JPTIMUM ESTIMATION IN QUANTUM CHANNELS BY
THE GENERALIZED HEISENBERG INEQUALITY METHOD

V. P. Belavkin and B. A. Grishanin UDC 621.,391.1:535.14

The optimization of indirect quantum measurement at the output of a quantum channel is in-

* vestigated for a quadratic figure of merit, A lower bound compatible with the Heisenberg
uncertainty principle is found for the estimation risk. This lower bound is used in the
Gaussian case to establish the linearity of optimum estimation and to give a specific de-
scription of an appropriate optimum indirect measurement procedure.

§1. Introduction

In the context of the theory developed in [1, 2] real quantum communication channels are described
by the specification of a family p(&) of density matrices determining the state of the channel as a function
of certain classical parameters ¢. In general it isnecessarytoindicate at the channel output an optimum
(by a suitable figure of merit) procedure for the measurement of those parameters, whose distribution
function P(d®) is considered to be known in the Bayes formulation discussed here.

In the interest of somewhat greater generality and continuity of the present article relative to (3, 4]
(to which it is essentially a sequel) we replace ST = (%, ...,%), as the variahles to be estimated, with
quantum (in general) physical quantities described by Hermitian operators xT = (%, ...,Xp in 24, Ac=-
cordingly, instead of the family p(&) and distribution function P(d#) we discuss their surrogate density
matrix p, which is an operator on the tensor product ® = &, ® .. Here @ is a Hilbert space describing
the channel input subsystem X, which is inaccessible to the observer and to which the variables x refer,
and ¥y isa space describing the output subsystem, which has quantum coordinates y and on which arbi-
trary quantum measurements can be performed.

The problem of finding commutative operators ul

surement of the corresponding physical observables will yield a result closest to the variables x in the
sense of the quadratic figure of merit (risk)

R = M(u — x)"G (u — x) = Sp(u — x)"G(u —X)p, (Y

where G is a real symmetric positive definite (numerical) r X r matrix, has been investigated in [4]. A
similar formulation is given (without analysis) in [5]. Here we consider the more general case of indirect
measurement, in which case u represents operators in the extended space "by ® ¢; describing a primary
observable system Y augmented with a certain independent auxiliary quantum system Z with state pg in
the space ®,. This generalization corresponds to the inclusion of quantum randomized decision rules u

= ¥(y, ) in the class of estimation algorithms. Under such randomization of the measurement process the
figure (1.1) is replaced by the more general expression

R=Sp(u—x)"G(u—x)p®p;, (1.2)

which is to be minimized by the optimal selection of the auxiliary space ¢;, the commutative operators u,
and the state p;. As a result of this optimization we should obtain better numerical estimation than in

[4, 5], and that estimation, in accordance with the postulates of quantum measurement, can be realized
by an arbitrarily precise measurement of the commutative operators u. In particular it is expected that
the optimum estimation for indirect measurement will go over in the classical limit i — 0 to optimum
estimation based on the results of measurements of classical (commutative) observables, a statement

=(u, ..., ur) =y(y) in ¢y such that a direct mea-
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that cannot be made about estimation in direct measurement; for example, as shown in [4], the optimum
estimation of the mathematical expectations xT = (‘913 &4 ) of the momentum p and coordinate q is degenerate
for an infinitely small commutator [p, g]_ and reduces to a measurement of just one optimum combination
of observables yT =(p, q).

§2. Lower Bound for the Mean-Square Estimation Risk

The method used here to minimize the risk (1.2) is the following. Expression (1.2) can be represented
in the form of a sum:

o

R(u) = Ry(u,) + AR(u), (2.1)
where .
u, =M[u|y] = Spcup; (2.2)
is the result of partial averaging of the commutative observables u over the auxiliary variables,
Ry(u) =Sp(u, — x)'G (v, — x)p | (2.3)
represents the "irreducible" risk taken as the primary figure of merit in [3], and
 AR(u) =Sp(u—u,)'G(u—u,)p ®p;. (2.4)

is the mean-square error of indirect measurement of the noncommutative quantum variables uy as realized
by direct measurement of the variables u. The measurement error AR(u) cannot be reduced to zero, be-
cause of the noncommutativity of the operators uy. We can readily obtain for it a lower bound cornpatlble
with the generalized Heisenberg inequality

K¢ = = '2C, g (2:5)
where '
K= ':’zM[C §le = II"-M(CL; + E:Er) I = (2.6)
is the correlatlon matrix of the difference
t=(u—u) = y..., &), - | (2.7
and C; is its averaged commutator:
Co=MI[E, T]- = [M(EE; — TE) . (2.8)

The sign = in (2.5) is understood to mean nonnegative definiteness of the Hermitian matrices K¢ + C;/Z
Ky —Cg /2, which is easily proved.

The use of the Heisenberg inequality (2.5) yields the following inequality for the error (2.4):
AR(u) =Sp GK; = '/s Sp |GC¢|, (2.9)

in which | GCgl is the modulus of the matrix GC; and the symbol Sp, unlike Sp, denotes the trace on non-
quantum indices, i.e., the trace of numerical matrices GK; and | GC¢|.

For the proof of inequality (2.9) it is sufficient to use only the Hermitian property of the imaginary
antisymmetric matrix C¢ and the real symmetric matrix G, along with the positive definiteness of the
latter. Taking into account that the product GCy of any Hermitian matrices G and C;, one of which is
positive definite, is similar [6] to the real diagonal matrix 'I'“GC;T = cjéij II, we go over to the repre-
sentation { = T+, in which the matrix GC¢ is diagonal. For definiteness we put T = VvGU, where U is
a unitary matrix whose columns are the eigenvectors of the imaginary Hermitian matrix v"_GC@/_G Ihas-
much as the trace Sp GK; is equal in the given representation to the trace of the correlation matrix K
=1/2M[E, §+] = T+K§T of the complex variables t =T+

Sp GK, = Sp T-'GT*-'T*K.T = Sp K, (2.10)

while the commutation matrix C = M[z §+] = T*C T is diagonal: C=I ¢joij ll, inequality (2.5) only has to
be applied to the diagonal elements kjj of the matrix K = lkijl:

Spk EZ by > Z max (+ ac;, — *2c;) = SplCl. (2.11)
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In the primary representation £ = T'”& the inequality (2.11) found above assumes, with regard for (2.10),
the linearly invariant form (2.9), where the modulus |GC¢| of the product of the matrices G and Cy¢ is
interpreted according to the definition f(A) = Tl f(hj)éi- ' T-! of the function f( - ) of the matrix A =TIl ?\jbij Il
.T~!, which is similar to the real diagonal matrix |l Rjaij Il

IGC;! = TIllelﬁ(j”T_l.

We now take into account the fact that the commutator averaged over the auxiliary variables, [Z, tT],
of the difference £ =u—uy coincides (by the commutativity of the operators u) with the commutator [uy,
u}] of the operators (2.2):

SP;[;‘ ;T]‘p:={um “l"]—_ Sp({[“h u‘1—+[ul’.‘uu']-) — [uh uyT] -
This result gives the lower bound .
AR(u,) ="/Sp |CG| (2.12)

for the error (2.,4) of indirect measurement of the operators uy.

Here
¢ =M[u,, u,]- =Sp[u,, v, ]-p (2.13)

is the average commutation matrix of the variables u,, which determines the minimum possible value
(2.12) of the error of indirect measurement of those variables. The lower bound corresponding to the
bound (2.12) for the total estimation risk (2.1) has the form

R(u,) = R(w,) +AR(u,) =Sp(KG + ',|CG|), (2.14)
where
K =1;M[u,—x, u;”—x"], ='/2Sp[u, — x, u,s —x"],p (2.15)
is the matrix of average deviations of the variables uy from the estimated variahbles x,

The bound (2.14) for the figure of merit of the estimation u of the variables x depends only on the
operators uy obtained from u by the averaging operation (2.2) and clearly corresponds to the optimum in-
direct measurement procedure. The latter is interpreted in the following sense: in the space @y of ob-
servahle variables certain operator "estimates" are chosen for the variables x, and then those (not neces-
sarily commutative) estimates uy are subjected to indirect measurement in such a way as to bring AR(u)
as close as possible to its lower bound (2.12). The latter cannot be attained in general, and the optimiza-
tion of the indirect measurement of the selected operator estimates uy yields losses

min R (u) = E(u.,} 4 (2.16)

The minimization of the right-hand side of inequality (2.16) with respect to all possible operators uy in ¢y
yields the lower bound for the mean-square optimum estimation risk.

We now derive an equation for the determination of the "optimum™ operators u}, minimizing the in-
dicated lower bound. Varying the function (2.14) with respect to matrices K and C depending on uy, we
readily obtain

8R(u,) = Sp G (8K + 1/2(sgn CG)5C),
where
sgn CG = CG/ |CG| = (Tllsgn (c;)6,41T-*)* (2.17)

(the matrices G and C are presumed to be nondegenerate), Further variation with regard for the forms
(2.15) and (2.13) of the matrices K and C yields

8R(u,)=Sp G Sp[ (u,— x)p + p (v, — x) + sgn GC (pu, — u,p) 16u,". (2.18)

Setting the variation (2.18) equal to zero and making use of the independence of the variations buy, we de-
duce the following equation for the optimum selection of ug,:
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(u, —m,)p, + p, (v, —m,) +sgn CG(p,u, — u,0,) =0, (2 .19)

where py = Spyp is the partial density matrix describing the state of the subsystem Y and is found by taking
the partial trace of the matrix p with respect to the space ¢,, and my represents Hermitian operators
comprising the solution of the equation

m,p, + p,m, = Sp.(xp + px). (2.20)

This equation has been derived in [3] for the determination of operator estimates u?, = my optimum by the
firreducible" figure (2.3).

Multiplying Eq. (2.19) on the right by the factor u}‘ and on the left by the matrix G and substituting
the result into (2.14) with regard for (2.15) and (2,13), we at once obtain the following value of the lower
bound for the optimum estimation risk (1.2):

R® = min R (uy) = SpG (K. — K, ), (2.21)
uv s
where

K. = "M x, X714 = VaMllxax, + xixdl,
K:w e 1/251 [uros xr] += ‘/M"'I.I“.XJ + xi“vin"v

and ug, is determined from Eq. (2.19).

Equation (2.19) found for the determination of the optimum operators “gr realizing the lower bound
(2.21) is nonlinear, because it includes the commutation matrix C, which is equal to the average com-
mutator (2.13) of the operators Uy. It is linearized, however, by the assumption of weak noncommutativity
of the operators Py and my:

[mv: pv]-— =mvpv_9uml"'_"”§_"v+ o{a), (222)
where € is a small parameter and vy represents unknown Hermitian operators. Now the indicated equa-
tion (2.19) has a umique asymptotic solution

u,’ =m, — e sgn (S.G)d, + o(e), (2.23)
in which my is the solution of Eq. (2.20); dy is the solution of the equation

i
dypr+9vdr'=vvwﬁmg_[mwpv]—s (2.24)
e=+0

and S, is the antisymmetric Hermitian matrix

? - nmg_mm.,, =il (2.25)
E u

which is presumed to be nondegenerate,

The lower bound (2.21) of the optimum estimation risk is reached only if it is possible to state an
optimum procedure for indirect measurement of the extremal operators u’, determined by the solution of
Eq. (2.19), which gives a measurement error (2.4) coinciding with its lower bound: min AR (u) =&_R_.(ug,).

Such a measurement procedure, specified by optimum measurable operators u’ in the extended space
~i'y @ <I)g and by the optimum state pg in the auxiliary system Z described by the optimum accessory space

4’2., can be stated in the Gaussian case treated below, provided that the solution of Eq. (2.19) is assumed

to be wique (this assumption is guaranteed in the above-described asymptotic case of weak noncommuta-
tivity).

§3. Estimation of Gaussian Variables

Let the estimated quantities x and the observables y be Gaussian. This means that the operators
= (x1 s yT) are, repetitively, commutating with the commutation properties

[E &)= C1= ” _%;1 if: “ ; 8 | (3.1)
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Here 1 is the wnit operator in the space ¢, @ @.; Cy, Cy are the specified numerical commutation ma-
trices of the respective operators x and y, and the cross-commutator [x, yI|_ = Cxy 1 is equal to zero
pecause the operators x and y act (see §1) in different spaces ¥y and $y. The state of the Gaussian vari-
ables £ is described by a Gaussian density matrix p having the form

p =exp {—y — §'Q%}, (3.2)
where Q is a positive definite matrix specifying the correlation properties of the operators ET = (xT, yT);

K="/MIE¥], ==“ ﬁ ) ‘;"’ || = 2etmcore (3.3)

(it is assumed that the expectations M = 0) aﬁd Y =—1/28pln 12sh2CQIl is a normalization constant.

In this case the partial trace on the right-hand side of Eq. (2.20) is computed in explicit form by a
method used for the same purpose in [3]. We obtain as a result
m,p, +p,m, = K. K, (yp, + pyY), i.e., . m, = KJ,“Y- (3.4)
Here py is the partial density operator of the Gaussian operators y and is obtained by taking the partial
trace of the operator p with respect to x:
py="Sp:p =exp {—Y, — y'Ou¥}. (3.5)

The constant vy and the matrix Q. have the same sense as in (3.2), the matrix Qy being determined by a
correlation matrix Ky and commutation matrix Cy that are submatrices of the matrices (3.3) and (3.1),
according to the formula

1+Y.C K
1—-1.C K"

Taking (3.4) into account, we see at once that Eq. (2.19) admits the following linear solution in the given
situation:

C,Q,=arcth'/,C,K,~'="'/21n (3.6)

u’ = A'y, (3.7
where A® is a numerical matrix, Thus, substituting uy = Ay into (2.19), we have
(4 — KoK, ™) (yp, + py) + (sgn CG) A(p,y — yp,) =0. : (3.8)
Then the use of the Gaussian operator relation
0¥ — ¥p, = th C,Q,(p,y +¥p,) = 1aC.K,™ (yp, + o), (3.9)

which has been derived in [4], enables us to go from the operator equation (3.8) to the numerical matfix
equation

A—K_ K, + '/2(sgn CG)AC,K, =0, (3.10)
in which

C=AC.A". . (3.11)

The solution of (3.10) for A then determines the optimum linear transformation of (3.7). Equation (3.10)
Is nonlinear in A, because it includes the function (2.17) of the matrix CG, where the commutation matrix

 Cof the operators uy = Ay depends on A. The lower bound (2.21) for the corresponding losses has the
value

R*=SpG(K. — A'K,), (3.12)

where, in the event of several solutions of Eq. (3.10); A° is to be taken as the solution yielding the smallest
value of the bound (3.12). If the linear solutions (3.7) exhaust all the possible solutions of Eq. (2.19), then

(3.7) and (3.12) determine, respectively, the optimum operators u® and the corresponding lower bound of
the risk,

Equation (3.10) has been derived and investigated in [4], except that in the latter the matrix G-'A
appears instead of 1 /2 sgn CG, where the matrix of indeterminate multipliers A was determined from the
accessory commutativity conditions C = ACYAT = 0. Also, since we have introduced the concept of in-
direct measurement into the discussion, the operator estimates uy = Ay do not necessarily commute.
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Moreover, it was assumed in the derivation of Eq. (3.10) that the matrix C = ACYAT is degenerate, be-
cause otherwise the matrix sgn CG occurring in that equation becomes indeterminate [the definition (2,17)
of the matrix sgn CG is correct only for degenerate C and G]. Not to be rejected, however, is the pos-
sibility that the optimum operators ug, = Aly have a degenerate commutation matrix C? = AC AT, In this
case the optimum matrix A" also satisfies Eq. (3.10) if the function sgn (.) is understood in the generalized
sense. In particular, the case of total degeneracy C? = 0 is possible, whereupon the optimum solutions 1?':',
commute. Those solutions coincide, obviously, with the ones found in [4], and the indirect measuremen
of ug, reduces to direct measurement thereof. An alternative, more universal method of derivation of the
optimum matrices A?, suitable for cases of partial degeneracy, entails the approximation of the modulus
ICGI of the matrix describing the measurement-related part of the risk ¢2.14) by a scalar analytic func-
tion f4(CG) = CGcoth1/6CG, whose limit 1imfg(+) with respect to the parameter 8 — 0 is equal to the
modulus i-| = fy(-). Here, in Egs. (2.19) and (3.10) obtained by differentiation of the risk (2.4) sgn(CG)

is replaced by the derivative fé(CG), which is automatically defined, being analytic also at zero. The in-
dicated approximation of the equation has a wique solution A? coinciding in the limit 6 — 0 with the re-
quired optimum solution A® = Kxy(Ky + 1/2ICyHIH-Y)™, where H = A'TGgA,

The commutation matrix C° = A“CYA“T is clearly nondegenerate in the case of weak noncommutativity
for a nondegenerate matrix A,C yAuT, where Ay = nyK§1 is the matrix describing the optimum transforma-
tion y,(y) = Agy according to the irreducible criterion (2.3).

It is readily shown that the case of weak noncommutativity (2.22) of the operators my = Agy with a
density matrix py, of the Gaussian form (3.5), guaranteeing wmiqueness of the solution (3.7) of Eq. (2.19),
corresponds to tl{e quasiclassical approximation K, > icy/z. Here the solution of Eq. (3.10) can be found
by the method of successive approximations, taking A; = nyKfrl as the zeroth matrix, Setting 1/ 2K§1CyK§1
= €S for definiteness, we have in the first approximation

. A*=A, — esgn (Ko SK.G)K.,S + 0(e?), (3.13)
where the matrix S is related to the matrix (2.25) by the expression nySK}‘y ='Sm.

Substituting (3.13) into (3.12), we obtain the following expression for the lower bound of the optimum
estimation risk in the given quasiclassical approximation:
R=5pG(K.— KK, "'K.") + ¢ Sp | K-,SK.,; G| + O(e?). (3.14)

The first term of Eq. (3.14) coincides with the minimum irreducible estimation risk considered in [3].

The second term is the minimum asymptotic (with respect to €) error, compatihle with the Heisenberg
inequality (2.5), of indirect measurement of the optimum operators Agy = nyK':;‘y according to the ir-
reducible criterion (2.3).

§4, Physical Procedure for Indirect Measurement of

Optimum Gaussian Noncommutative Estimates

All that remains for the final solution of the optimum estimation problem is to describe the optimum
procedure for indirect measurement of the optimum operators u’.. This can be done in the Gaussian case
by virtue of the fact that the optimum estimates ugr are linear combinations Ay of the Gaussian repetitively
commutative variables themselves. On the other hand, indirect measurement of the repetitively commu-~
tative variables Aly can be realized by direct measurement of the commutative linear combinations

w =A%+, (4.1)
where the operators ¢ are repetitively commutative, independent of y, and have a commutation matrix C¢
of the form

Ci=—C"=—4°C, A" (4.2)

and zero expectations: M¢ = 0. It is readily verified that, given this choice of commutation matrix, the
commutativity condition for the operators (4.1) is satisfied and that the averaging (2.2) of those operators
with respect to the auxiliary variables ¢ does in fact coincide with the operators Aly.

To fully specify the optimum indirect measurement procedure it is required, along with the mea-~
surable physical variables, to indicate the optimum state pd of an auxiliary physical system that can be
identified with the measurement apparatus. In the given Gaussian case, as it turns out, there is a state
for which the measurement error AR (u") attains its lower bound AR(ug,). which is compatible with the
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o m}';ertalnty principle, so that the optimum estimation risk coincides with its lower bound

-_;stﬁtes of this kind can be represented as equilibrium thermodynamic states p, = exp{—y(8)—-BH}
with a quadratic Hamiltonian:

: H= ;TG{;, GC = 0, (4.3)
and zero temperature T =1/8 =0.

A system described by a Hamiltonian of the type (4.3) is linear, and its equilibrium states are
clearly Gaussian., At zero temperature the Gaussian density matrix pr becomes totally degenerate, and
the state of the "apparatus” is pure. This pure state is an eigenstate of the Hamiltonian operator (4.3) and
corresponds to the minimum eigenvalue of that operator; it is called a "vacuum™ state,

Comparing the correlation matrices

K: = lim ’/;(cth ﬁCth) Ct "/zIC;G |G’;

P+ oo

for the vacuum states with the matrix
='5|CG|G™, 4.4)

for which inequality (2.9) goes over to an equality, we see at once that the optimum state of the "appara-
tus” is the vacuum state for G =G

e’ = lim exp{—y (B) —L"GL). (4.5)

" The correlation matrix K% = 1/2M[§ ;T]+ in this case has the form (4.4), and the indirect measurement
error attains its lower bound (2.12).

Thus, the optimum auxiliary system, or "apparatus,” can be represented in the Gaussian case for
a quadratic figure of merit as a certain linear physical system with Hamiltonian H® = tTae, existing in
the equilibrium state at zero temperature. The phase coordinates ¢ of this system are described by re-
_ petitively commutative operators in the space €%, which is a copy of the space ¢ Aly in which the optimum
operators uy Al act, and they have the commutation matrix (4.2). The optimum commutative operators
(4.1), which are measured to give the required optimum estimates of the variables x, are linear combina-
tions of the Gaussian coordinates (y, £) of the aggregate observed system. This condition serves as the
analog of linearity of the optimum (in the sense of a quadratic figure of merit) estimation (filtration) of
classical Gaussian random variables; unlike the classical case, however, the resulting optimum estima-
tion algorithm (4.1) is randomized on the vacuum noise .

The authors are indebted to R. L. Stratonovich for a discussion and valuable comments,
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