<��s;x; #ijds�(dx)

� I�II'>r (t)#I+ IgI
t
2I
�� + ��

]
It2(

Z t

r

I'>r (s)#I
2ds)1=2

�
�
I�I+ IgIt2I

�� + ��
]
It2
p
t� r

�
I#I expfI2! � i
It1g:

Now we integrate the left hand side in (4.7), taking into account (4.6) and (4.8):

R(t; �) +

Z t

0

Z
�

g(r;x) (R(r; 2<�r(dx))dr + dQ(r; dx))

= R(t; �) +

Z t

0

�
2<
�Z

�

g(r;x)dA(r; dx)

�
�R(r; _�r � i�rs�r)dr

�
= R(0; �0) +

Z t

0

(2<
�Z

�

g(r;x)dA(r; dx)

�
+ dR(r; �r) +R(r; i�rs�r)dr)

= R('
(g)
0 (t; �)) +

Z t

0

(2<
�Z

�

(g(r;x) + is(�r; �
]
r;x))dA(r;dx)

�
+ �r(s�r)dr);

where dR(r; �r) is the quantum stochastic di¤erential dR(r; �)j�=�r , satisfying (4.5)
for t = r. This proves Theorem (3). �
Note that the solution R(t; �) of the equation (4.5) given by (4.7) for g = 0

preserves the CCR (4.1) and satis�es the nondemolition principle

(4.10) [R(t; �); Yg(t)] = 0 ; 8� 2 �; g 2 L2B(�1);

where Yg(t) =
R t
0

R
�
g(r;x)dY (r;x).

It can be proved by using the quantum Ito�s formula and

[dR(t; �);dR(t; �])] = [dP (t; �);dP (t; �])] = 
t(s�; s�
])dt;

[dR(t; �);dYg(t)] = [dP (t�);dQg(t)] = is(�; (�t + �
]
t)g(t))dt:

Indeed, if [R(t; �); R(t; �])] = 1
i s(�; �

]), then from (4.5) it follows

[dR(t; �); R(t; �])] = �>t (s�; s�
])dt; [R(t; �);dR(t�])] = ��t(s�; s�])dt;

and d[R(t; �); R(t; �])] = (�>t � �t + 
t)(s�; s�])dt = 0;
d[R(t; �); Yg(t)] = [dR(t; �); Yg(t)] + [R(t; �);dYg(t)] + [dR(t; �);dYg(t)]

= [R(t; �); R(t; (�t + �
]
t)g(t)]dt+ is(�; �t + �

]
t)g(t))dt

= 0

if [R(t; �); Yg(t)] = 0 and, hence, [dR(t; �); Yg(t)] = 0.
Remark 3. Let � = ����+ be an orthogonal decomposition of � with respect

to the complex scalar product h�]; �i, such that

(� � �)] = �] � �]; s(�]; �) = 0 = s(�]; �); 8� 2 ��; � 2 �+:
One can take �� correspondingly as the negative and positive subspaces of the
Hermitian form 2s(<�; =�) = is(�; �]):

c(�]; �) := is(�]; �) > 0; 8� 2 ��;
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which is uniquely de�ned in the case of nondegeneracy: s(�; �) = 0, 8� 2 �) � =

0, but it is not obligatory. If �x 2 �� for almost all x 2 �1, and !(�]; �) = 0 for
� 2 ��; � 2 �+, then the quantum Langevin equation (4.5) can be written in the
complex linear form

(4.11) dL(t; �) + L(t;�tc�)dt = dA(t; �) + �t(c�)dt;

where dA(t; �) = i
R
�
s(�; �]t;x)dA(t;dx), L(t; �) = R(t; �), c� = is�, �t(c�) =

�t(s�); 8� 2 �� and L(t; �) = 0, dA(t; �) = 0, c� = 0, �t(c�) = 0, 8� 2 �+. The
equation (2.10) for a complex observation can be written in these terms as

dZ(t;E) = L(�(E))dt+ dW (t;E); E 2 B:

5. A CCR quasi-free posterior dynamics and continuous collapse

The solution (4.7) obtained for the quasi-free di¤usion (4.5) with the continuous
observation (4.6) of CCR gives the possibility to solve easily the equation (3.5)
at least for the initial Weyl operators �0gfXg = eiR(�) = X(�). To this end let
us represent the product X(�) 
 êtg of the operator (4.3) on H = F0 and the
Wick exponent êtg = eq(gt)�g

2
t =2 of the integral yt(g) = q(gt) on F = L2(�) as the

exponent of an operator in Heisenberg picture :

G(t; �) = eb
�(gt)X(t; �)eb(gt) = eR(t;i�)+y(gt)�g

2
t =2;

where y(gt) =
R t
0

R
�
g(r;x)dY (r; dx). Due to (4.7) the exponent

R(t; i�) + y(gt) =

�Z t

0

s(�r; '
(g)
r (t))dr +R('

(g)
0 (t)) + a(f�t ) + a

�(ft)

�
(i�)

can be written in normally ordered form with respect to

a�(f(i�)) = a�(g � is('(g)(t; i�); �)); a(f�(i�)) = a(g � is(�]; '(g)(t; i�)))

as

G(t; �) = cg(t) expfR('(g)0 (t)) + a(f�t ) + a
�(ft)g(i�) =

= eI
t
g(i�)ea

�(ft(i�))X(
1

i
'
(g)
0 (t; i�))ea(f

�
t (i�)) :

Here cg(t) = expf
R t
0
s(�r; �rdr � g2t =2g; g2t =

R t
0

R
�
g(r;x)2dr�(dx) and

Itg(�) = ln cg(t) +
1

2
jftj2(�); jftj2(�) =

Z t

0

Z
�

f�(r;x; �)f(r;x; �)dr�(dx)

is given by an integral over the trajectories �r = '
(g)
r (t; �):

(5.1) Itg(�) =

Z t

0

fs
�
�r + =��

]
rg(r); �r

�
+
1

2
"r(s�r; s�r)gdr ;

where ��
]
tg(t) =

R
�
��
]
t;xg(t;x)�(dx) = �

]
tg(t) for every B-measurable function g(t) :

x 2 � 7! g(t;x). Hence the operator-function �tg(�) = �
t
gfX(�)g, being the vacuum

expectation h0jG(t; �)j0i is de�ned in H by

(5.2) �tg(�) = expfItg(i�) +R('
(g)
0 (t; i�))g;
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since ea(f
�
t )j0i = j0i for every f , where f�t (x) = f�(x) on x 2 [0; t) � � and

ft(r;x) = 0, if r > t. One can easily verify that (5.2) satis�es the equation (3.5),
written in the CCR quasi-free case for X = X(�) in the di¤erential form

i
d

dt
�tg(�) + fs(�r; �)� h�ts�; @i+

i

2
"t(s�; s�)g�tg(�)

= 2=h��tg(t); i@ +
1

2
s�i�tg(�):(5.3)

This form of the main equation follows from the relations

[R(�); X(�)] = s(�; �)X(�);
i

2
(X(�)R(�) +R(�)X(�)) = h�; @iX(�)

de�ning the derivative h�; @i of X(�) = eiR(�) and the right hand side in (3.5) by

R(�)�X(�) +X(�)R(�) =
2

i
=h�; i@ + 1

2
s�iX(�);

and also from the de�nition of the quasi-free Hamiltonian evolution in terms of the
Weyl operators (4.3):

[H;X(�)] = fs(�t; �)� h!ts�; i@igX(�) :
Thus we obtain the solution Mt(�) = �t0(�) of the Lindblad equation for the CCR
quasi-free case in term of the characteristic operatorMtfX(�)g of a prior dynamical
map �0 7! �0M

t, having the di¤erential form (5.3) with zero right hand side , as well
as the operator-valued generating functional Pg = �1g (0) for the factorial moments
of the observable process (4.6)
A posterior quasi-free dynamics of the CCR-algebra under the continual observa-

tion (4.6) is described by the characteristic a posteriori function �̂t(�) = �̂tfX(�)g
with the Wick symbol hf j�̂t(�)jfi = �tg(�); g = �f + �f� of the Gaussian form (5.2).
Hence the operator-valued function �̂t(�), normalised on the probability density
operator P̂t = �̂t(0), in the CCR quasi-free case can be represented as the normal
ordered functional (5.4) of yt = bt + b�t instead of g = gt, where �̂r = �r(y), in-
stead of �r = '

(g)
r (t; �), de�ned by the solution �r(y) = '

(y)
r (t; �) of the backward

stochastic equation

(5.4) �d��̂r + i�rs�̂rdr =
Z
�

(��r;x +
��
]
r;x)dYr(dx); �̂t = �:

In order to �nd the operator �̂t(�) = �t(�; yt) in the form of a function �t(�; �t)
of the trajectories �t(g) = !(gt) of the observable process yt(g) = q(gt), let us
solve the equation (3.9) with X = X(�), having in the quasi-free case the Wick
symbol (5.3) in H = F0. It can be done in terms of

�̂
#

t (�) = ( �j�̂t(�) �); # = #0 + 2<(g�) ;
by solving the linear stochastic di¤erential equation, coresponding to (5.3)

id�̂t(�) + fs(�t; �)� h�ts�; @i+
i

2
"t(s�; s�)g�̂t(�)dt

=

Z
�

2=h��t;x; i@ +
s

2
�i�̂t(�)dYt(dx) ;(5.5)

as the equation for a posterior characteristic functuon �̂t(�) = �#f�̂t(�)g � �̂
#

t (�)

with a Gaussian �̂0(�) = expfi#(�)� �2=2g � �#(�). The stochastic function �̂
#

t (�)
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de�nes the operator-valued function �̂t(�) as the normal ordered form :�̂
R

t (�): of
the initial operators R� #0 = A0 +A

�
0 in H = F0.

Theorem 4. Let the initial state �0 of the CCR (4.1) with a linear quantum
stochastic evolution (4.5) have the Gaussian characteristic function (4.2). Then a
posteriori nonnormalised state �̂t(�) = �0f�̂t(�)g = �̂tfX(�)g under the continuous
nondemolition observation (4.6) also has a Gaussian form

(5.6) �̂t(�) = �̂t expfi#̂t(�)�
1

2
pt(�; �)g :

Here

�̂t = exp

Z t

0

Z
�

f#̂r(2<��r;x)dYr(dx)�
1

2
#̂r(2<��r;x)2dr�(dx)g

is the probability density �̂t = �̂t(0) = �(yt) of the observation up to time t; #̂t(�) =

h�; #̂ti is the linear stochastic functional #̂t = #t(yt) of the posterior mean value of
R(t; �), satisfying the linear �ltering equation

(5.7) d#̂t(�) + #̂t(i�ts�)dt =

Z
�

2<h�;kt��
]
t;xid~Yt(dx) + �t(s�)dt

with #̂0 = #0; d~Yt(dx) = dYt(dx) � dt
R
�
#̂t
�
2<��t;x

�
�(dx); kt = pt +

i
2s, and

pt(�; �) = h�;pt�i is the quadratic form of the posterior covariance of R(t; �), sat-
isfying the Riccati equation with p0(�; �) = h�; �i:

(5.8)
d

dt
pt(�; �) + 2pt(�; i�ts�) = "t(s�; s�)�

Z
�

j2<h�;kt��
]
t;xij2�(dx):

Proof. Let us �nd from (5.5) a stochastic equation for �̂t(i�) = ln �̂t(�), using

the Ito�s formula d�̂t(i�) = �̂
�1
t d�̂t � 1

2 (d�̂t(i�))
2, and

(d�̂t(i�))
2 = (�̂

�1
t d�̂t)

2 = dt

Z
�

fh2<��t;x; �̂
0
t(i�)i+ hi=��

]
t;x; s�ig2�(dx)

= f��t(�̂
0
t(i�); �̂

0
t(i�)) + 2��t(�̂

0
t(i�); s�)� ��(s�; s�)gdt

due to (dYt(dx))2 = dt�(dx), where �̂
0
t(�) = @�̂t(�),

��t(#; #) =

Z
�

h2<��t;x; #i2�(dx); ��t(s�; s�) =
Z
�

h=��t;x; s�i2�(dx);

��t(#; s�) =

Z
�

h2<��t;x; #ihi=��
]
t;x; s�i�(dx) = h~�ts�; #i:

It gives a quasilinear stochastic equation of the �rst order for �̂t(�):

d�̂t + fs(�; �t) + hi~�ts�; �̂
0
ti �

1

2
~"t(s�; s�)gdt

=

Z
�

fh2<��t;x; �̂
0
ti+ h=��

]
t;x; s�igdYt(dx)�

1

2
��t(�̂

0
t; �̂

0
t)dt ;

where ~�t = �t � ��t and ~"t = "t � �"t. This equation has a quadratic form solution

�̂t(�) = ln �̂t + #̂t(�) +
1

2
pt(�; �); �̂

0
t(�) = #̂t + pt�; �̂

00
t = pt;
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where

d ln �̂t = d�̂t(0) =

Z
�

h2<��t;x; #̂tidYt(dx)�
1

2
��t(#̂t; #̂t)dt;

d#̂t = d�̂
0
t(0)=

Z
�

(2pt<��t;x + s=��t;x)dYt(dx)� f(pt ��t �is�>t )#̂t �s�tgdt;

dpt = d�̂
00
t = �fpt ��tpt + s~"ts+ i(pt~�ts� s~�>t pt)gdt ;

where ~�>(s�;p�) = ~�(p�; s�). Using the integral form of the symmetric �-weakly
continuous operators ��t; ��t : �! �, one can obtain the stochastic integral repre-
sentation of ln �̂t =

R t
0
d�̂t(0) in Theorem 4 as well as the equation (5.7) and (5.8)

for #̂t(�) = h�; #̂ti and pt(�; �) = h�;pt�i with kt = pt + i
2 s due to s

> = �s,

��t(pt�;pt�)� 2i��t(pt�; s�) + ��t(s�; s�) =

Z
�

(2<h�; (pt +
i

2
s)��

]
t;xi)2�(dx);

2<h�; (pt +
i

2
s)��

]
t;xi = h�; 2pt<��t;x + s=��t;xi; � 2 <�:

Let�s point out that quantum �ltering equations (5.7), (5.8), represented in the
short form

d#̂t(�) + #̂t(�t�)dt =

Z
�

2<h�;kt��
]
t;xidYt(dx) + �t(s�)dt;

d

dt
pt(�; �) + 2pt(�;�t�) = ~"t(s�; s�) + ��t(pt�;pt�); p0 = 1;(5.9)

where �t = ��tpt + i~�ts, give �̂t(�) = ln �̂t(
1
i �) in the form of the integral

(5.10) �̂t(�) = #0(�̂0)+
1

2
�̂
2

0+

Z t

0

fhs�̂; d�ri+
1

2

�
~"r(s�̂; s�̂)� ��r(p̂r(�̂); p̂r(�̂))

�
drg

over the stochastic trajectories �̂r = '̂r(t; �) of the backward linear equation (5.4)
with p̂r(�̂) = #̂r + pr �̂r; �̂0 = '̂0(t; �) and

d�t = �tdt+ =
Z
�

��
]
t;xdYt(dx):

Indeed, if d��̂r = �̂r � �̂r�dr is the backward stochastic di¤erential in (5.4), then
dh#̂r; �̂ri = h�̂r;d#̂ri+ h#̂r;d��̂ri and

d
�
pr(�̂r; �̂r)

�
= 2pr(�̂r;d��̂r) + _pr(�̂r; �̂r)dr:

Using the equations (5.9) and writting the equation (5.4) in the form d��̂r =

�r �̂rdr � 2<��rdŶ r with respect to

dŶr(dx) = dYr(dx) + hpr �̂r; 2<��r;xidr�(dx)
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one can obtain by integrating by parts of the di¤erence �̂t(�)� ln �̂t�#0(�̂0)� 1
2 �̂

2

0:

#̂t(�)� #0(�̂0) +
1

2
pt(�; �)�

1

2
�̂
2

0

=

Z t

0

fh�̂;d#̂+ 1
2
_p�̂dri+ hd��̂; p̂(�̂)ig

=

Z t

0

fhs�̂; d�i � h2<��dŶ ; #̂i+(h��̂;p�̂i+ 1
2
_p(�̂; �̂)� ��(p�̂;p�̂))drg

=

Z t

0

fhs�̂; d�i � #̂(2<��)dY +
1

2

�
~"(s�̂; s�̂) + ��(#̂; #̂)� ��(p̂(�̂); p̂(�̂))

�
drg

=

Z t

0

�
hs�̂;d�i+ 1

2

�
~"(s�̂; s�̂)� ��(p̂(�̂); p̂(�̂))

�
dr

�
� ln �̂t;

which gives (5.10) with ln �̂t =
R t
0
(#̂(2<��)dY � 1

2 ��(#̂; #̂)dr).
Remark 4. Let us consider the case of the complex observation (2.10). Then

the stochastic di¤erential equation

id�̂t(�) + fs(�t; �)� h�ts�; @i+
i

2
"t(s�; s�)g�̂t(�)gdt

= 2<
Z
�

h��]t;x; @�̂t(�)idZt(dx) + 2=
Z
�

s(�; ��
]
t;x)�̂t(�)dZt(dx);

corresponding to (3.10), has the Gaussian solution (5.6) de�ned by the density

�̂t = exp

Z t

0

f2<
Z
�

#̂r(��
]
r;x)dZr(dx)� �"r(#̂r; #̂r)drg;

where �"t(#; #) =
R
�
j#(��]t;x)j2�(dx), and by the �ltering equations

d#̂t(�) + #̂t(i�t s�)dt = 2<
Z
�

h�;kt��
]
t;xid ~Zt(dx) + �t(s�)dt;

where d ~Zt(E) = dZt(E)� dt
R
E
#̂t(��t;x)�(dx). The corresponding complex form of

Riccati equation is

d

dt
pt(�; �) + 2pt(�; i�ts�) = "t(s�; s�)� 2�"t(kt�;k]t�);

where kt = pt + i
2 s, k

]
t = pt � i

2 s.
In the case of the complex Langevin equation (4.11), corresponding to i�ts =

�tc on the invariant subspace ��, the posterior quasi-free dynamics with complex
observation can be described in terms of the complex parameters �t = 1

2 "t + i!t,
�yt =

1
2 "t � i!t,

�̂t = #̂tj��; lt = k]tj��; �̂t(�) = 0; lt� = 0; 8� 2 �+:

In this case �̂t(� � �]) = �̂t expfi(�̂
]
t(�) + �̂t(�

]))� h�];pt�ig,

�̂t = exp

�Z t

0

f2<
Z
�

�̂r(
��
]
r;x)dZr(dx)� �"r(�̂]r; �̂r)gdr

�
;

d�̂t(�) + �̂t(�tc�)dt =

Z
�

hlt�; ��
]
t;xid ~Zt(dx) + �t(c�)dt;

d

dt
pt + pt�tc+ c�

y
tpt =

1

2
c"tc� (pt �

1

2
c)�"t(pt �

1

2
c);
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where �"t = ��t + ��
y
t on �

�, pt = lt + 1
2 c and

d ~Zt(E) = dZt(E)� dt
Z
E

�̂t(
��t;x)�(dx):

Example. Let us consider the stationary case "t = ", !t = ! and a complete
observation when A = B, �"t = " is invertible and ! satis�es the c-commutativity
condition !c" = "c! with ". One can easily prove that the last equation describes
the continuous collapse of a posterior state to a Gaussian pure (coherent) state �1
with the minimal uncertainty p1 = 1

2 "
�1j"cj, where

"�1j"cj = "�1=2j~cj"�1=2 = jc"j"�1; ~c = "1=2c"1=2; j~cj = (~c2)1=2:
Indeed, if !c" = "c!, then !jc"j = j"cj!, because from the commutativity of ~c

with "�1=2!"�1=2 there follows the commutativity of j~cj with "�1=2!"�1=2 and

!jc"j = !"�1=2j"1=2c"1=2j"1=2 = "1=2j"1=2c"1=2j"�1=2! = j"cj!:
Hence the Riccati equation

d

dt
pt + i(pt!c� c!pt) + pt"pt =

1

4
c"c;

corresponding to ~" = " � �" = 0, has the unique stationary positive solution p1 :
p1!c = c!p1; p1"p1 = 1

4 "
�1=2j~cj2"�1=2 = 1

4 c"c. The convergence pt ! p1
follows from properties of the Riccati equation with unique stationary solution
p1 > 0. Thus in the case " = "1 and ! = !1 the positive solution pt corresponding
to p0 = 1 has the form

pt =
jcj
2

1 + qt
1� qt

; qt = q0 expf�"jcjtg; q0 =
2� jcj
2 + jcj ;

and p1 = 1
2 jcj, pt � p1 + jcjq0e

�"jcjt for t� 1
" , if jcj > 0. Hence pt = p1 only

in the purely quantum case jcj = 2, and pt ! 0 only in the purely classical case
c = 0 when pt = 1=(1 + "t).
This result was obtained in [3] for the case of positive de�nite c > 0 (a stable

quantum system), when the stationary quantum linear �lter

d�̂t(�) + �̂t(�c�)dt =

Z
�

hl�; �]xi(dZt(dx)� �̂t(�x)�(dx)dt);

corresponding to �t;x = �x, � =
1
2 " + i!, l = 1

2 (jcj � c) and �t = 0, does not
depend on the observable process Zt : l = 0, if c � 0. The a posterior state for the
Gaussian initial wave function  0 tends asymptotically to the ground state even
without observation as the coherent a priori state: �̂t(�) = �0(e

��ct�)! 0.
In the contrary case c < 0, l = jcj, corresponding to the unstable system, the

complete nondemolition observation is needed to keep the system in a state with
the minimal uncertainty relation. This explains why the quantum open (unsta-
ble) oscillator, corresponding [2] to the case �� = C = �+ with jcj = 2, tends
asymptotically to the pure Gaussian state under the continuous observation of its
amplitude L = R(�), given by the measurement of the complex nondemolition
process Z(t) = L(t) +W (t).
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6. Conclusion

The developed time-continuous quantum measurement theory based on the non-
demolition principle as a superselection rule for the output observable processes
abandons the von Neumann projection postulate as a redundancy in the stochastic
extension of the quantum theory. It treats the wave packet reduction not as a real
dynamical process but rather as the statistical inference of the posterior state de-
scribed by the conditional wave-function for the prediction of the probabilities of
the future measurements conditioned by the past observations.
There is no need to postulate in quantum stochastic theory a nonunitary sto-

chastic linear or nonlinear evolution for the continuous state-vector reduction as it
is done in the phenomenological quantum theories of quantum trajectories, state
di¤usion or spontaneous localization [17, 14, 10, 18, 11]. The nonunitary classical
stochastic evolution giving the continuous reduction and localization of the poste-
rior state can be rigorously derived [4, 5, 6, 9] within the quantum stochastic unitary
evolution of the correspondent compound system, the object of the measurement
and the input Bose �eld in the vacuum state as it is shown here.
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