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Abstract

Measurements continuous in time were consistently introduced in
quantum mechanics and applications worked out, mainly in quantum
optics. In this context a quantum filtering theory has been developed
giving the reduced state after the measurement when a certain trajec-
tory of the measured observables is registered (the a posteriori states).
In this paper a new derivation of filtering equations is presented, in
the cases of counting processes and of measurement processes of dif-
fusive type. It is also shown that the equation for the a posteriori
dynamics in the diffusive case can be obtained, by a suitable limit,
from that one in the counting case. Moreover, the paper is intended
to clarify the meaning of the various concepts involved and to discuss
the connections among them. As an illustration of the theory, simple
models are worked out.

Introduction

Usually in quantum mechanics only instantaneous measurements are con-
sidered, but by using the notion of instrument [1]—[3] also measurements
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continuous in time were consistently introduced [2, 4]-[15] and applications
worked out [2, 7, 9, 12, 16]-[19]; see also [20, 23].

Now a natural question is: if during a continuous measurement a cer-
tain trajectory of the measured observable is registered, what is the state
of the system soon after, conditioned upon this information (the “a posteri-
ori" state)? By using ideas from the classical filtering theory for stochastic
processes and the formulation of continuous measurements in terms of quan-
tum stochastic differential equations [13, 14, 17, 22, 24|, a stochastic equation
for the a posteriori states has been obtained [25]-[28]. The main purpose of
this paper is indeed that of clarifying the meaning of that equation by pre-
senting a natural derivation of it in terms of instruments, independently from
any notion related to quantum stochastic calculus, and by discussing some
models. Moreover, we shall discuss the connections among various things
appeared in the literature about what can be called a quantum version of
the theory of stochastic processes (continuous measurements) and filtering
theory (a posteriori states).

Let us start by recalling the important notions of instrument and of a
posteriori states. The notion of instrument has been introduced in the op-
erational approach to quantum mechanics [1]. Let a quantum system be
described in a separable Hilbert space H and denote by B(H) and 7 (H) the
Banach spaces of the bounded operators on ‘H and the trace—class operators,
respectively. Let (£2,X) be a measurable space (£ a set and X a o-algebra
of subsets of Q). An instrument [1]-[3] Z is a map from ¥ into the space
of the linear bounded operators on 7 (H) such that (i) Z(B) is completely
positive [29] for any B € 3, (ii) 5, Z(B;)e = Z(UJ; B;)e for any sequence
of pairwise disjoint elements of 3 and any ¢ in 7 (H) (convergence in trace
norm), (iii) Tr{Z(Q)o} = Tr{o}, VYo € T(H).

The instrument 7 is an operator—valued measure: (i) is the positivity con-
dition, (ii) is o-additivity, (iii) is normalization. The instruments represent
measurement procedures and their interpretation is as follows. €2 is the set of
all possible outcomes of the measurement ((Q, Y)) is called the value space)
and the probability of obtaining the result w € B (B € %), when before
the measurement the system is in a state p (Q € T(H), 0o >0, Tr{o} = 1),
is given by P(B|p) := Tr{Z(B)e}. Moreover, let us consider a sequence of
measurements represented by the instruments Z;, Z,, ..., Z,, and performed
in the natural order (Z, after Z; and so on). We assume any time specifica-
tion to be included in the definition of the instruments (Heisenberg picture).
Then, the joint probability of the sequence of results w; € By, ws € B, ...,



wy, € B,, when the premeasurement state is o, is given by
P(B1,Bs,...,Bylo) =Tr{Z,(B,) oL, 1(B,_1)o---0Z1(By)e} . (0.1)

If we consider the conditional probability of the results wy, € Bs, ..., w, € B,
given the first result w; € By, we can write
P(Bl, BQ, ey Bn’@)
P(Bsy,...,B,|Bi;0) = =
( 1Bs5e) P(Bi]o)

= P(Bs,...,B,|o(B1)) = Tr{Z,(B,)o- -0Zy(Bs)o(B1)}, (0.2)

where we have introduced the statistical operator o(B;) representing the
state after the first measurement, conditioned upon the result w; € B;. For
a generic instrument Z and set B, the conditioned state o(B) is defined by

Z(B)o Z(B)o

= T {Z(B)e) ~ P(Blo) 03

o(B)

Let us note that joint probabilities (0.1) preserve mixtures, by the linearity
of the instruments: for p and o statistical operators and 0 < \ < 1, we have

AP(Bi,...,B,|o)+ (1= A)P(By,...,B,|o) = P(By,...,By|Ao+ (1= o).
(0.4)
However, this property is not shared by conditional probabilities (0.2), by the
definition itself of conditioning, and, therefore, the expression (0.3) for the
conditioned state is not linear in the premeasurement state g, unless B = ).
Formula (0.3) can be interpreted by saying that we perform some mea-
surement on a statistical ensemble of systems and select those systems for
which the result w € B has been found. Then, (0.3) is the state after the
measurement of the systems selected in this way and depends not only on
the result w € B, but also on the perturbations due to the concrete measur-
ing procedure and to the dynamics. If we perform the measurement, but no
selection, we obtain by (iii) o(2) = Z(2)p. By the definition of instrument,
this quantity is linear in ¢ and it is a statistical operator if o is a state. We
can call () the a priori state: if we know the premeasurement state o
and the measurement Z, o(2) is the state we can “a priori" attribute to our
systems, before knowing the result of the measurement.
Let us consider now the case of the most fine selection when in (0.3)
the set B shrinks to an “infinitesimally small" set dw around the value w.



According to the discussion above, the quantity

Z(dw)o

o(w) = TH{Z (dw)o} (0.5)

represents the state conditioned upon the result w € dw. The quantity g(w)
is the state one can attribute to those systems for which the result w has
actually been found in the measurement and for this reason we call it a
posteriori state [23].

More precisely, a family of statistical operators {o(w), w € Q} is said to be
a family of a posteriori states [30], for an initial state ¢ and an instrument Z
with value space (2, %), if (a) the function w — p(w) is strongly measurable
with respect to the probability measure

1,(B) == Tr{Z(B)o} = P(B|o) (0.6)

for the observable associated with the instrument Z and (b) VY € B(H),
VB e X,

[ T o) = Te{Y T(B)} (0.7)

Let us note that by definition the link between a priori and a posteriori states
is given by

o) = T@)e = | o)y (de). (0.8)

Q

Let us stress that (0.7) defines the a posteriori states once the instrument
7 and the premeasurement state ¢ are given. On the contrary, if o(w) and p,
are given for any o, (0.7) allows to reconstruct the instrument Z. We shall
make use of this in the following sections.

Finally, let us note that there is no reason for g(w) to be a pure state if o
is pure: it depends on the concrete measuring procedure. Roughly speaking
o(w) is pure if one has some property of minimal disturbance, some ability of
the measurement to give a maximum of information, ...; we shall see various
examples (o(w) pure and not pure) in the case of continuous measurements.

1 Counting processes

The first class of continuous measurements which has been introduced in
quantum mechanics is that of counting processes [2, 4]-[9, 13, 17, 18, 28, 31]-

4



[34]. One or more counters act continuously on the system and register the
times of arrival of photons or other kinds of particles.

Let us consider the case of d counters. They differ by their localization
and/or by the type of particles to which they are sensible and/or by their
operating way... We can describe this counting process by giving the so called
exclusive probability densities (EPDs) [7, 9]. The quantity P (0[o) is the
probability of having no count in the time interval (¢, ], when the system is
prepared in the state ¢ at time to. The quantity pf (ji,t1; j2,t2; - - - jm, tm|0),
Je=1,...,d, tg < t; <ty < -+ < t,, < t,is the multi-time probability
density of having a count of type j; at time ¢;, a count of type js at time o,

.., and no other count in the rest of the interval (¢o,¢]. Davies [4] (see also
[5]-[9]) has shown that these EPDs can be consistently described in quantum
mechanics in the following way.

Let Ly(t) be a Liouvillian (the generator of a completely positive dynam-
ics [29] on 7(H)) and J;(t), j = 1,...,d, be completely positive maps on
7 (H). Let us introduce the positive operators R;(t) on H by

R;(t):=J;(t)'1. (1.1)
For any operation A on 7 (H) its adjoint A" on B(H) is defined by
Tr{X Ao} = Tr{o A'X}, VoeT(H), VX eB(H). (1.2)

Finally, let S(t,1), t > tg, be the family of completely positive maps on
7T (H) defined by the equations

%s(t, to) = A()S(t,to),  S(to,to) =1d, (1.3)

Alt)e = £olt)e = 5 S {R,(0).0}. (14

Here {a,b} = ab + ba and Id is the identity map on 7 (H). Then, the
quantities

P, (00) = Tr{S(t,to)e} , (1.5)

pL Gt o i 5 joms ] 0) = Tr{S(t, t) T (tm)

XSt b 1) T (b ) -+ St 1) T, (1) S, bo)o - (1.6)
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(where tg < t; <ty <--+<t, <t jry=1,...,d) are a consistent family of
EPDs.

The whole statistics of the counts can be reconstructed from the EPDs.
For instance, the probability of m counts of type j in the time interval (¢, t1],
n counts of type ¢ in the interval (¢1, 5] is given by

P(m] t07tl nZ t17t2 |Q

/ drn/ dr,_1-- / dT'1/ / ds,,_1 -
t1

2
. / ds; ]0,50 (j, 813,52+ 230y Smity 150,795 . ,z,rn|g) . (L)
to

In a similar way all more complicated joint probabilities can be constructed.

One of the most significant problems treated by this theory is that of the
electron shelving effect or quantum jumps. An atom with a peculiar level
configuration and suitably stimulated by laser light emits a pulsed fluores-
cence light with random bright and dark periods. It is possible to use Ly(t)
for describing the free atom and the driving term due to the laser and to
use the operators J;(t) for describing the emission process. Then, the full
statistics of the fluorescence light can be computed and, in particular, the
mean duration of the dark periods [17]-[19]. Other applications to quantum
optics of the counting theory described here are given in [35]-[37].

Let us now consider the problem of the a posteriori states. Our counting
process can be considered as a stochastic process whose associated probability
measure (uniquely determined by (1.5) and (1.6)) is concentrated on step
functions. Let us consider ¢y = 0 as initial time. A typical trajectory w; up
to time ¢ is specified by giving the sequence (j1,t1; ja, to; - .. ; jn, tn) Of types
of counts and instants of counts t; < t5 < --- < t,, up to time ¢. Let w; be the
trajectory we have registered up to time ¢. Then, the conditional probability
P(O, (t, t+1]|ws; Q) of no count in the interval (¢,t+1], given the state o at
time zero and the trajectory wy, is given by

t+t<.]17t17 s 7jn7tn|g)

pO(jlatlv s ;]n,tn‘g>

(cf. (0.2)). By (1.3), (1.5), (1.6), we obtain immediately that the probability
(1.8) can be rewritten as

P(0, (¢, t+t]|w; 0) = (1.8)

P(0, (¢, t+1]|ws; 0) = Te{S(t+E,t)o(t)} = Ptﬁ(0|g(t)) , (1.9)
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0(0) = G5 ST, (0)S(bn i)+ Ty()S(0.0)0. (110)

where C(t) is the normalization factor determined by Tr{o(¢)} =1 (cf. (0.2),
(0.3) and (0.5)). Similar results hold for the other EPDs conditioned upon
some trajectory up to time t. Therefore, all conditional probabilities can be
computed by (1.5) and (1.6) if one uses as initial state the expression (1.10).
Equation (1.10) gives the state of the system at time ¢ conditioned upon the
trajectory w; up to time ¢ (the a posteriori state).

The interpretation of (1.10) is that, when no count is registered, the
system evolution is given by S(¢,%y) and that the action of the counter on
the system, at the time ¢ in which a count of type j is registered, is described
by the map J;(t). However, S(¢, %) and J;(t) do not preserve normalization
and the normalization factor C'(t) is needed. This is due to the fact that they
are the probabilities (1.5) and (1.6) which have to be correctly normalized
and this is guaranteed by equations (1.1) and (1.4), connecting J;(¢) with
S(t,tp). According to this interpretation of (1.10), the state of the system in
between two counts is

_ S(tatr>g(t7‘)
TI'{S(ta tr)g(tr)} ’

where ¢, is the time of the last count and o(#,) the state just after this count.
If we denote Tr{R;(t)o(t)} by (R;(t)): and differentiate (1.11), we obtain

o(t) (1.11)

9D _ Lotyolt) -

N

S AR = (RO o} (112

Moreover, if at time ¢, we have a count of type j, the state of the system
soon after is

 Tit)o(ty)  T(te)o(tr)
i) = Te{T;(t,)o(t:)} — (Ri(te))e,

Now the typical trajectory N;(t) (number of counts of type j up to time
t), j =1,...,d, of our stochastic process is a step function such that N;(t)
increases by 1 if soon after time ¢ there is a count of type j, otherwise N;(t)
is constant. Therefore, the It6 differential

(1.13)

AN, (t) = N;(t+dt) — N;(t) (1.14)
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is equal to one if at time t there is a count of type j and to zero otherwise.
This gives (de(t))2 = dN,(t). Moreover, the probability of more than one
count in an interval d¢ vanishes more rapidly than d¢, i.e. between dN;(t)
and dN;(t), i # j, at least one of the two must be zero. Moreover, dN;(t) d¢
is of higher order than d¢ and has to be taken vanishing. Summarizing, we
have the Ito6 table

AN, () AN;(t) = 6, AN;(t),  dN;(t)dt = 0. (1.15)

By using these results we can rewrite (1.12) and (1.13) in the form of a single
stochastic differential equation in 1t6 sense (do(t) = o(t+dt) — o(t) ):

dalt) = £(0t)dt+ 3 (A8 — o0t ) (a0 = (R 1)) . (110

L(t)o = Lo(t) i( t)o— —{R Q}>, (1.17)

(R;(t))e = Tr{R;(t)o(t)} = Te{T;(t)o(t)} . (1.18)
Indeed, when all dN;(¢) vanish, (1.16) reduces to (1.12); when one of the
dN;(t) is equal to one all the other terms in the r.h.s. of (1.16) are negligi-
ble and we obtain (1.13). Equation (1.16) was firstly obtained by quantum
stochastic calculus methods in [25, 28, 38, 39].

Formula (1.16) is the equation for the a posteriori states in the case of a
counting measurement: it determines the state at time t depending on the
(stochastic) trajectory up to time t. Let us stress that we know the solution
of this equation: it is the state (1.10). In any case, it is very useful to have
the differential stochastic equation (1.16) as we shall see in the rest of this
section and in section 3.

Let (dNV;(t))(w:) be the mean number of counts of type j in the interval
(t,t+dt] conditioned upon the trajectory w; up to time ¢t. Because probabil-
ities of more that one count in a small interval are negligible, we have

(AN; () (we) = p'T (j. tlo(t)) dt = Te{Ti(t)o(t) } dt = (R;(t)) dt. (1.19)

In other words the quantities (R;(t)), dt appearing in (1.16) are the a poste-
riori mean values of dN;(t). Moreover, the differentials

dM;(t) = dN;(t) — (R;(t)). dt, (1.20)
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appearing in (1.16), together with the initial condition M;(0) = 0, define the
a posteriori centered processes M, (t), called innovating martingales.

Equation (1.16) is non-linear, but it is mathematically equivalent to a
linear one. Let us introduce an arbitrary stochastic real factor ¢(t) and define
the trace—class operator ¢(t) := c(t)o(t). If we know ¢(t) we can reobtain
the state p(t) simply by normalization. The factor ¢(t) can be chosen in such
a way that p(t) obeys a linear stochastic differential equation; moreover, this
choice is not unique. We shall do this in a very convenient way: a new linear
stochastic equation is obtained giving both the a posteriori state o(¢) and the
EPDs (1.5) and (1.6) (cf. [39]). Let o(t) be a trace—class operator depending
on the trajectory w; and defined by ¢(t) = S(¢,t,)p(t,) if t, is the time of the
last count and by ¢(t,+dt) = 7.J;(t,)e(t,) if at time ¢, there is a count of type
j; T is an arbitrary parameter with dimensions of a time, which disappears
from the physical quantities. For initial condition we take ¢(0) = p.

By the definition of ¢(t), the quantity

c(t) = Trip(t)} (1.21)

gives the EPDs (1.5) and (1.6): in the case of a trajectory w; containing no
jump we have

c(t) = F;(0o) (1.22)
and in the case of a trajectory with a jump of type j; at time ¢4, ..., of type
Jm at time t,, we have

c(t) = 7" po(Jnst; - Jms tml0) - (1.23)

Moreover, by the definition of ¢(), ¢(t) and o(t) the a posteriori state is

o(t) = @(t)/c(t) (1.24)

In the same way as for o(t), we can obtain the stochastic differential
equation for ¢(t), which turns out to be (cf. [28], equation (??720))

d d
1
() = [Lolt)olt) — 5 SR 1), w(t)} e+ 3 [rT; (1et) — ()] AN (1)
j=1 j=1
(1.25)
By using It6’s calculus for counting processes it is possible to verify that
indeed (1.21), (1.24) and (1.25) are equivalent to (1.16). Equation (1.25)
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determines all the probabilities via (1.21)—(1.23) and the a posteriori states
via (1.21) and (1.24). Equation (1.25) is linear, once a realization N,(t),
j=1,---.d, of the process is given. However, let us note that the statistics of
N;(t) depends in its turn on the premeasurement state g, as shown by (1.5),
(1.6), (1.19). The possibility of finding a linear equation mathematically
equivalent to (1.16) means that p(¢) is linear in p up to a normalization
factor, as suggested by (0.5).

Let us stress that in general equation (1.16) does not transform pure
states into pure states. This simply means that in the course of time we
loose information due to some dissipation mechanism, for instance the system
interacts also with some external bath or similar things. In any case, the
situation in which pure states are preserved is particularly interesting. This
is the case [20, 21, 25, 26] when

Lo(te=—i[H(t),ol,  Ti(t) = Z;(t)eZ;(t)", (1.26)
where Z;(t) and H(t) are operators on ‘H, H(t)! = H(t). Then, we have

Ry(t) = 2,11 2,(1) and
d
Lo = —ili).0+ 3 (2002, - § {20/ 2,00.0}) . 020

Then, (1.16) becomes

do(t) = —i[H(t), o(t)ldt — %Z {Z;(0)Z;(t) = (Z;(t) Z; ()1, 0(t) } dt +

i(t)o(t)Z; (t)T . ,
+ Z( Z0Z0) g(t)> dAN;(t) . (1.28)

By using It6 formula (1.15), one cane prove that o(t+dt)? = o(t+dt), if
o(t)? = o(t); therefore, (1.28) transforms pure states into pure states and it
is equivalent to a stochastic differential equation for a wave function. Indeed,
let 1(t) € H satisfy the “a posteriori Schrodinger equation" [28, 39]

: Z;(1) |
' Z( Z 020 _1) YA (1.29)



with (Z;()1Z;(t)): = (W (t)|Z;(t)TZ;(t) 1 (t)); then, by (1.15) one obtains that
o(t) = |¥(t)) (1 (t)| satisfies (1.28).

It is interesting to note that in between two counts (when dN,(t) = 0)
(1.29) becomes a nonlinear Schrodinger equation of the type studied, for in-
stance, in [40, 41]. However, this equation has a quite different interpretation
in the quoted references, where the problem is to find evolution equations
compatible with the Hilbert space structure and preserving “properties" in
the sense of quantum logic.

Now we have the a posteriori states defined by (1.16) and a probability
measure on the trajectory space, which is implicitly defined by the EPDs
(1.5) and (1.6). Therefore, we can reconstruct the instruments associated to
our measurement by means of (0.7). As in [28, 39], we shall do this by using
the notion of characteristic operator, a concept introduced in [10]-[13], and
[t6 formula for counting processes.

Let f be any function of the trajectories of our stochastic process and let

us denote by (f)s the mean value of f with respect to the measure associated
to the EPDs (1.5) and (1.6). The quantity

O,[k] = <exp{izd;/ot k;(s) dzvj(s)}>st (1.30)

is called the characteristic functional of the process. Here E(s) is a test

-,

function, i.e. k;(s) is a real compact support C*°-function on (0, 4+00). ®[k]
determines uniquely the whole counting process up to time ¢: roughly speak-
ing (IJt[l;] is the Fourier transform of the probability measure of the process.
More explicitly [17], we have

0o 0o t tom,
0l = ROl + > 3 [t [Tt

m=1 {j;}=1

to m
/ dt, exp{iz kjl(tl)}pg(jl, t15 J2, 23 -5 Jims tmlo) . (1.31)
0 I=1

Let us set now

Vi[E] = exp{ii/ot ki) de(s)}. (1.32)



According to (0.7), we can write

(VilKlo(t))s = GilR]o, (1.33)

where o(t) is the a posteriori state at time ¢ and Qt[l::] is an operator on 7 (H)
which represents the “functional Fourier transform" of the instrument Z;
associated to our measurement up to time ¢. The quantity G; [/;] can be called
characteristic operator and it is the operator analogue of the characteristic
functional of a stochastic process [11]-[13]. By the normalization of o(¢) and
(1.30) and (1.33), we obtain

O, (k] = Tr{Gi[k]o} . (1.34)
An equation for Gy[k] can be found by differentiating (1.33). The differ-

ential of o(t) is given by (1.16), while the differential of V[k] is

d

AVlE] = Vi | 3 (¢4 - 1) avy(0)]. (1.35)

j=1

This formula can be easily obtained from (1.32) by expanding the exponential
and using (1.15). By using the formula

d(vt[/;]g(t)) - (dvt[/;’]) olt) + Vi[k] (do(t)) + (d%[E]) (do(t)),  (1.36)

where the It6 correction (th[E]) (do(t)) has to be computed by means of
the Ito table (1.15), we obtain

-

a(vtfn) = viE{eos dt+2 0 1) 7, (t)olt) dt +

+; {eikf(t) % - ()} (anv;() - dz()}3

Now let us take the stochastic mean of (1.37). We compute this mean in
the following way. First we take the mean with respect to the probability
measure on the future (with respect to t) conditioned upon the given trajec-
tory. All the quantities in the r.h.s. of (1.37) depend only on the past (they
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are adapted), but the quantity d/N;(¢), whose a posteriori mean value is just
(R;(t));dt (equation (1.19)). Therefore, the last term in (1.37) vanishes.
Then, we take the mean value also on the past and, by (1.33), we obtain

d .- . .
&gt[ ] = ’Ct(k(t))gt[ ]7 (1-38)
K (E(t)) +Z D 1) J;(t) . (1.39)

Together with the initial condition
Golk] = Id (1.40)
(which follows from the definition (1.33)), equation (1.38) determines uniquely
G[k] and implicitly the instruments on the trajectory space. This kind of
equations has been obtained for the first time in [13].
If no selection is made according to the results of the measurement (let
us say: the results are not read), the state of the system at time ¢ will be (Cf.

(0.8))
o(t) = (o(t))st; (1.41)
o(t) is the a priori state for the case of the continuous measurement described

in this section. According to (1.32), (1.33), (1.38), (1.39), we have that the

a priori states satisfy the quantum master equation

—o(t) = LB)o(b). (1.42)

with the new Liouvillian (1.17): the unperturbed Liouvillian £y(¢) corrected
by the measurement effect term ijl <$ —1{R;(®) Q}) The fact that

we have obtained a linear equation for the a priori states is due to linearity
and normalization of the instruments (cf. (0.8)).

2 An example of counting process:
a two—level atom

Let us consider an example of counting measurement on the simplest quan-
tum system: a two-state system, described in the Hilbert space H = C?2.
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We can think of a two—level atom, an unstable particle, a spin... While the
general case could be handled, for concreteness we treat a two—level atom
with pumping and damping. This section has to be considered just as an
illustration of the theory developed before.

The (time independent) unperturbed Liouvillian is given by

1 1
Loo = _Ew[a37g]+\70@_§{R07Q}7 (2.1)
jOQ: )\+O’+Q0'7 _’_)\7 O'7QO'+, (22)

1 1
R():jo,O'o:5)\_:,_(0'0—0'3)-{—5)\_(0'0—{—0'3). (23)

Here w > 0, Ay > 0, 0;, 1 = 1,2,3, are the Pauli matrices, oq is the 2 x 2
identity matrix and oy = (01 £i02).
We consider a single counter (d = 1) and take

Jio=Mo_ooy, A >0; (2.4)

the map J; describes the emission of photons (or other types of particles),
which are then counted by some electronic device. In the present case, the
rate operator (1.1) is

RlzjllO'OZ)\10'+0'_E /\1(00+03) (25)

N —

and the generator £ (1.17) of the full dynamics is

. 1
Lo=—yulond+ 3 (o= 5 (R ) (2.6)
j=0
We can interpret the terms with A\, as pumping, the terms with A\_ as
incoherent damping and the terms with \; as electromagnetic decay; I' =
A1 is the electromagnetic transition rate. If A, = 0, we can interpret the
system as a Wigner atom (or another unstable particle). In this case the
electromagnetic transition rate is I' = A\_ 4+ A;; A_ ## 0 means that not all the
photons are collected by the photocounter; e = A;/(A_ + Ay) is the efficiency
of the counter [17].
In order to perform computations, it is convenient to represent selfadjoint
trace—class operators ¢ as

p=3(contio +Co+60y),  cE€R, (€C.  (27)
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The operator ¢ is positive if ¢ > (&% + |¢ |2)1/2 and it is a density matrix if
also ¢ = 1.

Let us consider (1.25) and represent ¢(t) in the form (2.7) with ¢ — ¢(t),
¢ — ((t), & — &(t). The stochastic equation (1.25), choosing 7 = A, 7',
becomes

e(t) + 5 Mlelt) + E()dt = 1 [€(t) — e(D]AN (1) (2.8

de(t) + Kzﬁ _ %)\1) ) + (a + % A1> c(t)} dt — —% (c(t) + 36BN (),
(2.9)

AC(t) + (iw + R)C(H) dt = —C(t) AN (1), (2.10)

where £ = 1(AL + A + A1), @ = A_ — A4, It is convenient to rewrite (2.8)

and (2.9) in terms of the stochastic parameters

(c(t) + &) ; (2.11)

N | —

molt) = 3 (c) ~€0),  milt) =
this gives

dmo(t) + [ymo(t) — kymi(D)]dt = [mi(t) — mo(t)]AN(1),
dmy(8) + [jym(t) — mmo()]dE = —m (8N (D). (2.12)

where ji; =Ky = Ay, K = A, = A + A,
The solution of (2.10) is very simple:

e (wrmic(0), if t < ¢y,
) = { 0, if t > ty, (2.13)

where t; is the instant of the first jump of N(¢). About (2.12), let us denote

by 7;(t|a,b) the solution of (2.12) with dN(¢) = 0 and initial conditions
m0(0) = a, m1(0) = b. Then, the solution of the stochastic system (2.12) is

oy mi(tmo(0), m(0), if £ <ty
milt) = { mi(t = te|mi(t:),0), if t, <t <tpyr, 7> 1, (2.14)

where ¢, are the instants of the jumps of N ().
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By (1.21), (1.24), (2.7), the matrix elements of the a posteriori state o(t)
are given by

W) = Te{ (o0 +o5)e(t)} = mi(1)/elt)

0le(I0) = Tr{3 (00— 03)a(t)} = molt)/e(t),

(1e0]0) = Tr{o_p(t)} = C(1)/[2e(1)].

OledIL) = Tr{oolt)} = C(1)'/[2e(1)]. (2.15)

with ¢(t) = mo(t) + m1(t). Equations (2.13)—(2.15) shows that at a jump of
N(t) the system surely goes into the ground state, because ¢ = 0 and 7 = 0,
and that for ¢ > ¢; the system is surely in a mixture of ground and excited
states, because ( = 0. The EPDs are implicitly given by c(t) = mo(t) + (),
7=\, (1.22), (1.23), (2.14).

Just as an example let us discuss the case of the Wigner atom (A = 0).
Equations (2.14) become

m0(0) + 5= (1 — e 2 11(0), if t < ¢y,
T () = { exp|—2kty] m(0), if t <t <ty (2.16)
0, if t > t,,

with £ = (A 4+ A1), m0(0) + 71(0) = 1. Equations (2.15) give o(t) = |0)(0|
for t > t;: after the first registered emission the atom is in the ground state.
Finally the EPDs are

1
P}(0]0) = m0(0) + P (A= + e ) my(0), (2.17)
po(j1,t1]0) = A\ exp[—2kt;] 71(0), (2.18)
pg(jl,tl;...;jm,tmlg) =0, m>2. (2.19)

These equations say that there is at most a count, as it must be because
there is no pumping.

3 Diffusion processes

In the classical case Gaussian diffusion processes can be obtained from Pois-
sonian counting ones by centering and scaling. Similarly, in the quantum
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case we can obtain some kind of “quantum diffusion measuring processes"
from the quantum counting processes of section 1.

Let us take the maps J;(t), describing the action of the counters, of the
following form:

1 1,
gite= |z + 20| oz + Ther] . e
where the Z;(t) are operators on H, the f; are complex functions and ¢ > 0 is

a parameter which we want to make vanishing at the end. Moreover, instead
of Ly(t) we take as unperturbed Liouvillian the expression

QL

it = Loltho+ — S [0 Z(t) - (02,0, o] (3.2)

28
Jj=1

Then, the generator £(t) of the a priori dynamics (cf. (1.17) and (1.42))
becomes

Lo = Lo(t) _ % (Z0'z0).0}). (3

i Ej&

The expression (3.2) has been assumed in order to have £(t) independent of
the parameter . Physically, the structure (3.1)—(3.3) is related to heterodyne
detection [42].

Moreover, we make a linear transformation on the outputs: we call Y (t)
the new observed processes, related to the old processes N;(t) by

AV} (1):= e AN, () — = 1f(0)* d (3.4)

this means that we rescale the outputs and subtract a known deterministic
signal. Then, by (3.4) and (1.15) we obtain

dYF () dYF () = 26;; AN, (t) = €055 AYF(£) + 635 | f3(2) > dt . (3.5)

In order to have the characteristic_}operator associated to this new processes,
we have to rescale the test function k(s), appearing in (1.30), (1.34), (1.38)—
(1.40), by changing k;(t) into € k;(t) and we have to shift the mean values of

eN;(t) as in (3.4) by adding to ICt(E(t)) the term —* > ki) £ (t)]*. The
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final result is that the generator ICt(/;(t)) of the characteristic operator G, [k]
becomes

K(F®)o g+2{——k 2 £(00F 0+ k() [f5(8) Z ()

+ f]( )QZJ( ) } [ewk i — 1] Zj(t)QZj(t)T
é [0 — 1 —iek;(6)] [f5(6)"Z;(t)o + f;(t)0Z;(t)T]

+ 6—12|fj(zf)y2 {eieka‘(t) — 1 —iek;(t) + %a%j(tﬁ} g}. (3.6)

Also equation (1.16) for the a posteriori states can be expressed in terms
of the new processes Y7 (). By (1.1), (1.18), (3.1), (3.3) and (3.4), we obtain

do(t) = L(t)o(t) dt+Z{6 Zi(t)oZ;(t)' — e (Z;(t)' Z; (1)) eolt) +

bR 200 — 2,00 ot) + £0e)[Z,0) — (2,0}
<[220 2,0+ 210 (2 + F,OZ 0N + 0P

X avF () = (20 Z () dt — f(0) (250t
—F(Z 0Nt (3.7)
where, for any operator X on H, (X), is defined by
(X). = Te{X (1)} (3.8)

Moreover, from (3.4), (1.19) and (3.1), we have that the a posteriori mean
values of dY () are given by

(AYF () (we) = [HO(Z;(0) e + f5(8)"(Z;(1))e] At +e(Z;(8)' Z;(1))e dt . (3.9)

We assume |f;(t)| # 0, Vt. From (3.5)—(3.7) and (3.9), it is apparent that
the limit € | 0 exists. In this limit we obtain that the characteristic operator
is given by (1. 38) and (1 40) with generator

Ki(k(t))o =
+Z{——k 2 0F o+ ik () [0 Z (00 + f(6) 07;(1)1] }3.10)

j=1
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By setting Yj(t) = lim.jo Y} (), the equation for the a posteriori states be-
comes

do(t) = L(t)o(t)dt
3 {B0 20 = Z0) e + 00 [Z,0)! - (Z,0N] |
|fj(1)| [AY;(8) = f3()(Z; (1) dt = [;(0)(Z;(D))dt] . (3.11)
Moreover, the a posteriori mean value of dY;(t) becomes
(dY;(£)) (wr) = 2Re[f;()"(Z;(t)):] dt (3.12)
and the processes M;(t), defined by
dM;(t) = dY;(t) — 2Re[f;(£)(Z;(1))e] dt,  M;(0) =0, (3.13)

are again innovating martingales. Finally, the multiplication rule for the
differentials dY;(¢) is the limit of (3.5) under ¢ | 0; by taking into account
also the second of equations (1.15), we have the It6 table

AY;(t) dY(t) = 6, |f;(1))* dt,  dY;(t)dt =0. (3.14)

By the procedure we have followed, it turns out that also the connection
between a posteriori states o(t) and characteristic operator gt[E] given by
(1.33) continues to hold, but now () satisfies (3.11), G,[k] satisfies (1.38),
(1.40) with generator given by (3.10) and V;[k] is given by

el o] s

Alternatively, equation (1.33) can be proved by taking the stochastic differ-
ential of both its sides, as done in the case of counting processes.
By taking the mean value of (3.12) on the past, we obtain

SO0 =[50 20+ L0 Z0Nem} . (310

where o(t) are the a priori states satisfying equation (1.42) with Liouvillian
(3.3). The same result can be obtained by functional differentiation of the

characteristic functional Tr {QT (K] g}, T > t, with respect to k;(t) [11].
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Equations (3.15) and (3.16) show us two things. First, our continuous
measurement gives the statistics of the generalized derivatives [43] y;(t) =
Y;(t) (or of the increments dY; (t)) more than the statistics of the Y;(t) them-
selves. The same was true in the case of counting processes, but in that case
this difference was irrelevant, because we had the natural initial condition
N;(0) = 0. Second, (3.16) can be interpreted by saying that y;(¢) is the
output of a continuous measurement of the quantum observables (selfadjoint
operators) f;(t)*Z;(t)+ f;(t)Z;(t)!, which are in general noncommuting [10]—
(12, 22]-[25].

Measuring processes defined by a characteristic operator with generator of
the type (3.10) were introduced in [10]-[12] and equation (3.11) was obtained
by quantum stochastic calculus methods in [25]-[27, 38, 44]. By linear trans-
formations on the outputs, the most general diffusive case can be reached;
moreover, by taking prescription (3.1) only for a subset of the J;, mixtures
of diffusive and Poissonian contributions can be obtained [38]. It6 equations
for the a posteriori states in the [45, 46, 47] purely diffusive case have been
considered also by Diési [45]-[47].

As in the case of counting processes there exists a (not unique) linear
stochastic equation mathematically equivalent to (3.11). For instance, let
©(t) be a trace class operator satisfying the equation [38]

do(t) = LHe(tdt + Y [%Zj ()lt) + ﬁwwzj(w* av;(t) (3.17)

j=1
and set c(t) := Tr{p(t)}. Then, by Itd’s calculus one shows that o(t) =
©(t)/c(t) satisfies (3.11). To the linear equation (3.17) the same comments
apply as to (1.25).

In the case of an unperturbed Liouvillian of a purely Hamiltonian form,

ﬁo(t) 0= _i[H(t)v Q] ) (318)

equation (3.11) transforms pure states into pure ones; for proving this it
is sufficient to show that o(t + dt)? = o(t + dt) if o(t)? = o(t). In this
case, which we can call of complete measurement, (3.11) is equivalent to a
stochastic differential equation for a wave function, as in the case of counting
measurements. Indeed, let 1(t) € H satisfy the “a posteriori Schrédinger
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equation" [26, 44]

av(t) = ~{iH@+ 5 B0 240020 + 1200 fuiar
N LA A AT Ol O RN AOREATIRY
—[i(O(Z;(t)")edt] (3.19)
with (Z;(t)): = (¥ (t)|Z;(t)1(t)); then, by Itd’s calculus, one obtains that

olt) = [9(1)) (1) satisfies (3.11).
It is interesting to note that stochastic equations of the type of (3.11) and

(3.19), with f;(¢) = 1, have been appeared in the literature also in connection
with dynamical theories of wave—function reduction [48]-[52]. The idea is
that the wave—function reduction associated to a measurement is some kind
of stochastic process and an equation of the type of (3.19) is postulated.
Apart from the different interpretations, another important difference is that
in the dynamical reduction theories the noise comes from outside, while for
us it is determined by the system itself.

Sometimes it is useful to have at disposal a complexified version of dif-
fusion processes. Let us consider the case of an even d. By redefining d
and the index j, the sum appearing in (3.10) and (3.11) can be reorganized
as a double sum over \, A\ = 1,2, and j, 5 = 1,...,d. Then, we take
Ji(t) = L Joi(t) =1, Z;(t) = Zy;(t) = Z;(t) and set k(1) = ky;(F) + ika; (1),
W;(t) = & (Y1;(t) +1Ya;(t)). Then, (3.3), (3.10)—(3.12), (3.15) become

L(t)o = Lo(t)o +2 ;(zj@)azj(tﬂ - % (ZW)12;0),0}), (320

K (7(0)e 2{—- 5 ¢ +i[x,(8)" 200 + s (1) 02,0)'] }
- (3.21)

do(t) = ﬁ(t)g(t)dH?Z{[Zj(t)—<Zj(f)>t]9(t)[d%(t)*—(Zj(t)wtdt]
+ [dW;(t) = (Z;(0)edt] o() [ Z;() = (Z;(1)T)e] } : (3.22)



AW, () dW;(t) = 0, dI/Vj(t)*dI/Vi(t):%éﬁdt, dW;(t)dt =0, (3.23)

(dW;(8)) (wr) = (£;(1))dt . (3.24)
By taking the mean value of (3.24) on the past, we obtain
SOV = TH{Z (1) o (0) (3.25)

which allows to interpret the equations above as describing a continuous
measurement of the noncommuting, nonselfadjoint operators Z;(t). Filtering

equation (3.22) for linear systems (quantum oscillators) was introduced in
21, 22].

4 An example of diffusion process

Let us close the paper with a simple example of the theory developed in
Section 3, in the complexified version (3.20)-(3.25). A real-valued Gaussian
example for an observed particle in a quadratic potential can be found in
[25, 53]. We consider a single-mode field in a cavity and with a source,

H(t) = wala + g(t)a' + g(t)*a, w>0, (4.1)
interacting with a thermal bath,
Lo(t)o = —i[H(t), 0] + )\l([ag, a'l + [a, gaT]) + /\T([(ITQ, al + [a, Qa]) , (4.2)

AL, At > 0, and subjected to the measurement of a single complex observable
(d = 1) proportional to the annihilation operator,

Z =na, neC. (4.3)

The fact that Z is proportional to a means that we are considering a passive,
purely absorbing detector.

By scaling the output in such a way that we have exactly a measurement
of a (AW (t)/n — dW (), n*k(t) — k(t)), equations (3.20)—(3.25) become

L(t)o = Lo(t)o + |n|? ([ac, a'l + [a, O'CLT]) , (4.4)
Ku(n(0)", w(t)) 0 = L(t)o — 5 In(t)/uf* 0 +i [w(1)"ag + n(t)ea’] ,  (45)
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do(t) = L{t)o(t)dt +2[nf* {[a — (a)] ot) [AW (1) ~ (a'}u]

AW (1) = (a)dt] o(t) [a — (a).] (4.6)
(@w@)*=o0, |[aw@P=dt/(2n), dwW@)dt=0, (47
AW wr) = ()dt, S (WD) = Trlaolt)}.  (45)

dt

Equations (1.38), with generator (4.5), and (4.6) can be solved by anti-
normal ordering expansion of trace—class operators. Let us define on 7 (H)
a “tilde" operation by ¢ € 7(H) — ¢(£", €),

P(6,6) = Tr{e e L (4.9)
which can be inverted by
1 e
o= [ dageTe e g o). (4.10)

Let us set
p(t) = (K", Kit) = Gi[K", k] 0; (4.11)
then (1.38) and (4.5) give, by standard computations,

%@(5*, &) = |- (iw + % r) o (iw _ %r) €0 — K(t)*0" — K(t)D
— e — (e + 90— 3 (/o] plE" &), (412)

where & = 0/0¢, 0" = 9/9¢" and
T'=2(]n"+ X —\) . (4.13)

We suppose I' be strictly positive.
If the initial condition is “Gaussian",

~ -k s (% * 1 * *
0(£",€) = exp {—1(5 oo + 5“0) D) (5 2#0 + §2M0) - |f|2 VO} ) (4.14)
then @ maintains this structure at any time. Indeed, by inserting

[€2a(t) + (1)~ e FO)—h(t)}
(4.15)

P&, 61) = eXp{—i [€b(t) + Ec(t)”] _%
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into (4.12), we obtain the differential equations for the coefficients (f is real):

b(t) = — (iw + 11“) b(t) +ik(t)*d(t) +ik(t) f(t) —ig(t),

2
ot) = —(iw+%f‘) c(t) — k() d(t) — ik(t) f(t) — ig(t),
dt) = —(2w+T)d(t),
f&) = =Tf(t)+2\,
h(t) = —in(t)*b(t)—m(t)c(t)“r%|/<(t)/77]2. (4.16)

The solution of these equations can be easily written down. .
The characteristic functional of our generalized process [43] W (¢) is given
by (see (1.34) and (1.40))

Bl k) = Telo(s i)} = 0,0:0) = explh(t)]  (4.17)
with
¢ t
h(t) = —i/ ds[k(s)*a(s) + k(s)a(s)"] +/ dsds’ [/{(s)*n(s’)Al(s,s')
0 0
1 1
+ 5 k(s)k(s)Ag(s, ') + 5 k(s) k(s") Ag(s, s’)] : (4.18)
t
at) = e (wtalig — i/ ds g(s) e~ (wtl/2(t=s) (4.19)
0
Al(s, 8’) _ 5 ‘1 |2(5<S . SI) + 19(8 . SI) ef(iw+l—‘/2)(575’) C(Sl)
n
+9(s' — 5) W T/AE=9) O (g) | (4.20)
2\ 2\
C(s) = TT + (1/0 — %) e e, (4.21)
AQ(S, 8/) _ e—(iw+F/2)(s+$/) Lo (422)

where 1 is the usual step function. ®[x*, k] is the characteristic functional
of a Gaussian complex process with covariance (4.20), (4.22) and (a priori)
mean values

d )

&(W(t»st = lm‘bt[’f*a K]

=Tr{ao(t)} = a(t). (4.23)

k=k*=0
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The a priori states are given by o(t) = G[0] o or (€%, ;) =
@(f‘,f;t)‘ . By (4.15) and (4.16) we obtain
=0

R=RK"=

(&%, &t) = exp {—i [E*a(t) + c.c.] — E [ 2o (Gt g cel] - €] C(t)} :

2
(4.24)
This gives

Te{atao(®)} = (1), Tt {a?o(t)} = exp {_2 <iw + %r) t} b (4.25)

Note the links between the covariance (4.25) of the a priori states o(t) and
the covariance (4.20), (4.22) of the process W (t).

By the “tilde" transformation (4.9), we can solve also the equation for
the a posteriori states (4.6). From (4.6), (4.9), (4.10) we obtain

a0 = [ (wr3r) o+ (i 3T) 02016 - gl
+ g€|ale &ty dt+20nf {[AW (@) — (ah)dt] i7" ~ (a)]
+ AW () — (a)dt] [i0 — (a)] pa(", 1), (4:26)

This equation can be rewritten in terms of the stochastic function

I(E,&5t) = —In (", &) . (4.27)

By using It0’s formula dp/p = —dl+ 1(dl)?, which in turn implies (dp/2)* =
(d1)?, and Tto’s table (4.7), we obtain

dl = [—2 n|? 0101 — (iw + % r) ol + (iw - %r) ¢ol

2P+ 908" - g()€ 2ol [(a) ] @t
+ 20 [(07] + (a)e) AW ()" + (101 + (aT)e) AW ()] . (4.28)

With the initial condition (4.14) the solution of (4.28) remains quadratic
in £ and £*. Indeed, let us write

e €0) =€ G + la)] + 5 [€20(0) + €u(t)] +IEPue),  (4.29)
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where v(t) > 0; the term independent of € is lacking because of normalization
of o(t) and the linear term must have just the form we have written because
(a); is the a posteriori mean value of W (t). By inserting (4.29) into (4.28)
and equating the coefficients of the same order in £ and £*, we obtain

d(a); + {(iw + %F) (a), + ig(t)} dt =
20nf* {u(t) [AW (@) — (a),dt] + v(t) [AW () — (a),dt]} , (4.30)

%“(’5) + (2w +T) p(t) = —4 |nl” u(t)(1), (4.31)
iu(t) +Tv(t) = -2 |77|2 (|M(t)|2 i V(t)z) 2 (4.32)

dt
with (a); = (a); and the initial conditions (a)y = g, 1£(0) = j1g, ¥(0) = vy.
In the case 11y = 0, we obtain x(t) = 0 (the stationary solution of (4.31))
and (4.32) becomes

d
&V(t) +Tw(t) = =2 n v(t)? + 2\, (4.33)
which is Riccati’s equation and has the stationary positive solution v,
) M 1/2
Voo = ——= || 1+ 16 — —-11. 4.34
o | (1e00° ) (4.34

Equations (4.30) (for = 0) and (4.33) were obtained for the first time in
[21, 22, 24] as optimal filtering equations for linear systems.

After a transient any memory of the initial condition is lost. The charac-
teristic functional is given by (4.17) and (4.18) with a priori mean values

¢
alt) = =i [ BT ) ds (4.35)
0
and covariance Ay(s,s’) =0,
/ / 2)\T —(T/2)|s—s"| ,—iw(s—s")
Ai(s,s') = —=0(s— ')+ —e e : (4.36)
2|n] r

The a priori states are given by

(6 6i0) = exp {ileal) + €] - B (am
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while the a posteriori states are

0o (€5, 65t) = exp {—1 [€"(a)e + &(aT )] — veo €%}, (4.38)

with a posteriori mean values

@), = /Ot exp [— (iw + 5T+ 20y ,,oo> (t s)]
[—ig(s)ds + 2|n|* veo AW (s)] - (4.39)

Note that v > 2\ /T for Ay > 0 and v, = 0 for Ay = 0. In this last case
the asymptotic a priori and a posteriori mean values coincides (a(t) = (a))
and the same holds for a priori and a posteriori states

Too(t) = 000(t) = [x(t)) (cx(t)] (4.40)

where |«) denotes the usual coherent states and «(t) is given by (4.35).

References

[1] E.B. Davies and J. Lewis. Commun.Math.Phys., 17:239-260, 1970.
[2] Davies E.B. Quantum Theory of Open Systems. Academic, 1976.
[3] Ozawa M. J. Math. Phys., 25:79-87, 1984.

[4] Davies E.B. Commun. Math. Phys., 15:277-304, 1969.

[5] Davies E.B. Commun. Math. Phys., 19:83-105, 1970.

[6] Davies E.B. Commun. Math. Phys., 22:51-70, 1971.

[7] Srinivas M.D. and Davies E.B. Opt. Acta, 28:981-96, 1981.

[8] Srinivas M.D. and Davies E.B. Opt. Acta, 29:235-8, 1982.

[9] Holevo A.S. Sov. Math., 26:1-20, 1982.

[10] A. Barchielli, L. Lanz, and G.M. Prosperi. Nuovo Cimento, 72B(79),
1982.

27



[11]
[12]

[13]

[14]
[15]

[16]
[17]
[18]

[19]
[20]

[21]

22]

[23]

Barchielli A., Lanz L., and Prosperi G.M. Found. Phys., 13:779-812,
1983.

Barchielli A. Nuovo Cim., 74B:113-38, 1983.

Barchielli A. and Lupieri G. Quantum stochastic calculus, operation

valued stochastic processes and continual measurement in quantum me-
chanics. Math. Phys., 26:2222-2230, 1985.

Barchielli A. Phys. Rev., 34(A):1642-49, 1986.

Barchielli A. In S. Albeverio, G. Casati, and D. Merlini, editors, Sto-
chastic Processes in Classical and Quantum Systems, Lecture Notes in
Physics, volume 262, pages 14-23. Springer, Berlin, 1986.

Barchielli A. Phys. Rev., 32(D):347-67, 1985.
Barchielli A. J. Phys. A: Math. Gen., 20:6341-55, 1987.

Barchielli A. Input and Output channels in quantum systems and quan-
tum stochastic differential equations. In L. Accardi and von Walden-
fels W., editors, Quantum Probability and Applications III. Berlin:
Springer—Verlag, 1988. Volume 37.

Zoller P., Marte M.A., and Walls D.F. Phys. Rev., 35(A):198-207, 1987.

Belavkin V. P. Operational theory of quantum stochastic processes. In
Proc. of VII-th Conference on Coding Theory and Information trans-
mission, volume 1, pages 23-28, Moscow—Vilnius, 1978.

Belavkin V.P. Optimal measurements and control in quantum dynamical
systems. Technical Report 411, Institute of Fisics Copernicus University,
Torun, February 1979.

Belavkin V. P. Optimal filtering of markov signals with quantum white
noise. Radio Eng Electron Physics, (25):1445-1453, 1980.

Belavkin V. P. Theory of control of observable quantum systems. Au-
tomatica and Remote Control, 44(2):178-188, 1983.

28



[24]

[25]

Belavkin V.P. Non-demolition measurement and control in quantum
dynamical systems. In Blaquiere, editor, Proc of C'I S M Seminar on
Information Complexity and Control in Quantum Physics, Udine 1985.,
pages 311-329, Springer—Verlag, Wien—New York, 1987.

Belavkin V.P. Non-demolition measurements, nonlinear filtering and
dynamic programming of quantum stochastic processes. In A. Blaquere,
editor, Proc of Bellmann Continuum Workshop ‘Modelling and Con-
trol of Systems’, Sophia—Antipolis 1988, volume 121 of Lecture notes in
Control and Inform Sciences, pages 245-265, Springer—Verlag, Berlin—
Heidelberg-New York-London—Paris—Tokyo, 1988.

Belavkin V.P. Non-demolition stochastic calculus in Fock space and non-
linear filtering and control in quantum systems. In Proc of Fourteenth
Winter School in Theor Phys, Karpacz 1988, ‘Stochastic Methods in
Mathematics and Physics’, pages 310-324, Singapore, 1989. World Sci-
entific.

Belavkin V.P. A new wave equation for a continuous non-demolition
measurement. Phys Letters A, 140(78):355-358, 1989.

Belavkin V.P. A continuous counting observation and posterior quantum
dynamics. J Phys A Math Gen, (22):L 1109-L 1114, 1989.

Lindblad G. On the generators of quantum dynamical semigroups. Com-
mun. math. Phys., 48:119-130, 1976.

Ozawa M. Publ. R.I.M.S. Kyoto Univ., 21:279-95, 1985.
Ueda M. Quantum Opt., 1:131-51, 1989.

Ueda M. Phys. Rev., 41(A):3875-90, 1990.

Ueda M. and Ogawa T. Phys. Rev., 41(A):3891-904, 1990.
Ueda M. and Ogawa T. Phys. Rev., 41(A):6331-44, 1990.
Milburn G.J. and Walls D.E. Phys. Rev., 30(A):56-60, 1984.

Walls D.F.; Collet M.J., and Milburn G.J. Phys. Rev., 32(D):3208-15,
1985.

29



37]

[38]

39]

[40]
[41]
[42]

[43]

[44]

[51]

Holmes C.A., Milburn G.J., and Walls D.F. Phys. Rev., 39(A):2493-501,
1989.

Belavkin V.P. A boson field stochastic calculus and quantum filtering
in fock space. Technical Report 723, Departimento di Fisica, Universita
di Roma "La Sapienza'", December 1989.

Belavkin V.P. A stochastic posterior Schrodinger equation for counting
non-demolition measurement. Letters in Math Phys, (20):85-89, 1990.

Gisin N. J. Math. Phys., 24:1779-82, 1983.
N. Gisin. J.Phys.A., 19:205-210, 1986. Math.Gen.

Barchielli A. Direct and heterodyne detection and other applications
of quantum stochastic calculus to quantum optics. Preprint IFNUM
373/FT, to appear in Quantum Opt., 1989.

Gel’fand I.M. and Vilenkin N.Ya. Generalized Functions. In Applications
of Harmonic Analysis, volume 4. Academic, New York, 1964.

Belavkin V.P. A posterior Schrodinger equation for continuous non-
demolition measurement. J of Math Phys, 31(12):2930-2934, 1990.

Diési L. Continuous quantum measurement and ito formalism. Phys.
Lett. A., 129:419-423, 1988.

Dié6si L. Phys. Lett., 132(A):233-6, 1988.

L. Di6si. Phys.Rev., A40:1165-1174, 1988.
Gisin N. Phys. Rev. Lett., 52:1657—60, 1984.
Gisin N. Helv. Phys. Acta, 62:363-71, 1989.

Ghirardi G.C., Pearle P., and Rimini A. Markov processes in Hilbert
space and continuous spontaneous localization of systems of indentical
particles. Phys. Rev. A., 42:78-89, 1990.

Ghirardi G.C. and Rimini A. Old and new ideas in the theory of quan-
tum measurement. Trieste preprint 1C/89/425, 1989.

30



[52] Gatarek D. and Gisin N. Continuous quantum jumps and infinite—
dimensional stochastic equations. Preprint, 1990.

[53] Belavkin V.P. and P Staszewski. A quantum particle undergoing con-
tinuous observation. Phys Letters A, (140):359-362, 1989.

31



