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OPTIMAL LINEAR RANDOMIZED FILTRATION
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An equation defining the optimal linear randomized estimation z = Ay -+ 75
of non-observables « based on indirect non-ideal measurement of the received
quantum (boson, non-Gaussian) signal y is derived. Its solutions for several impor-
tant cases are presented. The linear filtration of the stationary boson signals is
discussed, and an example is given illustrating the stationary signal filtration
at the output of the non-ideal wave communication line.

' The progress of communications on super-high and optical frequencies
" yhere the quantum nature of the electromagnetic signal becomes essential,

ng [1]. Within the framework of the theory, the received signal y is described
)y a set of non-commuting observables {y,t ¢ T'} which are considered
.3 elow as real: y;* = y,. The fact that the observables are non-commuting with
"espect to the multiplication (yy; 5= y.4;) is an adequate mathematical inter-
.! retation of their physical incompatibility (i.e. impossibility of their arbitrarily
iprecise measurement). In the quantum physics, the non-commuting real
“observables are represented by linear Hermitian operators in the Hilbert space
of quantum-mechanical states. Such a specific representation, however, is not
required in this paper. '

: The non-commutating generalization of communication theory problems
is naturally proceeded with the simplest optimization problem of boson? signal
linear processing based on the linearity of the optimal estimation in the
|Gaussian case, proved in [2].

The problem of finding the optimal set of commuting observables
¢ §z° = y°(y) whose precise measurement gives estimates {z}, ..., 2y} = 2° mini-
{mizing the mean square losses (1.3) in the class of linear transforms y(y) =

it

; _ !The quantum signal y is referred to as boson if it is described by secondary com-
'muting observables {y;}, i.e. observables commuting with their own commutators vy, —
" — YpYt- In the quantum field theory, particles and fields adhering to the Bose — Einstein
- statistics are described by secondary commuting operators of generation and destruction.
- The electric and magnetic field strengths constitute an important, for the communication
- theory, example of secondary commuting real observables.
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- studied in [3]. In general, however, the solution does not meet the correspon-

* responding classical (i.e. commutative) problem under approximation to the

i e
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= Ay + 7 of the received boson non-Gaussian signal y was formulated and
dence principle, that is to say it does not turn into the solution of the cor-

weak non-commutativity 4 — 0. This difficulty may be overcome by means
of estimation algorithm randomization corresponding to the expanzion the |
.class of measurements under consideration from direct to indirect ones, The
indirect measurements are done through the direct measurements of a s;et of
commuting observables of an enlarged system comprising the initial system
(acoessil?ie to observations) and an additional, usually independent one
(mea’sunng apparatus). Owing to such a randomization it becomes possible to
f)lj.]l?lder joint quasi-measurements of non-commuting observables of the
initial system [4,5] realized through an indirect measurements. Making use
of this concept, derive an equation for the optimal randomized a.lgorithgm of
quantum signal linear filtration meeting the correspondence principle. .

1. Derivation of the optimal linear randomized filtration equation

' Fctr the sake of simplicity, confine ourselves at first to the finite-dimen-
sional 81.gna,1 {y;,7 =1, ..., n} describing observable sequence of non-
commuting physical values y,, . .., y,. We have to find among transformations
z = p(y) of linear kind ' ' :

. re : .
2= Ay +9= Jzaﬂ.yj-q-m, z‘:_l,..,,m] (1 {
1

satisfying the commutativity condition

(2271 =25 —2a || =0 (1.2) i

the optimal one z° = A% + 7° in the terms of the minimal mean square risk l i

criterion customary to the linear theory

i

i |
B=—Me—a)7 6e—o)=—M 3 G—s)ofy—=).  (13)
2 o

Herea.f@er the following matrix notation will be used: z, z" are column vector J
a,’né.l row vector, respectively, consisting of commuting observables {215 -- - Zm}
giving, as the result of joint precise measurement, numerical estimates
{zl,. s Zm} of estimated 27 = (2, ..., am); ¢ = || g || is a real symmetric
positively defined matrix m xXm, and M is expectation.
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For the quantum randomization of the linear estimation algorithm (1.1)
given by the mxXn matrix 4 = || @;; || and the m-dimensional vector n =
= {q:,4=1,...,m}, the components of the latter 7y, ..., nm should be
regarded as non-commuting y-independent stochastic variables. Substituting
(1.1) into (1.2) and taking into account that the independence condition for
y and 7 implies their commutativity [y, n"] = 0, write the commutativity
condition for the observed variables z in the following matrix form:

Aly, v 14T + [n,9"1=0. (1.4)

One can easily see that this condition may be met only if the commutators
(¥, v;] and [, n;] commute with y and 7 i.e. are c-numbers

Ly, yT] — H cij ” =0, tﬁ! ’?T] = H Cij || =0y (1.5)

The commutation matrix C, of quantum observables 7 for each 4 is defined
quite uniquely as
- C,= —AC,A". (1.6)

Tt follows from the fact that operators describing observables y and 7 act in
different Hilbert state spaces of the main and an additional systems, and that
equality of the commutators [7, '] = —Aly, y"]AT may take place only
if they are multiples of the unit operator. Further we shall confine ourselves
only to the secondary commuting observables y having known commutation
(imaginary, anti-symmetric) matrix C) giving with (1.6) quantization of the
vector 7 for each 4. This quantum randomization of the linear estimation (1.1)
enables us to look through arbitrary matrices 4 rather than only through
those satisfying the condition AC,A" = 0 as it was done in [3] for non-
randomized linear estimation.

Substituting z = Ay + 5 into (1.3) and averaging it, write the mean
square risk allowing for independence of the observables 7 of z and y as the
following sum: :

R = L TrGM(dy +1— =) (dy 1 — 97 = Bold) + R(4), (D
where
By(4) = -;—TrG(Kx, L ARE B AT AR AT, (1.8)
1
R,(4)= E'1‘r (K, — (my — my + Amy) (m,, — my + Amy)T). (1.9)
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Here my, my, m, are expectations of x, y, 5, respectively, and Ky, K,,, K,, K,
are respective symmetrized correlation matrices of the variables x, y, and #:

1
Ky = M—[(w—m), (2 = my)],, Kyy= M%[(x—mxh (v — myT],,

K, =M§£y — my), (y — m)T],, K,T=M%[m — ), (1 — M)

(the brackets [.,.], define the anti-commutator [y, v" 1+ = || ya; + vwil])-

Risk (1.7) minimization in the class of linear transformations Ay 4 7
may be done in two steps: first, for a fixed 4, the minimum of losses (1.9) is
found having the sense of indirect measurement error of non-commuting
% = Ay, and second, minimization with respect to 4 is done. Minimization
of losses (1.9) in the terms of statistical states of the boson vector 5 having
bounded below quantum entropy S, > S was carried out in [5]. The optimal
state thus defined is Gaussian and characterized by the expectation vector m,
and symmetrized correlation matrix K,

m,]-:mx-—Amy,Kﬂle,}cthlGOq. (1.10)
2 20

is the entropy of boson Gaussian vector # corresponding to the temperature 0.

The function S,(f) may be easily seen to be monotonically increasing, and the

zero temperature 6 = 0 corresponds to the zero entropy § = 0. Below, for
the sake of convenience, the temperature f, rather than the entropy S, will

Parameter 0 > 0 is defined from equation S,(0) = S, where

1. (1 1
8,(0) = — Tr |-— GC, cthGC, — In | 2sh — GC.
R TR ‘Szﬂ :

be regarded as the independent parameter characterizing degree of linear

estimation randomization. The randomized linear estimation (1.1) having the
temperature 0 is interpreted in [5] as indirect measurement of secondary com-
muting Ay by the optimal linear measuring apparatus with phase coordinates
1 and non-ideality degree given by the temperature f.

The minimal indirect measurement error for fixed 6 and with due regard

to (1.10), (1.8) is as follows

RY(4) = % Tr GAC,AT cth 2_19 GAC,AT = % Tr/, [-; GAC,4 T] (1.11)

and increases monotonically with f. The absolute error minimum (1.9) attained
under absence of limitations on entropy and corresponding to the ideal indi-

DT T
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rect measurement of the observables u = Ay is obtained from (1.11) through
the passage to the limit § — 0:

RO(4) =§irﬁ1—;—Tr,‘g %GAOYAT - % Tr‘%GACyAT (1.12)

1
where the fact that the limit of fy(x) = « cth ks with respect to the param-

eter ff — 0 equals to the module |« | is allowed for. In the classical (i.e.
commutative Cy = 0) case, the losses (1.12) turn into zero and the linear
estimation (1.1) becomes for 6 — 0 non-randomized, that is the vector % is
identified with its expectation. For the quantum case, the correlation matrix
K defining the error (1.11) is not equal to zero even for 6 = 0, and in this
sense the linear estimation is still randomized even under the ideal indirect
meagsurement .’ ) :

Derive an equation defining the optimal matrix 4° minimizing the risk
R°(A) = R(A) + Rj(A) under the fixed 6. The functional

R(4) = é Tr [G(Kx h KT = K AT AR ATy & GAC, AT

] (1.18)

is convex and by virtue of its analiticity allows differentiation by A”. Equating
variation

SR(A) = Tr [G‘(AKy o [% GAC,AT

- GAC'y] 247
2
to zero and taking into consideration independence of variations 847, obtain

the following equation

G(4K, — K,) + % i [% GAC, AT| G40, = 0 (1.14)

d '
where fj(e) =— fy(«) is a monotonic increasing odd function with values
Zic g

[f(@) | <1 -
BB e BN S 2 (B 0) =000 (1.15)
6 7 ch (2e/0) — 1
The matrix non-linear equation (1.14) is that desired. Its solution Ag
for each 6 defines the optimal randomized linear estimation u’ = A4y’ + 7
characterized by the temperature 6, the optimal Gaussian boson vector ??a

*The ideal indirect measurement realized by measurement of linear superposition
(1.1) of signal y and vacuum noise 7 is referred to as coherent, i.e. it may be described
by & set of coherent measurement state vectors [1].

4%
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being described in the terms of the commutation matrix (1.6), the expectation
vector and the correlation matrix (1.10) for 4 = A4°. The minimal rigk defining
the quality of the optimal linear filtration under indirect measurement is as
follows: ;

R — %Tr [ KK, — A9K,) + g, [-; GA‘OyA’TJ] (1.16)
(95(2) = fo(@) — afo(«)), and is readily obtainable by multiplying (1.14) by
A" from the right and substituting the obtained identity into (1.13). The
second term in (1.16) is due to the estimation randomization and under
6 — oo increases as mf/2 (where m is the dimensionality of the vectors « and ).
Under 6 — 0 it vanishes, and for the Gaussian case risk (1. 16} reaches the lower
bound obtained in [2] through minimization in the class of arbitrary indirect
measurements. This proves equiyalence of linear and Gaussian approximations
in optimization of boson signal processing.

2. Study of the optimal linear filtration equation
By applying the matrix identity f(DAT)D :ID}‘(ATD) to (1.15) and to
: 1 :
matrix D equal to = GAC,, write solution of (1.14) as follows:|

A=K, (K, + By~ (2.1)

where B, standing for the matrix %Oy /s [% A"TG'A"O,.] is, for fixed 6, the
solution of

By gflerss :
B = o O, fs z (K, + B)"*K,GK, (K, + B)-1 Oy] (2.2)
with respect to B. By introducing o = g,( + ) which is the inverse function of
(1.15), rewrite this matrix equation in a more suitable form:

9(2C51B) 2051 K, = (1 + K5'B) K3 K,GK, (1 + K;'B)-..  (2.3)

In its domain of definition —1 < 8 < 1, gs(B) is odd analytical function
increasing monotonically from —oo to oo. The right part of (2.3) is monotoni-
cally decreasing non-negative bounded function of argument 2 K;'B. Under
such conditions, the right and left parts of (2.3) as independent functions of
matrix B always have for €, ¢ 0 a single common point B — B, such that
dependence of B on 6 > 0 is monotonically non-inereasing: B, << B; for
0 > 6’ with the product 2C;B, lying within the domain

—1< 205 B, < 1. (2.4)
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Soiﬁtion of (2.2) for 620 may be looked for in the form .of a series
B,= B9 4 —é—B(n + % B® 4 ... converging rapidly for 6> i._(ptrong esti-
' 1 (2 - [2a)*

ol

mation randomization). Taking into consideration that f'(«) = A

find readily that
B©® =0, BO = %OyAE.’GA.)Gy ,

where A, = K., K;* is a matrix defining estimation (1.1) for the commu-
tative case of C, = 0. Under weak non-commutativity C, = &8, (where ¢ is
a small parameter), B = o(e?) and matrix 4° has the classical form 4° = 4,
not only in the zero approximation, but in the first quasi-classical one for
& < 1(0 == 0) as well. Thus, the randomized linear extimation, as. opposed to
the non-randomized one of [3], satisfies the correspondence principle. Quantum
corrections in (1.16) to the losses of the classical randomized estimation

R = %Tr (K. — AKI;,)_—f— 6) are for 6 = 0 on the order of &

In the case of the ideal indirect measurement 6 = 0, the matrix B, =

= lim B; realizes, evidently, the boundaries of the inequality (2.4): Consider
00 _ " .
solution of (2.2) at 0 = 0 for the following important case. Let the signal y

having non-degenerate commutation matrix of rank n = 2s consist of two
groups of physically different observables {p,,..., s} =pand {gy, ..., q}=p
described, respectively, by matrices Cy and K, having the following form

0 —iC 0 —i (K 0 ~(1-0
0, = =C g Ay = =K® : (2.5
4 [iO 0] ®[z' 0] 4 IOK] {0 1] (25)
where the sxs matrices C and K are real, symmetric and positive definite.
(Otherwise, one would have to obtain such a signal ¥ = (p,q) by means of
non-degenerate real transform y = T'y which always may be done [3].) If in
doing so the matrix K,,GK,, also breaks down into direct product '

Do 1 0 ;
K, GK,. = =D® . 2.6
I N D] [0 1] G
solution B, of (2.2) for § — 0 is as follows:
By O i [0 2.7)
210 C 2 0 1
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Indeed, substitute (2.5) and (2.6) into (2.2) and search its solution in the form
1 0 -
of B=H ®.[O 1] - Taking into account the following identity:

AL —i))
fi[5 &+ B DK + H) 0w & {;)) =
I. z’
Ooad]  FY
- L: N, (5 + 1D + #)20]
which holds because function fy( - ) is odd, obtain the following equation
defining matrix H: e :
1 " :
H=—0f; (-;(K+H)—1D(K+H)—.lo’ e
For § — 0 function f; turns into the signature of the product of twé positive

definite matrices that is equal to the identity matrix. Thus H = 1/2 .

‘Condition (2.6) is met if matrices Ky, and & have the following form:
1 0 1 0

K, =g ) 7 ®( ]
o _(0- 1) L I

In this case the estimated observables z and their estimates z fall into two

groups @ = {p, #,}, 2 = {2, 2,} conveniently joined with complexification:
1 - 1 ;

a'. e V'_E (xp + txq): c= ﬁ {zp + "'zp)

by halving the_'dimensiona{]i'ty of the linear space. The commuting optimal
complex estimates ¢ = {¢;} under the ideal indirect measurement § — 0 are
as follows: :

-1
c'_—.k[K-Jr-%CJ W
where b = ﬁ{p +1g) is a complex boson s-dimensional vector described by
commutators [b, 5] and correlatorsEM [b,b%] equal to positive definite
. 21 '
matrices ¢' and K; and § = V_E (np + in,) is an independent coherent noise
with the following commutation and correlation matrices:

P (K +’-}0J "o [k 4 éo) ,

—n

K
79

1 -1 1 -1
(K—l—EO} KTCk [K'—{-;O} .

e ———
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The appendix gives solution of (2.3) for the two-dimensional signal in the
general case where condition (2.6) is not met. A critical point exists in such
cases where the ideal indirect measurement degenerates into a direct measure-
ment of optimal linear combination (b,p + b.g).

3. Optimal linear filtration of stationary beson signals

The vectors x, ¥ were assumed above to be finite-dimensional. Since all
results were written in the matrix form, their generalization to the infinite-
dimensional and continual cases is evident. Consider such a generalization for

the stationary case.

Let the received boson signal ¥ = {y;} and the estimated useful signal
x = {x;} be stationary and stationarily correlated signals (either discrete, or
continuous). Confine ourselves to the case where y, is one-dimensional (x; may
be multi-dimensional: x; = {z;({)}), and assume that expectations m, and m,

are equal to zero.
By means of the following spectral representation

N2 i Nf2 Njz2

Y= f V§0052m'6 dP(v) + f VE sin 2 mvt dQ(v) = f e~ 2t J¥ () (3.1)
0 0

—Nj2

(N =1 if ¢ has integral values —oco, ..., —1,0,1,...,00 and N = g“/i%t v
is continuous: ¢ € (—eo, )) come to the pairs (dP(v), dQ(»)) which may be
easily complexified as follows:

75 @P0) +idaw),  »>0

axe) =1
— (dP(—») +1dQ(—»)), v<0.
V_ﬁ( ) +1dQ(—»))

The spectral components d¥(v) under different » are orthogonal
[Y (), Y (v)*]- = 0, M[AF (), dY(")*] 4 = O

and under similar » are characterized by the following commutation and corre-

v,

lation measures: 7o ~ )
| e (32, 7V
dC\(v) = [dY (v),dY (v)*]_, dK,(v) = Eﬂff[d}’(v), ar (»)*],, - (3.2)
defining spectral expansions
Njz Nz
Cy(7) = _[ et g0 (v), K, (1) = j e gk (v)

—Nja —NJ2
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of 11:he commutation Cy( —+¢') = [y, y,]- and correlation Kt —t) =
= ;M (41> ¥4+ functions of the stationary (in a wide sense) boson sign_a.l 'y,.

Since all the matrices involved into (2.3) are assumed to be dependent
only on the difference between indices £, #/, its solution in the spectral represen-
tation boils down to the solution of independent algebraic equations with res-
pect to one unknown (for each ») that may be found graphically. Indeed
by introducing the derivatives ,

1 .
e(y) = r Y} [AK»), y(v) = dG,(v)|dK,(v), (3.3)

B() = dB()[dK, (),

where de(‘;-) is the spectral measure of matrix KyGEyy = || gyt — t;) s
and dB(v).is the spectral measure of the desired B — [l 6t —t) ||, obtain
B0)| .

o o] = 01011 + po (3.4)
with respect tr‘o'the new unknowns f(v), | v | g N/2. The solution ﬁs(vj of (3.4)
for each », § lies within 0 < f4(v) < | &(v) | and increases monotonically from
zero to | e(») | < 1 for 6 — 0. _
- The spectral density a’(») of the matrix 4° — || &’t — ) || defining the
optimal randomized linear estimation (1.1) is as below:

= 1+ B4(») AK 5 (v)[d K (v) E'm a(v) (3.5)

where dKy,(v) is the spectral measure of correlation matrix K= “l Mz, ],
2 »

The'ﬁ*equency characteristic of the optimal linear filter (without regard to the
realizability in the physical causal sense) is defined by (1.5). This formula
enables one also to write readily the spectral measures dC,(»), dK,(v) of the

“stationary self-noise 7(f) of the optimal measuring apparatus” having tem-
perature §:

dCy(») o) () 0y

.
(1 + Bo()

'd.K,][P) — cth 93()80("”5(”))

2(1 1 ﬁ,(lv‘))z () ao("}++d0y(1’) (3.6)

where ¢(-) is the inverse of the derivative §~ (x cth «). By substituting
o :

(3.5) into (1.16) and taking into consideration (3.4), obtain the optimal density
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of optimal filtration losses:

o) — B o L[ 2OV Be0) | (Balv) Bo?)| _ Bo(»)
Rﬂ(”’_R"”Jrz{lm(v) ”lﬂv}”“h“’[e(ﬂ} Qy}”’ ¢4

where Ry(v) is the spectral density of losses of the non-randomized classic
estimation Ay without allowance for the losses introduced by the indirect
measurement. In this formula (as, incidentally, in (3.5) and (3.8)), parameter
B(v) = Po(¥) may be regarded as independent because of the one-to-one mono-
tonic correspondence between ¢ and . For the ideal indirect measurement

-one should assume that § = | £(v) |, and the last term in (3.7) vanishes. In this
| case, losses (3.7) are greater than losses R (») for the “energy” of vacuum

fluctuationsgy(v)s(v)f (1 + (v)). The zero value of parameter B corresponds
to the strongly non-ideal Clpﬁiﬁl&ﬂ indirect measurement.

Example. Let us apply the results obtained to the case of stationary
signal filtration at the output of a wave transmission line with strong atte-
nuation and temperature 7. The wave i, received at the output of the line
(e.g. travelling wave of voltage) is represented by superposition x; + & of the
stationary classical signal x; and the boson equilibrium noise & having the
following [6] spectral commutation €;(vFIE(v)/dv and correlation k(v) =
= dK(v)dv densities:

o) = 2r0) o, Blp) = r(s) B oth -

where h is the Plank constant, & is the Boltzmann constant, and r(v) is the
wave resistance at frequency v. Taking into consideration that dK,,(v) =
= ke(v)dv, dK,(») = (kx(v) + ke(v))dv (kx(v) being the spectral intensity of a
process ;), obtain the following form of the frequency response (3.5) of the
optimal filter under the ideal indirect measurement:

a®(v) = kx(v)](kx(v) + 2r(v) hv(1 — e~™kT)-1),
The spectral density of filtration losses is as follows: .

R(») = % k() /(1 + _ks(v) (1 — e—tokT)| |

2r(v) hy

for weak signals ky(v) < 2r(v) bv at high frequencies hv = kT it differs signi-
fic_antly from the corresponding classical limit

Ros) = 5 B0)/ (1 + k) 210 KT).
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In the case where the spectral density k(v) of the useful signal becomes

e:p:;l to zero at | v | > ;N,‘2, N < co, the stationary estimation 20 — A% +
at the output of the optimal filter has the following spectral intensity

rfcx(vm/ (kym + %@(v)]

equal to zero at |v|> N/2. In this case, precise measurement of optimal values

realizing the ideal indirect measurement of observables u° = 4% may be |

don: a::ls discreet times tj=34 (4 < 1/N), and the optimal estimates may be
reestablished through the usual Kotelnikoy interpolation formula.

ou . Appendix
ptimal linear measurement of a pair of secondary commuting observables

Let y be a pair of conjugate obserﬁables » and ¢ whose commutation :

matrix is characterized only by one parameter k: Cy = & lo B %] = fio,
i 0 '

Decompose the arithmetic roots of iti '
_ positively defined 2x2 matrices
_1 - " Ly
VK; K,. @K, JK;1, VE;* B VK5 with respect to the Pauli matrices:

1 0 (01 —1
l=(0 IJ'G‘Z(l oJ’“”“[(') otJ'%:(l 0]'
Obtain ' o
VES Ky GE o VEGT = (x+ k2, VB BYE; = (« — a?

3 3
where »x + k = x1 + ko a+a=ual + = @0 (k3 = 0, @, = 0 because

i=1 i=1

the matrices of (A.1) are symmetrical). By multiplying the left part of (2.3)

by VE,(1 + K;1B), and the right one by (1 + Ky*B) VK37, and allowing |

for decompositions (A.1), we can write it as follows:

we [l 1
(1 +(= + a)?) g, ‘; o,y + a)zJ -8—;0'2(1 +(@ + a)?) = (x + k)2 (A.2)

Here formula 40,4" = det Ao, is used which leads to V&, 205 VK, = |
s

i
= Vdet K y Oy == S o Taking into consideration the matbrix

Ap(a,42%) = q;(f‘icrgA)A and the fact that for any symmetric matrix 4 and .
any odd function ¢ the equality ¢(4o,4) = p(det Ao,) = p(det 4)o, holds,

rewrite (A.2) as follows:

BB o T
e

" obtain:

A1) |

identity I
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where § = o —a? = Vdet_K ;1 B. By solving it with respect to « and a,

i pe =#V__'3_€_'
“=5 1| wE ™ = F=1) v =9

where parameter § is defined for each 6 through the condition o® — a® = 8,
thus leading to the following algebraic equation:

k2 1

1 B *?
b et} N — = 1 2)d — 288). Ad
‘ ?"{e] WA O—pr - app TS Ay
The following notation is introduced here:
d=2x*— I =)det K;'K,, GK,,,
1
S=x2+k = ETr_- Kt I@GKW. (A.5)

The obtained formulas (A.3) together with (A.4) having one unknown f define
‘the matrix By = |/K,(« + a)*|/K, and lead to the solution of (1.14) which in
the case under consideration may be represented as:

40— I%ﬂ; K, (K5 — d(K,x GK,)).

Thus, in the two-dimensional case, the matrix B, defining the optimal
linear estimation is defined by a single parameter determined through solution
of non-linear algebraic equation (A.4). Under S = d = 9, the right part of
the equation becomes simpler, and it takes the form of pg(f/e) = ey(1 + B)?
similar to that of (3.4) defining the optimal measurement of one-dimensional
complex amplitude of frequency ». Under S = d, the right-hand part of (A.4)
decreases monotonically within the interval 0 < § <Z 1 and has there a posi-

tive root:

(A.6)

c_i — Ve
pr=—8 V82— a?).

It will be recalled that the function ge(f/e) increasing monotonically
from —co to co is odd and has the domain of definition |ffe| <Z 1. Thus (A.4)
for each § > 0 has a single monotonically non-increasing solution f = g,

lying within the domain:
le| <B%

le| > B°
For 6 — oo, the lower bound (8. = 0) of the inequality is reached, and for
6 — 0, fy=min (| & |, 2 is reached.

|e| for

0 < By <min(|e], f°) = Iﬁ“ for
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- By substituting (A.6) into (1.16), write the risk of optimal estimation

for the case under consideration: i

L

1 1
B ST QR e (= il - f

= I (8 — pd) = R, +.1_ ﬁzfd pS)  (AT) |

where 1?0 is the estimation risk without allowance for measurement losses, z
Com;_)a.nson. of the equality (A.7) of the optimal estimation allowing randomized |
solutions with that of non-randomized estimation :

* B°
A ~R0+1_'382

(d— g°8) =JR_0—%(S—_VS“-— 3’]

hs_lsed on measurement of the optimal combination &{p + bY [3] shows that °
W;thjn. the domain | & | << £° the randomization with temperature § = 0 gives
essential advantage (see Fig. 1). For | & | > B° (essentially quantum domain) |
losses (A.7) become under ideal measurement e-independent and coincide with j
the non-randomized estimation losses. It means that at the point | & [ = po .
the randomized estimation based on the ideal measurement undergoes the
“‘phase transition of the second kind” and degenerates into the non-randomized

04 5=06
/// b=04
é b=02
0 T T T T T
Q oz 04 06 o} 10 €

Fig. 1. Dependence of optimal ideal indirect measurement losses e° = (R® — R,)/S on
& under various values of d/S = 4, Corresponding levels of e-independent losses o* —
= (R* — KR,)/8 of the optimal direct measurement are shown I;:y dashed lines
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| estimation. Indeed, (A.6) may be represented as
1— 1— ; ;
a0 iy (LB g ffv’;’z”’b ), a8

. where b,,b, are eigenvectors of matrix K,K,.Z#K, corresponding to its

eigenvalues 7;, y; and normalized with respect to weight K,: b, K, b, = 8.

Taking into consideration that 8 = min (¥, /ys, |/72/y1), obtain that matrix
(A.8) within the domain | e |>> f° under ideal measurement § = 0 degene-

rates and has the rank (49 = 1:
Ao — I(xy bﬂ bnT

where b° is that of vectors by,, by, which corresponds to the greater eigenvalue
p0 = max (y;, yy). Observables Ay = K, ,°%""y are linearly dependent on
the only observable "’y = b{p + b3g which may be measured without rando-
mization because a single observable may be measured directly.

For §=d, f, =1 and measurement randomization is advantegeous
along all the domain of the parameter e = %[2]/det K, <1 values. This takes
place if condition (2.6) is met and, specifically, in the stationary case allowing
complexification.
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OnrumManbHas nudeiiHas PaHIOMHU3UPOBAHHAS QUILTPALMS KBAHTOBBIX
: 0030HHBIX CHTHAJOB -

B. 1. BEJIABKHH
(Mocksa)

Jlunelinaa pangomusuposanHas (uUIBTPaUMs G030HHOIO JeHCTBHTENBHONO CHIHANA
¥ = {ypt €T} omucwiBaerca marpuueh || Ay || ¥ HesaBHCHMBIM OT Y GOSOHHEIM IIYMOM 7 =
= {ns $ € 8}, KoTopere onpegensioT JIHHEHHYI0 OLEHKY z = Ay - 7 OLEHHBaeMOro- CHrHaJa
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X = {X5, § € S}. TTOCKONBKY H3MEPSEMBIE 2 = {2, § € S} IOJHKHEL KOMMYTH];_C‘BB.T]:I [25 2] ="
c—unciopas MaTpuua Cp KOMMYTaTopoB [7s, 7s] paBHa marpune ACyA’ ¢ NPOTHBOIOJIOM
HbpIM 3HaKOM (Cy = [I[Yy, Yy ]Il — KOMMyTauHOHHAS MaTpHIla NPHHHMAEMOr0 CHrHaJa y). Onmi
MaJibHOe COCTOSIHHEe 0030HHOIT cCHCTeMBbl, ONHCHLIBAeMOH HaOJIOAEMBIMH 1), MHHHMHSHDY FOILIE
npyd  QUKCHPOBAHHOI SHTPONHH  CpeJHeKBajApaTHYHLIE TMOTePH KOCBEHHOTO H3MEpeHH

2= x)7G(z — x)), €cth rayccoso.

Brisopumoe ypaBHeHHe, Onpesessiollee ONTHManbHOoe A, OTIHYaeTcsl 0T YpPaBHEHH
AKy — Kyy = 0 B KJIaCCHYeCKOM (KOMMYTAaTHBHOM) CJlyyae HaJMuHeM HeJMHEHHOro uneHa:

ARy~ Ky 4= o (“21_ AcyATa) Ac, = 0 ¢

1 . ;
(Ky, K.y — MaTpHLbl KOPpeasTopos: Ky = 5l Otve + Ve Vo ll, Ky = IKxsY 1l @ yHkun

Ja(.) ectb mpousBoaHas ot fy(o) = acth(e/0) no o). Tapamerp 6 = 0 ecTb «Temieparypa) Lyn
7, H XapaKTepHayeT CTeNeHb PaHJOMM3alHH, T. €. CTelleHb HEeHJealbHOCTH KBAasHH3MEPeHH
HEKOMMYTHPYIOIHX Ay,

Pewenne AP ypasuenusi (1) yaoBnerBopsieT NpHHLHIY COOTBETCTBHA: AP — A, np
Cy — 0 (Aq = KK ectpb pemenne ypasnenns (1) B kiaccuyeckom ciyuae Cy, = 0), H MOKe

OLITh HalgeHo mpH 6 5= 0 MeTojoM mnocJlefoBaTesibHBIX Npubmmxenuii: Af = A, 0l A -

1
+gr At

B umeanbHoMm cayuae f = 0 onTHMAJILHOE KBasMH3MEpPEHHEe CTAHOBHTCS. KOrepeHTHBIN
H B CYLECTBEHHO KBAHTOBLIX 00J1aCTAX MOMKET BHIDOXAATECH B NPAMOE HEMEPEHHE. HOCJ'IEI.[H(
HE HMeeT mecTa, €ClIH

KO RO 0—1iC :

= - , Cy = :

Koy [0 } % (0 R) 4 [iC 0] (

(R,C — MOJOMHTENBHO ONpejelieHHEle MaTpuLibl). B 9TOM ciyuae cHruajibl x = {ig, Vg
y={py, ¢;} HONYCKAKT NPOCTOE KOMIIJIEKCHOE NPEJICTABIEHHE. a= V% (u -+ iv), b= i (p-+ig

M ONTHMANbHAsA KOMIUIEKCHASI OLEHKA ¢ = {¢.} OlLEHHBAEMOro KOMILIEKCHOro a = {a,
HMMEET BH[:

psciK (R+§CJ“J)+,&,

rae f = {fs} ecTb KOMIUIEKCHBIH IIYM, NMPONOPIHOHANLHEIH OmepaTopam poOXieHHs1 G030H!(
ONMTHMAaJILHOH BCMOMOTATeNbHOH . CHCTEMBI, HAXOASIEHCS] B KOTePEHTHOM COCTOSTHHH.

B wactHOCTH, (2) HMEET MEeCTO, eCJIH V; eCTh CTAlHOHAPHLIH ciyvaiiHeid G030HHBIH Np
Lece, CTalHoOHApHO KOPPeJIMPOBAHHEI ¢ X;. B upeanbHom ciyuae 6 = 0 onTUMasbHas CeK
palbHas XapaKTepHCTHKA JHHeiHoro gunbtpa ects A'(v) = Ay(»)/(1 + &(»)), roe 0 < e(v) <
a Ag(») ecTh onTHManbHas CIIEKTPaNibHAas XapaKTepHCTHKA B KJIACCHYECKOM ciydae &(v) =
Ecnu y; ectb npuHMMaemas Oeryiiasi BOJIHA HalpsDKEHHsI B JIMHHH Tlepejlaud ¢ 3aTyXaHHC
u temnepartypoit T, 1o e(v) = th(hv/2kT), rne h, k ecrs nocroannuie [1nanka v Bonbumana.
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