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Introduction and notations

These notes are the draft for my lectures at Baskerville Hall in August 2022.
They contain more detail than what will be presented during the 3 lectures
there. Prerequisites for these notes is material from [28].

Throughout the notes, the following notations will be used.

• 𝐸 is an elliptic curve.

• 𝐹 will stand for a general perfect field.

• 𝐾 is a number field and O𝐾 its ring of integers.

• 𝐾𝑣 will stand for the completion of 𝐾 at a place 𝑣 and 𝔽𝑣 for its residue
field. O𝑣 is the ring of integers in 𝐾𝑣 and 𝔪𝑣 its maximal ideal.

• Σ is a finite set of places in 𝐾 and OΣ is the ring of Σ-integers in 𝐾 .

• 𝐻𝑖 (𝐹, ·) is the 𝑖-th Galois cohomology for the absolute Galois group 𝐺𝐹
of 𝐹.

• 𝜇[𝑛] is the Galois module of 𝑛-th roots of unity.

• For any abelian group 𝐴, we denote by 𝐴/𝑛 the quotient 𝐴/𝑛𝐴; even when
the group is written multiplicatively. For instance ℚ×/2 is the group ℚ×

modulo its squares.
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1 First lecture

Ernst Sejersted Selmer (1920-2006)

1.1 Example

Let 𝐸 be the elliptic curve

𝐸 : 𝑦2 + 𝑦 = 𝑥3 + 𝑥2 − 9 𝑥 − 15

defined over the number field 𝐾 = ℚ(𝜁) with 𝜁2 + 𝜁 + 1 = 0. This curve is chosen
so that 𝐸 (𝐾)tors = ℤ/3ℤ 𝑆 ⊕ ℤ/3ℤ 𝑇 with 𝑆 = (5, 9) and 𝑇 = (−2 + 𝜁, 2 + 𝜁). It has
good reduction outside the primes 𝔭1 and 𝔭2 above 19, which are generated by
𝜋1 = 3 − 2𝜁 and 𝜋2 = 5 + 2𝜁 respectively.

For any field 𝐹 such that 𝐸 is an elliptic curve over 𝐹 with 𝐸 [3] ⊂ 𝐸 (𝐹) and
gcd

(
char(𝐹), 𝑛

)
= 1, we define the following map

𝜅 :
𝐸 (𝐹) −→ 𝐹× /

� × 𝐹× /
�

𝑃 = (𝑥, 𝑦) ↦−→
(
−4 𝑥 + 𝑦 + 11, (2 + 3𝜁) 𝑥 + 𝑦 + (5 + 6𝜁)

)
where � stands for the set of cubes in 𝐹×. Using the notation introduced above
we will write 𝐹×/3 now for this quotient. Though this definition does not make
sense for the point 𝑃 = 𝑂 as it has no 𝑥 and 𝑦-coordinates and for the points
where either of the two linear terms is zero. Actually, −4𝑥 + 𝑦 + 11 = 0 is an
equation for the tangent to 𝐸 at 𝑆 and the other term is an equation for the
tangent at 𝑇 . Since 𝑆 and 𝑇 are 3-torsion points on a Weierstrass equations,
they are inflection points; therefore the first term vanishes only for 𝑃 = 𝑆 and
the second only for 𝑃 = 𝑇 . If we correct the definition of 𝜅 by

𝜅(𝑂) = (1, 1), 𝜅(𝑆) = 𝜅(−𝑆)2 and 𝜅(𝑇) = 𝜅(−𝑇)2

we have a well-defined map.
Later, in Lemma 3 and Lemma 4, we will show that 𝜅 is a group homo-

morphism with kernel 3𝐸 (𝐹). We continue to write 𝜅 for the injective map from
𝐸 (𝐹)/3.

For any prime 𝔭, denote by 𝑣𝔭 the valuation at this prime. We will use the
same notation for the induced homomorphism : 𝐾×/3 × 𝐾×/3 → ℤ/3 × ℤ/3 in
both arguments.

Let 𝔭 be a prime not dividing 3 and not equal to 𝔭1 or 𝔭2. Then the map
𝑣𝔭 ◦ 𝜅 : 𝐸 (𝐾)/3 → ℤ/3 × ℤ/3 is zero.

Lemma 1
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Proof. By assumption the equation of 𝐸 defines a reduces curve 𝐸 over the
residue field 𝔽𝔭 with 𝐸 [3] ⊂ 𝐸 (𝔽𝔭). We can compare the maps 𝜅 for the field 𝐾
and 𝔽𝔭:

𝐸 (𝐾)/3 𝜅 //

��

𝐾×/3 × 𝐾×/3

𝐸 (𝔽𝔭)/3 𝜅 // 𝔽×𝔭/3 × 𝔽×𝔭/3

If 𝑃 ∈ 𝐸 (𝐾) is such that 𝑃 ∉ {𝑂, 𝑆, 𝑇}, then the formula for 𝜅 and 𝜅 are the
same. Therefore the valuation of both parts of 𝜅(𝑃) will be 0.

If 𝑃 = 𝑂, then 𝑃 = (𝑥, 𝑦) belongs to the kernel of reduction and hence
𝑣𝔭(𝑥) = −2𝑚 and 𝑣𝔭(𝑦) = −3𝑚 for some integer 𝑚. It is clear that 𝑣𝔭(−4𝑥 + 𝑦 +
11) = −3𝑚 ≡ 0 (mod 3) and similar for the second term.

If 𝑃 = 𝑇 , then 𝑄 = 𝑃 − 𝑇 is such that 𝑄 = 𝑂. Then 𝜅(𝑃) = 𝜅(𝑄)𝜅(𝑇) =

𝜅(𝑄) · 𝜅(−𝑇)2 and by the first two cases both 𝜅(𝑄) and 𝜅(−𝑇) have valuation
divisible by 𝑛. The case 𝑃 = 𝑆 is treated the same way. �

Let 𝔮 be the unique prime above 3; it is generated by 𝜋 = 2 + 𝜁 . Set Σ =

{𝔮, 𝔭1, 𝔭2}. Define the subgroup ℋ 6 𝐾×/3 by

ℋ =

{
𝑎 ∈ 𝐾×

���� 𝑣𝔭(𝑎) ≡ 0 (mod 3) ∀𝔭 ∉ Σ

} /
�.

In [28] it is denoted 𝐾 (Σ, 3), we will later use the notation 𝐻1
(
OΣ, 𝜇[3]

)
. Since

O𝐾 is a unique factorisation domain and its units are just 𝜇[6], it is easy to
determine that ℋ is a 𝔽3-vector space of dimension 4 with basis 𝜁, 𝜋, 𝜋1, 𝜋2.

The previous lemma implies that we have an injective map

𝜅 : 𝐸 (𝐾)/3 −→ ℋ ×ℋ.

This already proves the weak Mordell-Weil theorem for this curve and bounds
the rank of 𝐸 (𝐾) to be at most 6, but we will push this further now. For each
𝔭 ∈ Σ, we can compare 𝜅 with the local version over the completion 𝐾𝔭:

𝜅𝔭 : 𝐸 (𝐾𝔭)/3 −→ 𝐾×
𝔭 /3 × 𝐾×

𝔭 /3.

It is clear that the image of 𝜅 belongs to the group{
(𝑎, 𝑏) ∈ ℋ ×ℋ

���� (𝑎, 𝑏) ∈ Im 𝜅𝔭 ∀𝔭 ∈ Σ

}
,

which we will later define to be the Selmer group Sel3(𝐸/𝐾).
As an example of how the three extra conditions help to reduce the rank,

we concentrate on 𝔭 = 𝔭1. The curve has split multiplicative reduction over
𝐾𝔭1 � ℚ19 with Tamagawa number 𝑐𝔭1 = 3. The 3-torsion point 𝑆 has bad
reduction, so it can be used to split the exact sequence

0 //𝐸0(𝐾𝔭1) //𝐸 (𝐾𝔭1) //𝐸 (𝐾𝔭1)/𝐸0(𝐾𝔭1) � ℤ/3 //0.

Since the kernel of reduction 𝐸 (𝔭1) is divisible by 3, we get an isomorphism
𝐸0(𝐾𝔭1)/3 � 𝔽×𝔭1/3 ≈ ℤ/3 by reduction. However 𝑇 is divisible by 3 in 𝐸 (𝐾𝔭1).
Pick 𝑈 such that 3𝑈 = 𝑇 ; concretely we can take

𝑈 =
(
5 + 9 · 19 + 13 · 192 + 12 · 193 +O(194), 9 + 19 + 18 · 192 + 16 · 193 +O(194)

)
.

3



Therefore 𝐸 (𝐾𝔭1)/3 is of dimension 2 generated by 𝑈 and 𝑆. The group 𝐾×
𝔭1
/3

has dimension 2 as well, generated by 𝜉 and 𝜋1 where 𝜉3 = 𝜁 . The image under
𝜅𝔭1 in 𝐾×

𝔭1
/3 × 𝐾×

𝔭1
/3 is equal to the group generated by 𝜅(𝑈) = (𝜉 𝜋1, 1) an

𝜅(𝑆) = (𝜋21, 1). Hence (𝑎, 𝑏) ∈ ℋ ×ℋ satisfies (𝑎, 𝑏) ∈ Im 𝜅𝔭1 if and only if 𝑏 is
a cube in 𝐾×

𝔭1
.

Writing 𝑎 = 𝜁𝑎1 · 𝜋𝑎2 · 𝜋𝑎31 · 𝜋𝑎42 and similar for 𝑏, the conditions turn out to
be

(𝑎, 𝑏) ∈ 𝜅𝔭1 ⇐⇒ 𝑏2 = 𝑏3 = 0

(𝑎, 𝑏) ∈ 𝜅𝔭2 ⇐⇒ 𝑎2 + 𝑏2 = 𝑎4 + 𝑏4 = 0

(𝑎, 𝑏) ∈ 𝜅𝔮 ⇐⇒ 𝑎2 = 𝑏2 = 𝑎1 + 𝑎3 + 2𝑎4 + 2𝑏1 + 2𝑏3 + 𝑏4 = 0

Therefore Sel3(𝐸/𝐾) is 3-dimensional, generated by 𝜅(𝑆) = (𝜋21 𝜋22, 𝜁 𝜋2) and
𝜅(𝑇) = (𝜁2 𝜋2, 𝜋22) and (𝜁, 𝜁).

It remains to determine if (𝜁, 𝜁) ∈ Im 𝜅. Suppose 𝑃 = (𝑋 : 𝑌 : 𝑍) maps to
(𝜁, 𝜁), then there exist 𝑈,𝑉 ∈ 𝐾× such that

−4 𝑋 + 𝑌 + 11 𝑍 = 𝜁 𝑈3

(2 + 3𝜁) 𝑋 + 𝑌 + (5 + 6𝜁) 𝑍 = 𝜁 𝑉3.

We will see soon that the tangent at −𝑆 − 𝑇 ∈ 𝐸 [3] will also have that property,
meaning that there is a 𝑊 ∈ 𝐾× such that

(−1 − 3𝜁) 𝑋 + 𝑌 + (−1 − 6𝜁) 𝑍 = 𝜁 𝑊3.

Moreover (𝑈 : 𝑉 : 𝑊) will be a point on the curve

𝐶(𝜁 ,𝜁 ) : 𝜁 𝑈3 + (3 − 2𝜁)𝑉3 + (−3 − 5𝜁)𝑊3 + (−6 − 6𝜁)𝑈𝑉𝑊.

It turns out that (2 − 𝜁 : 1 : 1) is a solution in 𝐶(𝜁 ,𝜁 ) (𝐾). The corresponding
point is 𝑃 = (−2− 2𝜁 : −1 : 1 + 𝜁) = (−2, 𝜁), obtained by solving the above three
linear equation. It must have infinite order in 𝐸 (𝐾). We conclude that 𝐸 (𝐾) is
isomorphic to ℤ/3 ⊕ ℤ/3 ⊕ ℤ. (Using heights one could also verify that 𝑆, 𝑇 ,
and 𝑃 generate the Mordell-Weil group. And, yes, there are much easier ways
to verify this information.)

from [27] (1951)

1.2 Complete 𝑛-descent

Let 𝐸 be an elliptic curve over a field 𝐹 and let 𝑛 > 2. We suppose that 𝐸 [𝑛] ⊂
𝐸 (𝐹) and that gcd

(
char(𝐹), 𝑛

)
= 1. For each 𝑛-torsion point 𝑇 , we pick a function
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𝑔𝑇 ∈ 𝐹 (𝐸) with divisor div(𝑔𝑇 ) = [𝑛]∗(𝑇) − [𝑛]∗(𝑂). Next, there is a function
𝑓𝑇 ∈ 𝐹 (𝐸) with divisor div( 𝑓𝑇 ) = 𝑛(𝑇) − 𝑛(𝑂) such that 𝑓𝑇 ◦ [𝑛] = 𝑔𝑛

𝑇
. (See III.8

in [28].) This determines 𝑓𝑇 up to multiplication by an 𝑛-th power in 𝐹×. We
define

𝜅𝑇 : 𝐸 (𝐹) −→ 𝐹×/𝑛
𝑃 ↦−→ 𝑓𝑇 (𝑃) if 𝑃 ∉ {𝑂,𝑇}
𝑂 ↦−→ 1

𝑇 ↦−→ 𝜅𝑇 (−𝑇)−1

which works if 𝑛 > 2. For 𝑛 = 2 see Prop X.1.4 in [28]. For 𝑛 = 3, 𝑓𝑇 (𝑃) = 0
defines the inflection tangent at 𝑇 like in the above example.

For all 𝑆, 𝑇 ∈ 𝐸 [𝑛], we have 𝜅−𝑇 = 𝜅𝑇 ◦ [−1] and 𝜅𝑆+𝑇 = 𝜅𝑆 · 𝜅𝑇 .

Lemma 2

The proof is left to hard-working students in� Exercise A.

For each 𝑇 ∈ 𝐸 [𝑛], the map 𝜅𝑇 is a group homomorphism.

Lemma 3

Proof. Let 𝑃,𝑄 ∈ 𝐸 (𝐹). We wish to show 𝜅𝑇 (𝑃 +𝑄) ?
= 𝜅𝑇 (𝑃) · 𝜅(𝑄). If 𝑃 or 𝑄 is

𝑂 it is obvious.
Suppose first 𝑄 = −𝑃. Then 𝜅𝑇 (𝑃) · 𝜅𝑇 (−𝑃) = 𝜅𝑇 (𝑃) · 𝜅−𝑇 (𝑃) = 𝜅𝑇 −𝑇 (𝑃) = 1.
Next suppose that neither of 𝑃, 𝑄 or 𝑃 +𝑄 belongs to {𝑂,𝑇}. Let ℓ𝑃 be the

equation of a line through −𝑃 and 𝑇 . Set

𝐺 (𝑃,𝑄) = ℓ𝑃 (𝑄)
𝑥(𝑄) − 𝑥(𝑇 − 𝑃) ,

which is a function 𝐸 × 𝐸 → ℙ1 defined over 𝐹 whose divisor is

div(𝐺) = (𝑃 +𝑄 = 0) − (𝑃 +𝑄 = 𝑇) + (𝑄 = 𝑇) − (𝑄 = 𝑂) + (𝑃 = 𝑇) − (𝑃 = 0).

There exists a constant 𝑐 ∈ 𝐹× such that

𝑐 · 𝐺 (𝑃,𝑄)𝑛 = 𝑓𝑇 (𝑃 +𝑄)
𝑓𝑇 (𝑃) · 𝑓𝑇 (𝑄)

as functions in (𝑃,𝑄) ∈ 𝐸 × 𝐸 . Composition with [𝑛] shows that 𝑐 is an 𝑛-to
power in 𝐹×:

𝑐 · 𝐺 (𝑛𝑃, 𝑛𝑄)𝑛 = 𝑓𝑇 (𝑛𝑃 + 𝑛𝑄)
𝑓𝑇 (𝑛𝑃) · 𝑓𝑇 (𝑛𝑄)

=

( 𝑔𝑇 (𝑃 +𝑄)
𝑔𝑇 (𝑃) · 𝑔𝑇 (𝑄)

)𝑛
as functions in (𝑃,𝑄).

Finally, the special case 𝑃 = 𝑇 or 𝑄 = 𝑇 can be deduced from the above. For
instance 𝜅(𝑄 + 𝑇) 𝜅(−𝑇) = 𝜅(𝑄) implies that 𝜅(𝑄) 𝜅(𝑇) = 𝜅(𝑄 + 𝑇). �

Fix a basis 𝑆, 𝑇 of 𝐸 [𝑛].
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The kernel of the homomorphism

𝜅 = 𝜅𝑆 × 𝜅𝑇 : 𝐸 (𝐹) → 𝐹×/𝑛 × 𝐹×/𝑛

is 𝑛 𝐸 (𝐹).

Lemma 4

Proof. 𝑛 𝐸 (𝐹) ⊂ ker 𝜅: If 𝑃 = 𝑛𝑄 for a𝑄 ∈ 𝐸 (𝐹), then 𝑓𝑇 (𝑃) = 𝑓𝑇 (𝑛𝑄) = 𝑔𝑇 (𝑄)𝑛
is an 𝑛-th power for all 𝑃 ≠ 𝑂,𝑇 .

ker 𝜅 ⊂ 𝑛 𝐸 (𝐹): Let 𝑃 ≠ 𝑂 such that 𝜅(𝑃) = (1, 1). It follows from Lemma 2
that 𝜅𝑇 (𝑃) = 1 for all 𝑇 ∈ 𝐸 [𝑛].

Pick 𝑄 ∈ 𝐸 (𝐹) such that 𝑛𝑄 = 𝑃. Let 𝜎 be an element in the absolute Galois
group 𝐺𝐹 of 𝐹. Set 𝜉𝜎 = 𝜎(𝑄) −𝑄 and our aim is to show that it is equal to 𝑂.
First

𝑛 𝜉𝜎 = 𝑛 𝜎(𝑄) − 𝑛𝑄 = 𝜎(𝑛𝑄) − 𝑛𝑄 = 𝜎(𝑃) − 𝑃 = 𝑂

which shows that 𝜉𝜎 ∈ 𝐸 [𝑛]. By assumption, there is a 𝑢 ∈ 𝐹 such that 𝑓𝑇 (𝑃) =
𝑢𝑛, which happens to be 0 if 𝑃 = 𝑇 . As before 𝑢𝑛 = 𝑓𝑇 (𝑃) = 𝑔𝑇 (𝑄)𝑛, which
shows that there is 𝜁 ∈ 𝜇[𝑛] ⊂ 𝐹 with 𝑔𝑇 (𝑄) = 𝑢 𝜁 ∈ 𝐹. By definition of the Weil
pairing (III.8 in [28]), we have

𝑒𝑛 (𝜉𝜎 , 𝑇) =
𝑔𝑇 (𝑋 + 𝜉𝜎)
𝑔𝑇 (𝑋)

as a function in 𝑋

=
𝑔𝑇

(
𝜎(𝑄)

)
𝑔𝑇 (𝑄)

by taking 𝑋 = 𝑄

=
𝜎
(
𝑔𝑇 (𝑄)

)
𝑔𝑇 (𝑄)

= 1 as 𝑔𝑇 (𝑄) ∈ 𝐹.

Since this holds for all 𝑇 ∈ 𝐸 [𝑛], the non-degeneracy of the Weil-pairing implies
that 𝜉𝜎 = 𝑂 and therefore 𝑄 ∈ 𝐸 (𝐹). �

Now, we suppose that 𝐸 is an elliptic curve over a number field 𝐾 . Let Σ
be a finite set of primes containing all places above prime divisors of 𝑛 and all
places where 𝐸 has bad reduction.

For each 𝑇 ∈ 𝐸 [𝑛], the valuation of 𝜅𝑇 (𝑃) at 𝔭 ∉ Σ is zero in ℤ/𝑛ℤ for all
𝑃 ∈ 𝐸 (𝐾).

Lemma 5

Proof. The cases 𝑃 ≠ 𝑂 can be treated the same way as in the proof of Lemma 1.
Hence we will concentrate on the function 𝑓𝑇 on the formal group 𝐸 over the
completion 𝐾𝔭 associated to a minimal equation for 𝐸 . See Chapter IV in [28].
Since 𝑔𝑇 has a simple pole at 𝑂, we can write 𝑔𝑇 = 𝑐 𝑡−1+O(𝑡0) as a power series
in 𝑡 = −𝑥/𝑦 with 𝑐 ≠ 0. By assumption, 𝑓𝑇 has no other zero or pole in 𝐸 than
at 𝑂. Therefore 𝑓𝑇 = 𝑎 𝑡−𝑛 · 𝑢 for a unit power series 𝑢 = 1 +O(𝑡) ∈ O𝑣 [[𝑡]]× and
𝑎 ≠ 0. The composition with [𝑛] = 𝑛 𝑡 +O(𝑡2) gives 𝑎 𝑛−𝑛 = 𝑐𝑛 and hence 𝑎 is a
𝑛-th power in 𝐾×

𝔭 . As a consequence the valuation of 𝑓𝑇 (𝑃) for any 𝑃 ∈ 𝐸 (𝔭) is
a multiple of 𝑛. �

(This is usually proved di�erently, see Proposition VIII.1.5 in [28].)
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Let 𝐸 be an elliptic curve over a number field 𝐾 such that 𝐸 [𝑛] ⊂ 𝐸 (𝐾).
Then 𝐸 (𝐾)/𝑛 is finite.

Theorem 6

Proof. By Lemma 4, we now that 𝐸 (𝐾)/𝑛 is isomorphic to the image of 𝜅 in
𝐾×/𝑛 × 𝐾×/𝑛. However the previous lemma shows that the image of 𝜅 lies in
ℋ×ℋ whereℋ is the subgroup of 𝐾×/𝑛 consisting of all elements with valuation
divisible by 𝑛 at primes outside Σ. The groupℋ fits into the short exact sequence
of finite groups

0 //O×
Σ
/𝑛 //ℋ //Cl(OΣ) [𝑛] //0

where OΣ is the ring of Σ-integers in 𝐾 . The finiteness of the class group and
Dirichlet’s theorem for the units imply now that ℋ is finite. �

A quick remark on the earlier example. Lemma 2 explains why the correctly
scaled equation of the tangent at −𝑆 − 𝑇 also gives a 𝜁2 · 𝜁2 times a cube for
𝜅(𝑃) = (𝜁, 𝜁). We still need to justify how we get the equation for the curve
𝐶(𝑎,𝑏) for (𝑎, 𝑏) ∈ ℋ ×ℋ. With the methods as above, one shows that one can
scale the equation of the line through 𝑆 and 𝑇 to obtain a function ℎ𝑆,𝑇 such that
𝑓𝑆 · 𝑓𝑇 · 𝑓−𝑆−𝑇 = ℎ3

𝑆,𝑇
in 𝐾 (𝐸)×. In the example above this is ℎ𝑆,𝑇 = −𝑋 +𝑌 −4 𝑍 .

Hence there is a 𝜔 ∈ 𝜇[3] such that ℎ𝑆,𝑇 (𝑃) = 𝜔 𝑎𝑏𝑈𝑉𝑊 . One can adjust the
variable 𝑈 by 𝜔 to assume that 𝜔 = 1. Now one has four linear forms, 𝑓𝑇 , 𝑓𝑆,
𝑓−𝑆−𝑇 and ℎ𝑆,𝑇 , hence they must be linearly dependent. In the example above,
we find

𝐶(𝑎,𝑏) : 𝑎𝑈3 + (−5 − 3𝜁) 𝑏𝑉3 + (−2 + 3𝜁) 𝑎2𝑏2𝑊3 + 6 𝑎𝑏𝑈𝑉𝑊 = 0.

Remark. This method of finding an upper bound to the rank can be generalised
to the case when 𝐸 [𝑛] is no longer in 𝐸 (𝐾). One can construct as above a map
𝜅 : 𝐸 (𝐾)/𝑛→ 𝑅×/𝑛 where 𝑅 is the algebra Maps𝐺𝐾

(
𝐸 [𝑛], 𝐾

)
which is such that

Spec(𝑅) = 𝐸 [𝑛]. The algebra split into a product of number fields one for each
Galois orbit in 𝐸 [𝑛]. However, the map is injective only if 𝑛 is prime. See [24, 8]
and the notes [29] of a short course by Stoll for how to do explicit 𝑛-descent in
general.

Also we should add that this is only one way to work with the Selmer group;
there is a second “indirect” method already used by Birch and Swinnerton-
Dyer [2] and explained well in [9] which is the basis of the implementation for
mwrank. This method uses the theory of (co)-invariants for forms and tries to
find the curves 𝐶(𝑎,𝑏) associated to 𝐸 directly. Apart from the computational
use of this method, it is crucial in the work of Bhargava and Shankar [1].
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2 Second lecture

Serge Lang (1927-2005)

2.1 Enters Galois cohomology

Let 𝐸 be an elliptic curve over a field 𝐹; we no longer suppose 𝐸 [𝑛] ⊂ 𝐸 (𝐹)
now. We are going to use Galois cohomology 𝐻𝑖 (𝐹, ·) now as in Appendix B
in [28] or [21]. � Exercise B.

Let 𝑃 ∈ 𝐸 (𝐹). As before, we pick 𝑄 ∈ 𝐸 (𝐹) such that 𝑛𝑄 = 𝑃. Then

𝜎 ↦→ 𝜉𝜎 = 𝜎(𝑄) −𝑄

represents a class in 𝐻1
(
𝐹, 𝐸 [𝑛]

)
:

𝜎(𝜉𝜏) + 𝜉𝜎 − 𝜉𝜎𝜏 = 𝜎
(
𝜏(𝑄) −𝑄

)
+ 𝜎(𝑄) −𝑄 − 𝜎𝜏(𝑄) +𝑄 = 𝑂.

A di�erent choice of 𝑄 results in a di�erent cocycle, but the di�erence is a
coboundary. Hence there is a well-defined map

𝜅 : 𝐸 (𝐾) → 𝐻1 (𝐹, 𝐸 [𝑛]) .
Why do we denote it again by 𝜅? Well, in the case that 𝐸 [𝑛] ⊂ 𝐸 (𝐹) they

are linked as follows. Pick a basis 𝑆, 𝑇 of 𝐸 [𝑛]. As a consequence of what we
did in the proof of Lemma 4, one can easily show that the diagram

𝐸 (𝐹) 𝜅 //

𝜅𝑆×𝜅𝑇
��

𝐻1
(
𝐹, 𝐸 [𝑛]

)
�

��

𝐹×/𝑛 × 𝐹×/𝑛 𝛿

�
// 𝐻1

(
𝐹, 𝜇[𝑛]

)
× 𝐻1

(
𝐹, 𝜇[𝑛]

)
commutes, where the right hand vertical map is induced by 𝐸 [𝑛] → 𝜇[𝑛] × 𝜇[𝑛]
sending 𝑅 to

(
𝑒𝑛 (𝑅, 𝑆), 𝑒𝑛 (𝑅,𝑇)

)
, and where the bottom horizontal map is the

Kummer map from Hilbert’s Satz 90.
Back to the general case without assumption on 𝐸 [𝑛]. Let us be even more

general: Suppose 𝜙 : 𝐸 → 𝐸 ′ is an isogeny defined over 𝐹; the previous case is
recovered when using 𝜙 = [𝑛] of degree 𝑛2. The long exact sequence for

0 //𝐸 [𝜙] //𝐸
𝜙
//𝐸 //0

gives the short exact sequence

0 //𝐸 ′(𝐹)/𝜙
(
𝐸 (𝐹)

) 𝜅 //𝐻1
(
𝐹, 𝐸 [𝜙]

) 𝜆 //𝐻1
(
𝐹, 𝐸

)
[𝜙] //0,

which to my knowledge appeared first in by Lang and Tate.
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from [15]

Suppose now that 𝐸 is an elliptic curve over a number field 𝐾 . Write res𝑣 for
the reduction of Galois cohomology from 𝐾 to 𝐾𝑣 and let 𝜅𝑣 denote the above
map 𝜅 for the field 𝐾𝑣 .

Definition. We define the Selmer group by

Sel𝜙 (𝐸/𝐾) =
{
𝜉 ∈ 𝐻1 (𝐾, 𝐸 [𝜙]) ���� res𝑣 (𝜉) ∈ Im 𝜅𝑣 ∀𝑣

}
consisting of all elements in 𝐻1

(
𝐾, 𝐸 [𝜙]

)
that are locally in the image of the

Kummer map 𝜅𝑣 . Further we define the Tate-Shafarevich group X(𝐸/𝐾) as
the following kernel:

X(𝐸/𝐾) = ker

(
𝐻1 (𝐾, 𝐸 ) → ∏

𝑣

𝐻1 (𝐾𝑣 , 𝐸 ) )
where the product runs over all places 𝑣 in 𝐾 .

The two are linked by the short exact sequence

0 //𝐸 ′(𝐾)/𝜙
(
𝐸 (𝐾)

) 𝜅 //Sel𝜙 (𝐸/𝐾) 𝜆 //X(𝐸/𝐾) [𝜙] //0.

Let 𝜙 : 𝐸 → 𝐸 ′ be an isogeny defined over a number field 𝐾 . Then the
Selmer group Sel𝜙 (𝐸/𝐾) is a finite group.

Theorem 7

See Theorem X.4.2 in [28]. The crucial step is to show that the Selmer group
lies inside the group 𝐻1

(
𝐾, 𝐸 [𝜙];Σ

)
of cocycles that are unramified outside Σ,

which is a finite group that I like to denote by 𝐻1
(
OΣ, 𝐸 [𝜙]

)
for some reason.

In the case 𝐸 [𝑛] ⊂ 𝐸 (𝐹) treated above this is the group ℋ ×ℋ and ℋ itself is
𝐻1

(
𝐹, 𝜇[𝑛];Σ

)
= 𝐻1

(
OΣ, 𝜇[𝑛]

)
.

2.2 Geometric interpretation

Let 𝐸 be an elliptic curve over a field 𝐹 and let 𝜙 : 𝐸 ′ → 𝐸 . The following
interpretation is due to Châtelet [7].

Definition. A 𝜙-covering of 𝐸 defined over 𝐹 is a morphism 𝜋 : 𝐶 → 𝐸 ′

defined over 𝐹 of smooth projective curves such that there exists an isomorphism
𝜃 : 𝐶 //𝐸 defined over 𝐹 such that 𝜋 = 𝜙 ◦ 𝜃, i.e. the diagram

𝐶

𝜃

��

𝜋

**
𝐸 ′

𝐸
𝜙

44

commutes
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In terms of twisting, a 𝜙-covering is a twist of 𝜙 : 𝐸 → 𝐸 ′. In particular 𝜋 is
of the same degree as 𝜙. See [8]. A morphism of 𝜙-covering is a 𝐸 ′-morphism.
The trivial 𝜙-covering is 𝜙 : 𝐸 → 𝐸 ′ with 𝜃 = id𝐸 .

There is a bijection between 𝐻1
(
𝐹, 𝐸 [𝜙]

)
and the set of isomorphism classes

of 𝜙-coverings of 𝐸 defined over 𝐹.

Theorem 8

The proof is analogous to Theorem X.3.6 in [28]. The bijection is set up as
follows. First, if 𝜋 : 𝐶 → 𝐸 ′ is a 𝜙-covering and 𝜎 ∈ 𝐺𝐹 , then one can show that
the map 𝜎(𝜃) ◦ 𝜃−1 : 𝐸 → 𝐸 is equal to the translation by a point 𝜉𝜎 ∈ 𝐸 [𝜙].
This is, surprise, surprise, a 1-cocycle.

Conversely, using a given cocycle 𝜉 one can define a new 𝐺𝐹 -action on the
function field 𝐹 (𝐸)× by setting (𝜎 ∗ 𝑓 ) (𝑃) = 𝜎( 𝑓 ) (𝑃 + 𝜉𝜎). The new field is the
function field of a smooth projective curve 𝐶 over 𝐹 with a map to 𝐸 . The rest
of the proof is checking that everything works.

The curve𝐶 inherits an action by 𝐸 and it can be viewed as a principal homo-
geneous space as in Section X.3 in [28]. This explains the map 𝜆 : 𝐻1

(
𝐹, 𝐸 [𝜙]

)
→

𝐻1
(
𝐹, 𝐸

)
[𝜙]. If 𝑃 ∈ 𝐸 ′(𝐹), then 𝜅(𝑃) ∈ 𝐻1

(
𝐹, 𝐸 [𝜙]

)
is represented by the 𝜙-

covering 𝜏𝑃 ◦ 𝜙 : 𝐸 → 𝐸 ′ where 𝜏𝑃 is the translation by 𝑃 on 𝐸 ′. In particular,
an 𝜙-covering is in the image of 𝐸 ′(𝐹)/𝜙(𝐸 (𝐹)) if and only if 𝐶 (𝐹) ≠ ∅.

In the starting example, the curve 𝐶(𝑎,𝑏) associated to a general (𝑎, 𝑏) ∈
ℋ ×ℋ comes with the degree 3 map 𝜋 : 𝐶(𝑎,𝑏) → 𝐸 sending (𝑈 : 𝑉 : 𝑊) to(

−2𝑎𝑈3 − 2𝜁𝑏 𝑉3 + (2 + 2𝜁)𝑎2𝑏2𝑊3 :

− 𝑎𝑈3 + (11 + 3𝜁)𝑏𝑉3 + (8 − 3𝜁)𝑎2𝑏2𝑊3 :

𝑎𝑈3 + (−1 − 𝜁)𝑏𝑉3 + 𝜁𝑎2𝑏2𝑊3
)
.

It is a 𝜙-covering for the isogeny 𝜙 dual to 𝜙 : 𝐸 → 𝐸 ′ which has 𝑇 − 𝑆 in the
kernel. These were the sort of descents that Selmer did in his work [27] in the
50ies.

2.3 Interpretation as extensions

Let 𝜉 be a cocycle representing an element in 𝐻1
(
𝐹, 𝐸 [𝑛]

)
. We are going to

associate to 𝜉 a short exact sequence

0 //𝜇[𝑛] //𝑊𝜉
//𝐸 [𝑛] //0

of 𝐺𝐹 -modules. As a group𝑊𝜉 is just the direct sum 𝜇[𝑛] ⊕𝐸 [𝑛], but the Galois
action is twisted as follows:

𝜎(𝜁, 𝑇) =
(
𝜎(𝜁) · 𝑒𝑛

(
𝜉𝜎 , 𝜎(𝑇)

)
, 𝜎(𝑇)

)
for all 𝜎 ∈ 𝐺𝐹 , 𝜁 ∈ 𝜇[𝑛] and 𝑇 ∈ 𝐸 [𝑛].
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This defines a group action of 𝐺𝐹 on 𝑊𝜉 .

Lemma 9

Proof. Let 𝜎 and 𝜏 ∈ 𝐺𝐹 . Then

𝜎
(
𝜏(𝜁, 𝑇)

)
= 𝜎

(
𝜏(𝜁) · 𝑒𝑛

(
𝜉𝜏 , 𝜏(𝑇)

)
, 𝜏(𝑇)

)
=

(
𝜎
(
𝜏(𝜁)

)
· 𝜎

(
𝑒𝑛

(
𝜉𝜏 , 𝜏(𝑇)

) )
· 𝑒𝑛

(
𝜉𝜎 , 𝜎(𝜏(𝑇))

)
, 𝜎

(
𝜏(𝑇)

) )
=

(
𝜎𝜏(𝜁) · 𝑒𝑛

(
𝜎(𝜉𝜏), 𝜎𝜏(𝑇)

)
· 𝑒𝑛

(
𝜉𝜎 , 𝜎𝜏(𝑇)

)
, 𝜎𝜏(𝑇)

)
=

(
𝜎𝜏(𝜁) · 𝑒𝑛

(
𝜎(𝜉𝜏) + 𝜉𝜎 , 𝜎𝜏(𝑇)

)
, 𝜎𝜏(𝑇)

)
=

(
𝜎𝜏(𝜁) · 𝑒𝑛

(
𝜉𝜎𝜏 , 𝜎𝜏(𝑇)

)
, 𝜎𝜏(𝑇)

)
= (𝜎𝜏) (𝜁, 𝑇) �

Two extensions of 𝐸 [𝑛] by 𝜇[𝑛] are isomorphic if there is an isomorphism
of exact sequences as in

0 // 𝜇[𝑛]

id
��

//𝑊1
//

�

��

𝐸 [𝑛] //

id
��

0

0 // 𝜇[𝑛] //𝑊2
// 𝐸 [𝑛] // 0

There is a bijection between 𝐻1
(
𝐹, 𝐸 [𝑛]

)
and isomorphism classes of ex-

tensions of 𝐺𝐹 -modules of 𝐸 [𝑛] by 𝜇[𝑛].

Proposition 10

The set in the theorem is usually denoted by Ext1𝐺𝐹
(
𝐸 [𝑛], 𝜇[𝑛]

)
. One can re-

place 𝜇[𝑛] by 𝔾𝑚 if one wishes as in [8].

Let 𝜉 ∈ 𝐻1
(
𝐹, 𝐸 [𝑛]

)
. The connecting homomorphism

𝜕 : 𝐻1 (𝐹, 𝐸 [𝑛]) → 𝐻2 (𝐹, 𝜇[𝑛]) = Br(𝐹) [𝑛]

sends a class represented by the cocycle 𝜂 to the 2-cocycle

(𝜉 ∪ 𝜂)𝜎,𝜏 = 𝑒𝑛
(
𝜉𝜎 , 𝜎(𝜂𝜏)

)
.

Lemma 11

This is called the cup-pairing

∪ : 𝐻1 (𝐹, 𝐸 [𝑛]) × 𝐻1 (𝐹, 𝐸 [𝑛]) → Br(𝐹) [𝑛] .
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2.4 Local dualities

John Tate (1925–2019)

Let 𝐸 be an elliptic curve over a 𝑝-adic field 𝐾𝑣 and let 𝑛 > 1. Then the
pairing

∪ : 𝐻1
(
𝐾𝑣 , 𝐸 [𝑛]

)
× 𝐻1

(
𝐾𝑣 , 𝐸 [𝑛]

)
//Br(𝐾𝑣 ) [𝑛]

inv𝑣

�
//ℤ/𝑛ℤ

is a perfect, symmetric bilinear pairing.

Theorem 12

This result is due to Tate [32] and it holds in general for 𝐺𝐾𝑣 -modules which have
a non-degenerate pairing 𝑀 × 𝑀 ′ → 𝜇[𝑛], like the Weil pairing. See also [21,
7.2.6].

If 𝐸 [𝑛] ⊂ 𝐸 (𝐾𝑣 ) and 𝜉 corresponds to (𝑎, 𝑏) ∈ 𝐾×
𝑣 /𝑛×𝐾×

𝑣 /𝑛 and 𝜂 to (𝑎′, 𝑏′)
for a choice 𝑆 and 𝑇 of a basis of 𝐸 [𝑛], then I believe that

𝑒(𝑆, 𝑇) 𝜉∪𝜂 = {𝑎, 𝑏′} · {𝑎′, 𝑏}

where {, } is the Hilbert norm symbol in 𝐾𝑣 . See [30]. For the general case when
𝐸 [𝑛] ⊄ 𝐸 (𝐾𝑣 ) see Section 2 in [10].

There is another pairing also due to Tate

〈 , 〉〉𝑣 : 𝐸 (𝐾𝑣 )/𝑛 × 𝐻1 (𝐾𝑣 , 𝐸) [𝑛] → Br(𝐾𝑣 ) [𝑛] � ℤ/𝑛ℤ

that we construct now.
First, if 𝐷 =

∑
𝑖 𝑚𝑖 (𝑃𝑖) is a divisor of degree 0 on a curve 𝐶 and 𝑓 ∈ 𝐹 (𝐶)×

whose divisor has disjoint support from that of 𝐷, then we write

𝑓 (𝐷) =
∏
𝑖

𝑓 (𝑃𝑖)𝑚𝑖

which is invariant under multiplying 𝑓 by a constant.
We are given 𝑃 ∈ 𝐸 (𝐾𝑣 ) and 𝜉 a cocycle in 𝐻1(𝐾𝑣 , 𝐸). Pick a 𝐾𝑣 -rational

divisor of degree 0, like (𝑃) − (𝑂), whose sum is 𝑃. Then, for each 𝜎 ∈ 𝐺𝐾𝑣 ,
we pick a divisor 𝐵𝜎 ∈ Div0(𝐸) with sum 𝜉𝜎 whose support is disjoint from
the support of 𝐷. Then there is a function 𝑓𝜎,𝜏 with divisor 𝜎(𝐵𝜏) + 𝐵𝜎 − 𝐵𝜎𝜏
for each pair 𝜎, 𝜏 ∈ 𝐺𝐾𝑣 . We set 〈𝑃, 𝜉〉〉𝑣 ∈ Br(𝐾𝑣 ) to be equal to the 2-cocycle
sending (𝜎, 𝜏) to 𝑓𝜎,𝜏 (𝑃)−1.

〈 , 〉〉𝑣 is a perfect bilinear pairing.

Theorem 13
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from [32]

One can show that the two pairings are compatible in the sense that

〈𝜅(𝑃), 𝜉〉𝑣 = 〈𝑃, 𝜆(𝜉)〉〉𝑣 ∀𝑃 ∈ 𝐸 (𝐾𝑣 ), 𝜉 ∈ 𝐻1 (𝐾𝑣 , 𝐸 [𝑛]) .
See for instance Proposition 2.1 in [11]. � Exercise C.

Other local results that can be of use:

𝐻2 (𝐾𝑣 , 𝐸 [𝑛]) � Hom
(
𝐸 (𝐾𝑣 ) [𝑛],ℤ/𝑛

)
𝐻𝑖

(
𝐾𝑣 , 𝐸 [𝑛]

)
= 0 for all 𝑖 > 3

𝐻2 (𝐾𝑣 , 𝐸 ) = 0

If 𝐸 has good reduction and 𝑛 is coprime to the residue characteristic, then the
image of 𝜅 can also be described as

𝐻1
ur

(
𝐾𝑣 , 𝐸 [𝑛]

)
= ker

(
𝐻1 (𝐾𝑣 , 𝐸 [𝑛]) → 𝐻1 (𝐼𝑣 , 𝐸 [𝑛]) )

where 𝐼𝑣 is the inertia group. Instead the description of the image of 𝜅 for 𝑛
dividing the residual characteristic in terms of 𝐸 [𝑛] alone is harder, but possible
using 𝑝-adic Hodge theory. As a consequence, it is possible to define Selmer
groups for any Galois module. This is parallel to the fact that the 𝐿-function of
𝐸/𝐾 is also determined by the action of 𝐺𝐾 on the torsion points alone.

2.5 Global dualities

For a number field 𝐾, we have an exact sequence

0 //Br(𝐾) //
⊕

𝑣 Br(𝐾𝑣 )
∑
inv𝑣 //ℚ/ℤ //0.
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Let 𝜉 and 𝜂 be two elements in Sel𝑛 (𝐸/𝐾). Then 𝜉 ∪ 𝜂 = 0 ∈ Br(𝐾).

Lemma 14

Proof. Let 𝑊𝜉 be the 𝐺𝐾 -module extending 𝐸 [𝑛] by 𝜇[𝑛] corresponding to 𝜉.
Consider the commuting digram

𝐻1
(
𝐾, 𝐸 [𝑛]) 𝜉∪·

//

��

Br(𝐾)
��

��∏
𝐻1

(
𝐾𝑣 , 𝐸 [𝑛]

) res𝑣 ( 𝜉 )∪·
//
∏
𝑣 Br(𝐾𝑣 )

The image of 𝜂 in the bottom right corner for each finite 𝑣 is

res𝑣 (𝜂) ∪ res𝑣 (𝜉) = 〈res𝑣 (𝜂), res𝑣 (𝜉)〉𝑣 = 〈𝑄𝑣 , 𝜆 res𝑣 (𝜉)〉〉𝑣 = 〈𝑄𝑣 , 0〉〉𝑣 = 0

where 𝜅(𝑄𝑣 ) = res𝑣 (𝜂). Since the right hand map is injective, we conclude that
𝜉 ∪ 𝜂 = 0. �

Oh, well, that is disappointing. But it may explain why the Cassels-Tate
pairing is a little harder to define.

Ian Cassels (1922–2015)

Let 𝜉 and 𝜂 be two elements in X(𝐸/𝐾) [𝑛]. We can lift 𝜉 to an element in
Sel𝑛 (𝐸/𝐾) and represent it as an 𝑛-covering 𝐶 → 𝐸 . Since 𝐶 is isomorphic to
𝐸 over 𝐾, we have Pic0(𝐶) � 𝐸 . For each 𝜎 ∈ 𝐺𝐾 , pick a divisor 𝐵𝜎 ∈ Div0(𝐶)
representing the class corresponding to 𝜂𝜎 ∈ 𝐸 [𝑛]. There is a function 𝑓𝜎,𝜏 ∈
𝐾 (𝐶)× with divisor 𝜎(𝐵𝜏) + 𝐵𝜎 − 𝐵𝜎𝜏 . Since 𝜉 ∈ X(𝐸/𝐾), the curve 𝐶 has a
𝐾𝑣 -rational point 𝑄𝑣 for all 𝑣. Define the pairing

[·, ·] : X(𝐸/𝐾) [𝑛] ×X(𝐸/𝐾) [𝑛] → ℤ/𝑛ℤ
(𝜉, 𝜂) ↦→

∑︁
𝑣

inv𝑣
(
𝜎, 𝜏 ↦→ 𝑓𝜎,𝜏 (𝑄𝑣 )

)
∈ ℚ/ℤ

Note it is a bit surprising that the choice of 𝑄𝑣 does not matter, but that is
because res𝑣 (𝜂) = 0 implies that 𝑓 comes from a constant 2-cocycle in Br(𝐾𝑣 ).

This pairing [·, ·] is bilinear and alternating. The kernel on each side is
𝑛X(𝐸/𝐾). It extends to a pairingX(𝐸/𝐾)×X(𝐸/𝐾) → ℚ/ℤ whose kernel
is the subgroup of divisible elements.

Theorem 15

This is due to Cassels [4] (IV) and it was generalised by Tate [31]. See also [21,
11, 12, 20] and [5, 10] for concrete implementations.
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from [4] IV

Another important result within global cohomology is an exact sequence due
to Cassels [4] (VII), which was generalised by Poitou [23] and Tate [31], see [21,
8.6.13].

Let 𝐸/𝐾 be an elliptic curve and 𝑛 > 1. Let Σ be a finite set containing all
bad places, all those dividing 𝑛 and all infinite places. Consider the map

res : Sel𝑛 (𝐸/𝐾) →
⊕
𝑣∈Σ

𝐸 (𝐾𝑣 )/𝑛.

The image of this map res is dual to the cokernel of 𝐻1
(
OΣ, 𝐸 [𝑛]

)
→⊕

𝑣∈Σ 𝐻
1
(
𝐾𝑣 , 𝐸) [𝑛] under the pairing 〈·, ·〉〉𝑣 . The kernel of res is dual

to the kernel of the restriction 𝐻2
(
OΣ, 𝐸 [𝑛]

)
→

⊕
𝑣∈Σ 𝐻

2
(
𝐾𝑣 , 𝐸 [𝑛]

)
.

Theorem 16

Usually this is summarise in one long exact sequence of finite groups

0 // 𝐸 (𝐾) [𝑛] //
⊕

𝑣∈Σ 𝐸 (𝐾𝑣 ) [𝑛] // 𝐻2
(
OΣ, 𝐸 [𝑛]

)∨
// Sel𝑛 (𝐸/𝐾) //

⊕
𝑣∈Σ 𝐸 (𝐾𝑣 )/𝑛 // 𝐻1

(
OΣ, 𝐸 [𝑛])∨ // Sel𝑛 (𝐸/𝐾)∨ // 0

where 𝐴∨ = Hom
(
𝐴, ℚ/ℤ

)
is the Pontryagin dual.

There are many interesting applications of these duality statements.

• Cassels originally used it to verify a conjecture by Selmer saying that the
“second descent” reduces the rank bound by an even number. More pre-
cisely, if 𝜙 : 𝐸 → 𝐸 ′ is an isogeny of degree 𝑝 defined over a number field.
Then the image of the map 𝛿 in

0 // 𝐸 (𝐾) [𝜙] // 𝐸 (𝐾) [𝑛] // 𝐸 ′(𝐾) [𝜙]

// Sel𝜙 (𝐸/𝐾) // Sel𝑛 (𝐸/𝐾) // Sel𝜙 (𝐸 ′/𝐾)
𝛿

//X(𝐸/𝐾)/𝜙(X(𝐸 ′/𝐾)) //X(𝐸/𝐾)/𝑛 //X(𝐸 ′/𝐾)/𝜙(X(𝐸/𝐾)) // 0

has even dimension.

• Cassels showed that the Birch and Swinnerton-Dyer conjecture is invariant
under isogenies, which was among the first theoretical results supporting
the conjecture.

15



• Also the fact that the order of X(𝐸/𝐾) should be a square lead Birch and
Swinnerton-Dyer to include its order in the leading term formula, despite
only having some knowledge about its 2-torsion part.

• The pairing is also useful in explicit computation as it allows to verify
thatX(𝐸/𝐾) [𝑝] is non-trivial and hence to lower the rank bound without
having to do a 𝑝2-descent.

• In fact all known non-trivial elements ofX(𝐸/𝐾) [𝑛] are ultimately proven
to have no rational points in this manner as the Brauer-Manin obstruction
is a reformulation of this method in the case of elliptic curves.

• Not surprisingly the parity results, showing that the parity of the ranks
of the Selmer groups agree with the analytic rank module 2, rely on the
duality.

• Generalisations are crucial in the method of Euler systems and in the mod-
ularity theorem in the Taylor-Wiles method.

• . . .
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3 Third lecture

3.1 Local norms

Let 𝐾𝑣 be a 𝑝-adic field and let 𝐿𝑤/𝐾𝑣 be a finite Galois extension of group 𝐺.
Let 𝐸/𝐾𝑣 be an elliptic curve. Analogous to class field theory, we may ask what
is

𝐷𝑣 = 𝐸 (𝐾𝑣 )/𝑁
(
𝐸 (𝐿𝑤 )

)
.

Using Tate’s modified group cohomology, we may write 𝐷𝑣 = 𝐻0
(
𝐺, 𝐸 (𝐿𝑤 )

)
.

Assume that 𝐿𝑤/𝐾𝑣 is unramified and that 𝑑 = |𝐺 | is coprime to 6. Then
𝐷𝑣 is a cyclic group of order gcd(𝑑, 𝑐𝑣 ) where 𝑐𝑣 is the Tamagawa number
of 𝐸/𝐾𝑣 . Moreover the group 𝐸0(𝐾𝑣 ) of points with good reduction are all
in the image of the norm map.

Proposition 17

Proof. Since the extension is unramified the type of reduction and the Tamagawa
number will not change in the extension.

By Theorem 2 on page 21 in [6], 𝐻0
(
𝐺,O𝑤

)
= 0 as the trace map O𝑤 →

O𝑣 is surjective on the ring of integers in unramified extensions. There is an
integer 𝑟 > 0 such that 𝐸 (𝔪𝑟

𝑤 ) is isomorphic to O𝑤 as a 𝐺-module; and hence
𝐻0

(
𝐺, 𝐸 (𝔪𝑟

𝑤 )
)
= 0. Also 𝐻0

(
𝐺, 𝔽𝑤

)
is trivial, so the norm map is surjective on

the quotient of 𝐸 (𝔪𝑟−1
𝑤 ) by 𝐸 (𝔪𝑟

𝑤 ). We conclude that 𝐻0
(
𝐺, 𝐸 (𝔪𝑟−1

𝑣 )
)
= 0 and,

by induction, that 𝐻0(𝐺, 𝐸 (𝔪𝑤 )
)
= 0.

To conclude that the norm map 𝐸0(𝐿𝑤 ) → 𝐸0(𝐾𝑣 ) is surjective, we only
need to show that 𝐻0(𝐺, 𝐸0(𝔽𝑤 )

)
is trivial. If the reduction is bad, it follows

because trace and norm are surjective on finite fields. If the reduction is good,
it is a consequence of a theorem by Schmidt [25], later generalised by Lang [14],
that the norm is surjective. But� Exercise E and Exercise X.6 in [28].

Therefore we have 𝐻0
(
𝐺, 𝐸 (𝐿𝑤 )

)
= 𝐻0

(
𝐺, 𝐸 (𝐿𝑤 )/𝐸0(𝐿𝑤 )

)
. If the reduction

is additive or non-split multiplicative, then this is zero, because the order of the
group 𝐸 (𝐿𝑤 )/𝐸0(𝐿𝑤 ) is the Tamagawa number which is then a divisor or 12
and hence coprime to the order of 𝐺. In the split multiplicative case, it is cyclic
of order 𝑐𝑣 . Since the action of 𝐺 is trivial on it, the group 𝐻0

(
𝐺, 𝐸 (𝐿𝑤 )

)
is

cyclic of order gcd
(
|𝐺 |, 𝑐𝑣

)
. �

From the proof one sees that it isn’t hard to extend this sort of computation to
many more situations. If 𝑑 is divisible by 3, for instance, we only have to exclude
that the reduction is of type IV or IV∗.

Suppose 𝐿𝑤/𝐾𝑣 is totally ramified, that 𝐸 has good reduction, and that
gcd( |𝐺 |, 𝑝) = 1, i.e., it is tamely ramified. Then 𝐷𝑣 is isomorphic to
𝐸 (𝔽𝑣 )/|𝐺 |.

Lemma 18

Proof. The group 𝐸 (𝔪𝑤 ) is a pro-𝑝-group, so 𝐻𝑖
(
𝐺, 𝐸 (𝔪𝑣 )

)
= 0 as we assumed

𝑝 to be coprime to the order of 𝐺. Since the reduction is good, we get 𝐷𝑣 �
𝐻0

(
𝐺, 𝐸 (𝔽𝑤 )

)
. The extension is totally ramified, meaning 𝔽𝑤 = 𝔽𝑣 and 𝐺 acts

trivially on 𝐸 (𝔽𝑤 ) completes the proof. �
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Now to the totally and wild case which is a result due to Lubin and Rosen [16]
and much harder to prove.

Assume 𝐿𝑤/𝐾𝑣 is a totally ramified extension of 𝑝-adic fields whose Galois
group has order 𝑑 = 𝑝𝑚. Suppose that the curve 𝐸/𝐾𝑣 has good ordinary
reduction. Then 𝐷𝑣 is a finite group whose order divides

(
#𝐸 (𝔽𝑣 ) [𝑝∞]

)2.
Proposition 19

3.2 Selmer groups as Galois modules

Let 𝐸/𝐾 be an elliptic curve over a number field. Let 𝐿/𝐾 be a Galois extension
with group 𝐺, which is a 𝑝-group for a prime 𝑝 > 3. Let Σ be a finite set of places
as before, but impose that also all ramified places belong to Σ. We suppose

𝐸 (𝐾) [𝑝] = 0.

𝐸 (𝐿) [𝑝] = 0.

Lemma 20

Proof. Assume 𝐸 (𝐿) ≠ {𝑂}. The size of 𝐺-orbits on the set 𝐸 (𝐿) [𝑝] must be
powers of 𝑝. The orbit {𝑂} is of size 1. Since the order of the set 𝐸 (𝐿) [𝑝] is a
multiple of 𝑝, there has to be other fixed points in 𝐸 (𝐿) [𝑝]. But that contradicts
the assumption 𝐸 (𝐾) [𝑝] = 0. �

It is obvious that 𝐸 (𝐿)𝐺 = 𝐸 (𝐾). But beware:

For any 𝑛 that is a power of 𝑝, we have an exact sequence

0 //𝐸 (𝐾)/𝑛 𝛼 //
(
𝐸 (𝐿)/𝑛

)𝐺 //𝐻1
(
𝐺, 𝐸 (𝐿)

)
[𝑛] //0.

Proposition 21

Proof. By Lemma 20, the sequence

0 //𝐸 (𝐿) [𝑛]
//𝐸 (𝐿) //𝐸 (𝐿)/𝑛 //0

is exact, now the long exact sequence concludes the proof. �

Let 𝐿/𝐾 be a Galois extension whose degree is a power of 𝑝 and let 𝑛 be a
power of 𝑝 and suppose 𝐸 (𝐾) [𝑝] = 0. Then the map

𝛽 : Sel𝑛 (𝐸/𝐾) −→ Sel𝑛 (𝐸/𝐿)𝐺

is injective and the cokernel is dual to the cokernel of

Sel𝑛 (𝐸/𝐾) −→
⊕
𝑣∈Σ

𝐸 (𝐾𝑣 )/𝑛 −→
⊕
𝑣∈Σ

𝐷𝑣/𝑛.

Theorem 22
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Proof. It follows from the inflation–restriction–transgression sequence that we
have an isomorphism

𝐻1 (OΣ, 𝐸 [𝑛]
)
� 𝐻1 (OΣ(𝐿) , 𝐸 [𝑛]

)𝐺
.

where Σ(𝐿) is the set of places in 𝐿 above those in Σ. Consider the diagram

0 // Sel𝑛 (𝐸/𝐿)𝐺 // 𝐻1
(
OΣ(𝐿) , 𝐸 [𝑛]

)𝐺 //

(⊕
𝑤 𝐻

1
(
𝐿𝑤 , 𝐸

)
[𝑛]

)𝐺
0 // Sel𝑛 (𝐸/𝐾) //

𝛽

OO

𝐻1
(
OΣ, 𝐸 [𝑛]

)
//

�

OO

⊕
𝑣 𝐻

1
(
𝐾𝑣 , 𝐸

)
[𝑛]

⊕𝜌𝑣
OO

res∨ // Sel𝑛 (𝐸/𝐾)∨

It follows that 𝛽 is injective. The local restriction map 𝜌𝑣 : 𝐻
1
(
𝐾𝑣 , 𝐸

[
𝑛]) →

𝐻1
(
𝐿𝑤 , 𝐸

)
[𝑛] is dual to the norm map 𝐸 (𝐿𝑤 )/𝑛 → 𝐸 (𝐾𝑣 )/𝑛. So the kernel of

⊕𝑣 𝜌𝑣 is
⊕

𝐷𝑣/𝑛. A little diagram chase similar to the snake lemma, shows that
the cokernel of 𝛽 is dual to the cokernel of the map from Sel𝑛 (𝐸/𝐾) to the group⊕

𝐷𝑣/𝑛. �

Let us deduce some consequences in the case that 𝐺 is cyclic of order 𝑝
and 𝑛 = 𝑝. First 𝐻1

(
𝐺, 𝐸 (𝐿)

)
= 𝐻1

(
𝐺, 𝐸 (𝐿) ⊗ ℤ𝑝

)
. It has the advantage that

𝐸 (𝐿) ⊗ ℤ𝑝 is a free ℤ𝑝-module of the same rank as 𝐸 (𝐿).
It is known that any free ℤ𝑝-module with a 𝐺-action is a direct sum of copies

of the following three indecomposable ℤ𝑝 [𝐺]-lattices:

• ℤ𝑝 with trivial action,

• the group ring ℤ𝑝 [𝐺], and

• the augmentation kernel 𝐴 = ker
(
ℤ𝑝 [𝐺] → ℤ𝑝

)
.

In particular although ℤ𝑝 ⊕ 𝐴 and ℤ𝑝 [𝐺] have both rank 𝑝, they are not iso-
morphic modules: Indeed 𝐻1

(
𝐺,ℤ𝑝

)
= 𝐻1

(
𝐺,ℤ𝑝 [𝐺]) = 0 but 𝐻1

(
𝐺, 𝐴

)
= ℤ/𝑝ℤ.

Hence if 𝐸 (𝐿) ⊗ ℤ𝑝 = ℤ𝑎𝑝 ⊕ 𝐴𝑏 ⊕ ℤ𝑝 [𝐺]𝑐, then 𝐻1
(
𝐺, 𝐸 (𝐿)

)
= 𝔽𝑏𝑝 and 𝑎 + 𝑏 =

rank 𝐸 (𝐾).
Now consider the diagram

0 //

(
𝐸 (𝐿)/𝑝

)𝐺
// Sel𝑝 (𝐸/𝐿)𝐺 //

(
X(𝐸/𝐿) [𝑝]

)𝐺
0 // 𝐸 (𝐾)/𝑝 //

𝛼

OO

Sel𝑝 (𝐸/𝐾) //

𝛽

OO

X(𝐸/𝐾) [𝑝] //

𝛾

OO

0

and the snake lemma provides the exact sequence

0 //ker 𝛾 //𝐻1
(
𝐺, 𝐸 (𝐿)

)
//coker 𝛽 //coker 𝛾.

In particular if an element of X(𝐸/𝐾) capitulates in 𝐿/𝐾 then a component
isomorphic to 𝐴 must appear in 𝐸 (𝐿) ⊗ ℤ𝑝.
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Suppose 𝐿/𝐾 is cyclic of degree 𝑝. If 𝐸 (𝐾) has rank 0 and X(𝐸/𝐾) [𝑝] is
trivial, then the rank of 𝐸 (𝐿) is at most (𝑝 − 1) ·∑𝑣 dim𝔽𝑝 𝐷𝑣 .

Proposition 23

See� Exercise D.

Proof. First 𝐷𝑣 = 𝐻0
(
𝐺, 𝐸 (𝐿𝑤 )

)
is 𝑝-torsion so 𝐷𝑣/𝑝 = 𝐷𝑣 . By assumption the

kernel of 𝛾 must be trivial and, 𝑎+𝑐 = 0. Hence the dimension 𝑏 of 𝐻1
(
𝐺, 𝐸 (𝐿)

)
in the above exact sequence is at most

∑
𝑣 dim𝔽𝑝 𝐷𝑣 . Therefore 𝐸 (𝐿) � 𝐴𝑏 has

rank bounded by (𝑝 − 1)∑𝑣 dim𝔽𝑝 𝐷𝑣 . �

Let 𝐸 be an elliptic curve over ℚ and let 𝑝 be a prime such that 𝐸 has rank
0, there is no 𝑝-torsion in X(𝐸/ℚ) or in 𝐸 (ℚ), and no Tamagawa number
is divisible by 𝑝. Then 𝐸 (𝐿) has rank 0 for any cyclic extension 𝐿/𝐾 of
degree 𝑝, provided 𝐸 has good ordinary reduction with 𝑝 - #𝐸 (𝔽𝑣 ) at all
ramified places 𝑣.

Corollary 24

There are plenty of examples now. For instance the curve with Cremona
label 11a1 must have rank zero over ℚ(𝜁107)+. That fact can also be deduced
from Iwasawa theory using modular symbols, instead any sort of descent would
be infeasible.

The map 𝛽 also appears in Iwasawa theory. The following is known as the
control theorem, originally due to Mazur [19].

Let 𝐿/𝐾 be a ℤ𝑝-extension with group Γ and suppose 𝐸 has good ordinary
reduction at all ramified places. Then

lim−−→
𝑚

Sel𝑝𝑚 (𝐸/𝐾) → lim−−→
𝑚

Sel𝑝𝑚 (𝐸/𝐿)Γ

has a finite kernel and cokernel.

Theorem 25

Proof. In the case 𝐸 (𝐾) [𝑝] = 0, this follows from Theorem 22 together with the
fact that lim−−→𝐷𝑣/𝑝𝑚 is finite and bounded for all places and all intermediate
extensions in 𝐿/𝐾, thanks to Propositions 17 and 19. The case 𝐸 (𝐾) ≠ 0 is not
much harder, but omitted here. �

3.3 𝑝-adic heights

Let 𝐿/𝐾 be a Galois extension with an abelian group 𝐺. Let 𝐸/𝐾 be an elliptic
curve. We will construct a pairing on parts of the Selmer group with values in
𝐺. Let 𝑛 > 1, though only divisors of |𝐺 | are interesting.

Let 𝜉, 𝜂 ∈ Sel𝑛 (𝐸/𝐾). While 𝜉 can be arbitrary, we have to assume some
conditions on 𝜂: Pick for each 𝑣, a point 𝑄𝑣 ∈ 𝐸 (𝐾𝑣 ) such that 𝜅(𝑄𝑣 ) = res𝑣 (𝜂).
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We will suppose that 𝑄𝑣 is a norm from 𝐸 (𝐿𝑤 ) → 𝐸 (𝐾𝑣 ) for all 𝑤. By Pro-
position 17 this only imposes restrictions on ramified and bad primes. We write
Sel0𝑛 (𝐸/𝐾) for the subgroup of Sel𝑛 (𝐸/𝐾) of 𝜂 that satify this condition.

Associate to 𝜉 the extension 𝑊𝜉 . Consider the following diagram

𝐻1
(
𝐾, 𝜇[𝑛]

)
//

��

𝐻1
(
𝐾,𝑊𝜉

)
//

��

𝐻1
(
𝐾, 𝐸 [𝑛]

)
//

��

Br(𝐾) [𝑛]

∏
𝑣 𝐻

1
(
𝐾𝑣 , 𝜇[𝑛]

)
//
∏
𝐻1

(
𝐾𝑣 ,𝑊𝜉

)
//
∏
𝐻1

(
𝐾𝑣 , 𝐸 [𝑛]

)
// 0

where the products run over all places in 𝑣 (though a large enough finite set
would be enough). The zero at the bottom right comes from Theorem 13 as
𝜆 ◦ res𝑣 (𝜉) = 0 as in the proof of Lemma 14. From that Lemma 14 we see
that 𝜂 can be lifted to an element 𝜂 ∈ 𝐻1

(
𝐾,𝑊𝜉

)
. By assumption, we can find

a point 𝑅𝑤 ∈ 𝐸 (𝐿𝑤 ) for every place 𝑤 in 𝐿 such that 𝑁 (𝑅𝑤 ) = 𝑄𝑣 . We can
lift 𝜅(𝑅𝑤 ) to 𝜁𝑤 ∈ 𝐻1

(
𝐿𝑤 ,𝑊𝜉

)
. The map corresponding to the norm map on

cohomology is the corestriction cor : 𝐻1
(
𝐿𝑤 , ·

)
→ 𝐻1

(
𝐾𝑣 , ·

)
. By construction

res𝑣 (𝜂) − cor(𝜁𝑤 ) lies in the image of the first map in the bottom row. Let
𝜖𝑣 ∈ 𝐻1

(
𝐾𝑣 , 𝜇[𝑛]) � 𝐾×

𝑣 /𝑛 be a lift. One can show that this yields an idèle 𝜖 , we
define [[𝜉, 𝜂]] = 𝜓𝐺 (𝜖) where 𝜓𝐺 : 𝔸×

𝐾
→ 𝐺 is the reciprocity map from global

class field theory.

The above defines a bilinear pairing

[[·, ·]] : Sel𝑛 (𝐸/𝐾) × Sel0𝑛 (𝐸/𝐾) −→ 𝐺/𝑛.

It is symmetric on Sel0𝑛 (𝐸/𝐾).

Lemma 26

Here is a first special case: Suppose 𝐿/𝐾 is the Hilbert class field; in which
case 𝐺 identifies with the class group of 𝐾 . For a point 𝑃 ∈ 𝐸 (𝐾), we can write
𝑥(𝑃) O𝐾 as 𝔞𝑃 · 𝔢−2

𝑃
for integral ideals 𝔞𝑃 and 𝔢𝑃.

Suppose 𝐿/𝐾 is the Hilbert class field. Let 𝑃,𝑄 ∈ 𝐸 (𝐾) and suppose that
𝑄 has good reduction at all bad places. Then there exists an ideal 𝔡 such
that [[𝜅(𝑃), 𝜅(𝑄)]] is the class of the ideal 𝔢𝑃+𝑄 𝔢−1

𝑃
𝔢−1
𝑄
𝔡 in Cl(𝐾)/𝑛.

Proposition 27

(This should be true, but maybe I am o� by a factor ±1 or ±2.) The argument
to show this is to notice that the local contribution in this pairing for all finite
places is equal to the exponential of the local height function 𝜆𝐸,𝑣 as discussed
in Silverman’s lectures. This is linked directly to the denominator ideal of 𝑥.
The ideal 𝔡 can taken to be trivial if a global minimal equation exists. See [13].

Since everything in sight splits when 𝑛 is the product of coprime integers,
we may suppose that 𝑛 = 𝑝𝑚 for some prime 𝑝 and 𝑚 > 1 and that 𝐿/𝐾 is
an extension of degree 𝑝𝑚. In fact, we choose 𝐿/𝐾 to be the subextension of
that degree in a ℤ𝑝-extension 𝐿∞/𝐾 . Such an extension is unramified outside
the places above 𝑝. We will now suppose that 𝐸 has good ordinary reduction
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at all those ramified places. Let 𝐸•(𝐾) be the subgroup of 𝐸 (𝐾) of all points
that have good reduction everywhere and that are su�ciently close to 𝑂 at all
ramified places so that it will lie in the image of the local norm map for the
completion of 𝐿∞. By Proposition 19, this is a finite index subgroup.

Suppose 𝐿/𝐾 is inside a ℤ𝑝-extension, 𝐸 and 𝑛 = 𝑝𝑚 as above. Then the
pairing [[·, ·]] : 𝐸 (𝐾) × 𝐸•(𝐾) → 𝐺 extends to the 𝑝-adic height pairing
𝐸 (𝐾) × 𝐸 (𝐾) → ℚ𝑝 for this ℤ𝑝-extension.

Proposition 28

The pairings are compatible and glue to a pairing on 𝐸 (𝐾) × 𝐸•(𝐾) with values
in Gal

(
𝐿∞/𝐾

)
≈ ℤ𝑝. Since 𝐸•(𝐾) has finite index, one can linearly extend it

to a pairing with values in ℚ𝑝. If the extension is the unique cyclotomic ℤ𝑝-
extension of 𝐾, then the local contributions at unramified places is the 𝑝-adic
analogue of the function 𝜆𝐸,𝑣 , meaning that all appearances of log there are
replaced by the 𝑝-adic logarithm log𝑝. The contribution at ramified places is
the 𝑝-adic logarithm composed with a canonical 𝑝-adic 𝜎-function. The ordinary
assumption is crucial here as explained in [17].

The regulator of this pairing appears in the formulation of the leading term
formula for the 𝑝-adic 𝐿-function as discussed in [18]. The Galois cohomological
description of this analytic height pairing was first given by Schneider [26] and
Perrin-Riou [22]. See [3] for how to write the usual real-valued height pairing
using extensions in a very similar way.

4 Exercises

A) Prove lemma 2 using a function ℎ𝑆,𝑇 with divisor (𝑆 +𝑇) − (𝑆) − (𝑇) + (𝑂).

B) (i) Let 𝐺 be a finite group and let 𝑀 be a free ℤ-module with an linear
action by 𝐺 such that 𝑀𝐺 = 0. Show that 𝐻1

(
𝐺, 𝑀

)
=
(
𝑀 ⊗ ℚ/ℤ

)𝐺 .
(ii) Use this to calculate 𝐻1

(
𝐺, 𝑀

)
when 𝐺 = 𝐷4 is the dihedral group of

order 8 and 𝑀 is ℤ2 with the obvious action, say by the matrices
(
0 −1
1 0

)
and

(
1 0
0 −1

)
.

(iii) Let 𝐴 be the set of elements
∑
𝑔∈𝐺 𝑎𝑔 𝑔 ∈ ℤ[𝐺] such that

∑
𝑔∈𝐺 𝑎𝑔 = 0.

Calculate 𝐻1
(
𝐺, 𝐴

)
.

C) (i) Let 𝐸 be an elliptic curve over a 𝑝-adic field 𝐾𝑣 . Show that

#𝐸 (𝐾𝑣 )/𝑛 = #𝐸 (𝐾𝑣 ) [𝑛] ·#O𝑣/𝑛.

Hint: Show that the function ♮ : 𝐴 ↦→ #𝐴/𝑛·
(
#𝐴[𝑛]

)−1 is multiplicative
in exact sequences of abelian groups.

(ii) Let 𝑝 ≠ ℓ be two primes. Determine the size of 𝐻1
(
ℚℓ , 𝐸

)
[𝑝] and

𝐻1
(
ℚℓ , 𝐸 [𝑝]

)
(iii) Calculate the size of 𝐻1

(
𝐾𝔮, 𝐸 [3]

)
in the original example.

D) Let 𝐸/ℚ be an elliptic curve and let 𝐿/ℚ be a cyclic extension of degree
𝑝 > 3. Assume 𝐸 (ℚ) [𝑝] = 0, that 𝐸 (ℚ) has rank 0 and thatX(𝐸/ℚ) [𝑝] = 0.
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Show that if rank 𝐸 (𝐿) < (𝑝 − 1)∑ dim𝔽𝑝 𝐷𝑣 as in Proposition 23, then
X(𝐸/𝐿) [𝑝] is non-trivial.
Use this an the information available on the lmfdb over ℚ and over 𝐿 =

ℚ(𝜁11)+ to prove that 5 divides the order of X(𝐸/𝐿) for the curve with
Cremona label 11a2 (and lmfdb label 11.a1).

E) Let 𝐸 be an elliptic curve over a finite field 𝐹 with 𝑞 elements and let 𝐿/𝐹 be
the extension of degree 𝑓 . Let 𝜙 : 𝐸 → 𝐸 be the 𝑞-power Frobenius sending
(𝑋 : 𝑌 : 𝑍) to (𝑋𝑞 : 𝑌𝑞 : 𝑍𝑞).

(i) Show that the endomorphism 1 + 𝜙 + 𝜙2 + · · · + 𝜙 𝑓 −1 is not 0.
(ii) Deduce from this that the norm map 𝐸 (𝐿) → 𝐸 (𝐹) is surjective.
(iii) Let 𝜉 ∈ 𝐻1

(
𝐿/𝐹, 𝐸 (𝐿)

)
. Show that 𝜉 is a coboundary. Hint: Pick a

point 𝑄 ∈ 𝐸 (𝐹) such that (𝜙 − 1) (𝑄) = 𝜉𝜎 where 𝜎 ∈ Gal(𝐿/𝐹) is the
Frobenius.

(iv) Prove that there are no pointless curves of genus 1 over 𝐹.
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