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Abstract

We give an explicit stochastic Hamiltonian model of discontinuous
unitary evolution for quantum spontaneous jumps like in a system of
atoms in quantum optics, or in a system of quantum particles that
interacts singularly with ”"bubbles” which admit a continual counting
observation. This model allows to watch a quantum trajectory in a
photodetector or in a cloud chamber by spontaneous localisations of
the momentums of the scattered photons or bubbles. Thus, the contin-
uous reduction and spontaneous localization theory is obtained from
a Hamiltonian singular interaction as a result of quantum filtering,
i.e., a sequential time continuous conditioning of an input quantum
process by the output measurement data. We show that in the case
of indistinguishable particles or atoms the a posteriori dynamics is
mixing, giving rise to an irreversible Boltzmann-type reduction equa-
tion. The latter coincides with the nonstochastic Schrédinger equation
only in the mean field approximation, whereas the central limit yelds
Gaussian mixing fluctuations described by a quantum state reduction
equation of diffusive type.
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Introduction

This paper gives a microscopic theory of quantum jumps, inducing the spon-
taneous localizations. It is based on a new type of quantum dynamics, de-
scribed by the generalized (singular) stochastic Schrédinger equation, and on
the quantum filtering process, amounting to a modification of quantum evo-
lution along the quantum measurement trajectories. We do not assume the
existance of a unique universal mechanism for continuous reduction and spon-
taneous localization during the measurement process. There are many such
mechanisms, as many as the considered kinds of the singular interactions,
amounting to completely unequivalent modifications of quantum evolution
(e.g. quantum jumps and quantum diffusion) along lines, formally similar to
different types of macro-objectification of pointer positions.

The quantum measurement theory based on the ordinary von Neumann
reduction postulate applies neither to instantaneous observations with con-
tinuous spectra nor to continual (continuous in time) measurements. Al-
though such phenomena can be described in the more general framework
of Ludwig’s Davies-Lewies operational approach [1]-[5] there is a particular
interest in describing quantum measurements by concrete Hamiltonian mod-
els from which the operational description can be derived by an averaging
procedure. Perhaps the first model of such kind for instantaneous unsharp
measurement of particle localization was given by von Neumann [6]. He
considered the singular interaction Hamiltonian

h d oo, t=0
hy(t) = xé(t);a, i) = { 0. t4£0 (0.1)

with Dirac é-function, producing the translation operator
Sy = exp{—;_l / hx(t)dt} — ~@d/dA (0.2)

at time ¢ = 0 of the measurement. Here x is the position of the particle
and A\ is the pointer position, defining, say, the momentum p of a quantum



meter. The particle scattering operator S = {s,} applied to the (generalized)
position eigen-kets |x) as S|x) = |x)s, does not affect the position = of the
particle but changes the meter momentum p to

Yy = s];psx =x+p, (0.3)

which implies that the initial wave function vg(z, A) of the system “particle
plus meter” is transformed into

w(% )‘) = waO(xa )‘) = %(flf, A— 33‘) : (04)

If in the initial state the particle and the meter were not coherent,
o(z, ) = n(z)fo(N), and the wave function f, of the meter was fixed,
then one can obtain the unitary transformation S : ¢y — s,1 via a family
{F(\)} of reduction transformations F'(\) : n +— fo(\)n for the prior particle
vector-states 7. Specifically, Eq. (0.4) can be defined as

U(x, A) = fo(A = 2)n(x) = fo(M)n(z). (0.5)

The linear nonunitary operators F'(A) = s, fo(\) act on |z) as the multipli-
cation F'(A)|z) = |z) fo(A) by fo(A) = fo(A —2) = s, fo(N\) and would give a
sharp localization of any particle wave function 7(z) at the point x = A of
the pointer position provided that the wave function fy(A) could be initially
localized at A = 0. But there are no such sharply localized quantum states
for the continuous pointer, and the best that one can do is to take an ap-
proximately sharp wave packet fo(\). Say, fo is the Gaussian packet rescaled
to the standard form

fol) = exp{—g /\2} . (0.6)
This results in the unsharp localization [F'(A)n](z) = ¢ (x, A),
T
0w, 3) = exp{ =% (2 = A @) (07)
of any wave function n(z) about the observed value A of the pointer. The

localized wave function v (z, \) defines for each measurement result A the
posterior particle vector-state

m=c (), el =lvP? (0.8)



up to the normalization

I (M)* = / [¥(z, M)[*dz = p(}) (0.9)

to the probability density

p(N) = [ 1fo(A = 2)PIn(e) P (0.10)

For commuting operators x and y, this is equivalent to the classical mea-
surement model y = x + p for unsharp measurement of an unknown signal
x via the sharp measurement of the signal plus Gaussian noise p with given
probability density |fo(\)]? of the random values p = ).

These arguments illustrate how to interpret the reduction model involv-
ing the continuous spectrum of a quantum measurement as a Hamiltonian
interaction model with nondemolition observation for a quantum object us-
ing the measurement of the pointer coordinate of the quantum meter. Since
von Neumann introduced this approach, they were used by numerous other
authors [7, 8] for the derivation of a generalized reduction n — F(\)n that
would replace the von Neumann postulate 1 — E(\)n given by orthoprojec-
tions {£(\)} in the case of discrete values A.

As extended to nondemolition observations continual in time [9]-[15], this
idea constitute an essence of the quantum filtering method for the deriva-
tion of nonlinear stochastic wave equations describing the quantum dynamics
under the observation. Since a particular type of such equations has been
taken as a postulate in the phenomenological theory of permanent reduc-
tion, quantum jumps and spontaneous localization [16]-[20], the question
arises whether it is possible to obtain this equation from an appropriate
Schrodinger equation. Here we shall show how this can be done by second
quantisation of the singular interaction Hamiltonian considered by von Neu-
mann obtaining a stochastic model of continual nondemolition observation
for the position of a quantum particle by counting some other quanta.

First we show in the Sec.1 that even the projection postulate can be
derived in the framework of this approach with the suggested Hamiltonian
interaction and a proper nondemolition observation with a discrete spectrum
and sharp initial state of the meter. Then we define a single-kick stochastic
wave equation for the reduced state-vector, corresponding to the unsharp

fo(N).



In the Sec.2 we develop the differential treatment of discontinuous uni-
tary evolution in terms of generalized Schrodinger equation corresponding
to the scatterings at given or randomly distributed time instants. Then we
show how it can be reduced to the many-kick stochastic wave equation, de-
scribing spontaneous localization of a quantum particle under the continual
observation of its trajectory in a bubble chamber.

The quantum system of many similar interacting particles in a bubble
chamber is treated in the Sec.3. We prove that the reduced dynamics of
the particles is mixing under the continual observation of positions of the
scattered bubbles. It can not be described by any reduction equation for the
posterior wave function but can be described by an irreversible stochastic
equation for the density matrix of the particles.

Finally we obtain in the Sec.4 the macroscopic and diffusion limits of
the generalized Schrodinger and reduction equations under the limit of weak
coupling constant and higher frequency of the interaction with the appara-
tus. In the macroscopic limit these two equations coincide with the ordinary
Schrodinger equation, corresponding to the mean field approximation, while
in the diffusion approximation, which describes the fluctuations, they lead to
the essentially different kind of stochastic wave equations [23, 24].

These results are presented by the equations (1.10), (2.10), (3.10) and
(4.10).

1 Hamiltonian Model for a Generalized Re-
duction

Let ‘H be a Hilbert space called the state space of a particle, and let R be a
selfadjoint operator in H with either integer or continuous spectrum Z or R.
Let x > 0 be a scaling parameter. One can regard the scaled operator kR as
the position z of the particle in R or in the lattice xZ if it is quantised so that
kR is given in the z-representation, the operator acts as the multiplication
kR|z) = |z)\(x) by AM(z) = k|x/k], where |x| € Z denotes the integer part
of z.

A quantum meter with continuous (A = R) or discrete (A = €Z) pointer
scale is described by the Hilbert space L*(A) of complex-valued functions
f : A — C square integrable in the sense that ||f||* = [|f(y)]*dy < oo.



The last integral coicides with 3,cp [f(y)|%e if f(y) = Yiez 05 (y) f(el)e is
the isometric interpolation of the discrete wave-function f(el), | € Z, given
by

1/e .
5 (y) :/0 62”1k(8l_y)dk, y€R.

Consider a moving particle with Hamiltonian H in H. Its singular evo-
lution corresponding to the position measurement at time ¢ = 0 is described
in the product space H; = H ® L?(A) by time-dependent Hamiltonian

Hi(t)=H®1—-kRo1)Q, (1.1)

in the interaction picture corresponding to the free translation evolution of
the poiter coordinate p € A. Here 1 is the identity operator in L?(A), defining
the particle Hamiltonian Hy = H ® 1 in ‘H1, and (@ is treated as a coordinate
operator of the meter, ) = ihd/0Jy, having the bound spectrum 27h[0,1/¢)
for A = €Z. This generates the shift operator (0.2) in L?(A) with z € A and
the scattering operator

i S, t>0
St:exp<h/<;R®Qt) :{ I t<o0 (1.2)

in Hy, where Q; = 1,Q, 1, =1 if t > 0, and 1; = 0 otherwise.

The singular time dependence of the Hamiltonian (1.1) makes it impos-
sible to define the Schrodinger equation ihdy/dt = Hi(t)y(t) at t = 0
in the usual sense. But one can define a discontinuous unitary evolution
Ui(t) : Hy — H; for some ¢y < 0 as the single-jump unitary process

1 t

Up(t) = exp(—;b t Hl(s)ds> — (iHolto-D/h g,

0
provided that [R, H] = 0. If R and H do not commute, the usual method
which a physicists would follow at facing this difficulty is to consider the free
evolution ¢ _(t) for t < 0 and ¢ (t) for t > 0, supplemented by the boundary
condition 1, (0) = Sv_(0). Although this method is hardly applicable in
the case of spontaneous interaction at a random instant t; > tg, let us show
that the discontinuous unitary evolution corresponding to the fixed t; = 0
can be defined as the fundamental solution ¢ (t) = Uy(t)1y of a generalized



Schrodinger equation. Such regularized equation can be written in terms of
the forward differentials

dw(t) = w(t + dt) - w(t)a dlt - 1t+dt - 1t7

as the Ito integral of

Ap(e) + 3 Hop(0dt = (S = Dol 9(t) <o (13)

For every initial 1)y € H the equation (1.3) has a unique solution at t, < 0;
this solution is given by the unitary operator U (t) = Uy(t—t0)S:(—to), where
Up(t) = exp{—iHot/h}, Sy(r) = Ud(r)S,Uy(r).

To prove this let us rewrite the generalized Schrodinger equation in the
integral form

0() = eton (@t 4 [* s ) (1)

to

(the equivalence of (1.4) to (1.3) can be shown by straightforward differen-
tiation). We can write ¢(0) = Uy(—to)1po for the solution (1.4) when t = 0
since [, (r)dl, = 0 if t, < 0; hence ¢(t) can be rewritten as

U(t) = Uo(£)(¥(0) + (5 = 1)1:(0)) = Un(t)S:3(0) .

It follows from [/ ¢(r)dl, = 1,(0) for any function ¢ and any ty < 0, and
(S — 1)1, = S; — I by the definition of the scattering operator (1.2). Thus,
Ui (t) is the unitary operator

Uo(t)S:Us(—to) = Us(t — o) Se(—to).

This gives the solution to equation (1.3) for t, = 0 as well, since () =
Up(t)S:0(0) is equal to 1y for ¢ = 0.

The rescaled pointer operator P = k711 ® p, switched on at the instant
t = 0 of the scattering, is described in the space H @ L*(A) by the operator
P, = 1,P, having in the Heisenberg picture Y; = U] (t)P,U;(t) the constant
form Y; = Y (—to) for all t > 0. Here Y (r) = ST(r)PS(r) taken at r = —t,,
to < 0 is the shifted operator

Y(r)zR(T)@l—i—iI@p, (1.5)
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where R(r) = UT(r)RU(r) and S(r) = exp(kR(r)®iQ/h). Obviously the ob-
servables {Y;} are self-nondemolition in the sense of their joint measurability.
It follows from the trivial commutativity condition

[Y,,Y] =0, Vs,t. (1.6)

And they are nondemolition with respect to an arbitrary particle operator
Xi(r) = Uy (H)/(X ®1)U;(t) in the Heisenberg picture at ty = —r in the sense
of their predictability [9, 13]

X, Y] =0, Vs>t (1.7)
indeed, [X;,Y;] =0 and Y; =Y} for s, ¢t > 0 since
Ul (s)PU(s) = ST(—t0)P.S(—to), Vs >t.

Let us fix a state vector fo € L2(A), || fol| = 1, given by a wave function
fo(y) on A localized at y = 0. Let |y) denote the (generalized) eigen func-
tion in the spectral representation p = [ y|y)(y|dA of the pointer coordinate
(pf)(y) = yf(y), where dX = dy if y € R and d\ = ¢ if y € €Z. This yields
the localizing transformations Fi(y) = (y|S:fo in the form

F(y), t>0

where F'(y) = fo(yl — kR). The reduction transformations n — ¥(t,y),
defined on the particle space ‘H by the formula

¢(t,y) = U(t_tO)Ft(_tmy)n? Yy e A7

with U(t) = exp(—iHt/h) and Fi(r) = U'(r)F,U(r) reproduce the unitary
evolution U (t) in the y-representation on n® fo € H; similarly to Eq. (0.4)
and (0.5), namely,

U(t — to) Fi(—to,y)n = U(t)(ylSefoU (—to)n = (y|Ur(t)(n @ fo) -

The operator F(r,y) = fo(yl — kR(r)) at r = —ty with a given initial
vector-state 7 of the particle before the scattering (to < 0) define the proba-
bility measure

p(d) = [ IFGymlfar = LA, ACA,

Fy) = folyl — rRy) = { (1.8)

8



for the statistics of the nondemolition measurement of xR via the observation
of the pointer position y € A after the scattering. It is given by a positive
operator-valued measure II,(A) = [ |Fi(y, —to)|?d\ at ¢ > 0. (Before the
scattering it defines the initial probability measure

pol(&) = (. 1(A)m) = [ [fo(y)Pdr. +<0

which is independent of 7.)

In the case of discrete scale the eigen functions |y) are normalisable:
(yly) = 1/e, and one can take a sharply localized f, = £%2|0), given by the
eigen function fo(y) = e(y)/c¥?, where e(y) = 1if y = 0, e(y) = 0if y # 0.
By renormalising the operator F(y) as E(y) = ¢¥?F(y) with step ¢ = & of
the position quantisation, one obtain the orthogonal projections

e(kR —yl) :/ |z)(x|de = E(y), vy € RZ

wilw /) =y/x
of kR = [ Az)|z)(x|dr = Y, c.z yE(y) corresponding to eigen values \(z) =
klx/k]. Thus, IL,(A), A € A is the spectral measure > x E(to,y) of the
quantised position kR(—t) of the particle for a ¢t > 0 given by the eigen or-
thoprojections E(r,y) = Ut(r)E(y)U(r) of the operator R(r), corresponding
to the rescaled pointer integer values y/k. Thus, the projection reduction
postulate has been deduced from the Hamiltonian interaction (1.1) and the
nondemolition measurement for the sharply localized initial state fy;. But
there is no continuous limit as K — 0 of such sharp reduction with non-
trivial e # 0, since |le]|? = [le(y)|*d\ = k — 0 and the sharp function
e(y) = 65(y)r on A = kZ disappears as an element of the state space L*(R)
of the continuous meter.

In the continuous case, one can take only an approximately sharp fy €
L*(R), say fo(y) = 05(y)e, y € R, and renormalise the operator (1.8) as
Gi(y) = folyl —kRy)/ fo(y) if fo(y) # 0, as in the Gaussian case (0.6). They
define Gy(y) as the identity operator for ¢ < 0 or r > 0, whereas for t > 0
and r < 0 the operator

Gly) = WlSfo=WlG. G=f'Sf, (1.9)

say, of the Gaussian form

Cly) = exp{mnR(yT — 3 KR)}

9



given by the generalized eigen functions |y) = |y)/fo(y) for the spectral rep-

resentation p = [y|y)(y|due with respect to the initial probability measure

duo = | fo(y)]*d\ with density |fo(y)|> = exp{—7y?} in the Gaussian case.
The corresponding propagators

T(tay) = U(t - tO>Gt(_t07y)7 Y € A; Z50 S 07

where Gy(r) = UT(r)G.U(r), define the operator—valued measure II;(A) as

0(8) = [ T )Tty = [ [Gi(~to,) dpo

so that the output probability measure p is absolutely continuous with re-
spect to pg for any n € H: u(A) = [ |G(—to, y)n|/*duo. Hence, the reduced
state vector x(¢,y) = T'(t,y)n is normalized to 1 as a stochastic vector process
x(t) 1 y — x(t,y) € H in the mean square sense with respect to the input
probability measure iy,

I = [ Ot x(Ey))dno = (m,m) = 1.

This model of nondemolition observation with continuous data y € R also
applies to unsharp measurement of operator R with discrete spectrum. In
contrast to sharp measurement, unsharp measurement is not sensitive to the
continuous spectrum limit as kK — 0 of R = |x/k], corresponding to the
replacement of kR by z € R.

For any initial 5 < 0 the stochastic vector process x(t) = T'(t)n satisfies
the single-kick equation
FHX()dt = LG~ Ix(t). x(t)=n  (1.10)
generated by the random differential d1;[G — I](y) = (G(y) —I)dl; ony € A
with respect to the initial probability measure py. This simplest reduction
equation is written in terms of the forward differentials dx(t,y) = x(t +
dt,y) — x(t,y), that is, is understood in the sense of Ito.

Indeed, by representing G; as Gi(y) = (G(y) — 1)1, +1 = [+ 1,[G—I](y),
one can describe x(t) = U(t — to)Gi(—to)n by the integral equation

X(t) =U(t = to)n + U)L[G — I]U(—to)n =
e—th/h (etho/h?7 + teiHT/hdlr[G . I]X(T)) )

to

dx(t) +

10



But this equation is equivalent to the differential equation (1.10), a fact that
can be proved by straightforward differentiation taking into account the Ito
multiplication table

(dt)* =0, dtdl, =0=dl,dt, (d1,)*=dl,.

Similarly, one can the simplest nonlinear stochastic equation for the nor-
malized reduced state vector x,(t) = x(t,y)/lIx(t, v)|I:
i
h

where G,(t) = G(v)/||G(y)xy(t)||, n € H. This equation is an equivalent
differential form the nonlinear integral stochastic equation

dxy (1) + = Hxy (1)l = (Gy (1) = Dxy (D)1, x(0) =7

W) = eth/h(etho/hn+/t: SHIN(G () —I)Xy(r)dlr) _
= Ut —to)n+ UGy — Dlixy(0) = UMGi(y)xy(0)/1G:(y)xy ()]

This yields x,(t) = T'(t,y)n/||T(t,y)n|| for a to < 0 because of ||Gi(y)n|| =
1T(¢, y)nll.

Note that the random state vector x,(t) is obtained by conditioning
with respect to the output (rather than input) probability measure dy =

Ix(t, y)|I*dpo-

2 Spontaneous Localization of a Single Par-
ticle

Let us consider a spontaneous process of scattering interactions (1.1) of a
quantum particle (or an atom) at random time instants t,, > 0, t; <ty < ...,
with a renewable meter in an apparatus of the cloud chamber (photodetector)
type with bubbles (photons) serving as the meter. We consider the increasing
sequences (ty,%s,...) as countable subsets 7 C R such that 7, = 7N [0,¢)
is finite for any ¢ > 0 in accordance with the finiteness of the number of
scattered bubbles on the finite observation interval [0,¢). The set of all such
infinite 7 will be denoted by ', and I is the inductive limit UT'; as ¢ — oo of
I't = {n|7 € '}, which is the disjoint union I'; = >>2° T';(n) of n-simplice
Lin) ={t1 < ... <t,} C[0,t)".

11



The measurement apparatus is assumed to be a quantum system of infi-
nitely many bubbles each of which is identical to the single meter described
in the previous section. The pointer coordinate is attached to the momentum
pn of a bubble labeled by the scattering number n € N, such that it shows
the momentum A,, € A of the scattered bubble at each time ¢,, € 7.

The corresponding Hamiltonian of the moving particle is given by the
series -

H(t,7) = Hy— kR® Y _ (t —t,)Q(n) (2.1)
n=1
having at most two nonzero terms if ¢t € 7. Here Hy = H ® 19> is the Hamil-
tonian describing the time evolution on the intervals between the scatterings
t € 7 and Q(n) is the coordinate of the nth scattered bubble, given as the
operator Q(n) = ihd/dA,.

The generalized Schrodinger equation corresponding to the Hamiltonian

(1.1) can be written for fixed 7 € T'y, by analogy with the single-kick case

dip(t) + 3 Hob(0)dt = (S(n) — D(t)dn, (0.7) = v, (2:2)
Here S(n) = exp{3xkR®Q(n)} and n(t) = || is the numerical process that
gives the cardinality || = 3 ,¢, 1;—, of the localized subset 7, = {t,, < t}, so
that dn.(7) is equal to 1 for ¢ € 7, and zero otherwise.
The solution to this equation is uniquely determined for every 7 € ', by
the initial state 1y of the system. Namely,

W(t, ) =U(t, 7)o,

where U(t,7) = Up(t)V;'(7), V;'(7) is the chronological product [[oc, Si(r) =
S(ty,)...S(t1), and

Vi(r) = SI(t1) S (t2) - <H Si(r ) : (2.3)

reT

Here Sy(t,) = Ud(tn)Si(n)Up(t,) for t, < t, where S(n) = exp{—1 KR ®
Q(n)}, and Si(t,) = I if t,, > t so that the infinite product (2.3) contains
only a finite number n, = .., 1,_, of factors different from the identity
operator I.

12



Recall that the differential equation (2.2) is equivalent to the integral
equation given by the recurrence relation

r<t
Ut ) = U (g 1 Y S () ~ Dl )] (24)
rET
for every 7 € T'u. Hence, 1h(t,7) = Uy(t)V; (7)1ho, where Upy(t) = e 1Hot/h
and V;(7) is a solution to the operator equation

r<t
) =1+ Y V,(t)(S{(r,7) = 1), Vo(r)=1,
rET
where ST(t,7) = Up(t)"S(ns(7)) Uy (). But this equation has a unique solu-
tion (2.2), which can be written as the binomial sum

[Li(t1) + I)[Le(ta) + I] ... = > L(s1,7) ... L(8y,7)
oCTy
in terms of 0 = {s1,...,5,}, 51 < ... < Sp, 0 < 0y, Ly(r) = S} (r) = I (=0
if r > t) and L(r,7) = ST(r,7) — I. Indeed, this sum contains I as the null
product corresponding to o = (), and the sum of the other terms is equal to

r<t
Vi(r)—1 = Z Z L(s1,7) ... L(8pm, T)L(r,T) =
reT oCrp
r<t r<t
= Y Vi(r =>"Vi(r)(ST(r,7) = 1),
reT TET

where m < n; — 1.

Note that the generalized differential equation (2.2) depending on 7 € ',
via m; = ny(7) is not necessarily stochastic as long as we have not fixed
a probability distribution for the instants 7 = (¢1,%s,...) of the singular
interactions. In order to obtain a continuous (at least in the mean) dynamics
for such a quantum jump process it is necessary to assume the interactions are
spontaneous with a continuous probability distribution of random instants
7. One can assume that the number process n;(7) is stochastic, given by the
Poisson law mo(d7) on I'«, presented as the projective limit as ¢ — oo of the
probability measures

mo(dr) = e WIMldr, . v >0. (2.5)

13



Here 7, = 7 is a finite time—ordered sequence 7(n) = (t1,...,t,) € I'; with
n = ng, dn, = [[;L, dt; is the measure on I'; given by the sum of product
measures dtq,...,dt, = dr(n) on the simplices I';(n), d7(0) = 1 on I';(0) =
{@} such that

o0
/V|T|dr::21j"/.../ dty...dt, =e*.
r; = 0<t) <...<tn<t

Note that any other numerical process can be described by a positive density
function f(7) with respect to the Poissonian measure, that is, has the form
f(r)m(dr).

Let us fix an initial state ¢y = f§° of the bubbles as the infinite product
3¢ = @2, fi of the identical state vectors f; = fo of the bubbles given by
a normalized element fy € L*(A). This defines the solutions (¢, 7) of the
stochastic equation (2.2) with the initial data 1y = 1 ® @ given by state
vectors n € H in the particle space H as the state vectors in the product
space Ho, = H ® &, where £ is the Hilbert space generated by the infinite-
product functions ¢(v) = [T fx(Ax) with the equal elements f, = f, for
almost all k. We suppose, as in Sec.1, that po(v) # 0 for almost all v =
(A1, Az, .. .) such that one can identify the space £ with the space L3(A*) of
all square-integrable functions f = ¢ /¢ with respect to the product measure
e (dAX) = po(dAy)-po(dAg) - - - on the space A = Ax A x... of the sequences
A=A, A, IF1E = L1 Purse(dA) = ||¢]|2. The generalized product-
vectors [A) = [\) ® |Ag) ® ... of this space are defined by tensor-product of
the o-functions (X'|\), respectively to g such that [ |A)(A|ug®(dA) = 19°°.

Consider the sequence (pi,ps,...) of momentums p,, of the scattered
bubbles at the time instants {¢,ts,...}. The commuting operators p,, n €
N, described in € by the multiplications p,|A) = |A)\,, are assumed to be
measured at the random time instants ¢,, n € N. The point trajectories
of such measurements are given by the sequences = (yi,%s,...) of pairs
Yn = (tn, An) With t; < to,... and A, € A, identified with countable subsets
{y1,y2,...} C RyxA. Aselements v = (7, A) of the Cartesian product T, =
'« x A%, they have the probability distribution Po(dv) = mo(dr)ud(dN),
where A* is the space of all sequences A € A>*, A, € A, equipped with the
probability product-measure pd°(dA).

The measurement data of the observable process up to a given time in-
stant ¢ > 0 is described by a finite sequence v; = (y1, ..., yn) with n = ny(v)
given by the numerical process ny(7) for the component 7 of v.
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Let us introduce the counting distribution n:(A) = |v, N (R4 x A)| as the
number 7;(A, v) of scatterings in the time-space region [0,¢) x A and define
the counting integral [;° [y L(r, \)dn,.(d\) over y € Ry x A as the series

n[L](v) =Y L(y), VveE Te. (2.6)
yEv
Having fixed an integer-valued distribution n;(A) € {0,1,...} as a function
of t > 0 and of measurable sets A C A, one can obtain the corresponding
trajectory v as a sequence of the counts of the jumps of n;(A) in the time-
space R, x A.

Given an initial state vector in H,, of the form ¥y = n ® ¢y with fixed
wo = f§°, one can define a nonunitary stochastic evolution n +— T'(¢,v)n by
setting

T(t,v) = AU 7)o, v =(T,A),
which reproduces the unitary evolution U (¢, 7) = Uy(t)V;! (1) defined by (2.2).
This can also be written as T'(t,v) = U(t)F, (v), since Up(t) = U(t) @ 19
commutes with the (generalized) eigen-bras (A| = (A1, Ao, .. .| of the bubble
coordinates (p1,pa,...) : (A|Up(t) = U(t)(A|. The reduction transformations
Fi(v), v € T, are given by the chronological products

F(v) = Gly)Gi(w) . = [ Glw) (2.7)
yev
of Gi(tn, \n) = Ul (t,)G(\)U(ty,) for t, < t, where G()\) = (\|Sfy, owing
to the product form (2.3) of the unitary transformations Vi(7), 7 € ', and
(Al = @221 (el po(A) =TI fo(Ak), (Alpo = 1 for A € A, The stochastic
operator (2.7) defined by the single—point reductions

G(r,\), r<t
I, r>t

Gi(r, A) = (A[Si(r) fo = {

is normalized with respect to the initial probability Po(dv), IIy_[I](t) = I,
where

TLA[X](1) = /A TH(t,0) X T(t, v)Po(dv) = /A F(0)XEl (0)Po(dv),  (2.9)

is a continual operational-valued measure [3]- [5] defined on measurable sets
A C Y of the point trajectories v, = {(r,\) € v|r < t} given by the
operations ®,(v) : X — F,(v)XF] (v) for particle operators X : H — H.
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The positive operator-valued measure I1,(A) = I 4[I](t) gives the statis-
tics

= [ NAU 7)o 2 (@) mo(dm)

for the continual observation with respect to an arbitrary initial wave-
function ¥y =1 ® f§°, n € H in the form

Py(A) = (n, L (A)n) .
The output probability measure P(A), A C T, is defined by the marginales

Pi(A), AC T, as t — oo.
The reduced wave function x(t,v) = T'(t,v)n is normalized

X2 = [ (. v)]*Po(av) = 1

as a stochastic vector process x(t) : To, — H with respect to the initial
probability distribution Py on T
It satisfies the stochastic wave equation

Ax(t) + 3 Hx()de = dnfG — Ix(@), x(©)=n,  (210)

expressed in terms of the random differential dn:[G — I](v) = (G(\,, (v)) —
1)dni(v), ni(v) = ny(7) for the point distribution ni[L] = [ L(A\)n(d\) =
n[L:] over A € A defined in (2.6) for L;(r, \) = 1;(r)L(\).

To prove Eq.(2.10), discovered for the first time in [13], we rewrite it in
the following integral form

X0 =1 (g [ SIGO) — Dx(r)dn ()

given for each v € T, by the finite sum

r<t

n[LU(r)(G = Dx](v) = > U'(r — I)x(r).

(r,\)ev
We express the solution to this equation in the form x(t,v) = U(t)E) (v)n
via the solution (2.7) to the recursion equation

v) =1+ TZ F.(v)(G(r,\) =1I), Fy(v)=1,
(r,\)ev
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with G(t,\) = UT(t)G(\)U(t), as was done for the unitary case.
Let us also write on F' the nonlinear equation

dxo(t) + 7 Hxo(Bdt = (Gu(t) = Dxo(dni(v), X, (0) =,
with Gy (t) = G(An, )/ |G( Ay (w))Xw(t)]]- Its solutions define the normalized
reduction y,(t) = x(¢,v)/||x(¢t,v)] for continual counting measurements as
a stochastic vector process x,(t) € H with respect to the output probability
measure P of the point process ¢t — v;. This can easily be obtained, as in
[14] by applying the Ito multiplication table

(dt)Z = O, dtdnt =0= dntdt, (dnt)2 = dnt .

3 Mixing Reduction for Many Identical Par-
ticles

We now consider M identical particles (atoms) interacting independently
with the bubbles (photons) in accordance with the scattering term in the
Hamiltonian (2.1). The spontaneous process of scatterings is described by the
time-ordered sequences of pairs (k,,t,), t1 < t2 < ..., where k, € {1,..., M}
is the number of the particle labeled by the scattering number n € N at time
instant ¢,, > 0. We have excluded possibility of two or more scatterings of the
bubbles at the same instant of time, as was done for a single particle in Sec.2.
The sequence (ky,t1), (ko,t2), ... of the scatterings can be represented by the
occupational subsets 7, = {t, € 7|k, = k} of the time set 7 = {t1,%2,...},
which are disjoint, 7, N 7; = 0 if k& # [ since the scatterings for different
particles are independent. We shall consider the M-tuples 7, = (71,...,7a)
of these countable subsets 7, C R as elements 7, € Foj‘g of the Cartesian M-
product of I'y,, given by the partition 7 = U7y, : = Uy, o N7y = 0 if k # [ of
aTels.
The Hamiltonian of the interacting particles for fixed 7, = {(k1, 1),

(ka,t2), ...} reads

H(t,7) = HY — 5'S" R(kn)) © 8(t — £)Q(n). (3.1)
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Here H)Y = H” ® 1 is the Hamiltonian of the particles describing the time
evolution on the intervals between the scatterings with the bubbles:

HM = fjH(k)JrfjfjW(k,l),

k=11>k

where H(k) = I®*D @ H @ I®M~k) is the Hamiltonian of the kth particle
and W (k, 1) is the interaction potential in H®M of the kth and Ith particle,
1<k<I<M.

Let HM denote the M-particle Hilbert space, which is an invariant sub-
space HM C H®M of symmetric (bosons) or antisymmetric (fermions) M-
tensors nM € H®M generated by the product-vectors @ n, € H®M with
M € H. The correspondent Ito-Schrodinger equation for the stochastic state
vector M (1) : 74 = (L, 7,) with values (¢, 7,) € HM in the product space
HY = HM @ £ of the M-particle space HM by € = lim,, o, L*(A") reads

i

h
Here S(k,n) = exp{} xR(K) ® Q(n)}, R(k) = I°¢~) @ R 901,

dy™ () + — HY ™M (t)dt = (S(ky, ny) — DM (t)dn, . (3.2)

S 1, ter
k() = > kln(t), where L() =1 ', ‘
k=1 )

is the random number k; : T¥ — {1,..., M}, labeling a particle by k at any
instant ¢ € 7, of its collision with a bubble labeled by n,(7) = S0, Nt =
|7 N [0,t)|, where ng; = |7 N [0,t)|, 7 = UTy.

The solutions ¥(t,7.) = U(t, 708", " € HY, of equation (3.2) can be
written as U (t, 7o) = UM (t)V;'(7,) in terms of the finite chronological product

Vi(te) = S} (ky,t1) ST (ks t) ..., 1a€TM, (3.3)

where Sy (k,t,) = I if t, > t, S;(k, t) = Ud" (t,)S(k, n)UM (t,) if t, < t, and
Ug'(t) = exp{—+ H{}'(t)}. The proof is exactly the same as for the case of a
single particle M = 1.

Let w = (w1, wy, ...) denote a chronologically ordered sequence of triples
Wy, = (kn, tn, A\n) and € the space of all such sequences with {¢;,t,...} € I's.
Every sequence w € ) can be represented as a pair w = (7., A), where 7, =
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(T1,...,7a) is a partition of the corresponding sequence 7 = {t1,ts,...} and
A = (A1, A2, ...), so that © can be identified with the product '™ x T.,. The
space {2 is equipped with the probability measure Po(dw) = mo(d7e) i (dN),
where 7o(dry, ..., dr) = [IiL, mo(d7:) is the product of the identical Pois-
son measures (2.5), in accordance with the independence of the spontaneous
interactions of each particle with the bubbles.

Given an initial state vector ¥ = n™ ® @y, where ¢y = f5°, one can
easily prove that the nonunitary stochastic evolution

T(ta w) = <A|U(t7 T.)(,O() y W= (7_07 )‘)
is also a finite chronological product
T(t,w) = UM F(w), Fi(w):=Gi(w)Gl(w,). ...

Here UM (t) = exp{—3 HMt}, G(k,t,,A) = I for t, > t, and Gy(k,t,, \) =
UM (t,)G(k, \)UM(t,), t, < t, is defined by the reduced scattering operator

G(k,\) = I°* Do G\ @ I°M=0 - G(\) = (\Sf (3.4)

for fo € L2(A), ||fol| = 1, applied to the kth particle only in H*. The
stochastic operator T'(t) defines the solutions Y (t,w) = T(t,w)n™ to the
Ito differential equation

A (0) + M0 = 3 dngl G — 1), 3 (0) = o

for the stochastic vector states x*(¢) : Q@ — HM of the M-particle system,
corresponding to an initial ™ € HM. The right-hand side of this equation
is written as the forward increment of the point integral

n[L] = ;ﬁl /O t /A Lk, r, \)dng (d))

given by the stochastic distribution n[L](w) = ¥ ,c., L(w) for Li(k,r,A) =
1¢(r)L(k,r,\). The vector xM(t,w) € HM as well as x(¢,v) in (2.10), is no
longer normalized (||x*(¢t,w)| # 1) for an initial state-vector n™ € HM,
[7™]] = 1, but it is normalized with respect to the probability measure P
on ) in the mean square sense. But, in contrast to x(¢,v), x™(¢,w) is not
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yet the reduced description of the M-particle system under the observation
of the scattering process v; = {(r, \) € v|r < t}, given by the registration of
the pointer positions A, € A at random time instants t,,.

The reduced dynamics corresponding to the observation is described by
a stochastic operational process X — O[X](¢),

O[X](t,v) = &,[UM (1) XUM (1)) (v) (3.5)
for the M-particle operators X : HM — HM given by the conditional expec-

tation
1

XN N) = 1 2 Filow MXF (00, ) (3.6)
Uop=T1
where the sum is taken over all partitions o, = (071, ..., 0)) of a finite subset

7, = 7N [0,t). This averaging is due to the impossibility to detect the
individuality of the identical particles producing the indistinguishable effects
on the bubbles by measuring the scatterings of the bubbles.

To prove Eq. (3.6), we need to compare the correlations of F}(w)X F} (w)
and of an arbitrary functional g(v;) of the observable point process v; with
the correlations of (3.6) and of g(v;). But by applying the well known formula
[21] one can easily find

[oon o o= [ 3 a(or....oudo

t k=1 It gpilop=c

for the multiple point integration that these correlations with respect to the
probability measure Py on €2 given by the Poisson law (2.5) simply coincide:

[ mildon) [ Ui o N F(u, NXF (00, Dpi(aN)

M
= LM X(oy,... —vt ) Jonl g
Fy<9( k=10%), X (01, ,UM))okl;[le v O

= | {g(0), Z X(oy,... ,UM)>06_M”tV‘”|da

Tt or:Uop=0
1
_ M
= [ 7o) [ ol N5

Here (.,.)¢ is the abbreviation for the inner product in € of the test func-
tion v +— g(7,A) with fixed 7 € T'; and the operator function X;(7,, A) =

S F)XFHw)(dA).

Tr:UTp=0
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Fy(7e, \) X F} (1., A) with fixed 7, € '™, The probability measure

M
midn) = Y ] mo(doy) = e | My|™ldr, (3.7)

Uor=7t k=1

on T'; has the intensity Mv. It is induced by the measure mo(d7,) on 'Y with
respect to the particle identification map 7, € '’ +— 7 = U7, defining
the observable data v = (7, A) by the stochastic map w = (75, A) — v € T
on w € (.

By the coincidence of the correlations proved above, the stochastic oper-
ator (3.5) is indeed the conditional expectation of the stochastic operators
X, (w) with respect to the observable process v;.

In contrast to the pure operations X — X;(w) the reduction operation
X +— &,/ X](v), preserves the symmetry of the M-particle operators X with
respect to particle permutation. It is the least mixing operation which pre-
serves the indistinguishability of the particles respectively to the observations
of the bubble scatterings, corresponding to the complete nondemolition mea-
surement of the particles.

Indeed, the reduction operation (3.6) can be simply written as the finite
iteration

1

n

M
Z Gl(lﬁ; ?J1) s Gi(k’m yn)XGt(k?m ?Jn) ‘e Gt<k17 y1)

Kty kin=1
=W .. U X](y1) - J(yn) = [ X (Y1, -+ s Yn)
with n = || single mixing reductions

1

i > Gk, y)XG(k,y). (3.8)

k=1

U [X](y) =

Given as the arithmetric mean value of the permutations for the pure opera-
tions X — Gl (k,y)XG,(k,y), corresponding to the identical operators (3.4),
the reductions X +— W,[X](y) are permutationally symmetric, and are not
mixing only if the pure operations if they do not break this symmetry.

The derived mixing property of the reduced stochastic dynamics ¢ +—
p[X](t,v) obtained above for the corresponding statistical states

P X](tv) = (™, OX](t v)n™) = Te{X oY (t,v)} (3.9)
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gives an increase in the entropy
oM (t,v) = —Tr{o™(t,v) In o™ (t,v)}

for an ensemble of identical particles even under the condition of complete
nondemolition observation. According to (3.9), the reduced density operators
oM (t,v) for the system of M identical particles gives the probability density

p" (t, ) = Te{o" (t, 1)} = PM(duvy) /Py (duy)

of the output process v;. Here P} = 7 @ 15° is the probability measure on
Too = o X A® defined by the Poisson measure (3.7). This means that the
a posteriori density operator o™ (t) is defined as a stochastic positive trace
class operator normalized in the mean sense

le @)l = [ e (¢, v)}PY (dv) = 1.

The density o™ (t) satisfies the stochastic operator equation
M i M 1 & M t M
A" (1) +  [H, 0" (1)t = dne| < - GRS (OGHK) — 0" ()], (310)
k=1

which has a unique solution for every initial condition o™ (0,v) = g} given
by the density operator o) for the M-particle states o}/[X] = Tr{X 0}!}.
Let derive the differential equation (3.10) in the equivalent integral form

PN = X)) + [ [ PR = r)O0) = X (= D)) dne(d)
for an p) [X] = (nM, XnM), n™ € HM, where X (t) = UM (1)1 XUM(t),

1

UM(t) = WX = o

M
> GH (kN XG(E,N).
k=1
Taking into account the fact that the stochastic integral (2.6) in this equation
is simply a finite sum for every v € T, and ¢, one can write it as recursive
operator equation
r<t
QX)) =X + Y O [P[X](r,\) — X](v),

(r,y)ev

22



for a stochastic operation ®;, defining the solutions to Eq. (3.10), as in (3.9),
in terms of the composition (3.5).

But such recurrence has the unique solution ®;(v) = W;(y;) o U;(ys) 0
defined for a v = (1, A) € T as the chronological composition of the maps
Uy(r,A) : X = U[X](r,A) if r < tand W[ X](r, \) = X if r > ¢. This solution
can be found by the iterations

r<t

=1+ > @, (v)oA(r,\)
(r,\)€v
r<t s<r
NS (1+ S ®,(0) 0 Als A))OA(T,A)
(r,\)ev (s,N\)ev
=Y A(z1)o...0A(z,),
oCuy

where A(y) = U(y) — I, ®4(v) is the identical map I: X — X if s =¢; and
Yo, Az1) 0. 0 A(2z,) = Wy(y1) o Wyya) o ... in terms of 0 = {z1,..., 2, },
=(r, ), s1<...< S8y, n<n.
Let us also write the nonlinear stochastic equation

A0 (1) + 3 [H, ol ()}t = 01 (1) o (¥,(1) ~ D (v).

where ¥, (6) = (A, )/ TH{E(huy)}.

00 T(\) = ]\14 ZG (k, N oGt (k, ), E()\) = ]\14 éGT(k,)\)G(k,)\))

for the normalized density operator

ou' (t) = 0" (t,v) /M (t, V).

This describes the conditional expectations pM[X]|(t) = Tr{X oM (t)} of the
M-particle operators with respect to the output probability measure

Y(dv) = p"(t,v)Py’ (dv)

where pM (t,v) = Tr{oM(t,v)}.
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4 Macroscopic and Continuous Reduction
Limits

We now consider the mean field approximation of the measurement apparatus
fixing its total effect vk = ~ given by the mean number v of scattered bubbles
(photons) per second and an interaction constant s coupling each bubble to
a particle (atom) in the Hamiltonian (2.1). We look for the limits of the
unitary and reduced evolutions (2.2) and (2.10) as ¥ — oo and x — 0 such
that v is a real constant. To perform these limits we need the expansions

S(n) = I®1+igR®Q(n)—(;)(;)2(R®Q(n))2+... (4.1)
G(\) = ]—/ifé(/\)R—i-}liQR é/()\)R—i-...

fo(N) 2 fo(N)

of the scattering operator S(n) = exp{; kR®Q(n)} and the reduced operator
G(A\) = fo(M —kR)/ fo(A\) with respect to the coupling constant . The first
term of the expansion for S(n) is disappearing in the r.h.s. of Eq.(2.2) while
the second and third terms are appearing as the differentials of the operator-
valued stochastic integrals

wlQ) = [ QU wlQ? = [ Q).

The corresponding terms
fo1_ 1t oy o7 _ ot i)
w25l = B Sy @ ml] = Ly ey

in the right-hand side. of eq.(2.10) can also be written as the integrals
f[L] = [¢ L(n,)dn, with values in operator functions of 7 € 'y,

wmlL(r) =Y L(n), Ln)=1°""Vg[ 1%, (4.2)

where L = [I(\)] is one of the multiplication operators

L' = =[foW)/ o], L" = [f5(N)/fo(N]-
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Here f{(A) denotes the derivative dfy(A) = 9fo(A)/OX and f”(\) denotes
J0f(A). The stochastic integral 7;[L](7) corresponding to the pointwise mul-
tiplication L : f — [f of f € L?(A) by a function [ of the bubble coordinate
A acts in € as the multiplication operator

[ L)(T)](A) = D 1An)e(A) = [l (7, A)p(A) .
n=1
Hence, the main terms on the right-hand side of Eq.(2.2) and (2.10) for
xk — 0 are given by the renormalised stochastic integrals

M0 = - [ L0n)dn, = LD (4.3)

of the operator-valued stochastic functions L(t,7) = L(n.(7)) with respect
to the numerical process n,(7) that has the Poisson probability distribution
(2.5) on T'y.

To pass to the large number limit » — oo in (4.3) for an arbitrary
operator L in LZ(A), we need to use the quantum stochastic representa-
tion [22] of the integral (4.3) in the Fock space F over L?*(R; x A). The
space F can be defined as the L?(T)-space of all square integrable functions
0: T — C, |lo|*> = [y le()PA(dv) < oo of time ordered finite sequences
v=(Y1,.--,Yn), y = (t, \) identified with subsets v C R, X A of cardinality
lu] = 0,1,2,.... The measure A\(dv) on the union T = 2% T (n) of the
disjoint subsets Y(n) = {v € T : |u| = n} is given as the sum

A(A) = io AT (n) N A)

of the product A(dv) = I, e, dy of measures dy = dtd\ on R, x A such that

yev

2 - 2 -
- e Un dy; .
ol = > S el LY

Let define N;[L] define the numerical integral in F by the action of the
operator (4.2)in each Fock component F(7) = L2(Al"!) for all 7 € T:

[N Llgl(r) = > L(n)e(r) = i [LI(T)e(7) - (4.4)



Here ¢(7) is the function ¢(7,A) = ¢(v) of A € Al”)| corresponding to a
¢ € L*(T) with a fixed time component of v = (1,X) € T.

In order to obtain the initial probability measure Po(dv) = 7(d7)ug°(dA)
on T, induced by an initial Fock vector ¢g € L?(T), we need an isomorphic
transformation of (4.4)

No[L] = Ni{L] + Vo(ALfSL] + ALf]) + vt Ly (4.5)
which can be locally performed by a unitary transformation

Ni[L] = UIN[LIU,, Uy = exp{v/v(Al[fo] — Ad[fi])}

for every t < s. Here Al[f] and A[ff] are the creation and annihilation
integrals of f € L?(A), fT € L?(A)*, given by the operators

[Allfle]w) = X FVe\y)

YyEvt

Alrel) = [ Ty el Uy

in the Fock space L?(T), where v\y means the sequence v € T with deleted
y = (r,\), r < t, and v Uy means the sequence v € T with an additional
element y ¢ v. The characteristic functional of the stochastic operators 7,[L]
with respect to the initial state-vector f5° € £ and the Poisson probability
measure (2.5) is now given simply by the vacuum expectation

[ 8 2 )m(dr) = (35, 6% 5,

where d4(v) = 1 if v = 0; otherwise, d4(v) = 0.
The corresponding representation [(t) = & N,[L] for (4.3) helps us imme-
diately obtain the quantum large number limit

1 .
m o ML) = fiLfol
as the mean value Iy = (fo, Lfo) = fg Lfy of a single-bubble operator with
respect to an initial wave packet fo € L*(A). This gives the following macro-
scopic limit

A0 + 3 Hyp()dt = 3 1 (R® al)p(0)ds
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of the generalized Schrédinger equation (2.2) which turns out to be a nonsin-
gular one with an additional potential —vyqgR corresponding to the mean mo-
mentum gy = (fo, @ fo) of a bubble in the initial state fy. As one could expect,
the mean field dynamics preserves the product structure (¢, v) = n(t)go(v)
of an initial product-vector ¢y = n ® g being trivial on the Fock component
©o € F because of Hy = H ® 1. But unexpectedly (compare with [19]) the
macroscopic limit

dx(t) + 5 Hx()dt =+ yqRx ()t (4.6)
of the reduction equation (2.10) corresponds to the same unitary dynamics
n(t) = U(t)n = x(t) of the particle state-vector if x(0) = 7, because of
I
vt e [—fo

The macroscopic limits for the M-particle system also give essentially the
same continuous unitary evolutions in the large space HM ® F and in the
reduced space H™. To get this correspondence, one has only to replace the
measure (2.5) on I'y, for Eq.(3.2) by the product measure 7§ on I'' and
for Eq.(3.10) by the induced measure (3.7) on I'w,, taking Mv instead of v in
(4.5). This means that the mixing property of the reduced equation (3.10)
vanishes in the mean field approximation for the bubble system.

Let us now pay attention to the fluctuations with respect to the obtained
large number limits. Such fluctuations might appear for k = v/v — 0 in the
large time scale t ~ 1/k. We can get these fluctuations without rescaling the
time ¢ if we assume that ¢o = 0 and k = /4/v, so that we have to take into
account also the x*-terms in (4.1).

It follows from the Fock space representation (4.5) that the quantum
central limit

| = Go tho) = [ SOV RN = + a0,

I l
im —
V—00 \/;
exists for any single-bubble operator L with zero mean value (fo, Lfy) = 0.
We first apply this central limit theorem to the right-hand side in (2.2):

N[L] = A[fiL) + Al[L fo)

() + Kop(t)dt = 1 7(R @ din o). (4.7)
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2
Here Ky = K ® 1, K:%H+§<g> Ro*R,

iy = A f5Q) + AllQ fo] = 2RAI[Qfo]

is the Fock space representation of the Wiener process u; with the dispersion
0?2 = h*(dfy, 0fo), defined by the quantum stochastic multiplication formula
21, 22]

dada = dA;[f{QIAAIQ fo] = fiQQfodt .

The central limit equation (4.7) for the unitary evolution of the coupled
system turns out to be a stochastic Schrédinger-Ito equation of diffusive
type driven by the Wiener process u;. The same conclusion obviously holds
for the M-particle system driven by M independent Wiener processes (k)
identical to i, k=1,..., M:

1

av(t) + K3'u() hv(ZR ) @ () )0 (1),

2

where KM = L HM + ;(g) SM R(k)o?R(k), KM = KM ® 1.
The application of the central limit theorem to the r.h.s. of the reduction
equation (2.10) yields an essentially different type of the stochastic evolution,

dx(t) + Kx(t)dt = vRx(t)do, (4.8)

originally derived in [21] by quantum calculus method. Here v; is a complex
Wiener vector-process, with the Fock-space representation

b = A fI L) + AL fo] = RA[(wo + @o) fo] +iSAY[(wo — wo) fo] ~ (4.9)

given by the complex osmotic velocity wg(\) = —d1In fo(\) of a single bubble,
and the operator K is essentially the same as in (4.7). The linear stochastic
equation (4.8) has a unique solution x(t,v) = T'(t,v)n for a given x(0,v) =
n € H which is not normalized ||x(¢,v)|| # 0 for every Wiener trajectory
t — v; but is normalized in the mean square sense [ ||x(t,v)||*Po(dv) = 1
with respect to the Gaussian probability measure Py of v = {w|t > 0}. The
measure P is defined by the zero mean values of v; and by the table

dodd = dA[fSLIAANL fo] = fGL'L fodt
do*do = dAJ[fILNAAIL fo] = fILTL fodt
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of commuting multiplication
dodo* = do*do.

But the reduction noise ©v; obtained in the Fock space representation does
not commute with the real Wiener process 4; = @; in (4.7),

dida = dA[f§L)dATQfo) = fIL'Qfodt
didd = dA[fJQIAAIL fo] = fIQL' fodt

if g(\) = 9?1n fo(N) # 0, since

. h
[do, da] = fi[L', Q] fodt = = (fo, g fo)dt
In the same way one can obtain the continuous reduction equation
do™ () + (Ko () + oM()KT)dt =

(;)ZZ R(k)o?o™ (1) R(k)dt + y(dw,Ro™ (t) + o™ (t) Rdw}) (4.10)

where R = L 3°M | R(k) and the operator K = K™ is the same as in the
equation for the unitary evolution of the M-particle system coupled with the
bubbles. The derived stochastic equation for the M-particle density operator
oM (t,w) normalized in the mean is driven by the complex Wiener process
wy = vM having the same multiplication table as the process v/ Mu; in (4.8).
The diffusive type equation (4.10), (3.10) also has the mixing property. It
was also derived in [5] by operational method.

5 Conclusion

The projection postulate for the reduction process follows as a result of con-
ditioning by the results of a nondemolition measurement in the von Neumann
Hamiltonian model [6] for the particle-meter interaction. This model gives
also all unsharp reductions for the measurements with continuous spectrum.

The singular interaction, corresponding to the collision model of scat-
terings can be treated in quantum mechanics also in terms of Schrodinger
equation in the generalized sense. The spontaneous localization [19, 20] of
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the particle under the continual observation is explained as the result of the
nondemolition countings of the scattered bubbles in a measurement appara-
tus like cloud chamber.

The spontaneous localization of a system of the identical particles (atoms)
in a bubble chamber (photodetector) is mixing due to the indistinguishability
of the particles via the measurements of the bubbles. It is described in terms
of the filtering equation for the density matrix of the particles, driven by
the Poisson process of the total scatterings of the bubbles. This equation
was derived in [5] within the operational approach to the quantum continual
measurements.

The macroscopic limit of the spontaneous localization equation is de-
scribed in terms of the Schrodinger one, corresponding to the mean field
approximation. The central limit of the spontaneous localization equation
proves the diffusive reduction equation, which appeared in [17, 18] for some
cases of R and H. Our theory shows the origin of the Wiener processes gener-
ating the Ito diffusion equations for quantum states [23, 24], and also derives
a diffusive mixing equation for the reduced density matrix of the system of
particles under the continual observation.

The quantum jump model, based on Poisson distributed impulsive mea-
surements, is not new, see for example [25, 26|, and it has been described on
the statistical (a priori) level by the master equation which also results from
the quantum diffusion models. However the treatment of these processes on
the individual (a posteriori) level gains different types of quantum dynamics
which can be described only in terms of the stochastic differential equations.
The first such treatment of the counting measurements and the a posteriori
dynamics was suggested in [13, 14] in terms of quantum stochastic calculus
method [22]. The present work puts this method on the solid mathemati-
cal basis by treatment of d-function couplings with the classical Ito calculus
applied to the quantum jumps and spontaneous localizations.
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