ENTANGLEMENT, QUANTUM ENTROPY AND MUTUAL
INFORMATION
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ABSTRACT. The operational structure of quantum couplings and entangle-
ments is studied and classified for semifinite von Neumann algebras. We show
that the classical-quantum correspondences such as quantum encodings can
be treated as diagonal semi-classical (d-) couplings, and the entanglements
characterized by truly quantum (q-) couplings, can be regarded as truly quan-
tum encodings. The relative entropy of the d-compound and entangled states
leads to two different types of entropy for a given quantum state: the von
Neumann entropy, which is achieved as the maximum of mutual information
over all d-entanglements, and the dimensional entropy, which is achieved at
the standard entanglement — true quantum entanglement, coinciding with a
d-entanglement only in the case of pure marginal states. The d- and ¢- infor-
mation of a quantum noisy channel are respectively defined via the input d-
and g- encodings, and the g-capacity of a quantum noiseless channel is found
as the logarithm of the dimensionality of the input algebra. The quantum
capacity may double the classical capacity, achieved as the supremum over all
d-couplings, or encodings, bounded by the logarithm of the dimensionality of
a maximal Abelian subalgebra.

1. INTRODUCTION

The entanglements, as specifically quantum correlations yet first considered by
Schrodinger in [1], now are used to study quantum information processes, in par-
ticular, quantum computations, quantum teleportation and quantum cryptography
[2, 3, 4]. There have been mathematical studies of the entanglements in [6, 5, 7, §],
in which the entangled state of two quantum systems is defined as a compound
state which is not a convex combination ) 0, ® ¢,p(n) with some states g,, and
¢n, on the corresponding algebras A and B. However, it is obvious that there exist
several types of correlated states, written as ‘separable’ forms above. Such corre-
lated, or classically entangled states have also been discussed in several contexts in
quantum probability, such as quantum measurement and filtering [9, 10], quantum
compound states [11, 12] and lifting [13].

In this paper, we study the mathematical structure of classical-quantum and
quantum-quantum couplings to provide a finer classification of quantum separable
and entangled states. We also discuss the informational degree of entanglement and
entangled quantum mutual entropy and quantum capacity. The latter are treated
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here solely as quantities arising in certain maximization problems for quantum
mutual information which is generalized here for arbitrary semifinite algebras.

The term entanglement was introduced by Schrédinger in 1935 out of the need
to describe correlations of quantum states not captured by mere classical statistical
correlations which are always the convex combinations of noncorrelated states. In
this spirit the by now standard definition [6] of the entanglement in physics is the
state of a compound quantum system ‘which cannot be prepared by two separated
devices with only correlated classical data as their inputs’. We show that the
entangled states can be achieved by quantum (g-) encodings, the nonseparable
couplings of states, in the same way as the separable states can be achieved by
classical (c-) encodings.

The compound states, called o-coupled, are defined by orthogonal decomposi-
tions of their marginal states. This is a particular case of a so called diagonal (d-
compound) state of a compound system which is achieved by the classical-quantum
correspondences called encodings. The d-compound states as convex combination
of the special product states are most informative among c-compound states, in
the sense that maximum of the mutual entropy over all c-couplings of probe sys-
tems A to the quantum system B with a given normal state ¢ is achieved on the
extreme d-coupled (even o-coupled) states. This maximum is the von Neumann
entropy, which is bound by the rank-capacity Inrank/3, the supremum of S () over
all ¢. The rank rankB of the algebra B is a topological characteristic of B defined
as the dimensionality of the maximal Abelian subalgebra A C B (in the case of
the simple B it coincides with the dimensionality dimH of the Hilbert space H
of representation for B). The von Neumann capacity defined as the maximal von
Neumann entropy, i.e. as the maximum C, = InrankB of mutual entropy over all
c-couplings of the classical probe systems A to the quantum system B, is finite
only if rankBB < oo. Due to dim B < (rankB)2 (the equality is only for the simple
algebras B) it is achieved on the normal tracial density operator o = (mnkB)_1 1
only in the case of finite dimensional B.

We prove that the truly entangled compound states are most informative, in the
sense that, the maximum of the mutual entropy over all couplings including entan-
glements of the quantum probe systems A to the quantum system B is achieved
on a non-separable g-compound state. It is given by the standard entanglement,

an extreme entanglement of A = B with the marginal state o = ¢, where (g, 6) is

the transposed (time inversed) system to (B,¢). The maximal information gained
for such extreme g-compound states defines another type of entropy, the g-entropy
H (¢), which is bigger than the von Neumann entropy S (<) in the case of mixed
¢. The maximum of the g-entropy H (¢) over all states ¢ defines the dimensional
capacity IndimB. The dimensionality dim B of the algebra B is the major topo-
logical characteristic of B, and it gives true quantum capacity of B achieved at
the standard entanglement with the maximal chaotic ¢. Thus, the true quantum
capacity is the maximum C; = Indim B of the mutual entropy over all, not only
classical-quantum couplings of the probe systems A to the quantum system B, and
it is finite only for the finite dimensional algebra B. The g-entropy H (), called
also the dimensional entropy, can be considered as the true quantum entropy, in
contrast to the von Neumann entropy S (), called also rank-entropy, or c-entropy
(semi-classical entropy) as the supremum of mutual entropy over couplings only
with only classical probe systems A. The capacity C, coincides with C. only in
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the classical case of the Abelian B, and it is strictly larger then the semi-classical
capacity C, = InrankB5 for any noisless quantum channel. We shall show that the
capacity C; = IndimB is achieved as the supremum of the quantum Shannon in-
formation for the noisless channel over the entanglements as g-encodings similar to
the capacity C. which is achieved as the supremum over c-encodings described by
the classical-quantum correspondences A — B.

In this paper we consider the case of semifinite quantum systems which are
described by the von Neumann algebras 4 and B with normal faithful semifinite
trace. Such quantum systems include all simple quantum systems described by full
operator algebras as well as all classical systems as the commutative case. The
particular cases of simple and discrete decomposable algebras are considered in
[14, 15].

2. PAIRINGS, COUPLINGS AND ENTANGLEMENTS

In this section we give mathematical characterization of entanglement in terms
of quantum coupling which is described in terms of transpose-completely positive
operations extending individual states to compound state of a composed quantum
system. We show how any normal compound state can be achieved in this way, and
introduce the standard entanglement as an operation giving rise to the standard
entangled compound state.

Let H denote the Hilbert space of a quantum system, and B = L (H) be the
algebra of all linear bounded operators on H. Note that B consists of all operators
A : H — 'H having the adjoints AT on H. A linear functional ¢ on B with complex-
values ¢ (B) € C is called a state on B if it is positive (i.e., ¢ (B) > 0 for any positive
operator B = ATA in B) and normalized (i.e., <(I) = 1 for the identity operator I
in A). A normal state can be expressed as,

(2.1) ¢(B) =Trx'Bx=(B,s), BeB,

where s is a linear Hilbert-Schmidt operator from H to (another) Hilbert space G,
and ' is the adjoint operator from G to H. Here Tr stands for the usual trace in
G (in the case of ambiguity it will also be denoted as Trg). This s is called the
amplitude operator which can always be considered on G = H as the square root
of the operator s (it is called simply the amplitude, if G is the one dimensional
space C, » = n € H with sfsc = ||n||> = 1, in which case s is the functional '
from H to C).

We can always equip H (and will equip all auxiliary Hilbert spaces, e.g. §)
with an isometric involution J = Jf, J? = I having the properties of complex
conjugation

JZAjnj = ZXJ-Jnj, VA; € C,n; € H,

and denote by (B,o) the tilde-pairing TrBé& of B with the trace class operators
o € T (H) such that ¢ = JoT.J. We shall call o = Jss!J = 575 the probability
density of the state (2.1) with respect to this pairing and assume that the support
E, of ¢ is the minimal projector E = E' € B for which ¢(E) = 1, i.e. that
@ := JE,J = E,. The latter can also be expressed as the symmetricity property
E, = E, with respect to the tilde operation (transposition) B = JB'J on L (H).
One can always assume that J is the standard complex conjugation in an eigen-
representation of o such that & = s’ = & coincides with ¢ as the real element
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of the invariant maximal Abelian subalgebra A C £ (H) of all diagonal (and thus
symmetric) operators in this basis.

The auxiliary Hilbert space G and the amplitude operator in (2.1) are not unique,
however s is defined uniquely up to a unitary transform s — Usx' in G. G can
always be taken to be minimal by identifying it with the support H, = E,H for
o defined as the closure of oH (F, is the minimal orthoprojector in B such that
oFE = o). In general, G is not one dimensional, the dimensionality dim G must
not be less than ranks' = ranke, the dimensionality of the range ranp = rans' of
p = ' coinciding with the support G, for this p ~ 5.

Given the amplitude operator s : G — H, one can define not only the state ¢
but also the normal state,

(2.2) 0(A)=Tr'Asc= (A, p), Ac A,

on A= L(G), as the marginal of the pure compound state

w(A® B) = TrAx'Bse = Trsct A5B,
where w is defined on the algebra A ® B of all bounded operators on the Hilbert
tensor product space G ® H.

Indeed, the defined bilinear form, with A = JATJ, is uniquely extended to such
a state given on £ (G ® H) by the amplitude ¢ = 3¢, where 3¢ is uniquely defined
by (( ® n)T ' =ntxJ( forall ( € G, neH.

This pure compound state w is the so called entangled state [1] unless its marginal
state ¢ (and p) is pure corresponding to a rank one operator »' = (nf, in which
case w = p ®¢ is given by the amplitude v = ( ® n. The amplitude operator s
corresponding to mixed states on A and B will be called the entangling operator of
p=xsxtoo =5

As follows from the next theorem, any pure entangled state

w(A®B)=¢"(A@B)y, AQBeL(GOH)

given by an amplitude ¢ € G ® H, can be described by a unique entanglement s
to the algebra A = £ (G) of the marginal state ¢ on B = £ (H).

Before formulating this theorem in the generality required for further consider-
ations, let us introduce the following notation.

Let A be a x-algebra on G with a normal, faithful, semifinite trace p, A de-

note the commutant {A’ € £(G): [A’,A] =0,VA € A} of A, and (.Z, [L) denote
the transposed algebra of the operators A with a(A) = pu (;1), which may not

coincide with (A, p) (nor with A’). We can always assume that A = JATJ with
respect to an involution J on G representing A on the same Hilbert space G and
in most cases A = A and = p but not in the standard representation unless
A is Abelian algebra. We denote by A, C A the space of all operators A € A
in the form z'z, where z,z € a,, with a, = {x ceA:pu (me) < oo}. (Gt Ju)
denotes the standard representation ¢ : A — L (G,) given by the left multiplication
L(A)z = Az on a,, with the standard isometric involution J,, : z — 2T defining

the representation 7 (ﬁ) = Ju (AT) J,, of A on the completion G, of the module

a, with respect to the inner product (x\z)# = U (;IZTZ) We recall that the von
Neumann algebra A defined by A” = A is anti-isomorphic to ¢ (A) = J,.(A) J,
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and thus A ~ . (A)" and that A = Aj, as the space of all continuous functionals
A:p— <q§, g> with respect to the s-norm ||¢||, = sup {|pu (A®)| : ||A|| <1} on
o
A,, and the pairing
<xTz,g> =u (zAxT) = <A,;f;> , azfze A, Ac A
N

m

The completion of A, with respect to the norm ||-||, is the predual Banach space,
denoted as A, (if p = 7|.A is the usual trace 7 = Trg on A, then A, coincides with
A, as the class A, = AN T (G) of trace operators 7 (G) = {2z : 2,2 € §(9)},
where S (G) = {z € L(G) : Trga'z < oo}).

If A is not the algebra of all operators £ (G), the density operator p for a normal
state (2.2) is not unique with respect to 7 = Trg. However it is uniquely defined as
the bounded probability density p = JxfaJ = Z'Z with respect to the restriction
uw = 7| A (i.e. as the density operator with respect to p) describing this state as

(A,p), = p(zAz") by the additional condition » = & € A,. Note that each
probability density p € ./Tu describing the normal state o (A4) = (A,p), on A > A
is positive and normalized as (I, p) =L However the predual space A, as the

x-completion of .;lv” may consist of not only the bounded densities with respect to

u (however each p € A, can always be approximated by the bounded p,, € :4\;)

In the following formulation B can also be the more general von Neumann alge-
bra, rather than £ (H), with a normal faithful semifinite trace v : B, + C defining
the pairing <B, uTu>U =v (fﬂB&), where u € EJ: (B, = b:f,bl, coincides with B, in
the case of the standard trace v (B6) = TrBé = (B, o), when b, is the space of
Hilbert-Schmidt operators y € B and B= B).

Theorem 1. Let w: AR B — C be a normal compound state
(2.3) W(A®B) =1 (U(R@/B)UT) = (A® B,vlv),

described by an amplitude operator v : G R H — £ ® F on the tensor product of
Hilbert spaces € and F, satisfying the condition

vive .Z@ g, T (UUT) =1,

where T ~ I ® U is the trace T (UUT) = <I ® I7UTU> defined in (2.3) by the pairing
for A® B with respect to p®v. Then this state is achieved by an entangling operator
x:GRF - EQH as
(2.4) (Av (" (I®B)x)), =w(A®B)=(B,u(* (A0 1) %)),
for all A€ A and B € B such that

v ToB)»)CA u( (Al x) CB.
The operator » together with 5z = Jx'J is uniquely defined by v = Ui, where
25) o) Ao =Eon x(oty), tc&neF (eGneH,

up to a unitary transformation U of the minimal subspace space ranv C € @ F.
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Proof. Without loss of generality we can assume that £ = G,, F = H, and v! =
v(E,® E,) as the support (G ® H),;, = ranv’ for vTv is contained in G, ® H,.

— ~\/
Due to vfiv € (A’ ® B’) the range of v is invariant under the action

vto

(A® B)v=v(AE,® BE,), YAc A,BeB

NN~ o~
of the commutant (A ® B) = A" ®B'. Let us equip G and H with the involutions
J leaving invariant G, = F,G and H, = E,H denoting J, = E,J, J, = E,J, and
£ ®F =G, ® H, with the induced involution J (( ® n) = J,{ ® J,n. It is easy to
check for such v and 3 = v’ defined by v = 5 in (2.5) that for any A € A’ and
Bep

(ﬁg®n)T%(<®§Jn’) = (215 ® Bn’)Tu@@ Jn) = (@) v (Z§® Jén)
— (¢® Bn) (A ® o)
where A = JAJ € A', B = JBJ € B'. Hence for any B € B
(A@B) %" (I®B)x=3x (A B'B)x=x (I®B)x(A® B,
where A € ;42 = IE,), B' € B, :=B'E,, and for any A € A
(A @B (A ) x=x(AA®B) s =3 (A1) (A ® B),
where A’ € A’ and B € B'. Thus for all A € A and B € B

s (IT®B)xc (@@B{,)', (Aol xe (A;®BZ)’.

Moreover, due to A} = E,AE, = A, and B] = E,BE, = B,

st (1@ B) s C J,Aud, @ E;B,Ey = (Z(p ®Ba>_® ,
LAQv

QU

M (AR D) 5 C EpAE, @ J,B,Jy = (A, @ B,)
o

as bounded by || B|| 5> and by | A 55 respectively. The partial traces v and
on these reduced algebras are defined as

(2.6) v (I® B)x) = <B,’UT’U>V, p(E (AT %) = <A,’UTU>H,

according to <A, <B,UTU>V>M = <A ® B,’UTU> = <B, <A,UT’U>H> , where

(B,vv) = ((I ® B) EE) (Ai) =p ((A © 1) %)
In particular
v (%T%) =V (UTU) =p, W (54*5:) =1 (’UT’U) =o0.
Any other choice of v with the minimal £ ® F ~ G, ® H,, is unitary equivalent to
. O
Note that the entangled state (2.3) is written in (2.4) as,
(B, @ (4)), =w(A®B) = (A, =" (B))

o
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in terms of the mutually adjoint maps w : A — B, and @' : B — A,. These maps
are given in (2.6) as

@27) w(A)=(Avl), = (4), @ (B)=(Blv), = (B)

where the linear map 7 : B — A, and the adjoint 7* : A — B, are defined as
partial traces

W(B):V((I@)B)m), w*(A):u((A@)I)m).

The linear normal map w in (2.6) is written in the Kraus-Stinespring form [16]
and thus is completely positive (CP). It is not unital but normalized to the density
operators o = w (I) with respect to the weight v.

A linear map 7 : B — A, is called tilde-positive if the map 7~ defined as 7 (B) :=
Jr (B)" J is positive for any positive (and thus Hermitian) operator B > 0 in the
sense of non-negative definiteness of B. It is called tilde-completely positive (TCP)
if the operator-matrix 7 (B) = Jx (B)T J is positive for every positive operator-
matrix B = [B;] = B*, where AT = [AH, B* = [B,ii] (and thus AT = [A]
for A =[A;;] > 0, and B* = B for B > 0). Obviously every tilde-positive and
tilde-completely positive 7 is positive as positive is A= JA'J for every positive A,
but it is not necessarily completely positive unless A= Aforal Ae A, in which
case A is Abelian (or the Abelian is B).

The map 7 defined in (2.8) as a TCP {-map, 7 (BT) = W(B)T, is obviously
transpose-CP in the sense of positivity of 7 (B)! = [ (By;)] = 7 (BT) for any B > 0,
but it is in general not CP. Because every transpose-CP map can be represented as
tilde-CP: there might be a positive-definite matrix B for which 7 (B) is not positive.
Note that the adjoint map n* = 7T is also TCP, as well as the maps 7 = 7 and
7T = 7%, where 7 (B) = Jr (B) J, obtained from (2.6) as partial tracings

(2.8) ﬁ(B):V(%T (I®§>%), WT(A):M(%T (K@I)ft)
In these terms, the compound state (2.4) is written as,
(Aln (B)), = w (AT ® B) = (n (4)|B),,
where (z|y) = (y,T) defines an inner product which coincides in the case of traces

with the GNS product (z|y).

In the following definition the predual space B; = E* (as well as A; = ./Z*)
is identified by the pairing (B,o), = ¢(B) with the space of generalized density
operators o which are thus uniquely defined as selfadjoint, in general unbounded,
operators in H. Note that B; = B, if B = Band v = Try = .

Definition 1. A TCP map © : B — A, (or B — A, C A,) normalized as
w (7 (I)) =1 and having an adjoint with 7 (A) C B, (7* (A) C B, ) is called normal
coupling (bounded coupling) of the state s = pom on B to the state p = vorn* on A.
The CP map w : A — B; (or A— B, C B; ) normalized to the probability density
oc=w(l) of ¢ withw' (I) € B, (w™ (I) € ;l;) will be called normal entanglement
(bounded entanglement) of the system (A, o) with the probability density p = wT (I)
to (B,s). The coupling @ (entanglement w) is called truly quantum if it is not

CP (not TCP). The self-adjoint entanglement w, = w; on (A,0) = (g, 5) (or
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symmetric coupling w7y = 7} into A, = By ) is called standard for the system (B,<)
if it is given by
(2.9) wy (A) =042 7,(B) = o'?Bo'/?.

Note that the standard entanglement is true as soon as the reduced algebra
B, = E,BE, on the support H, = E,H of the state ¢ is not Abelian, i.e. is not one-
dimensional in the case B = L (H), corresponding to a pure normal ¢ on B = L (H).
Indeed, 74 restricted to B, is the composition of the nondegenerated multiplication
B, > B — 2B '/ (which is CP) and the transposition B = JB'J on B,
(which is TCP but not CP if dimH, > 1).

The standard entanglement in the purely quantum case B = B(H) = g, v =
Tr = ¥ corresponds to the pure standard compound state

(2.10) TrAc'/?Bo'/? = w, (A ® B) = TrB5'/? A5'/?

on the algebra B® B. Tt is given by the amplitude v’ ~ |0'/?) = 4, with |¢/?)T =
5 = (0'/?| defined in (2.5) as 5/ (¢ @ Jn) = s for 3 = o/2.

Any entanglement on A = L£(G), p = Tr corresponding to a pure compound
state is true if rankp = ranko is not one. If the space G is also minimal, G = G,),
w7 is unitary equivalent to the standard one m,. Indeed, w (A) = 5t Asc can be
decomposed as

w(A) = o'PUtAUGY? = w, (UTAU) ,
where U : o'/ + 3 is a unitary operator from H, onto the support G, of
p = UcU" with nonabelian A, = £(G,) and B, = UTA,U = L (H,).

Note that the compound state (2.4) with 5 = /2 corresponding to the stan-
dard @ = w, can always be extended to a vector state on BV B in the standard
representation (H,,,,.J,) of B = +(B) when B = J,BJ, = B'. However it cannot

be extended to a normal state on B ® B in the case of nonatomic B. If B is a
factor this state is pure, given in the standard representation BVB=~”L (H,) by
the unit vector y = 512 ¢ ‘H,; however it is not normal on B ® B unless B is type

I B~ L (H).

3. C-, D- AND O-COUPLINGS AND ENCODINGS

In this section we discuss the operational meaning of couplings corresponding to
different types of encodings which are treated here solely in terms of coupling maps
on input of a quantum physical system. We hope that this mathematical treatment
will provide a new physical insight for the corresponding asymptotic problems of
quantum information.

The compound states play the role of joint input-output probability measures
in classical information channels and can be pure in the quantum case, even if the
marginal states are mixed. The pure compound states achieved by an entanglement
of mixed input and output states exhibit new, non-classical type correlations, which
are responsible for the EPR type paradoxes in the interpretation of quantum theory
[6]. However, mixed, so called separable states on A® B, defined as convex product
combinations

c(A®B) = Zgn )sn (B)p(n),

which we refer as the c-compound stateS, do not exhibit such paradoxical behavior.
Here p (n) > 0, > p, = 1, is a probability distribution, and ¢,, : A — C, ¢, : B— C
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are usually normal states defined by the product densities p, ® 0, € A; ® B; of
Wy = 0, ® 0n. Such compound states are achieved by c-couplings 7. : B — A,
given by 7, = w], where

@ (A) =Y 0 (A onp(n), @l (B) =) <u(B)pp(n),

Here p,, € A, and o,, € B, are the probability densities for g,, and ¢, with respect
to given traces 1 and v on A and B. Note that the c-entanglement w,, being the
convex combinations of the primitive CP-TCP maps w, (A) = o,, (4) 0,, € By, is
not truly quantum.

The separable states of the particular form

(3.1) wi(A®B) = (n|An)s (n,B),

n

where o, (A) = (n|A|n) are pure states on A = £ (G) = A given by an ortho-normal
system {|n)} C G, and < (n, B) = (B,o (n)), with o (n) = o,p (n), are usually con-
sidered as the proper candidates for the input-output states in the communication
channels involving the classical-quantum (c-q) encodings. Such a separable state
was introduced by Ohya [11, 21] using a Schatten decomposition p = > [n){(n|p (n)
of the input density operator p € 7 (G) into the orthogonal one-dimensional pro-
jectors p,, = |n)(n|. Here we note that such a state is the mixture of the classical-
quantum correspondences n +— |n){n| ® o, which can be described as the compo-
sition of quantum channeling |n)(n| — o, and the errorless encodings n — |n){(n|
in the sense that they can be inverted by the measurements |n)(n| — n as input
decodings. We shall call such separable states d-compound as they are achieved by
the diagonal couplings 74 = @/, (d-couplings) to the subalgebra Ay C A of the
diagonal operators A = > a (n) |n)(n|, where

(3.2) @a (A) =Y (n|Aln)o (n), @] (B) = s (n,B)|n)(n|

with respect to the standard transposition (n|A|m) = (m|A|n) in the eigenbasis of

p-

Actually Ohya obtained the compound states wq as the result of the composition
wi(A®B)=w,(A® A(B)),

of quantum channels as normal unital CP maps A : B — A and the special, o-
compound states

(3.3) wo (A® B) = Z<n|A|n>p (n) (n|B|n)

corresponding to the orthogonal decompositions

(3.4) @o (A) = (nlAln)p (n) [n)(n| = =} (A)

such that ¢, (B) = (n|A (B) |n), 0, = AT (Jn)(n|), where (B, AT (p)), = TrgA (B) p.
Assuming that (A, p) = Trg Ap, we can extend this construction to any discretely-

decomposable algebra A = A on the Hilbert sum G = @G, with invariant com-

ponents G; under the standard complex conjugation J in the eigen-basis of the

density operator p = JpJ = p. In particular, the von Neumann algebra A might

be Abelian, as it is in the case A = A for all A € A, e.g. when A = A is the
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diagonal algebra of pointwise multiplications Ag = ag = Kg by the bounded func-
tions n +— a (n) € C on the functional Hilbert space G = ¢? > g with the standard
complex conjugation Jg = g. In this case the densities p € A, are given by the
summable functions p € ¢! with respect to the standard trace u (p) = Y. p(n), and
any compound state has the separable form with g, (A) = a (n) corresponding to
the Kronecker d-densities p,, ~ J,,. The normal states on the A ~ ¢*° are described
by the probability densities p(n) > 0, > p(n) = 1 with respect to the standard
pairing
<A7p>M:Za(n)p(n), p6€17ae€oo

of A, = A, with the commutative algebra 4. Every normal compound state w on
A ® B is defined by

we(A®B) =) a(n)(B,o(n)),,
where o (n) = o,p(n) is the function with positive values ¢ (n) € B; normalized
to the probability density p(n) = (I,0(n)),. Thus all normal compound states
on (*° ® B are achieved by c-couplings 7. = @] : B — (' with 7] = w, given by
convex combinations of the primitive CP (and TCP) maps w,, (a) = a (n) oy, € B,

@ (A) =) am)on), @l (B)=) <(n B)dn,
where ¢ (n, B) = (B, o (n)),,.

Note that any d-coupling can be regarded as quantum-classical c-coupling, achieved
by the identification a (n) = (n|Aln) of {*° > a and the reduced diagonal algebra
A% = {3 |n)a(n) (n|: A€ A}. This simply follows from the commutativity of
the density operators p = Y |n)(n|p(n) for the induced states ¢ (4) = wq (A® I)
identified with p € 1 .

In the case A = L(G) and pure elementary states w,, described by probability
amplitudes v,, = x,, ® ¥,,, where %,, = |x,,) € G, ¥,, = |1,,) € H, we have density
operators p,, = X, x,, and 7,, = wlz/}n of rank one. The total compound amplitude is
obviously v = Y |n)yv (n), where v (n) = x,,®¥,,p (n)1/2are the amplitude operators
G ® H — ¢? satisfying the orthogonality relations

n

v(n)' v(m) = p, @onp(n)dy,

corresponding to the decomposition viv =" p, ® 0,,p(n). The “entangling” op-
erator for the separable state » can be chosen as either as sx = > |n)s(n) or as
s = Y 2(n) (n| or even as 3 = . |n)s(n) (n| with 3 (n) = x,, ® ¢ (n), where
’(ZJn (n) = {bnp (n)l/ 2 In particular a d-entangling operator s corresponding to d-
encodings (3.2) is diagonal, = 3 |n)t (n) (n| on G = 2, corresponding to the
orthogonal %,, = |n). Thus, we have proved the Theorem 2 below in the case of
pure states ¢, and p,,. But, before formulating this theorem in a natural generality
let us introduce the following notations.

The general c-compound states on A ® B are defined as integral convex combi-
nations

w(A®B) = / 0s (4) 62 (B) p (dz)

given by a probability distribution p on the product-states o, ®g,.. Such compound
states are achieved by convex combinations of the primitive CP (and TCP) maps
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7, = wl with w, (A) = 0, (A) 04:

(35) we(d)= / 0, (A) o,p (dz) , w] (B) = / ¢ (B) pup (dz)

This is always the case when the von Neumann algebra A is Abelian, and thus can
be identified with the diagonal algebra of multiplications (Ag) (z) = a (z) g (x) by
the functions a € Lj° on the functional Hilbert space § = Li with respect to a
(not necessarily ﬁnite) measure p on X. It defines trace pr on A4, ~ L1 N L7 as the
integral 41 (p) = [p(x)pu(dz) for the bounded multiplication densmes (pg)( ) =
p(x)g(x). The normal states on A are given by the probability densities p € LL
with respect to the standard pairing

), = [a@)p@nds), peLiacLy

of A, = A; ~ LllL and A = A ~ L{® corresponding to the trivial transposition
@ = a. Any normal compound state w on A® B >~ L;° (X — B) is the c-compound
state, defined on the diagonal algebra A by

(3.6) wa(408) = [a(@)s (e, B)u(da).

where ¢ (z, B) = (B, o (z)),, is an absolutely integrable function with density opera-
tor values o () = o,p (x) normalized to the probability density p (z) = (I, 0 (x)), =
¢ (z,I). Tt corresponds to d-couplings 74 = w] = ”;t with 7] = wy decomposing
into w (z, 4) = a(z) o (z):

61 == [a@o@an), 7} B) = [ <@ B)du).

where d, is the (generalized) density operator of the Dirac state o, (4) = (4,6,), =
a (x) on the diagonal algebra A.

Theorem 2. Let w.: A® B — C be a normal c-compound state given as

(3 we(4@B) = [, (Ax) v, (380) p(ao).

where x, : G — &z, ¥, : H — F, are linear operators having bounded transpose
5. =Jx'J . = JylJ on Hilbert spaces & = f® Ewp(dz), F = f® Foup (dz) with
respect to pointwise involution J. = JI. We also assume that

Xixe € A, € B, p, (XIx)=1=v, (&be.)

with respect to the traces
“to ) — t T\ t

Then this state is achieved by a decomposable entangling operator » = f@ Xz ®
¥,p (dx) defining c-entanglement (3.5) with

(3.10) 0. (4) =, (VAR , 2 (B) = vz (94

corresponding to the probability densities p, = XXz, O

r = 1/1 In particular,
every d-compound state (3.6) corresponding to p (dz) = p (x) u (

:L') with the Abelian
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algebra A can be achieved by the orthogonal sum of entangling operators s, =
0z ® 1, defining d-entanglement (8.7) with

o (@) =vlv,p (@), <@ B)=v. ($40)p(@).

Proof. The amplitude operator v = [ ® vop (dz) corresponding to c-compound state
(3.8) is defined as the orthogonal sum of v, = x,®v, on GRH into f@ ExRFp (dz).
Without loss of generality we can assume that & = G,, 7, = H, and vl =
vy (E, ® E,) because the support (G ® H),;,, = ranv] for

vive = xix, @ VY, = p, @ 0,

— ~
is in G, ® H,. Due to xix, € A", 1/111% € B’ for almost all x, the operators y,

and 1, commute with A € A’ and B € B respectively, and {pz commutes with
B € B’ for almost all z. Thus,

XtAx, € A, ¥,By,€B

which defines the traces (3.9) on L;° ® A and Lp° ® B for almost all z. The rest
of the proof is a repetition of the proof of Theorem 1 for each x, with the addition
that s¢, is the product v/, = x, ® ’(Lx for each x. The total entangling operator
%:G®F — £ @ H acts componentwise as s, (( ®17.) = X, @ V1,

In the case of d-compound state (3.6) one should take G = Li, &: = C, and
X9 = g (). Thus the entangling operator in this case is given as

® _ @
%(g®77.):/ g ()Y, m,p(dz), VgGLi,n.:/ N (dz) € F.
0

Note that c-entanglements @, in (3.5) are both CP and TCP and thus are not
true quantum entanglements. The map w. : A — B; with Abelian algebra A in
(3.7) is described by a B;-valued measure o (dz) = o (z) 1 (dz) normalized to the
input probability measure as p (dz) = (I, 0 (dz)),. This gives the concise form for
the description of random classical-quantum state correspondences x +— o, with
the given probability measure p, called encodings of o = [ o (dz).

Definition 2. Let both algebras A and B be non-Abelian. The map w : A — B;
is called a c-encoding of (B,<) if it is a convex combination of the primitive maps
00, given by the probability densities 0, € B; and normal states o, : A — C.
1t is called d-encoding if it has the diagonalizing form (3.2) on A, and it is called
o-encoding if all density operators o, are mutually orthogonal: o0, = 0 for all
m #n as in (3.4). The entanglement which is described by non-separable CP map
w: A — B; will be called g-encoding.

Note that due to the commutativity of the operators A®I with I® B on GRH, one
can treat the encodings as nondemolition measurements [10] in A with respect to
B. The corresponding compound state is the state prepared for such measurements
on the input G. It coincides with the mixture of the states corresponding to those
after the measurement, without reading the message sent. The set of all d-encodings
for a Schatten decomposition of the input state p on A is obviously convex with
the extreme points given by the pure output states ¢, on B, corresponding to the



ENTANGLEMENT, QUANTUM ENTROPY AND MUTUAL INFORMATION 13

not necessarily orthogonal (not Schatten) decompositions o = > o (n) into the
one-dimensional density operators o (n) = p(n) o,.

The Schatten decompositions ¢ = )" ¢ (n) o, correspond to o-encodings, the
extreme d-encodings o, = 1,n}, p(n) = q(n) characterized by the orthogonality
om0n = 0, m # n . For each Schatten decomposition of o they form a convex
subset of d-encodings with mixed commuting o, .

4. QUANTUM VERSUS VON NEUMANN ENTROPY.

As we have seen in the previous section, the encodings w : A — B;, which are
described in (3.7) usually with a discrete Abelian A, correspond to the case (3.2)
when the general entanglement (2.7) is d-encoding, with the diagonal coupling = =
wT in the eigen-representation of a discrete probability density p on non-Abelian A.
The true quantum entanglements with non-Abelian 4 cannot be achieved by d-, or
more generally, c-encodings even in the case of discrete A. The nonseparable, true
entangled states w called in [21] g-compound states, can be achieved by g-encodings,
the quantum-quantum nonseparable correspondences (2.6) which are not diagonal
in the eigen-representation of p.

As we shall prove in this section, the self-dual standard true entanglement w, =

@] to the probe system (.AO, QO) = (BN, 6), which is defined in (2.9), is the most

informative for a quantum system (B, <), in the sense that it achieves the maximal
mutual information in the coupled system (A ® B,w) when w = w, is given in
(2.10).

Let us consider entangled mutual information and quantum entropies of states by
means of the above three types of compound states. To define the quantum mutual
entropy we need to apply a quantum version of the relative entropy to compound
states on the algebra M = A ® B, called also the information divergency of the
state w with respect to a reference state ¢ on M. The relative entropy was defined
in [17, 18, 19], even for the most general von Neumann algebra M, but for our
purposes we need the following explicit formulation.

Let M be a semi-finite algebra with normal states w and ¢ having the density
operator viv and ¢ € M with respect to the pairing

<M,UT’U> =T (UMUT) ., Me M, v e M

given by a normal faithful trace 7 on the transposed algebra M= JMJ (not
necessary decomposable as 7 = i ® ¥ in (2.3) in the case of M = A® B). Then the
relative entropy R (w; ) of the state w with respect to ¢ is given by the formula

(4.1) Rw:¢)=1(v (anTv —Ing¢) UT) =7(w(lnw—1Ing)).

(For notational simplicity here and below we identify the state w with its density
operator vTv). It has a positive value R (w : ¢) € [0, 00] if the states are equally
normalized, say (as usual) 7 (w) = 1 = 7 (¢), and it can be finite only if the state w
is absolutely continuous with respect to the reference state ¢, i.e. iff w (E) = 0 for
the maximal null-orthoprojector E € M, E¢ = 0. This definition does not depend
on the choice of the semi-finite trace 7, and it can be extended also to the arbitrary
normal w and ¢ with unbounded self-adjoint density operators vfv and ¢.

The most important property of the information divergence R is its monotonicity
property [17, 20], i.e. nonincrease in the divergency R (wq : ¢,) after the application
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of the pre-dual of a normal completely positive unital map K : M — MO to the
states wp and ¢, on a von Neumann algebra M?:

(4.2) (w=wiK,p=pK) = R(w:¢)<R(wp:egy)-

The mutual information | (w) = | (7*) in a compound state w, achieved by a
coupling 7 : B — A,, or by 7* : A — B, with the marginals

o(A)=w(A®I)=(A,p),, <(B)=w(®B)=(B,o),,
is defined by the relative entropy
(4.3) (M) =7(w(lnw—-In(p@I)—In(I®0c)) =Rw:0®¢)

of the state w on M = A®B with respect to the product state ¢ = o®¢ for 7 = LRD.
This quantity, generalizing the classical mutual information corresponding to the
case of Abelian A, B, describes an information gain in a quantum system (A, )
via the entanglement ™ = 7 , or in (B,s) via an entanglement @ : A — B;. It
is naturally treated as a measure of the strength of the generalized entanglement
having zero value only for completely disentangled states w = 0 ®s.

Proposition 1. Let (.AO, ,uo) be a quantum system with a normal faithful semifinite
trace, and T : A° — B, be a normal coupling of the state o, = v oy on A° to
¢ = pom, defining an entanglement w = ©* of (A, 0) to (B,<) by the composition

7 = moK with a normal completely positive unital map K : A — A°. Then
[(7) < |(7T0), where 7 = 7§. In particular, for each normal c-coupling given
by (3.5) such as m = w] there exists a not less informative d-coupling ¥ = w]

with Abelian A° corresponding to the encoding wo = m, of (B,s), and the standard
g-coupling ©° = ©,, 7, (B) = o'?Bot/? to gy = ¢ on A’ = B is the mazimal
coupling in this sense.

Proof. The first follows from the monotonicity property (4.2) applied to the exten-
sion K (A ® B) = K(A) ® B of the CP map K from A — A% to A® B — A°® B.
The compound state wo (K ®I) (I denotes the identity map B — B) is achieved
by the entanglement w = woK and ¢, (K®I) = 0®¢ , 0 = gyK corresponding
to g = 09 ®¢. It corresponds to the coupling m = K*mg which is defined by
K*: A - A, as K*py = J (KT p,)' J, where

(AKTpy), = (KA, pg), , VAEApy A

Ho ?
This monotonicity property proves, in particular, that for any separable com-
pound state (3.8) on A ® B, which is prepared by the c-entanglement 7, = =@,
there exists a d-entanglement wl = m with (.AO,QO) having the same, or even
larger information gain (4.3). One can even take a classical system (AO7 QO), say
the diagonal sublalgebra A% ~ Ly on Gy = ij with the state g, induced by the
measure p = p, and consider the classical-quantum correspondence (encoding)

€]
wo(AO):/a(:r)amp(d:lc)7 Aoz/ a(z)p(de),a e Ly

assigning the states ¢, (B) = (B, 0,),, to the letters z with the probabilities p (dz).
In this case the state p is described by the density p = I, the multiplication by
identity function in Lg, w is multiplication by 0. = (¢,) in Lf, ® H and the mutual
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information (4.3) is given as

(4.4) I (7%) = / Uy (0p (Inoy —Ino))p(de) =S (o) — /S (o) p(da),

where S (o) = =7 (o Ino). The achieved information gain | (1) is larger than | (7)
corresponding to w = [ p, ® o,p (dz) because the c-entanglement w, in (3.5) is
represented as the composition woK of the encoding wq : A? — B; with the CP
map

@
KA = [ o.(A)pds). Aca
given by a (z) = g, (A) for each A € A. Hence

7 (A) = @ (A) = woKA = m (KA), VAc A
where 7y = @, and thus | (7°) > | (K*7%) = | (7), where 7° = 7§ = w].

The inequality (4.2) can also be applied to the standard entanglement corre-
sponding to the compound state (2.10) on B®B. Indeed, any normal entanglement
w(A) = p (3" (A® 1)), on A into B; described by a CP map A — B,, can be
decomposed as

p(E (Ao D)) = ?u (XN (A0 1) X) 02 = wy (KA),

where KA = p (X’L (A1) X) is a normal unital CP map A — B. It is uniquely
given by an operator X : EQH — G F with &€ = G,, H = F, satisfying
the condition X (I ® 0)1/2 = J, and thus X € A® B’ due to the commutativ-
ity of 5 with A’ ® B and ¢ with B. Moreover, the partial trace p of XX is
well-defined by u (%T%) =0 as i (XTX) = 1. Thus w = w,K and 7 = K*7g,
where K is a normal unital CP map A — B, and K* : B; = B. — A,. Hence
the standard entanglement (coupling) (2.9) corresponds to the maximal mutual
information, | (mq) > 1 (K*my) = | (). O

Note that the mutual information (4.3) is written as
I(7) =S (p) +S(0) =S(w/¥),
where ¢ = p®@v, S(p) =S (e/n), S(0) =S(s/v) and
(4.5) S(w/¢) =—¢ (v(In vTv) UT) =-@ (UT’U In UTU)

denotes the entropy of the density operator viv € M of the state w with respect
to the trace ¢ on M. Note that the entropy S (w/¢), coinciding with —R (w : ¢)
(cf. with (4.1) in the case T = @), is not in general positive, and may not even be
bounded from below as a function of w. However, in the case of irreducible M it
can always be made positive by the choice of the standard trace 7 = Tr on M, in
which case it is called the von Neumann entropy of the state w (= vfv), denoted
simply as S (w):
(4.6) Sw/t)=-"Trwhw=S (w).

In the following we shall assume that B is a discrete decomposition of the irre-
ducible B; = L (H;) = B; with the trace v = Try, = v induced on B, = B,.. The
entropy S (0) = S (¢/v) of the density operator o for the normal state ¢ on B can be

found in this case as the maximal information S (¢) = sup| (7.) achieved via all c-
encodings @ : A + B, of the system (B, ) such that, @ (I) = 0, @’ = 7. Indeed,
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as follows from the proposition above, it is sufficient to find the maximum of | ()
over all d-couplings m = @' mapping B into Abelian A with fixed w (I) = o, i.e.
to find maximum of (4.4) under the condition [ o,p (dz) = 0. Due to positivity of
the d-conditional entropy

(4.7) S(mq) = —/Tr (0zIno,)p(da) = /S(Uw)p(dx)

the information | (7%) = I(74) has the maximum S (o) which is achieved on an
extreme d-coupling 773 when almost all S (o,) are zero, i.e. when almost all o, are
one-dimensional projectors 02 = P, corresponding to pure states s,. One can take
for example, the maximal Abelian subalgebra A C B generated by P, = |n)(n| € B
for a Schatten decomposition o = > |n)(n|p(n) of ¢ € B;. The maximal value
In rank B of the von Neumann entropy is defined by the dimensionality rank B =
dim A° of the maximal Abelian subalgebra of the decomposable algebra B, i.e. by
dimH.

However, if 7 is not c-coupling, the difference S (7) = S (o) — | (7) can achieve
the negative value, and may not serve as a measure of conditional entropy in such
a case.

Definition 3. The supremum of the mutual information
(4.8) H(s) = sup{l (m) : o =<} = I(m,).

which is achieved on A = B for a fized state < (B) = TryBo by the standard
g-coupling mq (B) = o'/2Bo'/2, is called g-entropy of the state s. The mazimum

S(<) = Sup{| (ﬂ-c) O T = §} =1 (71'3)
over all c-couplings w. corresponding to c-encodings (3.5), which is achieved on an
extreme d-coupling 79, is called the c-entropy of the state . The differences,

H(m) =H() = 1(m), S(m)=5()—I(n),

are called respectively, the g-conditional entropy on B with respect to A and the
(degree of) disentanglement for the coupling 7 : B — A. A compound state is said
to be essentially entangled if S (7) < 0, and S (w) > 0 for a c-coupling m = 7. (this
is called the c-conditional entropy on B with respect to A).

Obviously, H(¢) and S(s) are both positive, do not depend, unlike S (o) =
S (¢/v), on the choice of the faithful trace v on B and obey the inequality H (¢) >
S(¢). The same is true for the conditional entropies H (7) and S (), where S (7)
always has a positive value
S () 25(770) >0

*

in the case of a c-coupling @ = m, due to n; = 7;K for a normal unital CP
map K : A — A% where 7° = 74 is a d-coupling with Abelian A°. But the
disentanglement S (7) can also achieve the negative value

(4.9) inf {S(m): pom=c}=S()—H() ==Y 5(i)S (o)

as the following theorem states in the case of discrete B. Here the o; € L (H;)
are the density operators of the normalized factor-states ¢; = s (i)' ¢|£ (H;) with
s (i) = ¢ (I'), where I' are the orthoprojectors onto H;. Note that H (¢) =S (<) if
the algebra B is completely decomposable, i.e. Abelian. In this case the maximal
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value In rank B of S (¢) can be written as Indim B. The disentanglement S () is
always positive in this case, and S (7) = H () as in the case of Abelian A.

Theorem 3. Let B be a discrete decomposable algebra on H = &;H;, with a normal
state given by the density operator o = @o (i) with respect to the trace p = Try
on B, and C C B be its center with the state s = ¢|C induced by the probability
distribution s (i) = Tro (i). Then the c-entropy S (<) is given as the von Neumann
entropy (4.6) of the density operator o and the g-entropy (4.8) is given by the
formula

(4.10) H(g):Z( (2) In 5 (3) — 2Tryg,0 (4) Ino (7)) .

This can be written as H(s) = Hpc (¢) + He (), where He (¢) = — >, 5 (i) In 5 (i),
and

Hac (s) = —22 i) Try, 05 Ina; = 2S¢ (<)
with o; = o (1) /3 (7). H(s) is ﬁmte iff S(s) < o0, and if B is finite-dimensional, it
is bounded, with mazimal value H (¢°) = Indim B, achieved for c° = @ofs° (i)
= (dimH;)" " I, »° (i) = dim B (i) / dim B,
where dim B (i) = (dim H;)?, dim B = >, dim B (1).
Proof. We have already proven that S (¢) = S (o), where
ZTI"H o (i)Ino (i) = Sc (s) + Spjc (<),

with Sc (<) = He (<), Spie (<) = X2 (i) S (07) = 3Hpc (<).
The g-entropy H (<) is the supremum (4.8) of the mutual information (4.3) which
is achieved on the standard entanglement, corresponding to the density operator

w = @w (i, k) with w (i,k) = 3 (i) |01/2)(0§/2\(5§C of the standard compound state
(2.10) with B = B, p = 0. Thus H (¢) = I (), where

[(mg) =Trw(lnw —-In(c®I)—In(I®0c)) =S (w)—25(0)
—Z 1) In (i —2Tralna——Z%(i)(ln%(i)—FQTrHiailnai).
Here we used that Tr wlnw =, » (i) In 5 (z) due to
winw = &; 4w (i, k) Inw (i, k) = B¢ (i) ot/ ) (o *[In 52 (i) ,
and that Tr clno = ), 5 (i) (Ins (i) — Sp, (¢;)) due to
olno = @0 (i) Ino (i) = @ (i) o; (In s (i) + Inoy)
for the orthogonal decomposition o = @;s¢ (i) 0;, where s (i) = Tro ().
Thus H (¢) = Hp|c (¢) + He (s) = 2Sp)c (¢) + Sc (s) < 25(s), and it is bounded
by
Csg = supz (2 sup Sn() (i) — ln%(i))

:—mfz ) (In 2 (7)) — 2Ilndim™H;) = Indim B.
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Here we used the fact that the supremum of von Neumann entropies S (¢;) for the
simple algebras B (i) = £ (H;) with dim B (i) = (dimH;)* < oo is achieved on the
tracial density operators o; = (dim ’Hi)_1 I' = 02, and the infimum of the relative
entropy

R(3:2%) =Y 3(i) (Insx (i) — In 5 (i),

where »° (i) = dim B (¢) / dim B, is zero, achieved at s = 5°. O

Note that as shown in [22] for the case of the simple algebra B, the quantum
enropy H(¢) can be also achieved as the supremum of the von Neumann entropy
S (o) over all pure couplings given by the isometries X : H — G @ H, XTX =
I preserving the state ¢. The latter means that the density operator w of the
corresponding compound states with the marginals p = Tryw and 0 = Trgw is
given as w = Xo XT.

5. QUANTUM CHANNEL AND ENTROPIC CAPACITIES

In this section we describe quantum noisy channel in terms of normal unital CP
maps and their duals, and introduce an analog of Shannon information for gen-
eral semifinite algebras. We consider the maximization problems for this quantity
with various operational constrains on encodings, and define the entropic capacities
which serve as upper bounds for the operational capacities corresponding to these
constrains. The question of asymptotic equivalence of the entropic and operational
capacities is not touched here.

Let H; be a Hilbert space describing a quantum input system and H describe
its output Hilbert space. A quantum channel is an affine operation sending each
input state defined on H; to an output state defined on H such that the mixtures of
states are preserved. A deterministic quantum channel is given by a linear isometry
U:Hy — H with UTU = I' (I' is the identify operator in H;) such that each
input state vector n; € Hi, ||n;|| = 1, is transmitted into an output state vector
n = Un, € H, ||n]| = 1. The orthogonal sums ¢; = @¢1 (n) of pure input states
1 (B,n) = 5, (n)" By, (n) are sent into the orthogonal sums ¢ = @ (n) of pure
states on B = L (H) corresponding to the orthogonal state vectors i (n) = Un, (n).

A noisy quantum channel sends pure input states ¢; on an algebra B! C £ (H;)
into mixed ones ¢ = ¢1 A given by the composition with a normal completely positive
unital map A : B — B. We shall assume that B! (as well as B) is equipped with
a normal faithful semifinite trace v defining the pairing <B7 uTu>1 =1 (GTBQ) of

B! and B! = BL. Then the input-output state transformations are described by
the transposed map AT : B% — B;

(B.AT(01)) = (A(B),o1),. B eB.oyc Bl

defining the output density operators ¢ = AT (o) for any input normal state
s1(B) = (B,o1),. Without loss of generality the input algebra B! can be as-
sumed to be the smallest decomposable algebra generated by the range A (B) of
the channel map A (B is Abelian if A (B) consists of only commuting operators on
Hy).

The input generalized entanglements w'! : A — B%, including encodings of the
state ¢1 with the density o; = w?! (I), will be defined by the couplings x* : Bt — A,

as w! = k . Here k : A — Bl is a normal TCP map defining the state o = vy o &
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of a probe system (A, 1) which is entangled to (B',<1) by £ (A) = Jx (A7) J, and
the adjoint map x* is defined as usual by

(A" (B)), = w1 (Al ® B) = (x(A)|B),, VA€ABEB,

where w; is the corresponding compound state on A ® B.

These (generalized) entanglements describe the quantum-quantum correspon-
dences (qg-, ¢-, or o-encodings) of the probe systems (A, ¢) with the density oper-
ators p = KT (Il), to the input (Bl,gl) of the channel A. In particular, the most

1
q

the transposed input system (.AO, Qo) = (Bvl ,<~1> corresponding to the TCP map

kg (A) = Jai/QA*Lai/QJ. In the case of discrete decomposable A° = Bl = B
with the density operator o1 = @®;01 (¢) this extreme input g-encoding defines the
following density operator

(5.1) we=T@AT) (wa1), wq = Bilo1 (1)/*)(o1 ()"

of the input-output compound state w, 1A on A° ® B = B! @ B.

The other extreme case of the generalized input entanglements, the pure c-
encodings corresponding to (3.2), are less informative then the pure d-encodings
w), = i, given by the decompositions £ = > |n)(n|s; (n) with pure states 1 (B,n) =

informative standard input entanglement w_; : Bl — B% is the entanglement of

n (n)T Bn (n) on By. They define the density operators

(5.2) wi=1®AT) (Wa), wa=y_|n)(n|@n (n)n (n)',

of the B! ® B-compound state wgi A = wqq 0 (I® A). These are the Ohya compound
states w, = wo1 A [11] in the case

o1 (m) =5 (W) (), 0 () g (m) = pa (n) 67,
of orthogonality of the density operators o1 (n) normalized to the eigen-values p; (n)
of o1. The o-compound states are achieved by pure o-encodings w) = &, described
by the couplings k, = Y |n)(n|s$ (n) with ¢ corresponding to 9. The input-output
density operator

(5.3) wo=(I@A ) wor, wor =Y |n){n|@us (n)n (n)'

of the Ohya compound state w, is achieved by the coupling A = k*A of the output
(B, <) to the extreme probe system (AO, QO) = (Bl,gl) as the composition of x*
and the channel A.

If K: A— A" is a normal completely positive unital map

K(A) =Trr XAXT, AcA,

where X is a bounded operator F_®Gy — G with Trx_ XX = IO, the compositions
k = koK, m = A*k describe the entanglements of the probe system (A, g) to the
channel input (Bl, gl) and the output (B, ) via this channel respectively. The state
0 = oK is given by

KT (py) = X (I" ®py) X' € A,
for each density operator p, € AY, where I~ is the identity operator in F_. The
resulting entanglement 7 = A*K defines the compound state w = wg; o (K ® A) on
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A ® B with

wor (A°® B') = Tr A% (B') = Tr 0}, (A° ® B') oo
on A° ® B'. Here vo1 : Go ® H1 — Fo1 is the amplitude operator uniquely defined
by the input compound density operator wg; € .A(T) ® 5’% up to a unitary operator

U® on Fy1. The effect of the input entanglement s and the output channel A can
be written in terms of the amplitude operator of the state w as

v=(XQY)(I Quu®I")U

up to a unitary operator U in F = F_ ® Fp1 ® F4. Thus the density operator of
the input-output compound state w is given by wg; (K ® A) with the density

(5.4) (K®A)" (wo) = (X®Y)wo (X @),
where wg; = ’Uol’Ug)l.
Let lCé be the set of all normal TCP maps « : A — B! with any probe algebra A

normalized as Trx (I) = 1 and Ky (1) be the subset of all x € K} with (1) = ;.
Each k € IC; can be decomposed as 14K, where x, : A® — B! defines the standard

input entanglement w; = n;, and K is a normal unital CP map A — B
Further let ! be the set of all CP-TCP maps « described as the combinations

(5.5) K(A)=> 0, (A)o1(n)

of the primitive maps A — g,, (A) o1 (n), and K} be the subset of the diagonalizing
entanglements k, i.e. the decompositions

(5.6) k(A) = (n|An)oy (n).
As in the first case K. (1) and K4 (1) denote the subsets corresponding to a fixed
% (1) = ¢1. Each K. (1) can be represented as the composition £ = kK, where
k4 normalized to ¢; describes a pure d-encoding @} = k, of (B',<1) for a proper
choice of the CP map K : A — B!.

Furthermore let X! (and K, (1)) be the subset of all decompositions (5.6) with
orthogonal oy (n) (and fixed ), o1 (n) =01):

o1 (m)oy(n) =0, m #n.

Each k € K, (¢1) can also be represented as k = k,K, with k, describing the pure
o-encoding @} = K, of (B, 1) = (A% o).

Now, let us maximize the entangled mutual entropy for a given quantum channel

A (and a fixed input state ¢; on the decomposable B = B!) by means of the above
four types of entanglement x. The mutual information (4.3) was defined in the
previous section by the density operators of the corresponding compound state w
on A ® B and the product-state ¢ = 0 ® ¢ of the marginals g, ¢ for w. In each case

w=wo (K®A), ¢=¢p5uKeA),
where K is a CP map A — A° = B!, wq; is one of the corresponding extreme
compound states wg1, wWe1 = Wy, Wo1 ON B! ® B, and Y01 = Po @ s1. The density
operator w = (K ® A)T (wg1) is written in (5.4), and ¢ = p ® ¢ can be written as
¢=nrT(I)@AT(I),

where AT = ATx{. This proves the following proposition.
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Proposition 2. The entangled mutual informations achieve the following mazximal
values

(5.7) sup 1 (k*A) = lg (¢1,A) :== 1 (k7 A)
KEK (s1)
le (s1,A) := sup | (xk"A) =supl(kjA) =14(s1,A),
KEK(s1) Kd
(5.8) sup 1(K"A) =1,(s1,A) :=supl(k,A),
KEK,(s1) Ko

where k. are the corresponding extremal input couplings A° — Bl with por* = ;.
They are ordered as

(5.9) Iy (s1,A) > 1o (s1,A) =g (s1,A) > 1, (s1,A).

In the following definition the maximal information I. (51, A) = 14 (s1, A) is simply
denoted as |y (¢1, A).

Definition 4. The suprema
Cy (A) = sup I (k*"A) =suply (s1,4),

REKE S1

(5.10) sup | (k*A) =Cy (A) :=suply (1, A),
IiGK:(li S1

Co (A) = sup I (k*A) =supl, (¢1,A),
KEK] S1

are called the g-, c- or d-, and o-capacities respectively for the quantum channel
defined by a normal unital CP map A : B — Bl.

Obviously, the capacities (5.10) satisfy the inequalities
Co(A) <Ci(A)<Cy(A).

Theorem 4. Let A (B) = U'BU be a unital CP map B — B' describing a quantum
deterministic channel. Then

i (61, A) = 1o (s1,A) =S(c1), g (s1,A) =S (s1),
where Sy (1) = H (1), and thus in this case

C; (A) =C, (A) =InrankB', C,(A) =Indim B'.
Proof. Tt was proved in the previous section for the case of the identity channel
A =1 and is thus also valid for any isomorphism A : B — UTBU describing the

state transformations AT : ¢ — Y oYt by a unitary operator U = Y. In the case of
non-unitary Y we can use the identity

TrY (o1 @IT)Y Y (0 @ IN) YT =Tr S (o @I ) InS (o @ IT),
where S = YTY. Due to this S(c;A) = —Tr S(6, @ I[T)InS (07 ® 1), and
S (w01 (K ® A)) =

-Tr (R®S)(I” Qwou @ IT)In(R®S) (I” @wu @ I1),

where R = XTX. Thus S (s;A) =S (s1), S (wor (K@ A)) =S (wo1 (K®1))if YTY =
I, and
I((m1A)) = S (00K) + S (61) = S (wor (K& 1))

=S
< S(00) +S(s1) = S(wor) = I (wor)
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for kK = koK with any normal unital CP map K : A — A° and a compound
state wo; on A° ® B. The supremum (5.7), which is achieved at the standard
entanglement, corresponding to w1 = wgi, coincides with g-entropy H(s1) and
the supremum (5.8), coinciding with S (s1), is achieved for a pure o-entanglement,
corresponding to wg; = wy1 given by any Schatten decomposition for o1. Moreover,
the entropy H (1) is also achieved by any pure d-entanglement, corresponding to
wp1 = wq1 given by any extreme decomposition for o; and thus is the maximal
mutual information Iy (¢1,A) in the case of deterministic A. Thus the capacity
Cy (A) of the deterministic channel is given by the maximum C, = Indim H; of the
von Neumann entropy S, and the g-capacity C, (A) is equal Cg1 = IndimB'. O

In the general case, d-entanglements can be more informative than o-entanglements
as can be shown by an example of a quantum noisy channel for which

|1 (§1,A)>|O(§1,A), C1 (A)>C0(A)

The last equalities of the above theorem are related to the work on entropy by
Voiculescu [23].
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