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Neural fields

Qg = w⌦ f(g)

[w⌦ f(g)](r, t) =

Z

⌦

dr 0w(|r- r 0|)f � g(r 0, t)

Ask Zack!



A simple 2D neural field model

ut(x, t) = �u(x, t) +

�

R2

w(x� x �)H[u(x �, t)� h]dx �

R2

2D Amari model

Piece-wise constant firing rate:
Heaviside

h
S Coombes, H Schmidt and I Bojak 2012  Interface dynamics in planar neural field models.  JMN.



A simulation

An interface is easily identified
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Interface dynamics in 2D

ut(x, t) = �u(x, t) +�(x, t)

�(x, t) =

�

B(t)
w(|x� x �|)dx �

n = ��xu/|�xu|

u(x, t) = hDifferentiate along �B(t)

�xu · dr
dt

+
�u

�t
= 0

Normal velocity

n · dr
dt

=
ut

|z|
z � ⇥xu(x, t)|x=r



Dynamics from data on the boundary only

normal velocity cn =
a

|b|
(a,b) = (F(cn),F(n))

Reynold’s transport theorem

F(x(s, t)) =

Z1

0

dt 0 e-t 0
I

@B(t-t 0)
ds 0 w(y(s, t),y(s 0, t 0))x(s 0, t- t 0)



The bump radius may then be computed by finding the

roots D of the equation j ¼ WðDÞ with

WðDÞ ¼ 4D
3

I1ðDÞK0ðDÞ $
1

2
I1ð2DÞK0ð2DÞ

!

$AðrI1ðD=rÞK0ðD=rÞ $
r
2

I1ð2D=rÞK0ð2DrÞÞ
"
:

ð15Þ
Note that the threshold condition is a necessary but not

sufficient condition for proving existence of a 2D bump.

One also has to check that there are no other threshold

crossing points. In the case of a Mexican or wizard hat
weight distribution, there is typically a maximum of two

spot solutions as illustrated in Fig. 2 for w given by

Eq. (11). Using (9), we find that the narrower spot is always
unstable as found in 1D. However, the stable upper branch

can develop instabilities as the threshold is decreased

leading to the formation of solutions that break the rota-
tional symmetry [32, 39], see below.

Azimuthal Instabilities

It can be misleading to extrapolate results about bumps in

1D to spots in 2D. For example, it was known to Amari [1]
in his seminal work on 1D models with Mexican hat weight

distribution that bump solutions come in pairs, and that it is

only the wider of the two that is stable. Extrapolating this
to 2D, and focusing on radially symmetric spots, one would

conclude a similar state of affairs for radial perturbations to

the stationary spot, as done by John [48]. However, in the
2D setting one must also pay careful attention to azimuthal

instabilities. This has been appreciated by a number of

authors in recent years [20, 32, 39], though anticipated
much earlier by Amari [3]. Indeed azimuthal instabilities

can destabilise spots on the wide branch (that are stable to

radial perturbations) and lead to the generation of intricate
labyrinthine structures [16, 39].

In order to determine linear stability of a bump solution

U(r), substitute u(r, t) = U(r) ? p (r)ekt into Eq. (1) and

expand to first order in p using equation (4). This gives the

eigenvalue equation

ðkþ 1ÞpðrÞ

¼
Z

wðjr$ r0jÞdðUðr0Þ $ jÞÞpðr0Þdr0

¼ 1

jU0ðDÞj

Z1

0

Z2p

0

wðjr$ r0jÞdðr0 $ aÞpðr0Þdh0r0dr0

¼ D
jU0ðDÞj

Z2p

0

wðjr$ a0jÞpða;/0Þd/0;

ð16Þ

where a0 = (a, /0). We can now formulate the stability

problem in terms of finding the spectrum of a compact

linear operator acting on continuous, bounded functions
w(r, /) defined on the disc of radius r&D. One class of

solution to Eq. (16) consists of functions p(r) that vanish on

the boundary, w(a,/) = 0 for all /, such that k = -1.
This belongs to the essential spectrum, which does not

contribute to any instabilities. The discrete spectrum is

determined by setting r ¼ a ' ðD;/Þ in Eq. (16):

ðkþ 1ÞpðD;/Þ

¼ D
jU0ðDÞj

Z2p

0

w 2D sin
/$ /0

2

! #! #
pðD;/0Þd/0;

ð17Þ

where we have simplified the argument of w(r) using

Fig. 1 A plot of the weight distribution describing short-range
excitation and long-range inhibition. The form of w(r) given by (11)
with A = 3/4 and r = 4 generates a two-dimensional wizard hat
function
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Fig. 2 The bump width D as a function of threshold j, for the wizard
hat weight distribution (11) with A = 1/4 and r = 2, is shown by the
continuous dark blue line. According to the linear radial instability
analysis, the solid (dashed) line indicates a stable (unstable) branch of
solutions. The azimuthal instability analysis predicts that solutions on
the upper branch can also develop instabilities as the threshold is
decreased leading to the formation of solutions exhibiting Dn

symmetry. The points of azimuthal instability are marked by glyphs
in the shape of the corresponding mode (Color figure online)
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Spots and Stability
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Zero normal velocity

u(R) = h



Stripes (Mex-hat) u(x, y1) = h = u(x, y2)

�yi = yi + �i cos(kx)e
�t
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With axonal delays
<latexit sha1_base64="tXEr9go+05WMGrW3JDJ4tARwp0Q="></latexit>

Qu =  <latexit sha1_base64="YjzYb/jORBU7lL7SzDY58d/h2dw="></latexit>

Q = (1+ @t)
<latexit sha1_base64="kA+EbFubOka3moJHkpd4d2FE5as="></latexit>

 (x, t) =

Z

R
dyw(|y|)H [u(x- y, t- |y|/v)- h]

<latexit sha1_base64="wU7Pbgladzh4f6OHpqmxqX0sC+Q="></latexit>

u(x, t) = q(⇠) =

Z1

0

ds⌘(s) (⇠+ cs)

<latexit sha1_base64="3XmrAn7JFJH0RVPaM9BbrXdajQU="></latexit>

 (⇠) =

Z

R
dyw(|y|)H [q(⇠- y+ c|y|/v)- h]

<latexit sha1_base64="ayvpYG/htsB6TgVSk9Ogd6y2zY0="></latexit>

⇠ = x- ctTravelling wave frame



Travelling fronts

Self-consistent
speed

�� �

h

saturates for large v



Linear stability
Linearise about the steady state:

TW is linearly stable if

Eigenvalues as zeros of the Evans function 

• Order of the roots = multiplicity of eigenvalues
•         is analytic

Essential spectrum in left half plane, so not a problem.

e.g. for a front



For this example the front is stable.
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Let and plot



Control of Traveling Waves in the Mammalian Cortex.  Kristen A. Richardson, 
Steven J. Schiff, and Bruce J. Gluckman.  Phys. Rev. Lett. 94, 028103 (2005)

c

h

Modulating excitability in the cortical network: impact on emergent activity and 
traveling waves.  Sanchez-Vives MV and Mattia M.
Non Linear Theory and its Applications (2014)



Rebound currents

Two classes of ion channels play crucial roles in cellular excitability 

Rebound responses are well known in deep cerebellar nuclear neurons … 
and elsewhere!

Role at the network level?

Hyperpolarization-activated cyclic-nucleotide (HCN) channels 

Ih
<latexit sha1_base64="qfGjTv42zaIYhRU0dEU29fzJojw="></latexit>

Layer II stellate cells

 in MEC

T-type calcium channels

IT
<latexit sha1_base64="HxYsCkDDEGMQQIbH7Mi8ikre+x4="></latexit>

Thalamo-cortical 

relay cell

v

vss

h



P Coulon, C E Landisman (2017) Neuron 
The Potential Role of Gap Junctional Plasticity in the Regulation of State
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Experiment IFB model
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Fourier Analysis of Sinusoidally Driven Thalamocortical Relay Neurons and a Minimal Integrate-and-Fire-or-
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From spike to rate (phenomenology)
<latexit sha1_base64="0zSN8hoqlnTsi6EI+NzejZeVReA="></latexit>

v̇ = -
v

⌧
+ gh⇥(v- vh) + u(t)(vs - v)

ḣ =

�
-h/⌧-h v � vh

(1- h)/⌧+h v < vh

Slow drive:
<latexit sha1_base64="BJRZL3IVJCf8oMJ26Ov8xs4m+m4="></latexit>

vss(h, u) =
vsu+ gh�

⌧-1 + u

<latexit sha1_base64="ME1BFYBbFsbw2V4p9Kyz7uNDRdc="></latexit>

� 2 {0, 1}

vss

v

v
reset

θ

t

Firing rate :
<latexit sha1_base64="9cVFNQrPEcHI62qIyuKCbUqlmEo="></latexit>

f(vss(h, u))

<latexit sha1_base64="7ijagWEEww2zdPVKx9cjNiNW5b8="></latexit>

f(v) =

�
⌧R + ⌧ log


v- vreset
v- v✓

��-1

⇥(v- v✓)

! 1

⌧R
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σm-1
σm

h(t)

v(t)v
v

v h
reset
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p:1



j

i

wij η ∗

t0

Q⇥ = �

Q =

�
1 +

1

�

d

dt

⇥2

⇥(t) = �2te��t

<latexit sha1_base64="09tpp2EoSeovbM+X/FMPtRUw6dQ="></latexit>

ui(t) = ✏
X

j

wij

X

m

⌘(t- Tm
j ) = ✏

X

j

wij

Z1

0

⌘(s)
X

m

�(s- t+ Tm
j )ds

<latexit sha1_base64="vYnV5RpSU1HNr0piIf04ULskFsU="></latexit>

Qui(t) = ✏
X

j

wijf(vj(t))



Continuum simulations (TC-TC)
Negative

<latexit sha1_base64="aGLNTraNcXWIGbz+xunioU2BQ+c="></latexit>

Qu = w⌦ f(v); (small)vt = F(v, h, u)



Understanding patterning (1D)

Synchrony = homogeneous oscillation:

State vector:  
<latexit sha1_base64="TX5XNVDYciYWYS5ZCsWnHPGU9cA="></latexit>

z = (v, h, u, u 0) 2 R4
<latexit sha1_base64="b+B/714ExPxME8py1iOO74wB1KM="></latexit>

z(x, t) = z(t) = z(t+ �)

… in case you didn’t spot it yet - this system is PWL 
<latexit sha1_base64="YDe2tgbjr6ANHUnXQLEvUPh7bxQ="></latexit>

zt = Jz+ I
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Patching / switching

<latexit sha1_base64="MIC/T51KoPcNVQgR88EcUki44/U="></latexit>

v(T1) = v✓

v(T2) = v✓

v(T3) = vh

v(T4) = vh
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TiTime of events
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z = (v, u, r, h)

<latexit sha1_base64="cGxkH6LwFY5goLcV71I+dxaYBpE="></latexit>

Cvt = -gL(v- vL)- gTh⇥(v- vh)- gsynu,

ut = ↵(-u+ r),

rt = ↵

✓
-r+

Z1

-1
w(x, y)f(v(y, t))dy

◆
,

ht =
h1(v)- h

⌧h(v)
,
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K(T) = I4 +
1

v̇(T-)

0

BB@

v̇+ - v̇- 0 0 0
u̇+ - u̇- 0 0 0
↵
⌧R

bw(k) 0 0 0

ḣ+ - ḣ- 0 0 0

1

CCA
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bw(k) = FT[w]

A reminder of the model
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�z(x, t) = �z(t)eikx



Putting it all together - monodromy
<latexit sha1_base64="059CwYF9pmbmj7ryqg5XzGl+vtc="></latexit>

�z(�) =  �z(0)
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 (k) = K(T4) exp(J4�4)K(T3) exp(J3�3)K(T2) exp(J2�2)K(T1) exp(J1�1)

saltate.propagate … saltate.propagate

� ��� ��� ���
>

ï�

�

�

�

�
	

Unstable

Unstable

Eigenvalues of 
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Lurching via Neimark-Sacker

Rinzel, Terman, Wang, Ermentrout 1998 Propagating activity patterns 
in large-scale inhibitory neuronal networks, Science 279: 1351-1355. 



Periodic travelling waves - similar

Dispersion curve for speed (c) and period (    )
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Stability via Evans function

S Modhara, Y-M Lai, R Thul and S Coombes 2021 Neural fields With rebound currents: Novel 
routes to patterning, SIAM Journal on Applied Dynamical Systems, Vol 20, 1596–1620.



IF spiking model with an h current
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V(r, t) = -glV(r, t) + ghn(r, t) + Isyn(r, t) + Ihd(r, t)
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V
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Isyn(r, t) =

Z

R2

w(|r- r 0|)
X

m2Z
⌘(t- Tm(r 0))dr 0



Cool 2D dynamics!



Pattern analysis 1D
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Theory (existence and stability)
Exploit pwl nature of model

X = (V,nh) 2 R2
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X(x, t) = AX(x, t) +  (x, t),
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Tm-1(x)  t < Tm(x)
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b (⇠) = c
X

m2Z

Z1

0

ds⌘(s)w(|c(s- ⇠) + cm�|)
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TW frame ⇠ = t- x/c
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Stationary

solution X ! Q(⇠)
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dQ

d⇠
= AQ(⇠) + b (⇠)
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be mindful of nonsmooth dynamics - switch, fire, refract.
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Evans function

Saltation rule at event time T :

exp(A(T - t0)) ! K(T) exp(A(T - t0))
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K(T) = Dg(X(T-)) +
[Ẋ(T+)-Dg(X(T-))Ẋ(T-)][rXh(X(T-))]>

rXh(X(T-)) · Ẋ(T-)
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h: indicator function for event


g: rule for action at event
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controlled by resonance

Local control by Ih
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dendritic resonance

dorsal

ventral

Ih
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Spatial scale not so hardwired

M Bonilla-Quintana, K C A Wedgwood, R D 
O’Dea and S Coombes 2017 

An analysis of waves underlying grid cell firing 
in the medial enthorinal cortex, 

Journal of Mathematical Neuroscience, 7:9



Next:  Modelling large scale brain dynamics



