QUANTUM ENTROPY AND INFORMATION IN DISCRETE
ENTANGLED STATES

VIACHESLAV P BELAVKIN AND MASANORI OHYA

ABSTRACT. Quantum correspondences and entanglements, describing truly
quantum couplings, are studied and classified for the discrete compound states.
We show that classical-quantum correspondences such as quantum encod-
ings can be treated as d-entanglements leading to a special class of separa-
ble compound states. The mutual information for the d-compound and for
gq-compound (entangled) states leads to two different types of entropies for a
given quantum state. The first one is the von Neumann entropy, which is
achieved as the supremum of the information over all d-entanglements. The
second one is the dimensional entropy, which is achieved at the standard en-
tanglement, the true quantum entanglement, coinciding with a d-entanglement
only in the commutative case. The g-conditional entropy and g-capacity of a
quantum noiseless channel, defined as the supremum over all entanglements,
is given as the logarithm of the dimensionality of the input von Neumann al-
gebra. It can double the classical capacity, achieved as the supremum over all
semi-quantum couplings (d-entanglements, or encodings), which is bounded
by the logarithm of the dimensionality of a maximal Abelian subalgebra. An
entopic measure for the essential entanglement is introduced.

1. INTRODUCTION

Recently, specifically quantum correlations called in quantum physics entangle-
ments, are used to study quantum information processes, in particular, quantum
computation, quantum teleportation, quantum cryptography [1, 2, 3]. There have
been mathematical studies of entanglements in [4, 5, 6], in which the entangled
state is defined by a compound state which cannot be written as a convex com-
bination ) 0, ® ¢,y (n) with any states o, and ¢,. However, it is obvious that
there exist several important applications with correlated states written as sepa-
rable forms above. Such correlated, or entangled states have also been discussed
in several contexts in quantum probability, such as quantum measurement and fil-
tering [7, 8], quantum compound state[9, 10], and lifting [11]. In this paper, we
study the mathematical structure of quantum entangled states so as to provide a
finer classification of quantum sates, and we discuss the informational degree of
entanglement and entangled quantum mutual entropy.

We show that pure entangled states can be treated as generalized compound
states, the nonseparable states of quantum compound systems which are not rep-
resentable by convex combinations of the product states.
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The mixed compound states, defined as convex combinations by orthogonal de-
compositions of their input marginal states ¢g, were introduced in [9] for studying
information in a quantum channel with the general output C*-algebra B. This
o-entangled compound state is a particular case of the so-called separable state of
a compound system, the convex combination of the arbitrary product states which
we call c-entangled. We shall prove that the o-entangled compound states are most
informative among the c-entangled states in the sense that the maximum of mutual
information over all c-entanglements with the quantum system (B,¢) is achieved
on the extreme o-entangled states, defined by a Schatten decomposition of a given
state ¢ on B. This maximum coincides with the von Neumann entropy S (s) of the
state ¢, and it can also be achieved as the maximum of the mutual information over
all couplings with classical probe systems described by a maximal Abelian subalge-
bra B! C B. Thus the couplings described by c-entanglements of (quantum) probe
systems A with a given system B do not give an advantage in maximizing the mu-
tual information in comparison with the quantum-classical couplings corresponding
to the Abelian A = B'. The achieved maximal information S () coincides with the
classical entropy on the Abelian subalgebra B! of the Schatten decomposition for ¢,
and is bounded by InrankB = Indim B', where rankB is the rank of the von Neu-
mann algebra B defined as the dimensionality of a maximal Abelian subalgebra.
Owing to dim B < (rankB)Q, it is achieved on the normal central o = (rankB)f1 1
only in the case of finite-dimensional B.

More general than o-entangled states, the d-entangled states, are defined as c-
entangled states by the orthogonal decomposition of only one marginal state on
the probe algebra A. They can give bigger mutual entropy for a quantum noisy
channel than the o-entangled state which gains the same information as d-entangled
extreme states in the case of a deterministic channel.

We prove that the truly (strongest) entangled states are most informative in
the sense that the maximum of mutual entropy over all entanglements with the
quantum system (B, ) is achieved on the quasi-compound state given by an extreme
entanglement of the probe system A = B with coinciding marginals, called standard
for a given ¢. The standard entangled state is o-entangled only in the case of an
Abelian B or pure marginal state ¢. The gained information for such an extreme
g-compound state defines another type of entropy, the quasi-entropy S, (s) which
is bigger than the von Neumann entropy S () in the case of non-Abelian B (and
mixed ¢.) The maximum of mutual entropy over all quantum couplings, described
by true quantum entanglements of probe systems A with the system B is bounded
by IndimB, the logarithm of the dimensionality of the von Neumann algebra B,
which is achieved on a normal tracial ¢ in the case of finite-dimensional B. Thus the
g-entropy S (s), which can be called the dimensional entropy, is the true quantum
entropy, in contrast to the von Neumann rank entropy S (), which is a semi-classical
entropy as it can be achieved as the supremum over all couplings with the classical
probe systems A. These entropies coincide in the classical case of an Abelian B
in which rankBB = dim 5. In the case of non-Abelian finite-dimensional B the q-
capacity C, = IndimB is achieved as the supremum of mutual entropy over all
g-encodings (correspondences), described by entanglements. It is strictly larger
than the semi-classical capacity C = InrankB of the identity channel, which is
achieved as the supremum over usual encodings described by the classical-quantum
correspondences B! — B.
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In this paper we consider the case of a discrete decomposable W*-algebra B for
which the results are achieved by relatively simple proofs. The purely quantum
case of a simple algebra B = L (H), for which some proofs are rather obvious was
considered in a short paper [12]. The general case of arbitrary W*-algebra B will
be published elsewhere.

2. COMPOUND STATES AND ENTANGLEMENTS

Notations. Let H denote the (separable) Hilbert space of a quantum system, and
L (H) be the algebra of all linear bounded operators on H. In order to include the
classical discrete systems as a particular quantum case, we shall fix a decomposable
subalgebra B C L (H) of bounded observables B € B of the block-diagonal form
B = [B(j) 5;}, where B (j) € L (H;) are arbitrary bounded operators in Hilbert
subspaces H; corresponding to an orthogonal decomposition H = @©;H;.

A bounded linear functional ¢ : B — C is called the state on B if it is positive
(i.e., ¢ (B) > 0 for any positive operator B in B) and normalized ¢(I) = 1 for the
identity operator I in B. A normal state can be expressed as

(2.1) ¢(B)=Trgx'Bx=TrBs, BeB

where G is another separable Hilbert space, x is the Hilbert—Schmidt operator from
G to H, x' is the adjoint operator of y from H to G and Trg (or simply Tr if
there is no ambiguity) denotes the standard trace in G ( or in H) normalized to
one-dimensional projectors o = ¢¢T. This x is called the amplitude operator, or
simply amplitude given by a x = ¢ € H with xTx = ||¥||> = 1 in the case of one
dimensional G = C, corresponding to the pure state ¢ (B) = ¢'Bi, in which case
x' is the functional ' from H to C.

The amplitude operator is not unique, however it is defined uniquely up to
a unitary transform in G as a probability amplitude by the additional condition
xx! = Pg € B. Such a y always exists, and the corresponding density operator
o = Pg is a decomposable trace one operator Pg = @0 (i) called the probability
operator with the components o (j) =P (j) € £ (H;) normalized as

Try, Pp(j) = 2(j) 20, Y s(i)=1.
2
Thus the predual space B, can be identified with the direct sum &7 (H;) C B of
the Banach spaces 7 (H;) of trace class operators in H;. The probability operators
P4 € A., P € B, of the states p, ¢ on different algebras A, B will be usually
denoted by different letters p, o corresponding to their Greek variations p, <.

In general, G is not one-dimensional, the dimensionality dim G must be not less
than rank o, the dimensionality of the range ran o C ‘H of the density operator o.
We shall equip it with an isometric involution J = J¥, J? = I having the properties
of complex conjugation on G,

I NG => Ml YA EC(EG
k k

with respect to which Jp = pJ for the positive (and thus self-adjoint) operator
p=x"x = pl on G. The latter can also be expressed as the symmetry property
0 = o of the state o (A) = Tr Ap given by the real (and thus symmetric) density
operator p = p = p on G with respect to the complex conjugation A = JAJ and
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the tilde operation (G-transposition) A = JATJ on the algebra £ (G), and thus on
any tilde invariant decomposable subalgebra A C £ (G) containing xTBx > p.
The space G can always be realized as a subspace of £2 (N) of complex sequences

N 5 m — ¢ (m) € C, with 3 |¢ (n)]*> < 400 in the diagonal representation p =
[11(n) 6,']. The involution J can be identified then with the complex conjugation

C¢(n) =((n), ie,
C:¢=Y"In)¢(n) = CC="In) (n)

in the canonical basis |n) of G C ¢2(N). In this case x = Y_ x (n) (n| is given by
orthogonal eigen-amplitudes x (n) € M, x (n)' x (m) = 0, m # n, normalized to
the eigen-values v (n) (= p(n) = x (n)' x (n)) of the density operator o such that
o= x(n) x (n)' is a Schatten decomposition, i.e. the spectral decomposition
of o into one-dimensional orthogonal projectors. In any other ortho-normal basis
{¢,,} C G the operator J is defined then by J = UTCU, where U = ¥ |n)¢], is the
corresponding unitary transformation G — ¢2(N), and x = . x (n)¢l. One can
also identify G with the whole space H by choosing ¢, = v (n)_l/2 X (n) for those
n where v (n) = ||x (n)||* # 0 such that Jx,, = x,,. The operator & becomes then
real and symmetric, 0 = JoJ = ¢ in H = G with respect to any such involution J
in H given by an isometric operator U : H — ¢? (N) diagonalizing the operator o:
UoUT = 3" [n)v (n) (n|. The amplitude operator

corresponding to this case A = B, p = o is called standard.

Given the amplitude operator x, one can define not only the states ¢ and ¢ on
the algebras B = £ (H) and A = L£(G) but also a pure entanglement state o on
the algebra A ® B of all bounded operators on the tensor product Hilbert space
G ® H by

TrgAx'Bxy = w (A ® B) = TryxAx'B.
Indeed, thus defined w is uniquely extended by linearity to a normal state on the
algebra A ® B generated by all the linear combinations C = >~ A A ® By, due to
w(I®I)=Trxfx=1and
w (OTC) = Z j\i)\kTI‘gAkAjXTB;[BkX
ik
= ) A Trg AT BI Bix A = Trg XX >0,

ik

where X = Ne B xAg.
This state is pure on £ (G ® H) as it is given by an amplitude ¢ € G @ H defined

as

(Comn'v=n"xJ¢, VeGneH,
and it has the states ¢ and o as the marginals of w:

(2.2) w(A®I)=TrgAp, w(I® B)=TryBo.
As follows from the next theorem for the case F = C , any pure state

w(A®B)=v'(A®B)y, AcABcB
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given on £ (G ® H) by an amplitude 1) € G ® H with ¥1) = 1, can be achieved by
a unique entanglement of its marginal states ¢ and <.

Theorem 1. Let w : A® B — C be a compound state
w(A® B) = Trzv' (A® B)w,

defined by an amplitude operator v : F — G ® H on a separable Hilbert space F
into the tensor product Hilbert space G @ H with

vwieA®B, Trroiv=1.
Then this state can be achieved as an entanglement
(2.3) TrgAx' (I® B)x = w (A® B) = TrrenxAx' (I @ B)

of the states (2.2) with p = x'x and 0 = Trexx', where x is an operator G — FH
with

(2.4) TrexAx' € B, x' (I ®B)x C A.
The entangling operator x is uniquely defined by xU = v, where
(2.5) (Con' = (JEon xJ¢, VEeF (egmeH,

up to a unitary transformation U of the minimal space F = ranv! equipped with an
isometric involution J.

Proof. Without loss of generality we can assume that the space F is a subspace of
02 (N) for the diagonal representation of viv equipped with the complex conjugation
C just as the space G is in the diagonal representation of xTx. In these canonical
basises of F and G the amplitude operator x = >_ x (n)(n| can be defined as
the block-matrix Y |k) ® x; (n) (n| transposed to Y |n) ® x (n) (k|, where the
amplitudes 1, (n) € H are given by the matrix elements n'x,, (n) = ((n| @ n7) v|k):

Trgdx (ToB)x = 37 (nl AJm)xj, (m) B (n)
k,m,n
= Z XL (m) (m| A|n) Bx; (n) = TI"]-'UT (A B)v .
k,m,n

In any other ortho-normal basis {{,} C F the involution J : F — F satisfying
JE;, = &, is defined as UTCU, and v = 3 [n) @1, (n) £ = YU, where U = 3 |k)éL.
The isometric transformation U of {£,} into the canonical basis {|k)} C ¢* (N) is
real in the sense U := CUJ = U, and thus U := CU'J = U'. Hence amplitude
operator x : G — F ® H which was defined above by the transposition of vUt =
vU =¥, is equivalent to ©: x = (U ® I)©. Thus

x'x = Trpoot = p, Trexx! = TI‘g’U’UT =o0.
Moreover, it satisfies the conditions (2.4) since w = vof € A® B:
IXtIT @B xJ=Trn (I @ B)we A, TraxAxt =Trg (A® Iw € B.

The uniqueness up to the U follows from the obvious isometricity of the families

{Z@W%k(”)inENaWEH}, {ZWka(n)d:”ENWGH}
k k
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of vectors (I ®n') x|n) in F C 2 (N) and of ((n| ® ') v in FT which follows from

Trgln) (m|x" (I @ m') x = Trzo® (jm)(n| @ ny') v.
Thus they are unitary equivalent in the minimal space F. So the entangling oper-
ator x is defined in the minimal F up to unitary equivalence corresponding to the
unitary operator U in F intertwining the involutions C' and J. (]

Note that the entangled state (2.3) is written as
TrgAn (B) = w (A® B) = Tryn™ (A) B,

where the operator 7' (4) = TrrxAx' € B for any A € £(G) is in the predual
space B, as bounded by ||A|| o € B., and

—_~—

m(B)=Jx'(I®BY) xJ=xI(I® B)x
is in A, as a trace-class operator in G, bounded by ||B]| p € A.. The linear map 7
is written in the Steinspring form [18] of the normal completely positive (CP) map
B+ 7 (B), while 7* : A — B, is written in the Kraus form [19] of the normal CP
map A — 7* ([l) in the canonical orthonormal basis |k) of F C ¢% (N):

T (A) = 3 (k@ D) xAxt (k) @ 1).
k

A linear map 7 : B — A, is called transpose n-positive (transpose-completely
positive, or TCP) if the operator matrix

7 (B) =[x (By)] = [r (B)]'
is positive for every n x n positive-definite operator-matrix B = [B;;] = B* (re-
spectively for any n € N) | where Bt = {Bjk} = B:

n
> clr (M) G0, v €6, €B.
ik=1
Every transpose n-positive map is positive but not necessarily completely positive
(CP) even if it is TCP, unless A = A (i.e. A is Abelian), in which case a positive
map is both CP and TCP.

The entanglements = and 7* as linear maps: B — A., A — B, are dual to
each other, 7** = m, both are positive, but they are not completely positive but
transpose-completely positive as the compositions of the transposition A — A and
the completely positive maps. In terms of the compound density operator w = vof
for the entangled state w (A ® B) = Tr (A ® B) w they can be written simply as

7 (A) =Trg(A®Iw, =w(B)=Try(I® B)w,
and in any orthonormal basis of G, e.g. in the diagonal representation of p, they

have the form
(2.6)

7 (A) = (n]Alm) Tezxx (m) x ()", 7 (B) = Y |m) (n| x (n)" (I © B) x (m)

m,n
corresponding to

(2.7) w=">"|m){n| @ Trrx (m) x (n)".

m,n
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Note that the eigen-basis of p is characterized by weak orthogonality property

(28) Tergy (m)  (n) = p (m) 67
in terms of the amplitude operators ¥ (n) = (I ® (n|) X.

Definition 1. The TCP map 7 : B — A, (or its dual map * : A — B, ), normal-
ized as Trgm (I) =1 (or Trym™ (I) = 1) is called the (generalized) entanglement of
the state ¢ on B to p = w* (I) (or of o on A to 0 = w(I)). The entanglement w
is called true quantum if it is not completely positive, i.e. if there exists a positive
operator-matriz B = [By] with By, € B for which m (B) = [r (Bx)] is not positive.
All other entanglements, described by the maps © which are both CP and TCP, are
not true quantum. The entanglement m = 79 = 7* by

(2.9) 71 (B)=0¢'?Bs'?, BeB
of the state o = ¢ on the algebra A = B is called standard for the system (B,¢).

The standard entanglement defines the standard compound state
TryAc'/?Bo'/? = wy(A® B) = Tryo/? Ac'/?B

on the algebra B® B. In the case of the simple algebra B = £ (H) this state is pure,
given by the amplitude ¢ = |¢'/2), where |0'/?) = ¥ with x = ¢/? and ¥ defined
in (2.5) as (C@n)"x = nTxJC.

In the general case of a decomposable B = &L (H;) with the density operator o =
@0 (i) having more than one components o (j) = 0, (j) with s (j) = Tro (§) # 0
and positive o; € L (H,), the standard compound state is mixed, described by the
decomposable density operator
(2.10) wy = @040} * W02 (j), ABeB
with zero components w (i,j) = 5;-%(]') wgqj at @ # j, corresponding to the pure
2 e H; @ H,

compound states wg; = 1/1]-1/1;. The standard amplitudes 9; = |aj

defining the orthogonal decomposition
N1/2 ) 1/2\ 5 s N ci g
v =i (7)o )83l = @i 5 (7) 83l
of the standard amplitude operator v : F — @&H;®@Hy on F = £* (N) with zero com-
ponents v (i,5) = v (j) §5(i| at i # j, corresponds to the block-diagonal entangling
N ot . . . . 2
operator x = [x (j) 8}] with x (j) = |j) ® & (j)"/*.
[Example] In quantum physics entangled states are usually obtained by a unitary

transformation U of an initial disentangled state described by the density operator
Po ® 09 ® To on the tensor product Hilbert space G ® H ® I, that is,
w(A®B)=Tr U (A@B@ 1)U (py @ 00 @ 70).

In the simple case K = C, 79 = 1, the joint amplitude operator v is defined on
the tensor product F = G ® Hy with Hy = ranog as v = Uy (p, ®00)1/2. The
entangling operator x describing the entangled state w is constructed as in the
proof of Theorem 1 by transposition of the operator vUT, where U is an arbitrary
isometric operator F — G ® Hy. The dynamical procedure of such entanglement
described in terms of completely positive maps 7 : B — A, is the subject of Belavkin
quantum filtering theory [17]. The quantum filtering dilation theorem [17] proves
that any entanglement 7 can be obtained as the unitary entanglement in the result
of quantum filtering by tracing out nonobservable degrees of freedom of a quantum
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environment described by the density operator 79 on the Hilbert space K, even in
the continuous time case.

3. C- AND D-ENTANGLEMENTS AND ENCODINGS

The compound states play the role of joint input-output probability measures in
classical information channels, and can be pure in quantum case even if the marginal
states are mixed. The pure compound states achieved by an entanglement of mixed
input and output states exhibit new, non-classical type of correlations which are
responsible for the EPR type paradoxes in the interpretation of quantum theory.
The mixed compound states on A ® B which are given as the convex combinations

T=Y 0,®5u7(n), () =0, y(n)=1

of tensor products of pure or mixed normalized states ¢, € B, 0, € A« as in
classical case, do not exhibit such paradoxical behavior, and are usually considered
as the proper candidates for the input-output states in the communication channels.
Such convex combinations of primitive disentangled states are called c-compound
states. We can say that they are achieved by c-entanglements = = 7%, where

(3.1) 7. (A) = Z onTrgAp,y (n), wi(B)= Z ppTryBoyy (n)

are the convex combinations of the primitive entanglements A — o, TrAp, and
B — p,'TrBo,, given by the density operators w,, = p,, ® o, of the product states
W, = 0,, @ spn. Note that such maps 7 (and 7* = 7.) are not only co-positive but
also completely positive as it follows from the positive-definiteness of c-matrices

[Trgmpn} = [Trgfli;lan] = [Trg A} A:p,) -

A compound state of this sort was introduced by Ohya [9, 13] in order to define
the quantum mutual entropy expressing the amount of information transmitted
from an input quantum system to an output quantum system through a quantum
channel. He used a Schatten decomposition p = Y p,u(n) into one-dimensional
density operators p,, of the input states g,,. In the canonical basis |n) of G diago-
nalizing p it corresponds to a particular, diagonal type

(3.2) 70 (A) = 3 (nl Al (n)
n

of the entangling map (2.6), and is discussed in this section.

Let us consider a finite or infinite input system indexed by the natural numbers
n € N. The associated space G C ¢ (N) is the Hilbert space of the input system
described by a quantum projection-valued measure n +— |n)(n| on N, given an
orthogonal partition of unity I = > |n)(n| € A of the finite or infinite dimensional
input Hilbert space G. Each input pure state, identified with the one-dimensional
density operator |n)(n| € A corresponding to the elementary symbol n € N, defines
the elementary output state ¢, on B. If the elementary states ¢, are pure, they
are described by output amplitudes 7, € H satisfying nln, = 1 = Tro,, where
on = M,7M, are the corresponding output one-dimensional density operators. If
these amplitudes are non-orthogonal nf n, # 07", they cannot be identified with
the input amplitudes |n).
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The elementary joint input-output states are given by the density operators
In)(n| ® n,n in G ® H. Their mixtures define the compound states

(3-3) w (A® B) =Y _(n|Aln)nBn,u(n),

n

on A® B, given by the classical-quantum correspondences, or encodings n +— |n)(n|
with the probabilities p(n). Here we note that such quantum encoding is de-
scribed by the simplest classical-quantum channel, and any d-compound state for
a quantum-quantum channel in quantum communication can be obtained in this
way due to the orthogonality of the decomposition (3.3), corresponding to the or-
thogonality of the Schatten decomposition p =" |n)u (n) (n| for p = Tryw.

The comparison of the general compound state (2.7) with (3.3) suggests that the
encodings are described as the diagonalizing entanglements

(3.4) Zln 1Bn,,(n|u (n).

Thus the encodings, which correspond to the stronger orthogonality

(3.5) ¥ (m) v ()" = p(n) oy,

for the amplitude operators ¥ (n) : F — H of the decomposition of the amplitude
operator v = Y |n) ® ¢ (n) in comparison with the orthogonality (2.8), are the
particular cases of c-entanglements and are not true quantum entanglements. The
strong orthogonality (3.5) can be achieved in the following way: Take in (2.6)

F C2(N), x (n) = |n) ®n(n), where n(n) = p (n)l/2 N, With (mln) = 4," so that

x ()" (I ® B) x (m) = p(n)n},Bn, o

for any B € B. Then the strong orthogonality condition (3.5) is fulfilled by the
amplitude operators ¢ (n) = n (n) (n| = x (n), and

X' = Zu ) In)(n| = p, xx —Zn
It corresponds to the amplitude operator for the compound state (3.3) of the form

v=3"In) 8 v ()T

where U is arbitrary unitary operator from F onto G , i.e. v is unitary equivalent
to the diagonal amplitude operator

x = In){n®n(n)

on F =G into G ® H. Thus, we have proved the following theorem in the case of
pure output states o,, = nnnL.

| |
Q

Theorem 2. Let w: A® B — C be a normal d-compound state

(3.6) @ (A®B) = (n|An)Trz, o] B, (n).

n
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Then it corresponds to an entanglement by operators x (n) = v (n) with strongly
orthogonal amplitudes ¥ (n) : F — G @ H corresponding to the orthogonal decom-
position

(3.7) 7(B) = 3 In)(n|Trs Boups (n)

which maps the algebra B into the diagonal subalgebra on G = % (N).

Proof. Let &,F, be the Hilbert orthogonal sum of the domains F,, for the ampli-
tude operators v, in (3.6) with an isometric involution &C),. In the case F,, = C of
the amplitudes ¢,, € H corresponding to pure states o, the involution @,,C,, is the
componentwise complex conjugation in @,,C C ¢? (N); in the general case it is given
by some isometric involutions C,, in the Hilbert spaces F,,, which are equivalent
to the ranges H,, = o, H of the density operators o, = wnwjl with the standard
involutions in their eigen-representations, or contain these ranges. We can define
the global output amplitude operator ¥ (n) on F = @,,F, by

() = p ()" el
where €, : F, — F are the canonical orthogonal isometries, e}Lnen = I,4,", and
by v =3, |n) ® ¥ (n) U an amplitude operator v : F — G ® H of the compound
state (3.6) defining its density operator w = vv' independently of the unitary
transformation U of the Hilbert space onto ®,F,.
The entangling operator x = > x(n)(n| is then defined by its components
X (n) € F @ H of the form

X () = (0 ® D bpp(n)'? =4 (n),
Here the {pn are the amplitudes in F,, ® H obtained from the operators ¢,, : F, = H
by
(€ @m0y =0y Juk,, VnEHE, €Fy
In part}cular X is the diagonal amplitude operator with the components x (n) =
@ma:?q/} (TL) in ®,Fm @ H:

(3.8) X =Y x(n) (0| = ®ud (m) (m].

Thus the entanglement (2.6) corresponding to (3.6) is given by the diagonal map
(3.4) dual to (3.2) with the density operators o (n) = v (n) ¢ (n)" = Trzx (n) x ()
normalized to the probabilities u (n) = x (n)' y (n). O

Note that (3.7) defines the general form of a positive map on B with values in
the simultaneously diagonal trace-class operators in A.

Definition 2. The convex combination (3.1) of the primitive CP maps on0, i
called c-entanglement, and it is called d-entanglement, or quantum encoding if it has
diagonalizing form (3.4) on A. The d-entanglement is called o-entanglement and a
compound state is called an o-compound if all density operators o, are orthogonal:
0m0n =0 for all m and n. These three types are generalized but not true quantum
entanglements.

Note that due to the commutativity of the operators A® I with I ® B on G ®H,
one can treat the correspondences as nondemolition measurements [8] in A with
respect to B. So the compound state is the state prepared for such measurements on
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the input G. It coincides with the mixture of the states, corresponding to those after
the measurement without reading the message sent. The set of all d-entanglements
corresponding to a given Schatten decomposition of the input state p on A is
obviously convex with the extreme points given by the pure output states o,, on B,
corresponding to the not necessarily orthogonal decompositions o = )" o (n) into
the one-dimensional density operators o (n) = p(n) op,.

The Schatten decompositions o = > v (n)o, correspond to the extreme d-
entanglements, o,, = 1,,n}, 1t (n) = v (n) characterized by orthogonality 7,,0, = 0,
m # n . They form a convex set of d-entanglements with mixed commuting o,
for each Schatten decomposition of o. The orthogonal d-entanglements were used
in [16] to construct a particular type of Accardi’s transitional expectations [15]
and to define the entropy in a quantum dynamical system via such transitional
expectations.

The established structure of the general g-compound states suggests also the
general form

" (A, 50) = Trr XT (A ® 00) X = Trg (21 ® I) Y (I®oo) YT

of transitional expectations ®* : A x BY — B, describing the entanglements ™ =
®* (o) of the states o = 7 (I) to ¢ = 7 (I) for each initial state ¢ € B? with
the density operator oo € BY C L (Hg) by 7 (A) = Trex (A® I)xT, where x =
Xt (I® 00)1/2. It is given by an entangling transition operator X : FH — GRH,
which is defined by a transitional amplitude operator Y : Ho ® F — G ® H up to
a unitary operator U in F as

Con) X (Uean) =my@J8) YT (JCan).
The dual map ® : B — A, ® BY is obviously normal and completely positive,
(3.9) d(B)=X(I®B)X"ec A, ®B° VB c B,
with Trg® (1) = I°, and is called a filtering map with the output states
0=Try,®(I) (I ®00)

in the theory of CP flows [17] over B = B?. The operators Y normalized as
TrrY1Y = I° describe B-valued q-compound states

E(A®B)=TrsY  (A® B)Y = Trg (A®1)q>(3),

defined as the normal completely positive maps A® B — B® with E(I @ I) = I° .
If the B-valued compound state has the diagonal form given by the orthogonal
decomposition

(3.10) ®(B) =Y [n)Trz¥ (n)' BY (n) (n],

corresponding to Y = 3" |n) ® ¥ (n), where ¥ (n) : Ho ® F — H, it is achieved by
the d-transitional expectations

®* (A,50) = > _(n|Aln)¥ (n) (o0 @ ) ¥ (n)".

n
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The d-transitional expectations correspond to the instruments [20] of the dynamical
theory of quantum measurements. The elementary filters

1
p(n)

define posterior states ¢, = ¢o©,, on B for quantum nondemolition measurements
in A, which are called indirect if the corresponding density operators o, are non-
orthogonal. They describe the posterior states with orthogonal

on =V (0@ DU, W, =0 (n)/p(n)/?
for all o iff U (n)' @ (n) = 67 M (n).

0, (B) = TrrUT (n) B (n), p(n)=Tr¥ (n) (oo )P (n)

4. QUANTUM ENTROPY VIA ENTANGLEMENTS

As was shown in the previous section, diagonalizing entanglements 7¢ = 7% de-
scribe classical-quantum encodings mg : A — B,, i.e. correspondences of classical
symbols to quantum, in general, not orthogonal and pure, states. As we have seen
in contrast to the classical case, not every entanglement can be achieved in this
way. The general entangled states @ are described by density operators w = vo' of
the form (2.7) which are not necessarily block-diagonal in the eigen-representation
of the density operator p, and they cannot be achieved even by the more general
c-entanglement (3.1). The nonseparable, true entangled states are called in [13]
g-compound states, so we can also call quantum-quantum nonseparable correspon-
dences ¢-encodings in contrast to the d-encodings described by diagonal entangle-
ments.

As we shall prove in this section, the most informative for a quantum system
(B,<) is the self-dual standard entanglement 7¢ = 77 = 7, to the probe system
(A%, 09) = (B,<) described in (2.9). The other extreme cases of the self-dual input
entanglements

' (B) =Y o (n)'"*Bo(n)'?,
n
are the pure c-entanglements given by the decompositions o = > o (n) into pure
states o (n) = n,n}u(n). We shall see that these c-entanglements corresponding
to the separable states

(41) Wo = Z nnnit ® TInWILN (TL) )
n
are in general less informative then the pure d-entanglements (3.4).

Now, let us consider entangled mutual information and quantum entropies of
states by means of the above three types of compound states. To define the quantum
mutual entropy, we need to apply a quantum version of the relative entropy to
compound state on the algebra A ® B, called also the information divergency of
the state @ with respect to a reference state . It was defined in [21, 22, 23] even
for more general von Neumann algebra M (not necessary decomposable as A ® B)
with a trace Tr by the density operators w, ¢ of these states as

(4.2) R (w;¢) = Trw (Inw — In ¢) .
It has a positive value R (w;¢) € [0, 00] if the states are equally normalized, say

(as usually) Tr w = 1 = Tr ¢, and it can be finite only if the state w is absolutely
continuous with respect to the reference state ¢, i.e. iff w (E) = 0 for the maximal
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null-orthoprojector £ € M, E¢ = 0. The most important property of the infor-
mation divergence R is its monotonicity property [21, 24], i. e. nonincrease of the
divergency R (wo; @) after the application of the pre-dual of a normal completely
positive unital map K : M — M?° to the states @y and ¢, on a von Neumann
algebra MO:

(4.3) w = woK, p = oK = R(w; ¢) < R(wo;v) -

The mutual information 1 4.5 (7) = Ip, 4 (7*) in a compound state w achieved by
an entanglement 7 : B — A,, or by 7* : A — B, with the marginals

0(A)=w(A®1I)=TrgAp, s(B)=w (I ® B) =TryBo

is defined as the relative entropy (4.2) of the state w on M = A ® B with respect
to the product state p = p®:

(4.4) lap(m)=Trw(lhw—-In(peI)-In(I®0)).

This quantity, generalizing the classical mutual information corresponding to the
case of Abelian A, B, describes an information gain in a quantum system (A4, g) via
the entanglement 7, or in (B,¢) via an entanglement 7*. It is naturally treated as
a measure of the strength of the generalized entanglement having zero value only
for completely disentangled states w = p ® .

Proposition 1. Let w : B — A, be an entanglement of (B,<) of a state ¢ (B) =
Trr (B), B € B to (A, o) with the density operator p = 7 (I), and m : A° —
B, be an entanglement defining © by the composition ™ = woK with a normal
completely positive unital map K : A — A°. Then |5 (m) < |40, B( 0), where
70 = w5, In particular, for any c- entanglement m=m¢ on (B,s) there exists a not
less mformatwe d-entanglement 7° = 7@ on B with the same s, and the standard

entanglement ©° = 74 to g, = ¢ with AO = B is the mazimal one in this sense.

Proof. The first follows from the monotonicity property (4.3) applied to the ampli-
ation K (A ® B) = K (A) ® B of the CP map K from A — A° to A® B — A’ ® B,
with the compound state K, (wg) = wo (K @ I) (I denotes the identity map B — B)
corresponding to the entanglement 7* = 7oK and K, (¢y) = 0 ® ¢, 0 = 9K
corresponding to ¢, = 9y ® .

This monotonicity property proves, in particular, that for any separable com-
pound state on A ® B, which is prepared by the c-entanglement 7¢ = 7% in (3.1),
there exists a diagonal entanglement my = 74 with the system (B,s) having the
same, or even larger information gain (4.4). One can take even a classical system
(AO, QO), say the diagonal sublagebra A° on Gy = ¢? (N) with the state g, induced
by the measure v, and consider the classical-quantum correspondence (encoding)

w0 (A)=> a(m)o,y(n), A= Z\n n) (n,
assigning the states ¢, (B) = Tr Bo, to the letters n with the probabilities v (n).
The information gain

Lo, (7 Z’y )Tro, (Ino, —Ino)
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is equal or bigger than | 4.5 (7) corresponding to w = 3" p, ® 0,7 (n) because the
entanglement (3.1) is represented as the composition 7oK with the CP map

Z\n 0, (A)(n|, AecA

into the diagonal algebra, A°.

The inequality (4.3) can also be applied to the standard entanglement cor-
responding to the compound state (2.10) on B® B = &, ;B (i) ® B(j), where
B (i) = L (H;). It is described by the density operator

(4.5) wq = ®i,Pros (i,7) = Bl (i),
where Ppgg (i,7) = 5§-wj%(j) is concentrated on the diagonal @;8 (i) ® B (i) of
B ® B. The amplitudes ¢; € H; ® H; are defined in (2.10) as ¢, = |a}/2> by the

components x, (i) = |i)®0 (i)"/? of the standard entangling operator x, on Gy = H

into /2(N) ® H. Indeed, any entanglement 7* (A) = TrrxAx' as a normal CP map
A — B normalized to the density operator ¢ = Trzxx' can be represented as the
composition 7K of the standard entanglement 7° = 79 on (A°, 9,) = (B,<) and a
normal unital CP map K : A — B. The CP map K is defined by o'/?K (A) ¢/? =

w* (/I) It has the form

K(A) =Trr XTAX, AcA,

where X is an operator F_ @ H — G, Trr_ X' X = I defining the entangling oper-
ator y = (I~ ® x,) X' for 7. Thus the standard entanglement 7% (B) = o*/2Bo'/?
corresponds to the maximal mutual information. ([

Note that any d-entanglement = = 7 (3.2) has positive conditional entropy

- Z w(n) Tro, Ino,,

and if 74 decomposes ¢ into pure normalized states o, = 1,7}, Ss (7rd) = 0.
Such extreme entanglements are maximal among all c-entanglements in the sense

la; (Wd) >l (7€) as

la;g (m Zu )Tro, (Ino,, — Ino)

with a fixed Trr? (B) = ¢ (B) achieves its supremum
(4.6) S () =— Z p(n)Trop,Ino = —Tryolno.

Thus the supremum of the information gain (4.4) over all c-entanglements to the
system (B,¢) is the von Neumann entropy

Si(s) = —Zy(n)lnu(n).
It is achieved on any extreme 7¢, for example, given by the maximal Abelian sub-
algebra A° C B, with the probability measure p = v corresponding to a Schatten
decomposition ¢ = ) |n)(n|v (n). The maximal value In rank B of the von Neu-
mann entropy is defined by the dimensionality rank B = dim.A° of the maximal
Abelian subalgebra of the decomposable algebra B, i.e. by dimH. However, if 7
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is not c-entanglement, the difference Sg (%) = Sp (<) — L4,z (7) can achieve the
negative value, and cannot serve as a measure of conditional entropy in such case.

Definition 3. The mazimal mutual information

(4.7) Hs (<) = Sup Lag (m) = I8 (79)

7(I)=0o
achieved on A = B by the standard q-entanglement 74 (B) = o2Ba'/? for a fized
state ¢ (B) = TryBo is called g-entropy of the state . The differences

Hpja (1) = Hp () — a5 (7)

Dsja (m) =Sg (s) — las ()

are called respectively, the g-conditional entropy on B with respect to A and the
(degree of) disentanglement for the map ©: B — A. A compound state is said to
be essentially entangled if D4 (7) < 0.

Obviously, Hp| 4 () is positive in contrast to the disentanglement Dy 4 (7) hav-
ing a positive value

Dja (7) > Spjao (1) =0

in the case of a c-entanglement 7 = 7¢, with the corresponding 7° = 7%, but which
can also achieve the negative value

(4.8) . y&f)_ Dpja (7) =S5 (s) —Hp () = Y v (i) Try, 0 Ino;

as the following theorem states. Here the o; € £ (H;) are the density operators
of the normalized factor-states ¢; = 3 (i)' ¢|£ (H;) with s (i) = ¢ (I*), where I’
are the orthoprojectors onto H;. Note that Hp (¢) = Sg(s) if the algebra B is
completely decomposable, i.e. Abelian, and the maximal value In rank B of Sz (<)
can be written as Indim B in this case. The disentanglement D4 (7) is always
positive in this case, and Dgj 4 (7) = Hp|4 (7) as in the case of Abelian A.

Theorem 3. Let B be a discrete decomposable algebra on H = ®;H;, with a normal
state given by the density operator o = @0 (1), and C C B be its center with the state
2 = <|C induced by the probability distribution s (i) = Tro (i). Then the g-entropy
s given by the formula

(4.9) Hz () = Z (3¢ (i) In s (2) — 2Trpy 0 (i) Ino (3)),

%

i.e. Hg (¢) = Hpc () + He (32), where He (5¢) = — 2, 2 (i) In 3¢ (i) = S¢ (), and

Hpic (¢) = —22%(i) Try,05ln0; = 2S¢ (<),

with o; = o (i) /5 (i). It is positive, Hg (s) € [0,00], and if B is finite-dimensional,
it is bounded, with the mazimal value Hp (¢°) = Indim B which is achieved for
0° = o x° (i),

00 = (dim™M,;) "' 1Y, »° (i) = dim B (i) / dim B,
where dim B (i) = (dimM;)?, dim B = >, dim B ().
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Proof. The g-entropy Hp (<) is the supremum (4.7) of the mutual information (4.4)
which is achieved on the standard entanglement, corresponding to the density op-
erator (4.5) of the standard compound state (2.10) with A = B, p = 0. Thus
Hg (o) =I5 (k), where

(k) = Trygruw(Ihw—-In(c®@I)—In(I®o0))
= Z%(z) Insx(i) —2Trolno = — Z%(z) (In ¢ (3) 4+ 2Try, 04 In0;) .
Here we used that Tr wlnw = ), » (i) In s (i) due to

winw = @, 1 Ppes (i, k) InPpgs (i, k) = @i (i) Yab] In s (3)

for the orthogonal diagonal decomposition (4.5) of w into one-dimensional orthopro-
jectors 1l = Ppep (i,4) /> (i), and that Tr olno = > (3) (Inse (i) — Sp, (s4))
due to
olno = @;Pp (i) InPg (i) = G5 (i) 0; (Ins (i) + Inoy)

for the orthogonal decomposition o = @, (i) Pp(;), where Py = Pp (i) /(i) =
ag;, %(Z) =Tr PB (l), PB (Z) S Zk TI"HPB®B (i, k) =0 (l)

Thus Hp (s) = Hp|c (¢)+He (5¢) = 2Sgic (s)+Sc () is positive, and it is bounded
by

Cg = supZ%(i) (2 sgp Sn() (i) — 1n%(i)>

= —inf» (i) (Inx (i) — 2IndimH;) = Indim B.

Here we used the fact that the supremum of von Neumann entropies

Ss() (si) ==Y _Try,0:lno;

for the simple algebras B (i) = £ (H;) with dim B (i) = (dimH;)* < oo is achieved
on the tracial density operators o; = (dim ’Hi)_1 I'=o°

2, and the infimum of the
relative entropy

| (56 ) = Z%(i) (In 3 (i) — In »° (i),

where »° (i) = dim B (¢) / dim B, is zero, achieved at s = 5°. O

5. QUANTUM CHANNEL AND ITS Q-CAPACITY

Let H; be a Hilbert space describing a quantum input system and H describe
its output Hilbert space. A quantum channel is an affine operation sending each
input state defined on H; to an output state defined on H such that the mixtures of
states are preserved. A deterministic quantum channel is given by a linear isometry
Y:H; — H with YTY = I' (I' is the identify operator in H;) such that each
input state vector 1, € Hi, ||71]] = 1, is transmitted into an output state vector
n=Yn, €H, |n|| =1. The orthogonal mixtures o1 =, o1 (n) of the pure input
states o1 (n) = 1, (n)n, (n)' are sent into the orthogonal mixtures o = 3
of the corresponding pure states o (n) = Yoy (n) Y.

n 0 (1)
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A noisy quantum channel sends pure input states ¢; on an algebra B! C L (H;)
into mixed ones ¢ = A* (01) given by the predual A, = A*|B! to a normal com-
pletely positive unital map A : B — B!,

A(B)=TrxY'BY, BeB

where Y is a linear operator from H; ® 7 to 'H with Trr, YTY =1' and F, isa
separable Hilbert space of quantum noise in the channel. Each input mixed state
¢1 is transmitted into an output state ¢ = ¢1 A given by the density operator

A (o)=Y (o1 ®I") YT €B,

for each density operator o; € B!, where I is the identity operator in F,. With-
out loss of generality, we can assume that the input algebra B! is the smallest
decomposable algebra generated by the range A (B) of the given map A.

The input entanglements 7! : A — Bl dual to 7 : B! — A will be denoted as
7t = k = 7}. They define the quantum-quantum correspondences (q-encodings) of
probe systems (A, 9) with the density operator p = x* (I'), to the input (B, <)
of the channel A with o1 = k (I). As was proved in the previous section, the most
informative is the standard entanglement s = 7 = ko, at least in the case of the
trivial channel A = I. This extreme input g-entanglement 7{ (B) = 01/ 230}/ 2
B € B!, corresponding to the choice (AO,QO) = (Bl,§1), defines the following
density operator

(1) wy = L@ A (@), wn =D 61 ()6 (0)

of the input-output compound state @, A on B! ® B. It is given by the amplitude
Py = \0}/2 (1)) € HP? defined by the components 01/2 (i) = 1, (i) of the central
decomposition o1 = ®o (7).

The other extreme case of self-dual entanglements, the pure c-entanglements
corresponding to (4.1), can be less informative then the d-entanglements, given by
the decompositions o = >~ oy (n) into pure states oy (n) = n,,n} it (n). They define
the density operators

(5.2) wi=(I@A) (wa1), wa =) [n)n|@n (n)n (),

of the B! ® B-compound state wg; A, which are known as the Ohya compound states
w, = wWer A [9] in the case

o1 (n)=n3 (m)n? ()", 0 ()7 (m) = 1 (n) 877,
of orthogonality of the density operators o1 (n) normalized to the eigen-values v (n)

of 1. They are described by the input-output density operators
(5:3) wo=(I@A) wor, wor =y |n)(n| @ 0% (n) 15 (n)"

coinciding with (5.1) in the case of Abelian B'. These input-output compound

states w are achieved by compositions A = wjA, corresponding to the entanglements

of the output (B, <) of the channel to the extreme probe system (AO, go) = (Bl, cl).
IfK: A — A°is a normal completely positive unital map

K(A) =Trr XTAX, Ac A,
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where X is a bounded operator F_ ®Gy — G with Trr XX = I°, the compositions
k = mK, m = A*k are the entanglements of the probe system (A, o) with the
channel input (Bl, gl) and to the output (B,¢) via this channel. The state p = gy K
is given by

K* (py) = X (I" ®py) X' € A,

for each density operator p, € AY, where I~ is the identity operator in F_. The
resulting entanglement m = A*K defines the compound state w = wp; (K ® A) on
A ® B with

wo1 (AO ® Bl) =Tr Aoﬂ'(l) (Bl) =Tr Ugl (AO ® Bl) Vo1

on A° @ B'. Here vg; : Fo1 — Go ® H; is the amplitude operator, uniquely defined
by the input compound state wo; € A% ® B up to a unitary operator UY on Foq,
and the effect of the input entanglement x and the output channel A can be written
in terms of the amplitude operator of the state w as

v=(XQY)(I Quu®I")U

up to a unitary operator U in F = F_ ® Fo1 ® F4. Thus the density operator
w = vol of the input-output compound state @ is given by wg; (K ® A) with the
density

(5.4) (K@ A)" (wor) = (X ®@Y)wer (X @Y,

where wg1 = Uol’l}g)l.

Let IC; be the set of all normal TCP maps & : A — B! with any probe algebra A,
normalized as Trx (I) = 1, and K, (¢1) be the subset of all x € K with & (I) = 1.
Each x € K can be decomposed as koK, where rj = 7 = kg is the standard
entanglement on (.AO, QO) = (Bl,gl), and K is a normal unital CP map A4 — B'.
Further let X! be the set of all c-entanglements x, described by the combinations

(5:5) k(A=) 0,(A)a1(n)

of the primitive maps A — g,, (A) o1 (n), and K} be the subset of the diagonalizing
entanglements k, i. e. the decompositions

(5.6) Kk(A) = Z<n|A|n>Ul (n).

As in the first case K¢ (1) and g (1) denote the subsets corresponding to a fixed
k(I) = <1, and each K. (s1) can be represented as k = koK, where ko normalized
as ko (I) = o is given by a pure d-entanglement x;; = 7¢ on B! and a proper choice
of the CP map K : A — B!. Furthermore let X! and K, (s1) be the subset of all
decompositions (5.5) with orthogonal oy (n) (and fixed » o1 (n) = 01):

o1(m)oy(n) =0, m #n.

Each x € K, (1) can also be represented as x = koK, with x{; = ¢ given by a pure
o-entanglement on B to A° = B! with g, = 1.

Now, let us maximize the entangled mutual entropy for a given quantum channel
A (and a fixed input state ¢1) by means of the above four types entanglements
k. The mutual entropy (4.4) was defined in the previous section by the density
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operators w of the corresponding compound state w on A ® B, and the product-
state ¢ = p ® ¢ of the marginals g, ¢ for w. In each case

w=wo (K®A), ¢=9nKA),

where K is a CP map A — A° = B!, @y, is one of the corresponding extreme
compound states wq1, We1 = @Wa1, Wo1 ON Bl ® B!, and ¢q; = py@s1. The density
operator w = (K ® A)" (wo1) is written in (5.4), and ¢ = p ® o can be written as

¢=r"(I) @A (I),
where \* = A*7).

Proposition 2. The entangled mutual informations achieve the following mazximal
values

(5.7) sup  lag (K*A) =1, (s1,A) == lgi 5 (7IA),
K€L (s1)
le (<1, A) :== sup lga(k"A) =suplgip (ﬂ'ilA) =l4(s1,A),
KEK:(s1) 7r‘li
(5.8) sup g (K"A) =1, (s1,A) :==suplpip (7{A),
HEK0(<1) 7'((1,

where T, are the corresponding extremal input entanglements states on B' — B
with Trmy (B) = ¢1 (B) for all B € B*. They are ordered as

(5.9) lg (51, A) > e (61, A) = la(s1,A) > 1o (s1,A)
Proof. Owing to the monotonicity
Las (K*A) < lgip (71A)

the supremum over all c-entanglements x € K! coincides with the supremum over
Kl c K! which is achieved on the pure d-entanglements on (Bl, gl) corresponding
to the extreme compound states wy;. By the same monotonicity arguments, we
can get the equalities (5.7) and (??). Thus the entanglements x € K, written as

K (A) =Y (m]Anyy, (m) gy (n)' = ko (K (A))

in terms of ¢ (n) = ((n|X @ I') (I~ ® vo) with amplitude operators vo; : Fy —
Go ® H1 on Gy = H1, can be restricted to the case A° = B! by taking X = I = I
corresponding to F_ = C, G = H; and sufficiently large Fy = F. Such amplitude
operators vo1 = y_ (|n) ® I') ¥, (n) are weakly orthogonal

Tr g1 (m) Yo (")T = p(n) o,
in a basis |n) for the Schatten decomposition py = Y-, [n)u (n) (n| of py = =9 (I')
for 9 = kj. If Ko € KL,

Ko (A) = Z(”M‘“Wm () o1 (n)T

n

corresponding to the stronger orthogonal amplitude operators

Yor (M) Yoy (n)T =01 (n)dy
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defining not necessarily the orthogonal decompositions o1 = > o1 (n). Moreover,
if k € K¢, the amplitude operators v, (n) satisfying the second orthogonality con-
dition
Vo1 (n)T Yo1 (m) =70 (n) 07,
where the 7o (n) are density operators in F = F( with the traces Tr 7¢ (n) = p (n).
Thus, the inequalities in (5.9) follow from K} 2 K} 2 K} 2 K}. O
We shall denote the maximal informations I, (¢1, A) = 14 (1, A) simply as I; (1, A).

Definition 4. The suprema
Cq (A) = sup lap (k*A) =supl, (s1,A),

KEKY S1

(5.10) sup la.p (K*A) = Cy (A) :=suply (¢1,A),
REK) S1

Co (A) = sup la.g (k*A) =supl, (s1,4A),
KEK] S1

are called the g-, c- or d-, and o-capacities respectively for the quantum channel
defined by a normal unital CP map A : B — Bl.

Obviously, the capacities (5.10) satisfy the inequalities
Co(A) <Ci(A)<Cy(A).

Theorem 4. Let A (B) = YT BY be a unital CP map B — B describing a quantum
deterministic channel. Then

i (61, A) =lo(s1,A) =S (1), lg(s1,A) =Sq(s1),
where Sy (1) = Hp1 (1), and thus in this case

Cy (A) =C, (A) =Inrank B, C,(A) =Indim B'.

Proof. Tt was proved in the previous section for the case of the identity channel
A =1, and thus it is also valid for any isomorphism A described by a unitary
operator Y. In the case of non-unitary Y we can use the identity

TrY (o1 @IT)Y Y (0 @ IN) YT =Tr S (0 @I ) InS (o @ IT),

where S = YTY. Due to this S(s;A) = —Tr S (01 ® IT)InS (07 ® IT), and
S (wm (K (9 A)) =

~Tr (R®S)(I" ®wn @ IT)In(R®S) (I” ®wou ®IT),

where R = XTX. Thus S(s1A) = S(s1), S(wo1 (K®A)) = S(wo1 (K1) if
Y'Y =1, and
Lag ((m1A)) = S(gK) +S(s1) = S (w01 (K@ 1))
< S(og) +S(s1) = S(wo1) = luo;s (wo1)

for 73 = n{K with any normal unital CP map K : A — A° and a compound
state wo; on A° ® Bl. The supremum (5.7), which is achieved at the standard
entanglement, corresponding to wg; = wy1, coincides with g-entropy Hp: (s1), and
the supremum (?7?), coinciding with Sg: (¢1), is achieved for a pure o-entanglement,
corresponding to wg; = w,; given by any Schatten decomposition for o1. Moreover,
the entropy Hp: (¢1) is also achieved by any pure d-entanglement, corresponding to
wo1 = wq1 given by any extreme decomposition for o1, and thus is the maximal
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mutual information Iy (¢1,A) in the case of deterministic A. Thus the capacity
Cy (A) of the deterministic channel is given by the maximum C, = Indim H; of the
von Neumann entropy Sp1, and the g-capacity C, (A) is equal Cg1 = IndimB'. O

In the general case, d-entanglements can be more informative than o-entanglements

as can be shown by an example of a quantum noisy channel for which

Iy (§1,A)>|O(§17A), C (A)>CO(A)

The last equalities of the above theorem will be related to the work on entropy by
Voiculescu [25].

S
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