5 Gelfand’s problem revisited,
mathematical curiosities and

some open problems

5.1 Space-filling curves and Jordan arcs
with positive area

In order to give examples of non-trivial uniform algebras
on the interval, we shall need the fact that there are

Jordan arcs in C which have positive area.
The first such arcs were constructed by Osgood in 1903.

These arcs are not, of course, space-filling curves, but the

construction is similar.
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First let us recall how we can obtain space-filling curves,
using the following pictures.

Y.
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A slight modification of this construction produces arcs
with positive area.
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We can now describe some non-trivial uniform algebras
on the unit interval.

These examples are not, however, natural on |0, 1]
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5.2 Progress on Gelfand’s problem

We now discuss some of the results related to Gelfand'’s
problem.

Proposition 5.2.1 (D. Wilken, 1969) The only
strongly regular uniform algebra on [0, 1] is C]0, 1].

This result was strengthened somewhat by Feinstein and
Somerset (‘Strong regularity for uniform algebras’, 1998),
but it is an open question whether or not every (natural)
regular uniform algebra on [0, 1] is trivial.

Note that Wilken showed in 1965 that every natural

uniform algebra on [0, 1] is ‘approximately normal’.
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A rather different attack on the problem may be found in
the paper of Dawson and Feinstein (2003).

Proposition 5.2.2 Let A be a natural uniform
algebra on [0, 1].

Suppose that Inv A is dense in A. Then A = C|0, 1].

Here the condition that Inv A is dense in A says that A
has topological stable rank equal to 1.

Gap to fill in

88



Poiz v 522
WA@MMWM

Uns Mm CW/ Thooren .
/Zy %W’KW e orerr,

Tiv () = eap(h)
Thus 5 fC)F €As 2 Tanls)

0



In the case where A is finitely generated as a Banach
algebra, Gelfand's problem comes down to a question
about P(.J) for polynomially convex arcs J in CV.

Under some fairly mild conditions on the polynomially

convex arc you can see that Inv P(J) must be dense in
P(J), and so P(J) =C(J).
However, even in this setting, the solution to Gelfand’s

problem remains elusive.

Gap to fill in

89



5.3 Open problems

Here we collect together some of the open problems in
this area.

Many of these have already been discussed in this course.

Question 5.3.1 Is there a non-trivial, natural uniform
algebra on [0, 1]7

Question 5.3.2 Is there a non-trivial, natural, regular
uniform algebra on [0, 1]7

Question 5.3.3 Is there a non-trivial uniform algebra
which has spectral synthesis?

Question 5.3.4 Let X be a compact plane set such that

R(X) # C(X). Can R(X) be strongly regular? Can
R(X) have spectral synthesis?
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Question 5.3.5 Let A be a regular Banach function
algebraon &4, and let x € ¢ 4.

Suppose that M, has a b.a.i.
Does it follow that A is strongly regular at x7

(This question is also open for uniform algebras.)

Question 5.3.6 Let A be a Banach function algebra on
D 4.

Suppose that the only closed ideals in A are the kernels
I(E) for closed sets £ C @ 4.

Does it follow that A is regular, and hence that A has
spectral synthesis?
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