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This book is about the dynamics of neural systems and should be suitable for those 
with a background in mathematics, physics, or engineering who want to see how 
their knowledge and skill sets can be applied in a neurobiological context. No prior 
knowledge of neuroscience is assumed, nor is advanced understanding of all aspects 
of applied mathematics! Rather, models and methods are introduced in the context 
of a typical neural phenomenon and a narrative developed that will allow the reader 
to test their understanding by tackling a set of mathematical problems at the end of each 
chapter. The emphasis is on mathematical- as opposed to computational-neuroscience, 
though stresses calculation above theorem and proof. The book presents necessary 
mathematical material in a digestible and compact form when required for specific 
topics. The book has  nine  chapters, progressing from the cell to the tissue, and an 
extensive set of references. It includes Markov chain models for ions, differential 
equations for single neuron models, idealised phenomenological models, phase 
oscillator networks, spiking networks, and integro-differential equations for large scale 
brain activity, with delays and stochasticity thrown in for good measure. One common 
methodological element that arises throughout the book is the use of techniques 
from nonsmooth dynamical systems to form tractable models and make explicit 
progress in calculating solutions for rhythmic neural behaviour, synchrony, waves, 
patterns, and their stability. This book was written for those with an interest in applied 
mathematics seeking to expand their horizons to cover the dynamics of neural systems. 
It is suitable for a Masters level course or for postgraduate researchers starting in 
the field of mathematical neuroscience.
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wheretheelectromotivedrivingforceforeachtermcomesfromthedi!erencebe-

tweenthecellvoltageandthereversalpotentialforeachionicspecies,aspresented

inSec.2.3.1.Equation(2.15)isanexpressionofKirchho!’sfirstlaw(thealge-

braicsumofcurrentsinanetworkofconductorsmeetingatapointiszero).Kirch-

ho!’ssecondlawensuresconservationofenergyandsaysthatthedirectedsum

oftheelectricalpotentialdi!erences(voltages)aroundanyclosednetworkiszero.

Voltage-dependentmembraneconductances,suchasthosediscoveredbyHodgkin

andHuxley,andtheionchannelstheyhypothesised(whichhavesincebeenshown

toexistfollowingthegroundbreakingdevelopmentofthepatchclamprecording

techniquebyNeherandSakmann[581]),giverisetomembranecurrentsprimarily

throughtheconductionofsodiumandpotassiumions.Thecontributionfromother

ioniccurrentsisassumedtoobeyOhm’slawandiscalledtheleakcurrent.Ohm’s

lawsimplystatesthatelectriccurrentisproportionaltovoltageandinverselypro-

portionaltoresistance.ThelatterismeasuredintheSIunitofOhms(

reciprocalinSiemens(S).TheSiemenisoftenreferredtoasamho(ohmspelled

backwards).ThegK,gNaandgLareconductances(reciprocalresistances).

TheequivalentelectricalcircuitfortheHodgkin–Huxleymodelofsquidgiantaxon.The

capacitanceisduetothephospholipidbilayerseparatingtheionsontheinsideandtheoutsideof

Single neuron 
response

Networks: phase, spike, rate

Population 
models
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Models of large scale brain dynamics
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Figure 1 | Cortical interneuron diversity and its developmental origin. Different classes of cortical interneuron are 
distinguished on the basis of their morphology, neurochemical content, intrinsic electrophysiological properties and 
pattern of connectivity. a | In the mouse neocortex, for example, basket cells constitute a relatively heterogeneous 
population of interneurons that primarily target the soma and basal dendrites of pyramidal cells, whereas chandelier cells 
synapse on the axon initial segment. Other classes of interneuron, such as Martinotti and neurogliaform cells, primarily 
contact the dendrites of pyramidal cells, whereas some types of interneuron, including bipolar cells, are specialized in 
targeting other interneurons. b | The main sources of cortical interneurons are the caudal ganglionic eminence (CGE), the 
medial ganglionic eminence (MGE) and the preoptic area (POA). These regions contain progenitor cells that can be 
distinguished by their expression of transcription factors and other proteins. Each progenitor region produces a particular 
group of interneurons, although some interneuron classes may emerge from different progenitor domains. For example, 
the MGE gives rise to fast-spiking interneurons that express the calcium-binding protein parvalbumin (PV) — such as 
many basket and chandelier cells — and non-fast-spiking interneurons that contain the neuropeptide somatostatin. By 
contrast, the CGE produces bipolar interneurons that express vasoactive intestinal peptide (VIP) (sometimes in 
combination with the calcium-binding protein calretinin (CR)) as well as multipolar interneurons that contain 
neuropeptide Y or the glycoprotein reelin. The POA seems to produce a small fraction of different classes of cortical 
interneurons. c | Interneurons are largely specified at the progenitor cell state or shortly after becoming postmitotic. This 
process is controlled by a combination of transcription factors that regulate the expression of effector proteins that 
characterize each class of interneuron. The schematic depicts some of the transcription factors and effector proteins that 
define the identity of two main classes of interneurons at different stages of differentiation. COUP-TF, COUP transcription 
factor; DLX, homeobox protein DLX; ERBB4, receptor tyrosine-protein kinase ERBB4; GAD67, 67 kDa glutamate 
decarboxylase; HTR3A, 5-hydroxytryptamine receptor 3A; KV3.1, potassium voltage-gated channel subfamily C member 1; 
LHX6, LIM/homeobox protein LHX6; NKX2-1, homeobox protein NKX2-1; SOX6, transcription factor SOX6.
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Marín, O. Interneuron dysfunction in psychiatric disorders.
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Wilson-Cowan model of cortical activity
excitation-inhibition



The scientists and the science

Hugh R Wilson

• H R Wilson and J D Cowan.  Excitatory and inhibitory interactions in localized 
populations of model neurons. Biophysical Journal, 12:1–24, 1972. ~4k citations


• H R Wilson and J D Cowan.   A mathematical theory of the functional dynamics of 
cortical and thalamic nervous tissue. Kybernetik, 13:55–80, 1973. ~2k citations


• Wilson HR, Cowan JD.  Evolution of the Wilson-Cowan equations.  Biological 
Cybernetics, 2021 12; 115(6):643-653. 

Jack D Cowan

http://cvr-archive.apps01.yorku.ca/webpages/spikes.pdf


• 	Neural Oscillations 
• 	Visual Perception

• 	Cortical Maps

• 	Working Memory

• 	Attention Mechanisms

• 	Epilepsy 
• 	Neurological Disorders

• 	Learning and Plasticity

• 	Brain Network Dynamics

• 	Computational Neuroscience

Applications (according to ChatGPT 3.5)

Visual hallucinations

Geometric visual hallucinations are seen in many situations, for example: after being exposed to
flickering lights, after the administration of certain anaesthetics, on waking up or falling asleep,
following deep binocular pressure on ones eyeballs, and shortly after the ingesting of drugs such
as LSD and Marihuana.

Phosphene hallucination produced by deep binocular pressure on the eyeballs. Honeycomb and
lattice-tunnel hallucination generated by Marihuana.

Spiral, spiral tunnel and tunnel hallucinations generated by LSD.

To see how doubly periodic functions can give rise to visual hallucinations we first need to
calculate what visual hallucinations look like, not in the standard polar coordinates of the visual
field, but in the coordinates of V1 (layer 1 of visual cortex). It is well established that there is
a topographic map of the visual field in V1, the retinotopic representation, and that the central
region of the visual field has a much bigger representation in V1 than it does in the visual field.
The reason for this is partly that there is a nonuniform distribution of retinal ganglion cells, each
of which connects to V1 via the lateral geniculate nucleus (LGN). Except very close to the fovea,
a point on the retina denoted by the complex coordinate z = 2⇥rei� is mapped onto the point
with complex coordinate w = x + iy in the visual cortex according to the complex logarithmic
conformal mapping

w = � ln z = � ln 2⇥r + i�⇤

where � and ⇥ are constants. The transformation of various geometric shapes is summarised in
the next two pictures.

21

Drug induced visual hallucinations (missed by ChatGPT)



Analysis of 
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Phase-plane, linear stability, numerical bifurcation analysis, direct 
simulation, …

%draw the nullcines
[E,I]=meshgrid(linspace(-1,1,500),linspace(-1,1
,500));
contour(E,I,F(E,I,P),[0 0], 'r-', 
'LineWidth',2)
hold on
contour(E,I,G(E,I,P),[0 0], 'g-', 
'LineWidth',2)

%evolve the model in time
X0 = [0.4; -0.15];
tstart = 0;
dt = 0.01;
tend = 100;
[t, X] = ode45(@RHS, [tstart : dt : tend], X0, 
[], P);
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Two parameter bifurcation diagram
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Pen & Paper calculations
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0 = F(x)

Linear stability: 
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x(t) = x+ u(t)
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d

dt
u = DF(x)u

Saddle-node bifurcation
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detDF(x) = 0

Hopf bifurcation
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detDF(x) > 0

TrDF(x) = 0



Ricatti equation:
<latexit sha1_base64="DjWVf67KMKg6e/tDimWksud8mT4="></latexit>

f 0(u) = �f(u)(1- f(u))
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Steady state
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e.g., for Hopf, setting Tr=0 gives a quadratic in I that can be solved as
<latexit sha1_base64="jwIe8AVXoA9JzcK6iMefniwKIYE="></latexit>

I = I(E)
Hence, a parametric eqn for the locus of Hopf bifurcations:
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(✓E, ✓I) = (✓E(I), ✓I(I))
… and similarly for saddle-node.
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Delay induced oscillations
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⌧E
d

dt
E(t) = -E(t) + f (WEEE(t- ⌧EE)-WEII(t- ⌧EI) + ✓E)

⌧I
d

dt
I(t) = -I(t) + f (WIEE(t- ⌧IE)- WIII(t- ⌧II) + ✓I)
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I

… can still do linear stability analysis of a steady state + numerical bifurcation ~ DDE-BIFTOOL

S Coombes and C R Laing 
2009 Delays in activity 
based neural networks, 
Philosophical Transactions 
of the Royal Society A, Vol 
367, 1117-1129

https://twr.cs.kuleuven.be/research/software/delay/ddebiftool.shtml


Pen & Paper for periodic orbits?

Heaviside limit:
<latexit sha1_base64="0N/6yFaMG68flfX6weG5wGkuuoM="></latexit>

H(u) = lim
�!1

f(u)

Harris J and Ermentrout B 2015 Bifurcations in the Wilson-Cowan Equations with 
Nonsmooth Firing Rate, SIAM J Appl Dyn Syst 14 43–72
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Filippov convention
Switching manifolds described with an indicator function:  e.g.,
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h(E, I) = 0; h(E, I) = WEEE-WEII+ ✓E

Convex differential inclusion: e.g.,
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I
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2 F(E, I) =

8
><

>:

F+(E, I) on one side

co({F+, F-}, ) on the switch

F-(E, I) on other side
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co({f, g}, ) = f+ (1- )g,  2 [0, 1]
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ḣ = rh · F|on switch = 0
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New variables (linear transformation)
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Switching manifolds
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h1(U,V) = U = 0

h2(U,V) = V = 0
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Times of flight:  
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T4

Period: 

Use matrix exponentials to patch a trajectory
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… or use Fourier series (if averse to expm)
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Self consistent periodic orbit

Initial data:

Five unknowns: 

Four switching conditions:

One periodicity condition:<latexit sha1_base64="hApbqB9h48IpLfTAKlqFFHTM8Pk="></latexit>
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Linear stability (non-smooth)
Propagation of perturbations through switching manifolds - periodic IF example

Indicator function :
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Taylor expand :
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Makes sense … and generalises
Floquet multiplier is unity :
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Nicks, Chambon, Coombes 2018 Clusters in nonsmooth oscillator networks PRE 97, 032213
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Nonsmooth Floquet theory
Away from switching (matrix exp solu)
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Piece-wise linear systems
Canards, folded nodes and mixed-mode oscillations in piecewise-linear slow-fast systems 
M. Desroches, A. Guillamon, E. Ponce, R. Prohens, S. Rodrigues and A. E. Teruel.  SIAM 
Review, 58(4), 653–691, 2016.
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Next:  networks


