CONTINUOUS NON-DEMOLITION OBSERVATION, QUANTUM
FILTERING AND OPTIMAL ESTIMATION

V.P.BELAVKIN

ABSTRACT. A quantum stochastic model for an open dynamical system (quan-
tum receiver) and output multi-channel of observation with an additive nonva-
cuum quantum noise is given. A Master equation for the moment generating
operator of the corresponding instrument is derived and quantum stochastic
filtering equations both for the Heisenberg operators and the reduced density
matrix of the system under the nondemolition observation are found. Thus
the dynamical problem of quantum filtering is generalized for a noncommu-
tative output process, and a quantum stochastic model and optimal filtering
equation for the dynamical estimation of an input Markovian process is found.
The results are illustrated on an example of optimal estimation of an input
Gaussian diffusion signal, an unknown gravitational force say in a quantum
optical or Weber’s antenna for detection and filtering a gravitational waves.

Introduction. The time evolution of quantum system under a continuous ob-
servation can be obtained in the frame work of quantum stochastic (QS) calculus
of output nondemolition processes, firstly introduced in [2] and recently developed
in a quite general form in [11, 3, 4, 1, 5]. A stochastic posterior Schrodinger wave
equation for an observed spinless particle derived in [4] by using the quantum fil-
tering method [5], provided an explanation of the quantum Zeno paradox [7, 9.
In this paper we give a derivation of the reduced wave equation for a Markovian
open system described by Heisenberg quantum stochastic operators X (¢) with re-
spect to noncommuting Bose output fields Y (s),s € Ry which are assumed to
be nondemolition in the sense [4, 1, 5] of the commutativity [X (¢), Y(s)] = 0 at
each time t > s. We shall obtain it by a non—unitary dilation of the characteristic
operator of an instrument for the observable output process, but in contrast to [6]
we restrict ourselves to the diffusion observation, i.e. to a continuous nondemo-
lition measurement of a quantum Brownian motion. This gives the possibility to
solve the dynamical problems of quantum detection and estimation theory [12] as
demonstrated in an example.

1. THE DYNAMICAL MODEL

We are going to describe a dynamical model for continuous in time indirect
nondemolition observation of an arbitrary family Q = (Q1,...,Q,) of Hermitian
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operators @; = Q;, acting in initial Hilbert space Hy of an open quantum system
(antenna), with additive d—correlated Bose type quantum error-noises in linear n-
dimensional output channel of observation e;(t), j = 1,...,n. We shall describe the
output quantum error-noise e(t) = (ey,...,e,) (t) by the components v; (t) = e; (t)
of a quantum stochastic process which is opposite, or inverse to an input quantum
noise v. = (v;) of the same or higher dimensionality m > n. The total quantum out-
put noise v. = (v;) as the opposite to v. can be defined as a compatible (commuting
with v.) but maximaly closed (maximally entangled with v.) quantum stochastic
process v. which simply coincides with the input v. if it is is self-compatible, i.e. is
classical, having all commutig components v;.

Let us describe the quantum input noise v. by the classical white noise compo-
nents v;(t) represented by noncommuting Hermitian operator-valued distributions
v; = v; 1. They are completely determined in a quantum Gaussian state by the first
and second moments

(1.1) (vi(t)) =0, {(vi(t)vi(t)) = ki d(t —t).
Here k; are complex elements of a Hermitian-positve matrix £ = [k;] of the

same or higher dimensionality m > n, with imaginary part Im x defining the Bose
commutation relations

[vi (1), vie ()] =2iImrpd (t — ') 1, 2iIm ki = ki — Rik,

such that compleX conjugate components I%lj = Kj; = Ki; define the intensity
covariance matrix K = [K;;] of the output noise v. = (v;) :

F(OFe(t)) = Rund(t —t), [ (), ¥ (£)] = 20 Im g6 (t — ') 1

as transposed (or complex conjugate, & = k) to . Thus all output components v;
commute with all input components v, and v must also be maximally correlated
with v in the sense that the intensities v, of real covariances

(Va(O)vi(t) = 78t = 1) = 1,0 (" = 1) = (vi()V:())
are the elements of a symmetric m x m-matrix v = [y;;] as the geometric mean

v = (k E)l/ . The geometric mean with % for an invertible « is defined as a
Hermitian-positive matrix v such that & = ys~!5. The matix 7 is symmetric and
invertible, with the inverse v~ = [7”“] determining the inverse matrix k! as the

1 —1 —

intensity matrix k! = vy 1Ky {Ezﬂ for the covariances

F V) = "R —t), (@), V)] =2ImE* s (t—¢)1

of the contravariant components v' (t) = ~v. (t) for the output noise v. (t). (We

assume that Hermitian matrix = [k;;] is strictly positive, with the inverse k=1 =

[T{ik} corresponding to a finite temperature of the output quantum noise v- = (Vl) ).

As usual the operator-valued distributions v; (t) can be described as general-

ized derivatives v; (t) = dyt of quantum Wiener vector-process v? represented by

at Vi
selfadjoint quantum stochastic integrators v} = th

increments dvj = V;-+dt — vj satisfying the multlphcation table dvfdvfC = Kidt

which is noncommutative if Im x** # 0. Assuming for simplicity that matrix &
commutes with the transposed & one can realize such quantum Wiener noise with
respect to the faithful state given by the vacuum vector dy in a Fock space F as

v§- = a + a” = 2§Ra the doubled Hermitian parts of the linear combinations

with V? = 0 and independent
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a' = k'/2a;. Here aF are the canonical annihilation integrators which are adjoint to
the creation operators az.T in the intervals [0,¢) defined on the symmetrical tensors
over the complex vector-functions «.(t) = a1, as, .. .| (¢t) with

(a.]a.) = a(t)a(t)dt =|| o ||?< oo
>/

as the symmetric tensor multiplication by the indicator function 1jg ;). The canon-
ical commutation relations

(1.2) [a(a), al(a))] = (a.]al), [a(e), a(al)] =0

then are realized by the quantum stochastic integrals a(a*) = [ ay(t)daf, af(a.) =
a(a*)t. (We use Einstein notations for the convolution az8* = 3> a,B" over the
indices k = 1,2,... in contrast to the scalar product notations 3 - a* for the finite
sums Z?Zl B?&;, and omit the identity operator 1).

The output vector-process Y (t) = Q(t) + Ip ® e(t), defined by the integrals

t
(1.3) Yj(t):/ Qi(rdr+ hoe, j=1,....n
0

of the Heisenberg operators Q;(t) = U(t)' (Q; ® 1) U(t), can be realized for a singu-
lar coupling of the system with Bose fields a; by the output observables e} = 28R4,

A ~1/2_. . . . .
al=r / a; in the interaction picture

(1.4) Yi(t) = U@ (Io®el) U(t) = 2RB; (),

where B;(t) =U(t)'(I ® a%)U(t) are the annihilation output processes, introduced
in [11, 3, 4, 1], and I, is the identity operator in Hy. The unitary evolution U(t)
will be described on the tensor product H = Hy® F,; by a Schrodinger-1té quantum
stochastic equation [14]

(15)  dU(t) + KU@®)dt = i <f11 Q®df (9,) - 23(L] ® daf)) U,

in terms of the input integrators &; = 7{71/2% =~tat, where L, k=1,2,... are
the operators in Ho with L; + L; =Q;, j=1,...,n,
1 oo® o 2 T ik i
K=3 (ﬁ@ ' (0)" + Lik Lk)+ﬁH7
() = % f(9), H = H' is a Hamiltonian of the system, and Q = Q' is an operator
in Ho of a generalized coordinate conjugate to the generalized force f (t) = % f ()
depending on an independent input diffusive signal ¥;, the random position of a

gravitational source say, with (d9;)? = o02dt. Note that in the case L = LL this
equation can be written as

AU (t) + KU (t)dt = % ( Q@df (V) +Qr® dff) U(t)

in terms of the integrators ff = —hSaF of quantum Langevin forces f* (t) = %ftk
satisfying the canonical commutation relations
_h h?

le; () . f1(1)] = =656 (t—¢t), [f'(t), £ ()] = i Im K*FS(t—t)

i
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corresponding to noncommutative multiplication tables
2
h , h ,
t 1k k k k
dejdft = Z(det, df;dft = <2> K" dt,

including #"° = (20f’/h)2 64 for £9 = f ().

The solution ¢ +— U(t) of the equation (1.4) for U(0) = I is adaptive U(s) =
U®®1s with respect to the tensor decomposition H = ‘H;®Fs, where Hy = Ho®F;
and F, F, are the Fock spaces, generated by the vector-function with a,(t) =
0, Vt>sand ap,(t) =0, t < s respectively. Hence (Io ® e;)U(t) = U(t)Y;(s) for
any s < t, and

Yi(s), e(®] = U@ (lo @ [2Ra3, 2R&L)U () = 2is Im Fy]
(1.6) [Yi(s), X@)] = U@W)'lo®el, X®@1JU({t) =0, Vs<t

for any operator X (t) = U(t)T(X ® 1)U(t) of the system in the Heisenberg picture.
This proves the nondemolition property of any observable process Y (t) with respect
to the system. It was introduced as the nondemolition causality principle for the
output quantum processes in [2, 11]. Using the quantum It6 formula (1.4) for [4]
with de; = 2Rda; and multiplication table

(1.7) daidal’ = k™*dt, daldall = oide, daldall = Ripdt
with all other products being zero, one can derive the equation (1.3): dY(t) =
Q(t)dt + Iy ® de(t), where Q(t) = [Q1,...,Qx](t), Q; () =U®)(L; + L;)U(t),

Theorem 1. Let us suppose that the input real-valued signal ¥; satisfies the sto-
chastic differential equation

(18) d'&t + ’U('l?t)dt = O'th,

where wy is an independent standard Wiener process, defined by the moments:
(wy) =0, (wswy) =s for any s < t with respect to the vacuum state as w; = 2Ra
for the canonical annihilation integrator a? in the Fock space F. Then any twice
differentiable in the strong operator topology function X : ¥ € R +— X(9) € B(Ho)
in the Heisenberg picture X (t) = X'(9;), where Xt = U (t)' XU (t), satisfies the
following quantum stochastic Langevin equation

i

AX () + (véX(t) + 5 X (1) H (1) - 30—252)((15) A X (t)]) dt

(1.9) = [X(¢), 2RLY] ® %dff F[X(8), iSLL] ® dvF + 06X (1) ® dw,.

Here vj = 2Ra; = y'vi, 6X(0) = X'(9) + f/ (9) [X(9), +Q], X'(¥) = {5 X(9)
and

> LX), L)+ (L, X)L,
i,k>1

(1.10) AT X' (9)] =

2. THE REDUCED EVOLUTION

Let A denote the input-system algebra which is assumed to be the von Neumann
algebra of all essentially bounded operator-valued functions X : ¢ € R — X (¢) €
B(Ho), by C B(F:) be von Neumann subalgebra generated by the error-noises

{ej,...,e5} for all s € [0,t), and G; C F; be subspace generated by b, on the
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vacuum dg € Fy for each ¢ > 0, where F; are Fock subspaces generated on dg
by all input processes v, w, or, equivalently, by forces (f?,fgl, .. ) up to time
t. The increasing family {bt t> O} with respect to the output states induced
by ¥ (t) = U (t) (¥ ®dy) € Fi, g € Ho will be called the output filtration in
the Schrodinger picture; It is equivalent to the Heisenberg filtration {B:,t > 0}
with B; C A ® B(F;) generated by the output family {7 (s),...,Y, (s)} for all
s € [0,t) with respect to the initial states induced by ¢ (0) = 9y ® Jy, since
U:YJ (s) U = Iy ® e; with U/ = U (t) [H, for any s < t. The filtered dynamics of a
quantum stochastic system, described in the Heisenberg picture by homomorphisms
X (t) = U, XU/ of A3 X into A® B(F,), is defined by the cocycle of CP maps
®, : A — A®/,;, where /, are (unbounded) commutants of b, on Gy, such that these
dynamics induce the same input-output states on A ® b, with respect to the initial
vacuum state:

(2.1) € [cﬁt [X] (10 @6)} = ¢ [Ut (X (9) @B) Uﬂ

for all X € A and b € b;. Here ¢y [-] = (Ip ® 63) [] (Io ® dp) is the vacuum (condi-
tional) expectation A ® B (F) — A such that the composition p o €y = €y o p with
any normal state p on A is the product state p ® €.

Since each ®; is normalized as ®, (Iy) = P, to a positive element P, € A® 7,
defining typically unbounded density operator p; = p [Pt] € I, for the output state

0 0) = e [0 (103)]) = ]

with respect to the input state ¢ M on the algebra Bt, it is necessary to give a

more precise meaning of the unbounded commutant ¢; of b.

First of all let us note that due to the nondegeneracy of the covariance matrix-
function [k;;» min{s, s'}] of €° : s <t for each ¢ > 0, the cyclic representation 6t|gt
on the minimal invariant subspace gt containing dy is faithful in the sense that b=0
in bt if bém = 0 in F;. Therefore bt is transposed to its bounded commutant b
coinciding with b, = .J btJ where J is a standard isometric involution defining the
transposition by — bt by b’ J bTJ common for all subspaces G;. Moreover, the von
Neumann algebras b, and b’ are in one-to-one correspondence with the achieved
Tomita algebras b; = btéq), b} = b.8y [15] as dense subspaces of b = b'dg, b’ = bdy in
G, where b = JbTJ b € b,, with common identity 1 := 5@, 1nvolut10ns bt = bt oy,
b := b1dy such that b¥ = b and the norm || b [|s:=

Let us define a dual space ¢; to the Banach algebra b; as the completion of
b; C G; with respect to the dual norm

la ll1=sup{|(t/, a)g| : b € b}, | b [loo< 1} = al, ,

where the bilinear form is the standard pairing of b; and b},
(2.2) (V) == e [z}a] = <z§,a>@,

which we will extend by continuity on all @ € ¢, D b;. Thus the co-algebra #;
of the operator algebra b; can be described as the Banach space of operators a :
P

b — ba, mapping b} C G; into ¢; 2O G;, bounded with respect to the predual norm
lall, =|l a |l1. This space is a linear span of positive cone {p € {; : p > 0} such

lloo-
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that <I;Tl;, p>0 >0 forall be [;t, and therefore is invariant under the right and left

action p — bfpb of b, which is defined as the dual to the selfaction § — I;T(jl; on Et,
(2:3) (a.8'pb), = (blab.p), Vi€ bupeb

extendmg the transposed selfaction on b; by b = J bt.J for all b € b,. The coalgebra
?, is also equipped with involution & — a' defined by aft/ = baﬁ Va € f, such that
(v, at) = (b, a')y, and with the identity 1 = 1, corresponding to the vacuum state

€p <l;> = (b, 1)¢. Note that the elements @ € £ obviously commute with b € b;:
abc’ = béa = bac’  Va € 0y, b, ¢ € by,
but are unbounded in the Hilbert space G; if a ¢ b;. However they are densely

defined as the bounded kernels in the Gelfand triple by C G, C ¢, and ||p|, =
<i, ﬁ>® for any positive element p € ¢, which means that it is density operator

of a normal state on b, if <i ;[)>® = 1. Moreover, every normal state is uniquely

given by such density, i.e. that the space ?, is predual to b, as is preadjoint to by
which we denote as EI = bt, E;‘ = b;. In most cases the density operator p € ¢
of an output state ¢; (b) = <b,p>® has the range pf in F;, as it is in the case
of a majorized positive form ¢(bTh) < Aeg(b'h) for a A > 0, corresponding to the
bounded p on F: ||p|| < A; moreover, any operator p € £ can be approximated by
the density operators from the bounded commutant b; in the norm ||p|, =|| p |1,
where p = pdy.

In order to derive a quantum stochastic equation for the reduced dynamlcs P,
let us find the differential evolution for the factorial generating map <I> t A— A,

(2.4) 7 [X] = e [BX](T @ 27)] = (B0l XD ()160).

Here by = zéﬁ ) are exponential elements, defined by the Wick (normal) exponent
(2.5) 547 = ¥ P0eP) = exp [ey(8)] +
of the observable e(3,) = 4 (3,)+a' (v3,) = fo )-de”, where 3 = (') is a column
of locally square-integrable functions with 47 (¢ ) =0 for t>s,4>mn, f(r) =)
for r < s, and XB)(t) = U(X(0;) ® A(ﬁ))UtT = X (t)Z(t). Taking into account the
equation (1.9) and

dZ(t) = Z(t)B (t)(I ® 2dRa} + U,Q; U/ dt)
for Z(t) = Uy (Io ® z(ﬁ)) U/, one can obtain by quantum Ito formula [14]

AXHZ1) = VA [XIW) + LIXD + xPL)s(1)Ufat
+oU 6 XU @ dw, + U XD U B () © d2at
+ULEL, x0T @ daf + daft o U XY, LUf,

where Xt(ﬂ) = X)) ® ét(ﬁ), § =0/09; + f' [,+Q]. Hence the map fbgﬁ) : X e
A (5@\UtXt(ﬁ)UtT|5@) satisfies the equation

D g (x] = A [X] + (LTX + XL)B(1)], o [X] = X,

26 =
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where A* [X] () = —v (9) 0X (V) — & L X (9),H]+ %UQ 82X (9) + A3 [X (9)].
In the same way, using the It6 formula for the product Gy 7y of Gy = Ci)t[X] and
the Wick exponent (2.5), one can obtain the equation for (2.4) if

(2.7) dd,[X] — &, [A*[X])dt = zn: OLIX + XLj] @ dv],

where the operators V‘tj = 23%{ , Satisfying the canonical commutation relations
vl vl]= 2i Im# 7 min{t, '}, {vi,, j] =0,

generate the predual coalgebra f; as the unbounded commutant of b; = {ef s <t}
since v/,j = 1,...,n leave the subspaces G; invariant for any ¢ > s, and {eS 18 <
t,j<n} =by = {V] s < t,j5 <n}” on G;. This proves the following theorem.

Theorem 2. Let the initial state p : A — C be a normal one, described by a
density o : ¥ — o(¥) with values in trace—class operators on Hy such thatp (X) =
J Tro(9)X (9)dd. Then the conditional state

28) 8.X) = [ Trrg o)) (9))a0

is described in the standard representation by the operator-function ¢,(9) as ¢,[X] =
[ Try, [0 (9) X (9)]dY satisfying the quantum stochastic equation

(2.9) Ap,(9) = A, (@)dt + D _(L@n(9) + @, () L]) @ dvy.

with @o(¥) = o(9). Here the quantum stochastic differentials dvl together with dez-
have the canonical multiplication table

dvg’dvf" =#7at, dvidel, = §%,dt, delde!, =R,

and A[p] =6 (v ) 1 [p,H]+ 102 5230 + Ar [@] is preadjoint generator defined on
A by b0 (0) =@ () + 1 ) [0 9). 1 Q).
Pel) = @)+ 2F @)+ @) EW0), Q1+ F 9 [lp(@), £ Q) Q)
(210) Al @) =5 3 WL @)L + [Led), L)),
i,k>0

It is normalized to a positive martingale p, = [ Try,p,(9)dd € ly as the den-
sity operator defining by (2.1) the output state (b(t)) = p(ep [B (t)]) on €' 3 z for
B(t) = U(t)T (I ® b)U(t) with respect to the vacuum state vector 5y € F simply as
(B(t)) = (Pt b)o-

Note that since all the input components vi,i = 1,...,n commute with the
output components eg» and have with them zero correlations and thus are indepen-
dent of e’ unless i = j, they generate the same subspaces G; as ef,j = 1,...,n.
On these subspaces they simply coincide with the transposed el = JelJ = etT to

the contravariant components el = 2R4! of the output noises e}, having the same
autocorrelation and mutual correlation matrices with e as v} and being given by
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a, = k1/2a; = y71al such that e} = >_;"  v'*el. Thus in the filtering equation

(2.9) the input noises v on G; can be replaced by e]" which can be given in the
i

=e

Gaussian case as linear combinations of the transposed noises e;- =JejJ =¢j.

3. THE OPTIMAL MEASUREMENT.

The quantum filter defines a quantum measurement on the output of the system
at a time instant ¢ € R. In general it is described by a B;-valued positive measure
M (t,dx) on a Borel space X, normalized to the identity operator in H = Hy ®
F: [ M(t,dx) = I. The problem of optimal quantum observation is the problem of
finding the optimal measurement M°(t), giving the minimal value of the mean

G [istomedn) = [ @) al) = [ (o). aw)

for an A-valued measurable function S : x € X — S(z) = S(x)! in the Heisenberg
picture S(t,x) = UpS(xz,9;)U; with respect to an initial state (-) = poey[] on
A ® B;. Here the mean (3.1) is given in the standard representation B; — b,
according to (2.1) as the integral of the pairing (2.2) for

(3.2) my(dx) = i (dz)dy, c(z) = é(x)dy,

where 772, defines the measure M (t) = U,(I @ 1hy)U; in the Schrodinger picture,
and

(3.3) &) = / Trpg, [0 (0)S (&, 9)]dD = 3,5 ().

The duality principle gives the necessary and sufficient conditions [13] of optimality
Ga) [ a@) = int ([, a@) s [ = 1)

of a positive b;-valued measure mg > 0 with [ (dz) = 1 as the conditions for
the dual problem

sup{(ij)m < é(x),x € X} = <ij§)@,

where [; = Z,? defined by [,/ = bl; is the operator Zf < é(z), Yo € X, for which
[(mg(dx), é&(x))p = (1,19)g. The last condition of optimality can be written in the
form of the equation

(¢¢(x) — I;)m}(dzx), or 1y(dz)(c(z) — 1) = 0.

Let us consider now the problem of optimal estimation [12] of a selfadjoint
operator-process X (t) = X'(d4), given in the Schrodinger picture by a B(Hog)-
valued function X (9) = X (9)', with real z = A € R and S(x,9) = (X () — =I)2.
One can treat in such a way the problem of filtering of a real measurable function
x(¥) of the input diffusion signal ¥; taking X (¥) = x(¢)I. In order to formulate
the optimal estimate in terms of the measurement of the optimal output observable
T € by as an appropriate posterior mean of X (t) we need the quantum stochastic
equation for (E)t [X] = Jo [X‘L] J in terms of the output noise el. It can be obtained
by complex conjugation

(3.5) Ay [X] = &, 0 A*[X]W)dt + 3 &, [LjX + XLH ® de]
j=1
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of the equation for the CP map ¢, : A — b; described in (2.8) by the density
operator ¢, satisfying the equation (2.9). Here ¢/ = Z?:l Hjj/eﬁ,, where [ij/} =

6! is real symmetric n x n-matrix with the inverse § = [0;,] as an intensity matrix
of the standard covariaces

(ejr(t)ef(t)) = 05;0(t — ) = 056 (t — ) = (€] (t) ejs (1))
of the output noises e;; with the transposed components e;- = JejJ = e;-T such that
0k~ 10T = & for the n x n-submatrix & of . (It is the geometric mean of k and &,

eg. 0= K3R? if k and B commute.) Note that since in general € is smaller than
the n X n-submatrix v = ['yjj,] of the mutual covariance matrix v for e; = v; and

.. 1 ~i . _ -1
Vi, e} # v; unless m = n, and similar e] # V] since e} = v; on G; and =y L<g .

Theorem 3. The solution of the optimization problem (3.4) for the quadratic cost
function

&(A) = AP — 220, [X] + ,[X7]
is given by the spectral measure m; of a selfadjoint operator &7 € by defined by

Ty = JxJ as transposed to the operator T, = iI resolving in by the equation

(3. e+ e =2 [ e, (X (9) 5, (9))d0.

It is given as the symmetric posterior expectation &° = p, [X] by an operator-
function ¥ — o, () € B. (H) ® £, with {; = Jl,J as the density of the solution to
the equation

(3.7) Pepy [X]+ 0, [X] Pt = 2(2% [X] VX €A,

where p, = JpiJ. The symmetric posterior density o, = @I satisfies the nonlinear
quantum stochastic equation

(3-8) dg,(9) = Lu[o,J(9)dt + ) El[o)] @ dej, 00(8) = o(9),
j=1
where Ty(9) and Z1(9) are defined by the solutions to the equations
REE[E) = R (PLaW) + oW)L'T) ~ Plo()),
(3.9) ROTW) = R(PARIW) - Y w''PiE][2),
ij=1

with L1 = Y0 | Li6Y, P, = Iy @p; and P} = I,y @ p; defined by Q' = L7 + LIt and
0 as

(3.10) 5l = Ripudl), 4 = [ T [2,0)Q)0.

Proof. Denoting 4; = [ Ari(dA) for an orthogonal projective-valued measure
m¢(dA) € by, one obtains

/ (a(@N), (V) = (a2, e) — 2ie, $y[X]) + (1§ [X2))

= <ﬁ%ai7t> 72<%(i'tﬂt)apt>+<17¢t[X2}> > <]A-7v2c6)>7
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where & is defined by the duality (2.3) as the transposed to the solution & of the
equation (3.6) written as Rp,&, = ¢,[X], and I € ¢; is defined as
If = §,[X?) = &4priy.
The inequality is due to positivity of f; = ¢ [Io] € &, and (i — )2 € by:
[t e = (L) = (G - 202, 5 > o
and the equality is achieved at the spectral measure m; of the selfadjoint operator
Z; € by defining 4; as T;.
Representing the solution of the equation (3.6) as

By = / Trygy X (9) 2, (9) v = p, [X]

in terms of the density function 9, € A, ® ?, we note that p, satisfies the equation
transposed to (3.7), and therefore p, [X] = Jp, [XT] J satisfies the equation (3.7).

Looking for the operator &; = p, [X] as the solution of a quantum stochastic
equation

n
diy = gidt + > & @ de]
j=1
c{ , we should compare the quantum stochastic differential

with some g, = g, & =
] J, with the differential

for ¢, [X] = J¢, |

dRpedy = R(dpedis + dpede + peddy) = R Z ki, [Q']é dt
oy

+%Z¢t 12 @ de! + Rp, Z ®de + g¢dt),
j=1

for NP3y = g?)t [X] obtained applying the quantum Itd formula, where we took

dpp =) &i[Q) @ def, Q7 =3 Q6"

j=1 i=i
for the martingale p, = ¢, [Io]. Here e/ = dim1 f:;¢] as we have expressed the
differential dp; = Z;Zl b Q,] ® de! for the martingale p; = J;.J in terms of the
driving output error noises ez- by the real linear transformation @ *. Comparing
dRp,a; with the equation (3.5) for dg, [X]

n

Ao, [X] = ¢, o A*[X](W)dt + Y 6, [L/X + XL7T] @ de]

j=1
written in terms of e}, we derive
Rl [Q7] + peef] = ¢ [L7TX + X L] = Rpup, [T X + X L),
Rlsjid Q6] +51ge) = G[A7[X]] = Rpupy [A7[X]),
where p,[X] = #,. This gives (3.8)(3.10) in terms of Z7, T';, defining

ol = / Tryy [E7 [0,)(9) X (9)]dY, g = / Tryg, [Te[0,](9) X (9)]d0.
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Note that the unnormalized posterior expectation q?)t X q?)t [X], as well as its
normalized version p, [X] = [ Try, [X (9) 0,(¢9)]d? is not CP map but transpose-
CP, in the contrast to the CP map ¢, : A — b; and its normalized version p, [X] =
Jp[XT]J.

Example. Let us consider the case n =1 with L; = % Q= LI, Y28 = al =
~y~1/24t where a! is the standard annihilation integrator [al, a;'] = min{s, ¢} defin-
ing the input noise v; = 2R&; and nondemolition observation of the commutative
output process

dY () = Q()dt + Iy ® de, Q(t) = U®)'QU(t)

by e = 2Ra' = yv;. In this case e; = vy, y' := e'dy is v} = yv;, where vy = vidp

is given as 4~/ 2w} by the standard Wiener process w; identified with the vector
process atl T5@ in Fock space, and the output process Y (¢) on the initial state vector
1o ®0Jyp is identified with the classical output process y* = v/2w} = yv; relatively to
the probability density p: (v) = prdy with respect to the Wiener probability measure
P, of the input Wiener process {v;} with the intensity v~!. The equations (3.5)
and (3.8) are classical stochastic equations in the linear (for the nonnormalized
0, (3,v) = ¢,(¥)dy) and nonlinear (for g, (¢,v) = ¢, (¥, v)/pi(v)) posterior density
operators with respect to the output states

(¢ ® 9| Brip @ dg) = /bt (v) pr (0) Py (dv) = (0i(v), pe(v))o

on B(t) = b, ('y_lY) given by any adapted functional b; of v.

Suppose that the quantum receiver is an open oscillator (e.g. Weber’s antenna),
described by the Hamiltonian H = % ATA, where A = iP + w@Q and Q, P are the
canonical coordinate and momentum operators: [@Q, P] = ifily. Then the quantum
Langevin equation (1.9) for A(t) = U, AU is the linear one

dA(t) + iwA(t)dt = il @ (ddy + dfy),

where f; = h%éi is the Langevin force (thermal noise) as a classical Wiener process
of the intensity O',QY = h?/4~ acting on the coordinate @, defining the total force in
the right hand side of the equation as the sum 1 + f; of the unknown gravitational
force f (¥;) = ¥, and the thermal noise through the additive channel 9 (w) + f;.
In the case of Gaussian input process ¥, corresponding to the linear v(d¥) = vd
and Gaussian initial state ¢ the optimal estimate of X (9;) = ¥,1 = X (t) is given
by the linear posterior mean value Y = & with respect to the output coordinate
process Y (t). In the standard Fock representation it is given as the last component

of the stochastic row &; = (G, pr, &) of the posterior mean values for X (t) =
(Q(t), P(t), X (t)), satisfying the Kalman equation
0 w? 0
d@; + 2, Adt = kydvy, A= -1 0 0 |,
0 —v w

where k; = (k1, k}2, k!®) is the first row of the symmetric 3 x 3-matrix K§ = (k)
satisfying the Riccati equation

d 1 0 0 0
— K, +KA+A'K,+~k/k,=", Y= 0 0?40

dt v 0 o2 o
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with an initial symmetric covariance matrix K of (Q, P,9y) and v, = v, — v 1§;.
The pair (&, K) defines the posterior (normalized) Gaussian state of the quantum

~2 o~

system with input signal z; = 9; and the mean square error (9,), ¥; = ¥y — 1A9t is
given by the component k3? of the posterior correlation matrix K.

A posterior dynamics of the quantum system under another nondemolition mea-

surement of the received electromagnetic field by a photon counter is considered in
[8].
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