QUANTUM DIFFUSION, MEASUREMENT AND FILTERING

V P BELAVKIN

ABSTRACT. A brief presentation of the basic concepts in quantum probability
theory is given in comparison to the classical one. The notion of quantum
white noise, its explicit representation in Fock space, and necessary results of
noncommutative stochastic analysis and integration are outlined.

Algebraic differential equations that unify the quantum non Markovian dif-
fusion with continuous non demolition observation are derived. A stochastic
equation of quantum diffusion filtering generalising the classical Markov filter-
ing equation to the quantum flows over arbitrary *-algebra is obtained.

A Gaussian quantum diffusion with one dimensional continuous observation
is considered.The a posteriori quantum state difusion in this case is reduced
to a linear quantum stochastic filter equation of Kalman-Bucy type and to the
operator Riccati equation for quantum correlations. An example of continu-
ous nondemolition observation of the coordinate of a free quantum particle is
considered, describing a continuous collase to the stationary solution of the
linear quantum filtering problem found in the paper.

CONTENTS
1. Introduction 1
2. Quantum diffusion and nondemolition measurement 3
3. Quantum diffusion and filtering. 9
4. Linear quantum diffusion with observation 14
5. Markovian filtering of Gaussian quantum process 20
6. Appendix 26
References 29

1. INTRODUCTION

Beginning in the mid seventies, modern probability theory has, (along with tra-
ditional subjects, such as dynamical systems with random perturbations), been also
concerned with fundamentally new stochastic objects — quantum dynamic systems
with an inherently probabilistic nature. Mathematically, the concept of quantum
probability arises not because of the lack of information for a complete description
of the object, the instability of chaotic motion or the inaccuracy of measurement
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but is due to the noncommutativity of the algebra of random variables which are
represented by the operators in the Hilbert space. As quantum probability theory
is an intrinsically stochastic theory, it cannot be stated within the framework of the
Kolmogorov axioms [1], which assume the fundamentally deterministic description
of the classical systems under the given point states w € €. It is based on differ-
ent axioms[2], [3] namely, the Neumann axioms, whose greater generality can be
demostrated even in the case of a finite number of alternative elementary events
w=1,...,n.

Let us illustrate for this simple case how the classical probability space (2, F, P)
can be represented as a special case of the quantum space that is defined by the
triple (H, A, E). Here H is a (finite-dimensional) complex space of column-vectors
h =[], 5 € C with scalar product (g|h) = S2C pint = g*h for g = [¢'] € H
defined by the weights (probabilities) p; > 0, A is an associative, but not necessarily
commutative matrix algebra X = [£1] closed under the involution X +— X* defined
by the Hermitian conjugation

(X*glh) = (g|XR), (€] = [p; “Eipals

and with matrix I = [0%] as the identity I € A, and E[X] = (e|Xe) is a positive
normilized functional (E[X*X] > 0, E[I] = 1) of expectation of noncommuting
variables X defined by a fixed unit vector e € H, where |¢/|? := (ele) = 1.

Classical random variables  : © — C can also be described by the multi-
plication operators X = Z , (Zh)(w) = z(w)h(w) in the complex Hilbert space
H = L?(Q, F,P) of F —measurable P-square-integrable functions h : Q — C ,

MW=/WWW@@=WH<%

Their expectations E[Z] = [ 2(w)P(dw) are defined as (e|[Ze) by the unit function
e(w) = 1 which is normalized with respect to any probability measure P. Thus,
however, only commutative operator algebras A are obtained, whose elements are
given in the finite case of Q@ = {1,...,n} by all the diagonal matrices T = [£(¢)d}]
with the commutative product, corresponding to the pointwise multiplication of
the functions z(w) = £(i), where w = 1.

Conversely, any quantum probability space (H, A, E) can be reduced to the clas-
sical one (Q,F,P) only in the case of the commutativity of the algebra 4; in the
finite-dimensional case this is realised by simultaneous reduction of the commutting
matrices X € A to diagonal form [£(7)0%] . The probabilities p; of the elementary
events w = 7 in the diagonal representation are defined by the restriction p; = E[P}]
of the functional E[X] = 3" &(i)p; on projective matrices P; = [£; () o8, (1) = (53

In this article a quantum analog of diffusion and the problem of its continuous
measurement and stochastic filtering, that gives the solution of the Zeno paradox [4]
(as a result of establishing an a posteriori stationary state), are considered within
the framework of the noncommutative algebraic approach. A derivation of the
stochastic equation is given for a nonnormalized a posteriori quantum state, which
is obtained in [5] by renormalising the basic equation of nonlinear quantum filtering
[6]. The solution of the equation has been found for the case of linear quantum
diffusion of canonical commutation relations, obtained previously for the quantum
Gaussian case by means of linear Markov filtering methods in [7], [8].
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In presenting the second (basic) section, we deliberately avoided the questions
concerning the sufficient conditions for the dense definition of the unbounded infini-
tesimal generators that guarantee the uniqueness of solutions of quantum stochastic
and operator equations; this is beyond the scope of this article. We only point out
that in the first and second sections these questions are not relevant (see [9]) for
the Markovian case with complete pre-Hilbert domain D in the initial Hilbert space
H, corresponding to boundedness of the operators L and H in D = H. Moreover,
a solution exists for an unbounded algebra A of canonical commutation relations,
which is considered in the third section, in the framework of a quantum calculus of
kernels for the operators L, H € A in the initial Fock scale {F¢|{ > 1}[10] if their
inductive limit UF¢ is chosen as D. Besides, the explicitly solvable model of this
section with linear unbounded generators L and H, does not require the estimates
obtained in these scales.

For completeness the notation and explicite methods of quantum stochastic in-
tegration and the proof of their estimates in Fock scale [5] are briefly presented in
the Appendix . The comprehensive statement of the author’s general approach,
outlined above, and the estimates for the integrals can be found in [10], [11]. The
earlier results on quantum stochastic calculus in the framework of Hudson and
Parthasarathy approach [12], are reviewed in[13].

The approach presented generalizes the results for purely quantum diffusion in
[14] to the case of an arbitrary initial algebra A. This enables a unified description of
quantum and classical diffusion, their observation and filtering as special algebraic
cases. In the sections 3 and 4, a one-dimensional variant of an infinite-dimensional
quantum Gaussian filtering [14] is presented as well as an example of observation
of a coordinate of a free quantum Brownian particle; this was analysed earlier in
[16] by the method of solving the a posteriori Shrodinger equation [15].

2. QUANTUM DIFFUSION AND NONDEMOLITION MEASUREMENT

1.1. Basic Notation. Let H be a complex Hilbert space and D C H be a dense
subspace defined as an inductive limit (see appendix 1) of some scale {H¢|{ > 1}
in the space H. Let the initial algebra A of noncommutative random variables
describing a ‘quantum object’ at the initial moment ¢ = 0 be represented by an
involutive subalgebra A C B(D) of linear operators X : D — D, X* € A, having
(an inductively) continuous conjugate X* : D — D, (X*x|¢) = (x|Xv¢) with
respect to the scalar product in H, with an identity operator I € A.

Let us denote by H = H® F the tensor product H and the Fock space F = T'(K)
over the Hilbert space K = L?(R.) of a ‘quantum noise’ w;(g), g € K, and let the
pre-Hilbert space D be an inductive limit of the Hilbert scale He = He @ F¢, £ > 1,
where {F¢} is the natural Fock scale (see appendix 2) over K. We shall consider
the quantum noise as a set {w;(g)|lg € L*(Ry)} of Brownian motions ¢ — @ (g),
represented in F by self-adjoint operators

Bulg) = / (9(r) da + 5(r) da,) = a5 (g) + arlg"),

with a Gaussian state on the algebra generated by them, which is induced by the
vacuum function dg € F. Here {@,,a}|r € Ry} are canonical operators of creation
a’ and annihilation @, in F (see Appendix 3) called quantum stochastic integrators,
and g*(t) = g(¢) . Note that each operator function ¢t — w;(g) that has commutative
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values [Ws(g), W (g)] = 0 is equivalent to a classical Brownian motion with intensity
lg(t)|?, with respect to the vacuum vector e = §p. This follows from the formula
ei(9) — gia*(9) g5 ll9ll® gialg™)
and e*(F)§y = 6y for any f € K , due to which the quantum characteristic function
Ele wu(g)] 5®|€wu(g 59)

coincides with the clasical Gaussian characteristic function

/exp{z/ r)dw, YP( dw)—exp{—/ lg(r 2dr}

of the standard Wiener process w;. However, the different Brownian motions w;(f)
and w:(g) with f*g # ¢*f do not have any classical representation on a single
probability space (2, F,P) because of noncommutativity (see A3 in Appendix 3):

) ata) = [ (0 -a050))ar.

Definition 1. Let {A;t € Ry} be an increasing set of involutive subalgebras
Ar C A;, t < s of the operators X; € B(D) generated by operators X € A, @w;(g),
g € K, such that

X e A & [X,,Y]=0, VY € B(D) : [Xo,Y] =0= [Wi(g),Y],
where the operators Xo € Ag, Wi(g), g € L?(0,t] are assumed to act in H = H x F
as Xo ® 1 and T ® @(g). A measurable operator function F(t) : D — D is called

adapted if F(t) € A; for almost all t € R.
We shall consider here only quantum stochastic integrals of the form

(2.1) 1 (F,D) = /0 (F(r)dA, + D(r)dA}),

where A, = I®a,, AF = I®a’ and F, D are locally square-integrable (see Appendix
4) together with adjoint F*, D* adapted operator-functions Ry — A4;. Note that
on the exponential vectors, described by the product-functions k(1) = k® (7)1,
where ¢ € D and k € L?(R.), the itegrals (2.1) are weakly defined as the usual
operator integrals

(h| W(F, D) h) :/O <h| [F(r) k(r) + D(r) k(r)] h)dr.

This gives in particular, E[s§(F, D)] = 0 for E[X] = (e|Xe), where e(1) = dy(7) ¢
is the exponential vector, corresponding to k = 0. Such operator integrals on the
exponential domain were constructed by Hudson and Parthasarathy [12] for the
case of bounded F' (t),D(t) .

For the adapted integrals (2.1), the quantum Ito formula [10]-[12] can be ob-
tained as in the case of (A.5) (see Appendix 5), corresponding to X;(t) = 0 for
almost all ¢. This formula defines (see Appendix 5) the pointwise multiplication

X®)Y () :X(O)Y(O)+/O d(XY) (r)

of the adapted operator-functions

X(t):X(O)—s—/O dx (r), Y(t):Y(0)+/O dy (r)
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in terms of the product dX (¢) dY (¢t) = D(¢t)*F(t) dt of their stochastic differentials
dX = D*dA+ DdA*, dY = F*dA+ FdA*:

A(XY)= dXY + XdY +dXdY = D*Fdt+ (D*Y + XF*)dA
(2.2) +(DY + XF)dA*.

The classical Ito formula for the stochastic integrals

I(]f7 /fr(*)dwr

with respect to the standard Wiener process w = {w;|t € Ry} can be obtained from
(2.2) by the Segal one-to-one transformation w : w; +— Wy, Where w; = a+a;. The
latter represents the adapted operator integrals 1} f f fo r) d @, for the non-

anticipated functionals f(t) = f(t, @) of commuting selfadjoint operators @ = {w:}
with

~ t ~
17502 = / 17(r) 60 < o0

in the form of the Ito integrals wlih(f, f)] = IL(f,w), so that

467, 2y Soll* = IF 30l = [ 1507 "P ),

where P is the standard Wiener probability measure.

1.2. Quantum diffusion. Quantum stochastic evolution in the open system {A;}
is described by an adapted family {¢(¢)|t € R4} of x-representations c(t) : X +—
X (¢) of the initial algebra A C B(D) into B(D) , i.e. of linear maps A — A, with
the properties:

L, X X) = u(t, X)) u(t, X), Wt ])=1Ip:=1®]1.

It is called diffusion motion if the operator-valued functions ¢ — X (¢) have the
quantum stochastic differentials of the form

(2.3) AX(t) + C(t)dt = D*(t) dA, + D(t) dA;.

Here C(t) = ~(t,X) is an adapted operator-valued function, locally integrable
(p = 1) for every X € A defined by the linear maps v(t) : A — A;, t € Ry .
D*(t) = §"(t,X), D(t) = 6(t,X) are adapted operator-valued functions, locally
square-integrable for each X € A, defined by the linear maps §*(¢), §(¢) : A — A;.

Define the output process Y = {Y (¢)|t € R4}, which is subject to measurement
and described by a commutative family of (essentially) selfadjoint operators Y (¢) =
Y (¢t)* on D with the initial condition Y'(0) = 0 and stochastic differentials

(2.4) dY (t) = G(t)dt + F*(t) dA, + F(t) dA;.

Here G(t) = G(t)* € A; is essentially self-adjoint and locally-integrable (p = 1).
F(t) € A; is locally square-integrable together with its conjugate: F*(t) = F(¢)* ;
G(t) and F(t) are adapted operator-valued functions of t € R.

Unlike the classical case, not every involutive subalgebra B of A , but only
a central one B C AN A’ | defines the conditional expectations E[X|B] for any
state vector e € H as the positive projections A — B which are compatible with
E[X] = (e|Xe) such that E[E[X|B]] = E[X] for all X € A. Hence, not every
stochastic process described by the equation (2.4), can be considered as an output
process for quantum diffusion, defined by equation (2.3), but only that for which
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the posterior expectations of X (¢) with respect to the observation Y(s), s < ¢,
exist.

Definition 2. A process Y (¢) is called causal, or nondemolition with respect to
the process X (t) if

(2.5) [(X(1),Y(s)] =X@)Y(s) = Y(s) X(t)=0

forallt>s, se Ry.

The nondemolition condition together with the self-nondemolition of Y, i.e. with
the commutativity [Y'(¢),Y (s)] = 0, ¥t,s, is necessary and sufficient [11] for the
existence of the conditional expectations 7(t, X) = E[X(¢)|B;] for the operators
X (t) = o(t, X) , with respect to the *-algebras

B,={Y eBD)| [X,Y]=0, VXeBD):[X,Y(s)]=0,Vs<t}
generated by the family {Y(s)|s < t} and for every initial vector-function e € D,
llell = 1. If the process Y with Y (0) = 0 is nondemolition with respect to the
coefficients C, D*, D of the equation (2.3), then it is nondemolition with respect to

the solution X , corresponding to any initial X (0) € A . This and other sufficient
conditions of the next proposition obviously follow from the integral representation

t
X(t) = X — / (C(r)dr — D*(r)dA, — D(r)dAZ).
0
Proposition 1. The integrals X (¢) of (2.3) with X € A are *-representations
L(t) : X — X (¢) iff the linear maps
() : X — C(t), 0 (t) : X — D*(t), 6(t): X — D(2)
satisfy the following differential conditions

(i) (@, X*) =~ X)*, a(t, X*)=6"(t, X)*, VX eA,
(ii) y(t, X*X) = o(t, X)*y(t, X) + v(t, X)*e(t, X) — 6(t, X)*6(¢, X),
0t X*X) =o(t, X)*0(t, X) 4+ 0(t, X*) e(t, X) = 6" (t, X*X)*,
(iii) (¢, I) =0, o0(t,I)=0=10"(t,I), VteR;.
The process X (t) satisfies the condition (2.5) iff the stochastic derivations C(¢t),D*(t),D(t)
also satisfy the condition (2.5) as X (t) with respect to the nondemolition process
Y (¢) for all X € A, and the derivatives G, F*, F in (2.4) satisfy the differential

nondemolition conditions
[X(t,F ()] =0 = [F@#),X(1)], VteRy,
(2.6) D*(t)F(t) — F*(t) D(t) = [G(t),X(t)].

PROOF. The stochastic differentials dX(¢) = X (¢ + d¢) — X(¢) of the linear
s-maps ((t) : X — X (t) are defined by the linear x-maps ~(t), 6*(¢), §(t) by virtue
of linear independence of the fundamental differentials d¢, dA; and dA;. The
conditions (ii) are found by applying the Ito formula (2.2) to X (¢)* X (¢):

d(X()*X(t)) dX (#)*dX (t) + dX(£)* X (t) + X (t)*dX (¢)

= [0(t, X)*6(t, X) — v(t, X)*u(t, X) — o(t, X)*y(t, X)] dt
4+ daf (0(X) (X)) + o(X)*67(X), 0(X*) (X)) + o(X)*6(X)).
By equating the stochastic derivatives of this differential and

du(t, X*X) = day (6" (X*X), 6(X* X)) —4(X*X) dt,
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we obtain that §* and ¢ are the derivations of the algebra A, and —v has the
positive-definite dissipator

UX) ™ (X) + (X)) (X)) = y(X7X) = 6(X)"0(X).

The condition (iii) follows from d ¢(¢, ) = 0 because of the independence of v, 6%, ¢.
If Y(¢) is a nondemolition process for X (¢), then

[dX(t),Y(s)] = [X(t—i— dt),Y(s)] — [X(t),Y(s)] =0
with ¢ > s ; hence the nondemolition for C, D*, D:
[C(t),Y(s)] =0, [D*(t),Y(s)} =0, [D(t),Y(s)] =0, Vt>s,

follows by commutativity of Y (s) with the indepedent differentials d ¢, dA; and dA;.
Applying equation (2.2) to the differential of the commutator [X (¢), Y(¢)] = 0 we
obtain (taking into account the equality [dX (¢), Y (¢)] = 0):

d[X(t),Y ()] = [dX(t),dY(t)] + [dX(t),dY (t)] + [X(t),dY (¢)]
(D*(t) F(t) — F* (1) D(t) + [X (1), G(t)]) dt
+df ([X, F*], [X, F]) =0,

which yields the differential self-nondemolition conditions (2.6). Hence, all condi-
tions of the proposition are necessary.
1.3. The Markov case. The quantum diffusion (2.3) with coefficients

C(t) = (¢, C), D*(t) = «(t, D), D(t) = u(t, Dy),

corresponds to the Markov stochastic evolution (in strong sense). Here Cy, Dy, D; €
A are defined by the structural maps

v+ X Ch, 0y « X — Dy, 0¢ : X — Dy,

for which the conditions (i)—(iii) indicated above were obtained by Hudson and
Evans in [14]. The self-nondemolition conditions (2.6) give the restrictions for the
coefficients G and F*, F' in this case. We shall restrict ourselves to consideration of
the standard case F'(t) = Iy = F*(¢) of the indirect measurement

(2.7) Y(t) = /Ot Ut G dr + 1 ® @,

of the diffusion of a square-integrable initial process defined locally by G; € A over
the standard Wiener process w; represented in H by the operators I @ W, = A;+ A;.
It is not hard to prove [5] that Y (r) = V;(I®w,) V;*,Vt > r € R by the uniqueness
of the stochastic operator equation

1
AV, + S GO Vidt =iG(H) Vid@r,  Vo=1,

where
~ T s~ 1
G(t) = (t, Gy), up =3 (ay —ay) = 3
The above implies the local unitary equivalence of the processes A; + A} and Y (¢),
which is always the case for the locally norm-square-integrable operator-functions

Gy:H—-HI[9].
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Corollary 1. In the case under consideration the condition (2.6) completely defines
the structure of the inner derivation X — [X, G;] for 6; — 0;:
1

(2'8) 6t(X) 9 [X’ Gt] - at(X)’

where a; (X™*) = a:(X)*, VX € Ais a xderivation of the algebra A. The conditions
(i)—(iii) here also define the structure of the maps 7, : A — A in the form

WX) = G M)~ B(X),
(29 MX) = [GulGeX]] + Gia(X) + a(X) Gy~ ad(X),

where o?(X) = ar(as (X)), B; : A — A is some *-derivation
B (X X) = X*By(X) + B,(X7) X, VX eA
PRrROOF. By taking into account the differentiation property
(G, X" X] = X*[Gy, X] + [Gr, X7] X,

and similarly for a;(X*X) we obtain
1
MX*X) = Z[Gt,X*[Gt,X] + [Gt,X*]X]

+G (X (X) 4+ ap(X*) X) + (X ¥ (X) + (X *) X) Gy
— (X" (X) + 20 (X)* e (X) + 0f (X)*X)
1
= X'M(X)+ M(X)"X — 3 (X, Ge]"[X, GY]
+[X, Gt]*at(X) + Oét(X)*[X, Gt] — 2at(X)*ozt(X)
Hence 79 = %)\t possesses the property (ii) of the map ,:
Y(XTX) = X9 (X) + 77 (X)X — 60(X)"6:(X),

and the *-property 79(X*) = 79(X)* , as does ~, in (iii). From here the result that
B, =Y — 7, is a *derivation follows.
The maps +, are called generators for the Lindblad equation

dpg/dt + pg oy, = 0,
where poy(X) = pu(y(X)), which is an algebraic analog of the Kolmogorov equation.

This is satisfied by the operators X§ = uf(X), X € A of the conditional expectation
ph(X) = (89| X (¢) dg) , with respect to the vacuum function dy € F defined by

X5 = [u(t, X) k] (0), Vh=1v®d, eD.

The differential conditions obtained for Markov diffusion are necessary for the
existence of a unique solution X (¢) of equation (2.3) for all X(0) = X € A and so,
for the Lindblad equation. They are sufficient in the case [14] of constant oy, (3, and
G; and the boundedness of the algebra A (for instance, with D = H). Moreover,
as was proved in [10], the maps ¢(¢) : X — X(t) are representations of A in Ay,
satisfying the condition of nondemolition (2.5) for all X € A. This is also true
under significantly more general conditions of local p-integrability over the norm of
the operators G; : H — H (with p = 2) and the maps a; (p = 2) and 8, (p = 1)
from A C B(H) to A.
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In the case of inner derivations
. . 1
0(X) =ilSe X],  B(X) = i[Hi+ 7 ($iGi+GiS)), X,

(as is the case for the von-Neumann algebra A), a quantum Markov diffusion is
defined by structure maps of the type

5t(X):[XaLt]7 5:(X):[L:’X]a
1

(210) X)) = 5

(L:[Lt’X] + [XvL:]Lt)_Fi[Xth]a

where . .
LtziGt—"ZSta L::§Gt—ZSt, Ht:H;EAt

3. QUANTUM DIFFUSION AND FILTERING.

2.1. The a posteriori dynamics. The quantum diffusion (2.3) under nondemo-
lition measurement (2.4), is described by the classical random variables z;(w) =
(X (t))t(w) of the conditional expectations (X (t)): = E[X (¢)|B:] , for the operators
X(t) = u(t,X) , on the trajectories w € § of the process Y (t) , with respect to
initial vector-valued function ey = 1, ® dg, ¥y € D. As was established for the first
time in [5], [6], the random process z; :  — C , considered as a stochastic map
X(t) — x4(w), satisfies the Tto filtering equation for quantum diffusion

(3.1) d{ut, X)), + (v(t, X)), dt = (r(t, X) — (G(t)),u(t, X)),dY

with respect to the stochastic map (-); : X(t) — x,. In this equation Y () =
Y(t)— f(f <G(T)>rdr is an innovation martingale for the observed process (2.4), and
k(t) : A — B(D) is a linear x-map, which in the case of F(t) = Iy = F*(¢) is of the
particularly simple form:

(3.2) K(t, X) = % (G(H) X (8) + X (1) G(1)) — alt, X),

where a(t, X) is defined by the *-derivation 6(¢) + 6" (¢) = —2a(t). Equation (3.1),
derived in [5] by means of the martingale methods of quantum nonlinear filtering,
extends the basic equation (8.10), [18] of the optimal diffusion filtering to the case
of the noncommutative operator algebras A. By complete analogy with the clas-
sical case the quantum Ito formula was used with the innovation process and the
representation theorem [11], which requires the conditional expectations z;(w) to
exist. This requirement is met by the self-nondemolition condition (2.5) for all s < ¢
which is trivially sutisfied in the commutative case s > ¢.

In the quantum Markov case of the indirect measurement (2.7) the conditional
expectation z;(w) = m(X,w) of the operators X (t) can be found as in the classical
case by solving an autonomous stochastic equation for the a posteriori state 7;(X) =
(t(t, X))t. The latter is defined on the trajectories w as a linear stochastic positive
normalized map w(7+(X)) = z+(w) of the algebra A into C satisfying the condition

/xt(w)y(w) Pi(dw) = (e | X(t) Yeo), VX eA

In this equation, Y € B; is any bounded operator in the algebra of the observed B;,
y(w) = w(y) is the Segal transformation of the operator ¥ in F that corresponds to
the unitary-equivalent operator /@y = V;*Y'V;, and P}, is an induced (by the unitary
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transformation) probability measure on the trajectories wl[0,t) := {w..|r € [0,¢)} ,
restricted to the interval [0,¢) with respect to the initial vector-state

/ y(w) Ph(dw) = (Vi (o @ 60)) | (I ©7) Vi ® 69)-

2.2. The filtering equation. Let us sketch the essentials in the derivation
of a stochastic Markov quantum filtering equation, obtained for the general out-
put process in [9]. First, we shall prove that the vacuum conditional expectation
ph(X) = (dg|my(t, X) dg) of the product 74 (t, X) = u(t, X )ey(t), where

t
1
(33 o) = { [ a)av() - atPar .
0
satisfies the linear evolution equation

Tk 1 (X) + gy 0 74 (X) = py (G- X — eu (X)) g(2),

where p)(X) = X, and G-X = (GX + XG)/2. Let us asume the uniqueness
of this solution, which is always true for locally p-integrable bounded (over the
norm) maps Gy, a; (p = 2) and §;, (p = 1). We shall prove that p!(X) is the
mathematical expectation of the product ﬁtg(X) = u'(X)ét

(3.4)

g of the stochastic
operators p!(X,w) = w[i’(X)] (which satisfy a quantum filtering equationt) with

the exponentials

el (w) = exp /Ot [9(7“) dw, — %Q(T)Q} dr = w(é),

(which are defined with respect to the trajectories w : ¢t — w; of the standard
Wiener process wy, t € Ry). The above means that the output process Y (r),
restricted by any ¢ € R, , is absolutely continuous with respect to the standard
restricted process w' = {w,|r < t}. This follows from the unitary equivalence
Y(ir) = VY, VVr < tand Y, = I ® W,, YVt € Ry , representing the out-
put up to a time ¢ with respect to the initial vector-function eg = ¥y ® dg and
el, = Vjeo correspondingly. The probability density ph(w) = P§(dw)/P(dw) ,
for the measurement of the trajectory {w,|r < t} , of the process Y on the in-
terval [0,¢) , is defined with respect to the standard Wiener probability measure
P(dw) by the formula pf(w) = @i (I,w). Here ¢f(w) = ¢, o pt(w) is the stochas-
tic functional ¢ (X,w) = (Y|’ (X,w) ), which corresponds to the initial state
©o(X) = (| X1)y) on the algebra A. Finally, we deduce a nonlinear equation for
the a posteriori state m;(w) using the ordinary Ito formula and the normalization
of the stochastic functional ¢f(w).

Theorem 1. Let the equation (3.4)has the unique solution X = pi(X), cor-

responding to the initial condition ,uS(X) = X for each X € A and g € K
Then it coincides with the vacuum expectation X = (dg|my(t, X)dy), where
me(t, X) = 1(t, X)ey(t) and is defined by the Wiener average

(3.5) / X' (w) exp { / g(r) dw, — ;g(r)2dr} P(dw)

over the continuous tmjectomes w € Q. Here X'(w) = w[fi'] is the Segal transfor-
mation of the solution Xt = 1 (X) to the operator filtering equation

(3.6) AR (X) + i o3 (X) dt = B'(Gy - X — au(X)) d B
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with initial condition [i°(X) = X. In this case the linear stochastic equation
(8.6) also has a unique solution in the Ito sense, which defines almost everywhere
(ph(w) # 0) for each v, € H the a posteriori state

L (X )0
ﬂ—t(Xa )* pg(w)

where the probability density ph(w) = (Yo |It(w) 1) is given by the positive operator
I'(w) = pt(I,w), satisfying the martingale property

)

/It(w)P(dw|w7") =I"(w),¥r <t.

PRrROOF. First we find a quantum stochastic equation for X, () = 74(t, X) using
the Ito formula

dey(t) = g(t) eq(t) dY (2), eq(0) =1,
where
dY (t) = G(t)dt + F(t)"dA; + dAJF(t).
We obtain according to (2.2)
d(X(t)eg(t)) = dX(t)d ey(t) +dX(t)eg(t) + X (1) d ey(?)
= (gD'F—C+gXG)(t)ey(t)dt
+d1§(D* + X F*gD + X Fg) ey(t)

= (t, (GeX + X Gy) @ — oy (X) g(t) — 'yt(X)) dt

+7g (2,07 (X) + g(t) X) dA; + 7y (¢, 6:(X) + g(t) X) dA7,
where the explicit form (2.8) has been used for
D*=6"(X), D=6§X), C=~(X), GX+D=GX-aX)

with F = I, = F*.

Taking into account the martingale property of the quantum stochastic integral
(2.1) with respect to the vacuum-vector dg € F, we find the equation (3.4) for the
operator

pg(X) 2 4 — g (X) 0 = [y (¢, X)) (0)
in H is implied by the action of m,(t, X) = X (t) e4(t) on h = 9 ® dy:
dpg(X) = pg (G X — ap(X) g(t) = 7(X))dt, VX €A,

where v, : A — A is defined in the form (2.10).
Now, if X*(w) = p!(X,w) satisfies the stochastic equation

dX"(w) + C*(w)dt = D*(w) d wy, X%w) = X,

(
(

we can derive a differential for

t
- N R R N 1
/LZ(X):,ut(X)eg, eé:exp{/ (g(r)dwT— 29(r)2dr)},
0
by means of the Ito formula of classical stochastic calculus.

dX'(w) + CH(w)dt = D'(w)d @,  X°(w) = X.
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Using d &}, = g(t)é!,d w; we have
d(X'el) = dX'dé +dX'e + X'deé!
= (g(t)D* - Ct)etdt+ (D + Rtg(t)) e d iy,
what can be written in the form of the stochastic equation

dXy (W) + (Cg (w) = Dy (w) g (1))dt = (D} (w) + X (w) g (t))dwy

for X! (w) = w ()?té“_f]). Hence, the mathematical expectation (3.5) of X/ (w) =

X*(w)e} (w) with respect to the Gaussian measure P of the standard Wiener process
w satisfies the equation

dpl(X) = (Dig(t) — Cy) dt, ,uS(X):X.

Comparison of this equation with equation (3.4) gives the coefficients

ct :/C’t(w) ¢ (@) Pdw), D! :/Dt(w) ¢! (w) P(dw)
in the form:
Cy=1y(1(X)), Dy = (G X — a(X)).
Consequently C'(w) = w(C"), D'(w) = w(D') are the coefficients
Ct=7'(v(X)), D'=7p"(Gr X - (X)),

that define an equation for X*(w) = p!(X,w) in the form of (3.6). The solution
I'(w) = p'(I,w) to this equation for the initial condition X = I defines a positive
operator-valued diffusive process I'*(w) = w(fi’ (I)) which satisfies to the martingale
equation dI* (w) = G (w) dw; with the initial condition I° (w) = I , where G* (w) =
p' (G,w) and the properties ay (I) = 0 = v, (I) are substituted into (3.6). Thus
the Theorem 1 is proved.

2.3. The classical case. The remark that follows provides an explanation why
equation (3.6) is a noncommutative analog of the Zakai filtering equation.
Remark 1. Let A be a commutative algebra equivalent to the space C*°(RY) of
infinitely-differentiable functions z : R* — C with the pointwise product, and the
involution x*(z) = Z(z). Then equation (3.6) is an operator representation of the
Zakai equation

1
(3.7) dpiz, + 5 Aoy dt = (g0 + Vi) pydwy, i, = 0z,

for the nonnormalized a posteriori distribution ! (dz,w) of the Markov diffusion
process z(t) described by the stochastic equation

(3.8) dz + ¢1(2) dt = ag(z) duy, z(0) = zo,
with the indirect measurement

dy(t) = g:(2(t))d t + dwy
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defined by the standard Wiener process w; = —v;. Here
d
- [ Y d @i,
k=1

d
[aamtaz) = 2 [ 3 di2)aitni)
k=1

/:E(Z) Vip(dz)

d
[ 3 e w2 ),

k,i=1

with z), = Oz, 2}, = 0pOyz. The integral [ pul (dz,w) = pl (w) defines the proba-
bility density of the output process y(r,w) on the interval 0 < r < t with respect to
the Wiener distribution P(dw) with given initial state zo € R, §,,(dz) = 1 with
zp € dz, §,,(dz) =0, and 2 ¢ dz.

Indeed, in the case of the commutative algebra A ~ C*®(R?) , G; is the multi-
plication operator by the given function g;(z) of the state z € R of the Markov
process z(t) . This process has the generator v,(X)(z) = [['+z](z), defined by the
diffusion operator I'; on the measurable functions z : z — x(2), z € C*°(R?). The
indirect measurement of g;(z) is given by the output process

y(t)z/o gr(z(r))dr + wy.

Since [Gy, X] =0, VX € A, §; = —ay is a real derivation

0u(X) (2) = () 9a(z) = af (2) (), D=,

and v, = G- oy — By — 202, where G-y (X)(2) = gi(2)ou (X)(2), the operation

1 1
(3.9) Iy = (atg —by) 0 — 3 (a:0)? = cFoy — 3 aFaloyo

is a standard generator of the diffusion process z(t), with ¢f = al(g,6F — 30af) —bf.
Note that the noise v; = —w; in the classical system appeared essentially the
same as in the observation channel because it was represented in the Fock space of
the Wiener process w;. In order to represent a classical stochastic system in the
same way with the noise vy # 0 which is independent of wy, it is necessary to start
from the Fock space F = I'(K) over K = C™ @ L?(R,) with multiplicity m > 2,
as is the case in [14].
2.4. The a posteriori equation. In the general case the filtering equation (3.6)
defines the nonnormalized a posteriori state @6 = g0 ﬁ(t), which is the vector-state

|t

P (X) = (Yo X1hbg) for all o, (X) = (¥o| X 1by) in the case of inner derivations (2.10).
The normalized a posteriori state 7,(X) = @b (X)/@h(I) satisfies the (nonlinear) a
posteriori equation

(310) d%t(X) =+ %t e} ’)/t(X) dt = %t (Ht(X) — %t(Gt) X) d"[Et,
with initial condition 7o (X) = ¢y(X) , where
/@t(X) = GtX — O (X) ,d’L’Et = dwt — %t(Gt) dt.

The nonlinear stochastic equation (3.10) is the Markov case of the general a pos-
teriori diffusive equation (3.1) with innovating martingale dY represented by dw.
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It can be deduced from the linear one (3.6) for the nonnormalized state @,(X) =
©o(7ib (X)) by applying the classical Ito formula to the product @,(X) = ph7(X)
and noting that the positive martingale o, = $(I) has the stochastic differential
dpb = 34(Gy)d ;. Indeed,

d@G(X) = podT(X) + doRe(X) + Pod 7o (X)
= P0(G) 7o R(X)dt+ (Bo(Go) T(X) + pomtr 0 ’e(X)) d @y
—Po(Te 0 7 (X) + T 0 Re(X) Te(Gy)) dt
= @O(Gt' —at(X))dﬂ)\t —@éoyt(X)dt,

where K¢ (X) = (X)) — T¢(Gy)X. Note that in the deduction of the equation the
following relation was used:

ﬁgﬁt 0 kit (X) Tt (Gy) = Tp 0 K (X) @6(Gt)~
4. LINEAR QUANTUM DIFFUSION WITH OBSERVATION

Let = be a symplectic f-space, i.e. a complex space with the involution

neSoqgt,  ptog (Zmz) =" xmh vaec,

and skew-symmetric bilinear f-form: s: = x = — C,

s(n.n') =—=s(nh,n),  snh.n)* = s(n,n).

We denote by ReZ the real space of the f-invariant vectors
n =n! € Z, and assume that Re Z is a Hilbert space with respect to the scalar
product (£,m) = (n, &), satisfying the inequality

En* — (&n)* > (5 n?,  V&neReE,

where £ = (£,£), 1* = <77 n)-
A linear map R = (D), satisfying the f-property R(n)* = R(n') defines an
operator representatlon of the canonical commutation relations if

1
(4.1) [R(m), R(n*)] = R(n) R(n*) = ROP)R(n) = = s(n,7) 1.
on a complex pre-Hilbert space D. It is called Gaussian with respect to a normalised
vector ¥g € D, [[9g]* = (¥olthg) = 1 if
(4.2) (o | R qpg) = eMO-E2 = go(¢), €€ ReE.

Here  99(n) = (n,9) is the linear continuous f—functional
Jo(n)* = Jo(n*) of the mathematical expectation (vo|R(n)y) = Jo(n), that is
defined by some ¥y € Re Z by means of the complexified bilinear form

(€ +1in,Jo) = (& Yo) +i(n, Vo)
on Z. The product (£,n) corresponds to the symmetric covariance
Re (R(g) ¢0 | R(U) ) ’190(5) ( ) <£a >7 Vfﬂ? € Re E

The exponents ef*(#) = X = e are defined as unitary operators, which form
the Weyl family {X(£)|€ € Re E},

X X(n) =e*EDNX(E+n), VEnEReE,
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with the self-adjoint generators

. d
R(f)w = —Za

Such a representation can be realised in the Fock space H = F over the completion
K of the (quotient) space Z with respect to the (semi) positive definite scalar
product

X(A\)¥reo, EEReZ.

7

& ln) = n¢)+ 58(7776”), Ve € B

Indeed, the space F can be defined as the comletion of the (quotient) span D of
the exponential vectors {n® | n € Z} with respect to the scalar product

oo

(€ 172) =3 (€1 n)" = explé | m).

n=0

Let A* : E — B(D) be a linear map, defining the creation operators in D by the
adjoints A*(n) = A(n*)* to the annihilation operators

A€) :n® = (§]mn®,  VEEReE.
From the canonical commutation relations
[A("), A*()] =(n Im) I >0, VneE,
one can obtain the relations (4.1) for the linear combinations
R(n) =do(n) I +2RA(n),  2RA(n) = A"(n) + A(n).

This defines the Gaussian representation & —R({) with respect to the vacuum
vector ¥, = 0% in F, so that A(n)y, = 0, V. The Weyl operators X (&) are
defined in F as

(4.3) X(€) = 0p(€) e 19400 yecRe E.

We obtain the representation (4.2): 00(&) = (o] X (£) ) if we take into account
the fact that e, = 1h,.

Let us denote by j : n — jn(= n) a canonical bounded map from the Hilbert
space = with respect to the norm

Il = (", n)"? =/ (Ren)2 + (Im n)2,  Im n* = Re in,

into the pre-Hilbert space = with respect to the (semi) norm ||n| = (1 | 7)'/2,
1
Ill* = m) =nl*+ 55 (,0%) = nl* + s (Ren, Imp)

< In*+ |s(Ren,Imn)| < |n|* + 2| Ren||Imny| < 2[n|>.

Then we can write (£|n) = (€%, gn), where g = 1 — 1s, so that gn is the complex
bounded functional 9(¢) = (¢|n) = (£, gn) on ReZ which together with ¥%(¢) =
(€, gn)* = (n|¢) defines the Hermitian functional

2Red =V + 9* = 2Ren 4+ sImmn,

where s : ReZ — ReE is a skew-symmetric operator (£,sn) = s(n, ), |sn| < 2|n].
Let us consider a quantum diffusion for the operators R(t,n) = n(t, R(n)) with
continuous indirect sequential observation of the operators

Gy= L+ L; = R(¢, + Ch).
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Here L; = R((,), L} = R(Cg) are defined by the weak locally square-integrable
families {¢,}, {¢}} of the elements (,, ¢! € E, t € Ry so that

t
/ e (9%, 9)dr < 00,V0 € E,t € Ry,
0

where

(44) e, 9) = 0F(¢,) 9(¢E) = (¥, ¢,)
Taking into account the fact that any derivation of the Weyl algebra A is internal,
we consider only the structural maps (2.10) , given by the operators Ly, L} and by
a Hamiltonian H; in the initial Fock space H = F . Moreover, we shall assume that

the Hamiltonian is obtained by the normal ordering H; =: h;(R) : of a quadratic
form hi(R) of the operators A + A* such that

}2

(0, | Hyb,) = vi(9) + %wt(ﬁ,ﬁ), 9 = 9o + 2 Re(gn).

In this equation ¢, = exp{—3(n|n) + A*(n)} ¢, are the normalised exponential
vectors )

= e 20 P = (0 |,) =1, Vn €S,
generating H = I as the completion of the linear envelope {1, }. {v:|t € R, } is a
locally integrable family of the linear f—forms v; : = — C, and {w¢|t € R, } is a
locally integrable family of real symmetric forms

w(9%,9) = wi(Red, Re ) + wy (Im 9, Tm ) = wy (9, 9%).
‘We shall consider the forms v;,w; to be continuous, so that
’Ut('l9) = <'Ut,'l9>, wt('ﬂ/,ﬁ) = 19,(0.7,5'(9) = <19',wt19>, Vﬁ,ﬁ/ € E.,

where v; € ReZ and w; is a symmetric operator which is bounded with respect to
the norm in =.

Proposition 2 Under the assumptions made above about the linearity of L;, L
in {R(n)} and quadraticity of H, the equation (2.3) for X (¢) = R(¢,n), n € Z with
D = [X,L], D* = [L*, X] and C defined by the generator (2.10), is linear and
autonomous with respect to the family {R(n)|n € Z},

(4.5) dR(t,n) + R(t,iksn) dt = dovy(n) + Tve(sn) dt,

where k; is a complex bounded operator in = and

dvi(n) = s(n,Im ¢;) dw; + s (n,2Re (;) duy = %d’@t (s(¢im)),

where u; = SA;.
Indeed, for the operators H; with the quadratic Wick symbols h;(9) = v (9) +
1wy (9, V) the following commutation relations hold:

i[Hy, R(n)] = vi(sn) I+ R(wisn), Vi €E.
In addition, the equations (4.1) also give
i[RO). L) = s(n.¢) 1, d[Li, R(n)] = s(¢Em)
for Ly = R(¢,), Lf = R(¢Y). By substituting this into (2.10) we obtain C; =
R(irsn) — ve(sn) I, where

1 .
ntzi'ytJrzwt, ’ytzstfsg.
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Heree; is an operator in =, that defines the positive form (3.4)
e (05, 0) = (0%, ,0), (9%, €M), =& (0,0%), VOeZ.
In the right-hand side of the equation (2.3) we obtain the quantum noise
DidA; + DA} = [R(C)), R(m)] dA; + [R(n), R(¢)] dA;
(4.6) = i(s(n,¢;) dAs — s(n, ;) dA7) = dBi(n).

The following theorem establishes the existence and uniqueness of the solution
of equation (4.5) together with the integral of the locally square-integrable real
function g(t) with respect to the stochastic differentials

(4.7) dY (t) = R(t, ¢, + ¢} dt + AW,

where W, = A; + A} is the Fock representation of the Wiener process — an error
of measurement L; + L} in Fock space F = I'(K).

Theorem 2. Let the equations (4.5), (4.6) for the linear diffusion be defined by
the functions vy, wy and ¢ , which are locally integrable with respect to the norm in
=, such that

t t
|Ut|§1) :/ [ur| dr < o0, |n\§1) =/ |kr|dr < oo, Vi,
0 0

where |vi| = /U2, |k¢| = sup{r: (¢, 9)||¥'], |9 < 1} , and
1/2

t
¢+ P = (/ (2ReCr)2dr> <0, VteR,.
0

Then they have a unique solution defined in the Hilbert space F ® F as

¢ t
@8) R+ [ o)aVe) = [ s drt R) 455
0 0
by the quantum stochastic integral +&(f*, f) = a(f) + a*(f) with
t t
= [, m) dA,, “(f,) = ) dA?.
o) = [ 1) ()= [ 1)
Here n(t) = QSE)‘Q) (t,n) =09, 0, = &9 (t,m), 7 € [0,¢] is the solution of the backward

conjugate equation

(4.9) —i, +ikpsn, = g(r) (¢, + 1),

with the boundary condition n, =n. The complex functions f, fi' of r € Ry and
1 € Z equal zero at r >t and are defined for r <t by the real function g(r) as

Fr(rom) = g(r) +is (69 (t,m), ) = f(r.nP).

PRrOOF First, we write the weak solution of the equation (4.9) in the standard
Duhamel form

m = b(t)7+ / 9(5) ,(5) (¢, + ¢F) ds,

where ¢, (t)n = ¢V (¢, 1) is the solution of the equation (4.9) with zero right-hand
side ¢ = 0. The resolving operator ¢, (t) exists as the chronologically ordered
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exponential

qbr(t):i // Htls""@tnSdh'“dtn-

n=0, <t < <t,<t
This comes from the estimate of the norm

6, ()] = S@{!tbr(t)ﬂ: In| < 1}

IA

oo
S s // 5ty |-+ e, |ty - -t
n=0

0<t1 <+ <tp<t

¢
exp { / |2, | dr},
0

which is finite as |s| < 2. Hence, the linear form (7,.,9) is uniquely defined on = > ¢
for every r € [0,t) as a bounded functional with the estimate

IA

9| < |<¢T<t>,z9>\+/ 19(5)] (,(5) 2Re (. 9)| ds

t 1/2
2
< lnller o] +laPic+ ([ et oas)
< (Il +191®1¢ + AIPVE=T) 9] exp {2]m]{" ).

Now we can integrate the left-hand side of the equation (4.8) by parts, taking
into account (4.6) and (4.9):

R(t,n) + /0 g(r) (R(r,2Re(,) dr + 2RdA,)
= R(t,n) + /0 (2R{g(r)dA,} — R (r,n, — ik,sn,)dr)
= ROm)+ [ (R{o0) A4} + AR (n,) + Rirvin, sn,)dr)

= R( gg)(t,n))—&-/o (2R{g(r) +is (n,.,(ﬁ)dA,,}—l—v,.(sn,.)dr).

Here dR(r,,) is the quantum stochastic differential dR(r,n)[,=, , satisfying the
equation (4.5) for ¢ = r. This proves Theorem 2.
Remark 2 The solution R(t¢,7) of the equation (4.5) given by the integral (4.8)
for g = 0 preserves the commutation relations (4.1) and satisfies the nondemolition
principle

[B(t,n),Y,()] =0,  VneZ, geL*(Ry),

with respect to the commutative (self-nondemolition) processes
t
0= [ sndve), g P®Ry).
0
Indeed, by using the quantum Ito formula we can obtain

[dR(t,n),dR(t,n%)] [ (n), dvy(n*)] = v,(sm, sn*) dt,
[dR(t,n),dYy(t)] = [d0:(n), ddeg(t)] = is(n. ¢ + ¢*) g(t) dt.
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Hence, if [R(t,n), R(t,n*)] = (1/i)s (n,n*) I, then

[dR(t,n), R(t,n")] = &](sn,sn")dt,
[R(t,n),dR(t,n")] = —re(sn,sn’)dt
and
d[R(t,n), R(t,n")] = K] — ke +,) (sn,sn*)dt =0,
d[R(t,n),Y,(t)] = [dR(t,n), Ye(t)] + [R(t,n), dYy(t)] + [dR(t,n), V()]

= { [RGB G G st G+ € T gl de =0

if [R(t,n), Y4(t)] = 0 and, consequently, [dR(t,n), Y,(t)] = 0.
Example. Let us consider the simplest nontrivial case of the space & = C? of
column vectors 1 = [ Z” }, N1, € C with the involution 7 — n' (a complex
q
772 ]) and nondegenerate symplectic form
q

conjugation nf = {
s ') = 2(n,m; — ngmy).-

This corresponds to the canonical commutation relations [P, Q] = (2/)I for the

operators momentum P and coordinate () for the one-dimensional quantum parti-

cle. They are defined in the Fock space over K = C as (4.1) for R(n) = n,P +n,Q

due to the degeneracy of the semi positive definite scalar product

(5 ‘ 77) = npgp + anq + 5 s(n,fu) = (Ep + qu) (np - an)'
This Fock representation in F= T'(C) is associated with the Gaussian state (4.2)
(which corresponds to the standard scalar product (€%, n) = §,8, + 6.6, ) and is
equivalent to the Shrodinger representation in H = L?(R). In this representation

Qo =z and Py = and

zdz’

bo(@) = W exp{ - i(x*tz)2 + %qw},

where ¢ = (¥|Q1g) = U4 and p = (1| Pyg) =V
Suppose that this particle exhibits free quantum Brownian motion, i.e. H =
(1/(2m))P? is its Hamiltonian, where m > 0 is the mass of the particle, so that

~ R 1 t
P(t) = Pal+d, Q(t)=Q®1+E/P(T)dr
0

b = iVAA - A) =T®2VA34

is a realisation in the Fock space F ® F, where F = I'(L?(R™)), of the Wiener
process with intensity 2\ with respect to the vacuum-vector §y € F. This corre-
sponds to the quantum stochastic equation (4.5) with the parameters v; = 0,

wt:(l/gm 8)> St:<(2) _02)7 QZ?(?)ZC?

In this case the equation (4.6) describes an indirect observation of the coordinate
of the particle, realised by measuring the increment of the commutative process

t):/ot VAQ(r)dr+ W,  Y(0)=0,
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with precision A > 0, where W, = A; + A} is the standard stochastic error of the
measurement represented by another realisation in F®F of the standard Wiener
process with respect to dy. Note, that by the noncommutativity

[0(s), w(r)] = 2ivV X min{s,r} I ® 1

it is impossible to represent these quantum processes together as Wiener classical
processes on the same probability space, although each of them separately allows
such a representation. In addition, the nondemolition condition of the pair (P, Q)
with respect to the observation Y can be verified directly by calculating the com-
mutators

[P(t),Y(s)] =0, [Q(t),Y(s)] =0, Vs <t.
(One can check, that for s > ¢ the above do not commute)
5. MARKOVIAN FILTERING OF GAUSSIAN QUANTUM PROCESS

The solution (4.8), obtained for the linear quantum diffusion equation (4.5) with
continuous observation (4.6), enables us to find the Weyl operators (4.3) in the
Heisenberg picture X (¢,&) = ¢(t, X (£)). To this end let us represent the product

x0.0=ew | [ (s)ave - gomiar) f xe.o

as the exponent of the operator (4.8):

X9 = e {R(io+ / (91 av () - gtr2ar ) |
= ] [ (stuol @) - o) ar

£ OREP@) 600} e
Taking into account that

exp {1(f*, )} = ellt*/2e0" ) galhD)

we can obtain

X, (t,€) = ela(©ea” (il 15))X( o9, 25)) al(fu(€))

where fy(r,i€) = g(r) —is(n,,¢,), fi(r,i€) = g(r) +is(n,,(}) for n, = i¢. The
integral over the trajectories of the equation (4.9)

‘ft|2(i£) - 91:2

t
15(6) =/0 s(vr, @9 (t,0€)) dr + : ,

where . ,
st = [ orrar\RPGE = [ i) fig) ar
0 0
can be written using (4.4) in the following form
t
1
(5.1) 1O = [ {s(or+ tcigrm,) + 5 entsnsm,)
0

Given that e*/")§y = 0 we deduce the following result.
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Proposition 3 The mathematical expectation (¢ ®dg|X,(t, &) ¥ ®dy) with respect
to the state vector h = ¥ ® §p for arbitrary ¥ € F can be written in the form
<¢|X§ (&) ¢), where the expectation XZ (&) of the operator X,(¢,§) with respect to
the vacuum vector dy € F has the form

(5.2) xo(©) = exp {14(€) + R(of (1,19)) }.

The function ¢t — XZ (&) satisfies the operator equation
cd oy i t
Z&Xg(f) + {S(Uuﬁ)+§5t(sﬁvs§)}X9(f)

. 1
(5-3) = {(ksg,0) + 2Im{C,g(1),10 + 5 88) } x4 (€),
in the partial (functional) derivatives of the first order

(€, 0)X () = (1/2)(X(R(C) + R(C)X(£))-

Indeed, it is not difficult to find, by means of direct substitution, that the char-
acteristic operator-function (5.2) satisfies the equation (5.3). However, this can be
skipped, as far as this equation with the commutation relation

[R(0), X(&)] = s(¢,€) X(€),  V(EEE,

is concerned, it can be written in the form of the equation (3.4), that was derived
before for the vacuum expectation u!(X) of any operator of the form X,(t) =

eg(H) X (1):

€ 15(€) 1y (74 (X(€)) ) = 9(0) 1 (X(€) R(G) + R(CH X(©),
where
14(X) =i X vi(R) + 5 (R R)] + 5 (RIGIR(C), X] + X, RCIR(E,))

In particular, for g = 0 this equation defines the Markovian map pf, : A — A for
the quantum diffusion R(¢,n); this map also has the characteristic operator-valued
function x§ (&) = b (X (€)) in the form (5.2) which is defined by the integral If(€)

and ¢*)(t,i€) = i, (£)¢.

An a posteriori linear quantum diffusion under the continuous measurement of
the process (4.6) is described by the a posteriori characteristic operator-valued
function X*(&) = A’ (X (€)). Its Wick symbol is the operator-valued function (5.2)
defining the characteristic function

0, =(We X @We o) ep{-IfI’}, ¢eH,

of g(t) = 2Re f(t) on the exponential normalised vectors f® exp{— 1 ||f||*}. Con-
sequently, the stochastic operator-function Y’ (£), is obtained (using a factorial sub-
stitution in (5.2), with the standard Wiener process w; replacing fg g(r)dr ) along

with the solution 7, = ar(t, i€) of the backward linear stochastic equation
(5.4) —d 7, +ik,si, dr = (¢, +¢E)dd,, T, =€

Substituting 7, = ¢'9)(t,i€), defines the solution of the filtering equation for the
case of linear diffusion and X = X(¢).
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In order to find the operator X' (&) in the form of a stochastic function x*(&,w) =
w(X'(€)) (of the trajectories w; of the observable process (4.6)), let us solve the

equation (3.6) for the initial Gaussian state (4.2) with an arbitrary 9(n) = (n,9)
instead of ¥o(n). In that way we shall find the Wick symbol

09,6 = (1, 1€ 0,), 9 =1o+2Re(gn),

where ¢, = n® exp{—3 ||7/|*}. This symbol defines X' (€) with the normal ordered

substitution of R(n) = Jo(n) I + 2RA(n) into 5t(19,§) instead of ¥(n). It can be
obtained by solving the linear stochastic differential equation in partial (functional)
derivatives of the first order

B'(€) + {s(wi€) + 5 eulst s} 0'(€)dr
(5.5) = ((Kes€,0) dt + 2Tm (¢, @y, 0 + % s€)) 9 (o),

representing the filtering equation in terms of the nonnormalised a posteriori char-

acteristic functional § (&) = p(X'(€)) , for the initial Gaussian characteristic func-
tional

P(X(©) = exp {9(i6) — 5 €} = 0(6).

Theorem 3. The solution to the filtering equation (5.5) with the Gaussian @0(5) =

0(¢) defines the stochastici characteristic functional 6" (w) = w(at) in the form

~t

(5:6) 0'(€) = ' exp {71069) - i 0}

~t
In this equation ﬁt =0 (0) is the Gaussian probability density of the output process
(4.6) with respect to Wy :

t ~ 1 ~
ﬁt = exp {/ (ﬁr (2 Re CT) dw, — = 9,.(2Re gr)2d7’> },
0 2

De(n) = (7],@0 is a linear stochastic functional of the a posteriori mathematical
expectation of the operators R(t,n) satisfying the quantum linear filtering equation

(5.7) A9y (n) + Dy (iresn) dt = 2 Re(n, keCF) diy + vy (sn) dt

with the initial 9o =9 € ReE, dw; = dd, — 0y (2Re(,) dt, ke = pe+ (i/2)s . Here
pi(€,m) = (§,pn) is a symmetric quadratic form of the a posteriori covariance
R(t,n) and R(t,§), satisfying the Riccati equation with the initial po(&,n) = (£,n) :
d ) 2
(5.8) 37 Pr0.m) = 2, ikam) = ex(sn, sm) — [2Re(n, JaCF)|"

PROOF Let us find from (5.5) the stochastic equation for &* (i€, w) = lngt(&w)
using the logarithmic Ito formula

1 ~t 1 2
d5'(i€) = —db (&) — = (d&"(i€))",
0 () 3 { )
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where
o)’ = (07 (50))
= (<2 Re ¢y, 05" (n)) + (Imgﬁ,sn>>2dt

= {N(05' (), 85" (n) — 21 8,(95" (n), sm) + v(sn,sn) } .

because dw,dw; = dt. Here

" d .
(€,06'(n)) = d*EUt(TI+€f)|a:0,
A(n,m) = (2Re(,n)?  wi(sn,sn) = (Im(,,sn)?,

575(”)7/6) = <2 Re <t777> <Im Cta§> = <7’/6t£7n>

This gives a quasilinear stochastic equation of the first order for &*(n):

1.
ist(sn,sn)} dt

= {(2ReC,,06") + (nch,sn) } A, —  A(96",06") dr,

dg' + {s(n,vt) + (ik¢sy, 88t> —

where Ky = k; — 3, and €, = &, — v4. This equation has a solution in quadratic
form

PN 1 ~
o'(n) =Inp, + 9:(n) + = pe(n,m), dct(n) =4 + pen, %' = py,

2
where
~ 1 ~ ~
dlnp’ = d5'(0) = (2Re(;, V) diby — 5 Ae(U, 01)
d’@t = d@&t(O) = (2pt Re Ct + sIm Ct) d@t — {(pt)\t — Z.SF-'II) @t — S’Ut} dt
dp; = d0%6" = *{Pt)\tpt + 8¢S + 1 (PrhS — SEIPt)} dt,

and K" (pn,sn) = K(sn,pn). By explicit expression of the finite-dimensional op-
erators B,, A; and v, in terms of (,, Cﬁ , the stochastic integral Inp" = fg da*(0)
can be represented in the form given by theorem 3. The differentials d95°(0) and
dd?c! can be written in the form of the stochastic differential equation (5.7) for
De(n) = (n, 5t> , and in the form of the Riccati equation (5.8) for p:(n,n) = (n, ptn)
, with k; = ps + (/2) s because sT = —s . Hence

(n,2ptRe ¢, + SImCt>=2Re<m (pt+%8) C§>, n € ReZ’,

. 2
Ae(Pempen)  — 2B, (P, sn) + vi(sn,sn) = (2Re(n, ke(h))”.

Theorem 3 is proved.
Remark 3 The quantum linear filtering equation (5.7), (5.8) can be written in the
form of the classical Kalman-Bucy filter

A9, (W) + (] 9y (w) + sv)dt = 2Re(ke(?) duwy,

d ~
(5.9) T p: + o] p + Pray +S6iS = PPy,
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where a; = A\¢p; + i Kes, @] = piA¢ —isk’, Ay = 4Re(; Re(]. The solution of
this system of equations with the initial 9o (w) = 9, po = 1 gives &' (1) in the form
of the integral

~ SO e AT
7 = o)+ g+ [ {Eh.ar)

(5.10) £ 3 Bl sn) = A5, 5:3,))] ar ),

over the stochastic trajectories 7], = @T(t,n) of the adjoint equation (5.4) with
Pr = O + Pyl Tlg = Go(t, ), and
dT; = vydt + Im (fda@,.
Indeed, if d_7j, = 7, —7,_q, is the backward stochastic differential, then d(J,,7,) =
@, d9,) + (9,,d_7,), and
d [pr (@, 7,)] = 2pr (0, d-70,) + Py (7., 7,)

Using the equations (5.9) and writing the equation (5.4) in the form d_7, =
a7, dr — 2Re (. du, with respect to

dii, = did, + (p7, 2Re ,) dr
one can obtain, by integrating by parts, the difference ' (n) — Inp" — 9¥(n,) — %ﬁg:
~ 1 1

di(n) — I(0o) + §pt(7m) - 5@3

A, D) + 3 pidr — (d7,57)) )

SN

No\ﬁ_o\o\

PR 1. PR
(2Re ¢d®, 9) + (o, pij) + 3 (m,m) — A(p71, PN) dr}

J(2Re () did + 27 57) + A@.9) ~ M55}

{

{ s, dT) —
{ sn,dY) —
{ S1,dT) + 5 [e(s7,s7) = A(B,P)] dr } ~ 7,

which gives (5.10) with Inp" = fo J(2Re()dd — L )\(19 9)dr).

Example. Let us consider the quantum linear ﬁlterlng equations (5.9) for the case

of indirect nondemolition observation of the coordinate of free quantum Brownian
motion, described in the above example. Since (, = g§ we obtain 3, = 0, v, = 0,

v =0,and Ay = A ( 8 (1] > = 4¢,. This allows us to define the unique positive
1 2w Imw | 1 §
P = Row ( Imw, 1/2 )~ 3 &tk

solution of the Riccati equation (5.9) with the initial pg = 1. Here

Kk, — 1 2 |we)?  dwy Kt 1 2 jwel?  —iwy
"7 Rew; \ —iwe 1/2 )7 T Rew, \ iwr  1/2 )7

correspond to the degenerate form k¢ (n*, n) = |2wsn,+in,|*/(2 Re wy) of the solution

d , 1 . 1 .
a kt + ktktkt = ’L{S (2 At + zwt> kt + kt <2 A[; — zwt) S}
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with the initial kg = 1 + (i/2)s and fixed k; — kg =1s. In addition, the parameter
wy € C, that defines the a posteriori wave function

~t ~\1/2 1 ~ T
Y (z) = ( Rewt/ﬂpt) / exp{ — iwt(a: —G)*+ 2ptx}
~t ~t
for ' = (¢ |X(€) ¢ ) satisfies the one-dimensional complex Riccati equation
d ) 1 1
AR T

which has (only) one positive solution

a 1+ ath(Mt/a) )
=" =/Am/2 (1 —1).
YT M) o @ m/2(1 =)
The a posteriori mathematical expectations

~ 1 [t .2 d ~t 1 ~t, _~t
o= = ()"~ —¢ (@x)dev == (v | PY),
P ZdSC P

i - ; fmx)*x@t(x)dx:;t(@WQ%,

of the momentum and the coordinate of the quantum Brownian particle satisfy the
linear system of stochastic equations

. Imw; | . ~
dpt+\57t dwt:O, Po =D,
Rew;
- 1 ) B ~
dg; — —pedt = VA dwy, go = q.
m 2 € Wy

The solution of this system gives the probability density

¢ 1
P =exp {/ (\A?]} dw, — 3 ?ﬁdr)}
0

for the indirect nondemolition observation Y (¢) of the coordinate of the free quan-
tum Brownian particle with the mass m. Note, that the solution w; tends expo-
nentially to the limit w,, = « which defines the finite a posteriori dispersions

PR (G o
~t
[N Rew;
) lQ@-ando)’ 1
T =
t 13012 2Rew,

and the correlation p, = ||[Dy|| — 2Re((P — 1) %ol (Q — GI) D) in the limit ¢ — oo:

o2 = V2\m, 2 =/2/(Am), Poo = —1.

It is well known that the unobserved free quantum particle becomes ‘fuzzy’ and
has an infinite a posteriori limit dispersions. The contradiction of the localised
motion of the quantum particle, which is seen during the continuous observation,
and of the impossibility of localising this particle on the basis of the von Neumann or
Lindblad equation, has provided a source for quantum paradoxes such as the Zeno
paradox [4]. The derived quantum filtering (3.6) and a posteriori von Neumann
(3.10) equations resolves these quantum paradoxes not only on the qualitative level,
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but also on the quantitative level of the microscopic quantum stochastic model for
the continuous observation.

6. APPENDIX

1. Let {H¢|¢ > 1} be a continuous family of Hilbert subspaces He C H with
nondecreasing norms: 1 < § < |[¢]], < [[¢]l¢, V¢ € H. It will be called a scale of
the Hilbert space H with a scalar product (¥[¢)) = limgy [[9[|7. An inductive limit
limg |1 He of the Hilbert scale {H¢} is defined as a pre-Hilbert space D = Ugs1He,
provided with the inductive convergence:

U, = 036> 1 [Y,lle — 0.

The operator X : D — D is called (inductively) continuous if X1, — 0 for any
convergent sequence {1, } that tends to zero. This means, that the restriction of
X to any subspace H¢ € {H¢} is a continuous map into some He C D, i.e. for any
¢ > 1 there exists £ > 1, such that

N i o= sy {120}
(A L TP

The set B(D) of all continuous operators X , having the Hermitian-conjugate oper-
ators X* on the pre-Hilbert space D form an associative algebra with the identity
I € B(D) and the involution X** = X. This algebra is a C*-algebra of the bounded
operators only if D = H.

2. Let 'y be the set of all the chains 7, = (t1,...,tn), t; € Ry, t1 < -+ < t,
of length n < oo, identified with finite subsets 7 C Ry, 7 = {t1,...,t,} of the
cardinality |7| = n € {0,1,...}. We denote by dr = [],., dt the positive o-finite
measure on I'y = > T, which is defined as a sum )~ d7, of the measures
dr, = dty---dt, on Ty, = {|7] = n} with the only atom dry = 1 on the empty
chain 79 = @ corresponding to |7| = 0. The Hilbert space H = L?*(T'}) of the
square-integrable functions f : I'y — C, (f|f) < oo, where (f|f) = [|f(7)|?dr,

o0

(A.2) /g(T)dT =3 // glty, ..o tn) dty - dty,

=00 <..<t, <o

is naturally identified with the Fock space F = T'(K) , of the sequences f = {¢,,|n =
0,1,...} of symmetric continuations ¢, : R} — C of the functions f(7,) , with
the scalar product

0 1 oo oo 9
= = ot Fdty - dty,.
=3 [ [ ettt

The Hilbert scale {F¢|¢ > 1} of the dense subspaces

Fe = {f e It = [&sfar < oo}

is called Fock [9]-[11] over the Hilbert space K = L*(R,). The function f(7) =
dp(7) ( where dy(7) = 1 for 7 = 0, dp(7) = 0 for 7 = ), normalised (||f|\§ =

f{‘ﬂé@ (1) dr = 1) with respect to any &, is called the vacuum function.
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3. The most important examples of the continuous operators, and their conjugates
Fy+ — F4 on the inductive limit F = Ugs1Fe, are the ‘quantum annihilation’
operators a; on the interval [0,¢), which act as the integrals

[a:f] (7 /fTUT’d vVfeF.

Here 7 U r is a chain, defined almost everywhere (r ¢ 7) as a union {7,7} of the
single-point chain r € R with some chain 7 = {¢1,...,¢,}. Although the operators
a; possess a complete system of exponential eigenfunctions

f@) =k = []*®),  kelP®Ry),
ter

they are not normal, i.e. they do not commute with their adjoint operators aj,
defined by the finite sums

r<t

=Y f(r\r), VfeF,,

rTET

where 7\r = {t € 7|t # r}. Polynomials of the operators {a;,a;|t € R4} form the
Weyl algebra over the simple functions g € L?(R. ), generating the whole algebra
B(F4) through the triviality of the commutant:

(VY eB(F,)| X €{a;,a,} < [X,Y] =0} =CI1.

Linear elements of the algebra B(F, ), defined as the quantum Wiener integrals

r(f,9) = /Ooo (f(t)da, + g(t) day) = a(f) +a*(g)

of the square-integrable functions f,g: Ry — C, together with the identity opera-
tor 1, form the *-representation 7(f, g)* = r(g*, f*) of the canonical commutation
relations

(A.3) [F(£.9),7(£,9] = (IF1” = lgl1*) 1

with respect to the involution (f,¢)* = (¢*, f*). The vacuum function §y € F
induces a Gaussian state on B(F), defined by the characteristic functional

o 1
(60 | ™D 5) = exp {5 (IF17 = 9l®)}

on the Hilbert space of pairs n = (f,g) with the norm? [n> = 1 ([|f]* + |lg/|*)
and symplectic bilinear form s(n’,n) which equals s(nf,n) = %(Hf”2 —|lg]|?) for
n = (9" f*)

4. The measurable function F': ¢t — F(t) whose values are the operators D — D of
the inductive limit D = Ugs1He is called locally p-integrable in the inductive scale
{He =He @ Fe}, if, for any ¢ > 1, there exists a £ > 1, such that

- (/Ot (||F(r)||g)”dr)1/p <oo, VteRy.

In particular, this condition means that the operators F(t) : D — D are continuous
for almost all ¢ € R,.. For such square-integrable functions the quantum stochastic
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integrals a; (F'), a;(F) on {a}|r < t} and {a,.|r < t} are defined to be the operators
D —D:

r<t

[@;(F)h)(r) = > [F(r)h](r), VheD,
(A.4) WmWﬂ=lAWMwmw

In this equation h +— h(r) is a Maliven derivative, defined in the Fock representation
h: T4 — D of the elements h € D almost everywhere (r € 7) by the vector-function
h(r) € D as h(r,7) = h(r U 7). The continuity of the operators a;(F), a;(F) in D
follows directly from the estimates

||at(F)|\§+E < VIE|FIE:,  ve>o,

sk &— ,2

@B < VEEIFIE,  ve<e
obtained in [5], [9]-[11]. From these estimates, if there exists £ > 1 for any ¢ > 1
such that ||F|%? ||D||§? < oo then, for any ¢* > 1, there exists a £ > 1, for

¢t
which the operator

% (F, D) = @(F) +a;(D)
is bounded from H.+ to He . To be precise, by choosing for every (F>1a¢>1,
such that ¢ < ¢, and an ¢ > £ — 1, such that ¢ < ¢t — ¢, we obtain

13 ) ,
I%6(F, D)|| iz < Vel (IFIE + IDIET)
for any £_ on the nonempty interval (1,£ — &].
5. If D(t) € B(D) for almost all ¢ € R and the adjoint function D*(¢t) = D(¢)* is
also locally integrable on D, then af (D) € B(D) and a; (D)* = a;(D*). This means
that the integral +}(D*, D) is (formally) self-adjoint. Moreover, the set of integrals

X(t):zé(D*,D)—k/o G(r)dr,

where G : Ry — B(D) is locally integrable (p = 1), together with the G* | func-
tion, forms a x-algebra with respect to the pointwise operator product (X*X)(¢) =
X (¢)* X (t). This product is defined by the quantum nonadapted Ito formula [10]

Xt)*X(t) = 1(D*X + X*D,F*D + X*D)
(A.5) + /t[G*X+X;‘D+D*D—|—D*XT+X*G}(r) dr,
which corresponds to thz case of the locally square-integrable operator function
t— Xi(t), XS (t) = X(t);. Here X — X; means a derivation, which is defined by
[Xeh)(7) = [Xh] (rUt) = [Xh(t)](7)

for almost all 7 € T', t ¢ 7. In this instance, the case X;(t) = 0 = X;(¢) for all
t € R4 corresponds to the adaptive property of the operator functions F'(t), D(t)
and G(t) .

Comprehensive information on explicit stochastic integration in the Fock scale
is given in [20].
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