
Motives of quadrics with applications to the
theory of quadratic forms
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0 Introduction

This text is the notes of my lectures at the mini-course “Méthodes géometriques
en théorie des formes quadratiques” at the Université d’Artois, Lens, June
26-28, 2000. Although, some additional material is added. I tried to make
the material more accessible for the reader. So, complicated technical proofs
are presented in a separate Section.

Part of this text was written while I was visiting Max-Plank Institut für
Mathematik, and I would like to express my gratitude to this institution for
the support and excellent working conditions.

1 Grothendieck category of Chow motives

Let k be any field, and SmProj(k) - the category of smooth projective
varieties over k. We define the category of correspondences C(k) in the
following way: the set Ob(C(k)) is identified with the set Ob(SmProj(k))
(the object corresponding to X will be denoted as [X]), and if X =

∐
iXi

- is the decomposition into the disjoint union of connected components,
then MorC(k)([X], [Y ]) := ⊕i CHdim(Xi)(Xi × Y ). The composition of mor-
phisms is defined as follows: if X, Y and Z - are smooth projective vari-
eties over k, and ϕ ∈ MorC(k)([X], [Y ]), ψ ∈ MorC(k)([Y ], [Z]), then ψ ◦ ϕ ∈
MorC(k)([X], [Z]) is defined by the formula: ψ◦ϕ := πXZ∗(π

∗
XY (ϕ)∩π∗Y Z(ψ)),
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where πXY , πY Z , πXZ are partial projections fromX×Y ×Z ontoX×Y, Y ×Z
and X × Z, respectively. C(k) is naturally a tenzor additive category, where
[X] ⊕ [Y ] := [X

∐
Y ] and [X] ⊗ [Y ] := [X × Y ]. There is a natural functor

SmProj(k)→ C(k), which sends X to [X] and algebro-geometric morphism
f : X → Y to the class of the graph Γf ⊂ X × Y .

Now one can define the category of effective Chow motives Choweff (k)
as the pseudo-abelian envelope of the category C(k). In other words, the
set Ob(Choweff (k)) consists of pairs ([X], pX), where X is a smooth pro-
jective variety over k, and pX ∈ MorC(X)(X,X) is a projector (pX ◦ pX =
pX); MorChoweff (k)(([X], pX), ([Y ], pY )) is identified with the subgroup pY ◦
MorC(k)([X], [Y ])◦pX ⊂MorC(k)([X], [Y ]), and the composition ◦ is induced
from the category C(X). The category Choweff (k) inherits the structure of
the tenzor additive category from C(k). We have the natural functor of tenzor
additive categories C(k) → Choweff (k) sending [X] to the pair ([X],∆X).
The composition SmProj(k) → C(k) → Choweff (k) will be called the mo-
tivic functor X 7→M(X).

It appears that the object M(P1) ∈ Choweff (k) is decomposable into
a nontrivial direct sum: M(P1) = ([P1], p1) ⊕ ([P1], p2), where p1 is defined
by the cycle P1 × pt ⊂ P1 × P1 and p2 by the cycle pt × P1 ⊂ P1 × P1. It
is easy to see that ([P1], p1) is isomorphic to the M(Spec(k)); such object
is called the trivial Tate-motive and will be denoted Z. And the compli-
mentary direct summand ([P1], p2) is called the Tate-motive Z(1)[2]. So,
M(P1) = Z⊕ Z(1)[2]. For any nonnegative m, one can define: Z(m)[2m] :=
(Z(1)[2])⊗m. Tenzor product by the object Z(i)[2i] defines the additive
functor U 7→ U(i)[2i] := U ⊗ Z(i)[2i]. It is not difficult to show that
M(Pm) = Z⊕ Z(1)[2]⊕ . . .⊕ Z(m)[2m].

The category of Chow motives Chow(k) can now be defined as follows:
Ob(Chow(k)) consists of pairs (A, l), where A ∈ Ob(Choweff (k)) and l ∈ Z;

HomChow(k)((A, l), (B,m)) := lim
n>max(−l,−m)

HomChoweff (k)(A(l+n)[2l+2n], B(m+n)[2m+2n]).

The natural functor Choweff (k) → Chow(k) sending A to the pair (A, 0)
is a full embedding, since the tenzor product with Z(1)[2] defines an isomor-
phism HomChoweff (k)(A,B) ∼= HomChoweff (k)(A(1)[2], B(1)[2]). The composi-
tion SmProj(k) → Choweff (k) → Chow(k) still will be called the motivic
functor and denoted as M .

If X and Y are smooth projective varieties (connected, for simplicity),
then HomChow(k)(M(X),M(Y )) is naturally identified with CHdim(X)(X×Y ),
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and HomChow(k)(M(X),M(Y )(i)[2i]) with CHdim(X)−i(X × Y ) (i here can
be any integer). In particular, HomChow(k)(Z(i)[2i],M(X)) = CHi(X) and
HomChow(k)(M(X),Z(i)[2i]) = CHi(X).

2 The motive and the Chow groups of a hy-

perbolic quadric

From this point we will assume that our base field k has characteristic dif-
ferent from 2.

Suppose quadratic form q is isotropic, that is: q = H ⊥ p for some
quadratic form p. Then projective quadric Q has a k-rational point x, and
the projective quadric of lines on Q passing through x will be isomorphic to
P . This has the following consequence for the structure of the motive of Q.

Proposition 2.1 (M.Rost [22])
Let q = H ⊥ p. Then M(Q) ∼= Z ⊕M(P )(1)[2] ⊕ Z(n)[2n], where n =

dim(Q).

Proof: Let z, z′, u be k-rational points such that z, z′ ∈ Q, u ∈ P(Vq)\Q
and z, z′, u are colinear. Consider the cycle: Φz ∈ CHn(Q × Q) defined as:
{(x, y)|x, y, z are colinear }. In the same way, the cycle Φu is defined.

We have: Φu = [∆Q] + [ΓTu ], where ΓTu is the graph of the reflection
Tu from O(q) with the center u. On the other hand, Φz = [∆Q] + Ω2 +
Ω3 + Ω4, where Ω2 = [Q × z], Ω3 = [z × Q], and Ω4 = {(x, y)|x, y ∈
TQ,z ∩ Q;x, y, z are colinear }. Let τu, ω2, ω3, ω4 ∈ EndChow(k)(M(Q)) be the
corresponding endomorphisms.

Since Φz,Φu belong to the algebraic family of cycles parametrized by
P1 = l(z, z′, u), they are rationally equivalent. So, τu = ω2 + ω3 + ω4. The
maps ω2 and ω3 are projectors, giving direct summands Z and Z(n)[2n] of
M(Q), and all three ωi are mutually orthogonal. So, id = τ ◦2u = ω2+ω3+ω

◦2
4 ,

and ω◦24 is a projector too. Thus, M(Q) = Z⊕ Z(n)[2n]⊕ ([Q], ω◦24 ).
The quadric P can be identified with the intersection TQ,z∩TQ,z′∩Q ⊂ Q

and also with the projective quadric of lines on Q passing through z (or
through z′). We get cycle Ψ ∈ CHn−1(Q×P ): {(x, l)|x ∈ l}. It defines maps
ψ : M(Q)→M(P )(1)[2] and ψ∨ : M(P )(1)[2]→M(Q).
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Then, ω4 = ψ∨◦ψ, and ψ◦τu◦ψ∨ = idM(P ). But ψ and ψ∨ are orthogonal
to ω2 and ω3. Thus, idM(P ) = ψ◦τu◦ψ∨ = ψ◦(ω2+ω3+ω4)◦ψ∨ = ψ◦ω4◦ψ∨ =
ψ ◦ψ∨ ◦ψ ◦ψ∨. On the other hand, ψ∨ ◦ψ ◦ψ∨ ◦ψ = ω◦24 . Thus, the maps ψ
and ψ∨ ◦ ψ ◦ ψ∨ define an isomorphism between ([Q], ω◦24 ) and M(P )(1)[2].

Applying Proposition 2.1 inductively we get the following.

Proposition 2.2 (M.Rost [22])
Let Q be completely split quadric of dimension n. Then

M(Q) =

{∑n
i=0 Z(i)[2i], if n is odd ;

(
∑n

i=0 Z(i)[2i])⊕ Z(n/2)[n], if n is even .

In particular, we see that the motive of the smooth odd-dimensional com-
pletely split projective quadric is isomorphic to the motive of the projective
space of the same dimension.

Because CHi(Spec(k)) = 0 for i 6= 0, and CH0(Spec(k)) ∼= Z, we get that

HomChow(k)(Z(i)[2i],Z(j)[2j]) ∼=

{
0 if i 6= j;

Z if i=j.
(*)

Thus, we can compute the Chow groups of a completely split quadric.

Observation 2.3 Let Q be a completely split quadric of dimension n. Then

CHr(Q) =


0, if r < 0, or r > n;

Z, if 0 < r < n, and r 6= n/2;

Z⊕ Z, if r = n/2.

In the situation of a completely split quadric the natural basis for CHr(Q)
is given by hn−r - the class of plane section of codimension n− r in the case
r > n/2, by lr - the class of projective subspace of dimension r, if r < n/2,
and by l1n/2, l

2
n/2 - the classes of n/2-dimensional projective subspaces from

the two different families for r = n/2.

Definition 2.4 For arbitrary quadric Q we define linear function degQ :
CH∗(Q|k)→ Z/2 by the rule that it takes the value 1 on each of the canonical
generators described above.
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Remark: Clearly, the particular choice of the generators is important
only in the case of rank(CHr(Q|k)) = 2, i.e. r = n/2.

If for some smooth projective variety X, the motive M(X) is a direct sum
of Tate-motives, then the pairing EndChow(k)(M(X)) ⊗ CHr(X) → CHr(X)
defines the natural identification: EndChow(k)(M(X)) = ×r EndZ(CHr(X))
(this follows from (*)). In particular, since over the algebraically closed
field quadric is always completely split, we get the item (2) of the following
Proposition. In the same way, since CHi(P ) = 0 for i < 0 and for i > dim(P ),
we get the item (1). The item (2) can be also obtained via the inductive
application of (1).

Proposition 2.5 (M.Rost [23])

(1) Let q = H ⊥ p, then End(M(Q)) = Z × End(M(P )) × Z, where the
first Z is identified with the EndZ(CH0(Q)), and the last Z - with the
EndZ(CH0(Q)).

(2) End(M(Q|k)) = ×r EndZ(CHr(Q|k)).

We will also need the statement inverse to Proposition 2.1.

Proposition 2.6 Suppose q is some quadratic form, such that M(Q) con-
tains Z(l)[2l] as a direct summand. Let m = min(l, dim(Q) − l). Then
q = (m+ 1) ·H ⊥ q′.

Proof: If M(Q) contains Z(l)[2l] as a direct summand, then it also con-
tains Z(dim(Q) − l)[2 dim(Q) − 2l] (if pr ∈ CHdim(Q)(Q × Q) is the corre-
sponding projector, then we can consider the dual one: pr∨, obtained by
switching the factors in Q×Q). So, we can assume that m = l 6 dim(Q)/2.

We have maps: ϕ : M(Q) → Z(l)[2l] and j : Z(l)[2l] → M(Q), s.t.
ϕ ◦ j = idZ(l)[2l]. Via identification: Hom(M(Q),Z(l)[2l]) = CHl(Q) and
Hom(Z(l)[2l],M(Q)) = CHl(Q) our maps ϕ and j correspond to the cycles
A ∈ CHl(Q), and B ∈ CHl(Q). Then ϕ ◦ j ∈ Hom(Z(l)[2l],Z(l)[2l]) =
CH0(Spec(k)) = Z is given by the degree of intersection A ∩ B ∈ CH0(Q).
So, degree(A ∩ B) = 1. This implies: if l < dim(Q)/2, then degree(B) is
odd, and if l = dim(Q)/2 then at least one of degree(A), degree(B) is odd.
Now, everything follows from:
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Lemma 2.6.1 Let 0 6 l 6 dim(Q)/2, and Q has l-dimensional cycle of odd
degree. Then q = (l + 1) ·H ⊥ q′.

Proof: If l = 0 then, by Springer’s Theorem (see [18, VII, Theorem 2.3]),
we get a rational point on Q. So, q is isotropic.

Suppose the statement is proven for any quadratic form p, and for any 0 6
a < l. By taking the intersection of A with the plane section of codimension
l, we get a zero-cycle of odd degree on Q. So, q is isotropic: q = H ⊥ q′. Let x
be any rational point on Q\A (the set of rational points on isotropic quadric
is dense), then Q′ can be identified with the projective quadric of lines on Q,
passing through x. The union of all lines on Q passing through x is the cone
over Q′ with the vertex x, and it is just the intersection R := Q ∩ Tx, where
Tx is a tangent space to Q at x. We have natural projection π : R\x → Q′.
Then π∗(A ∩ Tx) will be an (l − 1)-cycle of odd degree on Q′. By induction,
q′ is l-times isotropic. So, q is (l + 1)-times isotropic. Lemma is proven.

Proposition 2.6 is proven.

6



3 General theorems

Let nowQ be an arbitrary smooth projective quadric. The following theorem,
which will be called Rost Nilpotence Theorem in the sequel (RNT for short),
gives a very important tool in the study of the motive of Q.

Theorem 3.1 (M.Rost,[23])
Let ϕ ∈ End(M(Q)).

(1) If ϕ|k = 0, then ϕ is nilpotent.

(2) If ϕ|k is an isomorphism then ϕ is an isomorphism.

As an immediate corollary we get:

Corollary 3.2 ([24, Lemma 3.12])
Let ξ ∈ End(M(Q)) be some map, s.t. ξ|k is a projector. Then, for some

d, ξ2d
is a projector.

Proof: Let x := ξ2 − ξ ∈ End(M(Q)) = CHm(Q × Q). Since ξ|k is a
projector, x|k = 0. In particular, 2s · x = 0, for some s, since Q is hyperbolic
over some Galois extension F/k of degree 2s, and TrF/k ◦jF/k(x) = [F :
k] · x (here jF/k and TrF/k is the restriction and corestriction maps on Chow
groups). By Theorem 3.1, we have: xt = 0 for some t.

That means, that for some large d:
(
2d

j

)
· xj = 0 for any j > 0.

From the equality: ξ2 = (ξ+x) (and the fact that ξ and x commute), we

get: ξ2d+1
=

∑
06j62d

(
2d

j

)
ξ2d−j · xj = ξ2d

. So, ξ2d
is a projector.

Also we get:

Corollary 3.3 If N is a direct summand of M(Q), s.t. N |k = 0, then
N = 0.

We call a direct summand N of M(Q) indecomposable if it can not be
decomposed into the nontrivial direct sum N = N1 ⊕ N2. Since M(Q|k) is
a direct sum of 2[dim(Q)/2] + 2 indecomposable Tate-motives, we get in the
light of Corollary 3.3:
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Corollary 3.4 Any direct summand of M(Q) is a direct sum of finitely many
indecomposable direct summands.

For a direct summand N of M(Q) we will denote as jN : N → M(Q),
and ϕN : M(Q) → N the corresponding natural morphisms, and as pN ∈
End(M(Q)) the corresponding projector jN ◦ ϕN . We can define:

CHr(N) := pN · CHr(Q) ⊂ CHr(Q),

where pN acts on CHr(Q) via pairing: CHdim(Q)(Q×Q)⊗CHr(Q)→ CHr(Q).
In other words, CHr(N) = Hom(Z(r)[2r], N).

N |k being a direct summand of M(Q|k) is isomorphic to a direct sum of
Tate-motives. In particular, CHr(N |k) is a free abelian group of rank 6 2,
and if rank(CHr(N |k)) = 2, then r = dim(Q)/2 (in particular, dim(Q) is
even), and the natural embedding CHr(N |k)→ CHr(Q|k) is an isomorphism.

Also, the pairing Hom(Z(r)[2r], N) ⊗ Hom(N,N) → Hom(Z(r)[2r], N)
defines an isomorphism EndChow(k)(N |k)→ ×r EndZ(CHr(N |k)). For a given
morphism ψ ∈ End(N) we denote as ψ(r) ∈ EndZ(CHr(N |k)) the r-th com-
ponent of ψ|k in this decomposition.

Let us choose some basis for CH(N |k). In the case rank(CHr(N |k)) = 1,
we choose arbitrary generator of this group (so, it is canonical up to sign),
and in the case rank(CHr(N |k)) = 2, we take ϕN(l1dim(Q)/2) and ϕN(l2dim(Q)/2)
as basis elements. Now we can represent ψ(r) as a square matrix of size 6 2.

Define the canonical linear function degN : CH(N |k) → Z/2 by the rule
that it takes the value 1 on each basis element.

Proposition 3.5 Let N be indecomposable direct summand in M(Q), and
ψ ∈ End(N) be arbitrary morphism. Then

either degN ◦ ψ = degN , or degN ◦ ψ = 0.

In particular, to show thatM(Q) is decomposable it is sufficient to present
morphism ψ ∈ End(M(Q)) such that degQ 6= degQ ◦ ψ 6= 0.

Examples: 1) Suppose the form q is isotropic: q = q′ ⊥ H, that is
projective quadricQ posses the rational point z. Then the cycleQ×z ⊂ Q×Q
defines a morphism ρ ∈ End(M(Q)) such that ρ(0) = 1 and ρ(r) = 0, for all

r 6= 0. So, degQ ◦ ρ coincides with degQ on the group CH0(Q|k) and is zero
on the other Chow groups. Thus, M(Q) is decomposable. Actually, ρ is
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a projector, defining the direct summand Z in the decomposition M(Q) =
Z⊕M(Q′)(1)[2]⊕ Z(m)[2m] (as usually, m := dim(Q)).

2) Let q = 〈〈a, b〉〉 be a two-fold Pfister form, and C be a conic defined by
the form 〈1,−a,−b〉. It is not difficult to show that Q = C×C as an algebraic

variety. In particular we get (algebro-geometric!) map Q
pr1→ C

∆→ Q. It
induces the motivic map ψ ∈ End(M(Q)). Clearly, ψ(0) = 1 and ψ(2) = 0.
So, M(Q) is decomposable. Actually, ψ is the projector, defining the direct
summand M(C) in the Rost decomposition M(Q) = M(C)⊕M(C)(1)[2].

Using Proposition 3.5 we can show that the existence of the reasonable
maps between the indecomposable motives N1 and N2 implies their isomor-
phism. Namely, we have:

Theorem 3.6 (cf. [24, Lemma 3.25])
Let N1 and N2 be indecomposable direct summands in M(Q1)(d1)[2d1] and

M(Q2)(d2)[2d2] respectively, for some d1, d2. Suppose there exist morphisms
α : N1 → N2 and β : N2 → N1, such that the map degN1

◦β ◦α : CH(N1|k)→
Z/2 is nonzero. Then N1

∼= N2.

Corollary 3.7 Let Q be a smooth projective quadric of dimension m, and
N1, N2 be indecomposable direct summands of M(Q). If for some r 6= m/2,
Z(r)[2r] is a direct summand of N1|k and N2|k, then N1

∼= N2.

Proof: Under our assumptions, rank(CHr(Q|k)) = 1 and the natural
embeddings CHr(N1|k) → CHr(Q|k) ← CHr(N2|k) are isomorphisms. Then
the composition degN1

◦(ϕN1◦jN2)◦(ϕN2◦jN1) : CHr(N1|k)→ Z/2 is nonzero.
According to Theorem 3.6, N1

∼= N2.

Theorem 3.8 ([24, Lemma 3.26])
Suppose Q1, Q2 be some smooth projective quadrics, and

α ∈ Hom(M(Q1)(d1)[2d1],M(Q2)(d2)[2d2]),

β ∈ Hom(M(Q2)(d2)[2d2],M(Q1)(d1)[2d1])

be such morphisms, that the composition

degQ1
◦ β ◦ α : CHr(M(Q1)(d1)[2d1]|k)→ Z/2

is nonzero for some r. Then there exist indecomposable direct summands
N1 of M(Q1)(d1)[2d1], and N2 of M(Q2)(d2)[2d2], such that N1 ' N2, and
Z(r)[2r] is a direct summand in Ni|k.

9



Here are two important cases of such a situation.

Corollary 3.9 Let Q1, Q2 be smooth projective quadrics such that Q1|k(Q2)

and Q2|k(Q1) are isotropic (in other words, there exist rational maps Q1 99K
Q2 and Q2 99K Q1). Then there are indecomposable direct summands N1 of
M(Q1) and N2 of M(Q2) such that N1

∼= N2 and N1|k contains Z as a direct
summand.

Proof: The rational maps Q1 99K Q2 and Q2 99K Q1 define motivic maps
α : M(Q1) → M(Q2) and β : M(Q2) → M(Q1) such that (β ◦ α)(0) = 1.
Now we need only to apply Theorem 3.8.

Corollary 3.10 Let Q be smooth anisotropic projective quadric, and N be
indecomposable direct summand of M(Q) such that N |k contains Z as a direct
summand. Then for all 0 6 i < i1(Q), N(i)[2i] is isomorphic to a direct
summand of M(Q).

Proof: Let 0 6 i < i1(Q). Then the quadric Q|k(Q) has a projective
subspace L of dimension i. Let A ⊂ Q×Q be the closure of L ⊂ Spec(k(Q))×
Q ⊂ Q × Q. dim(A) = dim(Q) + i, so A defines a map α : M(Q)(i)[2i] →
M(Q). Let now ρi : M(Q) → M(Q)(i)[2i] be a map, defined by the plane
section of codimension i, embedded diagonally into Q × Q. It is easy to
see that (ρi ◦ α)(i) = 1. Hence, deg ◦ hi ◦ α : CHi(M(Q)(i)[2i]) → Z/2 is
nonzero and, by Theorem 3.8, M(Q)(i)[2i] contains indecomposable direct
summand N1, and M(Q) contains indecomposable direct summand N2 such
that N1

∼= N2 and Z(i)[2i] is a direct summand of N1|k. But, on the other
hand, N(i)[2i] is indecomposable direct summand of M(Q)(i)[2i] and Z(i)[2i]
is a direct summand of N(i)[2i]|k. By Corollary 3.7, N1

∼= N(i)[2i] (we can
clearly assume that dim(Q) > 0, so that the Chow group in question will not
be the middle one). Thus, M(Q) contains a direct summand isomorphic to
N(i)[2i].

Theorem 3.11 Let N1, . . . , Ns be non-isomorphic indecomposable direct sum-
mands of M(Q). Then ⊕s

i=1Ni is isomorphic to a direct summand of M(Q).

Example: Let α = {a1, . . . , an} be a pure symbol in KM
n (k)/2, and Qα

be a Pfister quadric, corresponding to the form 〈〈a1, . . . , an〉〉. We can use
results above to get Rost decomposition of M(Qα).
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Theorem 3.12 (M.Rost, [23])
Let Qα be anisotropic. Then

M(Qα) ∼= ⊕2n−1−1
i=0 Mα(i)[2i] = Mα ⊗M(P2n−1−1),

where Mα is indecomposable motive, and Mα|k = Z⊕ Z(2n−1 − 1)[2n − 2].

Proof: Let Mα be indecomposable direct summand of M(Qα) such that
Z is a direct summand of Mα|k. Then, by Corollary 3.10, Mα(i)[2i] is iso-
morphic to a direct summand of M(Q), for any 0 6 i < i1(qα) = 2n−1.
Clearly, for i 6= j, Mα(i)[2i] is not isomorphic to Mα(j)[2j] (since they are

not isomorphic even over k). By Theorem 3.11, ⊕2n−1−1
i=0 Mα(i)[2i] is a direct

summand of M(Q). We will need the following easy Lemma.

Lemma 3.12.1 Let Q be smooth projective quadric, and L be such direct
summand of M(Q) that L|k = Z. Then Q is isotropic.

Proof: Let A ⊂ Q × Q be the cycle representing the projector pL ∈
End(M(Q)) = CHdim(Q)(Q × Q). Then A|k must be rationally equivalent
to Q × pt. In particular, [A ∩ A∨|k] represents the class of a rational point
on Q × Q|k. So, the degree of the 0-cycle [A ∩ A∨] is 1 and, by Springer’s
theorem, Q is isotropic.

Lemma 3.12.1 implies thatMα|k consists of at least 2 Tate- motives. Then

⊕2n−1−1
i=0 Mα(i)[2i]|k contains at least as many Tate-motives as M(Qα)|k does.

By Corollary 3.3, M(Q) ∼= ⊕2n−1−1
i=0 Mα(i)[2i]. Clearly, Mα|k = Z ⊕ Z(r)[2r],

and r = 2n−1 − 1.

The motive Mα is called the Rost-motive. For n = 1, M{a} = M(k(
√
a)),

and for n = 2, M{a,b} = M(C{a,b}), where C{a,b} is the conic, corresponding
to the form 〈1,−a,−b〉.

4 Indecomposable direct summands in the mo-

tives of quadrics

In this section we will present some results on the structure of indecomposable
direct summands of the motives of quadrics.
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Let Q be smooth projective quadric of dimension m. By Proposition 2.2,
M(Q|k) is a direct sum of Tate-motives. Let us choose this decomposition in
some fixed way. If l 6= m/2, then the direct summand Z(l)[2l] of M(Q|k) is
defined uniquely. And for l = m/2, we choose the corresponding projectors
as (l2m/2 − l1m/2)× l2m/2 ⊂ (Q×Q)|k and l1m/2 × (l2m/2 + l1m/2), where

2 =

{
2, ifm ≡ 0 (mod 4 )

1, ifm ≡ 2 (mod 4 )
. We call the corresponding motives Llo

∼=

Z(m/2)[m] and Lup ∼= Z(m/2)[m] the lower one and the upper one, respec-
tively. In particular, the restriction degQ : CHm/2(L

up) → Z/2 is zero, and

the restriction degQ : CHm/2(Llo)→ Z/2 is surjective.
Let us denote the set of fixed Tate-motivic summands specified above as

Λ(Q). It follows from Definition 6.5, Theorem 6.6, that for arbitrary direct
summand N of M(Q), there exists direct summand N ′ isomorphic to N such
that N ′|k being a summand of M(Q)|k is a direct sum of some part of these
fixed Tate-motives.

For the direct summand N of M(Q) let us denote as Λ(N) the subset of
Λ(Q) consisting of fixed Tate-motives from the decomposition of N ′|k.

Lemma 4.1 Let Q be smooth non-hyperbolic projective quadric. Then the
subset Λ(N) ⊂ Λ(Q) does not depend on the choice of N ′, and so, is correctly
defined and depends only on the isomorphism class of N .

Proof: Suppose that N ′ ∼= N ∼= N ′′, and the sets of fixed Tate-motives in
the decomposition of N ′|k and N ′′|k are different. Let Z(l)[2l] be some fixed
Tate-motive from the decomposition of N ′|k, which is not in the N ′′|k. Then
l = m/2 (because in all other degrees there is only one Tate-motive available,
and N ′ ∼= N ′′). Also, N ′|k and N ′′|k should contain only one Tate-motive of
the type Z(m/2)[m] each. So, we assume that N ′|k contains Lup, and N ′′|k
contains Llo. Now we can assume that N is indecomposable. If Q is not
hyperbolic, then (by Lemma 3.12.1) both N ′|k and N ′′|k should contain at
least one more (this time, common) Tate-motive Z(r)[2r], where r 6= m/2.
Then the map degN ′ ◦ (ϕN ′ ◦ jN ′′)◦ (ϕN ′′ ◦ jN ′) : CHr(N

′|k)→ Z/2 is nonzero.
By Proposition 3.5, degN ′ ◦ (ϕN ′ ◦ jN ′′) ◦ (ϕN ′′ ◦ jN ′) : CHm/2(N

′|k) → Z/2
should be nonzero as well. But the map (ϕLlo

◦ jLup) : Lup → Llo is zero -
contradiction.

12



Clearly, in the hyperbolic case, there is a problem only with the middle-
dimensional part.

We can now state the more precise version of Corollary 3.7.

Lemma 4.2 Let Q be smooth non-hyperbolic projective quadric, and N , M
be non-isomorphic indecomposable direct summands of M(Q). Then Λ(N)∩
Λ(M) = ∅.

Proof: Suppose Z(i)[2i] ∈ Λ(N) ∩ Λ(M). By Corollary 3.7, i = m/2.
Pick from N , M the one with the minimal rank(CHm/2(|k)). Let it be M .

Then the map degM ◦ (ϕM ◦ jN) ◦ (ϕN ◦ jM) : CHi(M |k) → Z/2 is nonzero,
so, by Theorem 3.6, M must be isomorphic to N - a contradiction.

Lemma 4.2, evidently, implies:

Theorem 4.3 Let Z(i)[2i] and Z(j)[2j] be some elements of Λ(Q). The
following conditions are equivalent:

(1) For any direct summand N of M(Q) the conditions: Z(i)[2i] ∈ Λ(N)
and Z(j)[2j] ∈ Λ(N) are equivalent.

(2) There exists indecomposable direct summand N such that Z(i)[2i] ∈
Λ(N) and Z(j)[2j] ∈ Λ(N).

If these conditions are satisfied we say that Z(i)[2i] and Z(j)[2j] are con-
nected. Clearly, this is an equivalence relation.

Let Z(Q) be the set of the isomorphism classes of indecomposable direct
summands of M(Q), and Nz be a representative of the class z. We have the
following:

Corollary 4.4 Let Q be non-hyperbolic quadric. Then:

(1) Λ(Q) =
⊔

z∈Z(Q) Λ(Nz)

(2) M(Q) ∼= ⊕z∈Z(Q)Nz.

13



And Λ(Nz), for z ∈ Z(Q) are exactly the connected components of Λ(Q).
We can visualize this decomposition by denoting each Tate-motive from

Λ(Q) by a •, and connecting the •’s for which Tate-motives are connected.
Example: M(Q{a1,a2,a3}) will look as: •

• • • • • •

•
(here we put Lup above Llo, and the degrees of Tate-motives are increasing
from left to right).

We already saw (Lemma 3.12.1) that the direct summand L of the anisotropic
quadric can not be a form of a Tate-motive, that is, L|k consists of at least
2 Tate-motives. It appears that L|k is always the direct sum of even number
of Tate-motives, and we can provide some restrictions on their degrees.

The following result is basic here.

Proposition 4.5 (cf. [25, proof of Statement])
Let Q be anisotropic quadric of dimension m with i1(q) = 1. Let N be a direct
summand of M(Q), such that N |k contains Z. Then it contains Z(m)[2m].

In other words, if i1(q) = 1, then Z is connected to Z(m)[2m].

Definition 4.6 Let Q be a smooth projective quadric and N be some direct
summand of M(Q). Define:

a(N) := min(r| CHr(N |k) 6= 0);

b(N) := max(r| CHr(N |k) 6= 0);

size(N) := b(N)− a(N).

Clearly, a(M(Q)) = 0; b(M(Q)) = dim(Q) and size(M(Q)) = dim(Q).
We can reformulate Proposition 4.5 as follows: If i1(Q) = 1, then for

arbitrary direct summand N of M(Q), the condition a(N) = 0 is equivalent
to the condition b(N) = dim(Q).

From Proposition 4.5 it is not difficult to deduce:

Corollary 4.7 Let Q be smooth anisotropic projective quadric, and N be
indecomposable direct summand of M(Q) such that a(N) = 0. Then

size(N) = dim(Q)− i1(q) + 1.
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Proposition 4.8 Let Q be smooth anisotropic projective quadric of dimen-
sion m, and N be direct summand of M(Q) such that the map degQ :
CHa(N |k) → Z/2 with 0 6 a 6 i1(q) is nonzero (in other words, Zlo(a)[2a]
belongs to Λ(N)). Then N |k contains Z(a)[2a] ⊕ Z(b)[2b] as a direct sum-
mand, where b = m− i1(q) + 1 + a.

Corollary 4.9 ([25, Corollary 3])
Let P,Q be smooth anisotropic quadrics over the field k. Then:

1) If q|k(P ) and p|k(Q) are isotropic, then

dim(q)− i1(q) = dim(p)− i1(p).

2) If P ⊂ Q is a subquadric, s.t. p|k(Q) is isotopic, then

codim(P ⊂ Q) < i1(q).

3) In the situation of 2), i1(p) = i1(q)− codim(P ⊂ Q).

Proof: 1) Since q|k(P ) and p|k(Q) are isotropic, by Corollary 3.9, there
exist isomorphic direct summands N of M(Q), and M of M(P ) such that
a(N) = 0. By Corollary 4.7, size(N) = dim(Q) − i1(q) + 1, and size(M) =
dim(P )− i1(p) + 1. Since N 'M , we get the equality.

2) and 3) follow from 1), taking into account that i1(p) > 1.

Let k = F0 ⊂ F1 ⊂ . . . ⊂ Fh(q) be the generalized splitting tower of
fields for the quadric Q (see [15, §5]). Applying Proposition 4.8 to the form
qt := (q|Ft)an., we get:

Proposition 4.10 ([25, Statement])
Let Q be smooth anisotropic quadric of dimension m, and N be a direct

summand of M(Q) such that the map degQ : CHa(N |k) → Z/2 is nonzero
for some iW (q|Ft) 6 a < iW (q|Ft+1).
Then N |k contains Z(a)[2a]⊕Z(b)[2b] as a direct summand, where b = m−
iW (q|Ft)− iW (q|Ft+1) + 1 + a.
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Proposition 4.10 shows that all Tate-motives in M(Q|k) come in pairs,
and the structure of these pairs is determined by the splitting pattern of a
quadric.

Example: For the motive of a quadricQ with the splitting pattern (3, 1, 3)
we have the following necessary connections (not to mess with the decompo-
sition into connected components): • • • • • • • • • • • • • •

Corollary 4.11 Let Q be smooth anisotropic quadric, and N be direct sum-
mand of M(Q). Then N |k consists of even number of Tate-motives.

Certainly, the binary connections, specified in Proposition 4.10, in gen-
eral, are not all the existing connections among the elements of Λ(Q). For
example, if Q is generic quadric (given by the form 〈x1, . . . , xn〉 over the field
k(x1, . . . , xn)), then M(Q) is indecomposable, and so, all elements of Λ(Q)
are connected. Nevertheless, we have the situation, where all indecomposable
direct summands are binary.

Example: Let Q be excellent quadric (see [16, Definition 7.7]). Then, by
the result of M.Rost ([22, Proposition 4]), M(Q) is a direct sum of binary
Rost-motives. For example, if q = (〈〈a, b, c, d〉〉⊥−〈〈a, b, c〉〉⊥〈〈a, b〉〉⊥−〈1〉)an.,

then M(Q) looks as:

•

M{a,b,c,d}

•

M{a,b,c,d}(1)[2]

•

M{a,b,c,d}(2)[4]

•
M{a,b,c}(3)[6]

•
M{a,b}(4)[8]

• • • • •

Hypothetically, the excellent quadrics should be the only ones having such
a property.

Conjecture 4.12 Let Q be smooth anisotropic projective quadric. The fol-
lowing two conditions are equivalent:

(1) M(Q) consists of binary motives.

(2) Q is excellent.

At the same time, we have some results which guarantee that particular
elements of Λ(Q) are not connected. Namely, Corollary 3.10 together with
Lemma 4.2 shows that the Tate-motives Z,Z(1)[2], . . . ,Z(i1(q)−1)[2i1(q)−2]
all belong to different connected components of Λ(Q). Here is the general-
ization of this result.
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Theorem 4.13 ([25, Corollary 2])
Let M(Q) be smooth projective quadric, and N be an indecomposable

direct summand of M(Q) such that iW (q|Ft) 6 a(N) < iW (q|Ft+1). Then
for each iW (q|Ft) 6 j < iW (q|Ft+1), the motive N(j − a(N))[2j − 2a(N)] is
isomorphic to a direct summand of M(Q).

Theorem 4.13 implies that if there exists direct summand N of M(Q)
such that iW (q|Ft) 6 a(N) < iW (q|Ft+1), then the Tate-motives Z(j)[2j], for
different iW (q|Ft) 6 j < iW (q|Ft+1), are not connected. In particular, the
binary connections specified above will be the only connections among the
elements of Λ(Q) if and only if, for arbitrary 1 6 t 6 h(q), there exists direct
summand Nt of M(Q) such that iW (q|Ft) 6 a(Nt) < iW (q|Ft+1).

Combining Theorem 4.13 with Proposition 4.10 and Corollary 3.7, we get

Corollary 4.14 ([25, Statement])
Let Q be smooth projective anisotropic quadric, and N be indecomposable

direct summand of M(Q) such that iW (q|Ft) 6 a(N) < iW (q|Ft+1). Then

size(N) = dim(Q)− iW (q|Ft)− iW (q|Ft+1) + 1.

In particular, iW (q|Ft) 6 dim(Q)− b(N) < iW (q|Ft+1).

Corollary 4.14 shows that the size of the indecomposable direct summand
is determined by the place where it starts and the splitting pattern of a
quadric.

The following statement provides sufficient condition for the existence of
a direct summand L with a(L) = l.

Theorem 4.15 ([25, Proposition 1])
Let Q and P be smooth projective quadrics, and l ∈ N. Suppose, for

arbitrary field extension E/k, the conditions: iW (p|E) > 0 and iW (q|E) > l
are equivalent. Then M(Q) has an indecomposable direct summand L, and
M(P ) has an indecomposable direct summand N , such that a(L) = l, a(N) =
0, and L ∼= N(l)[2l].

The natural question arises: if the converse is true as well?

Question 4.16 ([25, Question 1])
Are the following conditions equivalent?
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(1) Q contains a direct summand L with a(L) = l.

(2) There exists quadric P/k, such that, for arbitrary field extension E/k,
the conditions: iW (p|E) > 0 and iW (q|E) > l are equivalent.

The following stronger version of Theorem 4.15 is often useful.

Theorem 4.17 Let Q and P be smooth projective quadrics, and n,m ∈ N.
Suppose, for arbitrary field extension E/k, the conditions: iW (p|E) > n and
iW (q|E) > m are equivalent. Suppose M(P ) has an indecomposable direct
summand N such that a(N) = n. Then M(Q) has an indecomposable direct
summand M ∼= N(m− n)[2m− 2n]. In particular, a(M) = m.

As a corollary we get the criterion of motivic equivalence for quadrics.

Theorem 4.18 ([24, Theorem 1.4.1], see also [13])
Let P and Q be smooth projective quadrics of the same dimension. Then

the following conditions are equivalent:

(1) M(P ) ∼= M(Q);

(2) For arbitrary field extension E/k, iW (p|E) = iW (q|E).

Proof: (1) ⇒ (2): By Proposition 2.1 and Proposition 2.6, iW (p|E) is
equal to the half the number of Tate-motives which split from M(P |E). Since
M(P |E) ∼= M(Q|E), we get desired equality.

(2)⇒ (1): We can clearly assume that both our quadrics are not hyper-
bolic. Then, by Corollary 4.4, M(Q) ∼= ⊕z∈Z(Q)Nz, and M(P ) ∼= ⊕y∈Z(P )My,
where Z(Q) and Z(P ) are sets of isomorphism classes of indecomposable di-
rect summands of M(Q) and M(P ), respectively. By Theorem 4.17, for each
z ∈ Z(Q) there exists y(z) ∈ Z(P ), such that My(z)

∼= Nz, and vise-versa, for
each y ∈ Z(P ) there exists z(y) ∈ Z(Q), such that Nz(y)

∼= My. This gives
us bijection: Z(Q) = Z(P ), and an isomorphism M(Q) ∼= M(P ).

Another restriction on the structure of the indecomposable direct sum-
mands comes from the fact that such motives are symmetric with respect
to flipping over. That is, N∨ ∼= N(j)[2j], for some j (here N∨ is the direct
summand dual to N).
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Theorem 4.19 ([25, Corollary 1])
Let Q be smooth projective anisotropic quadric of dimension m, and N

be indecomposable direct summand of M(Q). Then

N∨ ∼= N(r)[2r], where r = m− a(N)− b(N).

Proof: It is clear that proving the statement forN is equivalent proving it
for N∨. So, we can assume that either a(N) = b(N) = m/2, or b(N) > m/2.
In the former case, N |k = Z(m/2)[m] ⊕ Z(m/2)[m] = N∨|k (since it should
consists of at least 2 Tate-motives), and so, N ∼= N∨, by RNT. So, we can
assume that b(N) > m/2. On the other hand, by Corollary 4.14, there exists
1 6 t < h(Q) such that iW (q|Ft) 6 a(N), (m − b(N)) < iW (q|Ft+1). By
Theorem 4.13, for r = m − a(N) − b(N), N(r)[2r] is isomorphic to a direct
summand of M(Q), and a(N(r)[2r]) = m − b(N) = a(N∨). By Corollary
3.7, N∨ ∼= N(r)[2r].

As we saw above, if N is indecomposable direct summand of the motive
of anisotropic quadric, then N |k consists of even number of Tate-motives. In
the case, when N |k is binary, we have severe restrictions on it’s size.

Theorem 4.20 ([9, Theorem 6.1])
Let Q be smooth anisotropic projective quadric, and N be a direct sum-

mand of M(Q), such that N |k = Z(a)[2a]⊕Z(b)[2b]. Then size(N) = 2r− 1,
for some r.

The proof of Theorem 4.20 uses the techniques developed by V.Voevodsky
for the proof of Milnor conjecture (see [28]). In particular, one has to work in
the bigger triangulated category of mixed motives DM eff (k) (see [27]) and
use motivic cohomological operations of V.Voevodsky.

Remark: Originally, Theorem 4.20 was proven in the assumption that
char(k) = 0, since at that time the technique of V.Voevodsky required such
an assumption. Hopefully, due to the new results of V.Voevodsky ([29]), we
can now just assume that char(k) 6= 2.

One can notice that the size of binary motives takes the same values as
the size of Rost-motives. Moreover, we can state:

Conjecture 4.21 ([5, Conjecture 3.2],[26, Conjecture 2.8])
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Let Q be smooth anisotropic quadric, and N be a binary direct summand
of M(Q). Then there exists r ∈ N, and pure symbol α ∈ KM

r (k)/2 such that
N ∼= Mα(j)[2j] for some j.

It is not difficult to show that Conjecture 4.21 implies Conjecture 4.12.
Moreover, Theorem 4.20 shows that if M(Q) consists of binary motives, then
the splitting pattern of Q coincides with the splitting pattern of the excel-
lent quadric of the same dimension. It gives some ground for the following
important conjecture on the decomposition of the motive of a quadric. Let
Q and P be some anisotropic quadrics of the same dimension. Then Λ(Q)
can be naturally identified with Λ(P ).

Conjecture 4.22 Let Q be smooth anisotropic quadric, and P be excellent
quadric of the same dimension. Let Λ(Q)

ϕ
= Λ(P ) be the natural identifica-

tion. Then: ϕ(λ) connected to ϕ(µ) ⇒ λ connected to µ.

Conjecture 4.22 says that aside from binary connections, corresponding
to the splitting pattern of Q (Proposition 4.10), we should have binary con-
nections, corresponding to the excellent splitting pattern. Moreover, we get
not just one additional set of binary connections, but h(Q) such sets, since we
can apply Conjecture 4.22 to qt := (q|Ft)an., for 1 6 t 6 h(Q). In particular,
the more splitting pattern of Q differs from the excellent splitting pattern,
the less decomposable M(Q) should be.

5 Some applications

In this section we list some applications of the technique described above.

Higher forms of the motives of quadrics

In Theorem 3.12 it was shown that the motive of a Pfister quadric Q{a1,...,an}
decomposes into 2n−1 pieces isomorphic up to shift by the Tate-motive. This
appears to be the particular case of the following general result.

Theorem 5.1 ([24, Theorem 4.1])
Let α = {a1, . . . , an} ∈ KM

n (k)/2 be some pure symbol, p some (nonde-
generate) quadratic form, and r := 〈〈α〉〉 · p. Then there exists some direct
summand Fα(M(P )) of M(R) such that
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M(R) = Fα(M(P ))⊗M(P2n−1), if dim(p) is even, and

M(R) = (Fα(M(P ))⊗M(P2n−1))⊕M(Qα)(a)[2a], where a = dim(R)/2−
2n−1 + 1, if dim(p) is odd.

Proof: We use the following well-known Lemma.

Lemma 5.2 If form r is divisible by n-fold Pfister form 〈〈α〉〉, then it(r), for
0 6 t < h(r) as well as (ih(r)(r) + dim(r)/2) is divisible by 2n.

Proof: Let F0 ⊂ . . . ⊂ Fh(r) be the generalized splitting tower for r, and
0 6 t 6 h(r). Then rt−1 := (r|Ft−1)an. = 〈〈α〉〉 · pt−1 and rt := (r|Ft)an. =
〈〈α〉〉 · pt for some forms pt−1/Ft−1 and pt/Ft. If the difference dim(pt) −
dim(pt−1) is odd, then one of the forms rt−1, rt is in In+1 and another is
not. Clearly, then rt ∈ In+1(Ft) and rt−1 /∈ In+1(Ft−1). More precisely,
rt−1 ≡ 〈〈α〉〉 (mod In+1(Ft−1) ). Then the form 〈〈α〉〉|Ft must be hyperbolic.
But if t < h(r), then Ft is obtained from k inductively by adjoining the
generic points of quadrics of dimension > 2n− 2. Hence 〈〈α〉〉 was hyperbolic
already over the base field, r is hyperbolic, 0 = t = h(r) - contradiction. This
shows that for t < h(r), the difference dim(pt)−dim(pt−1) is even and it(r) is
divisible by 2n. Since ih(r) = dim(r)/2−

∑
t<h(r) it(r), we get the statement.

Let 0 < t 6 h(r), and Yt be the set of isomorphism classes of indecompos-
able direct summands N of M(R), such that iW (r|Ft−1) 6 a(N) < iW (r|Ft).
By Theorem 4.13 and Lemma 4.2, if Yt is nonempty, then Yt can be identi-
fied with the set of integers from the interval [iW (r|Ft−1), iW (r|Ft)− 1], and,
with this identification, a(Ny) = y. Also, Ny2 = Ny1(y2 − y1)[2(y2 − y1)],
for any y1, y2 ∈ Yt. If we put yt

0 := iW (r|Ft−1), then, by Lemma 5.2, for any
0 6 t < h(r),

(⊕y∈YtNy) ∼= Nyt
0
⊗ (⊕2n−1

j=0 Z(j)[2j])⊗ (⊕it(r)/2n

l=0 Z(l · 2n)[l · 2n+1]).

The same will be true for t = h(r), if ih(r)(r) is divisible by 2n, that is, dim(p)
is even. Denote: m := dim(R). By Corollary 4.4,

M(R) ∼= ⊕
z∈Z(Q)

Nz
∼= ⊕

06j<iW (r)
(Z(j)[2j]⊕Z(m−j)[2m−2j])⊕ ( ⊕

0<t6h(r)
⊕y∈YtNy).
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In the case dim(p) - even, we get that M(R) is (uniquely, up to isomorphism)
divisible by (⊕2n−1

j=0 Z(j)[2j]) (we remind that iW (r) is also divisible by 2n).
In the case dim(p) - odd, we need to show that⊕y∈Yh(r)

Ny
∼= M(Qα)(a)[2a],

where a = m/2−2n−1 +1. In other words, that N
y

h(r)
0

∼= Mα(a)[2a]. This fol-

lows from Theorem 4.15, since for arbitrary field extension E/k, iW (r|E) > a
⇔ the form r|E is hyperbolic ⇔ 〈〈α〉〉|E is isotropic.

One can notice that Fα(M(P ))|k consists of as many Tate-motives as
M(P )|k, but they are 2n-times further apart than the Tate-motives from
M(P )|k. We would like to call Fα(M(P )) the higher form of M(P ). So, we
have some kind of action of the semigroup of pure symbols from KM

∗ (k)/2 on
the motives of quadrics.

Example: 1) Let p = 〈1,−b,−c,−d〉, where {−bcd} 6= 0 and {−bcd} does
not divide {b, c} ∈ KM

∗ (k)/2, and α = {a}. Then M(P ) looks as: •
• •

•

and M(R) looks as: •
•

F{a}(M(P ))

• • • • •
•

F{a}(M(P ))(1)[2]

(we have dotted lines here since F{a}(M(P )) is, in general, decomposable
(when {a,−bcd} divides {a, b, c}, or {a,−bcd} = 0)).

2) Let p = 〈1,−c,−d〉, and α = {a, b}. Then M(P ) looks as: • • and

M(R) looks as •

•

F{a,b}(M(P ))

•

F{a,b}(M(P ))(1)[2]

•

F{a,b}(M(P ))(2)[4]

•

F{a,b}(M(P ))(3)[6]

•

M{a,b}(4)[8]

• • • • •

• M{a,b}(5)[10]

where F{a,b}(M(P )) ∼= M{a,b,c,d}.
As we saw in the example 2) above, the Rost-motive is a particular case

of a higher form. These are the higher forms of 0-dimensional quadrics.
Namely, M{a1,...,an} = F{a2,...,an}(M(k

√
a1)).

We expect that Fα act not only on the motives of quadrics, but also
on all their direct summands. More precisely, we can state the following
conjecture. Let ϕ : Λ(P )→ Λ(Fα(M(P ))) be the natural identification such
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that the ordering of the degrees of the Tate-motives is preserved, and the
degree of ϕ(Lup) is bigger than the degree of ϕ(Llo).

Conjecture 5.3 Under the natural identification Λ(P )
ϕ
= Λ(Fα(M(P ))),

ϕ(λ) is connected to ϕ(µ) ⇒ λ is connected to µ. In other words, Fα pre-
serves the direct sum decomposition.

Dimensions of anisotropic forms in In

Let W (k) be the Witt-ring of quadratic forms over k, and I ⊂ W (k) be
the ideal of even-dimensional forms. I generates multiplicative filtration
W (k) ⊃ I ⊃ I2 ⊃ . . . ⊃ In ⊃ . . . on W (k), and due to the results of
V.Voevodsky, the corresponding graded ring is isomorphic to Milnor’s K-
theory of k (mod 2 ).

The important problem in quadratic form theory is to describe possible
dimensions of anisotropic forms in In. Basic here is the following famous
result.

Hauptsatz 1 (Arason-Pfister)
Let q be anisotropic form in In. Then:

(1) Either q = 0, or dim(q) > 2n.

(2) If dim(q) = 2n, then q is proportional to a Pfister form.

At the same time, A.Pfister proved that there are no 10-dimensional
anisotropic forms in I3 (see [21]), which showed that there are further restric-
tions on dim(q). And it was conjectured (see, for example, [11, Conjecture
9]) that the next possible dimension after 2n is 2n + 2n−1. In the case n = 4,
this conjecture was proven by D.Hoffmann (see [4, Main Theorem]). Now we
can prove it for all n.

Theorem 5.4 ([26, Main Theorem])
Let q be anisotropic form in In. Then

dim(q) is either 0, or 2n, or > 2n + 2n−1.
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Remark: Originally, this theorem was proven under additional condition
char(k) = 0. Then it was extended to the case of arbitrary characteristic
(6= 2) by P.Morandi, who proved, that if d ∈ N is the dimension of some
anisotropic form from In in odd characteristic p, then it is the dimension
of some anisotropic form from In in characteristic 0. Now, due to the new
results of V.Voevodsky ([29]), we can drop this characteristic restriction in
our original theorem.

Proof: Suppose it is not the case. Then there exists anisotropic q ∈
In(k), such that 2n < dim(q) < 2n+2n−1. Let us choose such counterexample
of the smallest possible dimension (among all forms over all fields). Let s ⊂ q
be arbitrary 2n−1-dimensional subform. By the result of D.Hoffmann ([2]),
there exists field extension F/k, and anisotropic n-fold Pfister form 〈〈α〉〉 over
F , such that s|F ⊂ 〈〈α〉〉, and all forms anisotropic over k stay anisotropic
after restricting to F . Let us denote: q1 := q|F , q2 := (q|F ⊥ −〈〈α〉〉)an..
Then dim(q1) = dim(q) and dim(q2) 6 dim(q).

Let E/F be some extension, such that dim((qi|E)an.) < dim(q). Then
(qi|E)an. is not a counterexample, and by Hauptsatz, (qi|E)an. is either 0, or
proportional to some n-fold Pfister form 〈〈β〉〉. But (q3−i|E)an. = ((qi|E)an. ⊥
±〈〈α〉〉))an.. And, by the result of R.Elman and T.Y.Lam ([1]), dim((〈〈α〉〉 ⊥
λ · 〈〈β〉〉)an.) is either 2n+1, or 2n+1 − 2i+1, where 0 6 i 6 n, for any n-
fold Pfister forms 〈〈α〉〉 and 〈〈β〉〉. So, such dimension is either > 2n + 2n−1,
or 6 2n. Hence, dim((q3−i|E)an.) < dim(q) as well. Thus, the conditions
dim((qi|E)an.) < dim(q) and dim((q3−i|E)an.) < dim(q) are equivalent.

In particular, dim(q2) = dim(q), and the forms q1|F (Q2) and q2|F (Q1) are
isotropic. By Corollary 3.9, M(Qi) contains indecomposable direct summand
Ni, such that a(Ni) = 0, and N1

∼= N2. Notice that since qi is a counterex-
ample of the smallest possible dimension, the height of qi is 2. That is, the
splitting pattern of qi is (j, 2n−1), where 0 < j < 2n−2. Then, by Corollary
4.7, size(Ni) = 2n + j − 1 6= 2r − 1, for any r. By Theorem 4.20, Ni is
not binary, and so, Λ(Ni) must contain some Tate-motives Z(c)[2c] from the
2-nd shell (that is, with j 6 min(c, dim(Qi) − c)). But then, for arbitrary
field extension E/F , Ni|E splits into the direct sum of Tate-motives if and
only if qi|E is hyperbolic (by Proposition 2.1 and Proposition 2.6). Since
N1
∼= N2, we get, that, for arbitrary field extension E/F , q1|E is hyperbolic

if and only if q2|E is hyperbolic. This is impossible, since q1 and q2 differ
by a non-hyperbolic Pfister form 〈〈α〉〉 (take, for example, E = F2 - the last
field from the generalized splitting tower for q1). We get a contradiction, and
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Theorem is proven.

The following Conjecture describes all possible dimensions of anisotropic
forms in In.

Conjecture 5.5 ([26, Conjecture 4.11])
Let q ∈ In(k) be anisotropic form. Then dim(q) is either 2n+1 − 2i+1,

where 0 6 i 6 n, or is even > 2n+1.

It is not difficult to show that all the values, prescribed by Conjecture
5.6, are indeed realized by appropriate forms.

Motivic decomposition and stable birational equivalence
of 7-dimensional quadrics

As an illustration of the general methods described above, we will classify
7-dimensional quadrics in terms of motivic decomposition. This classification
was an essential step in the proof of the criterion of O.Izhboldin for stable
birational equivalence of 7-dimensional quadrics.

In [7], O.Izhboldin classified anisotropic 9-dimensional forms into 4 dif-
ferent types:

(1) q is a neighbor of some 4-fold Pfister form 〈〈α(q)〉〉.

(2) q is not a neighbor, and, for some λ ∈ k∗, λq differs by a 3-dimensional
anisotropic form r(q) = 〈1〉 ⊥ r′(q) from some 3-fold Pfister form
〈〈β(q)〉〉.

(3) q is not a neighbor and q is a codimension 1 subform of the anisotropic
form of the type 〈〈a〉〉 × 〈b1, b2, b3, b4, b5〉.

(4) all other forms.

Theorem 5.6 (O.Izhboldin, [7])
Let p and q be anisotropic 9-dimensional forms.

(a) Suppose p|k(Q) and q|k(P ) are isotropic (in other words, the quadrics P
and Q are stably birationally equivalent). Then p and q have the same
type.

25



(b) For 4 different types described above, P is stably birationally equivalent
to Q if and only if:

(1) α(p) = α(q);

(2) r(p) = r(q), and β(p)|k(r(p)) = β(q)|k(r(p)).

(3) q is a codimension 1 subform of 〈〈a〉〉 × 〈b1, b2, b3, b4, b5〉, p is a
codimension 1 subform of 〈〈c〉〉 × 〈d1, d2, d3, d4, d5〉, and these 10-
dimensional forms contain proportional 9-dimensional subforms;

(4) q is proportional to p.

The 4 classes above have the following motivic interpretation.

Proposition 5.7 (O.Izhboldin)
Let Q be smooth anisotropic quadric of dimension 7. Then the decompo-

sition of M(Q) into indecomposables looks as:

(i) • • • • • • • •⇔ Q is excellent.

(ii) • • • • • • • •⇔ q is a neighbor of a 4-fold Pfister form 〈〈α〉〉, for some
a ∈ k∗, q|k√a is completely split, and q is not excellent.

(iii) • • • • • • • •⇔ q is a Pfister neighbor, and for any a ∈ k∗, q|k√a is not
completely split.

(iv) • • • • • • • •⇔ q is not a Pfister neighbor, and there exists a 3-dimensional
anisotropic form r3(q) such that (q ⊥ r3(q))an. is proportional to a 3-
fold Pfister form 〈〈β〉〉.

(v) • • • • • • • •⇔ q is not a Pfister neighbor, and for some a ∈ k∗, q|k√a

is completely split.

(vi) • • • • • • • •⇔ q is not a Pfister neighbor, for any a ∈ k∗, q|k√a is
not completely split, and q is not proportional to (〈〈β〉〉 ⊥ r)an., for any
3-fold Pfister form 〈〈β〉〉 and any 3-dimensional form r.

We start with the forms of dimension 5 and 7.
Following B.Kahn, we introduce the notion of dimn(q).
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Definition 5.8 For n ∈ N we define

dimn(q) := min(dim(q′) | q ⊥ q′ ∈ In(k)).

If dimn(q) < 2n−1, then the form q′ with dim(q′) = dimn(q), and q ⊥ q′ ∈
In(k) is defined uniquely, and it will be denoted as rn(q).

The element π(q ⊥ rn(q)) ∈ KM
n (k)/2, in this case, will be denoted as

ωn(q) (here π is a natural projection In(k)→ KM
n (k)/2).

Example: For odd dimensional form q, dim2(q) = 1, r2(q) = 〈det±(q)〉,
and ω2(q) corresponds to C(q) via identification KM

2 (k)/2 = Br2(k).
The sequence of higher Witt indices (i1(q), . . . , ih(q)(q)) will be denoted

as i(q), and called the splitting pattern of q.

Proposition 5.9 Let Q be smooth anisotropic quadric of dimension 3. Then
the motive of Q looks as:

(i) • • • •⇔ Q is excellent;

(ii) • • • •⇔ Q is not excellent.

Proof: Since i(q) is always (1, 1), by Proposition 4.10, we have the fol-
lowing necessary connections (not to mess with the indecomposable direct
summands) in Λ(Q): • • • •. If Q is excellent, then, by the result of M.Rost
([22, Proposition 4]), these are all the existing connections, and M(Q) is a
direct sum of binary Rost-motives. Conversely, let M(Q) has only binary
connections specified above. Consider the form p := q ⊥ 〈det±(q)〉. Then
P is an Albert quadric, and for arbitrary field extension E/k, iW (q|E) > 1
if and only if iW (p|E) > 1. If there exists indecomposable direct summand
M of M(Q), such that a(M) = 1, then by Theorem 4.17 , M is isomorphic
to some direct summand M ′ of M(P ). Then, by Theorem 4.13, M ′(1)[2] is
also a direct summand of M(P ). Suppose, P is anisotropic. Then, if N is an
indecomposable direct summand of M(Q) such that a(N) = 0, then Λ(N)
does not contain Z(1)[2], or Llo. By Proposition 4.10, N is binary of size 4
- in contradiction with Theorem 4.20. So, P is isotropic, and Q is excellent.

Proposition 5.10 Let Q be smooth anisotropic quadric of dimension 5.
Then the motive of Q looks as:
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(i) • • • • • •⇔ Q is excellent ⇔ i(q) = (3);

(ii) • • • • • •⇔ dim3(q) = 3 ⇔ q|k√a is completely split for some a ∈ k∗,
and q is not excellent. In this case, i(q) = (1, 1, 1);

(iii) • • • • • •⇔ dim3(q) > 3 ⇔ q|k√a is not completely split for any a ∈ k∗.
In this case, i(q) = (1, 1, 1);

Proof: The fact that i(p) = (3) ⇔ Q is excellent is well-known. By
the result of M.Rost ([22, Proposition 4]), if Q is excellent, M(Q) has the
specified decomposition. Finally, if M(Q) has a direct summand of the form
• ◦ ◦ • ◦ ◦, then, by Corollary 4.14, i(p) = (3).

Now we can assume that i(p) = (1, 1, 1). By Proposition 4.10, inM(Q) we
have connections (not to mess with the indecomposable direct summands) of
the form• • • • • •. Let us show that Z is connected to Z(2)[4]. Since there are
no binary direct summands of size 5 (by Theorem 4.20), Z must be connected
either to Z(1)[2], or to Z(2)[4]. Suppose, Z(2)[4] is not connected to Z(1)[2].
Then, for q1 := (q|k(Q))an., M(Q1) looks as • • • •, and, by Proposition 5.9,
q1 is excellent. In particular, dim3(q1) = 3. Consider p = q ⊥ 〈det±(q)〉.
Then p ∈ I2(k), and π(p|k(Q)) ∈ KM

2 (k(Q))/2 is a pure symbol (π here is the
natural projection In(F ) → KM

n (k)/2). By the index-reduction formula of
A.Merkurjev ([20]), π(p) ∈ KM

2 (k)/2 is a pure symbol. Then, it is well-known
(see, for example, [3]), that p = 〈〈a〉〉 · 〈b1, b2, b3, b4〉. By Theorem 5.1, M(P )
decomposes as: •

• • • • • •
•

In particular, if L is indecomposable direct

summand of M(P ) such that a(L) = 0, then L|k does not contain Z(1)[2].
But i1(p) = 2, and q is a codimension 1 subform in p. So, the forms p|k(Q) and
q|k(P ) are isotropic, and by Corollary 3.9, L is isomorphic to a direct summand
of M(Q). This shows that Z is not connected to Z(1)[2] (if Z(1)[2] is not
connected to Z(2)[4]). The conclusion is: in the case of a splitting pattern
(1, 1, 1), Z is always connected to Z(2)[4]. So, in M(Q) we have necessary
connections (not to mess with the indecomposable direct summands) of the
form: • • • • • • . If M(Q) has decomposition as in (ii), then Z(1)[2] is not
connected to Z(2)[4], and, as we saw above, then there exists a ∈ k∗, such
that q|k√a is completely split. Conversely, if q is a codimension 1 subform of
the anisotropic form 〈〈a〉〉 · 〈b1, b2, b3, b4〉, then, Z is not connected to Z(1)[2],
and, if q is not excellent, M(Q) decomposes into indecomposables as in (ii).
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It is easy to see that for anisotropic 7-dimensional form q, dim3(q) = 3 if and
only if q is non-excellent, and there exists a ∈ k∗ such that q|k√a is completely
split.

Lemma 5.11 Let Q be anisotropic 7-dimensional quadric. Suppose, Z(1)[2]
is not connected to Z(2)[4] in Λ(Q). Then dim3(q) 6 3.

Proof: By the result of D.Hoffmann (see [2, Corollary 1]), i1(q) = 1.
Let q1 = (q|k(Q))an.. Then dim(q1) = 7, and in M(Q1), Z is not con-
nected to Z(1)[2]. By Proposition 5.10, dim3(q1) 6 3. Then by the result
of B.Kahn ([10, Theorem 2]), which, in our case, basically amounts to the
index-reduction formula of A.Merkurjev, we get that dim3(q) 6 3.

Lemma 5.12 Let Q be anisotropic 7-dimensional quadric. Then the follow-
ing conditions are equivalent:

(a) Z(1)[2] is not connected to Z and Z(2)[4] in Λ(Q).

(b) there exists a ∈ k∗ such that q|k√a is completely split.

Proof: (a) ⇒ (b): Consider the form p := q ⊥ 〈det±(q)〉. Then p ∈
I2(k), and, by Lemma 5.11, π(p) ∈ KM

2 (k)/2 is a pure symbol (possibly,
zero). Suppose p is anisotropic. Then π(p) 6= 0, and the splitting pattern
of p is (1, 2, 2). Since Z is not connected to Z(1)[2] in Λ(Q), there exists
indecomposable direct summand L of M(Q) such that a(L) = 1. But, for
arbitrary field extension, E/k, iW (q|E) > 1 if and only if iW (p|E) > 1 (since
i2(p) = 2 > 1). Hence, by Theorem 4.17, L is isomorphic to a direct summand
M of M(P ). Then a(M) = 1, b(M) = 6 (by Corollary 4.14), and so, by
Theorem 4.20, M is not binary. Taking into account that M(1)[2] is also a
direct summand of M(P ) (by Theorem 4.13), we get that M must look as:

•
◦ • ◦ • ◦ • ◦ ◦

◦

. Then the direct summand of M(P ) complimentary

to M ⊕M(1)[2] will be binary of size 8 - contradiction with Theorem 4.20.
Hence p is isotropic. Since π(p) ∈ KM

2 (k)/2 is a pure symbol, there exists
a ∈ k∗, such that p|k√a is hyperbolic. Consequently, q|k√a is completely split.

(b) ⇒ (a): If q|k√a is completely split. Then p := q ⊥ 〈det±(q)〉 is
isotropic, and pan. is divisible by 〈〈a〉〉. Then, by Lemma 5.2, i1(pan.) > 1, and
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so, for arbitrary field extension E/k, iW (p|E) > 0 if and only if iW (q|E) > 1.
By Theorem 4.15, there are indecomposable direct summands M of M(Pan.)
and L of M(Q) such that L ∼= M(1)[2], and a(L) = 1 (respectively, a(M) =
0). Since i1(pan.) > 1, by Theorem 4.13 and Corollary 3.7, M |k does not
contain Z(1)[2]. Thus, L|k does not contain Z(2)[4]. Evidently, L|k does not
contain Z. So, Z(1)[2] is connected neither to Z, nor to Z(2)[4].

Lemma 5.13 Let Q be anisotropic 7-dimensional quadric. Then the follow-
ing conditions are equivalent:

(a) Z(2)[4] is not connected to Z and Z(1)[2] in Λ(Q).

(b) dim3(q) 6 3, and (q ⊥ r3(q))an. is proportional to some anisotropic
3-fold Pfister form.

Proof: (a) ⇒ (b): By Lemma 5.11, dim3(q) 6 3. Certainly, dim3(q)
is odd. If dim3(q) = 1, then q is excellent. Suppose dim3(q) = 3. Let
p := q ⊥ r3(q) ∈ I3(k). Since Z(2)[4] is not connected to Z and Z(1)[2]
in Λ(Q), we get direct summand L of M(Q) with a(L) = 2. Since q is
a codimension 3 subform of p, and for arbitrary field extension E/k, the
conditions: iW (p|E) > 2 and iW (p|E) > 5 are equivalent, the conditions:
iW (p|E) > 2 and iW (q|E) > 2 are equivalent as well. Then, by Theorem 4.17,
L is isomorphic to a direct summand M of M(P ). By Theorem 4.13 and
Theorem 3.11, ⊕3

j=0M(j)[2j] is isomorphic to a direct summand of M(P ). In
particular, Z(l)[2l] with 2 6 l 6 8 are not connected to Z in Λ(P ). Suppose
p is anisotropic. Then the indecomposable direct summand N of M(P ) with
a(N) = 0 must be binary of size 9 - in contradiction with Theorem 4.20. So,
p is isotropic, and pan. is proportional to some 3-fold Pfister form.

(a)⇒ (b): Let q = (λ · 〈〈β〉〉 ⊥ −r3(q))an., where 〈〈β〉〉 is some anisotropic
3-fold Pfister form, dim(r3(q)) 6 3, and dim(q) = 9. Then, for any field
extension E/k, iW (q|E) > 2 ⇔ iW (p|E) > 0. By Theorem 4.15, the Rost-
motive Mβ(2)[4] is a direct summand of M(Q). In particular, Z(2)[4] is not
connected to Z and to Z(1)[2].

Lemma 5.14 (N.Karpenko, [14, Theorem 1.7])
Let Q be anisotropic 7-dimensional quadric. Then the following condi-

tions are equivalent:
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(a) M(Q) has binary direct summand of the form: • ◦ ◦ ◦ ◦ ◦ ◦ •

(b) q is a neighbor of a 4-fold Pfister form.

Proof: (b) ⇒ (a): If q is a neighbor of a Pfister form 〈〈a1, a2, a3, a4〉〉,
then, by the result of M.Rost ([22, Proposition 4]), the binary Rost-motive
M{a1,a2,a3,a4} is a direct summand of M(Q).

(a)⇒ (b): Let N be the specified binary direct summand. Then, by the
result of O.Izhboldin (see [5, Theorem 3.1], [9, Theorem 6.9]), there exists
nonzero element α ∈ Ker(KM

4 (k)/2 → KM
4 (k(Q))/2) (again, due to the new

results of V.Voevodsky ([29]), now the proof of [9, Theorem 6.9] works in
arbitrary characteristic (6= 2)). Due to the result of B.Kahn, M.Rost and
R.J.Sujatha (see [12, Theorem 1]), α must be a pure symbol. Then 〈〈α〉〉|k(Q)

is hyperbolic, and q is a neighbor of 〈〈α〉〉.

Lemma 5.15 Let Q be anisotropic quadric of dimension 7. Then the fol-
lowing conditions are equivalent:

(a) Q is excellent;

(b) i(q) = (1, 3);

(c) M(Q) has binary direct summand of the form: ◦ • ◦ ◦ • ◦ ◦ ◦ .

Proof: It is well-known that (a) ⇔ (b). Suppose Q is excellent (i.e,
defined by a form (〈〈a, b, c, d〉〉 ⊥ −〈〈a, b, c〉〉 ⊥ 〈1〉)an., where {a, b, c, d} 6=
0), then, by the result of M.Rost ([22, Proposition 4]), the binary motive
M{a,b,c}(1)[2] is a direct summand of M(Q). So, (a) ⇒ (c). Finally, if
M(Q) has specified direct summand then, by Corollary 4.14, i2(q) = 3, and
i(q) = (1, 3). Thus, (c)⇒ (b).

Now we can prove Proposition 5.7.
By the result of D.Hoffmann ([2, Corollary 1]), i1(q) = 1. Hence, i(q) is

either (1, 3), or (1, 1, 1, 1). By Lemma 5.15, i(q) = (1, 3) ⇔ Q is excellent ⇔
M(Q) has a decomposition as in (i).

Now we can assume that i(q) = (1, 1, 1, 1). Then, by Proposition 5.10, in
Λ(Q) we have necessary connections of the form: • • • • • • • •.

So, the question is: which of these pieces are connected, and which are
not. We get 5 cases:
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(1) all three Z, Z(1)[2], Z(2)[4] are disconnected;

(2) Z(1)[2] is connected to Z(2)[4], but not to Z;

(3) Z(1)[2] is connected to Z, but not to Z(2)[4];

(4) Z is connected to Z(2)[4], but not to Z(1)[2];

(5) all three Z, Z(1)[2], Z(2)[4] are connected.

Clearly, these cases correspond to the cases: (ii), (iii), (iv), (v) and (vi)
of Proposition 5.7, respectively. Applying Lemma 5.12, Lemma 5.13 and
Lemma 5.14, we get the description of the corresponding quadrics in terms
of quadratic form theory. Proposition is proven.

Remark: We can notice that the Conjecture 4.22 is valid for quadics of
dimension 3, 5 and 7.

We see that the 4 classes of forms of O.Izhboldin have the following mo-
tivic interpretation: (1) corresponds to the cases (i), (ii), and (iii) of Propo-
sition 5.7; (2) corresponds to (iv); (3) corresponds to (v); and (4) corresponds
to (vi).

By Corollary 3.9, we know that q and p are stably birationally equivalent
if and only if M(Q) and M(P ) contain indecomposable direct summands N
and L, such that N ∼= L, and a(N) = 0. In particular, Λ(N) = Λ(L). This
shows that the type of a form is preserved under stable birational equivalence.
To prove (b) one needs to analyze the corresponding direct summands more
carefully.

6 Proofs

We start with some preliminary results.

Corollary 6.1 Let N be a direct summand in M(Q), and ψ ∈ Hom(N,N)
be such that:

1) ψ|k = 0. Then ψn = 0 for some n.

2) ψ|k is a projector. Then ψn is a projector for some n.

3) ψ|k is an isomorphism. Then ψ is an isomorphism.
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Proof: Let M(Q) = N⊕M . It is enough to consider ϕ =

(
ψ 0
0 ρ

)
, where

ρ = 0 in cases 1) and 2), and = idM in case 3). In case 1) apply Theorem
3.1(1), in case 2) - Corollary 3.2, in case 3) - Theorem 3.1(2).

Lemma 6.2 Let L and N be direct summands in M(Q) such that
pL|k ◦ pN |k = pN |k ◦ pL|k = pL|k. Then there exists direct summand L̃ in N ,
s.t. L̃ is isomorphic to L, and pL|k = pL̃|k.

Proof: Let jL : L → M(Q), jN : N → M(Q), ϕL : M(Q) → L,
ϕN : M(Q) → N be s.t.: ϕL ◦ jL = idL, ϕN ◦ jN = idN , and jL ◦ ϕL = pL,
jN ◦ ϕN = pN .

Take: α := ϕL ◦ jN : N → L, and β := ϕN ◦ jL : L → N . If γ := α ◦ β :
L → L, then γ|k = idL. By Corollary 6.1(2) and (1), γs = idL, for some s.
Consider ψ := ϕN ◦ pL ◦ jN : N → N . Then ψs is a projector, ψs = β ◦ α̃,
where α̃ = α ◦ (β ◦ α)s−1, and α̃ ◦ β = idL. Then ψs defines direct summand
L̃ in N , and for the corresponding projector in M(Q), pL̃ := jN ◦ ψs ◦ ϕN ,
we have: pL̃|k = pL|k.

Lemma 6.3 (cf. [24, Lemma 3.13])
Let N be a direct summand in M(Q), dim(Q) = m.

1) Then there exists: κr,N ∈ End(N), s.t. (κr,N)(s) = 0, for any s 6= r,
and (κr,N)(r) = 2 · idCHr(N |k).

2) If rank(CHm/2(N |k)) = 2, then there exists: θm/2,N ∈ End(N), s.t.
(θm/2,N)(m/2) = ( 1 1

1 1 ); (θm/2,N)(r) = 0, for any r 6= m/2.

Proof: 1) Take:

κr,N :=

{
ϕN ◦ (hr × hm−r) ◦ jN , if r 6= m/2.

ϕN ◦ (2 · idM(Q)−
∑

06i<m/2(h
i × hm−i +hm−i × hi))◦ jN , if r = m/2.

2) Take θm/2,N := ϕN ◦ (hm/2 × hm/2) ◦ jN .

Lemma 6.4 Let Ni is a direct summand of M(Qi). Let for some odd number
η, and some ψ ∈ Hom(N1|k, N2|k), we have: η · ψ ∈ image(Hom(N1, N2)→
Hom(N1|k, N2|k)). Then ψ ∈ image(Hom(N1, N2)→ Hom(N1|k, N2|k)).

33



Proof: Let F/k be Galois extension of degree 2n, such that Ni|F is a sum
of Tate-motives (for example, one which splits both quadrics completely). We
have: Hom(N1|F , N2|F ) → Hom(N1|k, N2|k) is an isomorphism. Let ψF be
the corresponding element of Hom(N1|F , N2|F ).

Since η · ψF ∈ image(Hom(N1, N2) → Hom(N1|F , N2|F )) we have: η ·
(σ(ψF )− ψF ) = 0, for any σ ∈ Gal(F/k). Because Hom(N1|F , N2|F ) has no
torsion, we get: σ(ψF ) = ψF . Then

2n · ψF =
∑

σ∈Gal(F/k)

σ(ψF ) ∈ image(Hom(N1, N2)→ Hom(N1|F , N2|F )).

Since η · ψF , 2n · ψF ∈ image(Hom(N1, N2) → Hom(N1|F , N2|F )), we have:
ψF ∈ image(Hom(N1, N2)→ Hom(N1|F , N2|F )), which implies:
ψ ∈ image(Hom(N1, N2)→ Hom(N1|k, N2|k)).

Definition 6.5 Let N and N ′ be indecomposable direct summands in M(Q).
We say that N ′ is a normal form of N , if N ′ is isomorphic to N , and either
m = dim(Q) is odd, or m is even and (pN ′)(m/2) is of one of the following
types:

1) 0; 2)

(
1 1
0 0

)
; 3)

(
0 −1
0 1

)
; 4) id.

Theorem 6.6 (cf. [24, proof of Lemma 3.21])
Each direct summand of M(Q) has a normal form.

Proof: The case of odd-dimensional quadric is trivial. So, we can assume
that m := dim(Q) is even.

(pN)(m/2) is an idempotent, and if rank((pN)(m/2)) is 0, or 2, we get cases
1) and 4), respectively. Now, we can assume that (pN)(m/2) is a projector in
Mat2×2(Z) of rank 1 (equivalently, det((pN)(m/2)) = 0 and tr((pN)(m/2)) = 1).

Sublemma 6.6.1 Let N be indecomposable direct summand of M(Q) such
that (pN)(m/2) 6= 0. Let ψ ∈ End(M(Q)) be such that ψ|k◦pN |k = pN |k◦ψ|k =
ψ|k, and tr(ψ(m/2)) is odd. Then

2 · End(M(Q|k)) ⊂ image(End(M(Q))→ End(M(Q|k))).
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Proof: If q is hyperbolic, then the map End(M(Q)) → End(M(Q|k) is
an isomorphism. So, we can assume that q is not hyperbolic.

Let τ ∈ Hom(M(Q),M(Q)) = CHm(Q × Q) be the morphism given by
the graph of “reflection” τx (with any (rational) center x ∈ Pm+1\Q). Then
τ 2 = idM(Q). Also, τ(i) = 1, for any i 6= m/2, and τ(m/2) = ( 0 1

1 0 ).
Let ψ(m/2) = ( a b

c d ). Then degree(ψ(hm/2)) = a + b + c + d. Since hm/2

is defined over k, we have that if a + b + c + d is odd, then on Q there is
m/2-dimensional cycle of odd degree, which, by Lemma 2.6.1, implies that
q is hyperbolic. So, we can assume that a + b + c + d is even. Then in each
pair (a, d), (b, c), one element is odd and another is even.

Changing ψ to ψ−
∑

i6=m/2[ψ(i)/2]·κi,Q, we can assume that ψ(i) are either

0’s or 1’s, for all i 6= m/2. Notice, that this new ψ still satisfy the conditions
of the sublemma. We have two cases:
A) a and b, or c and d are odd; B) a and c, or b and d are odd.

Let ψ∨ be the dual morphism. Put: ψ̃ :=

{
ψ∨, if m ≡ 2 (mod 4);

τ ◦ ψ∨ ◦ τ, if m ≡ 0 (mod 4).

Then ψ̃(m/2) = ( d b
c a )

A) Put ε := ψ ◦ ψ̃ − κm/2,Q ◦ (ad · id+ ab · τ)).
B) Put ε := ψ̃ ◦ ψ − κm/2,Q ◦ (ad · id+ ac · τ)).
It is easy to see, that: ε(m/2) =

(
0 0

2(cd−ab) 0

)
, in the case A), and =(

0 2(bd−ac)
0 0

)
, in the case B).

Clearly, ε(i) = ψ(i) · ψ∨(i), for any i 6= m/2. At the same time, ε2
(m/2) = 0.

Since ε(i) ∈ {0, 1}, ε2|k is a projector. By Corollary 6.1(2), ε2r is a
projector. Since ε2r|k = ε2|k, and ε2|k ◦ pN |k = pN |k ◦ ε2|k = ε2|k, by Lemma
6.2, we get a direct summand L̃ in N , s.t. pL̃|k = ε2|k. Since ε2

(m/2) = 0, and

(pN)(m/2) 6= 0, we have: N 6= L̃. Since N is indecomposable, we have: L̃ = 0.
In particular, ε2|k = pL̃|k = 0. This implies: ε(i) = 0, for any i 6= m/2.

Since (cd− ab) and (bd− ac) are odd in respective cases, we have, using
ε, τ ◦ ε, ε ◦ τ , τ ◦ ε ◦ τ , and Lemma 6.4, that for any u ∈ 2 · Mat2×2(Z),
there exists ϕ ∈ Hom(M(Q),M(Q)), s.t. ϕ(i) = 0, for any i 6= m/2, and
ϕ(m/2) = u. Using also κi,Q := hi × hm−i, for i 6= m/2, we get the statement.

Changing pN by τ ◦ pN ◦ τ , if nesessary (which does not change the iso-
morphism class of N), we can assume that in the case A): a and b are odd,
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and in the case B): b and d are odd. Since (pN)(m/2) is an idempotent of
rank = 1, we have: (pN)(m/2) = γαγ−1, where α, γ ∈ Mat2×2(Z), and α is of
type (2) in the case (A), and of type (3) in the case (B). Then it is easy to
see that u := (γ − id) is in 2 ·Mat2×2(Z).

That means that pN |k = f ◦π ◦f−1
, where π(m/2) = α is of type (2) in the

case (A), and of type (3) in the case (B), and: (f − id) ∈ 2 · End(M(Q|k)).
Take ψ := pN , then tr(ψ(m/2)) = 1, and we can apply Sublemma 6.6.1.

From Sublemma 6.6.1 it follows that f is defined over k by some morphism
ϕ. Then f is an isomorphism, by Theorem 3.1(2), since it is so over k.
ρ := f−1 ◦ pN ◦ f is a projector (since pN is), so, ρ = pN ′ for some N ′.
Clearly, f defines an isomorphism between N and N ′, and (pN ′)(m/2) = α is
of type (2), or (3).

Proof of Theorem 3.11

Lemma 6.7.1 (cf. [24, Lemma 3.21])
Let N1 and N2 be nonisomorphic indecomposable direct summands of

M(Q). Let N ′
1 and N ′

2 be the corresponding normal forms.
Then: pN ′

1
|k ◦ pN ′

2
|k = pN ′

2
|k ◦ pN ′

1
|k = 0.

Proof: Let γ := pN ′
1
◦ pN ′

2
. Since N ′

i is a normal form, we have: γ(m/2) is
a projector in Mat2×2(Z), and γ(m/2) · (pN ′

i
)(m/2) = (pN ′

i
)(m/2) ·γ(m/2) = γ(m/2).

That means, γ|k is a projector, and γ|k ◦ pN ′
i
|k = pN ′

i
|k ◦ γ|k = γ|k.

By Corollary 6.1, γs is a projector for some s, and if γs = pL, for some L,
then by Lemma 6.2, L is isomorphic to a direct summand in N ′

i . Since Ni is
indecomposable, we have that either L is isomorphic to N ′

i , or L = 0. Since
N ′

1 is not isomorphic to N ′
2, we have: L = 0. This implies: pN ′

1
|k ◦ pN ′

2
|k =

γ|k = γs|k = 0
In the same way, considering δ := pN ′

2
◦ pN ′

1
, we get: pN ′

2
|k ◦ pN ′

1
|k = 0.

Lemma 6.7.2 Let L and N be direct summands of M(Q), s.t. pL|k = pN |k.
Then L is isomorphic to N .

Proof: Consider α := ϕN ◦ jL, and β := ϕL ◦ jN . Then (β ◦ α)|k = idN |k
and (α ◦ β)|k = idL|k . By Corollary 6.1(3), L is isomorphic to N .

36



Lemma 6.7.3 Let L1, L2 be direct summands of M(Q), s.t. pL1|k ◦ pL2|k =
pL2|k ◦ pL1|k = 0. Then there exists direct summand M of M(Q), s.t. M is
isomorphic to L1 ⊕ L2, and pM |k = pL1|k + pL2|k.

Proof: Consider π := pL1 +pL2 . Then π|k is a projector, and by Corollary
6.1, πr is a projector for some r, i.e. there exists direct summand M of M(Q),
s.t. πr = pM .

By Lemma 6.2, there exists direct summand L̃1 inM , s.t. L̃1 is isomorphic
to L1, and pL̃1

|k = pL1|k. Then, for the complimentary projector pL̃2
:=

pM − pL1 , we have: pL̃2
|k = pL2|k. By Lemma 6.7.2, L̃2 is isomorphic to L2,

and so, M ' L1 ⊕ L2.

Now we can prove Theorem 3.11.
Let N ′

1, . . . , N
′
s be normal forms of N1, . . . , Ns. The statement follows

from Lemma 6.7.1 and the inductive application of Lemma 6.7.3.

Proof of Proposition 3.5

Sublemma 6.8.1 Let N be a direct summand of M(Q), and ψ ∈ End(N).
Then either there exists an idempotent ε ∈ End(N) such that (ε − ψ)|k ∈
{2 · End(N |k) + θm/2,N · Z}, or Q is (even-dimensional) hyperbolic.

Proof: Let ψ(r,Z/2) ∈ End(CHr(N |k)/2) be the map induced by ψ.
If rank(CHr(N |k)) = 1, then ψ(r,Z/2) is always a projector.

If rank(CHr(N |k)) = 2, then r = m/2, and either deg(ψ(hm/2)) = 1, or
one of: ψ(m/2,Z/2), (ψ + θm/2,N)

(m/2,Z/2)
is a projector. In the former case, Q

is hyperbolic, by Lemma 2.6.1, since ψ(hm/2) ∈ CHm/2(Q) has odd degree.
Since any idempotent from End(N |k)⊗Z/2 can be lifted to some idempo-

tent of End(N |k), we get: if Q is not hyperbolic, then there exists idempotent
ε ∈ End(N |k) such that (ψ|k − ε) ∈ {2 · End(N |k) + θm/2,N · Z}.

Let there exists r (equal to m/2, certainly) with rank(CHr(N |k)) = 2.
Changing ψ by ψ+θm/2,N , if nesessary, we can assume that ψ|k ≡ ε ( mod 2).
Then either 1) tr(ψ(m/2)) is odd, or 2) ψ(m/2,Z/2) = id.

1) In this case, by Sublemma 6.6.1, there exists ε ∈ End(N), s.t. ε|k = ε.
2) In this case, tr(ψ(m/2)) is even, and det(ψ(m/2)) is odd. Take:

ε′ := −ψ ◦ (ψ − tr(ψ(m/2)) · idN)− (det(ψ(m/2))− 1) · idN ∈ End(N),
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then (ε′)(m/2) = id, and (ψ − ε′)(r) ∈ 2 · End(CHr(N |k)), for r 6= m/2.
If rank(CHr(N |k) 6 1, for all r, take: ε′ := ψ.
Put ε := ε′ −

∑
r 6=m/2([ε

′
(r)/2] · κr,N), then ε|k = ε.

Let ε ∈ End(N) be an idempotent from Sublemma 6.8.1.
Since N is indecomposable, ε is either 0, or idN , which implies: that

either degN ◦ ε = degN , or degN ◦ ε = 0. Then the same is true for ψ. The
hyperbolic case is evident.

Proof of Theorem 3.6

Sublemma 6.9.1 In the situation of Theorem 3.6, for γ := β◦α ∈ End(N1),
we have: γ|k ∈ {idN1|k + 2 · End(N1|k) + θm1/2,N1|k · Z}.

Proof: Let ε ∈ End(N1) be projector from Sublemma 6.8.1 such that
(ε− γ)|k ∈ {2 · End(N1|k) + θm1/2,N1 · Z}.

Clearly, degN1
◦ ε = degN1

◦ γ 6= 0. Hence, ε 6= 0. Since N1 is indecom-
posable, we get: ε = idN1 .

As an evident consequence of Sublemma 6.9.1, we get:

Sublemma 6.9.2 In the situation of Theorem 3.6, the map (β ◦ α)|k :
CH(N1|k)/2→ CH(N1|k)/2 is an isomorphism.

Sublemma 6.9.3 In the situation of Theorem 3.6, degN1
(β◦α(y)) = degN1

(y),

for any y ∈ CH(N1|k), and degN2
(α◦β(z)) = degN2

(z), for any z ∈ CH(N2|k).
In particular, the conditions of Theorem 3.6 are symmetric with respect to
N1 and N2.

Proof: From Sublemma 6.9.1 it follows that degN1
(β ◦α(y)) = degN1

(y).
Since (β ◦ α)|k : CH(N1|k)/2 → CH(N1|k)/2 is an isomorphism (by Sub-

lemma 6.9.2), we have: α ◦ β(CH(N2|k)/2) = (α ◦ β)2(CH(N2|k)/2) is iso-
morphic to CH(N1|k)/2. Let ε ∈ End(N2) be the projector from Sublemma
6.8.1 such that (ε − α ◦ β)|k ∈ {2 · End(N2|k) + θm2/2,N2 · Z}. Since N2 is
indecomposable ε is either 0, or idN2 .

If ε = 0, then (α ◦ β)2|k ∈ 2 · End(N2|k), and CH(N1|k)/2 = 0, which
clearly contradicts to the assumptions of Theorem 3.6. So, ε = idN2 . Then
degN2

(α ◦ β(z)) = degN2
(z) for any z ∈ CH(N2|k).

38



Sublemma 6.9.4 In the situation of Theorem 3.6, for any r,
rank(CHr(N1|k)) = rank(CHr(N2|k)).

Proof: It follows from Sublemma 6.9.2, and the fact that the conditions
of Theorem 3.6 are symmetric with respect to N1 and N2 (Sublemma 6.9.3).

Sublemma 6.9.5 In the situation of Theorem 3.6, degN2
◦ α = degN1

:

CH(N1|k)→ Z/2, and degN1
◦ β = degN2

: CH(N2|k)→ Z/2.

Proof: By Sublemma 6.9.3, it is enough to show that if degN1
(y) = 0,

then degN2
(α(y)) = 0, and if degN2

(z) = 0, then degN1
(β(z)) = 0.

Ker(degN1
) ⊂ CH(N1|k) is generated by: {2 · ew}w∈Ω1 and l1m1/2 + l2m1/2 =

hm1/2. Consequently, if for some y ∈ CH(N1|k), we have: degN1
(y) = 0, and

degN2
(α(y)) = 1, then rank(CHm1/2(N1|k)) = 2 and degN2

(α(hm1/2)) = 1.
By Sublemma 6.9.4, rank(CHm1/2(N2|k)) = 2, which implies: m1 = m2,

and degN2
: CHm2/2(N2|k)→ Z/2 coinsides with the usual degree (mod 2).

Then on Q2 there is m2/2-dimensional cycle of odd degree. By Lemma 2.6.1,
Q2 is hyperbolic. Then any indecomposable direct summand in M(Q2) is a
Tate-motive, which contradicts to the fact that rank(CHm2/2(N2|k)) = 2.

Sublemma 6.9.6 In the situation of Theorem 3.6, if u ∈ Hom(N1, N2) then
either degN2

◦ u = degN1
, or degN2

◦ u = 0. The same holds for any v ∈
Hom(N2, N1).

Proof: If degN2
◦ u 6= 0, then, by Sublemma 6.9.5, the pair (u, β) satisfy

the conditions of Theorem 3.6. Applying Sublemma 6.9.5 again, we get the
statement.

Sublemma 6.9.7 Let rank(CHr(N1|k)) = 2. Suppose α, and β are as in
Theorem 3.6. Then there exists α′, β′, s.t. β′(r) = λ · β(r), where λ is odd,

det(α′(r)) = det(β′(r)), (β′ ◦ α′)(r) = l · idCHr(N1|k), where l is odd, and (α′ −
α)(r) ∈ {2 ·Mat2×2(Z) + ( 1 1

1 1 ) · Z}.

Proof: Let rank(CHr(N1|k)) = 2. Then, by Sublemma 6.9.1, γ(r) ∈
{id+ 2 ·Mat2×2(Z) + ( 1 1

1 1 ) · Z}. This implies that det(γ(r)) = µ is odd, and
tr(γ(r)) is even.
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In End(CHr(N1|k)) we have an equality: −γ(r) ◦ (γ(r) − tr(γ(r))) = µ ·
idCHr(N1|k). Take α′′ := −α ◦ (β ◦ α − tr(γ(r)) · idN1). It is easy to see that
(β ◦ α′′)(r) = µ · idCHr(N1|k).

Let α′ := µ · α′′, and β′ := det(α′′(r)) · β. Then det(α′(r)) = det(β′(r)), and

(β′ ◦ α′)(r) = (µ2 · det(α′′(r))) · idCHr(N1|k). Since degN2
◦ α = degN1

, we have:

α(r)◦( 1 1
1 1 ) ∈ {2 ·Mat2×2(Z)+( 1 1

1 1 ) ·Z}, and (α−α′)(r) ∈ {id+2 ·Mat2×2(Z)+
( 1 1

1 1 ) · Z}.

Sublemma 6.9.8 In the situation of Theorem 3.6:

1) For any r, such that rank(CHr(N1|k)) = 1, there exists κr,1→2 ∈
Hom(N1, N2) such that (κr,1→2)(r) = 2, and (κr,1→2)(s) = 0, for any
s 6= r.

2) If for some r, rank(CHr(Ni|k)) = 2, then there exist θr,1→2 and κr,1→2 ∈
Hom(N1, N2) such that (θr,1→2)(r) = ( 1 1

1 1 ), (κr,1→2)(r) = ( 2 0
0 2 ), and

(θr,1→2)(s) = 0 = (κr,1→2)(s), for any s 6= r.

Proof: 1) Let ei be the generator of CHr(Ni|k). We can assume that Ni

is in the normal form (see Definition 6.5). Also, we can assume that Ni is
not a Tate-motive.

Using hmi−r (and Sublemma 6.6.1 (with ψ = pNi
), if r = mi/2), we get:

2·CHr(M(Qi)|k) ⊂ image(CHr(M(Qi))→ CHr(M(Qi)|k)). Since ϕNi
◦jNi

=
idNi

, we have: 2 ·CHr(Ni|k) ⊂ image(CHr(Ni)→ CHr(Ni|k)). In particular,
2 · ei ∈ image(CHr(Ni)→ CHr(Ni|k)). Let 2 · ei = gi.

degN2
(α(e1)) = degN1

(e1) = 1, and, by Sublemma 6.9.4, degN1
(β(e2)) =

degN2
(e2) = 1. That means: e1 ∈ image(CHr(N1)→ CHr(N1|k)) if and only

if e2 ∈ image(CHr(N2)→ CHr(N2|k)). We have two cases:
A) ei is defined over k; B) ei is not defined over k.

Define morphisms u ∈ Hom(N1,Z(r)[2r]) and v ∈ Hom(Z(r)[2r], N2) in

the following way: u := hm1−r ◦ jN1 , and v :=

{
e2 in the case A)

g2 in the case B)
.

Since N1 is in the normal form, jN1(e1) is either ±li, or ±hm1−i. Moreover,
these opportunities correspond to the cases B), and A), respectively (by
Lemma 2.6.1, since N1 is not a Tate-motive).

Define κr,1→2 := ±v◦u. Clearly, u(e1) (as a map from Z(r)[2r] to Z(r)[2r])
is equal to id times the degree of the intersection of jN1(e1) and hm1−r. So,
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it is ±2 in the case A), and ±1 in the case B). Then κr,1→2(e1) = 2 · e2, and
so, (κr,1→2)(r) = 2. Since Hom(Z(s)[2s],Z(r)[2r]) = 0, for s 6= r, we have:
u(CHs(N1|k)) = 0, and (κr,1→2)(s) = 0, for any s 6= r.

2) Let now, for some r, rank(CHr(Ni|k)) = 2. Then m1 = m2, and we
can define: θr,1→2 := ϕN2 ◦ (hm1/2 × hm1/2) ◦ jN1 . It is easy to see that θr,1→2

has needed properties.
To define κr,1→2, observe that if α′ and β′ are as in Sublemma 6.9.7, then

β′(r) = λ · β(r) = λ · ( a b
c d ), and α′(r) = λ ·

(
d −b
−c a

)
.

If the pair (α, β) satisfy the conditions of Theorem 3.6, then the pair
(α, β + θr,2→1) satisfy them too (by Sublemma 6.9.6).

Then there exists odd µ, and α′′ ∈ Hom(N1, N2), β
′′ ∈ Hom(N2, N1), s.t.

β′′(r) = µ ·(β+θr,2→1)(r), det(α
′′
(r)) = det(β′′(r)), and (β′′◦α′′)(r) = l′′ ·idCHr(N1|k).

Take: ε := λ · α′′ − µ · α′ + λµ · θr,1→2, then: ε(r) = λµ · ( 2 0
0 2 ). The

composition degN2
◦ ε : CHr(N1|k) → Z/2 is zero. By Sublemma 6.9.6, for

any s, degN2
◦ ε : CHs(N1|k)→ Z/2 is zero. Thus, for s 6= r, ε(s) ∈ Z is even.

Define: ε′ := ε−
∑

s 6=r(ε(s)/2)·κs,1→2. Then ε′(r) = ε(r), and ε′(s) = 0, for s 6= r.

By Lemma 6.4, there exists κr,1→2 ∈ Hom(N1, N2), s.t. λµ · κr,1→2|k = ε′|k.
Clearly, κr,1→2 has desired properties.

Sublemma 6.9.9 Suppose rank(CHr(Ni)) = 2, and α, β satisfy the con-
ditions of Theorem 3.6. Then there exists α2 ∈ Hom(N1, N2), such that
(α−α2)(r) ∈ {2·Hom(CHr(N1|k),CHr(N2|k))+θr,1→2 ·Z}, and (α2)(r) = η ·A,
where η is odd and A : CHr(N1|k)→ CHr(N2|k) is an isomorphism.

Proof: Since rank(CHr(N1|k)) = rank(CHr(N2|k)) = 2, we clearly have:
r = m1/2 = m2/2.

For any morphism w ∈ Hom(Ni, Nj), we denote as w∨ the dual morphism
ϕNi
◦ (jNj

◦ w ◦ ϕNi
)∨ ◦ jNj

∈ Hom(Nj, Ni).
Let us denote as w̃ ∈ Hom(Nj, Ni) the following morphism: w̃ := w∨, if

m is not divisible by 4, and := τi ◦ w∨ ◦ τj, if m is divisible by 4 (τi here is
the morphism corresponding to the reflection on Qi). If w(r) = ( x y

z t ), then
w̃(r) = ( t y

z x ).
Let β(r) = ( a b

c d ), and α′ and β′ be as in Sublemma 6.9.7. In particular,
β′(r) = λ · ( a b

c d ), and α′(r) = λ ·
(

d −b
−c a

)
. Let f := g.c.d.(c− b, d− a), and f =

u·(d−a)+v·(c−b). Then for ψ := (u−vτ2)◦α′+(u+vτ2)◦β̃′−λ(ua+vb)κr,1→2,
we have: ψ(r) = λ ·

(
2f 0
0 0

)
.
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Let α1 := α′−ψ ◦ ([(d− a)/2f ] + [(c− b)/2f ] · τ1). Then α1 = λ ·
(

a1 b1
c1 d1

)
,

where (a1 − d1), (b1 − c1) ∈ {0, f}.
Thus, either 1) a1 = d1, or 2) b1 = c1, or 3) a1 − d1 = b1 − c1.
Considering α1 ◦ τ1 (and α2 ◦ τ1), we can reduce case 2) to case 1). So, it

is enough to consider cases 1) and 3).
1) Take α2 := α1− λ((a1− 1) · θr,1→2− (b1− a1 + 1)/2 · κr,1→2 ◦ τ1). Then

(α2)(r) = λ · ( 1 0
∗ 1 ) (notice that (b1 − a1 + 1) ≡ (b + d + 1) ≡ 0 (mod 2), by

Sublemma 6.9.5).
3) take α2 := α1 − λ · κr,1→2 ◦ ([(a1 + d1)/4] + [(b1 + c1)/4] · τ1). Then

(α2)(r) = λ
(

a2 b2
c2 d2

)
, where a2 − d2 = b2 − c2; (a2 + d2), (b2 + c2) ∈ {0, 2}, and

a2 + b2 + c2 + d2 = 2 (by Sublemma 6.9.5, (a + b) ≡ (a + c) ≡ (b + d) ≡
(c+ d) ≡ 1 (mod 2)).

Hence, in any case, det((α2)(r)/λ) = ±1.

Sublemma 6.9.10 In the situation of Theorem 3.6, there exist α3 ∈ Hom(N1, N2),
and some odd number η, that for all s, (α3)(s) = η ·As, where As is invertible.

Proof: If rank(CHs(N1|k)) 6 1, for all s, take: α′′ := α, and η := 1.
If rank(CHr(N1|k)) = 2, for some r, take: α′′ := α2, and take η from the
Sublemma 6.9.9 (here α2, A are also from Sublemma 6.9.9).

In the light of Sublemma 6.9.9, degN2
◦α′′ : CHr(N1|k)→ Z/2 is nonzero.

By Sublemma 6.9.6, for all s with rank(CHs(N1|k)) = 1, (α′′)(s) = λs is odd.
Define α3 := α′′ −

∑
(λs − η)/2 · κs,1→2, where sum is taken over all s, such

that rank(CHr(N1|k)) = 1, and κs,1→2 are elements from Sublemma 6.9.8.
Then, for any t, (α3)(t) = η · At, where At is invertible.

Now we can prove Theorem 3.6. We start with the case d1 = d2 = 0.
From Sublemma 6.9.10 and Lemma 6.4 it follows that, in the situation

of Theorem 3.6, there exists α4 ∈ Hom(N1, N2) such that α4|k is an isomor-
phism. Since conditions of Theorem 3.6 are symmetric with respect to N1

and N2 (by Sublemma 6.9.3), we also have some β4 ∈ Hom(N2, N1) such
that β4|k is an isomorphism. Then β4 ◦ α4 and α4 ◦ β4 are isomorphisms, by
Corollary 6.1(3).

Now the general case can be reduced to the case d1 = d2 = 0 since
M(Qi)(di)[2di] is a direct summand in M(Q′

i), where q′i := qi ⊥ di · H, by
Proposition 2.1.
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Proof of Theorem 3.8

Sublemma 6.10.1 Suppose N and L be indecomposable direct summands of
M(Q) in normal form, and γ ∈ Hom(N,L) be such map, that the composition
degQ ◦ jL ◦ γ : CH(N |k)→ Z/2 is nonzero. Then N ' L.

Proof: Let degQ ◦ jL ◦ γ : CHr(N |k) → Z/2 is nonzero for some r. In
particular, CHr(N |k) 6= 0 6= CHr(L|k). By Theorem 3.11, either N ' L,
or r = dim(Q)/2 (since only for such r, rank(CHr(M(Q)|k)) = 2), and
rank(CHr(N |k)) = rank(CHr(L|k)) = 1.

If N is not isomorphic to L, then, in the notations of Definition 6.5, N and
L are of types (2), or (3). If L is of type (3), then degQ◦jL : CHr(L|k)→ Z/2
is zero (since in such case CHr(L|k) is generated by the class of hr). This
is, clearly, not the case, so L is of type (2). Since L is not isomorphic to N ,
and N ,L are indecomposable direct summands in normal form, we have by
Lemma 6.7.1: N is of type (3). But then the generator hr of CHr(N |k) is
defined over k. This implies that on Q there exists r-dimensional cycle of
odd degree (namely, jL ◦ γ(hr)). By Lemma 2.6.1, Q is hyperbolic. Then N
and L must be Tate-motives. Since rank(CHr(N |k)) = rank(CHr(L|k)) = 1,
we have: N ' Z(r)[2r] ' L. Contradiction. So, N ' L.

Sublemma 6.10.2
Let N be indecomposable direct summand of M(Q2)(d2)[2d2], and the maps:

N
β // M(Q1)(d1)[2d1]
α

oo are such that the composition degQ1
◦ β ◦ α :

CH(M(Q1)(d1)[2d1]|k)→ Z/2 is nonzero. Then there exists direct summand
L of M(Q1)(d1)[2d1] isomorphic to N .

Proof: Let M(Q1)(d1)[2d1] = ⊕a∈Λ1L
a, where La are indecomposable

direct summands in normal form (by Theorem 3.11, we can always find such
decompositions). Let αa := α ◦ jLa ∈ Hom(La, N), and βc := ϕLc ◦ β. We
have: β ◦ α =

∑
a,c∈Λ1

(pLc ◦ β ◦ α ◦ pLa) =
∑

a,c∈Λ1
(jLc ◦ βc ◦ αa ◦ ϕLa).

Since the composition degQ1
◦ β ◦ α : CH(M(Q1)(d1)[2d1]|k) → Z/2

is nonzero we have: for some a, c the composition degQ1
◦ jLc ◦ βc ◦ αa :

CH(La|k)→ Z/2 is nonzero.
By Sublemma 6.10.1, there exists an isomorphism ψ : Lc → La. Take:

u := αa ◦ ψ ∈ Hom(Lc, N), and v := βc ∈ Hom(N,Lc). Then the map
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degQ1
◦ jLc ◦ v ◦ u : CHr(L

c|k) → Z/2 is nonzero. Since the composition

CHr(L
c|k)

jLc→ CHr(M(Q1)(d1)[2d1]|k)
degQ1→ Z/2 either coinsides with degLc :

CHr(L
c|k) → Z/2, or is zero, we get: degLc ◦ v ◦ u : CHr(L

c|k) → Z/2 is
nonzero. By Theorem 3.6, Lc ' N .

Let M(Q2)(d2)[2d2] = ⊕b∈Λ2N
b
2 , where N b are indecomposable direct

summands. Let αb := ϕNb ◦ α, and βb := β ◦ jNb . We have: β ◦ α =∑
b∈Λ2

(β ◦ pNb ◦ α) =
∑

b∈Λ2
(βb ◦ αb).

So, if degQ1
◦ β ◦ α : CHr(M(Q1)(d1)[2d1]|k) → Z/2 is nonzero, then for

some b ∈ Λ2, the map: degQ1
◦ βb ◦ αb : CHr(M(Q1)(d1)[2d1]|k) → Z/2 is

nonzero. By Sublemma 6.10.2, there exists some indecomposable direct sum-
mand L of M(Q1)(d1)[2d1] isomorphic to N b. Clearly, rank(CHr(N

b|k)) 6= 0,
so, Z(r)[2r] is a direct summand in N b|k. Theorem 3.8 is proven.

Proof of Proposition 4.5

Suppose it is not the case. Changing N by N∨, we have: CHm(N |k) 6= 0 and
CH0(N |k) = 0. The composition ν := (ϕN ⊗ id) ◦∆Q ◦ jN gives a section of
the natural projection π : N ⊗M(Q)→N .

Let β0 ∈ Hom(Z(m)[2m],M(Q)) = CHm(Q) be the morphism corre-
sponding to the “generic cycle” on Q. Let u := (ϕN ⊗ id) ◦ (β0 ⊗ id) ∈
Hom(M(Q)(m)[2m], N ⊗ M(Q)), and v := ∆∨ ◦ (jN ⊗ id) ∈ Hom(N ⊗
M(Q),M(Q)(m)[2m]), where ∆∨ ∈ Hom(M(Q×Q),M(Q)(m)[2m]) is dual
to the “diagonal embedding” ∆ via duality: CH∗(A×B) ' CH∗(B × A).

Since jN ◦ ϕN ◦ β0 = β0 (since CHm(N |k) = Z, and hence jN ◦ ϕN :
CHm(Q|k) → CHm(Q|k) is the identity map), we have: v ◦ u = id ∈
End(M(Q)(m)[2m]). So, N ⊗ M(Q) = M(Q)(m)[2m] ⊕ X. Let ϕX ∈
Hom(N ⊗M(Q), X), and jX ∈ Hom(X,N ⊗M(Q)) be the corresponding
projection and embedding. I.e.: ϕX ◦ jX = idX , jX ◦ϕX +u ◦ v = idN⊗M(Q),
and ϕX ◦ u = 0, v ◦ jX = 0.

In particular, π ◦ ν = (π ◦ jX) ◦ (ϕX ◦ ν) + (π ◦ u) ◦ (v ◦ ν). So, there exist
maps α1 : N → M(Q)(m)[2m], β1 : M(Q)(m)[2m] → N , and α2 : N → X,
β2 : X → N , s.t. β1 ◦ α1 + β2 ◦ α2 = idN .

We can assume that m > 0. Then, for arbitrary maps α′1 : M(Q) →
M(Q)(m)[2m], β′1 : M(Q)(m)[2m]→M(Q), the composition degQ ◦β′1 ◦α′1 :
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CHm(Q|k)→ Z/2 is zero. Really, such degree is equal to the degree of some
0-cycle on Q, and Q is anisotropic. Since the maps degQ ◦ jN and degN

coinside on CHm(N |k), we get: degN ◦ β1 ◦ α1 : CHm(N |k)→ Z/2 is zero.
Consider E = k(Q). We have: q|E = H ⊕ q′, where q′ is anisotropic

(since i1(q) = 1). By [22, Proposition 1] (Proposition 2.1), M(Q|E) = Z ⊕
M(Q′)(1)[2] ⊕ Z(m)[2m]. And then N |E = Nan ⊕ Z(m)[2m], where Nan is
a direct summand of M(Q′)(1)[2] (since CHm(N |k) = Z, and CH0(N |k) =
0). Moreover, if j̃ : Z(m)[2m] → N |E and ϕ̃ : N |E → Z(m)[2m] be the
corresponding maps, then j̃ coinsides with (ϕN ◦ β0)|E. Then the map j̃ ⊗
idM(Q) : M(Q)(m)[2m]|E → N ⊗M(Q)|E coinsides with u|E. This implies
that the complimentary direct summand Nan ⊗M(Q) (in (N ⊗M(Q))|E)
is isomorphic to X|E. Notice that Nan ⊗ M(Q) is a direct summand in
M(Q′)(1)[2] ⊗M(Q). So, α2|E and β2|E give us maps α′2 : N |E → M(Q′ ×
Q)(1)[2], and β′2 : M(Q′ ×Q)(1)[2]→ N |E, s.t. β′2 ◦ α′2 = (β2 ◦ α2)|E.

If α′2 ◦ j̃ ∈ Hom(Z(m)[2m],M(Q′ × Q)(1)[2]) = CHm−1(Q
′ × Q) is rep-

resented by the cycle A, and ϕ̃ ◦ β′2 ∈ Hom(M(Q′ × Q)(1)[2],Z(m)[2m]) =
CHm−1(Q′ × Q) is represented by the cycle B, then the composition (ϕ̃ ◦
β′2) ◦ (α′2 ◦ j̃) ∈ End(Z(m)[2m]) = Z is given by the degree of the 0-cycle
A ∩ B ∈ CH0(Q

′ × Q). Since Q′ is anisotropic, this number is even, by
Springer’s Theorem. Since j̃ and ϕ̃ are isomorphisms on CHm, we have: the
composition degN ◦β′2 ◦α′2 = degN ◦β2 ◦α2 : CHm(N |k)→ Z/2 is zero. Since
degN ◦β1 ◦α1 : CHm(N |k)→ Z/2 is zero as well, we get a contradiction with:
β1 ◦ α1 + β2 ◦ α2 = idN .

Proof of Corollary 4.7

Sublemma 6.11.1 Let Q be anisotropic quadric, and L be indecomposable
direct summand of M(Q) such that a(L) = 0. Then for any subquadric
P ⊂ Q with dim(P ) = dim(Q)− i1(q) + 1, we have:

1) M(P ) contains a direct summand isomorphic to L;

2) p|k(Q) and q|k(P ) are isotropic.

Proof: For any field extension E/k, we have: p|E is isotropic if and only
if q|E is. In particular we get 2). So, we have rational (algebro-geometric)
maps f : Q 99K P , and g : P 99K Q. Let α ∈ CHdim(P )(Q × P ) =
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Hom(M(Q),M(P )), and β ∈ CHdim(Q)(P × Q) = Hom(M(P ),M(Q)) be
the closures of the graphs of f and g, respectively. Clearly, α(l0) = l0, and
β(l0) = l0. So, the composition degQ ◦ β ◦ α : CH0(Q|k) → Z/2 is nonzero.
By Theorem 3.8, M(P ) contains a direct summand isomorphic to L (notice
that if M is indecomposable direct summand of M(Q), s.t. CH0(M) 6= 0,
then M ' L, by Lemma 6.7.1).

Sublemma 6.11.2 Let Q be anisotropic quadric, and L be indecomposable
direct summand of M(Q) with a(L) = 0. Then there exists subquadric P ⊂ Q
such that:

1) i1(p) = 1;

2) M(P ) contains a direct summand isomorphic to L;

3) p|k(Q) and q|k(P ) are isotropic.

Proof: Use induction on the dimension of Q. The case of dim(Q) = 0 is
trivial. Suppose the statement is true for all quadrics of dimension < dim(Q).
Consider P from Sublemma 6.11.1. Either i1(q) = 1, in which case statement
is trivial, or dim(P ) < dim(Q). Then there exists P ′, s.t. P ′ satisfy 1) and
2), and p′|k(P ), p|k(P ′) are isotropic. Since we also have: p|k(Q), q|k(P ) are
isotropic, we get: P ′ satisfy 3) (since if q2|k(q1), q3|k(q2) are isotropic, then
q3|k(q1) is).

Now we can prove Corollary 4.7. Let us denote c(N) := dim(Q)−b(N) =
a(N∨).

Let P be quadric from Sublemma 6.11.2. Then L is also a direct sum-
mand in M(P ). By Proposition 4.5, b(L) = dim(P ). In particular, by [22,
Proposition 1], (Proposition 2.1), L|k(P ) contains Z and Z(dim(P ))[2 dim(P )]
as direct summands.

Since Q is anisotropic, P is also anisotropic. If dim(P ) = 0, then
rank(CH0(L|k)) = 2, and hence, m = 0 (since L is a direct summand
in M(Q)). In this case everything is evident. If b(L) = dim(P ) > 0,
then the map CHb(L)(P ) → CHb(L)(P |k) is surjective, and CHb(L)(L|k) =
CHb(L)(P |k). So, the map CHb(L)(L) → CHb(L)(L|k) is surjective. And the

map degL : CHb(L)(L) → Z/2 is nonzero. If b(L) < m/2, then degL =
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degQ ◦ jL : CHb(L)(L) → Z/2, and we get b(L)-dimensional cycle of odd de-
gree on Q. By Lemma 2.6.1, Q is isotropic - contradiction. So, b(L) > m/2.
Since L|k(P ) contains Z(b(L))[2b(L)] as a direct summand, L|k(Q) also con-
tains Z(b(L))[2b(L)] as a direct summand, by Sublemma 6.11.2(3). Then
b(L) > m− i1(q), by Proposition 2.6 (since b(L) > m/2).

By Corollary 3.10, M(Q) contains direct summand isomorphic to
L(i1(q) − 1)[2i1(q) − 2]. This implies: b(L) 6 dim(Q) − i1(q) + 1. So,
b(L) = dim(Q)− i1(q) + 1, and c(L) = i1(q)− 1.

Proof of Proposition 4.8

LetM be indecomposable direct summand ofN such that degQ : CHa(M |k)→
Z/2 is nonzero, and L be indecomposable direct summand of M(Q) such that
a(L) = 0. Let us show that a(M) = a and M ' L(a)[2a].

By Corollary 3.10, L(a)[2a] is isomorphic to a direct summand of M(Q),
and both M |k and L(a)[2a]|k contain Z(a)[2a] as a direct summand.

If a < m/2, then by Corollary 3.7, M ' L(a)[2a] and a(M) = a.
Suppose now a = m/2. Then i1(q) = m/2 + 1 (so, Q is a Pfister

quadric). Then all the motives L|k, L(a)[2a]|k,M |k contain Z(a)[2a] as a
direct summand (use Corollary 4.7). By Theorem 3.11, L,L(a)[2a] and M
can not be all pairwise nonisomorphic. Treating separately the evident case
a = m = 0, we can assume that a > 0, and so, M is isomorphic either to L
or to L(a)[2a]. Let us show that the first opportunity is impossible. Really,
b(L(a)[2a]) = m, we have an equality: CHm(L(a)[2a]|k) = CHm(Q|k), and
consequently the generator of CHm(L(a)[2a]|k) is defined over the base field
k. Hence, the generator of CHa(L|k) is defined over the base field. Thus,
the map degQ : CHa(L|k) → Z/2 should be trivial (otherwise, by Lemma
2.6.1, q would be hyperbolic). This implies that Λ(L) does not contain Llo.
And so, M 6' L by Lemma 4.1. Hence M ' L(a)[2a] and a(M) = a. But
Z(a(M))[2a(M)]⊕Z(b(M))[2b(M)] is a direct summand of M |k, and hence,
of N |k, and b(M) = m− i1(q) + 1 + a by Corollary 4.7.

As a biproduct we get the following

Corollary 6.12 Let Q be anisotropic quadric of dimension m, and M be
indecomposable direct summand of M(Q) such that 0 6 a(M) < i1(q). Then
size(M) = m− i1(q) + 1.
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Proof of Theorem 4.13 and Corollary 4.14

Let Q be smooth projective quadric. We denote as Qi the variety of flags
π• = (π0 ⊂ π1 ⊂ . . . ⊂ πi), where πj ⊂ Q is j-dimensional projective
subspace. For example, Q0 = Q. Clearly, Qi has a rational point if and only
if the form q is (i+ 1)-times isotropic: q = (i+ 1) ·H ⊥ q′.

We have the natural maps:

fi : M(Qi)(i)[2i]→M(Q), and gj : M(Qj)⊗M(Q)→M(Qj+1)(j+1)[2j+2]

given by the cycles F ⊂ Qi×Q, and G ⊂ Qj ×Q×Qj+1, respectively, where
(π•, x) ∈ F ⇔ x ∈ πi, and (π•, x, ν•) ∈ G ⇔ ν6j

• = π• and x ∈ νj+1.
The following result is very useful in the applications. For example, it is

used in the proof of the criterion of motivic equivalence for quadrics (see [24]
and Theorem 4.18).

Theorem 6.13 Let Q be smooth projective quadric, and N be a direct sum-
mand of M(Q), such that a(N) = i 6 dim(Q)/2. Then there exist maps

N
α // M(Qi)(i)[2i]
β

oo such that the composition β◦α : CHi(N |k)→ CHi(N |k)

is the identity.

Proof: Let us prove by induction, that for every 0 6 j 6 i there exist

maps N
αj // M(Qj)(j)[2j]
βj

oo such that the composition βj ◦αj : CHi(N |k)→

CHi(N |k) is the identity.
(j = 0): We can take α0 := jN : N →M(Q), and β0 := ϕN : M(Q)→ N .
(j → j + 1): Consider the following diagramm:

M(Qj)(j)[2j]
∆

Qj (j)[2j]
// M(Qj)⊗M(Qj)(j)[2j]

id⊗βj

��

N

αj

OO

M(Qj)⊗N

id⊗jN

��

pr.oo

M(Q)

ϕN

OO

M(Qj)⊗M(Q)

gjttiiiiiiiiiiiiiiiii

pr.oo

M(Qj+1)(j + 1)[2j + 2]

τj+1◦fj+1

iiSSSSSSSSSSSSSSSSS
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where τ : M(Q)→M(Q) is the motive of the reflection from O(q).
Denote u := (id⊗ βj) ◦∆Qj(j)[2j] ◦ αj. The composition pr ◦ u is equal

to βj ◦ αj, so, the map: pr ◦ u : CHi(N |k) → CHi(N |k) is the identity. But
a(N) = i, so CHs(N |k) = 0, for s < i, and pr : CHi(M(Qj|k) ⊗ N |k) →
CHi(N |k) is an isomorphism (the variety Qj|k is rational). In particular,

the group CHi(M(Qj|k) ⊗ N |k) is generated by the elements of the form

l0⊗ϕN(li), where l0 is the class of a rational point on Qj|k, and li ∈ CHi(Q|k)
is the class of a plane of dimension i. Then u(ϕN(li)) = l0 ⊗ ϕN(li).

Clearly, the middle square of the diagramm is commutative. Finally, if
li = [Ai], then fj+1 ◦ gj(l0 ⊗ li) = [Bi], where Bi is some plane of dimension
i on Q such that codim(Ai ∩ Bi ⊂ Ai) = j + 1. If i < dim(Q)/2, then
[Ai] = [Bi] = τ j+1([Bi]), and if i = dim(Q)/2, then [Ai] = τ j+1([Bi]). Thus,
τ j+1 ◦ fj+1 ◦ gj(l0 ⊗ li) = li = pr(l0 ⊗ li). So, if we denote: v := ϕN ◦ τ j+1 ◦
fj+1 ◦ gj ◦ (id ⊗ jN), then v ◦ u : CHi(N |k) → CHi(N |k) is the identity. It
remains to put: αj+1 := gj ◦ (id ⊗ jN) ◦ u, and βj+1 := ϕN ◦ τ j+1 ◦ fj+1.
Induction step is proven.

Let k = F0 ⊂ F1 ⊂ · · · ⊂ Fh be the generalized splitting tower of
M.Knebusch for Q (see [15]). We remind that the sequence 0 = iW (q|F0) <
iW (q|F1) < · · · < iW (q|Fh

) contains all possible values of iW (q|E) for arbitrary
field-extension E/k.

Sublemma 6.14.1 (cf. [24, Lemma 4.5])
Let iW (q|Ft) 6 i < j < iW (q|Ft+1), and N be indecomposable direct summand
of M(Q), s.t. a(N) = i. Then N(j − i)[2j − 2i] is isomorphic to a direct
summand of M(Q).

Proof: By Theorem 6.13, we have the map αi : N →M(Qi)(i)[2i], such
that αi(ϕN(li)) = l0(i)[2i]. Since iW (q|Ft) 6 i < j < iW (q|Ft+1), we have
rational map Qi 99K Qj, which gives us motivic map γ : M(Qi) → M(Qj),
such that γ(l0) = l0 (l0 here is the class of a rational point). Consider the
composition ε := fj(i− j)[2i− 2j] ◦ γ(i)[2i] ◦αi : N →M(Q)(i− j)[2i− 2j],
and the map η := ϕN ◦ ρj−i : M(Q)(i − j)[2i − 2j] → N , where the map
ρj−i : M(Q)(i − j)[2i − 2j] → M(Q) is defined by the plane section of
codimenion (j − i) in Q, imbedded diagonally into Q × Q. So, we have the

pair of maps: N
ε // M(Q)(i− j)[2i− 2j]
η

oo . Since fj(l0(j)[2j]) = lj, and
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ρj−i(lj(i−j)[2i−2j]) = li, we get that the map degN ◦η◦ε : CHi(N |k)→ Z/2
is nonzero. By Sublemma 6.10.2, N is isomorphic to a direct summand of
M(Q)(i− j)[2i− 2j].

Sublemma 6.14.2 Let Q be smooth anisotropic quadric of dimension m,
and N be indecomposable direct summand of M(Q). Then there exists 0 6
t < h(q) such that, for fields Ft ⊂ Ft+1 from the generalized splitting tower
of M.Knebusch for Q, we have: iW (q|Ft+1) > a(N), c(N) > iW (q|Ft), and
a(N) + c(N) 6 iW (q|Ft) + iW (q|Ft+1)− 1.

Proof: Let t and s be such that iW (q|Ft) 6 a(N) < iW (q|Ft+1) and
iW (q|Fs) 6 c(N) < iW (q|Fs+1). Then applying Proposition 4.10 to N and
N∨ we get: c(N) 6 iW (q|Ft) + iW (q|Ft+1)− a(N)− 1 and a(N) 6 iW (q|Fs) +
iW (q|Fs+1) − c(N) − 1. This implies t = s and a(N) + c(N) 6 iW (q|Ft) +
iW (q|Ft+1)− 1.

Now we can prove Theorem 4.13. Let Q, j, N be as in Theorem 4.13.
Denote: i = a(N). If j > i, then everything is contained in Sublemma 6.14.1.

Let (i − j) > 0. Let F = Fr be a field in the generalized splitting tower
of M.Knebusch, given by Sublemma 6.14.2. Then iW (q|Fr+1) > a(N) >
iW (q|Fr). By conditions of Theorem 4.13, iW (q|Fr+1) > a(N) − (i − j) >
iW (q|Fr). Also, iW (q|Fr+1) > c(N) > iW (q|Fr). On the other hand, from
Sublemma 6.14.2 it follows that iW (q|Fr+1) > c(N)+(i−j) > iW (q|Fr). That
means that the pair (i′, j′) := (c(N), c(N) + (i − j)) and indecomposable
direct summandN∨ (with a(N∨) = c(N)) satisfy the conditions of Sublemma
6.14.1. By Sublemma 6.14.1, in M(Q) there exists a direct summand L,
isomorphic to N∨(i − j)[2i − 2j]. Then L∨ will be isomorphic to N(j −
i)[2j − 2i]. Theorem 4.13 is proven.

To prove Corollary 4.14, consider l := iW (q|Ft+1)−1−a(N). By Sublemma
6.14.1, N(l)[2l] is isomorphic to a direct summand M of M(Q). Clearly,
a(M) = a(N) + l = iW (q|Ft+1) − 1, and c(M) = c(N) − l. Since a(M) >
iW (q|Ft), we have, by Sublemma 6.14.2, c(M) > iW (q|Ft). This implies:
a(N) + c(N) > iW (q|Ft) + iW (q|Ft+1)− 1. Combined with Sublemma 6.14.2,
this gives required result.

50



Proof of Theorem 4.17 and Theorem 4.15

Let k = F0 ⊂ . . . ⊂ Fh(q) be the generalized splitting tower for q, and
0 6 t < h(q) be such number that iW (q|Ft) 6 m < iW (q|Ft+1). Let k = E0 ⊂
. . . ⊂ Eh(p) be the generalized splitting tower for p, and 0 6 s < h(p) be
such number that iW (p|Es) 6 n < iW (p|Es+1). Denote as K the composite
Ft ∗ Es of the fields Ft and Es. Using Theorem 4.13, we can assume that
m = iW (q|Ft), and n = iW (p|Es). Denote: q̃ := (q|K)an., and p̃ := (p|K)an..
By the condition of the theorem, dim(q̃) = dim((q|Ft)an.), and dim(p̃) =
dim((p|Es)an.). Moreover, for arbitrary field extension G/K, the conditions:
iW (q̃|G) > 0 and iW (p̃|G) > 0 are equivalent.

Let us denote: m′ := m+ it+1(q)− 1, and n′ := n+ is+1(p)− 1.
Because a(N) = n, by Theorem 6.13, we have the map αn : M(P ) →

M(P n)(n)[2n], which sends the class ln to l0(n)[2n]. From the conditions of
the theorem we have rational maps P n 99K Qm, and P n 99K Qm′

, which give

us motivic maps λ : M(P n)→ M(Qm), and λ′ : M(P n)→ M(Qm′
) sending

the class of a rational point to the class of a rational point. Finally, we
have the maps fm : M(Qm)(m)[2m]→M(Q) and fm′ : M(Qm′

)(m′)[2m′]→
M(Q). Let ε : M(P )(m − n)[2m − 2n] → M(Q) be the composition fm ◦
λ(m)[2m] ◦ αn(m− n)[2m− 2n], and ε′ : M(P )(m′ − n)[2m′ − 2n]→M(Q)
be the composition fm′ ◦ λ′(m′)[2m′] ◦ αn(m′ − n)[2m′ − 2n].

Since p̃|K(q̃) is isotropic, there exists morphism γ̃ : M(Q̃)→ M(P̃ ), such

that γ̃ : CH0(Q̃|K) → CH0(P̃ |K) sends the class of a rational point to the
class of a rational point. SinceM(Q̃)(iW (q|K))[2iW (q|K)] is a direct summand
of M(Q|K), and M(P̃ )(iW (p|K))[2iW (p|K)] is a direct summand of M(P |K)
(by Proposition 2.1), the morphism ε|K provides us with the morphism ε̃ :
M(P̃ )(m)[2m] → M(Q̃)(m)[2m] (we remind, that m = iW (q|Ft) = iW (q|K),
and n = iW (p|Es) = iW (p|K)), and the composition degP̃ ◦ γ̃ ◦ ε̃(−m)[−2m] :
CH0(P̃ |K) → Z/2 is nonzero. Let M̃ be indecomposable direct summand
of M(Q̃) such that a(M̃) = 0, and Ñ be indecomposable direct summand
of M(P̃ ) such that a(Ñ) = 0. By Theorem 3.6, M̃ ' Ñ . In particular,
size(M̃) = size(Ñ). In the light of Corollary 4.7, we get an equality: dim(Q)−
dim(P ) + n−m = m′ − n′. Denote this number as j.

Proposition 3.5, on it’s part, gives us that degÑ ◦ϕÑ ◦ γ̃ ◦ ε̃(−m)[−2m] ◦
jÑ = degÑ : CH(Ñ |K)→ Z/2. In particular, degÑ ◦ ϕÑ ◦ γ̃ ◦ ε̃(−m)[−2m] ◦
jÑ |CHb(Ñ)

6= 0. By Corollary 4.7, b(Ñ) = dim(P̃ )− is+1(p) + 1. So,
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ε̃(−m)[−2m](h̃is+1(p)−1) = µ · h̃it+1(q)−1, where µ is odd, and h̃ is the class of
hyperplane section in P̃ and Q̃, respectively. Then ε(hn′(m−n)[2m−2n]) =
µ · hm′

, where µ is odd and h ∈ CH1 is the class of hyperplane section in P
and Q, respectively.

Let ε∨ : M(Q) → M(P )(j)[2j] be the morphism dual to ε (the corre-
sponding cycle is obtained by switching the factors in P × Q). Denote as
(−,−) the natural composition pairings CHr(M(Q))⊗CHr(M(Q))→ Z and
CHr(M(P )(j)[2j]) ⊗ CHr(M(P )(j)[2j]) → Z. We have tautological equal-
ity: (ε∨(lm′), hn′(m′ − n′)[2m′ − 2n′]) = (lm′ , ε(hn′(m− n)[2m− 2n])). Thus,
ε∨(lm′) ≡ ln′(m

′ − n′)[2m′ − 2n′] (mod 2).

Consider the diagram: M(Q)
ε∨

))SSSSSSSSSSSSSSS

M(P )(m′ − n)[2m′ − 2n]

ε′
55kkkkkkkkkkkkkkk

M(P )(m′ − n′)[2m′ − 2n′]
ρis+1(p)−1

oo

where ρis+1(p)−1 is given by the plane section of codimension is+1(p)− 1, em-
bedded diagonally into P × P .

Let ln ∈ CHn(P |k) be the class of projective plane of dimension n on
P |k. By the construction of ε′, we have: ε′(ln(m′ − n)[2m′ − 2n]) = lm′ ∈
CHm′(Q|k). And we know that ε∨(lm′) ≡ ln′(m

′−n′)[2m′− 2n′] (mod 2). So,
the composition degP ◦ρis+1(p)−1◦ε∨◦ε′ : CHm′(M(P |k)(m′−n)[2m′−2n])→
Z/2 is nonzero. Then, by Theorem 3.8, N(m′ − n)[2m′ − 2n] is isomorphic
to a direct summand of M(Q). Since a(N(m′ − n)[2m′ − 2n]) = m′, and
iW (q|Ft) 6 m,m′ < iW (q|Ft+1), by Theorem 4.13, M := N(m − n)[2m − 2n]
is also isomorphic to a direct summand of M(Q). Theorem is proven.

Theorem 4.15 is an evident corollary of Theorem 4.17.

7 Splitting patterns of small-dimensional forms

This section is devoted to the classification of the splitting patterns of small-
dimensional forms. We will remind the definition of the splitting pattern.
Let k be a field and q - a quadratic form defined over k. We construct
the sequence of fields and quadratic forms in the following way. Set k0 := k,
i0(q) := iW (q) - the Witt index of q, and q0 := qan.. Now if we have the field kj

and an anisotropic form qj defined over kj, we set: kj+1 := kj(Qj); ij+1(q) :=
iW (qj|kj+1

); qj+1 := (qj|kj+1
)an.. Since dim(qj+1) < dim(qj), this process will
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stop at some step h, namely, when dim(qh) 6 1. This number h is called the
height of q. As a result, we get a tower of fields k = k0 ⊂ k1 ⊂ . . . ⊂ kh, called
the generalized splitting tower of M.Knebusch (see [15, §5]), and a sequence
of natural numbers: i0(q), i1(q), . . . , ih(q). The number ij(q) is called the j-th
higher Witt index of q, and the set i(q) := (i1(q), . . . , ih(q)) will be called the
splitting pattern of the quadric Q. Notice, that ij(q) > 1 for each j > 1.
We should stress, that our definition of the splitting pattern is not the one
commonly used, since usually, the sequence (i1, i1 + i2, . . . , i1 + . . . + ih) is
called by this name. But, it seems, that many properties of quadratic forms
are much more transparent, when we see the higher Witt indices, rather than
iW (q|kt). I hope, the reader will agree with me after looking on the tables
below. By this reason, in the current article we will stick to our nonstandard
terminology.

It is an important question to describe all possible splitting patterns
of quadrics. This problem was solved for all forms of dimension 6 10 by
D.Hoffmann - see [3]. With the help of the motivic methods as well as the
methods developed by D.Hoffmann, O.Izhboldin, B.Kahn and A.Laghribi
(see [2], [10], [6], [17]) we are able to describe all possible splitting patterns
of forms of odd dimension 6 21 as well as forms of dimension 12.

In many cases, we will be able to describe the class of forms having
particular splitting pattern in terms of quadratic form theory.

The tools we will be using

In this section we list some known results on the structure of the splitting
pattern as well as the structure of the motive of a quadric, which will be used
in our computations.

We start with the last higher Witt index. By the result of M.Knebush,
the quadrics of height 1 are exactly the Pfister quadrics and their hyperplane
sections. Hence, we have the following restrictions on ih(q)(q):

Theorem 7.1 (M.Knebusch, [15, Theorem 5.8])

(1) If dim(q) is even, then ih(q)(q) = 2d for some d > 0.

(2) If dim(q) is odd, then ih(q)(q) = 2d − 1 for some d > 1.
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If dim(q) is even, the number d + 1 is called the degree of q. The degree
of any odd-dimensional form is zero, by definition.

The next important results of D.Hoffmann are related to the first higher
Witt index.

Theorem 7.2 (D.Hoffmann, [2, Corollary 1])
Let q be anisotropic quadric of dimension 2r + m, where 0 < m 6 2r.

Then i1(q) 6 m.

Theorem 7.3 (D.Hoffmann, [2])
Let 0 < m < 2r, and p is anisotropic quadratic form of dimension 2r−m

with the splitting pattern i(p). Then there is the field extension E/k, and
anisotropic quadratic form q of dimension 2r + m over E, such that the
splitting pattern of q is (m, i(p)).

Proof: By [2, Remark 1], there is the extension E of the field k(y1, . . . , yr)
such that p|E is isomorphic to a subform of 〈〈y1, . . . , yr〉〉|E, and E/k is uni-
rational. Let q be an orthogonal complement to p|E in 〈〈y1, . . . , yr〉〉|E. Then
i(q) = (m, i1(p|E), . . . , ih(p)(p|E)). But higher Witt indices are clearly stable
under rational, and hence, unirational extensions. So, i(q) = (m, i(p)).

We will need also results concerning the specialization of splitting pat-
terns.

Definition 7.4 Let i = (i1, i2, . . . , ih) be a sequence of natural numbers.
We say that the sequence i′ is an elementary specialization of i, if either

i′ = (i2, . . . , ih), or for some 1 6 s < h, i′ = (i1, . . . , is−1, is+is+1, is+2, . . . , ih).
We say that the sequence i′′ is a specialization of i, if it can be obtained

from i by a (possibly empty) chain of elementary specializations.

Theorem 7.5 (M.Knebusch, [15, Corollary 5.6])
Let q be a quadratic form over the field k, and L/k, F/k - be such field

extensions that there is a regular place L→ F . Then i(q|F ) is a specialization
of i(q|L). In particular, i(q|F ) is always a specialization of i(q).

We will also use repeatedly the following evident fact:

54



Theorem 7.6 Let q be quadratic form such that i(q) = (i1, i2, . . . , ih), and
p = q ⊥ 〈a〉, for some a ∈ k∗. Then i(p) is a specialization of{

(1, i1 − 1, 1, i2 − 1, 1, . . . , 1, ih − 1), if dim(q) even

(1, i1 − 1, 1, i2 − 1, 1, . . . , 1, ih − 1, 1), if dim(q) odd
, where we omit zeroes.

In our computations we will be using interplay between the splitting pat-
tern of a quadrics and the structure of it’s motive. So, we will need some
facts concerning the later. The key tool here is Theorem 4.20, describing
possible sizes of binary direct summands of M(Q).

Let Q be some smooth quadric over k. Then M(Q|k) is a direct sum of
Tate-motives. Namely,

M(Q|k) =

{
⊕dim(Q)

j=0 Z(j)[2j], if dim(Q) is odd

(⊕dim(Q)
j=0 Z(j)[2j])⊕ Z(dim(Q)/2)[dim(Q)], if dim(Q) is even

.

Suppose Q is anisotropic and let i(q) = (i1, i2, . . . , ih). The spliting pattern
separates our Tate-motives into different shells. We say that Z(m)[2m] be-
longs to the shell number t, if

∑t−1
r=1 ir 6 min(l, dim(Q) − l) <

∑t
r=1 ir. In

the light of Proposition 2.1, Proposition 2.6, this condition is equivalent to
the following: Z(l)[2l] is a direct summand of M(Q|kt), but is not a direct
summand of M(Q|kt−1), where k = k0 ⊂ k1 ⊂ . . . ⊂ kh is a generalized
splitting tower of fields for Q. So, we have h different shells, where h is the
height of Q, and the shell number t consists of 2it Tate-motives.

Now we can formulate the result which is very usefull in the splitting
pattern computations.

Theorem 7.7 Let Q be smooth anisotropic quadric of dimension m, and N
be indecomposable direct summand of M(Q), such that a(N) = 0. Then:

(1) If t > 1 and it < i1, then N |k does not contain Tate-motives from the
shell number t.

(2) If i2 is not divisible by i1, then N |k does not contain Tate-motives from
the shell number 2.

Proof: Let l be such number that Z(l)[2l] is a direct summand of N |k.
By Proposition 4.10, we can assume that l > m/2. Let E/k be any field
extension, and j := i1(q)− 1. Then the following conditions are equivalent:

(a) iW (q|E) > m− l;
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(b) Z(l)[2l] is a direct summand of M(Q|E);
(c) Z(l)[2l] is a direct summand of N |E;
(d) Z(l + j)[2l + 2j] is a direct summand of N(j)[2j]|E;
(e) Z(l + j)[2l + 2j] is a direct summand of M(Q|E);
(f) iW (q|E) > m− l − j.
The equivalence (a) ⇔ (b) and (e) ⇔ (f) follows from Proposition 2.1,

Proposition 2.6. The equivalence (b) ⇔ (c) and (d) ⇔ (e) follows from the
fact that Z(l)[2l] is a direct summand of N |k (respectively, Z(l + j)[2l + 2j]
is a direct summand of N(j)[2j]|k), and N, N(j)[2j] are direct summands of
M(Q) (by Theorem 4.13). The equivalence (c)⇔ (d) is evident.

The equivalence (a) ⇔ (f) implies the first statement of the theorem (if
Z(l)[2l] would belong to the shell number t, then it would be > j = i1(q)−1).

To prove the second statement, consider the motive L := ⊕i1(q)−1
j=0 N(j)[2j].

By Theorem 4.13, Theorem 3.11, L is isomorphic to a direct summand of
M(Q). By Theorem 4.19, L is self-dual, that is, L∨ ∼= L. Let M be com-
plimentary direct summand. Then M∨ ∼= M as well. Clearly, N(j)[2j]|k
contains as many Tate-motives from particular shell as N |k does (since this
number is equal to the number of Tate-motives which split from N(j)[2j] (re-
spectively N) over kt but do not split over kt−1). Since i2(q) is not divisible
by i1(q), L|k does not contain some of Tate-motives from the second shell. So,
M |k contains some Tate-motive from the second shell. Let Z(l)[2l] be such
Tate-motive with the minimal possible l. Let M ′ be indecomposable direct
summand of M , such that Z(l)[2l] is a direct summand of M ′|k. We know
that M ′|k contains no Tate-motives from the first shell. Hence, a(M ′) = l
(here is the only place, where we use the fact that the number of the shell is
2, but not bigger). Then, by Theorem 4.13, each Tate-motive Z(l′′)[2l′′] from
the second shell will be a direct summand of M ′′|k, for some indecomposable
direct summand M ′′, isomorphic to M ′(d)[2d], for some d. Since M ′(d)[2d]
is not isomorphic to N , by Lemma 4.2, we get that N |k does not contain
Tate-motives from the second shell.

Remark: In item (2) above, the fact that the number of the shell is 2
is essential. For example, if q is any codimension 1 subform of the form
〈〈e1, e2〉〉 · 〈a, b,−ab,−c,−d, cd〉 over the field k(a, b, c, d, e1, e2), then i(q) =
(3, 1, 7), but N |k contains Tate-motives from the third shell.

Previous theorem will be usually used in conjunction with the following
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one.

Theorem 7.8 Let Q be smooth anisotropic quadric over k, and N be an
indecomposable direct summand of M(Q), such that a(N) = 0. Suppose that
N |k does not contain Tate-motives from the shells 2, 3, . . . , h(Q). Then N is
binary of size dim(Q)− i1(q) + 1.

Proof: The fact that N is binary follows from Theorem 4.13, Lemma
4.2, and the statement about the size is valid for arbitrary indecomposable
direct summand N with a(N) = 0, by Corollary 4.7.

We will also use the following motivic result, which provides (in conjunc-
tion with Theorem 4.20) some sufficient conditions for all indecomposable
direct summands of M(Q) to “start” from the first shell.

Theorem 7.9 Let q be anisotropic form over k, and q1 = (q|k(Q))an.. Let N
be an indecomposable direct summand of M(Q) such that a(N) = 0, and L be
an indecomposable direct summand of M(Q1) such that a(L) = 0. Suppose

that M(Q1) = ⊕i2(q)−1
l=0 L(l)[2l]. Then either M(Q) = ⊕i1(q)−1

j=0 N(j)[2j], or N
is binary of size dim(Q)− i1(q) + 1.

Proof: By Theorem 4.13 and Theorem 3.11, ⊕i1(q)−1
j=0 N(j)[2j] is isomor-

phic to a direct summand of M(Q). Let M be complimentary summand.
If M 6= 0, then M |k contains some Tate-motive from some shell number

> 2. But the condition M(Q1) = ⊕i2(q)−1
l=0 L(l)[2l] exactly says that any such

Tate-motive is connected (even over k(Q)) to some Tate-motive from the
second shell. So, if M 6= 0, then M |k contains some Tate-motive Z(m)[2m]
from the second shell. Since M |k, clearly, does not contain Tate-motives
from the first shell, there exist indecomposable direct summand M ′ of M(Q)
such that a(M ′) = m (we can assume m < dim(Q)/2). By Theorem 4.13,
Lemma 4.2, N |k contains no Tate-motives from the second shell, and hence,
no Tate-motives from the shells 3, . . . , h (since they are all connected to
the second shell). So, we have only two possibilities: either M = 0 and

M(Q) = ⊕i1(q)−1
j=0 N(j)[2j], or N |k does not contain Tate-motives from shells

number 2, . . . , h(Q), and so N is binary of size dim(Q)−i1(q)+1, by Theorem
7.8.
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Sometimes we will draw the pictures of the motives of quadrics. In this
case, each Tate-motive will be denoted as •, and sometimes we will place num-
ber of the corresponding shell over it. For example, the motive of the quadric

with the splitting pattern (1, 3, 1, 1) can be drawn as: •1 •2 •2 •2 •3 •4 •4 •3 •2 •2 •2 •1

The direct summand of M(Q) then can be visualized as a collection of •’s
connected by dotted lines. For example, the direct summand L with L|k =
Z⊕ Z(2)[4]⊕ Z(3)[6]⊕ Z(5)[10] in M(Q), where q = 〈〈a〉〉 · 〈b1, b2, b3〉 ⊥ 〈c〉,
can be drawn as: • ◦ • • ◦ •

The indecomposable direct summand of M(Q) will be visualized as a col-
lection of •’s connected by solid lines. For example, the decomposition into
indecomposables of the M(Q), where q = 〈〈a〉〉 · 〈1,−b1,−b2,−b3〉 ⊥ 〈b1b2〉,
and {a, b1, b2, b3} 6= 0, {a,−b1b2b3} 6= 0 (mod 2), will look as: • • • • • • • •

Now we can list the splitting patterns of small-dimensional forms.
We start with the odd-dimensional forms.

Splitting patterns of odd-dimensional forms

I should mention again, that the splitting patterns of forms of dimension 3,5,7
and 9, as well as most cases of dimension 11 were classified by D.Hoffmann
in [3]. Nevertheless, we included these cases below, to familirize the reader
with the technique on simple examples.

dim(q) = 3: In this case, i(q) = (1) always.
dim(q) = 5: By Theorem 7.2, we have: i1(q) = 1, and i(q) = (1, 1)

always.
dim(q) = 7: Let us show that i1(q) 6= 2. First of all, this fact follows

from the general result of O.Izhboldin, claimng that for the anisotropic form
of dimension 2r + 3 the first higher Witt index does not equal to 2 - see [8,
Corollary 5.13]. Alternatively, we can argue as follows. Let i1(q) = 2, then
i2(q) = 1. Let N be an indecomposable direct summand in M(Q) such that
a(N) = 0. Then by Theorem 7.7, N |k does not contain Tate-motives from
the shell number 2, and so, N is binary of size 4 (by Theorem 7.8). This
contradicts Theorem 4.20. So, i1(q) 6= 2.

Since 7 = 22 + 3, by Theorem 7.2, we have: either i1(q) = 1, or i1(q) = 3.
In the first case, we have: i(q) = (1, 1, 1); in the second, i(q) = (3).

By the result of A.Pfister, i(q) = (3) if and only if q is a Pfister neighbour,.
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Such forms clearly exist. Respectively, i(q) = (1, 1, 1) for all other anisotropic
forms of dimension 7. The generic form 〈a1, . . . , a7〉 over the field F =
k(a1, . . . , a7) provides such an example (it is sufficient to notice that over
E := F (

√
−a1a2), iW (q|E) = 1).

dim(q) = 9: Again, by Theorem 7.2, i1(q) = 1, so i(q) is either (1, 1, 1, 1),
or (1, 3). And both these cases exist in the light of Theorem 7.3. It remains
to describe both classes of forms.

Let i(q) = (1, 3). Consider p := q ⊥ 〈− det±(q)〉. Then, on the one hand,
p ∈ I2(k), and so, the splitting pattern of p is a specialization of (1, 1, 1, 2).
On the other hand, since p differs by 1-dimensional form from q, the splitting
pattern of p is a specialization of (1, 1, 2, 1) (by Theorem 7.6). Taking into
account Theorem 7.1, we get that the splitting pattern of p is a specialization
of (1, 4). By the result of A.Pfister (see [21, Satz 14 and Zusatz]), anisotropic
form from I3 can not have dimension 10. So, dim(pan.) = 8, and i(pan.) = (4).
By the result of A.Pfister, pan. is isomorphic to λ · 〈〈a, b, c〉〉 for some λ ∈ k∗
and {a, b, c} 6= 0 ∈ KM

3 (k)/2. Hence, q = λ · (〈〈a, b, c〉〉 ⊥ 〈−d〉).
All other anisotropic 9-dimensional forms should have splitting pattern

(1, 1, 1, 1). The generic form q = 〈a1, . . . , a9〉 over the field k(a1, . . . , a9)
provides such an example (it is sufficient to notice that over the field E =
k(
√
−a1a2,

√
−a3a4) we have: iW (q|E) = 2).

dim(q) = 11: Let us show that i1(q) 6= 2. This fact is a particular case

of the cited result of O.Izhboldin, since 11 = 23 + 3. Alternatively, we can
argue as follows: suppose i1(q) = 2, then the splitting pattern of q is either
(2, 1, 1, 1), or (2, 3). Let N be an indecomposable direct summand in M(Q)
such that a(N) = 0. By Theorem 7.7 and Theorem 7.8 N is binary of size 8
- a contradiction with Theorem 4.20.

By Theorem 7.2, i1(q) is either 1, or 3. If i1(q) = 1, then i(q) is either
(1, 1, 1, 1, 1), or (1, 1, 3), and we will see that both cases exist. If i1(q) = 3,
then i(q) = (3, 1, 1), and such quadrics also exist. Now we will describe
respective classes of forms.

We start with (3, 1, 1). By the result of B.Kahn (see [10, Remark af-
ter Theorem 4]), q must be a Pfister neighbour. And conversely, any 11-
dimensional neighbour of an anisotropic Pfister form 〈〈a, b, c, d〉〉 has such
splitting pattern. Such forms clearly exist.

If i(q) = (1, 1, 3), then set p := q ⊥ 〈det±(q)〉. Then p ∈ I2(k), and
the splitting pattern of p is a specialization of (1, 1, 1, 1, 2). On the other
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hand, since p differs from q by a 1-dimensional form, i(p) is a specializa-
tion of (1, 1, 1, 2, 1), in the light of Theorem 7.6. By Theorem 7.1, i(p) is
a specialization of (1, 1, 4) (actually, of (2, 4), by [21, Satz 14 and Zusatz]).
That means, p ∈ J3(k), and since J3(k) = I3(k), p ∈ I3(k). So, q is a
codimension 1 subform of some anisotropic 12-dimensional form from I3(k).
Conversely, if p is some anisotropic 12-dimensional form from I3(k), then
i(p) = (2, 4), and for arbitrary 11-dimensional subform q of p, the split-
ting pattern of q will be the specialization of (1, 1, 3). And in our list of
possible splitting patterns only the splitting pattern (1, 1, 3) satisfies such
conditions. To show that forms with the splitting pattern (1, 1, 3) exist it is
sufficient to construct a 12-dimensional anisotropic form from I3. The form
〈〈e〉〉 · 〈a, b,−ab,−c,−d, cd〉 over the field k := F (a, b, c, d, e) provides such an
example.

Finally, all other anisotropic forms of dimension 11 will have splitting pat-
tern (1, 1, 1, 1, 1). The generic form 〈a1, . . . , a11〉 over the field k(a1, . . . , a11)
provides an example.

dim(q) = 13: We have: i1(q) 6 5. Let us show that i1(q) 6= 2, 3, or 4.
i1(q) 6= 4, since otherwise M(Q) would contain a binary direct summand
of size 8 (in the light of Theorem 7.7 and Theorem 7.8), which contradicts
Theorem 4.20.

If i1(q) = 2, then i(q) is either (2, 1, 1, 1, 1), or (2, 1, 3). In the former
case, we get a binary direct summand of M(Q) of size 10, which contra-
dicts Theorem 4.20. Suppose i(q) = (2, 1, 3). Actually, we can treat the
cases (2, 1, 3) and (3, 3) simultaneously. Let p := q ⊥ 〈− det(q)〉. Then
i(p) is a specialization of (1, 1, 1, 1, 2, 1), and using the fact that p ∈ I2(k),
Theorem 7.1 and [21, Satz 14 and Zusatz], we get: i(p) is a specialization
of (1, 2, 4). If N is an indecomposable direct summand in M(Q) such that
a(N) = 0, then since for arbitrary field extension E/k the conditions: 1)
iW (p) > 1; and 2) iW (q) > 0 are equivalent, N(1)[2] must be isomorphic
to some direct summand of M(P ) (by Theorem 4.15). If i(p) = (1, 2, 4),
then M(P ) is indecomposable (by the inductive application of Theorem
7.9), which is impossible (since rank(CHl(Q|k)) 6 1). So, iW (p) = 1 and
i(p) = (2, 4). Then M(Pan.) = L⊕ L(1)[2] (again, by the inductive applica-
tion of Theorem 7.9), where L is indecomposable and L|k = Z ⊕ Z(2)[4] ⊕
Z(4)[8] ⊕ Z(5)[10] ⊕ Z(7)[14] ⊕ Z(9)[18]. But then N must be isomorphic
to L (since M(P ) = Z⊕M(Pan.)(1)[2]⊕ Z(dim(P ))[2 dim(P )]). In the case
i(q) = (2, 1, 3), we get: size(L) = 9 6= 10 = size(N) - a contradiction (we used
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Corollary 4.7 here). In the case i(q) = (3, 3), we get N |k contains Z(2)[4],
which is impossible, since i1(q) = 3 and so N(2)[4] is a direct summand of
M(Q). So, i(q) can not be (2, 1, 3), or (3, 3) and i1(q) 6= 2.

If i1(q) = 3, then i(q) is either (3, 1, 1, 1), or (3, 3). In the former case, we
get a binary direct summand in M(Q) of size 9 - contradiction with Theorem
4.20. The case (3, 3) was treated above. So, i1(q) 6= 3.

Thus, i1(q) is either 1, or 5. This gives splitting patterns (1, 1, 1, 1, 1, 1),
(1, 1, 1, 3), (1, 3, 1, 1) and (5, 1). We will show that all of them are realized
by the appropriate quadratic forms. Let us describe classes of forms corre-
sponding to these 4 splitting patterns.

We start with the splitting pattern (5, 1). Then q is a Pfister neighbour,
in the light of [16, Corollary 8.2] (see also [2, §4]). Conversely, any 13-
dimensional neighbour of anisotropic 4-fold Pfister form has splitting pattern
(5, 1). Such forms clearly exist.

Let i(q) = (1, 3, 1, 1). We have dim((q|k(Q))an.) = 11, and (q|k(Q))an. is a
Pfister neighbour. Then by the result of B.Kahn (see [10, Theorem 2]), there
exists some 5-dimensional form r4(q) that q ⊥ r4(q) ∈ I4(k). Clearly, r4(q)
is anisotropic, since otherwise q would be a Pfister neighbour, and would
have splitting pattern (5, 1). Conversely, let q and r4(q) be 13-dimensional
and 5-dimensional anisotropic forms, s.t. q ⊥ r4(q) ∈ I4(k). Then i((q ⊥
r4(q))an.) = (8). Since q differs from (q ⊥ r4(q))an. by a 5-dimensional form,
we get: i(q) is a specialization of (1, 3, 1, 1) (by Theorem 7.6). This means
that i(q) is either (1, 3, 1, 1), or (5, 1). If i(q) = (5, 1), then q is a Pfister
neighbour, as we know. That is, there exists 3-dimensional form p, such that
q ⊥ p ∈ I4(k). Then r4(q) ⊥ −p ∈ I4(k). Since dim(r4(q) ⊥ −p) = 8 < 16,
we get: r4(q) = p ⊥ H. But r4(q) is anisotropic - contradiction. Hence
i(q) = (1, 3, 1, 1). It remains to show that such anisotropic 13-dimensional
forms do exist. Take k := F (x1, . . . , x4, a1, . . . , a5), and q̃ := 〈〈x1, . . . , x4〉〉 ⊥
〈a1, . . . , a5〉. Let k = k0 ⊂ k1 ⊂ . . . ⊂ kh be generalized splitting tower of
M.Knebusch for q̃. Let E = k(

√
−a1a2). By the result of D.Hoffmann, there

exists a field extension Ẽ/E such that 〈a3, a4, a5〉|Ẽ is a subform of anisotropic
Pfister form 〈〈x1, . . . , x4〉〉|Ẽ. That means that dim((q̃|Ẽ)an.) = 13. By the
result of M.Knebusch ([15, Theorem 5.1]), there exists 0 < t < h, such that
dim((q̃|kt)an.) = 13. Since kt is obtained from k by adjoining the generic
points of quadrics of dimension > 13, by the result of D.Hoffmann (see [2,
Theorem 1]), 〈a1, . . . , a5〉|kt is anisotropic. So, we have proved the existence
of the splitting pattern (1, 3, 1, 1).
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Let i(q) = (1, 1, 1, 3). Consider p := q ⊥ 〈− det±(q)〉. Then p ∈ I2(k). So,
i(p) is simultaneously a specialization of (1, 1, 1, 1, 2, 1) and (1, 1, 1, 1, 1, 2).
Hence, by Theorem 7.1, i(p) is a specialization of (1, 1, 1, 4), that is: p ∈
I3(k). Conversely, let q be such anisotropic 13-dimensional form that q ⊥
〈− det±(q)〉 ∈ I3(k). Then i(q) is a specialization of (1, 1, 1, 3). As we know,
the only possible specialization is (1, 1, 1, 3) itself. To construct an example,
consider the form p := (〈〈a1, a2, a3〉〉 ⊥ −〈〈b1, b2, b3〉〉)an. over the field k :=
F (a1, a2, a3, b1, b2, b3). Clearly, p ∈ I3(k). By the result of R.Elman and
T.Y.Lam (see [1]), dim(p) = 14. Then any subquadric of codimension 1 in p
will have splitting pattern (1, 1, 1, 3).

Finally, all other forms will have splitting pattern (1, 1, 1, 1, 1, 1). The
generic form provides an example.

dim(q) = 15: We know that i1(q) 6 7. If i1(q) = 7, then q is a Pfister
neighbour by [15, Theorem 5.8].

If i1(q) = 6, or 5, or 4, then by the standard arguments, M(Q) contains
a binary direct summand of size 8, 9 and 10, respectively. This contradicts
Theorem 4.20.

Suppose i1(q) = 3. Then i(q) is either (3, 1, 1, 1, 1), or (3, 1, 3). In the
former case, we get a binary direct summand in M(Q) of size 11, which is
impossible, by Theorem 4.20. We will show that the case (3, 1, 3) is possible.

Suppose i1(q) = 2. Then i(q) is either (2, 1, 1, 1, 1, 1), or (2, 1, 1, 3), or
(2, 3, 1, 1). In the first case, by Theorem 7.7 and Theorem 7.8, we get a
binary direct summand in M(Q) of size 12, which is impossible by Theorem
4.20. The same happens in the last case, since 2 does not divide 3.

To show that the case (2, 1, 1, 3) is not possible, let us first study the
motivic decomposition of the quadric with the splitting pattern (1, 1, 3).

Lemma 7.10 Let r be anisotropic quadratic form over some field F such

that i(r) = (1, 1, 3). Then M(R) decomposes as follows: •
1
•
2
•
3
•
3
•
3
•
3
•
3
•
3
•
2
•
1

In particular, each Tate-motive from the shell number 3 is connected to some
Tate-motives from the shells 1 or 2.

Proof: So, let r be such form over some field F . Consider p := r ⊥
〈det±(r)〉. Then i(p) is simultaneously a specialization of (1, 1, 1, 1, 2) and of
(1, 1, 1, 2, 1). By Theorem 7.1, i(p) is a specialization of (1, 1, 4), and by [21,
Satz 14 and Zusatz], a specialization of (2, 4). Since r is anisotropic, we have:
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i(p) = (2, 4). Let L be an indecomposable direct summand from M(P ) such
that a(L) = 0. Then M(P ) = L⊕L(1)[2] (by Theorem 7.9). Since i1(p) = 2,
and r is a codimension 1 subform of p, we have (by Corollary 3.10) that L
is isomorphic to a direct summand N of M(R). Let M be a complimentary

direct summand. Then it should have the form: ◦ •2 ◦ •3 ◦ ◦ •3 ◦ •2 ◦ If M
would be decomposable, then in M(R) there would be a direct summand M ′

of the form: ◦ ◦ ◦ • ◦ ◦ • ◦ ◦ ◦ But then, by Theorem 4.13, M ′(−1)[−2]
and M ′(1)[2] would be isomorphic to direct summands of M(R) as well.
We get: Z(2)[4] is contained in M ′(−1)[−2]|k and L|k. This contradicts the
indecomposability of L (by Corollary 3.7). So, M is indecomposable and we
get the desired picture for the decomposition of M(R).

Suppose now q be anisotropic form with the splitting pattern (2, 1, 1, 3),
and N be an indecomposable direct summand of M(Q) such that a(N) = 0.
Then, by Theorem 7.7, N |k does not contain Tate-motives from the shells
number 2 or 3. But, by Lemma 7.10, any Tate-motive from the shell number
4 is connected to some Tate-motive from the shells 2 or 3, so N |k does
not contain such motives either. Consequently, N is binary of size 12 -
contradiction with Theorem 4.20.

So, we have proved, that i1(q) 6= 2.
It remains to consider the case i1(q) = 1. This gives splitting patterns:

(1, 1, 1, 1, 1, 1, 1); (1, 1, 1, 1, 3); (1, 1, 3, 1, 1); and (1, 5, 1). All this patterns are
realized by the appropriate quadrics.

Let us now describe classes of quadratic forms corresponding to particular
splitting pattern.

The splitting pattern i(q) = (7) evidently corresponds to the case of a
Pfister neighbour, that is: to a form of the type λ · (〈〈a, b, c, d〉〉 ⊥ 〈−1〉)an.,
where {a, b, c, d} 6= 0 ∈ KM

4 (k)/2. Such forms clearly exist.
Let i(q) = (3, 1, 3). Consider p := q ⊥ 〈det(q)〉. Then the split-

ting pattern of p is simultaneously a specialization of (1, 2, 1, 1, 2, 1) and of
(1, 1, 1, 1, 1, 1, 2) (since p differs from q by a 1-dimensional form and p ∈
I2(k)). By Theorem 7.1, i(p) is a specialization of (1, 2, 1, 4). But, in the
light of [21, Satz 14 and Zusatz], it should be a specialization of (1, 1, 2, 4).
So, it is a specialization of (1, 3, 4). But 3 does not divide 4, so, by Theorem
7.7, i(p) is a specialization of (4, 4) (otherwise, in the motive of the quadric
with the splitting pattern (3, 4) we would have a binary direct summand of
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size = 10, which contradicts Theorem 4.20). So, p is anisotropic (since q is
anisotropic of dimension 15), and i(p) is either (4, 4), or (8). The last case
is impossible since, in this case, i(q) would be (7). So, i(p) = (4, 4). By
the results of O.Izhboldin and B.Kahn ([6, Theorem 13.9] and [11, Theorem
2.12]), such form is isomorphic to 〈〈a, b〉〉 · 〈u, v, w, t〉, and (up to a scalar) is a
difference of a 4-fold and a 3-fold Pfister form, having (exactly) two common
slots. Converesely, if p is a form of such type, then i(p) = (4, 4), and so,
i(q) is a specialization of (3, 1, 3). Since i(q) is clearly not equal to (7), it is
(3, 1, 3).

Let i(q) = (1, 5, 1). We have dim((q|k(Q))an.) = 13, and (q|k(Q))an. is a
Pfister neighbour. Then, by the result of B.Kahn (see [10, Theorem 2]),
there exists such 3-dimensional form r4(q) that q ⊥ r4(q) ∈ I4(k). That
is, q = (λ · 〈〈a, b, c, d〉〉 ⊥ −r4(q))an., for some {a, b, c, d} 6= 0 ∈ KM

4 (k)/2
and λ ∈ k∗. Conversely, if q is anisotropic 15-dimensional form of specified
type, then i(q) = (1, 5, 1). The form (〈〈a, b, c, d〉〉 ⊥ 〈a, b, e〉)an. over the field
k(a, b, c, d, e) gives an example.

Let i(q) = (1, 1, 3, 1, 1). We have dim((q|k(Q))an.) = 13, and (q|k(Q))an.

differs by an anisotropic form of dimension 5 from some form from I4(k(Q)).
Then by the result of B.Kahn (see [10, Theorem 2]), there exists some 5-
dimensional form r4(q) that q ⊥ r4(q) ∈ I4(k). Clearly, r4(q) is anisotropic,
since otherwise i(q) would be a specialization of (1, 5, 1). Conversely, let q and
r4(q) be 15-dimensional and 5-dimensional anisotropic forms, s.t. q ⊥ r4(q) ∈
I4(k). Then i((q ⊥ r4(q))an.) = (8). Since q differs from (q ⊥ r4(q))an. by a 5-
dimensional form, in the light of Theorem 7.6, we get: i(q) is a specialization
of (1, 1, 3, 1, 1). This means that i(q) is either (1, 1, 3, 1, 1), or (1, 5, 1). If i(q)
would be (1, 5, 1), then there would exists 3-dimensional form p, such that
q ⊥ p ∈ I4(k). Then r4(q) ⊥ −p ∈ I4(k). Since dim(r4(q) ⊥ −p) = 8 < 16,
we get: r4(q) = p ⊥ H. But r4(q) is anisotropic - contradiction. Hence
i(q) = (1, 1, 3, 1, 1). It remains to show that such anisotropic 15-dimensional
forms do exist. Take k := F (x1, . . . , x4, a1, . . . , a5), and q̃ := 〈〈x1, . . . , x4〉〉 ⊥
〈a1, . . . , a5〉. Consider the field extension E = k(

√
−a1a2,

√
−a3a4,

√
−a5).

Then dim((q̃|E)an.) = 15. By [15, Theorem 5.1], there exists 0 < s <
h, such that dim((q̃|ks)an.) = 15. Since ks is obtained from k by adjoin-
ing the generic points of quadrics of dimension > 15, by [2, Theorem 1],
〈a1, . . . , a5〉|ks is anisotropic. Then the form q := (q̃|ks)an. has the splitting
pattern (1, 1, 3, 1, 1).

Let i(q) = (1, 1, 1, 1, 3). Consider p := q ⊥ 〈det±(q)〉. Then the split-
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ting pattern of p is simultaneously a specialization of (1, 1, 1, 1, 1, 2, 1) and
of (1, 1, 1, 1, 1, 1, 2) (since p differs from q by a 1-dimensional form and p ∈
I2(k)). By Theorem 7.1, i(p) is a specialization of (1, 1, 1, 1, 4). In the light of
[21, Satz 14 and Zusatz], it should be a specialization of (1, 1, 2, 4). Clearly,
i(p) must be either (1, 1, 2, 4), or (2, 2, 4), or (1, 2, 4) (in the last case, p is
isotropic). Conversely, if p has one of the above splitting patterns and q is of
codimension 1 in p, then q is anisotropic and it’s splitting pattern is a spe-
cialization of (1, 1, 1, 1, 3). In our list of possible splitting patterns of forms
of dimension 15 only the following three satisfy this property: (1, 1, 1, 1, 3),
(3, 1, 3) and (7). But if i(q) would be (3, 1, 3), or (7), then i(p) would be
(4, 4), or (8). So, i(q) = (1, 1, 1, 1, 3). And the forms p, such that ih(p) = 4
and ih−1(p) = 2 can be described as: p ∈ I3(k), such that π(p) ∈ KM

3 (k)/2
is not a pure symbol (here π : I3(k) → KM

3 (k)/2 is a projection, induced
by the isomorphism KM

3 (k)/2 ∼= I3(k)/I4(k)). This follows from the re-
sult of O.Izhboldin - see [6, Corollary 13.7]. The form q = (〈〈a1, a2, a3〉〉 ⊥
−〈〈b1, b2, b3〉〉)an ⊥ 〈c〉 over the field k(a1, a2, a3, b1, b2, b3, c) provides an ex-
ample.

Finally, the remaining forms will have the spliting pattern (1,1,1,1,1,1,1).
The generic form provides an example.

dim(q) = 17: By Theorem 7.2, i1(q) = 1. And so, the possible splitting
patterns are: (1, 1, 1, 1, 1, 1, 1, 1), (1, 1, 1, 1, 1, 3), (1, 1, 1, 3, 1, 1), (1, 1, 5, 1),
(1, 3, 1, 3), and (1, 7). Again, by Theorem 7.3, all these patterns are realized.
Let us describe the corresponding classes of forms.

Let i(q) = (1, 7). Consider p := q ⊥ 〈det±(q)〉. Then the splitting pattern
of p is simultaneously a specialization of (1, 1, 6, 1) and (1, 1, 1, 1, 1, 1, 1, 2).
So, it is a specialization of (1, 8). By the result of D.Hoffmann, p is isotropic
and pan. = λ · 〈〈a, b, c, d〉〉, for some {a, b, c, d} 6= 0 ∈ KM

4 (k)/2, and λ ∈ k∗.
Since q is anisotropic, we also have: {a, b, c, d,−λ · det(q)} 6= 0 ∈ KM

5 (k)/2.
Conversely, the form 〈〈a, b, c, d〉〉 ⊥ 〈−e〉, where {a, b, c, d, e} 6= 0 (mod 2) has
splitting pattern (1, 7). Such form clearly exists over the field F (a, b, c, d, e).

Let i(q) = (1, 3, 1, 3). Consider p := q ⊥ 〈det±(q)〉. Then the split-
ting pattern of p is simultaneously a specialization of (1, 1, 2, 1, 1, 2, 1) and
(1, 1, 1, 1, 1, 1, 1, 2). So, it is a specialization of (1, 1, 2, 1, 4). But, in the light
of [21, Satz 14 and Zusatz], it should be a specialization of (1, 1, 1, 2, 4). So, it
is a specialization of (1, 1, 3, 4). But 3 does not divide 4, so, by Theorem 7.7,
Theorem 7.8 and Theorem 4.20 (applied to the form with the splitting pat-
tern (3, 4)), i(p) is a specialization of (1, 4, 4). By the results of O.Izhboldin
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and D.Hoffmann ([6, Proposition 13.6], [4, Corollary 3.4]), there are no forms
with the splitting patterns (1, 4, 4), and (1, 8), so p is isotropic. Clearly, p can
not have splitting pattern (8), so, i(p) = (4, 4), and pan. = 〈〈a, b〉〉 · 〈u, v, w, t〉,
where {a, b, uvwt} 6= 0 (mod 2) and {a, b,−uv,−uw} is not divisible by
{a, b, uvwt} (mod 2). Conversely, if p has specified type, and q := p ⊥ 〈c〉
is anisotropic, then i(q) is a specialization of (1, 3, 1, 3). So, i(q) is either
(1, 3, 1, 3), or (1, 7). In the last case, i(p) would be a specialization of
(1, 1, 6, 1), which is not the case. So, i(q) = (1, 3, 1, 3). Taking a, b, c, u, v, w, t
generic, we get an example.

Let i(q) = (1, 1, 5, 1). We have dim((q|k(Q))an.) = 15, and (q|k(Q))an.

differs by a form of dimension 3 from some form from I4(k(Q)). Then by the
result of B.Kahn (see [10, Theorem 2]), there exists some 3-dimensional form
r4(q) that q ⊥ r4(q) ∈ I4(k). That is, q = (λ · 〈〈a, b, c, d〉〉 ⊥ −r4(q))an., for
some {a, b, c, d} 6= 0 ∈ KM

4 (k)/2 and λ ∈ k∗ (by the result of D.Hoffmann,
in I4 there are no anisotropic forms of dimensions 18,20 and 22 - see [4,
Main Theorem]). Conversely, if q is anisotropic 17-dimensional form of the
specified type, then i(q) = (1, 1, 5, 1). The form (〈〈a, b, c, d〉〉 ⊥ 〈a, e, f〉)an.

over the field k(a, b, c, d, e, f) gives an example.
Let i(q) = (1, 1, 1, 3, 1, 1). We have dim((q|k(Q))an.) = 15, and (q|k(Q))an.

differs by an anisotropic form of dimension 5 from some form from I4(k(Q)).
Then by [10, Theorem 2], there exists some 5-dimensional form r4(q) that
q ⊥ r4(q) ∈ I4(k). Clearly, r4(q) is anisotropic, since otherwise q would have
specialization of (1, 1, 5, 1) as a splitting pattern. Conversely, let q and r4(q)
be 17-dimensional and 5-dimensional anisotropic forms, s.t. q ⊥ r4(q) ∈
I4(k). Then i((q ⊥ r4(q))an.) = (8) (since dim((q ⊥ r4(q))an.) < 24 and
(q ⊥ r4(q))an. ∈ I4(k)). Since q differs from (q ⊥ r4(q))an. by a 5-dimensional
form, we get: i(q) is a specialization of (1, 1, 1, 3, 1, 1). This means that i(q)
is either (1, 1, 1, 3, 1, 1), or (1, 1, 5, 1), or (1, 7). If i(q) = (1, 5, 1), then there
exists 3-dimensional form p, such that q ⊥ p ∈ I4(k). Then r4(q) ⊥ −p ∈
I4(k). Since dim(r4(q) ⊥ −p) = 8 < 16, we get: r4(q) = p ⊥ H. But r4(q)
is anisotropic - contradiction. The case (1, 7) can be treated in the same
way. Hence i(q) = (1, 1, 1, 3, 1, 1). It remains to show that such anisotropic
17-dimensional forms do exist. Take k := F (x1, . . . , x4, a1, . . . , a5), and q̃ :=
〈〈x1, . . . , x4〉〉 ⊥ 〈a1, . . . , a5〉. Let k = k0 ⊂ k1 ⊂ . . . ⊂ kh be the generalized
splitting tower for q̃. We know (from the consideration of 15-dimensional
forms), that there is t such that (q̃|kt)an. has the splitting pattern (1, 1, 3, 1, 1).
On the other hand, if E = k(

√
−a1a2,

√
−a3a4), then dim((q̃|E)an.) = 17.
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By [15, Theorem 5.1], the form q := (q̃|kt−1)an. has the splitting pattern
(1, 1, 1, 3, 1, 1).

Let i(q) = (1, 1, 1, 1, 1, 3). Consider p := q ⊥ 〈det±(q)〉. Then the split-
ting pattern of p is simultaneously a specialization of (1, 1, 1, 1, 1, 1, 2, 1) and
of (1, 1, 1, 1, 1, 1, 1, 2) (since p differs from q by a 1-dimensional form and
p ∈ I2(k)). By Theorem 7.1, i(p) is a specialization of (1, 1, 1, 1, 1, 4). In the
light of [21, Satz 14 and Zusatz], it should be a specialization of (1, 1, 1, 2, 4).
Clearly, ih(p) must be 4 and ih−1(p) must be 2 (by Theorem 7.6). Con-
versely, if ih(p) = 4, ih−1(p) = 2, and q is anisotropic of codimension 1
in p, then i(q) is a specialization of (1, 1, 1, 1, 1, 3). In our list of possible
splitting patterns of forms of dimension 17 only the following three satisfy
this property: (1, 1, 1, 1, 1, 3), (1, 3, 1, 3) and (1, 7). But if i(q) would be
(1, 3, 1, 3), or (1, 7), then i(p) would be (4, 4), or (8). So, i(q) = (1, 1, 1, 1, 3).
And again, by the result of O.Izhboldin ([6, Corollary 13.7]), the forms p,
such that ih(p) = 4 and ih−1(p) = 2 can be described as: p ∈ I3(k), such
that π(p) ∈ KM

3 (k)/2 is not a pure symbol (here π : I3(k) → KM
3 (k)/2 is a

projection, induced by the isomorphism KM
3 (k)/2 ∼= I3(k)/I4(k)). The form

q = 〈〈a1, a2, a3〉〉 ⊥ d · 〈〈b1, b2, b3〉〉 ⊥ 〈c〉 over the field k(a1, a2, a3, b1, b2, b3, c, d)
provides an example.

Finally, the remaining forms have the splitting pattern (1, 1, 1, 1, 1, 1, 1, 1).
The generic form provides an example.

Let summarize our results (use the Definition 5.8).

dim(q) splitting pattern description
3 (1) -
5 (1,1) -
7 (3) dim3(q) = 1

(1,1,1) dim3(q) > 1
9 (1,3) dim3(q) = 1

(1,1,1,1) dim3(q) > 1
11 (3,1,1) dim4(q) = 5

(1,1,3) dim3(q) = 1
(1,1,1,1,1) dim3(q) > 1, dim4(q) > 5

13 (5,1) dim4(q) = 3
(1,3,1,1) dim4(q) = 5
(1,1,1,3) dim3(q) = 1
(1,1,1,1,1,1) dim3(q) > 1, dim4(q) > 5
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dim(q) splitting pattern description
15 (7) dim4(q) = 1

(3,1,3) dim3(q) = 1, ω3(q) - is nonzero pure symbol
(1,5,1) dim4(q) = 3
(1,1,3,1,1) dim4(q) = 5
(1,1,1,1,3) dim3(q) = 1, ω3(q) - is not a pure symbol
(1,1,1,1,1,1,1) dim3(q) > 1, dim4(q) > 5

17 (1,7) dim4(q) = 1
(1,3,1,3) dim3(q) = 1, ω3(q) - is nonzero pure symbol
(1,1,5,1) dim4(q) = 3
(1,1,1,3,1,1) dim4(q) = 5
(1,1,1,1,1,3) dim3(q) = 1, ω3(q) - is not a pure symbol
(1,1,1,1,1,1,1,1) dim3(q) > 1, dim4(q) > 5

We can also describe possible splitting patterns of forms of dimension 19
and 21. Although, in these cases we will provide only hypothetical description
of the respected classes of forms.

dim(q) = 19: By Theorem 7.2, i1(q) 6 3. Let us show that i1(q) 6= 2.
First of all, this is a particular case of the result of O.Izhboldin, since 19 =
24 + 3. Alternatively, we can argue as follows. If i1(q) = 2, then i(q) could
be one of the following: (2, 1, 1, 1, 1, 1, 1, 1), (2, 1, 1, 1, 1, 3), (2, 1, 1, 3, 1, 1),
(2, 1, 5, 1), (2, 3, 1, 3), or (2, 7). Let N be an indecomposable direct summand
of M(Q), such that a(N) = 0.

If i(q) = (2, 1, 1, 1, 1, 1, 1, 1), then we immediately get that N is binary of
size dim(Q)− i1(q) + 1 = 16 - a contradiction with Theorem 4.20.

Let now i(q) = (2, 1, 1, 1, 1, 3). Then N |k does not contain Tate-motives
from the shells 2,3,4 and 5. At the same time, by Lemma 7.10, we know that
each Tate-motive from the shell number 6 is connected to some Tate-motive
from the shell number 4 or 5. So N |k does not contain Tate-motives from the
6-th shell either, and, by Theorem 7.8, N is binary of size 16 - a contradiction
with Theorem 4.20.

Let i(q) = (2, 7). Since i2(q) is not divisible by i1(q), by Theorem 7.7(2),
N will be binary of size 16 - a contradiction with Theorem 4.20.

To exclude the case i(q) = (2, 3, 1, 3), let us first study the motivic de-
composition of the quadric with the splitting pattern (3, 1, 3).

Lemma 7.11 Let R be anisotropic quadric with the splitting pattern (3, 1, 3).
Then it’s motive decomposes as: • • • • • • • • • • • • • •
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Proof: Let L be an indecomposable direct summand of M(R) such
that a(L) = 0. Then L|k does not contain Tate-motives from the sec-
ond shell, and since L is not binary (by Theorem 4.20), L|k should con-
tain Tate-motives from the third shell. Since L(1)[2] and L(2)[4] are also
isomorphic to direct summands of M(R) (by Theorem 4.13), L|k must be
Z ⊕ Z(4)[8] ⊕ Z(7)[14] ⊕ Z(11)[22], and in M(R) we have indecomposables
of the form: • • • ◦ • • • • • • ◦ • • • The complimentary direct summand is
binary, and so, indecomposable as well (by Lemma 3.12.1).

Let now q be a form with the splitting pattern (2, 3, 1, 3). Since i2(q) is not
divisible by i1(q), N |k does not contain Tate-motives from the shell number
2. It also does not contain any Tate-motive from the shell number 3 (since
1 < 2). So, if N is not binary, then N |k contains Tate-motives from the shell
number 4. But, by Lemma 7.11, each such Tate-motive is connected to some
Tate-motive from the shell number 2. So, N |k can not contain Tate-motives
from the 4-th shell either. And N is binary of size 16 - a contradiction with
Theorem 4.20.

Let i(q) = (2, 1, 1, 3, 1, 1). We know that a(N) = 0, b(N) = 16 (by
Corollary 4.7), N(1)[2] is a direct summand in M(Q), and N∨ ∼= N(1)[2] (by
Theorem 4.19). In particular, if Z(l)[2l] is a direct summand of N |k, then
Z(16− l)[32−2l] is a direct summand too. But in M(Q) we have connections
(not to mess with the idecomposable direct summands) of the following form:
• • • • • • • • • • • • • • • • • •

If N is not binary, then N |k must contain some Tate-motive from the shell
number 4. But since any such Z(l)[2l] comes together with Z(16− l)[32− 2l]
and Z(l + 7)[2l + 14] (because of the connections above), we get that N |k
contains at least 4 Tate-motives from the shell number 4. But then N(1)[2]|k
contains another 4 from the same shell - a contradiction (the shell contains
only 6 Tate-motives). So, N is binary of size 16 - a contradiction with
Theorem 4.20.

Finally, let i(q) = (2, 1, 5, 1). By [10, Theorem 2], dim4(q) = 3. Consider
p := q ⊥ r4(q) ∈ I4(k). Since in I4 there are no anisotropic forms of dimen-
sion 22,20 and 18, p = H ⊥ H ⊥ H ⊥ pan., and pan is proportional to the
anisotropic 4-fold Pfister form. That means that M(Pan.) consists of binary
Rost-motives, and because for any field extention E/k, pan|E is isotropic if
and only if iW (q|E) > 3, we get by Theorem 4.15, Theorem 4.13, that the
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shell number 3 of M(Q) consists of the Rost-motives. In particular, N |k does
not contain any Tate-motive from the 3-rd shell, and so, N is binary of size
16 - contradiction with Theorem 4.20. So, we have proved that i1(q) 6= 2.

The remaining possibilities are: i1(q) = 3 and i1(q) = 1. In the first
case, we get splitting patterns: (3, 1, 1, 1, 1, 1, 1), (3, 1, 1, 1, 3), (3, 1, 3, 1, 1)
and (3, 5, 1), and all these patterns are realized by the appropriate forms in
the light of Theorem 7.3.

Let now i1(q) = 1. If i(q) = (1, 1, 7), consider p := q ⊥ 〈det±(q)〉. Then
i(p) is simultaneously a specialization of (1, 1, 1, 6, 1) and (1,1,1,1,1,1,1,1,2).
So, it is a specialization of (1, 1, 8). Since in I4 there are no anisotropic forms
of dimension 20 and 18, it should be a specialization of (8). That means that
q is isotropic - a contradiction. So, this splitting pattern is not possible.

We will show that the remaining splitting patterns: (1, 1, 1, 1, 1, 1, 1, 1, 1),
(1, 1, 1, 1, 1, 1, 3), (1, 1, 1, 1, 3, 1, 1), (1, 1, 1, 5, 1), and (1, 1, 3, 1, 3) are realized
by the appropriate forms.

The splitting pattern (1, 1, 1, 1, 1, 1, 1, 1, 1) is realized by the generic form
〈x1, . . . , x19〉 over the field k(x1, . . . , x19).

To construct the form with the splitting pattern (1, 1, 1, 1, 1, 1, 3), consider
q̃ := 〈〈a1, a2, a3〉〉 ⊥ λ · 〈〈b1, b2, b3〉〉 ⊥ µ · 〈〈c1, c2, c3〉〉 ⊥ 〈−1〉 over the field
F := k(a1, a2, a3, b1, b2, b3, c1, c2, c3, λ, µ) . Let F = F0 ⊂ F1 ⊂ . . . ⊂ Fh be
the generalized splitting tower for q̃. Then, for some t, dim((q̃|Ft)an.) = 19
(since it happens over the field F (

√
−λµ,

√
b1c1)). On the other hand, there

exists s (clearly, equal to t + 1), such that dim((q̃|Fs)an.) = 17, and (q̃|Fs)an.

has splitting pattern (1, 1, 1, 1, 1, 3) (since it happens over the field F (
√
a1)).

Consequently, (q̃|Ft)an. has splitting pattern (1, 1, 1, 1, 1, 1, 3).
For the splitting pattern (1, 1, 1, 1, 3, 1, 1), consider the form

q := (〈〈a1, a2, a3, a4〉〉 ⊥ 〈−1, x1, x2, x3, x4〉)an. over the field
F := k(a1, a2, a3, a4, x1, x2, x3, x4). Clearly, dim(q) = 19. On the other hand,
other the field E = F (

√
−a1x1), dim((q|E)an.)=17. Hence dim((q|F (Q))an.)=

17. And dim4((q|F (Q))an.) = 5. So, (q|F (Q))an. has the splitting pattern
(1, 1, 1, 3, 1, 1). Hence, q has the splitting pattern (1, 1, 1, 1, 3, 1, 1).

For the splitting pattern (1, 1, 1, 5, 1), consider the form
q := 〈〈a1, a2, a3, a4〉〉 ⊥ 〈x1, x2, x3〉 over the field
F := k(a1, a2, a3, a4, x1, x2, x3). Clearly, q is anisotropic, and over the field
E = F (

√
−x1), dim((q|E)an.) = 17. Hence dim((q|F (Q))an.) = 17. And also,

dim4((q|F (Q))an.) = 3. So, (q|F (Q))an. has the splitting pattern (1, 1, 5, 1).
Hence, q has the splitting pattern (1, 1, 1, 5, 1).
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Finally, for the splitting pattern (1, 1, 3, 1, 3), consider the form
q̃ := 〈〈a1, a2, a3, a4〉〉 ⊥ λ · 〈〈b1, b2, b3〉〉 ⊥ 〈µ〉 over the field
F := k(a1, a2, a3, a4, b1, b2, b3, λ, µ). Then for some t, dim((q̃|Ft)an.) = 19
(since it is so over the field F (

√
−λ,
√
a1b1,

√
a2µ)). And dim((q̃|Ft+1)an.) =

17, since it is so over the field F (
√
−λ,
√
a1b1,

√
a2b2). But dim3((q̃|Ft+1)an.) =

1 and ω3((q̃|Ft+1)an.) is a nonzero pure symbol. So, (q|Ft+1)an. has the splitting
pattern (1, 3, 1, 3), and q := (q̃|Ft)an. has the splitting pattern (1, 1, 3, 1, 3).

dim(q) = 21: By Theorem 7.2, i1(q) 6 5. Let us show that i1(q) is
not equal to 2, 3, or 4. If i1(q) = 4, then i(q) would be (4, 1, 1, 1, 1, 1, 1),
(4, 1, 1, 1, 3), (4, 1, 3, 1, 1), or (4, 5, 1). In the light of Theorem 7.7, in all these
cases we get a binary direct summand of M(Q) of size dim(Q)− 4 + 1 = 16,
which contradicts Theorem 4.20.

If i1(q) = 2, then i(q) would be (2, 1, 1, 1, 1, 1, 1, 1, 1), (2, 1, 1, 1, 1, 1, 3),
(2, 1, 1, 1, 3, 1, 1), (2, 1, 1, 5, 1), (2, 1, 3, 1, 3), or (2, 1, 7). Let N be an inde-
composable direct summand of M(Q) such that a(N) = 0.

If i(q) = (2, 1, 1, 1, 1, 1, 1, 1, 1), then N is binary of size 18 - a contradiction
with Theorem 4.20.

The same will happen in the case i(q) = (2, 1, 1, 1, 1, 1, 3), since all Tate-
motives from the shell number 7 are connected to some Tate-motives from the
shells number 5 and 6 (by Lemma 7.10), and those shells are not connected
to the shell number 1.

The nonexistence of the splitting pattern (2, 1, 1, 1, 3, 1, 1) follows from
the considerations we applied to the splitting pattern (2, 1, 1, 3, 1, 1) above (in
dim = 19)(with the only difference that N will be a binary direct summand
of size 18 instead of 16, which still contradicts Theorem 4.20).

If i(q) = (2, 1, 3, 1, 3), Then, by Lemma 7.11, in M(Q) we have con-
nections (not to mess with the indecomposable direct summands) of the
form: ◦ ◦ ◦ • • • ◦ • • • • • • ◦ • • • ◦ ◦ ◦ . Since a(N) = 0, b(N) = 18, and
N∨ ∼= N(1)[2] (in other words, N is symmetric with respect to flipping over)
(here N∨ is the direct summand of M(Q) given by the dual projector), we
see that N |k does not contain any of the Tate-motives from the shells number
3 and 5. So, N is binary of size 18 - a contradiction with Theorem 4.20.

If i(q) = (2, 1, 7), consider p := q ⊥ 〈− det±(q)〉. Then i(p) is a specializa-
tion of (1, 1, 1, 1, 6, 1) and p ∈ I2(k). So, i(p) is a specialization of (1, 1, 1, 8).
Since in I4 there are no anisotropic forms of dimension 22 or 20 (by the result
of D.Hoffmann), q must be isotropic - a contradiction.
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Finally, if i(q) = (2, 1, 1, 5, 1), then by [10, Theorem 2], dim4(q) = 3, so
there exists 3-dimensional form r4(q), such that p := q ⊥ r4(q) ∈ I4(k).
Since in I4 there are no forms of dimension 18, 20 and 22, we get that p is
anisotropic of dimension 24, and i(p) = (4, 8). But since q is a subform of
codimension 3 in p, and i1(p) = 4 > 3, we get that N will be isomorphic to
a direct summand L of M(P ), such that a(L) = 0. But size(N) = dim(Q)−
i1(q) + 1 = 18, and size(L) = dim(P )− i1(p) + 1 = 19 - a contradiction. So,
we have proved that i1(q) 6= 2.

Suppose i1(q) = 3. We have the following possibilities for i(q):
(3, 1, 1, 1, 1, 1, 1, 1), (3, 1, 1, 1, 1, 3), (3, 1, 1, 3, 1, 1), (3, 1, 5, 1), (3, 3, 1, 3) and
(3, 7). Let N be an indecomposable direct summand of M(Q) such that
a(N) = 0.

If i(q) = (3, 1, 1, 1, 1, 1, 1, 1), then N is binary of size 17, which contradicts
Theorem 4.20. The same happens in the case i(q) = (3, 1, 1, 1, 1, 3), since all
Tate-motives from the shell number 6 are connected to some Tate-motives
from the shells 4 and 5, and in the case i(q) = (3, 7), since 7 is not divisible
by 3.

If i(q) = (3, 1, 5, 1), then by [10, Theorem 2], dim4(q) = 3, so there exists
3-dimensional form r4(q), such that p := q ⊥ r4(q) ∈ I4(k). Since in I4

there are no forms of dimension 18, 20 and 22, we get that p is anisotropic of
dimension 24, and i(p) = (4, 8). But since q is a subform of codimension 3 in
p, and i1(p) = 4 > 3, we get that N will be isomorphic to a direct summand
L of M(P ), such that a(L) = 0. But size(N) = dim(Q)− i1(q)+1 = 17, and
size(L) = dim(P )− i1(p) + 1 = 19 - a contradiction.

If i(q) = (3, 3, 1, 3), then consider p := q ⊥ 〈det±(q)〉. i(p) is a spe-
cialization of (1, 2, 1, 2, 1, 1, 2, 1), and p ∈ I2(k). Hence i(p) is a specializa-
tion of (1, 2, 1, 2, 1, 4), and finally, of (1, 2, 4, 4). Clearly, then i(p) is either
(1, 2, 4, 4), or (2, 4, 4) (in the last case p is isotropic). Let p′′ be the form with
the splitting pattern (2, 4, 4). If L is an indecomposable direct summand of
M(P ′′) such that a(L) = 0, then, by the inductive application of Theorem
7.9, M(P ′′) = L⊕L(1)[2]. In particular, L|k contains Z(2)[4]. Return to our
original form q. Since i1(q) = 3, we have that N(1)[2] and N(2)[4] are also di-
rect summands of M(Q). In particular, N |k does not contain Z(2)[4]. But for
arbitrary field extension E/k, the conditions: iW (q|E) > 0 and iW (p|E) > 1
are equivalent (since i1(q) = 3). So, by Theorem 4.15, N(1)[2] is a direct
summand of M(P ). Consider the field F = k(P ). Then p|F = H ⊥ p′′, and
i(p′′) = (2, 4, 4). Since M(P |F ) = Z⊕M(P ′′)(1)[2]⊕ Z(20)[40], we get that
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N |F is a direct summand of M(P ′′) such that a(N |F ) = 0. In particular, the
indecomposable direct summand L of M(P ′′) described above should be a
direct summand of N |F . But L|F does contain Z(2)[4] and N |F does not - a
contradiction. So, the splitting pattern (3, 3, 1, 3) is not possible.

Finally, let i(q) = (3, 1, 1, 3, 1, 1). The only way for N not to be binary
of size 17, is to contain Tate-motives from the shell number 4. That is
N |k = Z ⊕ Z(5)[10] ⊕ Z(12)[24] ⊕ Z(17)[34]. By the result of B.Kahn ([10,
Theorem 2]), dim4(q) = 5. So, let r4(q) be such 5-dimensional form that
q ⊥ r4(q) ∈ I4(k). Let p := (q ⊥ r4(q))an.. We know that dim(p) 6= 18, 20, or
22. Suppose dim(p) > 24. Then p|k(Q) is isotropic, since dim((q|k(Q))an) = 15.
Suppose q|k(P ) is isotropic. Then, by Corollary 3.9, M(P ) contains a direct
summand L with a(L) = 0 isomorphic to N . But L has size dim(P ) −
i1(p) + 1 = 19 or 24, since i(p) is either (4, 8), or (1, 4, 8) (the last case does
not exist, actually). In any case, it is not equal to 17 = size(N). So, q|k(P )

is anisotropic, and i(q|k(P )) is a specialization of (3, 1, 1, 3, 1, 1). So, i(q|k(P ))
is either (3, 1, 1, 3, 1, 1), or (5, 3, 1, 1) (we already know that i1 can’t be 4 for
21-dimensional forms). But in the second case, for the indecomposable direct
summand M of M(Q|k(P )) with a(M) = 0 we would have M |k(P ) contains

Z(dim(Q)−i1(q|k(P ))+1)[2(dim(Q)−i1(q|k(P ))+1)] = Z(15)[30], but already
N |k(P ) does not contain this Tate-motive, and M is clearly a direct summand

in N |k(P ). So, i(q|k(P )) 6= (5, 3, 1, 1), and hence, i(q|k(P )) = (3, 1, 1, 3, 1, 1).
This means that by changing the field, we can assume that dim(p) < 24,
which means dim(p) = 16, and p is a Pfister form up to a scalar multiple.
Abusing notations, we will still call this new field k, and the new form q. But
then we notice that for arbitrary field extension E/k, p|E is isotropic if and
only if iW (q|E) > 5. By Theorem 4.15, in M(Q) there is a direct summand
N ′, such that a(N ′) = 5. But N |k contains Z(5)[10] - a contradiction. So,
the splitting pattern (3, 1, 1, 3, 1, 1) is not possible, and we have proved that
i1(q) 6= 3.

The remaining values of i1(q) are 1 and 5. We will show that all the
splitting patterns with such i1 (which are provided by the already classi-
fied splitting patterns of forms of dimension 19 and 11) are realized by the
appropriate forms.

If i1(q) = 5, then it is a consequence of Theorem 7.3 that all the splitting
patterns: (5, 1, 1, 1, 1, 1), (5, 1, 1, 3) and (5, 3, 1, 1) are realized.

Let now i1(q) = 1. The splitting pattern (1, 1, 1, 1, 1, 1, 1, 1, 1, 1) is realized
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by the generic form 〈x1, . . . , x21〉 over the field k(x1, . . . , x21).
To construct the form with the splitting pattern (1, 1, 1, 1, 1, 1, 1, 3), con-

sider q̃ := 〈〈a1, a2, a3〉〉 ⊥ λ · 〈〈b1, b2, b3〉〉 ⊥ µ · 〈〈c1, c2, c3〉〉 ⊥ 〈η〉 over the field
F := k(a1, a2, a3, b1, b2, b3, c1, c2, c3, λ, µ, η) . Let F = F0 ⊂ F1 ⊂ . . . ⊂ Fh be
the generalized splitting tower for q̃. Then, for some t, dim((q̃|Ft)an.) = 21
(since it happens over the field F (

√
−λµ,

√
b1c1)). On the other hand, q̃

over some field has a splitting pattern (1, 1, 1, 1, 1, 1, 3) (as we saw, while
considering forms of dimension 19). So, (1, 1, 1, 1, 1, 1, 1, 3) is a specialization
of i((q̃|Ft)an.). But dim3((q̃|Ft)an.) = 1. Consequently, (q̃|Ft)an. has splitting
pattern (1, 1, 1, 1, 1, 1, 1, 3).

For the splitting pattern (1, 1, 1, 1, 1, 3, 1, 1), consider the form
q := 〈〈a1, a2, a3, a4〉〉 ⊥ 〈x1, x2, x3, x4, x5〉 over the field
F := k(a1, a2, a3, a4, x1, x2, x3, x4, x5). Clearly, dim(q) = 21. On the other
hand, other the field E = F (

√
−x5), dim((q|E)an.) = 19, and i((q|E)an.) =

(1, 1, 1, 1, 3, 1, 1). So, (1, 1, 1, 1, 1, 3, 1, 1) is a specialization of i(q). But for
arbitrary field extension K/F , iW (q|K) > 5 ⇔ iW (q|K) > 7. Hence, q has
the splitting pattern (1, 1, 1, 1, 1, 3, 1, 1).

For the splitting pattern (1, 1, 1, 1, 5, 1), consider the form
q̃ := 〈〈a1, a2, b1, b2〉〉 ⊥ −〈〈a1, a2, c1, c2〉〉 ⊥ 〈x1, x2, x3〉 over the field
F := k(a1, a2, b1, b2, c1, c2, x1, x2, x3). For some t, dim((q̃|Ft)an.) = 21 (since
it is so over the field F (

√
b1x1,

√
b2x2,

√
−c1x3)). On the other hand, over

the field E = F (
√
b1c1), dim((q̃|E)an.) = 19, and i((q̃|E)an.) = (1, 1, 1, 5, 1).

Put q := (q̃|Ft)an.. Then (1, 1, 1, 1, 5, 1) is a specialization of i(q). Since
for arbitrary field extension K/Ft, iW (q|K) > 4 ⇔ iW (q|K) > 8, we get:
i(q) = (1, 1, 1, 1, 5, 1).

For the splitting pattern (1, 1, 1, 3, 1, 3), consider the form
q̃ := 〈〈a1, a2, a3, a4〉〉 ⊥ λ · 〈〈b1, b2, b3〉〉 ⊥ 〈µ〉 over the field
F := k(a1, a2, a3, a4, b1, b2, b3, λ, µ). Then there exists t with dim((q̃|Ft)an.) =
21 (since it is so over the field F (

√
−λ,
√
a1b1)). On the other hand, we know

that for some s (evidently, equal to t+1), dim(q̃|Fs)an.) = 19, and i(q̃|Fs)an.) =
(1, 1, 3, 1, 3). Consequently, for q := (q̃|Ft)an. we get i(q) = (1, 1, 1, 3, 1, 3).

For the splitting pattern (1, 3, 1, 1, 1, 1, 1, 1), consider the form
q̃ := 〈〈a1, a2, a3, a4, a5〉〉 ⊥ 〈x1, . . . , x13〉 over the field
F = k(a1, a2, a3, a4, a5, x1, . . . , x13). Then, for some t, dim((q̃|Ft)an.) = 21,
since it is so over the field E obtained by the adjoining to F the square roots of
a1x1, a2x2, a3x3, a4x4, a5x5,−a1a2x6,−a1a3x7,−a1a4x8,−a1a5x9,−a2a3x10,
−a2a4x11 and −a2a5x12. If we add also the square root of −a3a4x13, then the
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dimension of the anisotropic part of q̃ will be 19. And finally, over the field
K = F (

√
a1), dim((q̃|K)an.) = 13, and (q̃|K)an. is generic, so i((q̃|K)an.) =

(1, 1, 1, 1, 1, 1). Then for q := (q̃|Ft)an., (1, 3, 1, 1, 1, 1, 1, 1) is a specialization
of i(q). Since for arbitarary field extension E/Ft, iW (q|E) > 1⇔ iW (q|E) > 3,
we get: i(q) = (1, 3, 1, 1, 1, 1, 1, 1).

For the splitting pattern (1, 3, 1, 1, 1, 3), consider the form
q̃ := 〈〈a1, a2, a3, a4, a5〉〉 ⊥ 〈〈b, c1, c2〉〉 ⊥ −〈〈b, d1, d2〉〉 ⊥ 〈e〉 over the field
F = k(

√
−1)(a1, a2, a3, a4, a5, b, c1, c2, d1, d2, e). For some t, dim((q̃|Ft)an.) =

21, since it is so over the field E = F (
√
a1b,
√
a2c1,

√
a3c2,

√
a4d1,

√
a5d2).

And dim((q̃|E√a1a2a3e)an.) = 19. On the other hand, dim((q̃|F√a1)an.) = 13,
and i((q̃|F√a1)an.) = (1, 1, 1, 3). So, for q := (q̃|Ft)an., (1, 3, 1, 1, 1, 3) is a spe-
cialization of i(q). Since for arbitarary field extension E/Ft, iW (q|E) > 1⇔
iW (q|E) > 3 and iW (q|E) > 7⇔ iW (q|E) > 9, we have: i(q) = (1, 3, 1, 1, 1, 3).

For the splitting pattern (1, 3, 1, 3, 1, 1), consider the form
q̃ := 〈〈a1, a2, a3, a4, a5〉〉 ⊥ −〈〈b1, b2〉〉 · 〈1,−c1,−c2〉 ⊥ 〈d〉 over the field
F = k(a1, a2, a3, a4, a5, b1, b2, c1, c2, d). For some t, dim((q̃|Ft)an.) = 21, since
it is so over the field E = F (

√
a1b1,

√
a2b2,

√
a3c1,

√
a4c2). At the same

time, dim((q̃|E(
√

a5d))an.) = 19. On the other hand, dim((q̃|F (
√

a1))an.) = 13,
and i((q̃|F (

√
a1))an.) = (1, 3, 1, 1). So, for q := (q̃|Ft)an., (1, 3, 1, 3, 1, 1) is a

specialization of i(q). Since for arbitarary field extension E/Ft, iW (q|E) >
1 ⇔ iW (q|E) > 3, and iW (q|E) > 5 ⇔ iW (q|E) > 7, we have: i(q) =
(1, 3, 1, 3, 1, 1).

For the splitting pattern (1, 3, 5, 1) take q = 〈〈a1, a2〉〉 · 〈b1, b2, b3, b4, b5〉 ⊥
〈−b1b2b3b4b5〉 over the field F = k(a1, a2, b1, b2, b3, b4, b5). Then, on the
one hand, q has codimension 1 subform p′ = 〈〈a1, a2〉〉 · 〈b1, b2, b3, b4, b5〉,
so, i(p′) = (4, 4, 2), and hence, i(q) is a specialization of (1, 3, 1, 3, 1, 1).
On the other hand, q is itself a subform of codimension 3 in the form
p′′ = 〈〈a1, a2〉〉 · 〈b1, b2, b3, b4, b5,−b1b2b3b4b5〉 from I4(F ). So, i(p′′) = (4, 8),
and hence, i(q) is a specialization of (1, 1, 1, 1, 5, 1). Consequently, i(q) is a
specialization of (1, 3, 5, 1). Since q is anisotropic, i(q) = (1, 3, 5, 1) (it is the
only specialization possible - check the list).

The following table contains the list of possible splitting patterns we
obtained. We should stress that the description of the respected classes of
forms is only hypothetical.

75



dim(q) splitting pattern hypothetical description
19 (3,5,1) dim4(q) = 3,dim5(q) = 13⇔ excellent

(3,1,3,1,1) dim4(q) = 5 and


either dim5(q) = 13,

or q ⊥ 〈det±(q)〉 is divisible
by a 2-fold Pfister form

(3,1,1,1,3) dim5(q) = 13, dim3(q) = 1
(3,1,1,1,1,1,1) dim5(q) = 13, dim4(q) > 5, dim3(q) > 1
(1,1,3,1,3) dim3(q) = 1, ω3(q) is a nonzero pure symbol
(1,1,1,5,1) dim4(q) = 3,dim5(q) > 13
(1,1,1,1,3,1,1) dim4(q) = 5,dim5(q) > 13 and q ⊥ 〈det±(q)〉

is not divisible by a two-fold Pfister form
(1,1,1,1,1,1,3) dim3(q) = 1, ω3(q) is not a pure symbol, dim5(q) > 13
(1,1,1,1,1,1,1,1,1) dim3(q) > 1,dim4(q) > 5,dim5(q) > 13

21 (5,3,1,1) dim5(q) = 11,dim4(q) = 5
(5,1,1,3) dim5(q) = 11,dim3(q) = 1
(5,1,1,1,1,1) dim5(q) = 11,dim4(q) > 5,dim3(q) > 1
(1,3,5,1) dim4(q) = 3, and (q ⊥ r4(q))|k(r4(q)) is hyperbolic

(1,3,1,3,1,1) dim4(q) = 5 and


either dim5(q) = 13,

or dim5(q) > 11, (q ⊥ 〈det±(q)〉)an.

is divisible by a 2-fold Pfister form
(1,3,1,1,1,3) dim5(q) = 13,dim3(q) = 1
(1,3,1,1,1,1,1,1) dim5(q) = 13,dim4(q) > 5,dim3(q) > 1
(1,1,1,3,1,3) dim3(q) = 1 and ω3(q) is a nonzero pure symbol
(1,1,1,1,5,1) dim4(q) = 3, and (q ⊥ r4(q))|k(r4(q)) is not hyperbolic
(1,1,1,1,1,3,1,1) dim4(q) = 5,dim5(q) > 13, (q ⊥ 〈det±(q)〉)an.

is not divisible by a 2-fold Pfister form
(1,1,1,1,1,1,1,3) dim3(q) = 1, ω3(q) is not a pure symbol, dim5(q) > 13
(1,1,1,1,1,1,1,1,1,1) dim3(q) > 1,dim4(q) > 5,dim5(q) > 13

Splitting patterns of even-dimensional forms

I should mention, that the cases of forms of dimension 2,4,6,8 and 10 were
classified by D.Hoffmann (see [3]). We still included these cases below.

dim(p) = 2: i(p) = (1).
dim(p) = 4: Either i(p) = (2), and p is a 2-fold Pfister form (up to scalar),

or i(p) = (1, 1) - p is any other form, for example, the generic one.
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dim(p) = 6: By Theorem 7.2, i1(p) 6 2. If i1(p) = 2, then i(p) = (2, 1),
and p is a Pfister neighbour. If i1(p) = 1, then either i(p) = (1, 2), which
corresponds to the case of Albert forms, or i(p) = (1, 1, 1), which happens,
if p /∈ I2(k), and p is not a Pfister neighbour. The generic form 〈x1, . . . , x6〉
over the field k(x1, . . . , x6) provides an example.

dim(p) = 8: Clearly, i1(p) 6 4. If i1(p) = 4, then p is proportional to
a 3-fold Pfister form. By Theorem 7.7, Theorem 7.8 and Theorem 4.20,
i1(p) 6= 3. If i1(p) = 2, then i(p) = (2, 2), again, by Theorem 7.7, Theorem
7.8 and Theorem 4.20. It is well known, that in this case, p is proportional to
a difference of a 3-fold Pfister form and a 2-fold Pfister form, having exactly
one common slot. Finally, let i1(p) = 1. Then all the cases: (1, 2, 1), (1, 1, 2),
and (1, 1, 1, 1) are realized by the appropriate forms. If i(p) = (1, 2, 1), then
p is proportional to a difference of a 3-fold Pfister form and a 1-fold Pfister
form, having no common slots. The case (1, 1, 2) corresponds to the form
from I2(k), such that ω2(p) ∈ KM

2 (k)/2 is not a pure symbol (follows from
the Merkurjev’s index-reduction formula). And finally, all other forms have
the splitting pattern (1, 1, 1, 1). The generic form provides an example.

dim(p) = 10: By Theorem 7.2, i1(p) 6 2. For i1(p) = 2, all the splitting
patterns: (2, 2, 1), (2, 1, 2), and (2, 1, 1, 1) are realized by Theorem 7.3. Let
us describe the respective classes of forms. Since i1(p) = 2, by the result of
O.Izhboldin ([6, proof of Conjecture 0.10]), either p is divisible by some binary
form 〈〈a〉〉, or p is a Pfister neighbour. If i(p) = (2, 2, 1), then p is clearly
divisible by 〈〈det±(p)〉〉 (by Theorem 7.1). And vise-versa, if p is divisible by
〈〈a〉〉 then is(p) are divisible by 2, for all s < h(p). Since i1(p) 6= 4, i(p) must
be (2, 2, 1). Consequently, the cases (2, 1, 2) and (2, 1, 1, 1) correspond to
Pfister neighbours. In the first case, p ∈ I2(k). In the second, p /∈ I2(k), and
p is not divisible by 〈〈det±(p)〉〉, or, which is equivalent, dim3(p) > 2. And
vise-versa, if p is a Pfister neighbour, p ∈ I2(k), then i(p) is a specialization of
(2, 1, 2), and there are no nontrivial specializations at our disposal. Similarly,
if p is a Pfister neighbour, p /∈ I2(k), and dim3(p) > 2, then i(p) is not equal to
(2, 2, 1), or (2, 1, 2) but is a specialization of (2, 1, 1, 1). So, i(p) = (2, 1, 1, 1).

Let now i1(p) = 1. The case (1, 4) is not possible by the result of A.Pfister
([21, Satz 14 and Zusatz]). The other cases: (1, 2, 2), (1, 1, 2, 1), (1, 1, 1, 2),
and (1, 1, 1, 1, 1) are all realized by the appropriate forms.

It is well known that the case (1, 2, 2) corresponds to the difference of a
3-fold Pfister form and a 2-fold Pfister form having no common slots.

Let i(p) = (1, 1, 2, 1). Then there exists c ∈ k∗ such that p ⊥ c ·
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〈〈det±(p)〉〉 ∈ I3(k). Also, clearly, p is not divisible by any binary form. Con-
versely, let dim3(p) = 2, and p is not divisible by a binary form 〈〈det±(p)〉〉.
Then i(p) is a specialization of (1, 1, 2, 1), but not (2, 2, 1), and det±(p) 6= 1,
so ih(p)(p) = 1. Hence, i(p) = (1, 1, 2, 1). The form p = 〈〈a1, a2, a3〉〉 ⊥ 〈b1, b2〉
over the field k(a1, a2, a3, b1, b2) provides an example.

If i(p) = (1, 1, 1, 2), then p ∈ I2(k), and ω2(p) is not a pure sym-
bol (othewise, we get a splitting pattern (1, 2, 2)), and p is not a Pfister
neighbour. Conversely, any form, satisfying these conditions has the split-
ting pattern (1, 1, 1, 2). Such forms clearly exist: take p = 〈〈a1, a2〉〉 ⊥ λ ·
〈b1, b2,−b1b2,−c1,−c2, c1c2〉 over the field F = k(a1, a2, b1, b2, c1, c2, λ), then
p ∈ I2, and at the same time, over the fields: E1 = F (

√
b1c1), E2 = F (

√
a1),

and E3 = F (
√
b1,
√
c1), the dimension of the anisotropic part of p is 8, 6, and

4, respectively. So, i(p) = (1, 1, 1, 2). Finally, all the other forms have the
splitting pattern (1, 1, 1, 1, 1). The generic form provides an example.

dim(p) = 12: By Theorem 7.2, i1(p) 6 4. If i1(p) = 4, then p is a Pfister
neighbour by the result of B.Kahn ([10, Theorem 2]). So, i(p) = (4, 2) if
and only if p = λ · (〈〈a1, a2, a3, a4〉〉 ⊥ −〈〈a1, a2〉〉)an. for some {a1, a2, a3, a4} 6=
0 ∈ KM

4 (k)/2. And i(p) = (4, 1, 1) if and only if p is a Pfister neighbour and
p /∈ I2(k).

By Theorem 7.7, Theorem 7.8 and Theorem 4.20, i1(p) 6= 3.
Let i1(p) = 2. We have the following possibilities for i(p): (2, 4), (2, 2, 2),

(2, 1, 2, 1), (2, 1, 1, 2), and (2, 1, 1, 1, 1). The case (2, 1, 1, 1, 1) is not possible
by Theorem 7.7, Theorem 7.8 and Theorem 4.20. The same applies to the
case i(p) = (2, 1, 1, 2), since the motive of a quadric with the splitting pattern
(1, 2) (Albert one) is indecomposable (by Theorem 7.9), and so, the Tate-
motives from the shell number 4 of M(P ) are connected to ones from the
shell number 3.

Consider the case i(p) = (2, 1, 2, 1). Then i(p|
k
√

det±(p)
) must be a spe-

cialization of (2, 4). Then for some c ∈ k∗, p ⊥ c · 〈〈det±(p)〉〉 belongs
to I3(k). Really, consider p′ = p ⊥ 〈〈det±(p)〉〉. Then p′ ∈ I2(k), and
ω2(p

′)|
k
√

det±(p)
= 0. So, by the result of A.Merkurjev (see [19]), there exists

c ∈ k∗, such that ω2(p
′) = {c, det±(p)}. Then p′ ⊥ −〈〈c, det±(p)〉〉 ∈ I3(k).

Hence, p′′ := p ⊥ c·〈〈det±(p)〉〉 ∈ I3(k). So, i(p′′) is a specialization of (1, 2, 4).
It must be either (1, 2, 4), or (2, 4) (by Theorem 7.7, Theorem 7.8 and Theo-
rem 4.20, there are no forms with the splitting pattern (3, 4)). By Corollary
4.9(2), p|k(p′′) is anisotopic. At the same time, 〈〈det±(p)〉〉|k(p′′) is, clearly,
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not hyperbolic. So, i(p|k(p′′)) = (2, 1, 2, 1) (there are no other specializations
possible with ih(p) = 1). This means, that by changing the field, we can as-
sume that p′′ is isotropic and for r := (p′′)an., i(r) = (2, 4) (while still having
i(p) = (2, 1, 2, 1)). But now p and r have common subform of codimension 1,
and since i1(p) > 1, i1(r) > 1, we get that p|k(r) and r|k(p) are isotropic. By
Corollary 3.9, M(P ) and M(R) contain isomorphic direct summands N and
L with a(N) = 0. From Theorem 7.9 we know that M(R) = L ⊕ L(1)[2].
Hence, L|k = Z ⊕ Z(2)[4] ⊕ Z(4)[6] ⊕ Z(5)[10] ⊕ Z(7)[14] ⊕ Z(9)[18]. But
the Tate-motive Z(2)[4] belongs to the second shell of M(P ), so it is not
contained in N |k by Theorem 7.7 - a contradiction. So, the case (2, 1, 2, 1) is
not possible.

The remaining cases (2, 4) and (2, 2, 2) are possible. By the result of
A.Pfister, i(p) = (2, 4) if and only if p = (〈〈a, b1, b2〉〉 ⊥ −〈〈a, c1, c2〉〉)an.,
where {a, b1, b2} and {a, c1, c2} have exactly one common slot.

The forms with the splitting pattern (2, 2, 2) are not classified at the
moment. Although, hypothetically, p must have form 〈〈a〉〉·〈b1, . . . , b6〉, where
{a,−b1 · . . . · b6} 6= 0 and p is not a Pfister neighbour (the last two conditions
are clearly nesessary, so, the question is about the divisibility by a binary
form). Clearly, the specified forms have the splitting pattern (2, 2, 2).

Let i(p) = (1, 2, 2, 1). Then, by Theorem 7.1 and Theorem 7.5, p|
k
√

det±(p)

must be hyperbolic. But then i1(p) must be divisible by 2 - contradiction.
So, such splitting pattern does not exist.

We will show that all the other possibilities: (1, 2, 1, 2), (1, 2, 1, 1, 1),
(1, 1, 2, 2), (1, 1, 1, 2, 1), (1, 1, 1, 1, 2), and (1, 1, 1, 1, 1, 1) are realized.

Let i(p) = (1, 2, 1, 2). Then, as we saw above, p1 := (p|k(P ))an. is a Pfister
neighbour. So over the field k(P ) there exists 6-dimensional form r̃ with the
trivial discriminant such that p1 ⊥ r̃ is proportional to an anisotropic 4-fold
Pfister form. Then r̃ ∈ Wnr(k(P )/k), by the standard arguments (see, for
example, [10]). By the result of B.Kahn ([10, Theorem 2]), r̃ is defined over
k, so there exists 6-dimensional form r over k, such that r|k(P ) = r̃. Then
p ⊥ r must be in I4(k). Really, if it would not be, then p1 ⊥ r̃ would not
be in I4(k(P )) either (since dim(p) > 8). It is also clear that det±(r) = 1.
So, up to a scalar, p differs from some Pfister form by an anisotropic form of
dimension 6 with trivial discriminant (we use here the fact that dim 6= 18 for
anisotropic forms from I4 - see [4]). Conversely, if p is such a form, then, by
Theorem 7.6, i(p) is a specialization of (1, 2, 1, 2). Since ω2(p) is not a pure
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symbol, we have: ih(p)−1(p) = 1, and i(p) must be (1, 2, 1, 2).
Let us show that such forms really exist. Consider the form

p̃ = 〈〈a1, a2, a3, a4〉〉 ⊥ λ · 〈−b1,−b2, b1b2, c1, c2,−c1c2〉 over the field F =
k(a1, a2, a3, a4, b1, b2, c1, c2, λ). Let F = F0 ⊂ . . . ⊂ Fh(p̃) be the general-
ized splitting tower for p̃. Then, for some t, the form p := (p̃|Ft)an. has
dimension 12. Really, it follows from the fact that dim((p̃|E)an.) = 12 for
E = F (

√
b1,
√
λ,
√
a1c1,

√
a2c2). Then i(p) = (1, 2, 1, 2), as we saw above.

Let i(p) = (1, 2, 1, 1, 1). This is, actually, the complicated variant of the
previous case (the difference is that we cannot use [10, Theorem 2] here, but,
hopefully, we now have the results of O.Izhboldin and A.Laghribi, which
permit to handle the problem). Let us do it in a separate Lemma.

Lemma 7.12 Let p be anisotropic form of dimension 12. Then the following
conditions are equivalent:

(1) i(p) = (1, 2, 1, 1, 1);

(2) p = (r ⊥ d · 〈〈γ〉〉)an., where r is 6-dimensional form with the splitting
pattern (1, 1, 1), d ∈ k∗, and γ ∈ KM

4 (k)/2 is a nonzero pure symbol.

Proof: We know that p1 := (p|k(P ))an. is a Pfister neighbour. So over the
field k(P ) there exists 6-dimensional form r′′ such that p1 ⊥ r′′ is proportional
to an anisotropic 4-fold Pfister form 〈〈α′′〉〉, where α′′ ∈ KM

4 (k(P ))/2. Then
r′′ ∈ Wnr(k(P )/k), and α′′ ∈ H4

nr(k(P )/k,Z/2). By the result of O.Izhboldin
([6, Theorem 0.5, Theorem 0.6]), there exists α ∈ KM

4 (k)/2 = H4
et(k,Z/2),

such that α|k(P ) = α′′. Under the projection π : I4(k) → KM
4 (k)/2, α can

be lifted to some form q ∈ I4(k). Let k = k0 ⊂ . . . ⊂ kh(q) be generalized
splitting tower for q. Then qh(q)−1 := (q|kh(q)−1

)an. is proportional to some
4-fold Pfister form (by the result of B.Kahn, M.Rost, and R.J.Sujatha - see
[12]), and, consequently, α|kh(q)−1

is a nonzero pure symbol. Notice, that for
any 1 6 s < h(q), ks = ks−1(qs−1), where qs−1 is a form of dimension > 24.
Denote F := kh(q)−1. Then i(p|F ) = i(p) (by [2], since dim(qs−1) > 16).
At the same time, (p|F (P ))an. is a neighbour of the Pfister form 〈〈α|F (P )〉〉.
We know that iW (p|F (〈〈α|F 〉〉)(P )) = 3. Hence, either iW (p|F (〈〈α|F 〉〉)) = 3, or
p|F (〈〈α|F 〉〉) is anisotropic and i1(p|F (〈〈α|F 〉〉)) = 3 (we remind that (p|F (P ))an.

is a neighbour of 〈〈α|F (P )〉〉). The last case is impossible, since i1 6= 3 for
12-dimensional forms. So, iW (p|F (〈〈α|F 〉〉)) = 3. In particular, for any {a} ∈
KM

1 (F )/2 dividing α|F , iW (p|F (〈〈a〉〉)) > 3. Pick any such a. Then there exists
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c ∈ F ∗ such that iW (p|F ⊥ c · 〈〈a〉〉) > 2, and so, iW (p|F ⊥ c · 〈〈α|F 〉〉) > 2, and
for r̃ := (p|F ⊥ c·〈〈α|F 〉〉)an., dim(r̃) 6 24. We know that for some λ ∈ F (P )∗,
dim((p|F (P ) ⊥ λ · 〈〈α|F (P )〉〉)an.) = 6. Then dim((p|F (P ) ⊥ λ · 〈〈α|F (P )〉〉)an. ⊥
−r̃|F (P )) 6 30. But (p|F (P ) ⊥ λ · 〈〈α|F (P )〉〉)an. ⊥ −r̃|F (P ) ∈ I5(F (P )). So,
(p|F (P ) ⊥ λ · 〈〈α|F (P )〉〉)an. ⊥ −r̃|F (P ) is hyperbolic. We have two possibilities:
either dim(r̃) > 6, or dim(r̃) = 6. Suppose dim(r̃) > 6. We know that
dim((r̃|F (P ))an) = 6, and i((r̃|F (P ))an) = (1, 1, 1). Let Ft be a field from
the generalized splitting tower of r̃, such that height((r̃Ft)an.) = 4 (in other
words, t = h(r̃) − 4). Denote r′ := (r̃Ft)an.. Then dim(r′) > 10 (since if
dim(r′) would be 8, then dim((r′|Ft(P ))an.) would be 8 as well (12 > 8)). Then
i(r′) = (m, 1, 1, 1), where m > 1. Consequently, by Theorem 7.7, Theorem
7.8 and Theorem 4.20, dim(r′) − m is a power of 2. In particular, either
dim(r′) = 10, or dim(r′) > 26. Since dim(r̃) 6 24, we have dim(r′) = 10.
But then r′ must be a neighbour of some 4-fold Pfister form 〈〈β〉〉, as we saw
above. And 〈〈β〉〉|Ft(P ) is hyperbolic, since r′|Ft(P ) is isotropic. In particular,
p|Ft must be a Pfister neighbour, and so, i(p|Ft) should be a specialization of
(4, 1, 1). But dim((p|F (P ))an.) = 10, and there is a regular place F (P ) → Ft

(since dim((r̃|F (P ))an.) = 6 < 10). So, dim((p|Ft(P ))an.) = 10 - a contradiction
(with Theorem 7.5). This implies: dim(r̃) = 6. So, we have shown that
p|F = (r̃ ⊥ −c · 〈〈α|F 〉〉)an., where α|F ∈ KM

4 (F )/2 is a nonzero pure symbol,
and r̃ is a 6-dimensional form with the splitting pattern (1, 1, 1). But then
r̃ ∈ Wnr(F/k), and since F is obtained from k by adjoining the function fields
of forms of dimension > 16, we get by the result of A.Laghribi ([17, Théorème
principal]), that r̃ is defined over k by some form r. Clearly, i(r) = (1, 1, 1).
Then (p ⊥ −r)F ∈ I4(F ). But since dim(qs−1) > 8, for all 1 6 s < h(q), we
must have p ⊥ −r ∈ I4(k), and p = (r ⊥ −d〈〈γ〉〉)an. for some d ∈ k∗ and
nonzero pure symbol γ ∈ KM

4 (k)/2 (we used here the fact that in I4(k) there
are no anisotropic forms of dimension 18 - see [4]). Conversely, if p has such a
form (with i(r) = (1, 1, 1)), then i(p) must be a specialization of (1, 2, 1, 1, 1).
Since i((p|k(〈〈γ〉〉))an.) = (1, 1, 1), and i1(p) 6= 3, we get: i(p) = (1, 2, 1, 1, 1).

Let us show that such forms really exist. Consider the form
p̃ = 〈〈a1, a2, a3, a4〉〉 ⊥ 〈b1, b2, b3, b4, b5, b6〉 over the field
F = k(a1, . . . , a4, b1, . . . , b6). Let F = F0 ⊂ . . . ⊂ Fh(p̃) be the general-
ized splitting tower for p̃. Then, for some t, the form p := (p̃|Ft)an. has
dimension 12. Really, it follows from the fact that dim((p̃|E)an.) = 12, for
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E = F (
√
b5,
√
b6,
√
a1b1,

√
a2b2,

√
a3b3,

√
a4b4). Then, by the evident part of

Lemma 7.12, i(p) = (1, 2, 1, 1, 1).
The classification of the forms with the splitting pattern (1, 1, 2, 2) de-

pends on the hypothetical classification of forms with the splitting pattern
(2, 2, 2) above, and so, is itself hypothetical. Let i(p) = (1, 1, 2, 2). Then
p ∈ I2(k) and, by the index reduction formula of A.Merkurjev (see [20]),
ω2(p) ∈ KM

2 (k)/2 is a nonzero pure symbol. Also, p is not divisible by any
binary form 〈〈a〉〉, since i1(p) = 1. Hypothetically, the converse should be
also true. That is, the anisotropic 12-dimensional form from I2(k), for which
ω2(p) is a pure symbol, and which is not divisible by a binary form, should
have the splitting pattern (1, 1, 2, 2). It is evident, that for such form, i is
either (1, 1, 2, 2), or (2, 2, 2), but we do not know, if the nondivisibility by a
binary form quarantees that i(p) is not (2, 2, 2). Let us construct the example
of the form p with i(p) = (1, 1, 2, 2). Take p := 〈〈a1, a2, a3〉〉 ⊥ λ · 〈〈b1, b2〉〉
over the field F := k(a1, a2, a3, b1, b2, λ). Then p is anisotropic, p ∈ I2(F ),
and ω2(p) = {b1, b2} 6= 0 ∈ KM

2 (F )/2 is a pure symbol. So, i(p) is either
(1, 1, 2, 2), or (2, 2, 2). But if E = F

√
−λ, then iW (p|E) = 1 (by the result

of R.Elman and T.Y.Lam ([1]), since {a1, a2, a3}|E and {b1, b2}|E have no
common slots). This shows that i(p) = (1, 1, 2, 2).

Let i(p) = (1, 1, 1, 2, 1). Then for some c ∈ k∗, p ⊥ c · 〈〈det±(p)〉〉 ∈ I3(k).
Conversely, if dim3(p) = 2, then i(p) is a specialization of (1, 1, 1, 2, 1), and
ih(p)(p) = 1. But (1, 1, 1, 2, 1) itself is the only possible specialization sat-
isfying this condition. As an example of such p we can take any codimen-
sion 2 subform of the form (〈〈a1, a2, a3〉〉 ⊥ −〈〈b1, b2, b3〉〉)an. over the field
F = k(a1, a2, a3, b1, b2, b3).

Let i(p) = (1, 1, 1, 1, 2). Then p ∈ I2(k), ω2(p) ∈ KM
2 (k)/2 is not a pure

symbol (since ih(p)−1(p) = 1), and dim4(p) > 6 (since, otherwise, i(p) would
be a specialization of (1, 2, 1, 1, 1)). Conversely, all the forms satisfying these
3 conditions have splitting pattern (1, 1, 1, 1, 2). Really, the first two condi-
tion give us: ih(p)(p) = 2 and ih(p)−1(p) = 1. So, i(p) is either (1, 1, 1, 1, 2),
or (1, 2, 1, 2). The last possibility is excluded since dim4(p) > 6. The form
〈−a1,−a2, a1a2, d1, d2,−d1d2〉 ⊥ λ · 〈b1, b2,−b1b2,−c1,−c2, c1c2〉 over the field
k(a1, a2, b1, b2, c1, c2, d1, d2, λ) provides an example (just observe that p is
anisotopic, and for F = k

√
d1, i((p|F )an) = (1, 1, 1, 2) - see the corresponding

case in dimension 10).
Finally, all the other forms have the splitting pattern (1, 1, 1, 1, 1, 1). They

clearly can be described as: p /∈ I2(k), dim3(p) > 2, dim4(p) > 6. The generic
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form provides an example.
Let us summarize our results.

dim(q) splitting pattern description
2 (1) -
4 (2) dim2(p) = 0

(1,1) dim2(p) > 0
6 (2,1) dim3(p) = 2

(1,2) dim2(p) = 0
(1,1,1) dim2(p) > 0,dim3(p) > 2

8 (4) dim3(p) = 0
(2,2) dim2(p) = 0 and ω2(p) is a nonzero pure symbol
(1,2,1) dim3(p) = 2
(1,1,2) dim2(p) = 0 and ω2(p) is not a pure symbol
(1,1,1,1) dim2(p) > 0,dim3(p) > 2

10 (2,2,1) p is divisible by a binary form 〈〈det±(p)〉〉
(2,1,2) dim4(p) = 6,dim2(p) = 0
(2,1,1,1) dim4(p) = 6, dim2(p) > 0,dim3(p) > 2
(1,2,2) dim2(p) = 0, ω2(p) is a nonzero pure symbol
(1,1,2,1) dim3(p) = 2, p is not divisible by 〈〈det±(p)〉〉
(1,1,1,2) dim2(p) = 0, ω2(p) is not a pure symbol, dim4(p) > 6
(1,1,1,1,1) dim2(p) > 0,dim3(p) > 2,dim4(p) > 6

12 (4,2) dim4(p) = 4,dim2(p) = 0
(4,1,1) dim4(p) = 4,dim2(p) > 0
(2,4) dim3(p) = 0
(2,2,2) ** dim3(p) > 0,dim4(p) > 4, p is divisible

by a binary form
(1,2,1,2) dim4(p) = 6,dim2(p) = 0
(1,2,1,1,1) dim4(p) = 6,dim2(p) > 0
(1,1,2,2) ** dim2(p) = 0, ω2(p) is a pure symbol, and

p is not divisible by a binary form
(1,1,1,2,1) dim3(p) = 2
(1,1,1,1,2) dim2(p) = 0, ω2(p) is not a pure symbol, dim4(p) > 6
(1,1,1,1,1,1) dim2(p) > 0,dim3(p) > 2,dim4(p) > 6

** only hypothetically
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Some conclusions

Let us list couple of observations concerning computations above.
Although, in arbitrary dimension, there is no even hypothetical descrip-

tion of the set of possible splitting patterns, there is a conjecture describing
elementary pieces of such splitting patterns, that is, higher Witt indices.

Conjecture 7.13 (D.Hoffmann)1

Let q be anisotropic form. Then i1(q)− 1 is the remainder of dim(q)− 1
under the division by some power of 2.

Remarks: 1) Conjecture 7.13 claims, in particular, that higher Witt in-
dices for odd-dimensional forms are always odd, and for even-dimensional
forms are either even, or 1.

2) For each d, and each s, where 2s < d, there exists anisotropic form q of
dimension d over some field F such that i1(q)− 1 is exactly the remainder of
d− 1 divided by 2s. Really, let d− 1 = 2s ·n+ r, where 0 6 r < 2s. Consider
F := k(a1, . . . , as, x1, . . . , xn+1), and let q be any (2s − r − 1)-codimensional
subform of p := 〈〈a1, . . . , as〉〉 ·〈x1, . . . , xn+1〉. By Lemma 5.2, i1(p) is divisible
by 2s, on the other hand, iW (p|F√−x1x2

) = 2s. So, i1(p) = 2s. By Corollary
4.9(3), i1(q) = r + 1.

Our computations show:

Theorem 7.14 Conjecture 7.13 is valid for all forms of dimension 6 22.

Proof: We just need to note that, by Corollary 4.9(3), if dim(p) is even,
i1(p) > 1, and q is any codimension 1 subform of p, then i1(q) = i1(p) − 1.
Thus, if Conjecture 7.13 is valid for q, then it is valid for p. But in the
case of odd dimensional forms we have complete classification of i(q) up to
dimension 21.

Also, looking on the tables above, it is not difficult to guess the description
of forms with the ”generic” splitting pattern (1, 1, . . . , 1).

Conjecture 7.15 The following conditions are equivalent:

(1) i(q) = (1, 1, . . . , 1);

(2) dims(q) > 2s−1 − 1, for all 2 6 s 6 log2(dim(q)− 2) + 1

1After the article was originally submitted this conjecture was proven by N.Karpenko
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