Postgraduate notes 2006/07

A Proportionality Problem

(P. C. Fishburn, F. K. Hwang and H. Lee, 1986; D. R. Woodall,
1992.) Let R = (v1,...,v,,v1) be a ring of green and blue vertices.
Ho<i<r, let

Nl,r(Ui) = {Ui—h Vi—l+1, -5 Ui-1, Vi+1, ..., Uz‘+r}

(subscripts reduced modulo n, repetition allowed). For any set (or
multiset) S, let G(S) denote the number of green vertices in S,
and P(S) := G(S5)/|S|. R has property (I,r,p) if G(R) > 0 and

P(Nj,(v)) = p for each green vertex v in R. What does this tell us
about P(R)?

Example 1. If R is periodic, [ and r are multiples of the period,
and P(R) = p, then P(N;,.(v)) = p for every vertex in R. Thus
property (1,7, p) does not imply P(R) > p in general.

Example 2. A simple ring R(a b) consists of a green vertices

followed by b blue vertices. If p < Jlrl then R(I+ 1,n —1 — 1) has

property (I,7,p), but P(R) = HTl can be arbitrarily small, and so

no conclusion can be drawn (unless p = 0).

Example 3. If 25 <p <3 (= [ <3ir)and p(r+1) € Z,
define a := p(’r—l—l)—l and b =r—1—a, so that | < a <

%(r — 1) < b In R(a,b), since r — 1 = a4+ b = the period,

N;(v) = Npy(v) U (1 period), so that P(N;,.(v)) > &% = pif v

Z
is green. Thus R(a, b) has property (I, 7, p), and
a  pr+l)—1

P(R(a’b)):a+b_ r—1

Conjectures. Suppose [ < r and R has property (1,7, p).
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1. P(R)zpifp>i orifp=gandl#r
2PW@>”i21mL<p<¥

3. P(R) > 72(;2];(; )1f L<p<s

Note that all bounds = % when p = 1, and (2) > (3) iff Tz—ll <p<i.
All three conjectures hold for Slmple rings.

WV

Theorem 1. Conjecture 1 holds for simple rings.

Proof. Let R = R(a,b) be a simple ring with property (I, r, p),
where [ <7, p > 2 andp> sif [ =r. Let vy,..., v, be blue and
Vbt - - -, Uprq = Vg be green. Let

r=nla+b+r', I=mla+b)+1,

wheren >0, m>0,0<7 <a+b,0<l' <a+b. Ifb<!I <a+b
then v = vy, is green and N;,(v) starts with b consecutive blue
vertices, so that

P(R) =

P(N, > p.
P (Nir(v) = p

Thus we may suppose that 0 < I’ < b, and similarly 0 < ' < b.
Now at least one v € {wv, vp11} has the property that G(Ny (v)) <
min{r’, I'}, so that

Hr+1) <plr+1) < G(N,(v) < (n+m)a+min{r’, I}

< (n+m)a+ 30 +1).
Ifn=m=0,then r =", 1 =1, and we have a contradiction since
min{r, [} < 3(r+1) unless r = I, when 5 < p. So n+m > 0 and
a (n +m)a

a+b na+b)+m(a+b)
- p(r+1)—i(r'+1) S (7“+l—7“ — 1)

(r—r+10-1) =~ r+l—1r -1

P(R) =

=p. //
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Theorem 2. Conjecture 1 holds in the following cases.
(a) =0 (evenif p < 3).
(b) I=r (and p > 3).
(c) l=r—1(and p>1).
l

r00
G(Ny,(v)) > 0 for every green vertex v. Let g; be any green vertex.

Proof. (a) is obvious if p = 0. In all other cases, p > SO
Given g;, let g;41 be the green vertex in Ny, (g;) furthest from g;.
Continue until the first repetition: g, = g; for some j < k.

(a) The intervals (g;, gi+1] ( <@ <k — 1) cover R uniformly, and
P((gi, gi1]) = P(Nos(gi)) = p for each i, so that P(R) > p.

(b) and (c): Define multisets

A = (9, 9iv1] + [9is Git1),
B; = Ny, (gi) + Nio(gi+1),

-1 k—1 k—1
A= ZAi, B = Z B; = Z Ni(9:)
1=) =) =]

since g = gj. A covers R uniformly, so that P(A) = P(R), and
P(B) > p by hypothesis. It remains to prove that P(A) > P(B).
Let v = v; 4.

(b) Herel=1r. Foranyi (j <1 é k — 1) Suppose that g;11 = g;
and let s :=r —t > 0, so that 9@ " =g A is formed from B,
by deleting s blue vertices (in [g/}, g;%]) and s vertices of unknown
colour (in [g; %, g;']). This holds for every . Since at most half the
deleted vertices are green, and since P(B) > p > —, it follows that
P(A) > P(B) as required.

(c) Nowl=7r—1.If s (asin (b)) = 0, then A; is formed from B;
by adding one green vertex (g;). Otherwise, A; is formed from B; by

deleting s blue vertices and s — 1 vertices of unknown colour. Since
s — 1 < s, the required conclusion follows as before.  //
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Exercise. P(R) > p if and only if, for each green vertex v in R,
3 r(v) > 0st. P(Ny,w(v) = p.

Theorem 3. (B. J. Tarlow, 1998.) Conjecture 1 holds if [ < 3.

Proof. W.log p= TLH for some g € N, g > [. It suffices to prove
that, for each green vertex v in R, 3 l(v) > 0 s.t. P(Ny0(v)) = p.
Given v, relabel R so that v = v, 1.

If vy is green, then P([v_;,v,.]) > p; so assume vy is blue.
If vy is green, then P([v_;41,v,]) = p; so assume vy is blue.

Choose s,t > 0 minimal such that vg, v_; are green. Let

there be ng green vertices in [vo, v,] (or, equivalently, in |vg, v,]).
Then g < G(N;,(v—)) < I+ ng, and so ng = g — L.

Suppose ng = g — . If s < [ then Ng,r(vs) contains s
blue vertices vy, ...,vs_1 and the s vertices v,,1,...,v,4s, and so
G(Ni(vs) < (Il —8)+(9g—1—1)+s =g —1, a contradiction.

-1 .
Thus s > [+ 1, and so P([vi41,0]) = &5 > -4 = psince 3 < p.
g—1l+1= g—%l—%, since
ri]—l =P //

Conjecture 1 has been proved also when [ =4 and [ = r — 2,

Thus we may assume that ng >
1
[ < 3. But then P([vy,v,]) > &= 2l >

r_

and (by Ben Tarlow) for ‘rings of order 4’.

Exercise. If p > — and R has property (I,7,p), then P(R) >

p(r+1)—I1
e—



