A NONADAPTED STOCHASTIC CALCULUS AND NON
STATIONARY EVOLUTION IN FOCK SCALE

V.P. BELAVKIN

ABSTRACT. A generalized definition of quantum stochastic (QS) integrals and
differentials is given in the free of adaptiveness and dimensionality form in
terms of Malliavin derivative on a projective Fock space, and their uniform
continuity with respect to the inductive limite convergence is proved. A new
form of QS calculus based on an inductive x-algebraic structure in an indefinite
space is developed and a nonadaptive generalization of the QS It6 formula
for its representation in Fock space is derived. The problem of solution of
general QS evolution equations in a Hilbert space is solved in terms of the
constructed operator representation of chronological products, defined in the
indefinite space, and isometry and x-homomorphism property respectively for
operators and maps of these solutions, corresponding to the peseudounitary
and *-homomorphism property of the QS integrable generators is proved.

1. INTRODUCTION

The noncommutative generalization of Itd stochastic calculus developed in [1-
6], gives an adequate instrument of studying of the behavior of open quantum
dynamical systems in a singular coupling with Bose stochastic fields. The quan-
tum stochastic (QS) calculus enables us to solve the old problem of the stochastic
description of continuous collapse of the quantum system under a continuous obser-
vation by using the stochastic theory of quantum nondemolition measurements and
filtering theory [7-9]. This gives the examples of the stochastic nonunitary, non-
stationary and even nonadapted evolution equations in Hilbert space, the solution
of which requires one to define the chronologically ordered stochastic exponents of
operators and maps in an appropriate way.

Here we solve this general problem in the framework of a new QS calculus in Fock
space, based on the explicit definition of the QS integrals free of the adaptedness
restriction in a uniform inductive topology, given in [10]. We derive the general
(nonadapted) Ito formula as a differential of the Wick formula for the normal or-
dered products, represented in an inductive x-algebra with respect to an indefinite
metric structure. The QS generalization of It6 formula for adapted processes was
obtained by Hudson and Parhasarathy in [1], where the unitary QS evolution was
constructed for the case of time and field independent QS generators L. They
used the QS integral for an adapted operator-valued function D; as the limit of
It6 integral sums in the weak operator topology, defined as in classical case due to
commutativity of forward QS differentials dA(t) = A(t+dt) — A(t) with D;. In this
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approach the QS evolution for nonstationary generating operators of QS differential
equations was obtained for some finite dimensional cases by Holevo [11].

An another definition of QS integrals, based on the Berezin-Bargman calculus in
terms of kernels of operators in Fock space was proposed by Maassen [3]. One can
show that Maassen kernel calculus corresponds to the particular cases of our QS
calculus, which is given directly in terms of the Fock representation of integrated
operators, instead of kernels [3,4]. Using this new calculus we construct also the ex-
plicit solution of the nonstationary, non Markovian, even nonadapted QS Langevin
equations for a QS differentiable stochastic process in the sense [12,13] over a unital
*-algebra A C B(H) as the Fock representation of an recursively defined operator-
valued process in a pseudo Hilbert space with noninner QS-integrable generators.
Such QS evolution in a Markovian stationary case was constructed recently by
Evans and Hudson [14] and in a nonstationary case by Lindsay and Parthasarathy
[15]. We shall obtain the existence and uniqueness of Evans-Hudson flow in free
dimensional Markovian case by the estimating of the explicit solution in the intro-
duced inductive uniform topology under the natural integrability conditions of time
dependent structural coefficients.

2. NONADAPTED QS INTEGRALS AND DIFFERENTIALS

Let H be a Hilbert space with probability vectors h € H , ||h|| = 1, of a quantum
dynamical object, described at any instant ¢ € Ry by the algebra B(H) of all linear
bounded operators L in H with Hermitian involution L. — L* and identity operator
I. Let X be a Borel space with a positive measure dz, say X = R, x R?, and let
{€(z),z € X} be a family of complex Euclidean (Hilbert) spaces £(z), describing
the quantum field (noise) at a point z € X of a dimensionality dim&(z) < oo,
usually identified with a space €. We denote by K = [ e (z)dz the Hilbert integral
of the field state spaces £(z), that is the space of all square integrable vector-
functions k: z — k(z) € &£(x),

kit = [ Ik@)Pde < 00 , bz = (kfk) @),

and by I'(K) the Fock space of symmetrical tensor-functions k(z1,...,z,), n =
0,1,..., with values in £(x1) ® - - - ® E(zp,). Let us assume the absolute continuity
dz = A(t,dz)dt with rebpect to a measurable map ¢: X — Ry, say t(z) = t,
A(t,dz) = dx for z = (t,x) € Ry x R?, such that

[ sa@ias= [ o

for any integrable A C X and essentially bounded function f: Ry — C. Then one
can represent the Fock space I'(KC) as the Hilbert integral F = ff E®(50)dse of the
functions

k: s — k() € E2(5),E% () = @pe(T)
over the set X' of all finite chains » = (z1,...,z,), identified with the indexed
subsets {z1,...,2,} C X of cardinality |»| = n < oo and ds» = H dz under the

order t(z1) < -+ < t(x,). We shall denote by t(») the chains (subsets) {t(x)|z €
x}, 0 € X denotes the empty chain and 1y € F denotes the vacuum function:
1y(5) = 0, if 52 # 0; 1p(0) = 1.
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This can be done as in the case X = Ry, ¢(x) = = by the isometry

Z /||k \dz—Z/ / 1k(z1, ... 2)|Pdey . .. day,
11 <<ty

where the integrals in right hand side is taken over all s = {1 < --- < 2, } with
different t; = t(z;) due to

/ / f tl’ “; dtl dtn - / dtl/ dt2 / dtnf(tlat%-"atn)
tn—1

for the symmetrical function

f(tl,...,tn):/ e \QHAt“dazl

One can consider the set X as the space with a casual preorder < [12], and the
increasing map t: x < o' = t(x) < t(2') as the local time, if for any z € X and
t' > t(z) there exists ' € X such that ¢(z') = ¢’ (As it is for the map ¢(z) =t with
respect to the Galilean or Einsteinian order in space-time X = R, x RY).

Let us denote by F(§) = f;? €169 (5¢)dse for all € > 0 the Hilbert scale of Fock
spaces F(§) C F(C), £ > ¢, defined by the scalar products

k]2 Zf// (@1, .., z0)|2da: - dz,,
<t1<-~~<tn<oo

by G(&) = H ® F(€) the Hilbert tensor products, by Gt = G(¢T), G = G(1),
G_ = G(£_) the Hilbert subspaces Gt C G C G_ for some €Y >1>¢_, and let us
note that any linear operator L € B(H) can be considered as (£, £_)-continuous
(bounded) operator B : G — G_ of the form B = L®1, where 1 means the identity
operator 1 = f{? I®(3¢)dse = I® in F = F(1), I®(5) = Qques (), considered as
the identical map F(¢T) — F(¢_). Following [2,8] we define the QS integral

AYD fo dA*(D) for a table D = (Dﬁ)ﬁigf of functions {D¥(z),x € X} with
Values in continuous operators
Dy(z):GT®E(x) »G-®E(x), Di(r):G" — G, (1.1a)
Di(z): Gt -G _®&(), Dy(x): Gt ®@&(@) —G_, (1.1.0)

as the sum AY(D) = 37 A(¢, Df) of the operators A} (¢, D) : a € G+ A}(t, D)a,
acting as

[AJ(t, DY)al(5) = 3= ,c..«[DB(2)a(x)](>\z) (1.2a)
[AG (£, D%)al(30) = 3, e, [DY (2)a](5\x)  (1.20)
[A%(t, Dy )al(>) = [x.[Dg (x)a(a)](>)da (1.2¢)

AT (t, D7a](x) = [y.[D7(@)al()da ,  (1.2d)

Here »' = >N X', Xt ={x € X : t(z) < t}, »\z = {2/ € »: 2’ # z}, and
a + a(x) is the point (Malliavin [16,17]) derivative G — G ® £(z), evaluated in
the Fock representation almost everywhere as [a(x)](3¢) = a(z U »), where z Ll »r =
{z, 5 : x ¢ >} is the disjoint union of the chains z, > € X. The operator-functions
(1.2) were defined in [1] as the limits of the QS Ito integral sums with respect to
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the gage, creation, annihilation, and time processes respectively for the bounded
adapted operator valued functions D(x) = A(z) ® 1, where t = t(x),1;; = IE%
is the identity operator in F|; = ff?[t E¥()dse, Ay = {3 € Xt() > t}. Asit
follows from theorem 1 in [9,10] the operators (1.2) are densely defined in G as

(¢, ¢_)-continuous operators G((T) — G(¢_) for any ¢ > €T, (_ < £_ even for
the nonadapted and unbounded D, satisfying local QS-integrability conditions

IS, < o0, DL, < oo lIDy 5375 < o0 DTS4 <00 (13)

||§+ 00 ||§+ 2

for all t € R, and some &, &7 > 0, where

» 1/p
D1 = ([ (1@l ) a) . 1l =suwioale )/l

Let us now define the multiple QS integral

Ao (B Z / / dAtin (B) = / dA"(B)
0<t1 <<t <t o<r<t

for the operator-valued function B(¥9) on the table 9 = (94—, f of four subsets
95 € X with values

B(Z% Zg) LG @ E9(0y) @ EX () — G(n_) @ EX(W) @ (W) (1.4)
o Uy

as the operators in G with the action

Moy Bl = 3 /X f /X [B@)a; LIy oy . (1)

190u190 Coet

Here 9 = » N (95 L 19&) = 2\ \19 is the difference of a subset 2 C X and
the partition 9 LI 9. as the disjoint union 9 (J95. C 5, 95 N9 =0, X' = {> €
X|3 C X'}, and the point (Malliavin [16]) derivative

o) = /69 a( U d)dsx € GF ® £2(9)

is defined for almost all 3 € X, 5NV = 0 as a(s¢,9) = a(3cUJ) by a vector-
function @ € GT. We shall say that the function B is locally QS integrable (in a
uniform inductive limit), if for any ¢ € Ry there exists a pair (n°®,7,) of triples n® =
(n=n°,n"), ne = (11—, Mg, n4.) of numbers n* > 0, 7, > 0, for which [|B|[;2(t) < oo,
where

1/2
B 193] /

1Bl 0 :/ W (/X/X ()% S;jpgngiwé (”Bw)||2+)2d’90+d190>
(1.6)

(sup is taken as essential supremum over 95 € X*). As it follows from the next
theorem, the function B(d) in QS integral (1.5) can be defined up to the equivalence
having the kernel B ~ 0 < ||B|}:(t) = 0 for all n,,7* and t. In particular, one
can define it only for the tables ¥ = (¥2), which are partitions s = U4 of the
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chains » € X, i.e. for ¥ = U,¢,,x, where x means one from the four single point
(elementary) tables

0_@@ 0_@@ ,_CC,Q) 7_(0.2?
=N\ 0) T N0 )T 0 0) T \0 0)

Theorem 1. If B is a locally QS integrable function (1.4), then the multiple integral
(1.5) is a (£€7,€_) continuous operator U : G(€T) — G(&_) for & > >, gL >
> 0,1, having the estimate

10,0 (B)all(¢-) < IBltllall(€) , Ya € G(€T) .
The formally conjugated in G operator is defined as QS integral

* * * *\k Q% 190 97
Moy (B)” = M (B8).5°0) = B0 = (5 00) .
o Yo
which is the continuous operator G(1/€_) — G(1/£) with

* + s _
1800 (BIILE = IApn (B = sup{lUall€_)/loll(€)}
The QS process U' = A 4)(B) has a QS differential dU* = dA*(D) in the sense
Ao, (B) = B@) + A" (D) , Di(x) = Ap ) (B(xL))

with (£1,€_)-continuous QS derivatives D = (D"), densely defined as in (1.5) by
B(x,9) = B(xU®) for almost all 9 = (9"), where x = () is one from the
elementary tables X!, u # +, v # — with »* = x, and 9" € X',

Let B(9) be defined for any partition » = 9% € X as the solution B(¥) =
L) ® B(@) of the recurrency

B(xUd) = L(x) ® B(®),9" € x®
with B@) =T°® 1, i.e.

B(x,9) = (L(x)®1)-B®), B®)=T"®1 (1.8)
with a table L = (L* )5—5 v of operator-valued functions LE(x) = L(x),
Ly(z) - H@f()aH@E(),Lﬂw):H H ,(1.9a)
LO(z) : HoH®ER), Ly(z) : HeEx) — H ,(1.9b)
LoB=(L®l) B, and
B(s) - B(8) = (B(2) @ I* (05 U 95))(B() @ I® (55 L))

where 1% (3) = Que, (), [(x) is the identity operator in E(x). ((B(x)- B(9) in
(1.8) means usual product of operators in G, if dimE =1).

Then the process Ut = Ao,y (B) satisfies the QS differential equation dUt =
dAY(L © U") in the sense

Ul=0"+ALoU"), (LoU)k(z) = (Lo 1)U . (1.10)

Proof. Using the sum-point integral property

/Z FO_, 90, 94)d0 = ///fﬂ_,ﬂo,ﬁ+ Hdﬁ‘

g, =9
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of the multiple sum-point integral, we obtain from definition (1.5) for a,c € G:

Jeonutawyas = [ o /X vy /X o [ vt ) B@)as i) -

J o [ avg [ adt [ asm)asbuotylawsug) = [(Ura@)a@hes

that is U"* acts as Ajg4)(B*) in (1. 5) with B*('ﬂ) = B(¥*)*. Moreover this equation
gives |App.o (B)lle’ = [Aj0.0(B*) ¢S
|U1¢¢ = supl(c|Ua)|/lal(©)lell () = sup (U™ ela)|/lle]|()llall(€) = [Tl -

Let us estimate the integral (c|U'a), using the Schwarz inequality

/II M=) (me/n°)”'2a0 < Jléll(n=",ng ) llall(n*,n°)

and the following isometricity property of the multiple derivative:
/2

lall€,n) = (//5'5' la( U o) dﬂdo) — lall(€ +7) -

This gives [{c|U'a)| = | [{c( (B)al(3))ds <

[Ot =

IN

oo [ vy [ ot [ aofieh uoDlm @ laws Ul
ooz [ aog [ adt @D+ g el + B i 0\08)
Xt

el (Y e lall (2 ) /. o [/X an; [ ao e B0\
v=— p=—

\ |/2 B
) 2 BO)) - Hence

[{elU*a)| < [lell(€=D lall(€F)IBI2 (¢)
for €5 >3 nt 20 > 50, 0yt
Using the definition (1.5) and the property
FO)d9 = F(0) + / dx/ F@,0)dd , f(z,9) = fz L)
Xt X't Xt(z)

one can obtain

/ dz
t(99)<t(z)

+ Z Z /Xf( )dl? . ddy [B(x+719) a(Vy L99)+B(x9, 9)a(zLidg L5 (9°)

zExt YYUVY Coe

= | de[Di(z)a+ Dy (z)a(z)](>) + Y [DY (2)a+ Dj(x)a(x)](>¢/x) -

Xt

IN

1
2

IN

where ||BHZ+ 0 (¢, 9\9Y) = esSSupyo ¢ ye

(U~ U)al(6) = (5, (B) — B®)al() =
t(99) <t(a:)
/ a0 [ a0y (B, 9)aWy o)+ Blxg . 9)alaLiy Usd) (%)
Xt(z) Xt(z)

9YUIG Coe

rExt
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Hence
U' = U" = AL(t, DY) + A2(t, Dy) + Ag (¢, DY) + Ag(t, DY)
where A} (t) are the QS integrals (1.2) of operators

t(9,) <t(z)

H(x)al(x) = N S [B(x N1(9°
il = 3 [ B e R U )

t(92)<t(x) B B . .
= 3 ooz [ s e o)y LR

fora € G© |, b € G" ® E(z). This can be written in terms of (1.5) as D¥(x) =
B(x#)). Due to the inequality

Ut < UBl(), € =3 nr, =t

one obtains ||D7 ||£Jr L < ||BH7]'( ):

- 3 : n. _ e [4
[ apz@iGde < [ 1B @Ek@me = [ a0 [ Bz @ua i)
= [ IO O~ IBZ @0 = 1B 0 - 1B @) 0

®
%0,1(x))

¥y

where B (32,9) = B(3)1p(07), 3¢ = ( 0 40
vy VU

). In the same way we obtain
| (ip@ig) ao< [ (15 @) de <0 (1B 0)*
[ (i @ig) ao< [ (1B @I @) de <oz (1810

and

5— > . L]
esssup yext|| Dy ()| < ess Sup. 130 () [l [t(2)] < /10 /o | Bl (¢
fAS

This proves the QS—integrability (1.3) of the derivatives D¥(z) with respect to the
(¢€7,€_) norms.

If B(d) satisfies the recurrence (1.8), then B(x“) = LM(x) ® B, and D¥(z) =
L (2) ©UH®) due to the property z%’t)(LQB) L@z[Ot (B) for L&OB = (L®1)-B,
following immediately from the definition (1.5). Hence U* = z%’t)(B) =U%++(D)
with U? = T°®1 and B(#), defined for the partitions > = L of the chains » € X
as L) ©T°, where LY(9) = L(x,) -+ L(x;) for 9 = L ;x;, satisfies the equation
(1.10). O

Corollary 1. Let B(d9) = L(8) @1 be defined by the QS—integrable operator—valued
function

L (g% g()) H®E® (W) ®EX(Wy) — H®EX (W) @ EC(WY)
with HLH”OJ7+ = ||B||77 < oo fornt,n=t > 1. Then the QS integral 2[0 t)( ) =U!
defines an adapted (€7,€ ) continuous process Ut for €7 >n~ +n° +1 L&t >
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ni' +ng '+ 1in the sense Ut(al ® ¢) = bt @ ¢ for all a® € G4(¢Y),c € Fyy with
b € GHEL), where G'(§) = H & F(§),

FHE) = fl/‘f?@( w)dse, X' = {5 € X[t(5) C [0,1)},
Xf
It has the adapted QS derivatives D¥(x) = A4 (z) ® i[t(gc), where i[t is the identity
operator in Fiy(,y with Al(x), defined in Gt If U is an adapted QS process with
||U||§Jr ! < o0, then dit (B ® U) = dot(B)U? in the sense

¢
'BoU)a= / dv*(B)U%a,
0

where BOU =B - (U ® 1) and the left hand side is deﬁned as the limit of the It6
integral sums o'(B ® U) = limy,— 00 i [+ (B) =" (B)| U |, to = 0,¢p41 =t
in the uniform (§,&_)—topology.

Indeed, the QS integral (1.5) for B=L®1 and a = a! ® c with a’ € G , c € F,
can be written as

[t 4y (B)a](3¢) = c(o) ® Z /X /X ) @ I(W2)]a(¥y Ly L9 )ddy diy .

Uy =
The norm || L ® iHZ: for n*,n~* > 1 does not depend on n*,n~", hence

e < LI

||Z%’t)(L® ]-)Hg n—,n°%’

if et >SSt e > withpt =1=1_.

The derivatives D¥ are adapted as multiple QS integrals z[o H)) (B(x*)) of B(x) =
L(x)®1. If U | s < tis a simple adapted function U* = 31" Uilp, 1,,,)(s) with
to=0,tnp1 =11, )(s) =1 for s € [t, 2} ), otherwise 1f,,)(s) = 0, then

n n

"BoU)a= Z(zti“ — "B o U)a= Z[zt”l (B) — ' (B)]b; ,

i=0 i=0
where b; = Usa, if U is a constant adapted process on [r, s):

W2, (BUA) = Y / / (95 Lo (0) g do .

9 LY Coeg

3. A NONADAPTED QS CALCULUS AND ITO FORMULA

Now we shall consider the operators U = €(T) acting in G = H ® F as the
multiple QS integrals (1.5) with B = L ® 1, and ¢t = oo according to the formula

[e(T)a](x) = Z // a(54) U sy )dsey dscy (2.1)

O\_IV
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Here the sum is taken over all partitions of the chain s € X, and the operator-
valued function T(s¢) is in one to one correspondence

o x| gy g ®(,0
(% 4)-Z (T A)ere
vl

(O )= sev(l, Fere

»C9

with the operator-valued function L(#), defining the integral representation U =
Afg,00) (L ®1).

Using the arguments in section 1., one can prove, that the operator ¢(T) is
(f"',ff)—continuous, if T is (¢*,¢,)-bounded for ¢* = (C_,CO) and ¢, = (¢p,¢4),
satisfying the inequalities ¢~ 4 ¢° < ¢T, (al + erl < &7, because

i ) 12
(DI < 71 = /(// <+0|esssup%gexggg;%g,||T<x>deid%0> by

In this case the formally conjugated operator

— —\ * 0 —
* * >, ” V4 .
V= E(T*) , T*(Jf) B T(J{*) 7 <%%J Jjj:) B <%—§ %;_r) (2.2)

exists as (£7,¢_)-continuous operator G(£,) — G(£7) with ||U*||ng = ||U||1/E

/e o ]
€ >+ et >+
As we shall prove now, the map e is the representation in G of a unital x-algebra
of operator-valued functions T'(3), satisfying the relative boundedness condition

IT1(¢) = esssup, {ITG)/ [T ¢} < o0, (2.3)

n<v
where ((») = H ¢(x), with respect to a triangular matrix-function {(z) =

TEx
[Ch(x)], ,u71/:—0+C“=0for,u>1/underthe0rder—<0<+ (C(z)=1=

(T () with positive LP-integrable functions (¢4)5 = 0+ Y for corresponding p = 1,2, co:
1<E I < 00, 6o ll2 < 00, 1K Iz < 00, G llee < 00,

where ||C||, = ([ ¢P(z)dz)/P. In this case the operator U = ¢(T') is (-bounded, as
it follows from the next theorem, for ¢ > |[[¢)]| = esssup,cxCh(x) in the sense of
(€7, &_)-continuity of U for all & >0, &7 > ¢-£_. This is due to the estimate

1/2

et |uo| ?
IT7)1$ _/ // ‘,‘esssupy ll]‘[gﬂ ] s dsey s | T]|(€)

~ [ ¢t (/

Ay 2

5\ 1/2
H COC_ /H <+ d%esssup H 0 C) ) IT1(¢)

AS xrCx TEx

< exp [ (@) + (G5 (@) + ¢ 2)) 200} TQ) (2.4)



10 V.P. BELAVKIN

for ¢7,¢7' > e >0, and ¢°Cy " > [|€0]1%, giving €(T) = 0, if T'(3¢) = 0 for almost
all 3z. Hence the operator (2.1) is defined even if T'(3r) is described for almost all
2 = (5!), in particular, only for the partitions s = Us# of the chains s € X.

Theorem 2. If the operator-valued function
T(5 ) e 90 - He E0d) 0 £°(4)
0t

satisfies the condition (2.3), then the conjugated operators U = e(T),U* = e(T™)
are (-bounded in G for any ¢ > Cg, and the operator U*U is defined in G as ¢*-
bounded operator

e(S-T)=¢€S)e(T), S=T~
by the following product formula

pn<v o Up = _ _ _ _ — _ -
Z Z S (19% |—|?96~_a %-é-\ga-> T (%(g) \190: %-i-\P-i(-)) .
Pt ozt o Uy, ) \Uy o Uy, U LY
(2.5)
This induces a unital x-algebraic structure on the inductive space U of all relatively
bounded functions T with

IT*11€) = ITI(¢), T TIE) < TN,
if & = (€*Q)y, where ¢*(x) = g((z)*g and ((*¢)(z) = (*(z){(x) are defined by

usual product of the matrices
1 G ¢ 1 ¢ ¢
0 ¢ G| @, ¢@=[0 ¢ ¢G|@. (26

0 0 1
=1|0 1 0f, ¢(z)=
100 0 0 1 0 0 1

If the multiple QS integral U' = Ajq 4y(B) is defined by B(9) = e(L(d)) with

HL (19?9‘ 19+> H < AL (WA (DT)AL(04), AW = H Az) >0

RIS

then A4 oe=¢€o N[O y te. U =¢€(T"), where
= > L®,5\8) = Njg)(L) () (2.7)
YCse?t

with |T*[[(¢) < ¢, if ¢h(x) = &(x) + AL(x) for t(z) < t, and (f(x) > () for
t(x) > t. The QS derwatives D! (x) = Ajg 4(z))(B(x4)) for the process U' = e(T")
have the natural difference form D = G — U, described by the representations of

T'(x,3) = T (3¢ Ux)
withx =xt, < +,v>— att \ t(z)
Ul (z) = (T (x})),  Gle) = (T (xh)) (2.8)

where T*)(3) = N1y (L)(5¢) for any t > s , t < t(z) Vo € 3, = Usd! Nt (s,00),
and x¥ denotes an elementary table ¥ = (V%) with 95 = 0 except 9%, = x. The QS
differential dU* = dA(D*) is defined by the derivative D* = G* — U*, and

d(U*U) = dA(U*D + D*U + D*D) = dA(G*G — U*U) , (2.9)
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where the QS derivative G*G—U*U of the QS process (U*U)t = U™*U? is described
in terms of the usual products (U*U)(z) = U*(x)U(x) and the pseudo Hermitian
conjugation U*(z) = (I @ g(z))U(z)*(I ® g(x)) of the triangular matrices

U Uy U 0 Dy D: U, Gy, G
U=|0o U0 vd|, D=0 Dy DY|,G=|0 @Y @i,
0 0 U 0 0 0 0o 0 U

with U(z) = U™, g(z) = [gh ()], g~ = 1 = g1, 90(x) = I(x), otherwise gl = 0.

Proof. Let us firstly obtain an estimate for the representation U = €(T) of a rela-
tively bounded operator-valued function 7" in the sense (2.3). Due to the inequalities
(2.4) one obtains

1U1gs < exp{lI¢E Il + (I¢o 115 + 1€S115) /2 HITN Q)
if
Er>e+ ¢ P>t e, OG>0 -

Hence for any £7¢-1 > ||<8||§o there exists an € > 0 such that this inequality holds,
namely,

cx (et -l - ag)  2-aene).

where the upper bound e(¢1,£_) corresponds to the solution € > 0 of the equation
¢t = IICO)1%, with ¢* =¢T —e >0, (gt = €' —& > 0. Hence the operator U is
¢-bounded for any ¢ > ¢ and also U* is ¢-bounded due to (¢*)9 = ¢ = (¢)J.

Now we show that the product formula (2.3) is valid for T'(») = X ® £©(3r),
where X € B(H), and

£9(5) = @uzu f (52)

with f£ () = ®ge. f/'(x) defined by the operator-valued elements (fﬁ)ﬁj(;f of the
matrix-function

1 fo [y 0(r) - () :
- fo(x): E(x) — E(x) , fr(z):C—C
fy= 0 Jo S @) )i c—ew), £ (@) @) - C

with
15l <00, Nfglla<oo, [Ifll2 <00, [[fgllee < oo

Let us find the action (2.1) of the operator U = ¢(X ® f®) on the product vector
a=h®k®, heH, kekK, where k®(x) = Q. k(x):

Ut =Xhe S [[ 56085 K011 04 © AR (o

29110 —
Aol_lxt+—){

— X0 Y @uen @) Sacy k(o) [ T] 55 @ax [ ] fi @hta)de

20U =5 TE3x TEx

= X0 (19 + B0 exp [ (75 () + i (@)b(a))do)

In the same way, acting on the product vector Xh ® (ffi + fk)® by U* =
e(X* @ £*®) with

£ (2)o = fo(2)", £ )7 =fr (@), @) =7f@" @)=,
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one obtains [U*Ual(s) = X*Xh @ (fg " + f§*(f + fOk))® (5).

exp{/[fi ()" + [ (@) (L (2) + fo (@)k(x)) + £7 (@) + fo (2)k(2)]da} =

= X*Xh® ((£)% + (EF)J8)® (50) exp] / (£0) (2) + (£0); k(x))da) |
where the operator-valued functions
(£ )5 (x) = fo (2)" fo (), (£* £)7 () = f£ (2)" + fL(2)" fY(2) + [ (@)

(F6)% (2) = fo (@)" + [0 (@) FL(2), (£6)g (@) = [1(2)" [0 (2) + fy ()

are defined as matrix elements of the product (f*f)(z) = f(x)*f(z) of triangular
matrices f* and f. Hence on the linear span of the product vectors a = h ® k% we
have for T'= X ® f* the x-multiplicative property

e(T)*e(T) = e(X*X @ (£*F)®) = e(T* - T) ,
where the product (T* - T') () is defined as (2.5) due to (f*f)® = f&* . £&:
(£°6)% (56) = s (f0 ()" f0(2)) Bueso (fo ()" + fo ()" f(2))®

Dpers (FL(2) (@) + f5 (7)) @pe,em (ff (@) + FL(2)" F1(2) + f1 () =

u<v
= Y SR fI6R) @ fo AW @ W) L)

9h Cacl

OO0 @ f G \Wg) D Fr G \e ) L0 L) 1 (e \py)

o NpL =0

p<v oy Upy=xy RN —\ a— -\ -
-y Y ¢ <7§\19% 5 \oy ) £® (}%) \Wo o \ey ) '
VTt oo UYL Vg LT Uy 97 LY
As the operator-valued functions X ®f® (3¢) are relatively bounded || X @f® (3¢)||(¢) =

[IX|| with respect to ¢%(x) = ||f#(x)| and their linear span is dense in inductive
space U, the product formula can be obtained as a limit for any T" € U, and

" « (Vg UYL 2 \o, 7 \Vy 2 \py
. E <

0 = —\ o— =
PO (S0 o) e (B S ) = ITQPE e

this means |7 - T||(¢*¢) < [||T]|(¢)]?. Due to the proven continuity of the linear
map € on U into the x-algebra of relatively bounded operators on the projective
limit Ng>0G(€), the *multiplicative property of ¢ can be extended on the whole
x-algebra U with the unity I(3) = I ® 1%(3¢), 1(z) is the identity matrix, having
the representation e(I) = I.
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Now let us find the representation U? of the multiple quantum integral (2.7),
having the values eo N ;) (L) in U for relatively bounded operator-valued functions
L(9, >) due to

t(99) <t t(O) <t (97 )<t (9 )<t

ITGall<e Y > > > IL@xW)|

190C){8 190 C/ Vg Cog 9 LGy

p=— 0 t(9")<t p=—,0
<cJ] ITAACAVAEN | IRICAR
v=0,+ 9, <xl v=0,+
where
t(z)<t t(x)>t
G =[] M) +¢@)] [] €@
rEX TEx
for
=[] @). co=]]¢w@
€Y TEx

From the definitions (2.1) of U* = ¢(T") we obtain the QS integral (1.5):

Ula)(s) = / / D L, 2\0)a(s) U sy )dsey dset

x§ |_I74O = 9Ca?
.S / / 3 / LB, 30)a(9 U9~ 54 U 6 )dsey doey ol
9L Cort 7 XX 010 g

where ¥_ = 3\(J Uy ),a(V, 2q) = a(¥ U ). Hence e(T") = A 4)(B) with

B@a@U o) = / LB, 50)a(d U9, 36 U 52 )doey doe. |
u%‘jr—/f
that is B(9) = e(L(9)). In particular, if Ut = U° + A}(D) with U° = ¢(T°) and
D(z) = ¢(C(z)), then U = ¢(T° + N¥(C)), i.e. eo Nt = A? o, where
=) C(x,#\x), C(xl ) =Clix,5) .
z€xt

In the case U’ = Ay 4)(B) with B = €(L) the QS derivatives

D¥(x) = Mo 4(a)) (B(xE)) = €(Cl(x))
are defined by
Cu('ra”) = N[O,t(z))(L(xﬁ) = Tt(£)] (X5>x) - Tt(x)(XIIL%) )

v

where )
Nio.y(L(x)) = 3 LI Ux,\9),
9Cs?
x is one of the four elementary tables x% and
T'(x,¢) = Y L@,2Ux)\9) =T"") (xUx),
ﬂg”t(z
TN (x,50) = > L@,xUx)\0) =T (3xUx)

ICrxt(@)ux
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+ Y L@ Ux,\) = T80 (x, 50) + Nig 1)) (L(x)) (¢)
9 Cct(@)
due to
To) = 3 LW, #\9) = T° ()
9C sl
where
2 = {x € xt(z) < s}, sy =min{t(z) > sz € x} .
Hence the derivatives D¥(z),x € X, defining U" — U" = Ay 4)(D) are represented
as the differences
Dy (w) = [T (xf)] — [T (x)]
of the operators (2.8), where T°/(x,5) = Tt (> LU x) = T*(x,) for any t : s < t <
sy = min{t(z) > s|z € s}.

Let us consider T%(x) as elements T#(z) = T(x") of the triangular operator-
valued matrix-function T!(z) with T/ = 0 for p > v, and T_ (z) = T* = T (z)
independent of x € X, defining the triangular matrices U = [U}] and G = [G#] as
U(z) = (T"®) (z)) and G(z) = ¢(T!®)(z)), where T*) = T* for a t € (s,s;]. This
helps to generalize the QS Ito formula [1] for nonadapted processes as

Urut - U = AY(U*D + D*U + D*D),
because

UMU" = ¢(T™ - TY),(T* - T) (3 Uxt) = (T*(z) - T(x))"(s2) ,

v

as it follows directly from the formula (2.5), in terms of the usual product of tri-
angular matrices T* and T, defined by the multiplication - of the matrix elements
T#(z) and x-multiplicative property

e(T*(2) - T(x)) = e(T(z))"e(T(x)) -

Applying this for ¢ = t(z) and ¢t = ty(x) = min{t € t(s0)[t > t(x)} to the
representation
(T TN () — (T T )
of the QS derivative of the process U**U?, we finally obtain the formula
AU T*) = dA'[e(TY ) e(T") — e(T")"e(T] |

giving the multiplication table (2.9) in terms of the triangular matrices (2.8) with
G- (z) = U™ = Gi(z) ,UZ(2) = U'® = U{(z) and D¥(z) = G:(z) — Ul (z) .
O

Corollary 2. The QS process U' = €(T") is adapted, iff T"(3¢) = T'(3¢") ® 1(3¢p,)
Jor almost all 3¢ = ('), where 3¢* = 5N X", 3¢, = 3N Xy, and 1(3) = 1(5¢)) for
w =0, u # v, otherwise 1(sc) = 0. The QS Ité formula for adapted processes Ut
can be written in the form

AU*U) = dA(G*G — U*U® 1) = U*dU + dU*U + dU*dU , (2.10)

where AdU*AU = dA(D*D) is defined by the usual product of the triangular matrices
D =[D!], D* = (I @ g)D*(I ® g) with D* =0, if p =+ orv=— .
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Indeed, if T*(s) = T'(3¢") ® 1(5¢;), then

[Ut(a' @ ¢)](3) = Z // a(s) U sy ) ® c(sq,)dsey doe

OU%O =t

for any o' € G',c € Fj;, where the integral should be taken over i, € X7,

otherwise T%(5) = 0. Hence U'(a’ ® ¢) = b* ® ¢ for a bt € G'. In this case
T (xly, ) = T' e Lixf)) = T('™)) @ 1 (2) © 110

where 14(z) = 0, if p # v,1- = 1 = 17,1(z) = I(z). This gives Ul(z) =
e(T*®) (x1)) = Ut @ 14(x), and

MGG —U*U®1) = dA((U* ®1)D + D*(U ® 1) + D*D) =
U*dA(D) + dA(D*)U + dA(D*D) = U*dU + dU*U + dU*dU

as it follows from corollary 1 for the adaptive U®.

4. A NONADAPTED QS EVOLUTION AND CHRONOLOGICAL PRODUCTS

The proved x-homomorphism and continuity properties of the representation e of
the unital inductive x-algebra U of all operator-valued functions T'(3) of s/ € X,
(u,v) € {—,0} x {0,+}, relatively bounded with respect to some ¢ = [/ (z)],
into the x-algebra B of all relatively bounded operators on the projective limit

=[N0 9 () enables us to construct a QS functional calculus.

Namely, if T = f(Q1,...,Qm) is an analytical function of Q; € U as a limit in
U of polynomials T;, with some ordering of noncommuting @1, ..., Q,, in the sense
I — T)({) — 0 for a ¢, then U = €(T) is the ordered function f(X1,...,Xm)
of X; = €(Q;) as a limit on G* of the corresponding polynomials U, = €(T},),
that is ||U, — U||§Ir — 0 for any £ > 0 and &t > €_|¢0]2%. The function
U* = f*(X{,...,X}) with the transposed ordering as U* = ¢(T*) for T* =
f(Q%,...,Q%) is also defined as (¢7,¢_)-limit due to | T} — T*||(¢*) — 0 and
(€6 = o

The differential form of this calculus is given by the noncommutative and non-
adaptive generalization of the QS It6 formula

dX = dA(A) = df(X) = dA(f(X + A) — (X)) (3.1)
defined for any analytical function Ut = f(X?) of €(Q?) as QS differential of ¢(77)
for Tt = f(Q") with

Up(x) = (X)) (z), Gi(z) = f(X+ A)j(z),

where f(Z)(z) = f(Z(x)) is the triangular matrix which is the function of the ma-
trix Z(z), representing Q'*) (x) and Q*®)(z) correspondingly as X (z) = €(Q!®)(z))
and

X(z) + Ax), Al(z) = e(Q(x) — Q" (xL)).
For the ordered functions U = f(X{,..., X!) this can be written in terms of X;
with dXz = dA(AL) and Zz = XZ + Ai as

AU = dA(f(Zy, ..., Zn) — f(X1,.... X)) . (3.2)



16 V.P. BELAVKIN

In particular, if all the triangular matrices {X;, Z;} are commutative, then one can
obtain the exponential function U* = exp{ X'} for X = > X, as the solution of the
following QS differential equation

dU = dA [(exp{A} .y U} , (3.3)

with A = >~ A; and the initial condition U° = I. Now we shall study the problem
of the solution of the general QS evolution equation

dU = dA((s - i) U) = dA (B U), (3.4)
defined by a matrix-function B(x) = [B¥(x)] with noncommutative operator-values
Bl(z): 6@ &(x) > GRE(T), Bi(r):G—G,

Bg(x): G—-G®E(), By(x):6R&x)—G,
and B¥(z) =0, if p =+ or v = —. In the adapted case this equation can
be written according to Corollary 1 as dU = dA(B)U, which shows that its solution
with U® = I should be defined in some sense as a chronologically ordered exponent

U' = To,4)(B). In particular, if BE(z) = I ®1*(x), where 1 = [I#] is a triangular
QS-integrable matrix-function with I# =0, if y =+ or v = —,

lo(z): E(x) — E(2), il < 003 1(z) € E(x), Iy (x) € £ (), [lUl3 < 003 X ]I] < oo,
then U is defined as I ® T'jg4)(1), where I'jg (1) = € (f[%t)
(2.1) of f[%,t)(”) = Quexfl(z) with fi(z) = 1(2) +14(2), I)'(z) = I(z) if t(x) < t and
I'(x) =0, if t(x) > t, i.e. Tjg4)(1) is the second quantization I'(1") of 1°.

) is the representation

Theorem 3. The QS evolution equation (38.4) written in the integral form U =
U% + AY(BU) with U = ¢(T), B(z) = €(L(x)), is the representation € of the
Tecurrences

T* (3¢) = [Fya) - T'] (3¢), 2 € 3¢ = Usdl) | (3.5)
defined for any partition s = (»!) of a chain » € X witht € (t_(x),t(z)], t—(z) =
max t(%t(f”)) and ty € (t(z),ty(2)], t4(r) = mint (), by

Fyzy (seUxY) = L(x,2¢) + I (e UXE) = Fli(z, ),

where X is one of the four single point tables 9 = (V%) with ¥5 = x.
The recurrency (8.5) with the initial condition T'(3) = T%(3) for all t <
min t(») has the unique solution

T'(5¢) = [Fiop) - T°|(3),  Flop) = ®g<eciFs (3.6)

where Fg(3¢) = I(3¢), if s ¢ Usct = 3¢, defined for every chain sc = (x1,...,Tm,...) €
X, t € (tm—1,tm] as product

.;G;{tFt(x) = th_l U Ftl

of Fy,,t; = t(z;) < tiy1 and T° in chronological order. The solution Ut = ¢(T?) of
(3.4) is isometric U*U = I (unitary: U* = U~") up to a t > 0, if U° is isometric
(unitary) and the triangular matriz-function S(z) = B(z) + I(z) = e(F(s)) is
pseudoisometric:

S*(2)S(x) =1(z) = I ® 1(x)
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(pseudounitary S*(z) = S(z)~) for almost all z € X, that is
So(2)"Sp(x) = I(x), Sy (2)" + 8% (2)"S%(2) + 55 (2) =0 (3.7)

S7(2)" + S5(2)" 8% (2) =0, S%(2)"Sp(x) + Sg () =0
(and SY(x) is unitary S§(z)* = S§(x)~t for almost all v € X*).

Proof. We are looking for the solution of the equation (3.4) as the representation
U = €(T) of some T(3). If B(z) = e(L(z)), then B(z)U(z) = ¢(L(z)T(z)) and
A'(BU) = ¢(N*(LT) due to the property A oe = e€o N, proved in theorem 2, and
the multiplicative property ¢(LT) = BU, where U(z) = ¢(T(x)), T(z) denotes
the triangular matrix [T/ (z)], T# = 0, if p > v, with T~ (z) = T*®) = T (z) and
TH(z) = T'®) (x4) for u # +, v # —. This gives a possibility to consider the
equation (3.4) in integral form as the representation U’ = ¢(T° + N*(LT)) of the
equation
T'(3) = T°(3¢) + N'(LT)(5),
corresponding to U® = ¢(T°), where

u=—,0 t(z)<t

=> > L i (5e\x1)

v=0,+ zext
depends on T*(¥) with s = t(z) < t for z € Us#* D Y4, This defines T*(3¢) for
any partition s = (5¢/) of a chain » = (z1,...,2,) € X as the solution T"(3) =
T (32), m = || of the recurrency

T (56) = To(3¢) + Y [(Fyy, = 1) Tia] (30) = [Fy, Tou1] (30),
k=1
where Tj,_; = T for t;, = t(x}), and the product LT for T#(z, ) = T*®) (3¢ LU x")
is written as
L) T(@)]4(6\x) = [(Fiey = 1) )] (30)
for x € s in terms of Fy(,)(sc U al) = F}'(x,) for F = L 4+ 1. So, if the solution
of (3.4) exists as Ut = ¢(T?), then it is uniquely defined by (3.6).

Let us suppose, that (S*S)(z) = I ® 1(x) for almost all = with ¢(x) < ¢, which
is the representation e(F*F) = S*S of ( t(z)Ft(m)> (3 Ux) = I(3) ® 1(x) for
corresponding F(z), t(z) < t. By the recurrency T, = F;, T,,—1 we obtain
(T¥Ty)(32) = I(3¢) for all ¢, < t from the initial condition (TgTy)(3) = I(s¢).
Hence, (T*T?%)(3) = I(5) for almost all tables sz = (3¢#), namely those which are
partitions of the chains sc. This gives U*U* = I for U' = ¢(T"). In the same way
one can obtain the condition U*U* = I from (SS*)(z) = I ® 1(x) for almost all =

with ¢(z) < t. Writing the condition S*S = I ® 1 in terms of matrix elements, we
obtain (3.7):

1 S%=)* Syi()*] [1 Sy(z) Si(z) R 1 0 0
(8*S)(z) = |0 S§(x)* Sg(x)*| [0 Si(x) Si(x)| =I® |0 I(z) O
0 0 1 0 0 1 0 0 1

The unitary solution of the equation (3.4) under conditions (3.7) in terms of
B = S — I was obtained in [1] in the framework of Ité (adapted) QS calculus for
the stationary Markovian case B(t) = L ® 1, for nonstationary finite dimensional
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Markovian case B(t) = L(t) ® 1 in [11]; and for non Markovian adapted case
B(t) = L' ® 1} in [5]. O

Corollary 3. Let U’ = T° ® 1,T° € B(H) and S(z) = F(z) ® 1 be defined by the
operators F¥' = Lt u < v, F) =L+ 1, acting as

F)(z): H®E(@) - H®E(), FL:H—H,

() H—-HeE@), Fy(x):H®E@) —H
with

IEIL < oo, IEDN < oo, |1y [ls” < oo, [FFIY <00 (38)

Then the solution U' = € (T") of the evolution equation (3.4) is defined as ¢-bounded
operator for > ||Fg||é? by adapted chronological product T*(s) = Fjg 4)(5¢) - 79,
satisfying the recurrency

T'(xUx) = F(x)-T'(3), F(x})=F)(z), (3.9)

where t_(z) < t < t(x) < t4 < ti(z),t_(x) = max{t < t(z)|t € t(30)},t+(x) =
min{t > t(x)|t € t(s0)}, and - means the semitensor product, defined in theorem 1.

The QS process Ut = €(T?) is adapted, can be represented as multiple QS inte-
gral (1.5) U' = Ay (L7 - T° ® 1) with semitensor chronological products L(d) =
o c9L(x) of L(z) = F(x) — I(z), and has the estimate

t
HUtll < ||TO||61><1T>{/O (L5 @)+ (I1Lg ()] + ||L0+(93)||2)/28}d$} (3.10)
for €7 /¢ > esssup,c x| F (2)| and sufficiently small e > 0.

Indeed, if S = F® 1 and F satisfies the local integrability conditions (3.8), then

u=—.,0

|| Ext F ‘ < H ||F H Ct(xg) ’
rext v=0,+
, o)<t ) , . .
where ("(»F) = H . IFL ()| Hence, T*(5¢) = Fjo4)(2¢") @ 1(5¢;) is relatively
bounded ||T%||(¢?) < ||T0H with respect to ¢'(z) = (||F,£L(x)||)fj*0_£, z € X', and
¢"(z) =0, x € Xp. Due to (2.4) and Theorem 2 this gives the (-boundedness of
the operator U* = €(t[,4)) with respect to ¢ > ||F0H(t) and the estimate (3.10) for

¢t > ¢ |IFYY e < e(¢T, € ) in terms of the norms (3.9) for F¥ = Li + [ @ 14,

Taking into account that e o Njg ) = A4y o € and
Nio.y (L7 T°) () = Y L3@) TO0106\0) = [0, (I(x) + L(x)) - T 01(52y) ,
ICxt

we obtain the QS integral representation A 4 (L - T° ® 1) of Wick chronological
product ¢(7T?%). This process is adapted and has the QS derivative

D(x) = A (ey (Lz) - L TP @ 1) = Liz) o U,
where (L-U)t = (Lt ® 1) - U, B (z)-U = B§(U ® I(x)), B - U = B U. Hence
multiple integral U = Ajg ) (L° ® 1) satisfies the QS equation (1.10) with U° = I
as the case dU = dA(L @ 1)U of (3.4).
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Finally let us define the solution of the unitary evolution equation (1.10) with
L=c¢ ™M I H* = H, U = ] as the representation (2.1) of chronologically
ordered products

T'(5) = o5, F' (x) = F (o) ® 1(5¢;)
for F(x) = exp{—iH(z)}
Fo3) = F(xp) - F(x1) for e =U x; .

Here F'(x) = I(x) = I®1(x), if t(x) > t, F(xH) = FF(x),ift < t(z), 2= (5)isa
partition » = u‘,jj(;fxg of a chain » = (z1,...,2z,) € X ordered by t(x;—1) < t(z;)

n=
=

with x; € s, corresponding to the single point table x; = ()
and F(x) - T(9) is the semitensor product,
F(5) - T(9) = (F(52) ® I (0 U 99))(T(9) @ I? (55 Usq)),

which is the usual product F(x)T'(d), if dim& = 1. As it follows from theorem
3, the solution U? = ¢ (F[o,t)) is unitary, if the triangular matrix-function F(z) =
exp{—iH(z)} is pseudo unitary, that is the Hamiltonian matrix-function H = [H#]
is pseudo Hermitian H*(x) = H(x) for almost all z € X:

HY*=Hy,HY =Hy Hy*=H) H*=H,

-0 .
0. with > =,

(HY =0 for gy = +, or v = —). One can easily find the powers H" of the triangular
matrix H: HO =1, H' = H, H? is defined by the table

Hy HY, Hy H? HyH" ', Hy HY"HY
H?2 = 0 10> 044} pnt2 0+o o 1o 4 —1.92
(HgHg, H8H9r) ) H8n+27 HgnilHS)r , IR
and F = >"°° (—iH)"/ as the triangular matrix F* =0, > v, F~ =1 = F,
FY = e, Fr=Hy [(e—ng i ng) /HgHg} HY —iH
P o= [(e*th‘? - Ig) /HS} HY, Fy =Hy [(e*iHé’ - Ig) /Hg] .

Representing the conjugated operators Fy, , F{ in the form H; = F*H{ + iE*,
HY = H{F —iE, where E(z), F(z) are uniquely defined by F*E = 0, one can
obtain the following canonical decomposition of the table (L¥) of the generating
operators L¥(z) = F¥'(z) — I @ 1%(z) of the unitary QS evolution U*:

Ly L7 F*LY F*LJF E* %E*E 0 —iH
= + +
Ly LY LY LYF 0 —-F 0 O ’
H=H_ — FH{F*, LY = exp{—iHJ} - I} .
Each of these three tables L;, ¢ = 1,2, 3 corresponds to a pseudounitary triangular

3
matrix F; = I 4+ L;, satisfying the condition H'—1 F, =1+ Z?:l L; = F due to

the orthogonality of L’. The first one can be diagonalized by the pseudounitary
0 0
LY 0
composition of three canonical types:

1) the Poissonian type evolution, given by the diagonal matrix-function F(z),
corresponding to HY = 0 for all (u,v) # 0, for which

U' = e(Fou) = Fy, Fy(z) = exp{—iHg ()}

transformation FjLiFy = ( ) This defines the QS unitary evolution as the

0,t)”
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that is U’ = [ U'(3)ds, where U'(3) = FQ(xy)" - - - FQ(z1)" for any chain s =
(1,...,zn) € X, where FO( )t = F(z), if t(z) < t, otherwise F)(x)! = I ® 13(),
2) the quantum Brownian evolution, corresponding to H) = 0 = H with
iH) = E =iH;*, and
3) Lebesgue type evolution, corresponding to H# = 0 for all (u,v) # (—,+) for
which

Ut = €(Fo,p)) = 1 ®/ MH“"G/ x)dsx = exp{

—
where HzE%H(x) = H(xy)- -+ H(z1) is the usual chronological product of opera-
tors H, (z) in H defined for any chain s = (z1,...,2,) by t(z;—1) < t(z;). The
sufficient conditions for the existence of the operators U’ as the representations e
of chronological products of the elements F¥(x) of exp{—iH(z)} is the local QS
integrability

HY (x)d:c} ®1

Xt

IG5 < 00, [IHY I3 = | Hy I3 < oo, || HL |7 < 0.

These conditions define the QS integral > A# (t, H*) = AY(H) as a (£1,¢)-
continuous operator for any £ > 1 > ¢ and the QS time ordered exponential
[14] Ut = &p{—iAt(H)} as

Ut = F[O,t) (L) =€ (F[O,t))

even if H(z) is not pseudo Hermitian.

5. NON-MARKOVIAN QS PROCESSES AND LANGEVIN EQUATIONS

Let A C B(H) be a unital x-algebra of operators A € A, acting on a Hilbert
space H, and j' : A — B(G) be a family of unital *-homomorphisms, representing
Aon G=H®F as a QS process in the sense [12,13]:

JHATA) = 1A A) L ) =T

We shall assume that each process A' = j'(A) has a QS differential dj(A) =
dA(9(A)) in the sense

i'(A) )+ > ALt O (A (4.1)

where 8 = (0 )fj_a;r is a family of linear maps 9% (z) : A — B(G), depending on
x € X in such a way that the table-function D(x) = 9(z, A) is QS integrable for
every A € A. The QS derivative 8 of the process j was introduced by Hudson [14] in
the Markovian case @ = jo, corresponding to the assumption 0*(x, A) C j4*)(A)
for all p,v and x. Using the adapted QS Ité formula he obtained the cohomology
conditions for the maps A,: A — A, which are necessary and sufficient in the
constant case A(z) = A for homomorphism property of j. These conditions can be
written simply as unital x-homomorphism property for p =A+j, j(A) = A®1

(P(va*A) = (p($7‘4)*‘p(x"4) ’ (p(l‘,[) =1

in terms of the linear maps p(z) : A — [p#(x, A)] into the triangular block-matrices
= [A%] = ¢(A). In the scalar case £(z) = C

Ph(A) = M (A), u <w; ph(A) = NJ(A) + A, p=v; oh(A) =0, > v,
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is defined as the sum of the map A = [A\Y] into the triangular matrices: A, (A4) =0
if 4 =+ or v = — and the diagonal map j = [j#], j4(A) =0, p # v, jH(A) = A, if
1 =v. As an example one can consider the spatial x-homomorphism

¢(z,A) = F*(2)(A® 1(z))F(z),
where F(x) = [F¥(x)] is a pseudounitary triangular matrix F¥(z) = 0, u > v with
F-=I=F].

We shall prove as the consequence of the theorem 4 that the pseudo-homomorphism
property of a locally QS integrable function ¢ = {@(x)} is also sufficient for the
uniqueness and homomorphism property (4.1) of the solution j! of QS Langevin
equation (4.2) with a given initial x-homomorphism j° in nonstationary and non-
Markovian, and even in the nonadapted case.

Before doing this let us describe a decomposable operator representation A =
J ® A(5¢)ds of the unital x-algebra A of relatively bounded A-valued operator-
functions T'(3¢) in a pseudo Hilbert space G = H ® F. Here F is the pseudo Fock
space defined in [8,10] as usual Fock space over the space K = L*(X) ® K & L>®(X)
of LP-integrable vector-function k(x) = [k*(z)| p = —, 0, 4] with the pseudoscalar
product

(kfk) = (k™ [k7) + [|K°]* + (kT [k7) = (k|gk),
k= € LY(X),kT € L>*(X),k° € K. In general case, when K is L*-integral X =
f® E(z)dz of Euclidean (Hilbert) spaces £(z),z € X with

ke K e k(z) 5(3;),/ Ik(2)[Pde < oo,
JF consists of all integrable in the sense
Ikl = Sup[/(/ k(3,5 5e%)|dse™) 2 ds]2 < oo
xt

tensor-functions k(sc, %%, 5) € £9(5) = ®ue,0&(z) of three chains »# € X,
u = —,0,+ with the pseudoscalar product (k|k) = (k|g®k),

(klk) = ///(k(%f,xo,%+)|k(%+,%0,%7)>d%7d%0d%+, (4.2)

Taking into account that () »* = ) almost everywhere for the continuous measure
ds on X, and that for any a € H @ F

(alo) = [ 32 falbr o5 a0, o = (ala)

Ul =3¢
one can consider the space G as a pseudo Hilbert integral [ ®g (5¢)dsc of tensor-
functions a(x) € H ® E®(x) = G(x),E(x) = C @ E(x) ® C with values in direct
sums a(s) = @,y a(sx,3°, ") over all the partitions » = s~ L »° U »F of
2 € X. The operator-valued functions T'(s¢) of 3¢ = (5¢/) are unequally defined by
decomposable operator T = [ © T(5)ds in G acting as

[Ta](>) = Y @[Ta)(>, 5", ") = T(>)a(s),

LiseH =5

pu=—,0,+ — -
_ ny - _
[Ta](5c, 5°, 5+) = E T<%?0J %§> a(s, 5y Usg), 7, Usd) Usxl) (4.3)

Uyl =k
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due to Ls* = Usg, for se# = U,> 2, 30, = U,<, 5. 1t is easy to check that the
pseudo conjugated operator T* = [ @ T (3)*dsc with respect to the pseudo scalar
product (4.2) is also decomposable: T*(5) = T(x)*, and is defined as in (4.3), by
T*(5¢) and the product (T*T)(s) = T*(3)T(5r) corresponds to the product (2.5).
Moreover, the Fock representation (2.1) of the operator x-algebra [ © A(3)ds can
be described as a spatial transformation e(7") = J*T.J, where J is a pseudoisometric
operator (Ja|Ja) = ||a||?, with J*: (J*a|a) = (a]Ja), acting as

[Ja) (s, 5, %) = 0957 )a(s"),  [J*a](>0) =/a(%_,%,@)d%‘ 7

(0p means the vacuum function §y(>c) = 0, if 3¢ # 0,54(0) = 1). One can consider
J*TJ as a weak limit ¢ — oo of the operators J[’a t)TJ[O,t), well defined on G as

Jjo,4) = ffft J(3¢)dse due to

1ol = / / / | RGP 0t <
»xke|0,

and to prove directly the property
JTJJTJ = J*T*TJ
corresponding to the multiplicativity property of e.

Let U' = J*T*J be the solution of the QS evolution equation (3.4) with S =
J*FJ, where J = J®1(2),1# = 0,if p #v, 1= =1 =11, 1§(2) = I(z) is the iden-
tity operator in £(z), and let 7¢: A — A,v': B — B be the corresponding trans-
formations 7(A) = T*AT, v(B) = U*BU of the algebras of relatively bounded
operators respectively in G and G. Then one can obtain, denoting E = JJ*,

J*(t'(A)J = *T*AT'J = J*T*EAET!J = v'(J*AJ),

t t

that is the QS process ¢! = v o€ over the x-algebra A is the composition €/ = e¢o7?
of the representation ¢ and 70 = f® T4 (3¢)dse, where T(3¢, A) = T(3)*AT(5) is
defined due to (3.6) as chronological compositions

G0, (3 A) = F}, (50) - F} (5)AFy,, (30) - Fe, (30) = [0,L 0010 ()] (A)

of the maps ¢y (3 U ) = @(z,2), and 7003, A) = TO(3)* AT (3¢): 7(3) =
7%(5¢) 0 Pjo,1)(5¢), Where

. @ . . . - @ @
o(A) = / O, A(3))dse = F*"AF, A c A= / / AU z)dsed.
Moreover, if a B-valued process B! = €(A') has a QS differential dB = dA(D),
then the transformed process B! = v*(B?) satisfies the QS equation
B'=B"+A'6(G)-B),G=B+D, (4.4)
where B(z) = U*(2)B(2)U(z) = v(z, B(z)), B(z) = J*A!®)(2)J, 0(G) = S*GS

as it fallows directly from (3.4) and the main formula (2.9):
d(U*BU) = dA (U*S*(B + D)SU — U*BU) .
In particular case D = 0 this gives the QS Langevin (non adapted) equation for

the QS process €': A — B, written in the differential form as

de!(A) = dA*(e o ¢(A) —€(A)) = dA(e 0 A(A)) , (4.5)
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where A(z) = fEB A(z U s)dsx € A(z),
MA)=¢(A) — A e(z,A) = v(z, T"AJ),
and (€0 @)(A) =v oo (J*AJ) due to
J*¢(A)J = J*F*AFJ = J*F*EAEFJ = S*J*A*JS = ¢(J*AJ) .
The restriction of the equation (4.7) on the *-subalgebra A ® 1€ € A,19(s) =

®ges 1(z) gives the (non Markovian) Langevin equation (4.2) for j¢ = €t oj, j(A) =
A ® 1% with the QS derivative

O=€odoj, jr,A)=A4A21x)x1%

over A C B(H).

Let us find the solution of the general Langevin QS equation (4.5) with nonspatial
map ¢. It is given by the following theorem, which is an analog of the theorem 3
for the maps A, ¢, T instead of the corresponding operators L, F, T,.

Theorem 4. The QS equation (4.5), written as € = e+ At 0§ for all A € A with
o (z,A) = e (z,A(z,A)),  (A) =JT(A)J

is defined by linear decomposable maps A(z): A(x) — A(z) with \(z, A) = 0, if
p=+ orv=— and1°: A — A as the representation

(A) = J*TH(A)T , e(z,A(z)) = I+ @ (2, A(x))T
of the recurrences

T (3¢) =74 (3¢) 0 ¢t(w)(%), rexe X, (4.6)

t e (t_(x),t(z)], t+ € (t(x),tr(x)], wherety = tya for a chain e = (X1, ..., Ty, ...

T =T, by = t(xm); and
i) (x Uz, A) = Xz, 22, A) + A = ¢(,50,A), A € Az Ul ») .
The recurrency (4.6) with initial condition T(3¢) = 7°(5¢) for all t € [0,t1] has the

unique solution

7! (50) = T°(5) 0 bpo.0) (%) o) = C0%sciPs (4.7)
defined for every »x = (x1,...,Tm,...),t € (tm—1,tm] by the chronological compo-
sition O(;é%t¢t(x) = ¢t1 0--+0 ¢tm_1 Of ¢t(m)(%) = ¢($,%\.’£) f07‘ x € x = {:L' €
xlt(x) < t}, @s(30) = i(32), i(52) is the identity map A(s) — A(5), if s & t(5). The
solution {€*} of (4.5) is Hermitian: €5(A*) = €*(A)* up to at > 0, if 7° and ¢(z)
are pseudo Hermitian:

9(A*) =7%(A)*, d(z, A*(2)) = d(z, A(z))",z € X,

and is (unital, faithful) QS-process, representing A, if T°: A — A and ¢(x): .A —
A(z) are (unital) x-endomorphisms (automorphisms) of the algebras A and A(z)
for almost all x € X*.

Proof. We look for the solution of the equation (4.5) as for the representation
€'(A) = J*A'J of a process Al = 7¢(A), transforming the *-algebra A. From
definition of €(x) and A(z, ») = A(3cU x) we obtain

e(z,A(z)) = I*A(2)T, A(z) = 7 (2, A()) = A" (),



24 V.P. BELAVKIN

and A'(6(A)) = A‘(J*LI) = J*N'(L)J, where L(z) = ') (z,L(z)), L(z) =
Az, A(z)). This gives the equation (4.6) in the integral form as the representation
J*(A? + N*(L))J = J*A'J of the equations

70052, A(5¢ Z O (2, 30\z, Az, 22\z, Az, 2\x))) =
rEx?t
006, AG2) + D 70 (G, Ay (56, A () = 7 (35, A ()
rExt
where Ay (;)(32) = A(x, 3c\x) for a x € ». Denoting A;(A) + A as ¢;(A), we obtain
the recurrency (4.6) for 7¢(3) = 7,,(3),m = |5!'| supposing the linearity of the
maps 7'
Tm () ) + Z (Tr—1(5¢) 0@t (30) = Th—1(3¢)) = Tr—1(3¢) 0 Py, (50).
k=1

This recurrency has the unique solution (4.7), which is linear as the composition of
the linear maps 7° and ¢,, what proves the uniqueness of the solution e’ = e o7t of
the equation (4.5).

If the maps 7°(5) and @(z, ») = ®¢(z)(5c U x) are pseudo Hermitian, then the
composition 7¢(s) is also pseudo Hermitian, and if they satisfy the (unital) x-
endomorphism (automorphism) property

0 (A*A) =7° (A)*TO (A)> ¢(1‘, A*A) = ¢(l‘7 A)*¢(I7 A)
(AT =7A) ", p(a, AT =z, A)7)

for x € X', then the compositions (4.7) have obviously the same properties. This
proves the Hermiticity and (unital) homomorphism (isomorphism) property for the
map €: A e A— J*T(A)J. O

Let us denote by A? C A the x-subalgebra of relatively bounded operators A =
[¥ A(0)dse with A(x) = A() ® 1¥(5¢;), and by B C B the corresponding
algebra of operators B = Bt @ i[t with BY, acting in G'. The adapted QS process
€' over A is defined by the condition €' (A") C B* for almost all ¢, and corresponds
to the adapted QS evolution v': B — B,v!(B') C B!, described as v!(B) = €'(A)
for B=J*AJ.

Corollary 4. The QS process €', defined by the equation (4.6), is adapted, if
70(A%) C A° and ¢(z, ) = ¢(z, ') ®i(5¢4()) for almost allz € X. In that case
the QS evolution v' is defined by adapted map o (z): J*At(m () At(x (x)J;
the transformed adapted process Bt = v*(BY), with B, having the derwatzve D(z) €
J*At( )( )J, satisfies the QS differential equation

dv'(B") = v'[dA (e(B®1) +a(D) — B®1)] (4.8)
In particular, if Bt = A®1 and o(z, A 1®1) = ¢(z,A) @1, p(z, A) € A(z),
where A(z) is the algebra of A-valued triangular matrices A = [AX], AL = 0, if
p > v,AZ = A = AY then the equation (4.8) has the form (4.1) in terms of
7'(A) = v (A® 1), O (x) = ") o Nj(x), where

7°(A) = 9(A) @1,A(z,A) = p(z,A) — A2 1(z),A € A.
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If the maps @ (x) are locally LP-integrable in the sense
1Al < 00, G115 < oo, [IAg [l < oo, [AZ ] < oo, (4.9)

where | AL = ([x supAeA{H)\(%A)H/||A||}pdx)1/p, then the solution j'(A) =
J* (B0, (A @ 1))J exists as relatively bounded QS integral

7'(A) = Ao, (17 0 X (4) @ 1), X (30) = 05, A, 594())

where Xz, 5) = Xx) ®i®(5), 1% () is the identity map for operators in E® () and
70(5¢) = 10 ®i%(5). It has the estimate

I3t (Al < ||T°||exp{/xt(||/\l(fv)ll + (1IN @)% + 1A (2)]*)/2e)da}  (4.10)

for €7 /&€ > esssup ey« [|08(2)]], | Al < 1, and sufficiently small € > 0.

Indeed, the process €' (A") = J*r(A")J is adapted, iff 7/(5c, A) = 7! (5, A) @
1¥(5¢,), as it was proven in the Corollary 2. But due to 7(s, A) = 7(3, A(x)), it is
possible only in the case Af(s) = A'(5") @ 1% (5q,) and 7! (3¢) = 7' (5¢") ® 19 (5¢,),
what is equivalent to the corresponding conditions for 7° and ¢(x). If B! = J*AtJ
is an adapted process: A’(x) = A*(x") @ 1¥(5¢,), then

Al(z,0) = Al(sxUz) = Al () @ 1(z) , Vi < t(x)
B(z) = J*A'®) (2)J = B'® @ 1(z) | Vo e X

and B(z) = v(z,B(z)) = B'®) @ 1(x), where B! = v!(B?) for the transformed
process v(z, B ® 1(z)) = v'*)(B) ® 1(z) evaluated in B = B**). This gives the
equation (4.4) for the adapted process B* in the differential form (4.8):

'(B') = N ((e(B® 1+ D) — B 1)) = ol [dA (B(B) + #(D))],

where B(B) = 6(B®1)—B®1 and dAfov = viodA? for the adapted evolution v! due
to the same arguments, as in Corollary 1. This equation, rest{icted on B'=A®1
has the integral form (4.1) due to D = 0 where j*(A) = v{(A®1),d(x) = v!(®) 0B ()
because v(z) = v'®) ® 1(z). If 8 = A® 1, where A(z, A) € A(z), then it can be
written as
dj*(4) = dA'(§(A(A)) = ' [dA' (A(4) @ 1)] -
The solution j*(A4) = J*7'(A ® 1%)J of this equation is defined by chronological
composition (4.7) as
Tt(%v A® 1®) = TO(%7 (pb(%th) ® 1®(%[t))790>(%) = O;é%QD(CE, J’ft(z:)) ;

where 7°(x) = 7° ® i ® (x) is an initial map, and ¢(z, ) = @(z) ®i(5¢). It can be
described as jt(A) = €(T") by operator-valued function

T*(30) = 7°[p(x1, (%2, (%, A)))] @ 1% (5e1,)

tm <t < tmi1, corresponding in (4.2) to the decomposable T? = 71(A ® 1%) for
a partition 3z = (5¢) of the chain s = (z1,...,Zm,...) € X with p(x#) = ¢! (x).
Hence, the operator T? is relatively bounded for A € A:

pn==,0

IT Gl < I=°I 1Al TT et ol = =111l TT ¢G4,

rEx v=0,+
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t(z)<t
. el @)l

where ! (x) = ¢(z), if t(z) < t, otherwise ¢! (x) = i(z), and ¢* (5) = H .
This proves like in the Corollary 3 the existence of the solution j(A4) = T =
e(T?) of the equation (4.1) as relatively bounded operator B = j‘(A) € B for
any A € A, having the estimate (4.10) for ||A|] < 1 in terms of || (z)| =
sup{||le“(AI/I1All}, ¢~ = AL for p < v. It can be written in the form of the
multiple QS integral (1.5) with respect to the operator function B(s) = L(s) ® 1
with

L5, A) = 7O \(x1, M(Xa, . .., A(Xp, A) ... )] = 7O\ (3¢, A)]
for any partition I_Iﬁzaf%{j = (x1,...,&,) € X where A(x%) = A(x) on the single
point table x = (s¢#), ¢t = x.

The solution of the nonstationary Markov Langevin equation in the form of
multiple QS integral was obtained recently in the frame work of It6 QS calculus
by Lindsay and Parthasarathy [15] for more restrictive conditions then (4.9) (finite
dimensional and local bounded A\%).
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