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ABSTRACT

We examine the condition that a complex Banach algebra A have dense invert-

ible group. We show that, for commutative algebras, this property is preserved

by integral extensions. We also investigate the connections with an old problem

in the theory of uniform algebras. [MSC: 46J10, 46H05]

Introduction

In this paper we investigate the condition that a complex Banach algebra, A,
have a dense invertible group, G(A). Throughout we shall consider only unital,
complex algebras; usually they will also be commutative.

The condition was first explored by Robertson in [23] for C∗-algebras. As
remarked there, a complete characterisation of it in terms of the topology of the
maximal ideal space has been known for some time in the commutative case. It
is so fundamental that we state it now: if X is a compact Hausdorff space then
C(X) has dense invertible group if and only if dimX, the covering dimension of
X, is not more than 1. For a proof of this fact see for example [21], Proposition
3.3.2. This book is a useful source of information on dimension.

The condition has since attracted considerable (implicit) attention as the
first case of the condition ‘tsrA ≤ m’ wherem is a natural number, A a topolog-
ical algebra, and tsrA its ‘topological stable rank’. This notion was introduced
in the seminal paper [21] and for a very useful survey and collection of results
on this subject we refer the reader to [5].

We also mention that the condition has been used to characterise commuta-
tive C∗-algebras in which all elements have square roots ([13]). Furthermore, in
Chapter 10 of [21], the dimension of a compact Hausdorff space, X, is described
precisely in terms of the set of (uniformly closed) subalgebras of C(X,R) which
are integrally closed in C(X,R). (Recall that an element b of an algebra, B, is
said to be integral over a unital subalgebra, A, if there exists a monic polynomial
with coefficients in A which has b as a root.) However we shall only consider
complex Banach algebras here.

In general it is not easy to determine the closure of the group of invertible
elements of a Banach algebra. Again we quote an example from [23]: when A
is the disc algebra, G(A) is equal to the set of elements of A whose zero set lies
in the unit circle. Further introductory examples are given in Section 1 of this
paper.

Our study of the denseness of the invertible group was prompted by an
observation (Theorem 1.7) which sheds light on the old open problem of whether
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or not there is a non-trivial uniform algebra on the unit interval whose maximal
ideal space is equal to the unit interval. However our main result, proved in the
section after, is that the property of having a dense invertible group is inherited
by integral extensions of a commutative Banach algebra.

1. Notation, Preliminary Examples and Results

We begin by setting out some notation and standard terminology.
The Gelfand transform of a normed algebra, A, will be denoted Â. The

algebra A is said to be symmetric if f̄ ∈ Â whenever f ∈ Â. We shall use the
notation BA(a, r) for the open ball of centre a and radius r in the normed space
A. The unit circle is denoted S1; we regard it as a subset of the complex plane.

The following definition, which seems quite standard in the literature, is useful.

DEFINITION 1.1. A subalgebra, B, of an algebra, A, is called full if we have
G(B) = B ∩G(A).

For example, R0(X), the algebra of rational functions on a compact plane set,
X, with poles off X and Cn(I) are both full subalgebras of their completions
with respect to the uniform norm.

EXAMPLE 1.2. Let B be the restriction to S1 of the algebra of complex rational
functions with poles off S1 ∪ {2}. Then B is easily seen to be uniformly dense
in A = C(S1) (by the Stone-Weierstrass theorem for example). However, B is
not a full subalgebra of A because, for example, the function given by z−2 ∈ B
is invertible in A.

For future reference we note the following elementary result.

PROPOSITION 1.3. Let A be a Banach algebra with maximal ideal space Ω
such that Â is dense in C(Ω) (for example if A is symmetric). Give Â the
uniform norm. Then Â has dense invertible group if and only if C(Ω) has.
Proof. It is elementary that Â is a full subalgebra of C(Ω). Moreover, if Â is
dense in C(Ω) then, since G(C(Ω)) is open in C(Ω), we have from elementary
topology that

G(Â) = Â ∩G(C(Ω)) = G(C(Ω))

where the closures are taken in C(Ω). This shows that if G(C(Ω)) is dense in
C(Ω) then the invertible elements of Â are dense in Â. The converse is trivial.

It follows from facts mentioned in Section 1.2 of [5] that if A is a commutative
Banach algebra with maximal ideal space Ω and A is regular (that is, the hull-
kernel topology on Ω is the Gelfand topology) then the denseness of G(A) in
A implies that C(Ω) also has dense invertible group. We do not know if the
converse is true for regular Banach algebras. Neither do we know any examples
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of non-regular Banach algebras for which G(A) is dense in A but C(Ω) does not
have dense invertible group.

EXAMPLE 1.4. In [22] it is shown that if A is a unital C∗-algebra then A has
dense invertible group if and only if Mn(A) has for every n ∈ N. We remark
that the proof given in [22] applies to all Banach algebras.

In view of the fact that Mn(A) = Mn(C)⊗̂A (see for example [20], p. 43),
where ⊗̂ is the projective tensor product, one might be tempted to conjecture
that ifA1 andA2 were commutative unital Banach algebras with dense invertible
groups then A1⊗̂A2 would have dense invertible group. However if we let A1 =
A2 = C(I) then by a standard result (see for example [6], Proposition 2.3.7)
their tensor product, B, has a maximal ideal space homeomorphic to I × I
(dimension 2) and B is easily seen to be symmetric. Therefore B could not
have dense invertible group by Proposition 1.3 above.

PROPOSITION 1.5. Suppose that A is a commutative unital Banach algebra
which is rationally generated by a single element, a. (See [6], Definition 2.2.7: we
mean that the algebra of elements obtained by applying the rational functions
with poles off σ (a) to a is dense in A.) If σ (a) has empty interior then A has
dense invertible group.
Proof. This follows from the fact that if K is a subset of C with empty interior
and φ is a function holomorphic on a neighbourhood of K then φ(K) also has
no interior. Thus A has a dense set of elements whose spectra have no interior,
which, as is noted in [7], is equivalent to the condition G(A) = A.

For the definition of a weight sequence and Beurling algebras, which appear in
the next example, we refer the reader to [6], Definition 4.6.6.

COROLLARY 1.6. Ler ω be a weight sequence on Z and let A be the associated
Beurling algebra, `1(Z, ω). Then A has dense invertible group if and only if

ρ− := limn→+∞ ω
1/n
n = limn→+∞ ω

1/−n
−n =: ρ+.

Proof. It is standard (see for example [6], Theorem 4.6.7) that A is unitally
polynomially generated by

{
δ1, δ1

−1
}
and so rationally generated by {δ1} where

δ1 is the characteristic function of {1}. It is also standard that the maximal
ideal space of A can be identified with the annulus {w ∈ C : ρ− ≤ |w| ≤ ρ+}.
By standard results in dimension theory Ω(A) has dimension 1 if ρ− = ρ+ and
dimension 2 otherwise. If A has dense invertible group then so has Â and we
must have ρ− = ρ+ by Proposition 1.3, as A is plainly symmetric.

Conversely suppose that ρ− = ρ+. Then the spectrum of δ1 has empty
interior and Proposition 1.5 applies.

Recall that a uniform algebra, A, is a Banach subalgebra of C(X) with the
uniform norm such that A separates the points of X (a compact Hausdorff
space) and contains the constants. A (unital) Banach function algebra satisfies
the same axioms as a uniform algebra except that the complete norm on the
algebra need not be the uniform norm. The Banach function algebra A is called
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natural if all of its characters are given by evaluation at points of X and trivial

if A = C(X).
In the following result we make use of the Arens-Royden theorem (see for

example [20], p. 411) which implies that whenever A is a natural Banach
function algebra on a compact Hausdorff space, X, there is an isomorphism

G(A)
/
eA → G(C(X))

/
eC(X)

and that these groups are isomorphic to the homotopy classes of maps X → S1.
These groups are also isomorphic to H1(X,Z) the first Čech cohomology group
ofX with coefficients in Z. (Further information about Čech cohomology groups
can be found in Section 10 of [24].) For example when X is a compact plane
set then H1(X,Z) = 0 if and only if C \X is connected.

THEOREM 1.7. Let A be a natural Banach function algebra on a compact
Hausdorff space, X, such that H1(X,Z) = 0. Then:

(i) If X is locally connected and A has dense invertible group then A is
uniformly dense in C(X) (and so trivial if A is a uniform algebra).

(ii) If X contains a locally connected closed subspace whose topological di-
mension is at least two then A does not have a dense invertible group.

Proof. We prove (ii); one can prove (i) by repeating parts of the argument.
Let E be a non-empty, closed, locally connected subspace of X of topological

dimension at least two and suppose for a contradiction that A has a dense
invertible group. By the comments above, eA = G(A). Let B be the algebra of
functions on E which are restrictions of elements of A. Then B is isomorphic
to the quotient of A by the (closed) ideal of functions which vanish on E. We
regard B as a Banach function algebra on E with respect to this quotient norm.

By hypothesis the set F =
{
f ∈ C(E) : there exists f̃ ∈ eA with f̃ |E = f

}

is dense in B. Now let C be the closure of B in C(E). It is easy to check that C
is a uniform algebra on E such that F is dense in C. Clearly every element in
F has a square root in C and E is locally connected so it follows from Čirka’s
theorem (see [24], p. 131-134) that C = C(E). Since C(E) has a dense set of
invertible elements we must have dimE ≤ 1 by the fundamental result stated
in the introduction, a contradiction.

It is a famous open question (see Section 3) whether or not there exists a non-
trivial natural uniform algebra on the unit interval, I. In connection with this
we have the following corollary:

COROLLARY 1.8. Let A be a natural uniform algebra on the unit interval. If
A has dense invertible group then A = C(I).

Now it follows quite generally and elementarily that elements of A \G(A) have
spectra whose interiors contain 0. Thus the set of space-filling curves of a non-
trivial natural uniform algebra on the unit interval must have interior in A. It
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has certainly been known for a long time ([14]) that every such uniform algebra
must contain a function whose image has positive Lebesgue measure. One can
also compare the result of Čirka ([15], p. 670) which shows (using standard
theory) that a non-trivial doubly generated natural uniform algebra on I must
contain a dense set of functions whose images have non-empty interior.

Compare too the above with an unpublished result of Cole ([4]) which states
that every non-trivial uniform algebra contains a chain of subalgebras B1 ⊆
B2 ⊆ · · · such that for each n ∈ N, Bn is isomorphic to the n-dimensional
polydisc algebra. We also remind the reader of the well-known examples of
(non-natural) uniform algebras A on the unit interval such that every non-
constant f ∈ A has the interior of f(I) non-empty. (See for example [18], p.
200.)

The authors would like to thank to Brian Cole and John Wermer for helpful
discussions relating to the material in this section.
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2. Integral Extensions

As hinted at in the introduction denseness of invertible elements in uniform al-
gebras seems to be connected with the existence of roots of monic polynomials
over the algebra. Accordingly we mention the following result stated by Grigo-
ryan in [12]: a uniform algebra A on a compact space, X, is trivial if C(X) is
finitely generated and is an integral extension of A.

Our main result is that integral extensions of commutative Banach algebras
preserve the property of having dense invertible group.

Recall (or see for example p. 369 of [20]) that if A is a commutative unital
normed algebra and α(x) is a monic polynomial over A then the Arens-Hoffman
extension, Aα, of A by α(x) is A[x]/

(
α(x)

)
where

(
α(x)

)
denotes the principal

ideal in A[x] generated by α(x). There are infinitely many equivalent norms
which make this algebra an isometric extension of A. In fact, for a sufficiently
large fixed value of t > 0, such an ‘Arens-Hoffman’ norm is given by

∥∥(α(x)
)
+ β(x)

∥∥ =

n−1∑

j=0

‖bj‖ t
j

where β(x) =
∑n−1

j=0 bjx
j (b0, . . . , bn−1 ∈ A). (It can be shown, as on p. 128 of

[16] for example, that every element of Aα has a unique representative of degree
less than n so this is well defined.) We shall write x̄ for the coset

(
α(x)

)
+x from

now on and we shall assume that the norm on Aα is given by an Arens-Hoffman
norm.

The proof of our main result relies on resultants; we now recall their def-
inition. Let α(x) = a0 + · · · + an−1x

n−1 + xn be a monic polynomial over a
commutative ring A and β(x) = b0 + b1x · · · + bn−1x

n−1 ∈ A[x]. By definition
(see for example [16], p. 325)

res(α(x), β(x)) :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n−1︷ ︸︸ ︷
1 an−1 · · · a2

0 1 · · · · · ·
· · · · · · · · · · · ·
0 · · · · · · 1

n︷ ︸︸ ︷
a1 a0 0 · · · 0
a2 a1 a0 · · · 0
· · · · · · · · · · · · · · ·
an−1 an−2 · · · · · · a0

bn−1 bn−2 · · · b1
0 bn−1 · · · · · ·
· · · · · · · · · · · ·
0 0 · · · 0

b0 0 0 · · · 0
b1 b0 0 · · · 0
· · · · · · · · · · · · · · ·
bn−1 bn−2 · · · · · · b0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

It can be shown (see [2], A.IV §6.6.1) that
(
α(x)

)
+ β(x) is invertible in Aα

if and only if res (α(x), β(x)) is invertible in A.
We see from the above that, writing c for b0, res (α(x), β(x)) = P (c) =

p0 + p1c+ · · ·+ pn−1c
n−1 + cn for some p0, . . . , pn−1 ∈ A which are polynomials

in b1, . . . , bn−1, a0, . . . , an−1 only with coefficients in C.
We shall usually fix α(x) and allow β(x) to vary. We then denote the re-

sultant of α(x) and β(x), res (α(x), β(x)), by Rα(β(x)) for a polynomial, β(x),
over A.
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It is a standard fact ([11], p. 398) that Rα(b0 + · · · + bn−1x
n−1) is ho-

mogeneous of degree n in b0, . . . , bn−1 and homogeneous of degree n − 1 in
a0, . . . , an−1, 1.

Sometimes in the literature (for example [3] and [8]) the integral extensions
considered are obtained by adjoining square roots. In this case we have α(x) =
x2 − a0 and then Rα(b0 + b1x) = b20 − a0b

2
1.

THEOREM 2.1. Let A be a commutative unital Banach algebra with dense
invertible group and α(x) a monic polynomial over A. Then G(Aα) is dense in
Aα.
Proof. We may assume n ≥ 2. Let β(x) = b0 + b1x+ · · ·+ bn−1x

n−1 ∈ A[x] and

ε > 0. We have to show that there exists β̃(x) ∈ A[x] with
∥∥∥β̃(x̄)− β(x̄)

∥∥∥ < ε

and β̃(x̄) ∈ G(Aα). In fact we shall show that by slightly perturbing b0 only,
we can obtain a polynomial β̃(x) with Rα(β̃(x)) ∈ G(A).

By the above comments, P (c) = Rα(c+b1x+· · ·+bn−1x
n−1) is a polynomial

p0 + · · ·+ pn−1c
n−1 + cn where p0, . . . , pn−1 ∈ A are independent of c. Consider

the n formal derivatives of P as maps A→ A:

P (0)(c) = P (c)

P ′(c) = p1 + 2p2c+ · · ·+ ncn−1

...

P (n−1)(c) = n!c.

Set c̃n−1 = b0. Note that, trivially, P (n−1) is a local homeomorphism at
c̃n−1. Now let 1 ≤ k < n and suppose that c̃n−1, . . . , c̃n−k ∈ A have been
chosen so that

(i) P (n−j) is a local homeomorphism at c̃n−j (1 ≤ j ≤ k), and

(ii)
∥∥c̃n−j − c̃n−(j−1)

∥∥ < ε/n for 1 < j ≤ k.

We shall now show how to choose c̃n−(k+1) so that (i) and (ii) become true with
‘k’ replaced by ‘k + 1’.

It is easy to see from the inverse function theorem for Banach spaces (see for
example [1], Chapter 7 Theorem 8) that P (n−(k+1)) is a local homeomorphism
at a ∈ A if P (n−k)(a) is invertible. (This fact is also stated in [7].)

By hypothesis, P (n−k) is a local homeomorphism at c̃n−k so some open
neighbourhood of c̃n−k is mapped onto an open set in A. Since G(A) is dense
in A there is some c̃n−(k+1) ∈ BA(c̃n−k, ε/n) with P (n−k)(c̃n−(k+1)) ∈ G(A).

Thus c̃n−(k+1) has the required properties and by induction we can choose
c̃n−1, . . . , c̃0 ∈ A with ‖c̃k − c̃k−1‖ < ε/n (k = 1, . . . , n− 1), c̃n−1 = b0, and P a
local homeomorphism at c̃0.

Again, since P is a local homeomorphism at c̃0, we can find b̃0 ∈ BA(c̃0, ε/n)
with P (b̃0) ∈ G(A). Since

∥∥∥b̃0 − b0

∥∥∥ ≤
∥∥∥b̃0 − c̃0

∥∥∥+ ‖c̃0 − c̃1‖+ · · ·+ ‖c̃n−2 − c̃n−1‖ < ε,
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the result is proved.

We also remark that the method of proving Theorem 2.1 gives another way to
see that if A is a commutative unital Banach algebra with G(A) = A then for
every n ∈ N, Mn(A) also has dense invertible group. In fact we can approximate
any B = [bij ] ∈ Mn(A) by an invertible matrix by perturbing only n entries
bi1,j1 , . . . , bin,jn provided that k 7→ ik, jk are both permutations. We leave the
details to the reader.

COROLLARY 2.2. Let A and B be commutative normed algebras and suppose
that B is an integral extension of A. Suppose that A is a full subalgebra of
its completion, Ã, and that A has dense invertible group. Then B has dense
invertible group.
Proof. It is sufficient to prove the case when B is an Arens-Hoffman extension
of A for if C is a normed integral extension of A and c ∈ C is a root of the
monic polynomial α(x) ∈ A[x] then there is a continuous unital homomorphism
θ : Aα → C with θ(x̄) = c; the result quickly follows from this.

Let b ∈ Aα and let ε > 0. It is not hard to show that the universal property
of Arens-Hoffman extensions which has just been mentioned allows us to identify
(Ã)α with Ãα. By Theorem 2.1 there exists b′ ∈ G((Ã)α) with ‖b

′ − b‖ < ε/2.

Suppose b′ =
∑n−1

k=0 b
′
kx̄

k where n is the degree of α(x) and b′0, . . . , b
′
n−1 ∈

Ã. Since G((Ã)α) is open (the Arens-Hoffman extension of a Banach algebra
is complete) we can perturb b′0, . . . , b

′
n−1 to obtain b′′0 , . . . , b

′′
n−1 ∈ A so that

b′′ =
∑n−1

k=0 b
′′
kx̄

k is invertible in (Ã)α and ‖b′′ − b′‖ < ε/2. But now Rα(b
′′) ∈

G(Ã) ∩A = G(A) so b′′ is invertible in Aα and ‖b′′ − b‖ < ε.

The following theorem follows directly from this corollary:

THEOREM 2.3. Let B be a commutative Banach algebra which is an integral
extension of the commutative Banach algebra A. If A has dense invertible group
then so has B.

The converse of Theorem 2.1 seems harder to investigate. However the method
of the proof gives at least partial information in this direction:

PROPOSITION 2.4. Suppose that A is a commutative unital Banach algebra
and α(x) is a monic polynomial of degree n over A. If Aα has dense invertible
group then {b ∈ A : there exists a ∈ A such that b = an}, the set of nth powers,
is contained in the closure of G(A).
Proof. Fix a ∈ A and let ε > 0. Let the norm parameter for the Arens-Hoffman
extension be t > 0. Then there exists βε(x) = bε,0 + · · · + bε,n−1x

n−1 ∈ A[x]
such Rα(βε(x)) ∈ G(A) and

‖βε(x)− a‖ = ‖bε,0 − a‖+

n−1∑

j=1

‖bε,j‖ t
j < ε.
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Now as we mentioned before, Rα(b0+ · · ·+ bn−1x
n−1) is homogeneous of degree

n in b0, . . . , bn−1. Therefore, writing Rα(β(x)) = P (b0) =
∑n−1

j=0 pjb
j
0 + bn0 as

in Theorem 2.1, we have that each coefficient pj (j = 0, . . . , n − 1) is a sum of
elements of A each of which has bk as a factor for some k ∈ {1, . . . , n− 1}.

Thus, letting ε → 0, we obtain invertible elements Rα(βε(x)) in A which
tend to an.

It is clear that the property of having a dense invertible group passes to quotients
and completions of normed algebras. The following is also clear.

PROPOSITION 2.5. Let A be a direct limit of normed algebras with dense
invertible groups and where the connecting homomorphisms are unital isometric
monomorphisms. Then A has dense invertible group.
Proof. This is clear.

We mention the consequences of these results for some of the examples of uni-
form algebras constructed by Lindberg, Karahanjan, Cole, and Feinstein ([19],
[17], [3], [8]). Specifically we are referring to those obtained by taking Banach
algebra direct limits of systems of uniform algebras in which the intermediate
algebras are completions (or quotients followed by completions) of algebraic ex-
tensions of their predecessors. In many of these the initial algebra has dense
invertible group and so the final algebra also has this property. In particular our
results show that there is no need to invoke the theory of ‘dense thin systems’
as developed in [17].

3. Open Questions

1. The question of whether or not there is more than one natural uniform
algebra on the unit interval is now about fifty years old. It seems to have been
first formally asked by Gelfand in 1957 ([10]). The answer is not known even if
we assume that the algebra is regular. See [9] and the references cited there for
material on this problem.

2. Let A be a commutative Banach algebra with maximal ideal space Ω and
Šilov boundary S. A lack of examples describing G(A) leads to the following
conjectures:

(a) If G(A) = A then S = Ω.

(b) If G(A) = A then C(Ω) has dense invertible group.

(c) If S = Ω and the invertible elements of C(Ω) are dense in C(Ω) then
G(A) = A.

It follows from standard properties about the maximal ideal space and Šilov
boundary of the uniform closure of a Banach function algebra (see for example
[6], p. 447) that we may assume A is a uniform algebra in Questions 2(a) and
2(b). The answer to 2(c) may depend on the category.
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3. The converse of Theorem 2.1 remains open.

4. We do not know if the word ‘full’ is redundant in Corollary 2.2.
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