A New Wave Equation For a Continuous
Nondemolition Measurement

V. P. Belavkin*
Institute of Physics, Copernicus University, Toruni (Poland)

December 1988
Published in: Physics Letters A, 140 (1989), No 7,8, pp 355-358

Abstract

A stochastic model for nondemolition continuous measurement in a
quantum system is given. It is shown that the posterior dynamics, in-
cluding a continuous collapse of the wave function, is described by a non-
linear stochastic wave equation. For a particle in an electromagnetic field
it reduces the Schrédinger equation with extra imaginary stochastic po-
tentials.

According to the statistical interpretation of the wave function ¥(¢, x), a
quantum measurement of a simple observable X of a particle reduces it to
an eigenfunction of X by a random jump (collapse, or reduction of the wave
packet). Such a jump cannot be described by the Schrodinger equation because
the latter corresponds to the unobserved particle. To ignore this fact gives rise
to the various quantum paradoxes of the Zeno kind. The aim of this paper is
to derive a dissipative wave equation with an extra stochastic nonlinear term
describing the quantum particle under continuous nondemolition observation.
This derivation can be obtained in the framework of quantum stochastic theory
of continuous measurements developed in refs. [4, 2, 5], and the quantum non-
linear filtering method recently announced in [6]. The derivation can be done
in general terms but for simplicity here we consider a quantum spinless particle
in an electromagnetic field. The unperturbed dynamics of such a particle with
mass m is given by the Schroédinger equation

1hdw /ot = [(U +1hV)?/2m + V], (1)

where U = eA/c and V = e®, A(t,z) and ®(¢, ) are the scalar and vector
field potentials.
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A continuous process Y is taken as the sum
Y(t) = (202X (t) + e(t) (2)
of the standard white noise e = (e, e, e3) (error),
(ei(r)ex(s)) = duwd(r — s),

and the particle coordinate operator process X = (X1, X2, X3) in the Heisen-
berg picture X (t) = U(t)* XU (t) with amplification v/2X (X > 0 is the accuracy
coefficient).

Indirect measurement of the position of the particle described by (2) perturbs
its dynamics (1) in such a way that the vector process Y = (Y1, Y, Y3) is a
commutative one (self-nondemolition),

[Yi(r), Yi(s)] = 0 (3)
and satisfies the nondemolition principle [5, 6]
Yi(t), Z(s)] =0, t<s, (4)

with respect to all future Heisenberg operators Z(t) = U(t)* ZU (t) of the parti-
cle. This means that the unitary evolution U(¢) can no longer be the resolving
operator for eq. (2) but must be defined for an extended quantum system in-
volving an apparatus with field coordinate described by the white noise e. A
very nice model of such an extended unitary evolution is based on the quantum
stochastic Schrodinger equation

dU + KUdt = (dBTL — LTdB)U, (5)

K = LTL/2+1H/h, introduced by Hudson and Parthasarathy in ref. [8]. Here
H is the Hamiltonian which in the spinless case is

H = [eA(t,z)/c+1hV]*/2m + eD(t, z), (6)

L(t) and B(t) are the vector-operators (columns) of the particle and of a Bose
field respectively in the Schrédinger picture, L™ = (L}) and B* = (Bj) are rows
of conjugate operators, LTL = ZL;L]-, BTL = ZB;-‘LJ-, L'B = ZL;B]-.
The Bose field operators B;(t) are defined in Fock space as annihilations by the
canonical commutations relations

(B.(r). Buls)] = 0.

[Bi(r), Bi(s)] = dird(r—s)

for the (generalized) derivations Bj(t) = dB;/dt, and dB in (5) are the forward
increments dB(t) = B(t + dt) — B().
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Let us respect the error in (2) as the operator-valued vector-process
e(t) = 2RB(t) = B(t) + B(t)",
having the correlations of the standard white noise,
(es(r)en(s)) = (Bi(r)Bi(s)) = dud(r — s),

with respect to the vacuum state of the Bose field. One can easily prove that the
nondemolition principle (3), (4) is fulfilled if L(¢) = (2)\)'/2X where X is the
coordinate vector-operator of the particle given in the Schrédinger representa-
tion as multiplication by @ = (x1, x2, 3). Indeed, in this case Y (t) = fg Y(r)dr

is an output process Y = Q with respect to the evolution U in the sense of refs.
6, 3, 7, 1]:

Qi) =U(s)'Q-j()U(s),  s<t, j=123,

where

Qt) = / e(r)dr = 2RB(t)
0

is the standard Wiener process in Fock space. Hence Y](t) commutes with Y3 (s)

and Z(s) for all s >t due to the commutativity of ¢;(t) with ej(s) and Z. The
corresponding quantum Langevin equation

A2+ (ZK +K*Z — L  ZL)dt = dB*[Z, 1] + [B", 2)dB, (7)

where K(t) = U(t)*KU(t), L;(t) = U(t)*L;U(t), gives the quantum stochastic

Lorentz equation for Z = Xj, j=1,2,3,
mX = e(E + X x H/e) +h(2N)23B",
E=-V&(X), H=VxAX),
(X X I:I)z = Eijk(Xjﬁk + .Hka)/2
Note that the extra stochastic force

76y =3B =" 2B B

perturbs the Hamiltonian dynamics of the particle and to the observation (2) is
another white noise of intensity *)/2, which does not commute with the error
e:

h

2

[ej(8), fi(s)] = — (202656 (t — 5). (8)



Due to the openness of the observed particle as a quantum system in the Bose
reservoir, its prior dynamics is a mixing described by the irreversible master
equation

d
o (Z)¢ +{ZK + K*Z — LT ZL); = 0, (9)

obtained by averaging (7) with respect to the product ¢y = ¢ ®|0) of an initial
wave function 1 of the particle and the vacuum state |0) of the Bose field. This
means that the prior expectations (Z); = (| Z¢;) of the particle observables
Z for ¢ = U(t)po cannot be described in terms of a wave function involving
only the particle, in spite of the fact that the initial state of the particle is a
pure one.

The posterior dynamics of the particle is described by posterior mean values
2(t) = (Z)*, which are defined as conditional expectations

(2)' = U )ZU() = €(Z(t) (10)

of Z = U*ZU with respect to the observables Qt = {Q(r)|r < t} up to the
current time instant ¢ and the initial state vector ¢g. As it was proved in ref. [3],
the nondemolition principle (3), (4) is necessary and sufficient for the existence
of the conditional expectation €’ : Z et(Z ) with respect to any initial . For
a fixed Z, it is a non-anticipating c-valued function 2 : q — z(t, q) = (Z)(q")

on the observed trajectories ¢ = {q(t)} of the output process Y = Q; the
conditional expectation e’ must satisfy the positive projection conditions

(2°2) 20, ¢(2(t,Q)(q) = =(t, q)-

Hence for any particle operator Z the posterior process 2(t) = (Z)? is a classical
(commutative) stochastic one; its averaging over all observable trajectories g
coincides with the prior mean value: (2(t)) = (Z);. As a linear map Z — (Z)!
it is described by the quantum filtering equation

dZ)Y +(ZK + K*Z — LT ZL)'dt = (ZL + L™ 2)'dQ, (11)
obtained in ref. [6] for the case considered

t
Y(t) = / 2R[L(r)dr + dB] = Q(t)
0
and ref. [3] for general output nondemolition processes with respect to the

initial vacuum Bose state. Here Z(t) = Z — 2(t)I is the deviation of Z in the
Schrodinger picture from the posterior mean value 2(t) = (Z)* and

Q) = Q) - / () + 1 (r)ar (12)



is the observed innovating Wiener process, I(t)(q) = (L)(q").
Let us prove that for any initial wave function (x) of the open particle the
posterior state (9) is pure and is given by

5(1) = / B(t, ) Z4(t, m)da = p()* Zg(1), (13)

where the posterior wave function @(t, x)(q) = ¢(q', z) satisfies the stochastic
wave equation ~ o

d¢ + Kodt = LedQ, (0, z) = ¢(). (14)
Indeed, if $ satisfies eq. (14) in the Ito form, then (Z) = ¢+ Z¢ satisfies the
following equation,

dZ) = (ZK + K*Z — L' zL)dt = (ZL + L 2)dQ, (15)
obtained by using Ito’s formula
d(¢TZp) =dot Zo + ¢t Zdp + dpT Zdp (16)

and the Tto multiplication table dQ,dQ; = 0;ldt. Comparing (11) and (15)
and taking into account the relation ((Z — 2)L) = (Z(L — 1)), one obtains

K = L"L/2+ 0 /h with
L=L—R1+/h, (17)

where 7(t) = (#1,72,73)(t) and §(¢) are arbitrary (inessential) real functions of
q' and } X
H=H —RRISL — #RL — § (18)

is the Hamiltonian of the particle. Putting ©# = 0, § = 0, we obtain the following
stochastic dissipative equation,

dp + (LT L/2 +H /R)@dt = LpdQ, (19)

which is nonlinear because L and H depend on ¢ (17). Multiplying the posterior
normalized wave function ¢(t, ) by the stochastic amplitude ¢é(t) which satisfies
the Ito equation

dé + (R1)2edt/2 = (R1)edQ,  &(0) =1, (20)
using Ito’s formula one can easily obtain
d(eg) = {RIAQ — (R1)%dt/2 + LAQ — Kdt + LRIdt}é
{(RI+ L)AQ — [(R1)?/2 + K + LRIdt}ép = (LAQ — Kdt)ép,



where the relation dQ,dQy = 6y dt for dQ = dQ — 2RIldt, L =L — Rl, K =
K — LRI+ (R1)?/2 was taken into account. Hence the nonnormalized posterior
wave function x(t, ) = ¢(t)$(t, ) satisfies the linear stochastic equation

dy + (LTL/2 +1H/h)xdt = LxdQ. (21)

The last equation can be transformed to a nonstochastic linear equation for
P(t) = exp[-LQ(4)[x(?):

hoP(t) /0t = H(Q()b(t), $(0) = v, (22)

where
1H(Q(t) = hexp[-LQ(1)](K + L?/2) exp[LQ(t)]

is a perturbed Hamiltonian W (t)HW*(t), W (t) = exp[-LQ(t)] (W* = W1,
if L* = —L). Indeed, with the help of Ito’s formula, we obtain

dp = e LQdyyde LRy - £2e-LQgq:
= o LQEAQ - Kdt)y - (LdQ - L2dt/2)e L Qg — L2jat
X o 1 . .
= —eLQx +12/2)elQpar = —H(Q(t)ddt.
?
Eq. (22) for any observed trajectory g(t) can be viewed as the Schrodinger equa-

tion (1) with complex potentials U and V. In the case of position observation,
L = (\/2)'/2x, these potentials have the form

U(t,z) = eA(t,x)/c+h(\/2)Y?q(1),
V(t,z) = ed(t,z)—[()/2)"/ a], (23)
and we get
Hig) = expl~(\/2)"*za(H — sihAz?) exploa(/2)/? =

%{(e/C)A +[V—(\/2) 2 g} +e® + %m?

The solution (¢, z)(q) = 1(g',z) of the wave equation (22) for an observed
trajectory ¢ = {q(t)} defines the posterior normalized wave function

o(q', ) = exp[(\/2)*zq(t) — Inc(q")v (', ), (24)
where

Iné(t) = /Ot(A/Z)l/%dQ — \a&2dt/2

can be obtained from the normalization condition

e(q')? = / expl 2N 22|l (¢, =) dz. (25)



Note that the indirect nondemolition measurement considered is complete
in the sense that the posterior state of the particle is pure if the initial state
is pure. Hence the posterior dynamics of such indirectly completely observed
particle is pure contrary to the prior dynamics which is always mixed (for A # 0)
even for vacuum quantum noise. In the case of noncomplete measurement, if
for instance, an extra bath is added, or if the noise has a nonzero temperature,
as is supposed in ref. [5], this fact is no more true.
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