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Problem class 1

1. A triple of natural number (XY, Z) is called a pythagorean triple if X2 +Y? = Z? as
they are the sides of a triangle with a right angle. Consider 2 = X/Z and y = Y/Z.
Now we are looking for positive rational numbers z, y satisfying 22 + 4% = 1. Use the
ideas in Chapter 1 to find plenty of pythagorean triples.
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2. Draw a picture of the solution set C'(k) in k? for the equation

2y+3x+5=0

and the fields k =R, k=F;, k =F5, k=F3, k =Fy and k = Q.

3. Let (A,+) and (B,#) be abelian groups and let f : A — B be a map such that
f(=a) = —f(a) for all a € A and

at+d+ad" =0 = fla)#f(d)#f(a")=0.
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Prove that f is a group homomorphism.

Solution: Let a and a’ be two elements in A. Set a” = —a — a’ = —(a + d’), then
a+a + a” = 0. By the hypotheses f(a)#f(a")#f(a”) = 0, which implies that
f(a") = —(f(a)#f(a’)). We conclude that f(a+da') = —f(—(a+d)) = —f(a") =
fla)#f(a’).

4. Let k be a field and n > 0. On the set X = k"*1\ {(0, 0,... ,O)} define the following
relation:

(CU(],[L'l, . 73771) ~ (y07y17 ... 7yn)
if and only if there exists A € k™ such that

To=AYo, T1=A Y1, ..., Tn =AYy
Prove that this is an equivalence relation. Recall, this means that we need to check

Reflexive: a ~ a for all a € X.
Symmetric: If a ~ b for some a,b € X then b ~ a.

Transitive: If a ~ b and b ~ ¢ for some a,b,c € X, then a ~ c.

Solution:

Reflexive: a ~ a is true by taking A = 1 € k£* in the definition.

Symmetric: If (xg,...,2,) ~ (Yo, ...,Yn), then there is a A € k* such that z; =
A-y;. Since ) is invertible, we find y; = A™!-a; for all i = 0, ..., n. This shows
that (yo, ..., ¥n) ~ (2o, ..., T,) as A7 € k.

Transitive: If (zo,...,2,) ~ (Yo,---,Yn) and (Yo, .., Yn) ~ (20,...2,) then there
are A € k* and pu € k* such that x; = X\-y; and y; = p-2z; foralli =0,...,n.
Now Ay € k* and x; = A\ - z; shows that (zg,...,z,) ~ (20, .., 2n)-

Note that this proof also works for an arbitrary ring R and gives a definition of
P"(R) as long as we only allow vectors with at least one coordinate a unit in R and
we only allow to scale through by invertible elements in R*.



