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ABSTRACT. We prove that a single-jump quantum stochastic unitary evolution
is equivalent to a Dirac boundary value problem on the half line in an extra
dimension. This amounts to the equivalence of the quantum measurement
boundary-value problem in infinite number particles space to the stochastic
calculus in Fock space. It is shown that this exactly solvable model can be
obtained from a Schrédinger boundary value problem for a positive relativistic
Hamiltonian in the half-line as the inductive ultra relativistic limit, correspon-
dent to the input flow of Dirac particles with asymptotically infinite momenta.
Thus the stochastic limit can be interpreted in terms of quantum stochas-
tic scheme for time-continuous non-demolition observation. The question of
microscopic time reversibility is also studied for this paper.

1. INTRODUCTION.

All the attempts to derive the probabilistic interpretation of quantum mechan-
ics from classical stochastic mechanics or even from a classical chaos (determinis-
tic unstable dynamics) so far have been unsuccessful. The reason for this is the
nonexistence of hidden variable theories satisfying the locality principle which can
reproduce all quantum probabilities. Here we prove an opposite point of view that
any classical, as well as quantum stochastics, can be derived from a quantum deter-
ministic (Hamiltonian) dynamics starting from a pure quantum state. It has been
already proved in [1] that the piecewise continuous stochastic unitary evolution
driven by a quantum Poisson process is equivalent to a time-dependent singular
Hamiltonian Schrodinger problem, and the continuous stochastic unitary evolution
driven by a quantum Wiener process can be obtained as the solution of this problem
at a central limit.

There exits a broad literature on the stochastic limit in quantum physics in which
quantum stochastics is derived from a nonsingular interaction representation of the
Schrodinger initial value problem for a quantum field by rescaling the time and space
[2]. Our intention is rather different: instead of rescaling the interaction potentials
we treat the singular interactions rigorously as the boundary conditions, and obtain
the stochastic limit as an ultra relativistic limit of the corresponding Schrodinger
boundary value problem in a Hilbert space of infinite number of particles. We shall
prove that the discontinuous and continuous classical as well as quantum stochastic
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evolutions can be obtained in this way from a physically meaningful time continuous
(in strong sense) unitary evolution by solving a boundary value problem with an
initial pure state in the extended Hilbert space.

First we shall describe the boundary value problem corresponding to the single-
point discontinuous stochastic evolution and demonstrate the ultra relativistic limit
in this case. Then we shall obtain in a similar way the arbitrary piece-wise con-
tinuous stochastic evolution driven by a Poisson process starting from the second
quantization of this model. And the continuous stochastic and quantum stochastic
evolution driven by a (quantum) Wiener process is then obtained as the central
limit of the strongly continuous unitary evolution model as it was done in [1, 3]
in the singular Hamiltonian approach. But before performing this program, let
us describe the unitary toy model giving an ”unphysical” solution of this prob-
lem corresponding to the free hamiltonian h(p) = —p. This toy model in the
second quantization framework was suggested for the derivation of quantum time-
continuous measurement process in [4]. Recently Chebotarev [5] has shown that the
secondary quantized time-continuous toy Hamiltonian model in Fock space with a
discontinuity condition is equivalent to the Hudson-Parthasarathy (HP) quantum
stochastic evolution model [6] in the case of commuting operator-valued coefficients
of the HP-equation. Our approach is free from the commutativity restriction for the
coeflicients, and we deal with time-reversible Dirac Hamiltonian and the boundary
rather than physically meaningless discontinuity condition and time irreversible —p.
Moreover, we shall prove that the stochastic model can be obtained from a positive
relativistic Hamiltonian as an inductive ultra relativistic limit on a union of Hardy
class Hilbert spaces. We call this limit the inductive stochastic approximation.

2. A ToOy HAMILTONIAN MODEL.

Here we demonstrate on a toy model how the time-dependent single-point sto-
chastic Hamiltonian problem can be treated as an interaction representation of a
self-adjoint boundary-value Schrodinger problem for a strongly-continuous unitary
group evolution.

Let H be a Hilbert space, H be a bounded from below self-adjoint operator, and
S be a unitary operator in H, not necessarily commuting with H. The operator
H called Hamiltonian, is the generator for the conservative evolution of a quantum
system, described by the Schrodinger equation ihd;n = Hm, and the operator S
called scattering, describes the unitary quantum jump 7 — Sn of the state vectors
n € H caused by a singular potential interaction in the system, with the continuous
unitary evolution n — e~ 7y when there is no jump. As for an example of such
jump we can refer to the von Neumann singular Hamiltonian model for indirect in-
stantaneous measurement of a quantum particle position x € R via the registration
of an apparatus pointer position y € R. It can be described [1, 3] by the z-pointwise
shift S = & by o (z) = €*% of y in the Hilbert space L? (Rz) of square-integrable
functions 7 (z,y), and it does not commute with the free Hamiltonian operator
H= % (y2 — (‘32) say, of the system ”quantum particle plus apparatus pointer”.

It is usually assumed that the quantum jump occurs at a random instant of time
t = s with a given probability density p(s) > 0 on the positive half of line R*.
If H and S commute, the single-point discontinuous in ¢ stochastic evolution can
formally be described by the time-dependent Schridinger initial value problem

ihoyx (t) = Hs () x (t), x(0)=n
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with the singular stochastic Hamiltonian
(2.1) H, (t) = H +ihds (t)In S,

where 05 (t) = d(t —s) = d;(s) is the Dirac d-function of z = s — ¢t. Indeed,
integrating the time-dependent Hamiltonian H, (s) over r from 0 to ¢ for a fixed
s € R, one can obtain x (t) = V (¢, s) n with

V (1, s) = e~ 1 Sy Ho(r)dr — o= tH GAL(S) _ of (=) H GAY(s) o=t sH

where Af (s) = fg Oy (s)dr is identified with the indicator function 1y of the
interval [0,¢) for a ¢t > 0 (at t < 0 it is zero if s > 0). The right hand side is the
form of the unitary stochastic evolution V' (¢, s) which should remain valid even if
the operators H and S do not commute. First the evolution is conservative and
continuous, V (t,s) = e~ 7 for t € [0, s), then the quantum jump S is applied at
t = s, and at ¢t > s the evolution is again continuous, described by the Hamiltonian
H. As it was noted in [1], the rigorous form of the stochastic Schrodinger equation
which gives such solution even for noncommuting H and S in the positive direction
of t, is the Ito differential equation

(2.2)  d,V (t,5) + %HV (t,s)dt = (S— D)V (t,s)d1; (s), t >0, V(0,s)=1I.
Here d;V (t,s) =V (t + dt,s) — V (¢, s) is the forward differential corresponding to
an infinitesimal increment dt > 0 at ¢, and d1; (s) = A (s —¢t) is the indicator
function A (s) = 1p¢ar) (s), the forward increment of the Heaviside function
1 (s) = 1o (s — t), where 1g = 1(_o0). The equation (2.2) simply means that ¢ —
V (t) for a fixed s = z satisfies the usual Schrédinger equation ih0,V (t) = HV (1)
if t # s as dl;(s) = 0 for a sufficiently small d¢ (dt < s —¢ if ¢ < s, and any
dt > 0 if t > s), while it jumps, d;V = (S — 1)V at t = s as d1; (s) |=s = 1 > dt.
Integrating d,x (z) = d.V (2)n on the domain of the operator H first from 0 to
z = s with an initial condition x (0) = 7, and then from s to ¢ with the initial
condition x (s4) := lim,~ s x (2) = Sx (s) one can easily obtain the solution in the
form x (t,s) =V (¢, s)n, where

(2.3) V(tz)=e TS (2)100) G () = ersllgemi =M

without the commutativity condition for H and S.
Now we shall prove that the stochstic single-jump discontinuous evolution V' (t) =
V (t,-) can be treated as the interaction representation

(V(X") (2) =V (.2 (2) = (eF"0x!) ()
for a deterministic strongly-continuous unitary group evolution x° — x' in one

extra dimension z € R with the initial conditions localized at z > 0 as x° (2) =7 €
H, x° (2) = 0 at z < 0 such that

/OOO JAV (&, )l p (s) ds = [[(4 @ 1) x|

Here A is any operator on H, h (p) = —p is free Hamiltonian given by the momentum
p = —ihd, in the direction of z € R, and 1 is the identity in L? (R, p).
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Proposition 1. Let R 3 z — p(z) be a smooth positive symmetric function nor-
malized as fooo p(s)ds =1, L? (R, p) be the space of p-square integrable functions
g:R—C,
2 2
o), = [ 19 o)z = g} < .

and u(z) be a locally integrable complex function with 2Imwu (z) = hd,lnp(2).
Then the described stochastic Hamiltonian problem (2.2) is unitary equivalent to
the self-adjoint boundary-value Schriodinger problem

(2.4) ihoyx' (2) = (u(z) +ih0, + H) X' (2), x"(0_) = Sx"(0), t >0
in the Hilbert product H @ L? (R, p) in the following sense: the unitary operators
Vt = et?%=V (t) defined by the stochastic evolution at t > 0 form a strongly continu-

ous group with V=t = V¥ V0 = I resolving the boundary value problem (2.4) as
X' =V ¥ e H® L (R, p).

Proof. The boundary value problem (2.4) is well defined on the space of smooth (at
z # 0) p-square integrable functions x with values in a dense S-invariant domain
of H. It is symmetric as H is self-adjoint, and due to the unitary boundary and
logarithmic derivative conditions

= (ISx I = Ix OIF) £0) = (Ix 01 = x (0)]*) p (0)

= [ 1o (IK@IFp @) +Ix I (3 tmu () p() — 0.p(2) ) | d=
/| (

2 ) 2 .
=& [ (e I + ARe () () (2)dz = T (i)

In fact, this problem is self-adjoint on the natural extension of this domain to
the absolutely-continuous at z # 0 right-continuous at z = 0 H-valued functions
satisfying the boundary condition with the derivatives in H ® L? (R, p) as it has
apparently the differentiable unitary solution

(2.5) X' (2) = et Jo PTG (2 ) xe (5) = 5%50x0 (),
where X (s8) = exp [ 7 fo )+ H) dz] O(s ) for any x° from the extended do-
main. Indeed, substituting X = exp[ fo r)+ H) dr] x5 into the equation

{2.4} we obtain the transport equation 9;x}, (2 ) = azXo( ) with the same bound-
ary condition x§ (—0) = Sx{ (0) and the initial condition x§ = xo corresponding to
ax’ € H® L? (R, p). This simple initial boundary value problem has the obvious
solution x4 (2) = x¢ (2 +t) with x; given in (2.5) as

(2.6) Xt (8) = STeat=930(5) >0, y;(s) =S H0E\0(5) t <0.
The unitarity of $20() in H and of shift €% in L2 (R) implies the unitarity of
the resolving map V' : x* — x! in H® L? (R, p),
I = Ixell® 2 (0) = xoll* £ (0) = [IX°]|
because p (z) = p (0)exp [+ [5 2Imu (r)dr] and

2
Iz = /|

- / Ix0 ()12 9.(0) d= = [[xolI? £ (0)..

i z 2
s o
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Moreover, the map ¢ — V! has the multiplicative representation property V"V =
t

V7+t of the group R 3 r,t because the map ¢t — S*0(®) is a multiplicative shift-

cocycle,

SR5(5)t0s GAG(S) = ¢t0: GATT' () ¢ € R

by virtue of the additive cocycle property for the commuting Af (s) = 1; (s)— 1o (s):
[Af + eta*Ato] (8)=1,(s) = 1o (s) + 1 (s +1) — Lo (s + 1) = ' AL (s).

The subtraction x (¢, z) = erthyt (2) of free evolution with the generator hg (z) =

(u(z) +1hd.) g (z) obviously gives
Y (t, S) _ 6% s u(sfr)drxt (S . t) _ eﬁ(JUS u(sfr)drqt(sft)H)Xt (5)
_ e%(f; u(z)der(sft)H)SAé(s)e—% f;(u(z)+H)de0 =V (¢s) XO ()

)

th

Thus the single-point discontinuous unitary e~ -cocycle

Vit s) = erthyt = et mOHGA () g isH e R

with Af (s) = 1jg,4) (s) for a positive t and s € RT, solves indeed the single-jump Ito
equation (2.2). It describes the interaction representation for the strongly contin-
uous unitary group evolution V' resolving the boundary value problem (2.4) with
initially constant functions x° (s) =7 at s > 0. Moreover,
(A D) vall, = (A 1) x O,
coinsides with the expectation of || AV (¢,-)n||* for any n € H and A € B(H) if
X" (2) = 0 at 2 < 0 because x (¢,2) = V (t,2) x° (2) = 0 at 2 < 0. Note that such
localized initial x° € H ® L? (R, p) are absolutely continuous with zero derivative
at z # 0, and they satisfy the boundary condition: x° (—0) = 0 = Sx° (0), but they
are not strictly speaking in the domain of the self-adjoint generator for V* as they
are not right continuoous at z = 0. (]

Remark 1. The toy Schridinger boundary value problem (2.4) is unphysical in
three aspects. First, the equation (2.4) is not invariant under the reversion of
time arrow, i.e. under an isometric complex conjugation n — 7 and the reflection
t — —t, even if S = S7' and ImnH = 0 as the Hamiltonian h = 4+ iho, is
not real, Imh = Ima + ho,. Second, a physical wave function ¢t (z) should have
a continuous propagation in both directions of z, and at the boundary must have
a jump not in the coordinate but in momentum representation. The momentum
can change its direction but not the magnitude (conservation of momentum) in the
result of the singular interaction with the boundary. And third, the free Hamiltonian
h must be bounded from below which is not so in the case of hamiltonian function
h(z,p) = u(z) — p corresponding to the equation (2.4).

Now we show how to rectify the first two failures of the toy model, but the third,
which is a more serious failure, will be sorted out in the next sections by considering
the toy model as a dressed limiting case.

Instead of the single wave function x* (2) on R let us considering the pair (z/), 1[))

of input and output wave functions with

V() =x'(2), 220, ¥ (=2)=x'(2), 2<0
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on the half of line RT, having the scalar product

o0 9 - 2 o0 9

[ (werpa)s@e= [ e e
They satisfy the system of equations

1ho! (z) = (u(2) + 0, + H)Y' (z), ¢° e H® L* (RT,p)

10" (2) = (@ (2) — ihd, + H) Yt (2), 4" € H® L? (R, p)
for a quantum system interacting with a massless Dirac particle in a static field
(u,@) on RT through the boundary condition % (0) = St (0), where ¥ (0) =
X' (0_). One can show that this is indeed the diagonal form of the Dirac equation

in one dimension in the eigen-representation of the Dirac velocity ¢ = —o, along z €
R, with the electric and magnetic field components u, given by the symmetric and

antisymmetric parts u£u of uw on R in the case Im v = 0. The components of (1/;, 1;)
propagate independently at z > 0 as plane waves in the opposite directions with a
spin (or polarization) oriented in the direction of z, and in the scalar case H = C
are connected by the Dirac type boundary condition (1 + i)' (0) = (1 — ip) 4" (0)
correspondent to a point mass Ay at z = 0. The input wave function
(2.7) wt (2) = e—hi fg(u(z+r)+H)drw0 (z+1) = 6_%t(fL+H)w0 (2)

is the solution to the equation (2.4) at 2 € RTwith x°|,~0 = ¥ which does not
need the boundary condition at z = 0 when solving the initial value problem in
t > 0. The output wave function satisfies the reflected equation at z > 0 and the
unitary boundary condition at z = 0:

(2.8) 10" (2) = (a4 (2) — iho, + H) W' (2), &' (0) = Sy'(0),

where 4 (z) = u(—z). It has the solution
Pt (2) = e FR @I G0 (o ) 1 () + S (0 - 2)9° (E - )10 (2)

where 1} (z) = 1 — 1; (2). This can be written in the similar way as 9,

(2.9) I;t (z) = e fot(ﬁ(z—r)+H)dr,JJo (z—t) = . (iH-H)q;O ()
with h = @ (z) — ihd. if ¢° (z) is extended into the domain z < 0 as
(2.10) S(2)9° () =" (—2), S(2) = et HseheH

Note that reflection condition (2.10) remains valid for all ¢ > 0 if ¢ is extended
into the region 2 < 0 by the solution of (2.7) for any ¢t € R*:

P (m2) = e HRCERIHIDIS (1 4 2) 40 (£ 4 2)
S (Z) 67% fot(u(z+r)+H)dr,[/)() (Z + t) -9 (Z) wt (Z) )

Extending also the output wave ¢! by (2.9) into the region z < 0, where ¢° (2)
is extended into z < 0 by (2.10), we obtain the continuous propagation of 0,0
through the boundary in the opposite directions, with the unitary reflection con-
nection (2.10) for all z € R. If Rewu(z) is symmetric (no magnetic field) and

H = H, where Hny = H7 with respect to a complex conjugation in , then the

system of Schrodinger equations for the pair (1/),1[)) remains invariant under the

time reflection with complex conjugation up to exchange ¢~ = 77Z~Jt. Indeed, as



QUANTUM STOCHASTICS AS A DIRAC BOUNDARY VALUE PROBLEM 7

Imu (z) = hod, In+/p(z) is atisymmetric, in this case @ (z) = u(—2) = @ (z), and
the complex conjugated hamiltonian b = @ (z) — ihd, coinsides with the operator
h corresponding to B(z,p) =1 (z) +p = h(z,p). The boundary value problem
is invariant under time reversion if S = S~! as the reflection condition (2.10) is
extended to the negative ¢ by the exchange due to S(z)”' = S(—z). Thus the
reversion of time arrow is equivalent to the exchange of the input and output wave
functions which is an involute isomorphism due to

[ wers@a=i= [ i) e

3. A UNITARY REFLECTION MODEL

As we have seen in the end of the previous section, a unitary quantum state
jump at a random instant of time s > 0 is a result of solving of the toy Schrodinger
boundary value problem in the interaction representation for a strongly continu-
ous unitary evolution of a Dirac particle with zero mass. The input particle, an
”instanton” with the state vectors defining the input probabilities for s = z, has
the unbounded from below kinetic energy e (p) = —p corresponding to the constant
negative velocity v = e’ (p) = —1 along the intrinsic time coordinate z which does
not coincide with the direction of the momentum if p > 0. One can interpret such
strange particle as a trigger for instantaneous measurement in a quantum system at
the time z € RT, and might like to consider it as a normal particle, like a ”bubble”
in a cloud chamber on the boundary of R¢ x Rt as it was assumed in [1], with
positive kinetic energy and a non-zero mass.

Our aim is to obtain the instanton as an ultra relativistic limit of a quantum
particle with a positive kinetic energy corresponding to a mass mg > 0. Here
we shall treat the kinetic energy separately for input and output instantons as a
function of the momentum p € R~ and p € RT respectively along a coordinate
2z € RT with the same self-adjoint operator values e (p) > 0 in a Hilbert space b of
its spin or other degrees of freedom.

For example one can take the relativistic mass operator-function

(3.1) clp) = (0 +12u?)"?, P =yl - v

in the Hilbert space h = L? (R?) which defines the velocities v (p) = p/e (p) = €’ (p)
with the same signature as p.

At the boundary z = 0 the incoming particle with the negative momentum p < 0
is reflected into the outgoing one with the opposite momentum —p. The singular
interaction with the boundary causes also a quantum jump in other degrees of
freedom. It is described by the unitary operator ¢ in h which is assumed to commute
with e (p) for each p as it is in the quantum measurement model [1] when o = X%
with V =0, in (3.1).

Let b be a Hilbert space with isometric complex conjugation h 3 n— 1 € b, and
Lz (R7) =h® L* (R™) be the space of square-integrable vector-functions f (k) € b
on the half-line R™ 3 k. We denote by £~ the isomorphic space of Fourier integrals

0
©(z) = i/ " f(k)ydk, felLi(R).
2 J_ o

having the analytical continuation into the complex domain Imz < 0, which is
called Hardy class of h-valued functions. One can interpret L% (R™) as the Hilbert
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space of quantum input states with negative momenta py = hk, k < 0 along z € R
and spin states nn € h. The generalized eigen-functions

(3.2) vk (2) = exp [ikz]ng, k <0, e(hk)n, = hepng

corresponding to spectral values e € R of € (k) = h~le(hk), are given as the
harmonic waves moving from infinity towards z = 0 with the phase speed ¢, =
er/ |k| along z. The amplitudes 7 are arbitrary in § if all e (p) are proportional to
the identity operator 1 in b, € (k) = €x1, as it was in the previous section where
h="H.

The singular interaction creates the output states in the same region z > 0 of
observation where the input field is, by the momentum inversion p = —py — p = pg,
reflecting the input wave functions ¢ € £~ isometrically onto

0
& (s) L / e*iksf(k) dk =0p(—s), seRy

:% .

by f(k) =of(k), k <0. The space ET = {p: ¢ € £} is the conjugated Hardy
subspace ET = {@ : p € £} of analytical functions @ (z) = ¢ (z) in Imz > 0. The
reflected wave function satisfies the boundary condition ¢ (0) = o (0) correspond-
ing to the zero probability current

. - 2 2

7 (2) = lle (I = lle (2]
at z = 0, and together with the input wave function ¢ (s),s > 0 represents the
Hilbert square norms (total probability) in £~ and £ by the sum of the integrals
over the half-region R, :

[ le@itas= [ (le @I +1EIR) as = [~ e

— 00

As usual we shall define the free dynamics of the input and output wave functions
by the unitary propagation

0
(3.3) 0" (2) i/_ D) £ (k) dk =[] (2),

:27r
1

T or

7' (2) / L ) dk = [5] (2),

of a superposition of the harmonic eigen-functions (3.2) in the negative and positive
direction of z € R respectively with the same phase speeds ¢; > 1 which are
the cigen-values of the positive operators ¢ (k) = |k| ™" & (k). The generating self-
adjoint operators €, & are the restrictions £ = £ (19,) |D~, & = £(i0,) |DT of the
kinetic energy operator given by the symmetric function € (p) on its symmetric
dense domain D C Lg (R), to the dense domains DF = DN ET in the invariant
subspaces £T C Lg (R).

Instead of dealing with the free propagation of the input-output pair (¢, @) at
the region z > 0 with the boundary condition ¢! (0) = ot (0), it is convenient to
introduce just one wave function

¢'(2) =¢'(2), Rez2 >0, ¢'(2)=¢"(~2), Rez2 <0
considering the reflected wave as propagating in the negative direction into the

region z < 0. Each ¢ coinsides with a Hardy class function ¢ € £~ at z > 0, as
well as it is a Hardy class function at z < 0. However ¢ (—z), z > 0 coinsides with
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another Hardy class function op € £~ such that the continuity of the analytical
functions ¢ at Rez = 0 corresponds to the left discontinuity ¢ (0_) = o¢ (0) of

¢(2) =lo(~2) 9 (2) + Lo () op(2), Lo(2) = {1355,
where ¢ (0_) is defined as the left lower sectorial limit of ¢ (2) at Rez ,/ 0,Imz 0.
Obviously the Hilbert subspace 010&~ C Lg (R) of such wave functions is isomor-
phic to £~ by the unitary operator 010 = I+ 1, (o0 — I), where 1g is the multiplica-
tion operator of ¢ (2) by 1 if 2 < 0, and by 0 if 2 > 0. The unitary evolution group
vt = gloe=itég—lo ¢ € R for

(3.4) ¢'(2) = @' (2) + 10 (2) (6 = 1) ' (2) = 0Pt (2),
is unitary equivalent but different from the free propagation e~*¢ of ©* in R. Each
harmonic eigen-function (3.2) having the plane wave propagation

—iept

oK (2) = o (2 +ckt) s
ikzo.lo(z)

ok (2) =€
for the negative k € R™, is now truncated, ¢y (z) = e
in the negative direction as

Sk (2) = 00Oy (2 + ut) = ey (2) # G (2 + it
keeping the truncation at z = 0. Therefore the subtraction ¢; (z) = e (2) of

Nk, and propagates

the free propagation of ¢! from ¢’ does not return it to the initial ¢° = ogloy®
but to ¢; = Uﬁtga() = updg, where 7t = €lté1ge 1€, v, = aﬁtofio, and ¢g = ¢°.
Thus we have proved the following proposition for the particular case » = 0 of
an operator-function s on R, defined in the Proposition 1 of previous section as
hx(z)=u(z) I+ Hinh="H

Let 5 (z), z € R be an operator-valued function in h defining a smooth symmetric
density function p on R with values p (z) € £ (h) in the continuous operators by

i0.p(2) = p(2) 32(2) = %(2) " p(2) =0, p(0) = po,

where %(z)+ is the Hermitian adjoint in h, and pg is a positive invertible operator
h — h. The function s is assumed to be locally integrable in the sense that it
generates the one-parametric exponential family

(3.5) € (£2) = exp {i/oizx(j:s) ds} , 2>0

as a solution to the equation i9,¢,, = €,, 3¢ in both directions of z with the boundary
condition ¢, (0) = 1 such that p(z) = €, (2)* poe, (z). Below we shall denote by
€, and €,, the operators of pointwise multiplication by the functions ¢,, : z — €, (2)
and €, : z — €, (—z) of z € R respectively, with E;+p0E; = p = €/ poe, due to
p(z) = p(—z). Both these operators are isometries of the Hilbert space L (R, p)
with the scalar product

iei2= [ |vo@e@| a= [ |voms@)| = lsl2
/| [fa= /| H

into the space ho®L? (R) of square-integrable functions ¢q with values in the Hilbert
space hg =~ /poh, the completion of § with respect to the norm ||77||0 = H1/ 77H

They are unitary if p(z) is invertible for all z € R such that ¢! = ¢é%, ¢! = ¢,
where
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If iAo = pal/thé/Q is an operator in hy ® L? (R) which is equivalent to a pseudo-
differential operator h = h (2,20,) in Lg (R) = h ® L? (R), the (generalized) func-
tion

(3~6) Ve (Z, H) = 6;-{-;@ (z) Yo (Z7 i8Z) €tk (Z) = Voetr (Z) )
is the symbol of the operator

e = €5506 = Ve (2,10,)

in Lﬁ (R, p). It is defined on the exponential functions €, (2) = e~** as the pseudo-

differential operator

[Focentt] (2) = e (2,10:) €5 = ey, (2,5) m, 1 € b.
Proposition 2. Let & =~ /po&~ be the Hardy class £~ of o ® L? (R), &, C
L% (R, p) be the Hilbert space of functions p = &.¢q with o € & , and EF = €&,
where £ ~ VPoET . Let the initial boundary-value Schriodinger problem

(3.7) 10,0" (2) = €, (2,i0,) o' (2), " €& ,2>0,
i0:¢" (2) = &, (2,10:) @' (2), &' (0) = ooy (0),
be defined by the generators £, €, given by the symbols €, (z,k) = €,4x (2),

€. (2, K) = €,y (—2) respectively with

€x (2) = € (2) €0 (i0:) €. (2),

/% is the symmetric function of k € R, corresponding

to the kinetic energy e (p) > 0, and o9 = pal/zap(l)/?. Then it is self-adjoint if the
initial output waves @° are defined in EF by @V (—z) = 0, (2) ¢° (2), 2 < 0, where
0. = €.006,, by analytical continuation of each ¢3 = é,¢" into the domain R~.
The solutions to (3.7) can be written as

(3-8) ¢ (2) =0 (2),2>0, §'(—2) =¢" (2-),2 <0

where ¢t = e gy, ¢y = O + (6, — 1) 7L 0, 6., is pointwise multiplication by
0. (2), and

where &g (k) = pal/za (k) py

7l = e 1ge " =7l (2,i0,)

is given by the symbol © (2, k) of the orthoprojector 't = e*1pe™1*¢ as in (3.6).

Proof. Separating the variable ¢ € R by ¢! = e ®+typ,, ¢f = e ®+@,, let us
consider the stationary Schrédinger problem
(3.9) €x (2,102) i (2) = enpr (2), B (—2) = 0s (2) @i (2)

corresponding to the given initial and boundary conditions in (3.7). Here ¢y is
extended to the domain R~ through the analytical continuation of €} ¢y in Im z < 0,
which are the generalized eigen-functions (3.2) of &€ = ¢(i0,) in &, iff £ < 0. Due
to the self-adjointness of £ in £7, the eigenfunctions ¢ = €, mx of &, for (3.9)
with negative k form an orthocomplete set for the Hilbert space £, and the output

eigen-functions @y (z) = efj{\; (2) T, where 7, = oony with og = pal/Qap(l)/Z, form
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an orthocomplete set for the Hilbert space £F. The solutions to (3.7) can be written
in the form (3.3) as

0
o () = o j/ emieWies L (2) fo (k) dk = [e7% 0] (2),

:% .

I —i T —ite
e =g [ e EPET G o db = [ ) (),
where fo (k) = 0o fo (k) are defined as the Fourier transforms

oo

= [ @ @d ht = [ EREP e

— 00 — 00

by the initial conditions, analytically extended on the whole line R. Due to the
commutativity of o and € they satisfy the connection @' (—z) = o,, (2) ¢ (2) for all
t, not only for £ = 0. The time invariance of this connection and the unitarity of
the time transformation group in the Hilbert space £, @ &, which follows from
the unitarity of (3.3) in €T C Lf (R), means the self-adjointness of the problem
(3.7) for the pairs pT € Lﬁ (R, p) in the domain of the generator ,, @ £,, with the
connection ¢ (—2) = 0, (2) ¢~ (2). Introducing

¢ (2) = ¢ (2) + 10(2) (02 (2) = 1) ' (2) = 0 ()" ' (2)

as in (3.4), and taking into account that

¢ () = 0 () ¢ (2) = 0 () T (2) = 0 ()T B (),
we obtain the representation (3.8) as ! (2) coincides with ¢! (z) at z > 0 and
@' (—2) with ¢' (—2) = ¢! (2_) at 2 < 0. O

Remark 2. The Schridinger boundary value problem (3.7) is physical in all three
aspects. First, the equation (3.7) is invariant under the reversion of time arrow, i.e.
under the reflection t — —t and an isometric complex conjugation ¢ — ¢ together
with the input-output exchange ¢ S ¢ if 3 = o', py = po and x = 3, where
3 (2) = 3 (—z). Second, the wave functions @', @' have continuous propagation in
both directions of the momentum along z, and at the boundary z = 0 the momen-
tum changes its direction but not the magnitude (conservation of momentum) as
the result of the boundary condition ¢ (0) — @ (0). And third, the kinetic energy
operator €,, @ €,, is bounded from below as the result of unitary transformation of

E~e. (2.4)

Indeed, from py = po and €(k) = (k) = €(x) it follows that the symbol
€, (2,k) = €,.—x (2) of the complex conjugated operator g, is given by
T (2) = €5 (2)e0 (i10:) ez (2) = -5 (2) €0 (i02) €% (2) = €5 (2)
if =5 as €, (2) = e_5 (2) and e_z (2) = €, (2) in (3.5). Therefore €, (z,k) =
£, (z,K), where &,, (z,k) = &,,_. (2) is the symbol for the kinetic energy operator
g, = &, for the output wave ¢. Thus the time reversion with complex conjugation
in (3.7) is equivalent to the input-output interchange (¢!, ¢') — (&, ¢") which
preserves the connection between ! and @' as
7 (2) = €, (2)T0e 5 (2) = €5 (2) 05 ez (2) = 0 (2) 1,

-z
where o, (2) = 0, (—2z) due to 75 = 0 "
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Note that the orthoprojectors ¥ commute with ¢ on &; applied pointwisely as
[09] (2) = 0¢ (z) such that

o™ =T+ (0 —1)#", 0710:1—&—10(0*1—1)

are well defined as unitary operators on hy ® L? (R). However in general they do
not commute with each other and are not orthogonal to 13 = I — 1y, and thus the
i:—1o

. At ] o . r A
unitary cocycle v; = o™ o71° does not coincide with o . Indeed, 7 = 1} can

be represented as

0 N R 1 o
(3.10) 7t :/ Stdr, oOf = —/ e el dk

—00 2m —00
where €L = e't¢¢, 7€ is the Heisenberg transformation of the unitary multiplication
group é., s € R by the exponential function €, : z — e~"*?. The unitary operators
€l are defined on the harmonic eigen-functions of ¢ as shifts

its(iaz)e—inz —ite(k)

‘or (2)
Pk (Z) s

[eron] (2) =e e

_ eit(s(kfm)fs(k:))efimz
of the negative k of pi to k — k of e,p, k € R. The commutativity of 16 and 1
takes place when €. commutes with é,., xK° € R, i.e. when

elk—k°—k)—ec(k—k°)=c(k—kr)—c(k), Vk°.

This would be possible if € (k) were an affine function, say € (k) = €9+k. In this case
€' is the multiplication by ¢, (z — t), 7 is the multiplication 1; by 1; (2) = 1o (z — t).
This is the case when the correspondent cocycle

Ut :O'it710 = I+(O’* 1) (it — 10)

coincides with the unitary evolution in the interaction picture

t [e%¢)
eiéte(tglno—ié)t — éTp [/ Srd’f‘ 1D0‘:| ’ Sr _ i/ éZdFL
0 27 —00
for the d-function interaction potential ® (2) = ikd (z) Ino. Indeed, if € = ¢ 4 10,,
6™ is the multiplication 8, by d, (z) = 6 (z —r), and fot 67dr is the multiplication
operator by Af = fg §,dr = 1; — 1g. However the affine form of ¢ (k) for all k € R
contradicts to the physical assumption of positivity and symmetricity e (k) =
e (k) > 0 of the reflection boundary value problem.

Thus the Hamiltonian boundary value problem in RT, corresponding to the free
propagation of input and output waves in the opposite directions with the unitary
reflection at z = 0, in general cannot be reduced to the propagation problem in R
with the unitary transition from z = 0 to z = 0_ corresponding to a dé-function
potential on R. However we shall see now that at the ultra relativistic limit this
boundary value problem is equivalent to the d-potential problem for the toy model.

4. THE ULTRA RELATIVISTIC LIMIT.

We shall assume here that the symmetric positive kinetic energy e (p) has the
relativistic form |p|, or more generally, e (p) = /p? + h?u? as it was suggested in
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(3.1). It corresponds to the finite bounds vy = F1 of the velocity v (p) = ¢’ (p) at
p — Foo. Note that the phase speed

6 =2 () /= VIF 2] = o (1)

for the momenta p = Fhx, k > 0 of the harmonic eigen-waves

)

G_IE”tEH (Z) _ (:,—m(g,@t—i-z)7 e—lssﬁtgH (Z) — e—m(gmt—z)

has also the limit ¢ = 1 at K — oo. Therefore one should expect that the rapidly
oscillating input and output waves

(4.1) <,0t (Z) — e—ir;(t—i—z)wt (Z) , (ﬁt (Z) — e—ir;(t—z)qﬁt (z) ,
in the ultra relativistic limit p — Foo will propagate as the plane waves with
(4.2) W) = (z+t) =Py, P () =P (z—t) = PP

if the initial conditions are prepared in this form with slowly changing amplitudes
v, € Lg (R). This propagation will reproduce the boundary-reflection dynamics

Pt (0) = avp (0) on the half line R* > z = s if the initial wave amplitudes are
connected by ¢ (—z) = o1 (z) for all z € R. In particular, the solutions ¢ (s) =
P (s+1t), Pt (s) =0t <s,

PH(s) =7 (0) = o2 (0) = o (t — 5) ,t > s

to this Hamiltonian boundary value problem with the input wave functions

V() =+/p(z)n,2>0, ¥(2)=0,2<0,

for the initial state-vectors € h will correspond to the single-jump stochastic
dynamics in the positive direction of ¢ with respect to the probability density p > 0,
Jp(s)ds =1.

Below we give a precise formulation and proof of this conjecture in a more general
framework which is needed for the derivation of quantum stochastic evolution as
the boundary value problem in second quantization. But first let us introduce the
notations and illustrate this limit in this simple case.

In the following we shall use the notion of the inductive limit of an increasing
family (£x),~ of Hilbert subspaces &, C £,k < k'. It is defined as the union
& = UE, equipped with the inductive convergence which is the uniform convergence
in one of the subspaces &,. A sequence (1,,) converges in £ if there exists a « that
Y, € &, for all v > v, and (1/),,)V>VK converges in &;. The inductive convergence
is stronger than the convergence in the uniform completion K = €. Therefore the
dual convergence is weaker then the convergence in K. The inductive operator
convergence in £ is defined as the operator convergence on each &£; into one of
Ew CK.

Let G— = UE,, GT = UET be the inductive limits for the increasing family
(E7.EF) so of Hardy classes £, = 6.6~ D €, EF = €67 D EL, k° < Kk in
the notations of the previous section. Both G—,GT are dense in Lﬁ (R), consist
of the square-intergable h-valued functions ¢ € G~, ¥ € Gt having zero Fourier
amplitudes

o0

g (k) = /m HpE s gl = [ A

— 00 — 00
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for all k > & with sufficiently large £ > 0. If ¢ € £ and Y e &F, then ¢ = e, €
E, ¢ =é&xp € ET, and the free propagation (3.3) can be written in the form (4.1)
with

,(/Jt — emtw(p _ €:e—l(s Hl)t’\ w wm’
zzt: mtv*w _EKG —i(e— ml)tv ’l/) ’ll)t

These unitary transformations in £, and in £F, written as

(4.3) Uk (2) = e 10Dy (2) 4l (2) = e 100Dy ()
are generated by the self-adjoint operators
(4.4) we (10,) = €% (¢ (i0,) — k) e "% = ¢ (k +10.) — &,

G (10,) = e %% (¢ (i0,) — K) €™* = (k — 10,,) —

They leave all subspaces £_, and E,jo invariant respectively, however their genera-
tors Wy, w, are not positive definite for a sufficiently large x, and are not unitary
equivalent for different x as

:é,{o —kl :(Z)Ho —%1,

where » = k — k°. Thus we have to prove that the propagation (??) has the
inductive limit form of plane propagation (4.2) at K — oo corresponding to the
Dirac form of the limits

lim w, (10,) =10,, lim @, (10,) = —i0,

K— 00 oo

for the Schrodinger generators (?77).
Another fact which we are going to prove for obtaining the single-jump stochastic
limit is that the truncated wave

X =€ Xty Xt =0+ (1—0) At
representing the pair (?7) on the half-line R* 5 z as in (3.8), has the discontinuous
limit
(4.5) X' =xi(z+1), xi=¢+(1-0)l.
Here 1; = e *9:1(¢*% is pointwise multiplication by the characteristic function 1

of the interval —oco < z < t which we shall obtain as the inductive limit of the
orthoprojector

(46) ﬁ'; _ eits(f£+iaz) ioe—its(ﬁ,+iaz) _ eituf)N ioe—ito&K,

at k — 00. This results are formulated in the following proposition in full gener-
ality and notation of the proposition 2.

Proposition 3. Let Gy ~ /poG~ be the Hilbert inductive limit of Hardy classes
&€ Cho®L*(R), G, C L (R,p) be the Hilbert space of functions 1 = &1
with o € Gy , and Gf = €,G, where Gg ~ \/poG". Let the initial boundary-value
Schrodinger problem
(4.7) 1000y, (2) = o (2,10:) ¥y (2), YR =¥ €G;,2>0,

100, (2) = @y e (2,10:) U (2) 12 > 0, Py, (0) = o0ty (0),
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be defined by the generators

~ ok —1/240 1/24 . _oux —1/2.0 1/2.
Wik = €00 WrPoy €y Wi,k = €00 WPy €x

with the symbols wy, W, given in (4.6), (3.1), and the initial Y0 =4 defined in G
as ¥ (—z) = 0, (2) ¥ (2), z < 0 by analytical continuation of each Yoy = &, into
the domain R™. Then the solutions to (4.7) inductively converge to

(4.8) P (z) =X (2),220, ' (=2) = x" (2-),2 <0
where X' (2) = €, (2,2 +t) x¢ (2 + t), and

e (z 2+ t) =€ (2) e (z4+1), xe =%+ (6, — 1) 142
Proof. First let us note that the generators in (4.7) have the formal limits

lim [@%,nw] (2) = €, (2)10: [ex¥] (2) = (52(2) +10:) ¥ (2),

KR—00

lim [0, (2) = & (2)10 [e.6] (2) = (2() +0.) § (2)

with 9, = —d,, 5(z) = »(—z). This follows from (4.6), and from (3.5) and
0,€,, = i€, as €, (2) = €_5 (z). Thus we have to prove that the solutions to (4.7)
have the limits ¢ = lim ), 12) = lim 7]1;-; in GF coinciding with the solutions to the
Dirac boundary value problem

00" () = ((2) +10) ' (2), ¥ =¥ €GZ.2>0,
00" (2) = (3 (2) +10.) 9" ()2 > 0, ' (0) = o0v' (0)

with the initial Y0 analytically defined as ¢° (—z) = o, (2) ¥° () in order to keep
the solution ¢! also in G for all ¢.

Let us do this using the isomorphisms €, ¢, of the dense subspaces GF C
L; (R, p) and Gf C ho ® L*(R). Due to this the boundary value problem (4.7)
is equivalent to

10006 . (2) = wor (102) V6, (2), g, =0 €Gy,2>0
iat'ézj(t),n (Z) = (DOJ% (iaZ) '(Z}(t),n (Z) ,2 >0, 1[}6,5 (O) = 001;6,5 (0) ’
with wo, (—k) = €0 (k — k) =k = Go, (k), €0 (k) = py "/ %e () po/%, and 9., (—2) =

00,5 (2) Yo (2) with 0p,, = €0o0€,, = 0 for any scalar k. Thus we are to find the
ultra relativistic limit of the solutions

(49) [efitwﬁwo] (Z) 1 /K efi(twm(*k)*kz)go (k) dk,

:% .

—it, T 1 " —i(tw, (— z) ~
e () = 5 [ et Rg, (1) i,

with go (k) = oogo (k) at K — oo. Here the Fourier amplitudes
g0 (k) = / e "2y (2)dz,  go (k) = / "1 (2) dz,

are defined by analytical continuation of the initial conditions v € é.&y , 1y €
€ .&) for a k° < k such that the integration in (4.9) can be restricted to k < x° due
to go (k) = 0 = go (k) for all & > k°. Therefore the proof that the unitary evolution
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(4.9) inductively converges to the plane propagation e*?=1y, etd- 7,/?0 resolving this
problem at kK — oo can be reduced to finding an estimate of the integral

I " . 2
I(k% k)= %/ H (e_‘(k+“’"(_k))t - 1) g(k)H dk.
— 00

It gives the value to the mean square distances
< 2
—t0. 2 o —t0, 7, 7
e~ 2=ash = wolly = 157 ) = ||~ P=a3 ko

of ¥ . (z —t) from 9y € €;.&; having the amplitude go (k) = pal/zg (k) and of
zﬁéﬁ (z 4 t) from vy € &.E having the amplitude go (k) = oogo (k).

To this end we shall use the inequality
12 1 2

< - V>
<5 V>

for the monotonously increasing function k4w, (—k) < k°4w, (—k°) of k < k°. We
shall treat separately the three cases in (3.1): the scalar massless case 119 = 0 when

e (k) = |k|, the boundedness case |u| < m when € (k) < vk? + m? as in the scalar
1/2

(" + 1?)

case with p = p19 > 0, and the general vector case when ¢ (k) = (k* 4+ pg — V?)
In the first case k+w, (—k) = k—k+ |k — k| =0 for all kK > 0 and k < k. Thus
the plane wave propagation

¢(t],n (Z) :¢0 (Z+t)v wé,n (Z) :¢0 (Z_t)

is extended by ultra relativistic limit K — oo from the orthogonal Hardy classes
&F onto the inductive spaces Gj . By continuity they are uniquely defined as the
opposite plane propagations on the whole Hilbert space hy ® L? (R) where they
satisfy the connection ¥y (—z) = ooy (2).

In the second case k + w,, (—k) < m?/2s for all s =k — k° > |u| and k < k°.
Using the inequality |e* — 1| < 2|z| for any z € C with |z| < 1 we obtain the
estimate

. 2
1 (52, )l < [lem st — | < 2t [k 4w (<R < ]

for the integral I (k°, ) with ||g||> = = [ llg (K)||> dk < 1. Hence for any x° > 0,
e > 0 and each t € R there exists a k¥’ < oo such that |I (k°, k)| < & for all kK > &/
Namely, one can take ' = k°+max {m, |[t|m?/e} such that s = k—k° > K'—k > m
and [t|m?/s < . Thus the plane wave propagation is indeed the ultra relativistic
limit of (4.9) in the inductive uniform sense.

In the third case one should replace h = L? (Rd) by the inductive limit h° =
Uh,. of Hilbert subspaces b, of functions in L? (Rd) having the localized Fourier
amplitudes h (k) = 0, k ¢ (—k,k) for a K €R?. Then p2 — V2 < p2 + k2 in
each b, and |1 (k°, k)| < |¢] (43 + %) /5 if ||g]| < 1 for the Fourier amplitudes of
pé/zwo € b, ®E and of pé/zvfjo € b, ® &L, Hence for any x° > 0, k €R?, ¢ > 0
and each ¢t € R there exists a ' < oo such that ||I(k°, k)| < ¢ for all kK > K/,

namely
K = K° —&—max{q/u% + k2, [t] (15 + K7) /a} :

However the estimate [¢| (43 + k%) / (k — £°) depends now on « defining the choice
of g (k) in b° for each k < k°. This proves that the plane wave propagation is the



QUANTUM STOCHASTICS AS A DIRAC BOUNDARY VALUE PROBLEM 17

ultra relativistic limit of (4.9) also in the general vector case, although not in the
uniform but in the strong inductive convergence sense.

Thus the boundary value problem (4.7) in the ultra relativistic limit is unitary
equivalent to the plane propagations (4.2) of opposite waves g, 1[)0 with the con-
nection g (—z) = ooty () for all z € R. In the half space z € RT this obviously

can be written as
U6 () =x6(2),220,  9(=2) =xb(-),2<0,
where X/ (2) = xo.t (2 + t) is the truncated input wave (4.5) with 1y, oo instead of
¥, 0. Returning back to ! = &% and ¢' = é-1)f we shall obtain the representa-
tion (4.8) with
X' (2) =€ (2) %6 (2) xi (2) = € (2,2 + ) xe (2 + 1),
due to continuity of €, (z,z + t), where x; = €5 xo,: is given in (4.8). O
Remark 3. Let the operator »q = 3 (0) be self-adjoint in b, e~ be the one-
parametric group generated by s in by, and €, (2) = €*°%¢,, (z) be the exponential
family (8.5) with the generator
v(z) =2 (2) — €, (2) e, (2).

Then the truncated wave x* = 1g-1" + 10" in the interaction representation x (t) =
eVt with respect to the unitary group generated by ¥ = O + 10, satisfies the sto-
chastic single-jump equation

(4.10) dx (¢,2) + 15, (2) x (8, 2)dt = (0, (2) — 1) x (¢,2)d1; (2), £ >0
with the e~V -invariant density p (2) = €, (2) poey (2) and
w0 (2) = €, (2) e (2), 0w (2) = € (2) 00€w (2).-
Indeed, as the density function p (z) is symmetric and invertible,

2 (2) =3 (2) =ip(2) 7 0ap (2) =15 (2) 71 0 (2) = 7 (2) — 52(2),
and thus (s + )" = s + 3. In particular, the operator »y = 3 (0) is Hermitian
in ho, 55 = palzarpo = 7, and it is self-adjoint in by, commuting with py due to
self-adjointness %a' = s in b and invertibility of pg. Thus the dynamical group
e~ %0t is unitary in hg. It defines the unitary exponential family é, = é% o€ from
L7 (R, p) onto ho @ L? (R) satisfying the equation

1046, (2) = €y (2) 52 (2) — 2060 (2) = €0 (2) (52 (2) — 205 (2)) = €, (2) v (2)

as € (2) 206, (2) = € (2) 36, (2) due to commutativity of e*°! and s»q. The

one-parametric group €, (z,z +t)e'% is apparently generated by the operator
v (2,10,) = v (z) 4+ 10, which is the symbol of generator 4 for the unitary group
evolution e~"7. Tt is a unitary group in L (R, p) as

* 10, * —to

ity —ity _ _ _
e peT M = €, €' €, Po€ine T €y = €, Psn€0 = P

due to the z-independence of p,., = €5, P06, = po. Hence the truncated wave in
the interaction representation is given by
X(t7z) =€y (sz_t)Xt(Z_t) = €y (Z,Z—t)ﬁ;, (Z_tvz)Xt (Z)
=€ () e (z—t) el (2=t ex () xa (2) = € (2) €C770x0,4 (2),
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where Xo,t = X0 + (O’O — 1) (lt — 10) X0 with X0 = ié’(/]o + 10’(2)0. Taklng into account
that dtd1; (z) = 0 in the Hilbert space sense as it is zero almost everywhere due to
dl; (z) = 1> dt # 0 only for the single point z = ¢t having the zero measure, we
obtain

dx (t,z) =€

(2) €770 (g9 — 1) d1; (2) x0 (2) — 20X0,¢ (2) di]
(2) [(00 — 1) d1; (2) = i€}, (2) s0dt] €70 x0, (2)
= [(e} (2) o0€y (2) — 1) d1 (2) — i€], (2) 20€y (2) dE] x (¢, 2) -

Here we used that d1; (z) = dlg (z —t) = 0 if z # ¢ such that

A1y (2) €C™9%x0 1 (2) = d1s (2) X0, (2) = d14 (2) X0,2 (2)

due to xo,¢ (2) lt=2 = X0 (2) as 1; (2) — 19 (2) = 0 for any z > ¢ > 0. Thus we have
proved that x (¢, z) indeed satisfies the stochastic single jump equation (4.10) in the
Hilbert space Lg (R, p) of the initial conditions y = 13‘1{1 + 197 with respect to the
unitary group evolution e~ #(+9:) (7 19.) = ¢, (2,2 + t) e'?

*
v
*
U

In the particular case of the scalar-valued density p (z) and v (2) = 3¢ (2) — 39 =
h~'u(z) with s = A™'H, 0o = S in the Hilbert space hy = H we obtain
the stochastic equation (2.2) for the unitary cocycle V (t,s) = e %% V* where

b= Sl"et(afihle)S’lﬂ, as a quantum-mechanical stochastic approximation.

Namely, the toy Hamiltonian model for the interpretation of discontinuous sto-
chastic evolution in terms of the strongly continuous unitary group resolving the
Dirac boundary value problem in extra dimension, is indeed the ultra relativistic
inductive limit of a Schriodinger boundary-value problem with bounded from below
Hamiltonian H, (z,p) = hw, . (2, —h~'p) with hs(2) = u(z) + H.

Although the proof of inductive convergence for the boundary value problem
(4.7) implies the ultra relativistic limit for the truncated waves

w=1ovn + 1oy = 020y,
it is interesting to see how the unitary cocycle v, (t) = €l**v=vt of the interaction

representation for the truncated unitary group converges to the stochastic cocycle
v (t) = e*(0H2%:)yt resolving the equation (4.10). As the truncated groups

1t(;{+18 ) ~—1p
/
in Lg (R, p) are unitary equivalent to the groups
ﬁ,i — 5 ioe_itb:’xo,né-_i()7 @t — &ioe—it(%o—‘riaz)a_—io

in Lﬁ (R) by /poé., where &¢ is the multiplication by o (2) = €*9*ge~*0% one can
demonstrate this on the convergence of the cocycle

B (1) = et gloe iMoo mglo = g=itennino ([ 47t (5 — 1)) 610

to o (t) = e (I +1;,(6 — 1)) 6~10. Here #' is the orthoprojector (4.6) which

K,
should converge to 1;, and

oty — it o202 o=t p—i%0Z _ ,itén p—iténing

should converge to the unitary evolution group e,
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Let us show that this indeed takes place in the inductive convergence sense on
the example of one-dimensional massless kinetic energy ¢ (k) = |«| assuming that
the operator s is bounded from below. In this case the generator

Erntrg =€ (K+ 200 +10,) — e (k +10,)
of the dynamical group e #=n+~0 converges trivially to g in the inductive space
G~ as for any x° > 0 there exists such x’ < oo that
(|6 + 00 +10.| — |k +10.]) €*% = (|k + 200 — k| — |k — k) €'**
is equal spet®® for all k < k°. One can take k' = k° + Ko, where —rg < 57 is the
lower bound for s such that e~ *xntx0q) = e71#*0q) for all kK > k' if P € €.

In order to prove the inductive convergence 7!, — 1; we shall use the Fourier
integral representation

. 1 1 1
—Te(k) _ isk d — _
€ / € gr (S) S, 9r (S) i ( ) ;

o S—1T  S+1T

where 7 = 0 + it, # = Re7 > 0 is the regularizing parameter for this generalized
integral at T = it.
~t

Indeed, the orthoprojector ;. can be represented as limg\ o ﬁ'f;eof the pseudo

differential operator 7%% = e~"¥<1pe "¢~ having the symbol
0 1 o0
ﬂ_t,e (2 laz) _ / dr— / e—?a(n‘—&-i@z)eiz(r—z)e—rs(r@—i-i@z)d%
" ' — 00 27T — 00

01 e _ y y
:/ dr? el('f‘—z)%e—‘ra(fi-‘r%-‘rldz)—TE(R-’,—Idz)d%
T J -0

—00

/OO eis(n+i82)d8i /OO efis%ef'?s(%)f'rs(nqLiaz)d%
» 27

— 00

_ / eis(nJriSz)g—T (8) dse*‘ra(m+i82) _ 6: (27 laz) efrén.

Here g5 (s) = g- (—s) = g- () defines the operator e~7¢~ as the limit of the contour

integral
_ 1 Rl . 1 1
6; (z’iaz) = / els(rtioz) ( B > ds
27 J, §—1T s+1T

at z — —oo. Let us show that this contour integral has the same limit e~ 7(+—%)

at Kk — oo for a finite z < t, and zero limit at z > ¢ in the inductive sense. Indeed,
for each k° > 0 the contour integral

_ . 0, 1 [ 1 1
62 (Z,laz) elkz _ elkzi' els(nfk) ( S > ds
2mi Jf, §s—1T  s+I1T

can be closed at k > k° for all k£ < k° via the upper plane of complex s by extending
the integration to the vertical from s = z +ico to z € R without essential change of
its value due to the exponential decay of }eis(“_k)} < e~ ms(5=r%) for each Im s > 0.
As the only pole of the integrand in the upper plane is s; = ¢t + 10 = iT (the only
other pole s_ = —i7 is in the lower plane) the major value of this integral is defined
by the integrand value

1 z o0 . 1 _
— (/ +/ > e1s(:~aflc)7.7ds — ef'r(nfk)lt (Z)
211\ /100 . §—iT
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at the pole sy if it is inside the contour (z < t), and it is zero if this pole is outside
of the contour (z > t). Thus

Wz,e (Z,iaz) eikz ~ eikzefﬂ"(nflc)lt (Z) efr(nfk) _ eikzlt (Z) e*QO(H*k})

as k> k where the operator e~ "%+ coincides with e~7("~F):

e—‘rs(n+16z)€1kz elkze—‘r\/{—ld — el.’cze—r(m—k)7 Vi > k.

This proves the inductive convergence of 7t = limp o #%? at the ultra relativistic
limit x — oo towards the integrator 1, of the stochastic equation (4.10).

Thus the Hamiltonian boundary value problem in R, corresponding to free
propagation of input and output waves in the opposite directions with the unitary
reflection at z = 0 can be reduced at the ultra relativistic limit to the propagation
problem in R with the unitary transition from z = 0 to z = 0_ corresponding to a
d-function potential on R. In the interaction representation it is described by the
stochastic equation

do (t) + i (t)dt = (0 — 1) 0 (t)dl;, t>0,0(0)=1.
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