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Abstract

The tools of dynamical systems theory are having an increasing impact on our understanding of patterns

of neural activity. In these five lectures I will describe how to build tractable tissue level models that maintain

a strong link with biophysical reality. These models typically take the form of nonlinear integro-differential

equations. Their non-local nature has led to the development of a set of analytical and numerical tools for the

study of spatio-temporal patterns, based around natural extensions of those used for local differential equation

models. I present an overview of these techniques, covering Turing instability analysis, amplitude equations,

and travelling waves in both homogeneous and heterogeneous models. The last lecture discusses the spiking

Lighthouse model of Haken, and advocates this as a tractable model that may allow for the development of

an exactly soluble neurodynamics that goes beyond the standard mean field approach.

Lecture 1: Tissue level firing rate models with axo-dendritic connections I

– Turing instability analysis

Lecture 2: Tissue level firing rate models with axo-dendritic connections II

– Amplitude equations

– Brain wave equations

Lecture 3: Travelling waves and localised states

– Construction and stability (Evans functions)

– Interface dynamics

Lecture 4: Waves in random neural media

Lecture 5: Tissue level spiking models: the dynamics of the continuum Lighthouse model
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1 Lecture 1

Ever since Hans Berger made the first recording of the human electroencephalogram (EEG) in 1924 there has

been a tremendous interest in understanding the physiological basis of brain rhythms. This has included the

development of mathematical models of cortical tissue – which are often referred to as neural field models.

These have remained pretty much in their current form since the seminal work of Wilson and Cowan [68,

69] and Amari [1, 2] in the 1970s. Here I will develop the discussion of a particular neural field model that

incorporates much of the spirit of these original formulations, though with refinements that make a stronger

connection to models of both synaptic and dendritic processing.

For a recent review of neural field modelling see [21, 22].

1.1 Synaptic processing

At a synapse presynaptic firing results in the release of neurotrans-

mitters that causes a change in the membrane conductance of the

post-synaptic neuron. This post-synaptic current may be written

Is = g(Vs − V ), (1)

where V is the voltage of the post-synaptic neuron, Vs is the mem-

brane reversal potential and g is a conductance. This is proportional

to the probability that a synaptic receptor channel is in an open con-

ducting state. This probability depends on the presence and con-

centration of neurotransmitter released by the presynaptic neuron.

The sign of Vs relative to the resting potential (assumed to be zero)

determines whether the synapse is excitatory (Vs > 0) or inhibitory

(Vs < 0).

The effect of some synapses can be described with a function that fits the shape of the post-synaptic re-

sponse due to the arrival of action potential at the pre-synaptic release site. A post-synaptic conductance

change g(t) would then be given by

g(t) = gη(t− T ), t ≥ T, (2)

where T is the arrival time of a pre-synaptic action potential and η(t) fits the shape of a realistic post-synaptic

conductance. A common (normalised) choice for η(t) is a difference of exponentials:(
1

α
− 1

β

)−1

[e−αt − e−βt]H(t), (3)

or the α-function :

α2te−αtH(t), (4)

where H is a Heaviside step function. The conductance change arising from a train of action potentials, with

firing times Tm, is given by

g(t) = g
∑
m

η(t− Tm). (5)
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We note that both the forms for η(t) above can be written as the Green’s function of a linear differential

operator, so that Qη = δ, where

Q =

(
1 +

1

α

d
dt

)(
1 +

1

β

d
dt

)
, (6)

for (3) and one simply sets β = α to obtain the response describing an α-function.

1.2 Dendritic processing

Dendrites form the major components of neurons. They are complex branch-

ing structures that receive and process thousands of synaptic inputs from

other neurons. It is well known that dendritic morphology plays an im-

portant role in the function of dendrites. Another important contribution

to the response characteristics of a single neuron comes from the intrinsic

resonant properties of dendritic membrane [27]. Visit NeuroMorpho.Org

to see a repository of digitally reconstructed neurons. On the right is an

example of a digitally reconstructed Purkinje cell.

A nerve fibre consists of a long thin, electrically conducting core sur-

rounded by a thin membrane whose resistance to transmembrane current

flow is much greater than that of either the internal core or the surround-

ing medium. Injected current can travel long distances along the dendritic

core before a significant fraction leaks out across the highly resistive cell membrane. Conservation of electric

current in an infinitesimal cylindrical element of nerve fibre yields a second–order linear partial differential

equation known as the cable equation. Let V (x, t) denote the membrane potential at position x along a uniform

cable at time t measured relative to the resting potential of the membrane. Let τ be the cell membrane time

constant, D the diffusion constant, then the basic uniform (infinite) cable equation is

∂V (x, t)

∂t
= −V (x, t)

τ
+D

∂2V (x, t)

∂x2
+ I(x, t), x ∈ (−∞,∞), (7)

where we include the source term I(x, t) corresponding to external input injected into the cable. Diffusion

along the dendritic tree generates an effective spatio-temporal distribution of delays as expressed by the asso-

ciated Green’s function of the cable equation.

In response to a unit impulse at x′ at t= 0 and taking V (x,0) = 0 the dendritic potential behaves as V (x, t) =

G∞(x− x′, t), where

G∞(x, t) =
1√

4πDt
e−t/τe−x

2/(4Dt). (8)

The Green’s function G∞(x, t)determines the linear response to an instantaneous injection of unit current at a

given point on the tree. Using the linearity of the cable equation one may write the general solution as

V (x, t) =

∫ t

−∞
dt′
∫ ∞
−∞

dx′G∞(x− x′, t− t′)I(x′, t′) +

∫ ∞
−∞

dx′G∞(x− x′, t)V (x′,0). (9)

For example, assuming the soma is at x = 0, V (x,0) = 0 and the synaptic input is a train of spikes at x = x′,

I(x, t) = δ(x− x′)
∑
m δ(t− Tm) we have that

V (0, t) =
∑
m

η(t− Tm), η(t) = G∞(x′, t). (10)
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Distributed delays arising from synaptic and dendritic

synaptic processing

dendritic processing

time

PSP
processing have similar shapes.

Green’s function for the infinite cable equation

Gt = −G
τ

+DGxx, G(x,0) = δ(x).

Introduce the Fourier transform

G(k, t) =

∫ ∞
−∞

e−ikxG(x, t)dx, G(x, t) =
1

2π

∫ ∞
−∞

eikxG(k, t)dk

then

Gt(k, t) = −ε(k)G(k, t), G(k,0) = 1, ε(k) =
1

τ
+Dk2,

with solution G(k, t) = G(k,0) exp(−ε(k)t). Inverse transforming gives

G(x, t) =
1

2π

∫ ∞
−∞

dkeikxe−ε(k)t = e−t/τe−x
2/4Dt 1

2π

∫ ∞
−∞

e−Dt[k+ix/2Dt]2dk

=
1√

4πDt
e−t/τe−x

2/(4Dt)

where we complete the square and use the fact that
∫∞
−∞ exp(−x2)dx =

√
π.
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1.3 Tissue level firing rate models with axo-dendritic connections I

At heart modern biophysical theories assert that EEG signals from

a single scalp electrode arise from the coordinated activity of ∼ 106

pyramidal cells in cortex [29] (figure on right is from [53]). These are

arranged with their dendrites in parallel and perpendicular to the

cortical surface. When synchronously activated by synapses at the

proximal dendrites extracellular current flows (parallel to the den-

drites), with a net membrane current at the synapse. For excitatory

(inhibitory) synapses this creates a sink (source) with a negative (pos-

itive) extracellular potential. Because there is no accumulation of

charge in the tissue the proximal synaptic current is compensated by

other currents flowing in the medium causing a distributed source in

the case of a sink and vice-versa for a synapse that acts as a source.

Hence, at the population level the potential field generated by a syn-

chronously activated population of cortical pyramidal cells behaves

like that of a dipole layer. Although the important contribution that

single dendritic trees make to generating extracellular electric field

potentials has been realised for some time, and can be calculated us-

ing Maxwell’s equations [57], they are typically not accounted for in

neural field models. The exception to this being the work of Bressloff,

reviewed in [11].

A digression — from spike to rate

In many neural population models it is assumed that the interactons are mediated by firing rates rather than

action potentials (spikes) per se. To see how this might arise we rewrite (5) in the equivalent form

Qg = g
∑
m

δ(t− Tm). (11)

If we perform a short-time average of (11) over some time-scale ∆ and assume that η is sufficiently slow so that

〈Qg〉t is approximately constant, where

〈x〉t =
1

∆

∫ t

t−∆

x(s)ds, (12)

then we have that Qg = f , where f is the instantaneous firing rate (number of spikes per time ∆). For a

single neuron (real or synthetic) experiencing a constant drive it is natural to assume that this firing rate is a

function of the drive alone. If for the moment we assume that a neuron spends most of its time close to rest

such that Vs − V ≈ Vs, and absorb a factor Vs into g, then for synaptically interacting neurons this drive is

directly proportional to the conductance state of the presynaptic neuron. Thus for a single population with

self-feedback we are led naturally to equations like:

Qg = w0f(g), (13)

for some strength of coupling w0. A common choice for the population firing rate function is the sigmoid

f(g) =
1

1 + exp(−β(g− h))
, (14)
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which saturates to one for large g. This functional form, with threshold h and steepness parameter β, is not

derived from a biophysical model, rather it is seen as a physiologically consistent choice.

To obtain a tissue level model in one spatial

g(x, t)

x y
w(x, y)

f(g(x, t − D(x, y)/v))

dimension we simply consider g = g(x, t), with

x ∈ R, and introduce a coupling function and in-

tegrate over the domain to obtain

Qg =

∫ ∞
−∞

w(x, y)f(g(y, t−D(x, y)/v))dy. (15)

Here we have allowed for a communication de-

lay, that arises because of the finite speed, v, of the action potential, where D(x, y) measures the length of

the axonal fibre between points at x and y. The coupling function w(x, y) represents anatomical connectiv-

ity, and is often assumed to be homogeneous so that w(x, y) = w(|x− y|). It is also common to assume that

D(x, y) = |x − y|. With these assumptions and for the special case v → ∞, Q = (1 + d/dt), we recover the

standard Amari model. Extending the above ideas to populations of excitatory and inhibitory conductances

allows one to recover the related Wilson-Cowan model. �

Following the original work of Bressloff (reviewed in [11]) we now develop the cable modelling approach

of Rall [62] to describe a firing rate cortical tissue model with axo-dendritic patterns of synaptic connectivity.

For simplicity we shall consider only an effective single population model in one (somatic) spatial dimension

to include a further dimension representing position along a (semi-infinite) dendritic cable. The firing rate in

the somatic (cell body) layer is taken to be a smooth function of the cable voltage at the soma, which is in turn

determined by the spatio-temporal pattern of synaptic currents on the cable. The extension to two-dimensional

layers and mixtures of excitatory and inhibitory synapses across the model of a branched dendritic tree is still

a research direction worthy of further investigation.

The voltage V (ξ,x, t) at position ξ ≥ 0 along a semi-infinite passive cable with somatic coordinate x ∈ R
can then be written:

∂V

∂t
= −V

τ
+D

∂2V

∂ξ2
+ I(ξ,x, t). (16)

Here, I(ξ,x, t) is the synaptic input, and we shall drop shunting effects and take this to be directly proportional

to a conductance change, which evolves according to the usual neural field prescription (see above) as

g(ξ,x, t) =

∫ t

−∞
dsη(t− s)

∫ ∞
−∞

dyW (ξ,x, y)f(h(y, s−D(x, y)/v)). (17)

The function W (ξ,x, y) describes the axo-dendritic connectivity pattern and the field h is taken as a measure

of the drive at the soma. As a simple model of h we shall take it to be the somatic potential and write h(x, t) =

V (0, x, t). For no flux boundary conditions ∂V (ξ,x, t)/∂ξ|ξ=0 = 0, and assuming vanishing initial data, we may

write the solution to (16) in the form

V (ξ,x, t) = κ(G⊗ g)(ξ,x, t), G = 2G∞ (18)

for some constant of proportionality κ > 0, where G∞(x, t) is given by (8) and the operator ⊗ denotes spatio-

temporal convolution over the (ξ, t) coordinates. Further assuming that the axo-dendritic weights can be

decomposed in the product form W (ξ,x, y) = P (ξ)w(|x− y|) then the equation for h takes the form

h(x, t) = κ

∫ t

−∞
dsF (t− s)

∫ s

−∞
ds′η(s− s′)

∫ ∞
−∞

dyw(|x− y|)f(h(y, s′ −D(x, y)/v)), (19)
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where

F (t) =

∫ ∞
0

dξP (ξ)G(ξ, t). (20)

1.4 Turing instability analysis

To assess the pattern forming properties of the model it is useful to perform a Turing instability analysis. This

describes how a spatially homogeneous state can become unstable to spatially heterogeneous perturbations,

resulting in the formation of periodic patterns. To illustrate the technique consider the one-dimensional model

without dendrites or axonal delays, obtained in the limit v→∞ and F (t)→ δ(t):

h(x, t) = κ

∫ ∞
0

dsη(s)

∫ ∞
−∞

dyw(|y|)f(h(x− y, t− s)). (21)

One solution of the neural field equation is the spatially uniform resting state h(x, t) = h0 for all x, t, defined

by

h0 = κf(h0)

∫ ∞
−∞

w(|y|)dy. (22)

Here we have used the fact that η is normalised, namely that
∫∞

0
dsη(s) = 1. We linearise about this state by

letting h(x, t)→ h0 + h(x, t) so that f(h)→ f(h0) + f ′(h0)u to obtain

h(x, t) = κβ

∫ ∞
0

dsη(s)

∫ ∞
−∞

dyw(y)h(x− y, t− s), β = f ′(h0). (23)

This has solutions of the form eλteipx, with a dispersion curve:

1 = κβη̃(λ)ŵ(p), ŵ(p) =

∫ ∞
−∞

dyw(|y|)e−ipy, η̃(λ) =

∫ ∞
0

dsη(s)e−λs. (24)

We recognise ŵ as the Fourier transform of w and η̃ as the Laplace transform of η. The uniform steady state is

linearly stable if Reλ(p) < 0 for all p ∈ R, p 6= 0. For the choice η(t) = αe−αtH(t) (so that Q = (1 + α−1d/dt))

then η̃(λ) = (1 +λ/α)−1. In this case, since w(x) = w(−x) then ŵ(p) is a real even function of p and the stability

condition is simply

ŵ(p) <
1

βκ
, for all p ∈ R, p 6= 0. (25)

Now consider the case that ŵ(p) has a positive maximum ŵmax at p=±pc, that is ŵ(pc) = ŵmax and ŵ(p)< ŵmax

for all p 6= pc. Let

βc =
1

κŵmax
(26)

w(p)

increasing coupling ( )
1/  > 1/

1/  < 1/

c

c

cp

p p
1 2

wmax

p

1/

^

^
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• For β < βc we have κŵ(p) ≤ κŵmax < 1/β for all p and the resting state is linearly stable.

• At the critical point β = βc we have βcκŵ(pc) = 1 and βcκŵ(p) < 1 for all p 6= pc. Hence, λ(p) < 0 for all

p 6= pc, but λ(pc) = 0. This signals the point of a static instability due to excitation of the pattern e±ipcx.

• Beyond the bifurcation point, β > βc, λ(pc) > 0 and this pattern grows with time. In fact there will

typically exist a range of values of p ∈ (p1, p2) for which λ(p)> 0, signalling a set of growing patterns. As

the patterns grow, the linear approximation breaks down and nonlinear terms dominate behaviour.

• The saturating property of f(u) tends to create patterns with finite amplitude, that scale as
√
β − βc close

to bifurcation and have wavelength 2π/pc.

• If pc = 0 then we would have a bulk instability resulting in the formation of another homogeneous state.

A biologically motivated choice for w(x) is the so-called mexican hat function which represents short-range

excitation and long-range inhibition. An example of such a function is a difference of two exponentials:

w(x) = Λ
[
e−γ1|x| − Γe−γ2|x|

]
, (27)

with Γ< 1, γ1 > γ2 > 0 and Λ = +1. (The case Λ =−1, which represents short-range inhibition and long-range

excitation will be considered below in the full model). The Fourier transform ŵ(p) is calculated as:

ŵ(p) = 2Λ

[
γ1

γ2
1 + p2

− Γ
γ2

γ2
2 + p2

]
, (28)

from which we may determine pc as

p2
c =

γ2
1

√
Γγ2/γ1 − γ2

2

1−
√

Γγ2/γ1

. (29)

Hence, pc 6= 0 when Γ > (γ2/γ1)3. Note that for Λ = −1 then pc = 0 and a Turing instability does not occur.

For the full model (19) with D(x, y) = |x− y| the homogeneous steady state, h(x, t) = h0 for all x, t, satisfies

h0 = κf(h0)

∫ ∞
0

F (s)ds
∫ ∞
−∞

dyw(|y|), (30)

and the spectral equation takes the form

1 = κβŵ(p,λ)η̃(λ)F̃ (λ), ŵ(p,λ) =

∫ ∞
−∞

dyw(|y|)e−ipye−λ|y|/v, β = f ′(h0). (31)

Compared to (24) it is now possible for complex solutions for λ to be supported – allowing for the possibility

of dynamic (as opposed to static) Turing instabilities to occur. These occur when Imλ 6= 0 at the bifurcation

point.

For example, in the limit v→∞ then ŵ(p,λ)→ ŵ(p) and for η(t) = αe−αtH(t) we have that

1 + λ/α = κβŵ(p)F̃ (λ). (32)

A necessary condition for a dynamic instability (Reλ = 0 and Imλ 6= 0) is that there exists a pair ω, p 6= 0 such

that

1 + iω/α = κβŵ(p)F̃ (iω). (33)

Equating real and imaginary parts (and using the fact that ŵ(p) ∈ R) gives us the pair of simultaneous equa-

tions

1 = κβŵ(p)C(ω), ω/α = κβŵ(p)S(ω), (34)
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where C(ω) = Re F̃ (iω) and S(ω) = Im F̃ (iω). Note that C(ω) =
∫∞

0
dsF (s) cos(ωs) ≤ |C(0)|. Hence (dividing

the above equations) if there is a non-zero solution to

ωc
α

=H(ωc), H(ωc) ≡
S(ωc)

C(ωc)
, (35)

then the bifurcation condition, β = βd, for a dynamic instability is defined by

βdκŵ(pmin) =
1

C(ωc)
, (36)

which should be contrasted with the bifurcation condition, β = βs, for a static instability, namely

βsκŵ(pmax) =
1

C(0)
, (37)

where

ŵ(pmin) = min
p
ŵ(p), ŵ(pmax) = max

p
ŵ(p). (38)

Assuming that ŵ(pmin) < 0 < ŵ(pmax), a dynamic Turing instability will occur if β < βs and pmin 6= 0, whereas

a static Turing instability will occur if βs < β and pmax 6= 0.

For the Mexican hat function (27) with Λ = +1 (short-range excitation, long-range inhibition), a dynamic

Turing instability is not possible since pmin = 0. However, it is possible for bulk oscillations to occur instead of

static patterns when

ŵ(pc) < −
C(ωc)

C(0)
|ŵ(0)|, (39)

with pc given by (29). On the other hand, when Λ = −1 (short-range inhibition, long-range excitation) a

dynamic instability can occur since pmin = pc and pmax = 0, provided that

ŵ(0) < −C(ωc)

C(0)
|ŵ(pc)|. (40)

As an explicit example consider the choice P (ξ) = δ(ξ − ξ0) (so that the synaptic contact occurs at a fixed

distance from the dendrite). In this case F (t) = G(ξ0, t) with Laplace transform:

F̃ (λ) =
e−γ(λ)ξ0

Dγ(λ)
, γ2(λ) = (1/τ + λ)/D. (41)

In this case we may calculate the real and imaginary parts of F̃ (iω) as

C(ω) =
1√

1/τ2 + ω2
e−A(ω)ξ0 [A(ω) cos(B(ω)ξ0)−B(ω) sin(B(ω)ξ0)] (42)

S(ω) = − 1√
1/τ2 + ω2

e−A(ω)ξ0 [A(ω) sin(B(ω)ξ0) +B(ω) cos(B(ω)ξ0)], (43)

where
√

(1/τ + iω)/D = A(ω) + iB(ω) so that

A(ω) =

√
[
√

1/(τD)2 + ω2/D2 + 1/(τD)]/2, B(ω) =

√
[
√

1/(τD)2 + ω2/D2 − 1/(τD)]/2. (44)

A plot of H(ω) is shown in Fig. 1, highlighting the possibility of a non-zero solution of (35) for a certain pa-

rameter set (and hence the possibility of a dynamic instability).
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Figure 1: A plot of the function H(ω) for D = τ = 1 with ξ0 = 2, showing a non-zero solution of (35) for α = 1.

Laplace transform of G∞(ξ, t)

Gt = −G
τ

+DGξξ, G(ξ,0) = δ(ξ).

Introduce the Laplace transform

G(ξ,λ) =

∫ ∞
0

dse−λsG(ξ, s), γ2(λ) = (1/τ + λ)/D.

then [
γ2(λ)− dξξ

]
G(ξ,λ) = δ(ξ)/D.

This second order ODE has the solution

G(ξ,λ) =
e−γ(λ)ξ

2Dγ(λ)
.

For a discussion of dynamic Turing instabilities with finite v we refer the reader to [67]. For the treatment

of more general forms of axo-dendritic connectivity (that do not assume a product form) we refer the reader

to [8, 14].
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A generalisation of our argument to two

dimensions shows that the linearised equa-

tions of motion have solutions of the form

eλteip·r, r,p ∈ R2, with λ = λ(p), p = |p| as

determined by (31) with

ŵ(p,λ) =

∫
R2

drw(|r|)e−ip·re−λ|r|/v. (45)

Near bifurcation we expect spatially peri-

odic solutions of the form exp i[p1x+ p2y],

p2
c = p2

1 + p2
2. For a given pc there are an

infinite number of choices for p1 and p2. It is therefore convenient to restrict attention to doubly periodic so-

lutions that tessellate the plane. These can be expressed in terms of the basic symmetry groups of hexagon,

square and rhombus. Solutions can then be constructed from combinations of the basic functions eipcR·r, for

appropriate choices of the basis vectors R. If φ is the angle between two basis vectors R1 and R2, we can dis-

tinguish three types of lattice according to the value of φ: square lattice (φ= π/2), rhombic lattice (0< φ < π/2)

and hexagonal (φ= π/3). Hence, all doubly periodic functions may be written as a linear combination of plane

waves

h(r) =
∑
j

AjeipcRj ·r + cc, |Rj | = 1. (46)

For hexagonal lattices we use

R1 =

[
1

0

]
, R2 =

1

2

[
−1
√

3

]
, R3 =

1

2

[
1
√

3

]
. (47)

For square lattices we use

R1 =

[
1

0

]
, R2 =

[
0

1

]
, (48)

while the rhombus tessellation uses

R1 =

[
1

0

]
, R2 =

[
cosη

sinη

]
. (49)

For applications to geometric visual hallucinations see [32, 13].

Density plot of doubly periodic square and hexagonal functions.
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2 Lecture 2

2.1 Tissue level firing rate models with axo-dendritic connections II

A characteristic feature of the dynamics of systems beyond an instability is the slow growth of the dominant

eigenmode, giving rise to the notion of a separation of scales. This observation is key in deriving the so-called

amplitude equations. In this approach information about the short-term behaviour of the system is discarded

in favour of a description on some appropriately identified slow time-scale. By Taylor-expansion of the dis-

persion curve near its maximum one expects the scalings Reλ ∼ β − βc, p− pc ∼
√
β − βc, close to bifurca-

tion, where β is the bifurcation parameter. Since the eigenvectors at the point of instability are of the type

A1ei(ωct+pcx) +A2ei(ωct−pcx) + cc, for β > βc emergent patterns are described by an infinite sum of unstable

modes (in a continuous band) of the form eν0(β−βc)tei(ωct+pcx)eip0
√
β−βcx. Let us denote β = βc + ε2δ where ε

is arbitrary and δ is a measure of the distance from the bifurcation point. Then, for small ε we can separate

the dynamics into fast eigen-oscillations ei(ωct+pcx), and slow modulations of the form eν0ε
2teip0εx. If we set as

further independent variables τ = ε2t for the modulation time-scale and χ= εx for the long-wavelength spatial

scale (at which the interactions between excited nearby modes become important) we may write the weakly

nonlinear solution as A1(χ, τ)ei(ωct+pcx) +A2(χ, τ)ei(ωct−pcx) + cc. It is known from the standard theory [43]

that weakly nonlinear solutions will exist in the form of either travelling waves (A1 = 0 or A2 = 0) or standing

waves (A1 = A2).

2.2 Amplitude equations

We are now in a position to derive the envelope or amplitude equations for patterns emerging beyond the point

of an instability for a neural field model. These are also useful for determining the sub- or super-critical nature

of the bifurcation. For clarity we shall first focus on the case of a static instability, and consider the example

system given by (15) with η(t) = e−tH(t) and v → ∞. In this case the model is conveniently written as an

integro-differential equation:
∂g

∂t
= −g+w⊗ f(g), (50)

where the symbol ⊗ denotes spatial convolution (assuming w(x, y) = w(|x− y|)).

We first Taylor expand the nonlinear firing rate around the steady state g0:

f(g) = f(g0) + β1(g− g0) + β2(g− g0)2 + β3(g− g0)3 + . . . , (51)

where β1 = f ′(g0), β2 = f ′′(g0)/2 and β3 = f ′′′(g0)/6. We also adopt the perturbation expansion

g = g0 + εg1 + ε2g2 + ε3g3 + . . . . (52)

After rescaling time according to τ = ε2t and setting β1 = βc + ε2δ, where βc is defined by the bifurcation

condition βc = 1/ŵmax, we then substitute into (50). Equating powers of ε leads to a hierarchy of equations:

g0 = f(g0)

∫ ∞
−∞

w(|y|)dy, (53)

0 = Lg1, (54)

0 = Lg2 + β2w⊗ g2
1 , (55)

dg1

dτ
= Lg3 + δw⊗ g1 + 2β2w⊗ g1g2 + β3w⊗ g3

1 , (56)
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where

Lg = −g+ βcw⊗ g. (57)

The first equation fixes the steady state g0. The second equation is linear with solutions g1 = A(τ)eipcx + cc

(where pc is the critical wavenumber at the static bifurcation). Hence the null space of L is spanned by e±ipcx.

A dynamical equation for the complex amplitude A(τ) (and we do not treat here any slow spatial variation)

can be obtained by deriving solvability conditions for the higher-order equations, a method known as the

Fredholm alternative. These equations have the general form Lgn = vn(g0, g1, . . . , gn−1) (with Lg1 = 0). We

define the inner product of two periodic functions (with periodicity 2π/pc) as

〈U,V 〉 =
pc
2π

∫ 2π/pc

0

U∗(x)V (x)dx, (58)

where ∗ denotes complex conjugation. It is simple to show that L is self-adjoint with respect to this inner

product, so that

〈g1,Lgn〉 = 〈Lg1, gn〉 = 0. (59)

Hence we obtain the set of solvability conditions

〈e±ipcx, vn〉 = 0, n ≥ 2. (60)

The solvability condition with n= 2 is automatically satisfied, sincew⊗ g2
1 = ŵ(2pc)[A

2e2ipcx + cc] + 2|A|2ŵ(0),

and we make use of the result 〈eimpcx,einpcx〉= δm,n. For n= 3 the solvability condition (projecting onto e+ipcx)

is

〈eipcx, dg1

dτ
− δw⊗ g1〉 = β3〈eipcx,w⊗ g3

1〉+ 2β2〈eipcx,w⊗ g1g2〉. (61)

The left-hand side is easily calculated, using w⊗ g1 = ŵ(pc)[Aeipcx + cc], as

dA
dτ
− δŵ(pc)A =

dA
dτ
− β−1

c δA, (62)

where we have made use of the bifurcation condition βc = 1/ŵ(pc). To evaluate the right-hand side we use the

result that w⊗ g3
1 = ŵ(pc)[A

3ei3pcx + cc] + 3|A|2ŵ(pc)[Aeipcx + cc], to obtain

〈eipcx,w⊗ g3
1〉 = 3β−1

c A|A|2. (63)

The next step is to determine g2. From (55) we have that

− g2 + βcw⊗ g2 = −β2

{
ŵ(2pc)[A

2e2ipcx + cc] + 2|A|2ŵ(0)
}
. (64)

We now set

g2 = A+e2ipcx +A−e−2ipcx +A0 + φg1. (65)

The constant φ remains undetermined at this order of perturbation but does not appear in the amplitude

equation for A(τ). Substitution into (64) and equating powers of eipcx gives

A0 =
2β2|A|2ŵ(0)

1− βcŵ(0)
, A+ =

β2A
2ŵ(2pc)

1− βcŵ(2pc)
, A− = A∗+, (66)

where we have used the result that w⊗ g2 = ŵ(2pc)[A+e2ipcx +A−e−2ipcx] + ŵ(0)A0 +φ[Aŵ(pc)eipcx + cc]. We

then find that

〈eipcx,w⊗ g1g2〉 = ŵ(pc)[A+A
∗ +A0A]. (67)
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Combining (62), (63) and (67) we obtain the Stuart-Landau equation

βc
dA
dτ

= A(δ−Φ|A|2), (68)

where

Φ = −3β3 − 2β2
2

[
ŵ(2pc)

1− βcŵ(2pc)
+

2ŵ(0)

1− βcŵ(0)

]
. (69)

Introducing A = Reiθ we may rewrite equation (68) as

βc
dR
dτ

= δR−ΦR3,
dθ
dτ

= 0. (70)

Hence, the phase of A is arbitrary (θ = const) and the amplitude has a pitchfork bifurcation which is super-

critical for Φ > 0 and sub-critical for Φ < 0.

Amplitude equations arising for systems with a dynamic instability are treated in [67]. The appropriate

amplitude equations are found to be the coupled mean-field Ginzburg–Landau equations describing a Turing–

Hopf bifurcation with modulation group velocity of O(1).

In two spatial dimensions the same ideas go across and can be used to determine the selection of patterns

(say stripes vs. spots) [30]. In the hierarchy of equations (53) to (56) the symbol⊗ now represents a convolution

in two spatial dimensions. The two dimensional Fourier transform ŵ takes the explicit form

ŵ(p1, p2) =

∫ ∞
−∞

dx
∫ ∞
−∞

dyw(x, y)ei(p1x+p2y), (71)

and the inner product for periodic scalar functions defined on the plane is defined by

〈U,V 〉 =
1

|Ω|

∫
Ω

U∗(r)V (r)dr, (72)

with Ω = (0,2π/pc)× (0,2π/pc). We shall assume a radially symmetric kernel so that ŵ(p1, p2) = ŵ(
√
p2

1 + p2
2).

One composite pattern that solves the linearised equations is

g1(x, y, τ) = A1(τ)eipcx +A2(τ)eipcy + cc. (73)

For A1 = 0 and A2 6= 0 we have a stripe, while if both A1 and A2 are non-zero, and in particular equal, we have

a spot. Here pc is defined by the condition βc = 1/ŵ(pc). The null space of L is spanned by {e±ipcx,e±ipcy}, and

we may proceed as for the one dimensional case to generate a set of coupled equations for the amplitudes A1

and A2. It is simple to show that

〈eipcx,w⊗ g3
1〉 = 3β−1

c A1(|A1|2 + 2|A2|2). (74)

Assuming a representation for g2 as

g2 = α0 + α1e2ipcx + α2e−2ipcx + α3e2ipcy + α4e−2ipcy + α5eipc(x+y)

+ α6e−ipc(x+y) + α7eipc(x−y) + α8e−ipc(x−y) + φg1, (75)

allows us to calculate

〈eipcx,w⊗ g1g2〉 = β−1
c [α0A1 + α1A

∗
1 + α5A

∗
2 + α7A2]. (76)

Balancing terms in (55) gives

α0 =
2β2(|A1|2 + |A2|2)ŵ(0)

1− βcŵ(0)
, α1 =

β2A
2
1ŵ(2pc)

1− βcŵ(2pc)
, α5 =

2β2A1A2ŵ(
√

2pc)

1− βcŵ(
√

2pc)
, α7 =

2β2A1A
∗
2ŵ(
√

2pc)

1− βcŵ(
√

2pc)
. (77)
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Combining the above yields the coupled amplitude equations:

βc
dA1

dτ
= A1(δ−Φ|A1|2 −Ψ|A2|2), βc

dA2

dτ
= A2(δ−Φ|A2|2 −Ψ|A1|2), (78)

where

Φ = −3β3 − 2β2
2

[
2ŵ(0)

1− βcŵ(0)
+

ŵ(2pc)

1− βcŵ(2pc)

]
, Ψ = −6β3 − 4β2

2

[
ŵ(0)

1− βcŵ(0)
+

2ŵ(
√

2pc)

1− βcŵ(
√

2pc)

]
. (79)

Stripes: The solution A2 = 0, |A1| =
√
δ/Φ (or vice versa) is stable if and only if Ψ > Φ > 0.

Spots: The solution |A1| = |A2| =
√
δ/(Φ + Ψ) is stable if and only if Φ > Ψ > 0.

Hence, stripes and spots are mutually exclusive as stable patterns. In the absence of quadratic terms in f ,

namely β2 = 0, then Ψ =−6β3 and Φ =−3β3 so that for an odd firing rate function like f(x) = tanhx' x−x3/3

then β3 < 0 and so Ψ > Φ and stripes are selected over spots. The key to the appearance of spots is non-zero

quadratic terms, β2 6= 0, in the firing rate function; without these terms spots can never stably exist. For a

Mexican hat connectivity then ŵ(
√

2pc) > ŵ(2pc) and the quadratic term of Ψ is larger than that of Φ so that as

|β2| increases then spots will arise instead of stripes.

The technique above can also be used to determine amplitude equations for more general patterns of the

form

g1(r, τ) =

N∑
j=1

Aj(τ)eipcRj ·r, (80)

(and see (47) – (49)). For further discussion we refer the reader to [31, 66].

2.3 Brain wave equations

Apart from the weakly nonlinear analysis described above there are very few other techniques for analytically

investigating neural field models (apart from maybe symmetric bifurcation theory and the use of piece-wise

linear firing rate functions – of which we shall say more later). One natural step is therefore to make use of

numerical simulations to explore system dynamics. For homogeneous models we may exploit the convolution

structure of interactions to develop fast Fourier methods to achieve this. Indeed we may also exploit this

structure further to obtain equivalent PDE models [51], and recover the Brain wave equation often used in

EEG modelling [55, 45].

For example consider a one-dimensional neural field model with axonal delays:

Qg = ψ, ψ(x, t) =

∫ ∞
−∞

dyw(|x− y|)f(g(y, t− |x− y|)/v). (81)

The function ψ(x, t) may be expressed in the form

ψ(x, t) =

∫ ∞
−∞

ds
∫ ∞
−∞

dyG(x− y, t− s)ρ(y, s), (82)

where

G(x, t) = δ(t− |x|/v)w(x), (83)

can be interpreted as another type of Green’s function, and we use the notation

ρ(x, t) = f(g(x, t)). (84)
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Introducing Fourier transforms of the following form

ψ(x, t) =
1

(2π)2

∫ ∞
−∞

∫ ∞
−∞

ei(kx+ωt)ψ(k,ω)dkdω, (85)

allows us to write

ψ(k,ω) = G(k,ω)ρ(k,ω), (86)

assuming the Fourier transform of f(u) exists. It is straightforward to show that the Fourier transform of (83)

is

G(k,ω) = ν(ω/v+ k) + ν(ω/v− k), (87)

where

ν(E) =

∫ ∞
0

w(x)e−iExdx. (88)

We shall focus on a common form of (normalised) exponential synaptic footprint:

w(x) =
1

2σ
exp(−|x|/σ), ν(E) =

1

2σ

1

σ−1 + iE
, σ > 0. (89)

We now exploit the product structure of (86) and properties of (87) to re-formulate the original integral model

in terms of a partial differential equation. Using (87) and (89) we see that

G(k,ω) =
1

σ

A(ω)

A(ω)2 + k2
, A(ω) =

1

σ
+ i

ω

v
. (90)

We may now write (86) as (A(ω)2 + k2)ψ(k,ω) = A(ω)ρ(k,ω)/σ, which upon inverse Fourier transforming

gives the PDE: [
A2 − ∂xx

]
ψ =

1

σ
Aρ, A =

(
1

σ
+

1

v
∂t

)
. (91)

This is a type of damped wave equation with an inhomogeneity dependent on (84). This equation has previ-

ously been derived by Jirsa and Haken [45] and studied intensively in respect to the brain-behaviour experi-

ments of Kelso et al. [46]. For the numerical analysis of travelling wave solutions to (91) we refer the reader to

[24].

The same approach can also be used in two spatial dimensions – and here G(k,ω) = G(k, ω) would be

interpreted as the three dimensional integral transform:

G(k,ω) =

∫ ∞
−∞

ds
∫
R2

drG(r, s)e−i(k·r+ωs). (92)

For the choice w(r) = e−r/σ/(2π), we find that

G(k,ω) =
A(ω)

(A2(ω) + k2)3/2
, (93)

which, unlike in one spatial dimension, is not a ratio of polynomials in k and ω. The problem arises as how

to interpret [A2−∇2]3/2. In the long-wavelength approximation one merely expands G(k,ω) around k = 0 for

small k, yielding a “nice” rational polynomial structure which is then manipulated as described above to give

the PDE: (
A2 − 3

2
∇2

)
ψ = ρ. (94)
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This model has been intensively studied by a number of authors in the context of EEG modelling, see for

example [65, 59, 5]. For an alternative approximation to the long-wavelength one we refer the reader to [28].

Calculation of G(k, ω) = G(|k|, ω) for w(r) = exp(−r/σ)/(2π)

G(k,ω) = (2π)−1

∫ ∞
−∞

ds
∫
R2

dre−|r|/σδ(s− |r|/v)e−i(k·r+ωs),

= (2π)−1

∫ 2π

0

∫ ∞
0

e−ikr cosθe−Arrdrdθ = −(2π)−1 ∂

∂A

∫ 2π

0

1

A+ ik cosθ
dθ, A(ω) =

1

σ
+ i

ω

v
.

This may be evaluated using a (circular) contour integral in the complex plane and gives

G(k,ω) =
A(ω)

(A(ω)2 + k2)3/2
.
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3 Lecture 3

3.1 Travelling waves and localised states

The sorts of dynamic behaviour that are typically observed in neural field models includes, spatially and tem-

porally periodic patterns (beyond a Turing instability) (see previous discussion), localised regions of activity

(bumps and multi-bumps) [52, 48] and travelling waves (fronts, pulses, target waves and spirals) [34, 58, 44].

In the latter case corresponding phenomena may be observed experimentally using multi-electrode recordings

and imaging methods. In particular it is possible to electrically stimulate slices of pharmacologically treated

tissue taken from the cortex [17, 39, 70], hippocampus [54] and thalamus [47]. In brain slices these waves can

take the form of spindle waves seen at the onset of sleep [64], the propagation of synchronous discharge during

an epileptic seizure [20] and waves of excitation associated with sensory processing [33]. Interestingly, spa-

tially localised bumps of activity have been linked to working memory (the temporary storage of information

within the brain) in prefrontal cortex [19, 38], representations in the head-direction system [71], and feature

selectivity in the visual cortex, where bump formation is related to the tuning of a particular neuron’s response

[4].

Here we shall show how to calculate the properties of waves and bumps for the special case of a Heaviside

firing rate function, f(g) = H(g− h), for some constant threshold h. For clarity of exposition we shall focus on

a one-dimensional neural field model with axonal delays:

g(x, t) =

∫ ∞
−∞

dyw(y)

∫ ∞
0

dsη(s)f ◦ g(x− y, t− s− |y|/v). (95)

3.2 Construction and stability (Evans functions)

Following the standard approach for constructing travelling wave solutions to PDEs, such as reviewed by

Sandstede [60], we introduce the coordinate ξ = x− ct and seek functions U(ξ, t) = g(x− ct, t) that satisfy (95).

In the (ξ, t) coordinates, the integral equation (95) reads

U(ξ, t) =

∫ ∞
−∞

dyw(y)

∫ ∞
0

dsη(s)f ◦U(ξ − y+ cs+ c|y|/v, t− s− |y|/v). (96)

The travelling wave is a stationary solution U(ξ, t) = q(ξ) (independent of t), that satisfies

q(ξ) =

∫ ∞
0

η(s)ψ(ξ + cs)ds, ψ(ξ) =

∫ ∞
−∞

w(y)f ◦ q(ξ − y+ c|y|/v)dy. (97)

To determine stability we linearise (96) about the steady state q(ξ) by writing U(ξ, t) = q(ξ) + u(ξ, t), and

Taylor expand, to give

u(ξ, t) =

∫ ∞
−∞

dyw(y)

∫ ∞
0

dsη(s)f ′(q(ξ − y+ cs+ c|y|/v))u(ξ − y+ cs+ c|y|/v, t− s− |y|/v). (98)

Of particular importance are bounded smooth solutions defined on R, for each fixed t. Thus one looks for

solutions of the form u(ξ, t) = u(ξ)eλt. This leads to the eigenvalue equation u = Lu:

u(ξ) =

∫ ∞
−∞

dyw(y)

∫ ∞
ξ−y+c|y|/v

ds
c
η(−ξ/c+ y/c− |y|/v+ s/c)e−λ(−ξ/c+y/c+s/c)f ′(q(s))u(s). (99)

Let σ(L) be the spectrum of L. We shall say that a travelling wave is linearly stable if

max{Re(λ) : λ ∈ σ(L), λ 6= 0} ≤ −K, (100)
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for someK > 0, and λ= 0 is a simple eigenvalue of L. In general the normal spectrum of the operator obtained

by linearising a system about its travelling wave solution may be associated with the zeros of a complex

analytic function, the so-called Evans function. This was originally formulated by Evans [35] in the context of

a stability theorem about excitable nerve axon equations of Hodgkin-Huxley type.

3.2.1 Travelling front

As an example consider travelling front solutions such that q(ξ) > h for ξ < 0 and q(ξ) < h for ξ > 0. It is then

a simple matter to show that

ψ(ξ) =


∫∞
ξ/(1−c/v)

w(y)dy ξ ≥ 0∫∞
ξ/(1+c/v)

w(y)dy ξ < 0
. (101)

The choice of origin, q(0) = h, gives an implicit equation for the speed of the wave as a function of system

parameters.

The construction of the Evans function begins with an evaluation of (99). Under the change of variables

z = q(s) this equation may be written

u(ξ) =

∫ ∞
−∞

dyw(y)

∫ q(∞)

q(ξ−y+c|y|/v)

dz
c
η(q−1(z)/c− ξ/c+ y/c− |y|/v)

e−λ(q−1(z)/c−ξ/c+y/c) × δ(z − h)

|q′(q−1(z))|
u(q−1(z)). (102)

For the travelling front of choice we note that when z = h, q−1(h) = 0 and (102) reduces to

u(ξ) =
u(0)

c|q′(0)|

∫ ∞
−∞

dyw(y)η(−ξ/c+ y/c− |y|/v)e−λ(y−ξ)/c. (103)

From this equation we may generate a self-consistent equation for the value of the perturbation at ξ = 0, simply

by setting ξ = 0 on the left hand side of (103). This self-consistent condition reads

u(0) =
u(0)

c|q′(0)|

∫ ∞
−∞

dyw(y)η(y/c− |y|/v)e−λy/c. (104)

Importantly there are only nontrivial solutions if E(λ) = 0, where

E(λ) = 1− 1

c|q′(0)|

∫ ∞
−∞

dyw(y)η(y/c− |y|/v)e−λy/c. (105)

From causality η(t) = 0 for t ≤ 0 and physically c < v so

E(λ) = 1− 1

c|q′(0)|

∫ ∞
0

dyw(y)η(y/c− y/v)e−λy/c. (106)

We identify (106) with the Evans function for the travelling front solution of (95). The Evans function is real-

valued if λ is real. Furthermore, (i) the complex number λ is an eigenvalue of the operator L if and only if

E(λ) = 0, and (ii) the algebraic multiplicity of an eigenvalue is equal to the order of the zero of the Evans

function.

Here we consider the choice η(t) = αe−αt and w(x) = e−|x|/2. Assuming c > 0 the travelling front (97) is

given in terms of (101) which takes the explicit form

ψ(ξ) =

 1
2 em−ξ ξ ≥ 0

1− 1
2 em+ξ ξ < 0

, m± =
v

c± v
. (107)
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The speed of the front is determined from the condition q(0) = h as

c =
v(2h− 1)

2h− 1− 2hv/α
. (108)

The Evans function is easily calculated as

E(λ) =
λ

c+ α (1− c/v) + λ
, (109)

where we use the result from (97) and (101) that cq′(0) =
∫∞

0
η(y/c− y/v)w(y)dy. The equation E(λ) = 0 only

has the solution λ = 0. We also have that E ′(0) > 0 showing that λ = 0 is a simple eigenvalue. Hence, the

travelling wave front for this example is linearly stable.

We refer the reader to [25] for further examples of wave calculations in other neural field models.

3.2.2 Stationary bump

Here we construct static (time-independent) patterns of the form g(x, t) = q(x) for all t. Using (95) gives

q(x) =

∫ ∞
−∞

w(x− y)H(q(y)− h)dy. (110)

We shall assume the synaptic kernel has a Mexican hat shape given by

w(x) = (1− |x|)e−|x|, (111)

and look for solutions of the form limx→±∞ q(x) = 0, with q(x) ≥ h for x1 < x < x2 (see inset of Fig. 2). In this

case the exact solution is given simply by

q(x) =

∫ x2

x1

w(x− y)dy. (112)

For the Mexican hat function (111), a simple calculation gives

q(x) =


g(x− x1)− g(x− x2) x > x2

g(x2 − x) + g(x− x1) x1 ≤ x ≤ x2

g(x2 − x)− g(x1 − x) x < x1

, (113)

where g(x) = xe−x. The conditions q(x1) = h and q(x2) = h both lead to the equation

∆e−∆ = h, (114)

describing a family of solutions with ∆ = (x2−x1). Hence, homoclinic bumps are only possible if h < 1/e. The

full branch of solutions for ∆ = ∆(h) is shown in Fig. 2. Here we see a branch of wide solutions (∆ > 1) and a

branch of thinner solutions (∆ < 1) that connect in a saddle-node bifurcation at ∆ = 1. One of the translation-

ally invariant solutions may be picked by imposing a phase condition q(0) = q0, where q0 ≤max q(x) = ∆e−∆/2

(which occurs at (x1 + x2)/2 using (113)).

To determine stability we use the result that q′(x) = w(x− x1)−w(x− x2) so that the eigenvalue equation

(99), with c = 0, reduces to

u(x) =
η̃(λ)

|w(0)−w(∆)|
[w(x− x1)u(x1)e−λ|x−x1|/v +w(x− x2)u(x2)e−λ|x−x2|/v], (115)
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Figure 2: Bump width as a function of h, as determined by equation (114) for a step function firing rate function

and Mexican hat kernel (111). The inset shows the shape of a bump.

where η̃(λ) =
∫∞

0
η(s)e−λsds. The equality in (115) implies that if u(x1,2) = 0 then u(x) = 0 for all x. We now

examine the matrix equation obtained from (115) at the points x = x1,2,[
u(x1)

u(x2)

]
=

η̃(λ)

|w(0)−w(∆)|

[
w(0) w(∆)e−λ|∆|/v

w(∆)e−λ|∆|/v w(0)

][
u(x1)

u(x2)

]
. (116)

Non-trivial solutions are only possible if

1

η̃(λ)
=
w(0)±w(∆)e−λ|∆|/v

|w(0)−w(∆)|
. (117)

Solutions will be stable if Re(λ) < 0. It is a simple matter to check that there is always one solution with

λ = 0. For an exponential synapse η̃(λ) = (1 + λ/α)−1 and we see that as v → ∞ solutions are only stable

if (w(0) + w(∆))/|w(0)− w(∆)| < 1. This is true if w(∆) = exp(−∆)(1−∆) < 0. Hence, of the two possible

branches of ∆ = ∆(h), it is the one with largest ∆ that is stable. In the other extreme where v→ 0 it is simple

to show that real and positive values for λ can only occur when w(∆) > 0. Hence, as v is varied there are no

new instabilities due to real eigenvalues passing through zero. However, for finite conduction velocities it is

possible that solutions may destabilise via a Hopf bifurcation. By writing λ = iω the conditions for a Hopf

bifurcation, where Re(λ) = 0 and Im(λ) 6= 0, are obtained from the simultaneous solution of

1 =
w(0) +w(∆) cos(ω|∆|/v)

|w(0)−w(∆)|
,

ω

α
= −w(∆) sin(ω|∆|/v)

|w(0)−w(∆)|
. (118)

Eliminating sin(ω|∆|/v) between these two equations gives

ω2 =
α2

|w(0)−w(∆)|2
[
w2(∆)− {|w(0)−w(∆)| −w(0)}2

]
. (119)

The condition that ω 6= 0 requires the choice w(∆) > w(0), which does not hold for (111). Hence, the presence

of axonal delays neither affects the existence or stability of bump solutions.

3.3 Interface dynamics

For zero axonal delays (v→∞) and η(t) = αe−αtH(t) the existence and stability of bumps may be investigated

using the alternative techniques of Amari [2]. We use the threshold condition g(xi, t) = h to define the locations
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x1,2 from which we obtain the equations of motion of the boundary as

dxi
dt

= − gt
gx

∣∣∣∣
x=xi(t)

. (120)

It is then possible to calculate the rate of change of the interval ∆(t) = x2(t)− x1(t) using

1

α
gt(x, t) = −g(x, t) +

∫ x2(t)

x1(t)

w(x− y)dy. (121)

Then (for a single bump)
d∆

dt
= α

(
1

c1
+

1

c2

)[∫ ∆

0

w(|y|)dy− h

]
, (122)

where

c1 =
∂g(x1, t)

∂x
, −c2 =

∂g(x2, t)

∂x
. (123)

Hence, making the convenient assumption that ∂g(xi, t)/∂x is roughly constant, the equilibrium solution de-

fined by
∫∆

0
w(|y|)dy = h is stable if

d
d∆

∫ ∆

0

w(|y|)dy = w(∆) < 0. (124)

We thus recover the result obtained with the Evans function method (widest bump is stable).

It is also possible to recover results about travelling fronts in the interface framework (at least for v→∞).

In this case it is natural to define a pattern boundary as the interface between a high and low activity state.

Let us assume that the front is such that g(x, t) > h for x < x0(t) and g(x, t) ≤ h for x ≥ x0(t) then (95), for the

choice η(t) = e−tH(t), reduces to

gt(x, t) = −g(x, t) +

∫ ∞
x−x0(t)

w(y)dy. (125)

Introducing z = ux and differentiating (125) with respect to x gives

zt(x, t) = −z(x, t)−w(x− x0(t)). (126)

Integrating (126) from −∞ to t (and dropping transients) gives

z(x, t) = −e−t
∫ t

−∞
esw(x− x0(s))ds. (127)

We may now use the interface dynamics, g(x0(t), t), defined by:

ẋ0 = − gt
gx

∣∣∣∣
x=x0(t)

, (128)

to study the speed c > 0 of a front, defined by ẋ0 = c. In this case x0(t) = ct (where without loss of generality

we set x0(0) = 0) and from (125) and (126) we have that

gt|x=x0(t) = −h+ w̃(0), gx|x=x0(t) = −w̃(1/c)/c, (129)

where w̃(λ) =
∫∞

0
e−λsw(s)ds. Hence from (128) the speed of the front is given implicitly by the equation

h = w̃(0)− w̃(1/c). (130)

To determine stability of the travelling wave we consider a perturbation of the interface and an associated

perturbation of g. Introducing the notation ·̂ to denote perturbed quantities to a first approximation we will
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set ĝx|x=x̂0(t) = gx|x=ct, and write x̂0(t) = ct+ δx0(t). The perturbation in g can be related to the perturbation

in the interface by noting that the perturbed and unperturbed boundaries are defined by a level set condition

so that g(x0, t) = h = ĝ(x̂0, t). Introducing δg(t) = g|x=ct − ĝ|x=x̂0(t) we thus have the condition that δg(t) = 0

for all t. Integrating (125) (and dropping transients) gives

g(x, t) = e−t
∫ t

−∞
dses

∫ ∞
x−x0(s)

dyw(y), (131)

and ĝ is obtained from (131) by simply replacing x0 by x̂0. Using the above we find that δu is given (to first

order in δx0) by

δg(t) =
1

c

∫ ∞
0

dse−s/cw(s)[δx0(t)− δx0(t− s/c)] = 0. (132)

This has solutions of the form δx0(t) = eλt, where λ is defined by E(λ) = 0, with

E(λ) = 1− w̃((1 + λ)/c)

w̃(1/c)
. (133)

A front is stable if Reλ < 0.

As an example consider the choice w(x) = exp(−|x|/σ)/2, for which w̃(λ) = (λ+ 1/σ)−1/(2σ). In this case

the speed of the wave is given from (130) as

c =
1− 2h

2h
, (134)

and

E(λ) =
λ

1 + c+ λ
. (135)

The equation E(λ) = 0 only has the solution λ = 0. We also have that E ′(λ) > 0, showing that λ = 0 is a simple

eigenvalue. Hence, the travelling wave front for this example is neutrally stable.

For a recent extension of the Amari interface dynamics to planar neural field models we refer the reader to

[26].
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4 Lecture 4

4.1 Waves in random neural media

Many neural field models make the assumption that
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1.2the synaptic weight distribution only depends upon the

distance between interacting populations. For example,

in (15) we would take w(x, y) = w(|x− y|). This implies

translation symmetry of the underlying tissue. From a

mathematical perspective this is particularly useful for

analysing travelling waves, which can be constructed as

stationary profiles in a co-moving frame. In the special

case that f is a Heaviside function then the dependence

of wave speed and stability on the shape of the homoge-

neous connectivity can be analysed exactly (see above).

However, analogous results for heterogeneous systems are much harder to come by and even the existence and

uniqueness of solutions to (15) has only been treated recently [36]. For the particular case that the connectivity

has the form w(x, y) = w(|x− y|)[1 + σK(y/σ)] with K some periodic function, which models the patchiness of

connections seen in cortex, Bressloff [9] has shown how averaging methods (homogenisation) can be tailored

to treat non-local neural models like (15) and allow for the analysis of waves in the limit σ→ 0. Moreover, he

was able to obtain explicit results for wave speeds and the conditions for propagation failure in the case of a

Heaviside firing rate. For this special case Schmidt et al. [61] and later Coombes and Laing [26] were able to

obtain improved results valid away from the limit σ = 0. The analysis of waves in truly inhomogeneous (as

opposed to periodically modulated) neural media is a much harder problem, though one that will have a huge

bearing on our understanding of how waves propagate throughout the brain. For a recent discussion we refer

the reader to [23].

4.1.1 Pulsating fronts in a periodically modulated neural field – an interface approach

Let us first consider a simple neural field of the form

gt = −g+ψ, ψ(x, t) =

∫ ∞
−∞

dyw(x, y)H(g(y, t)− h), (136)

with a very specific form of heterogeneity, namely one where the connectivity has the following product struc-

ture:

w(x, y) = w(|x− y|)[1 + εK(y)], K(y) = K(y+ σ), (137)

and K is some σ-periodic function. The use of periodically modulated translationally-invariant kernels of this

form is particularly relevant to modelling primary visual cortex, which is known to have a periodic micro-

structure on the millimeter scale, reviewed in some detail in the paper by Bressloff [9]. To provide a sense of

the type of solutions that the model can support we first present a direct numerical simulation for the choice

w(x) =
1

2
e−|x|, K(x) = sin(2πx/σ). (138)

The figure above shows a space-time plot of g(x, t) and a wave that connects a low activity state to a high

activity state (for ε = 0.4, h = 0.3 and σ = 2π). Although there is an easily identified front that separates these
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two states it does not travel with constant speed and in fact oscillates periodically in a co-moving frame. In

the wake of the front one also sees a periodic spatial pattern. We call such a wave a pulsating front. Numerical

simulations show that with increasing ε such fronts can fail to propagate, instead becoming pinned. Motivated

by the form of the pulsating front we seek to describe the properties of this solution solely in terms of the

behaviour at the front edge which separates high activity from low. If the front is not pulsating (which is the

case in the absence of period modulation of the connectivity) then in a travelling wave frame (of the same

speed as the wave) the rising edge of the front may be identified with a single (travelling wave) co-ordinate.

For a pulsating front this point is no longer stationary in time and instead oscillates. We now show how to

derive the dynamics for this interface between high and low activity states.

In a co-moving frame the model (136) takes the form g = g(ξ, t) where ξ = x− c0t for some fixed c0 and

− c0gξ + gt = −g+ψ, (139)

where

ψ(ξ, t) =

∫ ∞
−∞

dyw(ξ + c0t, y)H(g(y− c0t, t)− h). (140)

We define a moving interface (level set) according to

u(ξ0(t), t) = h. (141)

Here we are assuming that there is only one point on the interface (though in principle we could consider a set

of points). Differentiation of (141) gives an exact expression for the velocity of the interface in the form

ξ̇0 = − gt
gξ

∣∣∣∣
ξ=ξ0(t)

. (142)

Focusing now on a solution with g > h for ξ < ξ0 (140) takes the simple form

ψ(ξ, t) =

∫ ξ0+c0t

−∞
dyw(ξ + c0t, y). (143)

For ε = 0 there is a travelling front q(ξ) given by the solution of

− c0
dq
dξ

= −q+ψ, ψ(ξ) =

∫ ∞
ξ

dyw(|y|), (144)

where the speed c0 is determined by q(0) = h (and see also section 3.3). For small ε we assume that the

slope of the travelling front varies sufficiently slowly so that we may make the convenient approximation

uξ|ξ=ξ0(t) = qξ|ξ=0. In this case we have, using equations (139) and (144), that

gt|ξ=ξ0(t) =

∫ ξ0+c0t

−∞
dyw(ξ0 + c0t, y)−

∫ ∞
0

dyw(|y|), (145)

gξ|ξ=ξ0(t) =
1

c0

(
h−

∫ ∞
0

dyw(|y|)
)
. (146)

Substitution of equations (145) and (146) into equation (142) gives

ξ̇0 = εc0

∫∞
0

dyw(|y|)K(ξ0 + c0t− y)

h−
∫∞

0
dyw(|y|)

. (147)

For the choice (138) the time-dependent speed of the front is then given by c0(1 + εa(ξ0, t)) where c0 = (1−
2h)/(2h) and

a(ξ0, t) = A sin

[
2π

σ
(ξ0 + c0t)− φ

]
, (148)
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Figure 3: Red solid line: the result from an interface dynamics analysis given by equation (152). Circles show

results measured from simulations. Black dashed line: the result from homogenisation theory given by equa-

tion (153). Parameters are ε = 0.3 and h = 0.3.

with

A =
1

2h− 1

1√
1 + (2π/σ)2

, tanφ =
2π

σ
. (149)

Pulsating fronts are T -periodic solutions of the non-autonomous ordinary differential equation (147) with

ξ0(t) = ξ0(t+ T ). Introducing x0 = ξ0 + c0t with x0 ∈ [0, σ] we may solve for the trajectory using:∫ x0

0

dx
1 + εA sin(2πx/σ− φ)

= c0t. (150)

Using a half angle substitution we may evaluate this to give

c0t =
σ

π

1

α
tan−1 z

α

∣∣∣z0(t)+εA

z0(0)+εA
, α2 = 1− ε2A2, (151)

where z0(t) = tan[(2πx0(t)/σ − φ)/2] and x0(0) = 0. A periodic pulsating front with speed c = σ/T can be

found by demanding that σ = x0(T ). Substitution of this condition into (151) shows that the speed of the

pulsating front is given by

c = c0
√

1− ε2A2. (152)

Hence, a propagating wave is only supported if |ε| < 1/|A|.

A plot of the wave speed as a function of the spatial scale σ is shown in Fig. 3. We see excellent agreement

between the theoretical prediction from the interface dynamics approach and direct numerical simulations.

Although our analysis in this case is restricted to small ε we have not had to make any assumptions about

the scale of periodic modulation as determined by the parameter σ. In contrast a homogenisation analysis

would require both small ε and a periodic modulation that occurs on a smaller length-scale than the correlation

length of w(x) (which is set to unity here). Following the calculation by Bressloff in [9] an application of

homogenisation theory gives

c = c0
√

1− ε2B2, B =
1

2h− 1

σ

2π
. (153)

As expected the result from the interface approach equation (152) recovers that from homogenisation theory,

given by (153), in the limit σ→ 0. However, as illustrated in Fig. 3 the homogenisation result gives poor results

for σ away from zero.
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Figure 4: Mean (left) and scaled variance (right) of the wave front speed as a function of the threshold.

〈δh(x)2〉x = 1.35× 10−5.

4.1.2 Threshold fluctuation

For a Heaviside firing rate function Brackley and Turner [7] have considered temporal correlations in a fluc-

tuating threshold (taken to be a Gaussian random variable). Using a mixture of numerics and analysis they

investigated how temporal correlations in the threshold affected the shape and speed of wave fronts. Here we

pursue a similar analysis, focusing on a homogenous kernel with w(x, y) = exp(−|x− y|)/2, and analyse the

effects of spatial correlations in the threshold. The firing threshold h(x) is chosen to fluctuate around a mean

value h, such that h(x) = h+ δh(x) where

〈δh(x)〉x = 0, 〈δh(x), δh(x+ y)〉x = ae−|y|/ν/(2ν). (154)

Choosing large ν and small a gives a small slowly varying fluctuation in the firing threshold about a mean

value h. In the absence of any fluctuations (a = 0) the speed of the front is given by (1 − 2h)/(2h). Now,

considering δh� 1, we expand (134) as

c =
1− 2h

2h
+

1

2h

∞∑
n=1

(
−δh
h

)n
. (155)

From this we may calculate the average speed as

〈c〉 =
1− 2h

2h
+

1

2h

∞∑
n=1

(2n− 1)!!
〈δh2〉n

h
2n , (156)

where !! denotes double factorial. The centered variance can also be found as

〈(c− 〈c〉)2〉 =
1

4h
2

(
〈δh2〉
h

2 + 8
〈δh2〉2

h
4 + 69

〈δh2〉3

h
6 + . . .

)
. (157)

Plots of 〈c〉 and 〈(c − 〈c〉)2〉/〈c〉2 are shown in Fig. 4 using the formulas above as well as data from direct

numerical simulations. We see that there is very good agreement between the small perturbation analysis and

direct simulations of the model. This suggests that to a first approximation we may (for a given realisation of

the threshold function) write

c(x) =
1− 2h(x)

2h(x)
. (158)

A plot of a realisation of h(x) as well as the corresponding prediction from (158) and results from simulations

are shown in Fig. 5, highlighting the usefulness of this simple ansatz for wave speed.
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Figure 5: Left: Fluctuating firing threshold h(x) for h = 0.2, a = 1 and ν = 0.2. Middle: c(x) = (1 −
2h(x))/(2h(x)). Right: Corresponding simulation results. (These were generated using a 4th order Runge-

Kutta scheme with spatial-temporal discretisation ∆x = ∆t = 0.025 with a domain sise N ×∆x = 50 and

N = 2000. Fast Fourier transforms were used to calculate convolution terms).

5 Lecture 5

5.1 Tissue level spiking models: the dynamics of the continuum Lighthouse model

Neural field models can go a remarkably long way to providing a framework for interpreting neuro-imaging

data whilst maintaining contact with known brain structure, dynamics and function [22]. However, a well

known limitation is that they only try to track mean activity levels and cannot, by definition, track the higher

order correlations of any underlying spiking model. Unfortunately only in some rare instances has it been pos-

sible to analyse spiking networks directly (usually under the assumption of global coupling and fast synaptic

interactions) as in the spike-density approach [56, 16, 3], which makes heavy use of the numerical solution

of coupled partial differential-integral equations. In other situations equations going beyond the mean-field

approach have been proposed that govern second-order correlations [37, 63, 6, 49]. Indeed there has been a

recent upsurge of interest in this area adapting methods from non-equilibrium statistical physics to determine

corrections to mean-field theory involving equations for two-point and higher-order cumulants [15, 10]. Inter-

estingly, the Lighthouse model of Hermann Haken [40, 41] is a candidate single neuron model that may allow

a bridge to be built between spiking neuron models and firing rate descriptions. Indeed in the limit of slow

synaptic interactions it may be shown to reduce to the standard Amari model. Importantly the Lighthouse

model is sufficiently simple that it may also be analysed at the network level, even for fast synaptic responses.

Hence, a comprehensive study of a network of synaptically coupled Lighthouse neurons may pave the way for

the development of a specific exactly soluble neurodynamics. This may also shed light on how best to develop

a more general approach valid for more detailed models of coupled spiking neurons. Here we shall review a

recent study that shows how to analyse bump solutions [18].

The Lighthouse model was introduced by Haken as a pulse coupled model of a spiking neural network

whose behaviour could be explicitly analysed at the network level. Much is now known about phase-locked

solutions and the effect of noise and delays on stability and is summarised in the book by Haken [42]. It is

a hybrid between a phase-oscillator and a firing rate model. Indexing a Lighthouse neuron with i ∈ Z, the

dynamical description of a discrete network is cast as a system of ordinary differential equations for the phase

variable θi = θi(t) ∈ [0,1), t ∈ R+, in the form

dθi
dt

= H(gi − h), (159)
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with

gi(t) =

N∑
j=1

wijEj(t), Ei(t) =
∑
m

η(t− Tmi ), (160)

and H is interpreted as a firing rate function. Haken uses the Naka-Rushton sigmoidal function (though many

of the analytical results for the Lighthouse model are obtained for a linear firing rate function). Here we work

with the Heaviside choice. The quantity gi is recognised as the input to neuron i, mediated by the synaptic

processing of a set of incoming spikes. The spike time Tmj marks the mth firing of neuron j, given by the times

for which θj(t) = 1. Each time neuron i fires, a synaptic pulse η(t) (with η(t) = 0 for t < 0) is transmitted to

other neurons j = 1, . . . ,N with coupling weight wij . We shall take the synaptic response to be normalised,

such that
∫∞

0
η(t)dt = 1. When the input to a neuron exceeds the threshold, h, the phase will advance towards

threshold at a constant rate which we have arbitrarily set to one. We note that the activity of a given neuron

need not be periodic. Depending on the nature of the inputs it could also be quiescent or fire irregularly.

We consider two versions of the Lighthouse model. In the first version, which is the model originally

proposed by Haken, whenever the input is below threshold or drops below threshold the phase immediately

resets to zero. In this case the neuron can only fire if it receives input that remains above threshold for an entire

period. In the second version the phase is not reset, except when the neuron fires. We will see that the two

versions have different possible bump solutions and dynamics. In particular the instant reset version does not

support wandering bumps.

We consider lateral inhibition-type synaptic coupling on a one dimensional lattice. The system has two

length scales – the lattice spacing and the coupling footprint. We take the array length to be much longer than

either of these two length scales. We can index the N neurons in the array by a distance via x = iδx, where

δx is the lattice spacing. The continuum limit is given by N → ∞, δx → 0 with δxN a constant. To make

the connection to the continuum limit transparent we rewrite the coupling function as wij = w([i− j]δx)δx.

A continuum version of the Lighthouse model (along the whole real line) is obtained under the replacement

(θi, gi, T
m
i ,w((i− j)δx))→ (θ(x, t), g(x, t), Tm(x),w(x− y)) x ∈ R, and is governed by the dynamics

∂θ(x, t)

∂t
= H(g(x, t)− h), (161)

with

g(x, t) =
∑
m

∫ ∞
0

dsη(s)

∫ ∞
−∞

dyw(x− y)δ(s− t+ Tm(y)). (162)

5.1.1 Connection to the Amari model

We first consider the continuum limit for slow synapses and show it is identical to the classical Amari model.

Taking the time average of (162) gives

〈g(x, t)〉 =
1

T

∫ t+T

t

ds
∫ ∞
−∞

dyw(x− y)

∫ ∞
0

ds′η(s′)
∑
m

δ(s′ − s+ Tm(y))

=

∫ ∞
−∞

dyw(x− y)

∫ ∞
0

dsη(s)Ω(y, t− s). (163)

where Ω(x, t) = M(x, t)/T is the firing rate and M(x, t) =
∫ T+t

t

∑
m δ(s + Tm(x))ds is the number of firing

events at position x within a window T . We next recognise that the firing rate is given by

Ω(x, t) =
∂θ(x, t)

∂t
= H(g(x, t)− h). (164)
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Figure 6: A direct numerical simulation of the continuum model approximated by a finite system with lattice

spacing δx= 0.004 on N = 1000 grid points. The dots in the raster plot indicate the times of firing events. Data

is shown for the parameters of Fig. 8 with β = 2. The left and right panels show results with and without phase

reset respectively.

Substituting (164) into (163) gives

〈g(x, t)〉 =

∫ t

−∞
dsη(t− s)

∫ ∞
−∞

dyw(x− y)H(g(y, s)− h). (165)

For slow synaptic interactions (such that η(t) is approximately constant over the timescale T ), then we have

the condition g(x, t) = 〈g(x, t)〉. For the specific choice η(t) = αe−αtH(t), (165) may be written in the form

1

α

∂g(x, t)

∂t
= −g(x, t) +

∫ ∞
−∞

dyw(x− y)H(g(y, t)− h), (166)

which is recognised as the Amari model [2]. The equivalence between the Lighthouse and Amari model is

only strictly true in the limit of α→ 0 where g is constant in time. For non-zero α we will see that the dynamics

between the two models deviate substantially. Indeed if the Amari model supports bumps, then it is known

that their stability is insensitive to variation in the synaptic rate parameter α (see section 3.2.2). However, in

the analogous Lighthouse model although bumps exist they are not stable to variations in α.

5.1.2 Bump solutions

The Lighthouse model can support localised bump solutions that may undergo a transition to wandering.

An example of a spiking bump state is shown in Fig. 6 with the left and right panels showing simulation

results with and without phase reset. Similar behaviour is seen in networks of integrate-and-fire (IF) neurons

[50]. Despite its seeming simplicity it is not straight-forward to analyse bumps in IF networks, though the

analysis of phase-locked states has been done in [12]. In contrast the Lighthouse is much more amenable

to mathematical analysis. We are interested in analysing the existence and dynamics of localised pulses of

activity or bumps. A bump is defined as a group of contiguous neurons that fire together. However, given the

discontinuous nature of spiking events and that the bump location may change in time it is necessary to make

this idea more precise with the following definitions.

Definition 1 A bump at time t is the set of all contiguous neurons that fired in the time interval [t− 1, t].
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Definition 2 A stationary bump is a bump which persists in a single location for all time i.e. the same set of neurons

continue to fire indefinitely.

Definition 3 An equiperiod bump is a stationary bump for which the neurons in the bump all fire with the same rate.

We shall assume that the connectivity kernel is homogeneous (w(x) = w(|x|)), and work with the explicit

functions η(t) = α exp(−αt)H(t) and the “wizard hat” w(x) = A exp(−a|x|) − exp(−|x|). We first consider

conditions for the existence of a continuum equiperiod bump in the limit of infinitely slow decaying synapses

(α→ 0). In this case each neuron in the bump receives constant above threshold input and thus all neurons

within the bump will fire with rate one. All neurons outside of the bump receive below threshold input and

never fire. We suppose that a bump, g(x, t) = q(x, t), exists on the domain L = [x1, x2]. This implies that q(x, t)

is above threshold on L and below threshold outside of L and equal to the threshold at x = x1 and x2. From

(162)

q(x, t) =

∫ x2

x1

w(x− y)P (t− φ(y))dy, (167)

where P (t) =
∑
m η(t−m) is a periodic function (with period one) and φ(y) is the location dependent phase.

If w(x) is symmetric, we only need to consider one edge. For infinitely slow synapses P (t) = 1. This leads to

the Amari existence condition

h =

∫ ∆

0

w(y)dy, ∆ = x2 − x1. (168)

We note that in the Amari limit the bump solution is insensitive to the phases of the neurons. Importantly, it is

possible to construct a class of bump solutions for the full continuum Lighthouse model, and thus take a step

beyond the standard Amari style analysis of localised states. For the original Lighthouse model with instant

phase reset whenever activity drops below threshold, an equiperiod bump is expected since neurons within

the bump will fire with rate one and those outside of the bump will not fire. For the second version without

the phase reset condition, phases may ride on long sub-threshold plateaus. In this case the generic solution is

a spatially localised solution with an ‘interior’ and ‘exterior’ region. Within the interior, neurons fire with rate

one. In the exterior, the firing rate falls off to zero as the bump edge is approached. However, the contribution

from the exterior region only weakly perturbs the location of the inner edge, so that the solution in the absence

of a phase reset may be regarded as a perturbation of the one with a phase reset.
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Figure 7: Left: Bump width as a function of h for the synchronous solution (β = 0) with α = 1. Middle: Bump

width as a function of α for the synchronous solution with h= 0.1. Right: Existence window (below the curve)

for the synchronous solution in the (α,h) plane obtained by the numerical continuation of the limit point in

the left hand plot. In all plots A = a = 2.
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Here we focus on the class of (symmetric) maximally firing one-bump solutions (with firing rate unity) for

the instant reset model parameterised by

Tm(x) = m+ [β|x| mod 1], (169)

such that q(x, t) ≥ h for x ∈ [x1, x2] for all t, and q(x, t) < h otherwise. Here we take x1 = −∆/2 = −x2. We are

free to choose such a coordinate system by translational invariance of the continuum model. In this case q(x, t)

is given by (167) with φ(y) = β|y|. Introducing the Fourier transform P̂ (k) =
∫∞
−∞ dtP (t)e−ikt means that we

may write (167) as

q(x, t) =

∫ ∞
−∞

dk
2π
P̂ (k)F (k,x)eikt, (170)

where

F (k,x) =

∫ x2

x1

w(x− y)e−ikβ|y|dy. (171)

Note that q(x, t) has period one (inherited from P (t)). It is also continuous if β is nonzero. For slow synapses

P (t) may be regarded as a constant so that P̂ (k) = 2πδ(k). In this case (170) becomes time-independent,

with q(x, t) = F (0, x). Moreover, the width of the bump is independent of β and is given implicitly by h =

F (0,∆/2). This solution is identical to the one bump solution describing the time-independent localised state

of the standard Amari model. In general, however, we proceed with the evaluation of (170) using the result

that

P̂ (k) = 2πη̂(k)
∑
n

δ(k− 2πn). (172)

Substitution into (170) gives us the following Fourier series representation for q(x, t):

q(x, t) =
∑
n

η̂(2πn)F (2πn,x)e2πint. (173)

To determine the width of a bump in a self-consistent fashion we must enforce the condition that at the bound-

aries x = xj , the infimum of q (over t) must equal the threshold h. Hence, the existence condition for a bump

in the continuum Lighthouse model is simply

inf
t
q(∆/2, t) = h. (174)

The bump width ∆ is then determined by

h =

∫ ∆

0

w(y)dy+ 2Re

(∑
n>0

η̂(2πn)G(2πn)e2πint∗

)
, (175)

where G(k) = F (k,∆/2). Here t∗ denotes the value of t for which q(∆/2, t) has a minimum. The value of t∗ is

calculated by differentiating (173) and then solving

0 = Re

(
i
∑
n>0

η̂(2πn)G(2πn)ne2πint∗

)
, (176)

subject to ∂ttq(∆/2, t)|t=t∗ > 0. In some sense we may regard the second term on the right hand side of (175) as

a correction to the standard Amari firing rate model description that takes into account the effects of non-slow

synaptic processing.

For our choice of temporal and spatial kernels a short calculation gives η̂(k) = α/(α+ ik), and

G(k) = A

{
e−ikβ∆/2 − e−a∆/2

a− ikβ
+

e−a∆/2 − e−a∆e−ikβ∆/2

a+ ikβ

}
− e−ikβ∆/2 − e−∆/2

1− ikβ
+

e−∆/2 − e−∆e−ikβ∆/2

1 + ikβ
. (177)
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In the limit α→ 0 the β-independent shape of a bump is given explicitly by

q(x) =


W (x1 − x,x2 − x) x < x1

W (0, x− x1) +W (0, x2 − x) x1 ≤ x ≤ x2

W (x− x2, x− x1) x > x2,

(178)

where

W (xa, xb) =

∫ xb

xa

w(y)dy =
A

a

[
e−axa − e−axb

]
−
[
e−xa − e−xb

]
, xb > xa > 0, (179)

and ∆ satisfies h =
∫∆

0
w(y)dy. This is the classic Amari bump. When q(x) > h, the neuron fires with rate 1.

Of the two branches of solutions to ∆ = ∆(h), the branch with largest ∆ is stable for all α (see section 3.2.2).

To see the effects of a non-zero choice of α in the Lighthouse model we need only to calculate remaining terms

from the right hand side of (175).

0 2 4 6 8 10

 β

1

1.5

2

2.5

 ∆

0 50 100 150 200
t

150

200

250

i

Figure 8: Left: A plot of the theoretical curve (red) for ∆ = ∆(β) with h= 0.1 and other parameters as in the left

hand panel of Fig. 7. Black crosses denote results from direct numerical simulations of the Lighthouse model

with instant reset. Right: Raster of a wandering bump. Parameters are N = 400, h = 0.1, wij = 2.1e−|i−j|/60 −
2e−|i−j|/75 and α = 3.5.

We evaluate (175) and (176) numerically to determine the pair (∆, t∗) as a function of system parameters.

An example of this is shown in Fig. 7, where for a fixed (non-zero) value of α we plot ∆ = ∆(h) for the

synchronous solution (β = 0). As for the standard Amari solution we see two branches of solutions with a

saddle-node bifurcation with increasing h. Moreover, taking α as the bifurcation parameter shows that such

solutions cannot exist if α is chosen too large, as once again there is a saddle-node bifurcation as seen in the

middle panel of Fig. 7. In the right hand panel of Fig. 7 we effectively combine the information from the other

two panels into an existence plot, such that synchronous solutions are found below the curve shown in the

(α,h) plane. In Fig. 8 we show a plot of how the solution with the largest width varies as a function of β.

This theoretical curve is compared with direct numerical simulations of the instant reset Lighthouse model

and found to be in excellent agreement. Moreover, simulations show that with increasing α bumps can lose

stability and begin to wander, as shown in Fig. 8 (right) The wandering is reminiscent of a random walk.

This implies that the position of the inner edge of a bump x will obey 〈(x(t)− x(t− τ))2〉 = Dτ . Simulations
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suggest that D = D(α) ∝ ekα [18]. One remaining challenge is to analytically determine the conditions for

bump stability.
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