THEORY OF THE CONTROL OF OBSERVABLE QUANTUM
SYSTEMS

V. P. BELAVKIN

ABSTRACT. The fundamental mathematical definitions of the controlled Markov
dynamics of quantum-mechanical systems are formulated with regard for the
statistical reduction of quantum states in the course of quantum measurement
in either discrete or continuous time. The concept of sufficient coordinates for
the description of a posteriori quantum states in a given class is introduced
and it is proved that they form a Markov process. The general problem of
optimal control of a quantum-mechanical system is discussed and the corre-
sponding Bellman equation in the space of sufficient coordinates is derived.
The results are illustrated in the example of control of the semigroup dynam-
ics of a quantum system that is observed at discrete times and evolves between
measurement times according to the Schrédinger equation.

1. INTRODUCTION

The encouraging outlook for the application of coherent quantum optics (lasers)
for communications and control has been recently stimulated by the steadily grow-
ing demands for greater accuracy of observation and monitoring, particularly under
the “extreme” conditions of very faint signals at extremely great (astronomical) dis-
tances. On the other hand, instances of the successful exploitation of mathematical
methods from information and control theory for the investigation of many physical
phenomena in the microscopic world have also stimulated interest in the theoretical
study, using general cybernetic principles, of the possibilities of dynamical systems
described at the quantum-mechanical level [19][15][16][1][4]. It has been shown
in [9] that it is natural to regard many physical problems as control problems for
distributed systems described by standard quantum-mechanical equations. In par-
ticular, the possibility of the transition of a physical system from one microscopic
state to another can be investigated [8] by the methods of the theory of control-
lability on Lie groups generated by the Schrédinger equation with a controlled
Hamiltonian.

General problems in the theory of quantum dynamical systems with observation,
control and feedback channels can be handled on the basis of the recent develop-
ment [2] of an operational theory of open-loop quantum systems, for which the
mathematical formalism was set down in [10] [13]. The investigation, undertaken
in [3], of the dynamical observation and feedback control optimization problems for
such systems has provided a means for solving these problems in the case of linear
Markov systems of the boson type, in particular for a controllable and observable
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quantum oscillator [4]. This work was based on the multistage quantum-statistical
decision theory originally described in [5][6] in application to problems in the op-
timal dynamical measurement and control of classical (i.e., non-quantum) Markov
processes with quantum observation channels.

In the present article we describe a simplified problem of optimal feedback control
of quantum dynamical systems which does not involve quantum-statistical decision
theory. Here the observable subsystem at the output of the observable channel is
regarded as classical and amendable to description at the macroscopic level, whereas
the controlled entity remains a quantum dynamical system. In other words, we
assume here, in contrast with [3][5][6], that the “instrument” at the output of the
quantum-mechanical system is given, rather than to be optimized, and it is required
only to find the optimal macroscopic feedback for a given performance criteria. The
results obtained in this setting are special in relation to [4][2][3] as they correspond
to the semiclassical case of commutativity of the algebra of output observables.
They nonetheless deserve special consideration both from the methodological and
from the practical point of view when the observation channels are given and cannot
be optimized for the optimal feedback control purpose.

2. CONTROLLABLE QUANTUM DYNAMICAL SYSTEMS WITH OBSERVATION

Here we introduce the mathematical concept of controllable quantum system
with observation channel on the basis of the operational theory on open-loop phys-
ical systems and quantum processes [2][10][13]. Such systems are open by the
definition, and the necessarry concepts borrowed from the algebraic theory of open
quantum systems are described in the Appendix.

Let H be the Hilbert space of representation of a certain quantum-mechanical
system regarded as an observable and controllable system and let 2 be the von
Neumann algebra of admissable physical quantities @ € 2 which is generated (see
Appendix 1) by the dynamical variables of this system, acting as operators in H.
The pair {H, 2} plays the role of a measurable space {X, A} representing [14] the
corresponding classical dynamical system in the phase space X of it’s point states,
endowed with the Borel o-algebra A of admissible events A € A. The simple
systems normally treated in traditional texts on quantum mechanics, for example
[17], correspond to the algebras 20 = B (H) of all bounded operators in H, but the
models that emerge from quantum field theory and statistical mechanics [12] are
described by the more general algebras 2.

Normal states of the quantum-mechanical system at every time ¢ € R are de-
termined by the linear functionals g, : @ — (p,, @) of the quantum-mechanical
expectations (@), = (p;, Q) of all the physical quantities @ € 2 for this system
and are described by the densities p, as the positive elements associated with the
opposite (transposed) von Neumann algebra 27 (see Appendix 2). In the case of
semifinite algebras [11], as in the simple case A = B (H), the states g, are usually
represented with the trace one operators g, = p] in 2 (or affiliated with ) as

(2.1) 0, (Q) = tr{0,Q} = (p;, Q)

and the Banch space £ spanned by all such p, is identified with the space of trace
class operators of 2.



The Markov controlled time evolution ¢ — p, of quantum-mechanical systems is
described by the transformation of states

(22) o €L o oMy (uf) =0y, (uj) €L VIER, 7>0.

which is determined by a family {M7 },.p -, of controlled transfer operators (see
Appendix 3) M] (u]) : A — 2A. These operators satisfy a consistency condition
analogous to the Chapman-Kolmogorov equation:

(23) M @)M, () =M (0TT) VeeR, nr >0

Here u] = {u(t+7')} is a segment of an admissible control function u (t) €

T'<T
U (t) of length 7 > 0 and utT'”/ denotes the combination (u[, utTJer) of segments u]
and utiT [the sets U7 C [] U (t + 7') of admissible segments u] are assumed to be
T'<T

consistent in the sense of condition (2.4)]. For stationary (time-invariant) systems,
where U (t) = U, (2.3) specifies the semigroup conditions for transfer operators
M7 (u™) = M7 (u] ) independent of ¢.

In the special case of transfer operators M7 (u]) specified by controllable prop-
agators ‘H — H

M7 (u) Q = T7 ()" QT (u).

satisfying the condition corresponding to (2.2)
17 (e ) 17 ) = 17 (),

the dynamics ¢, — 0;,, (u]) for the vector states <p,¢t,Q> = (,|Q,) is de-
scribed by the spatial transformation

Ve EH-TY (u) vy =ty (W) €EH VEER, 7>0.

This transformation is obtained, for example, as the fundamental solution of the
time-dependant Schrédinger equation with a pertubating force w (t), for which the
isometric operators Ty (u]) are unitary and M7 (u]) denotes Heisenberg transfor-
mations.

Open-loop quantum dynamical systems of the kind specified below by control-
lable systems with observation cannot, as a rule, be described in terms of propa-
gators T7 (u]), because the measurements induce a reduction of quantum states,
which is described by transfer operators of another type.

Let {U7},{V/},t € R,7 > 0 be two-parameter families of sets of admissible
segments u] € U7 ,v] € V;7 of input and output signals (respectively), satisfying
the consistency condition

!’ ! 7 ’
(24) UtT X Uz;-T = tT+T ’ ‘/tT X ‘/t:-T = tT+T .

The sets U] are usually endowed with Hausdorff topologies, and the sets V;”
with Borel o-algebras, which are consistent with the products (2.4) and in the
time-invariant case are given by a shift 7 — ¢ + 7 of the initial sets U™ = Uj and
VT =V7.

Definition 1. A controllable quantum dynamical system with observation is a fam-
ily {117 },cr 50 of controllable transfer-operator measures II7 (uf,dv]) + A — A
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(see Appendiz 4) defined on spaces U] > uf,V;™ 2 dv] and satisfying the condition
(2.5) 07 (uf dof) W07, (e dofy, ) = T (w7 dopt)
foranyt e R, 7,7 > 0, where u['”, = (u[, u[_;_f), dv[+7/ = dv] X dv[_;_T.

The superoperators II7 (u], dv]) are assumed to be continuous in u], o-additive
with respect to dv] (in the strong operator sense) and in the time-invariant case not
to depend explicitly on ¢ [the index ¢ in the condition (2.5) specifying the semigroup
dependance on 7 can now be omitted)].

On the basis of the positive quantities @ € Ay — II7 (u],dv]) Q € A4 and the
normalization condition II7 (u], V") = MJ (u] ), the mappings II7 determine, for a
given instantaneous state g, € £ and control function ], the future (7 > 0) states

(2.6) 0ryr (uf,dvy) = g, o 117 (uf, dvy)
of the quantum-mechanical process, normalized to the probabilities
(2.7) i (uf, dv]) = (o, 1 (uf, dvf) I)

of the events v] € dv]. The ratio of (2.6) to (2.7) determines conditional states
normalized in the usual way, but depending non-linearly on g, = g in general,

23 i — 2o (uf dof)
(p, 117 (uf , dvf) I)

with respect to measurable events dv] C V;” of non-zero probability (2.7), to which
states at time ¢ 4+ 7 the system transfers from the state o, = ¢ as a result of the
control action u] and the observation dv] on an interval of length 7. If the event
dv] = V[ is certain, the states (2.8) are unconditional: ¢, = g, (u]) and coincide
with the a priori states, whose controlled evolution is linear. This evolution is
described by expression (2.2), in which M7 (u]) = II7 (u],V;") denotes controllable
transforms of the open-loop quantum-mechanical system, corresponding to the ab-
sence of observation. The process of precise measurement of the output signal
v{ on an interval of length 7 > 0 takes the quantum system from a priori state
0 = o, to the a posteriori state pf = oMy, (uf,v]), where the quasilinear map-
ping o — oM7; (u],v]) is given by expression (2.8) in the limit dv] | {v]} almost
everywhere with respect to the measure (2.7). For example, let the measures II7
have the density functions

(2.9) 7 (uf, do]) = / PT (] of) 4] (], do]),

-
dv]

where P7 (u],v]) : 2 — 2 denotes completely positive superoperators [see the Ap-
pendix, (A.4)], say, of the form (3.10), continuous with respect to u] and integrable
with respect to v] in the strong operator sense with respect to specified numerical
measures p7 on V;7. Then the a posteriori transfer operators M, ; (uf,v]) coincide,
up to normalization, with P (u],v]) :

P (uf, o)
(0, PT (uf o)) 1)’
where the ratio is defined for those uj € U/, v € V] for which the densities

(2.11) pi (ug,vf) = {p, P{ (uf,vf) I)

(2.10) MG (uf, vf) =



of the probability measure (2.7) with respect to ] are non-vanishing.

The following theorem states that the a posteriori mapping (2.10) in fact de-
termines the classical Markov process introduced in the analogous situation for
classical systems in [20], where it is called a secondary, or conditional (a posteriori)
Markov process.

Theorem 1. The family {Mg’t} of a posteriori transfer operators My , (uf ,v])
satisfies, with respect to composition, the consistency condition

T T T T’ T’ T’ N o e e
(2.12) Mg ¢ (uf, o)) Mg o (ut+‘r7 Ut+r) =M, ; (ut » U
’
almost everywhere under the measure (2.7), where o' = oM, ; (uf,v7).

Proof. It is required to verify the property (2.12) for sublimiting conditional map-
pings (2.8), for which it follows at once from the definition and (2.5), and then to
pass to the limit dv] | {v]}. In the case (2.9) condition (2.12) is verified by simply
computing the product (2.12) of the a posteriori transfer operators (2.10); for this
purpose it is necessary to invoke the corresponding condition

T T T T’ T’ T’ _ pr+r’ T+r' T
(2.13) PT (uf,vf) P - (ut+7'7 Ut+7—) =Py (ut ) Ut )

which it is sufficient to require on VtTJrT/ almost everywhere (mod p]) and which
guarantees the satisfaction of condition (2.4) if

T(,T T, T’ T’ _ T+7 T+7’
i (ug,dvf) Hitr (Ut+ra dvt+'r) =K (Ut , dvj .
O

Remark 1. If the superoperator densities P] of the transition measures (2.9) pre-
serve unity: PT (u],v]) I = pf (u],v])1, the ratio (2.10) determines p-independent
transfer operators M] (uf,v]) describing the controllable quantum dynamics of a
system with inputs u and v, the second of which is an observable stochastic process
with probability measures 7 (ul,v]) = pf (uf,v]) pul (u],v]) independent of the
state of the system.  The a posteriori mappings (2.8) in this case are linear:
07 = oM] (u],v]) almost everywhere under the measure .

3. SUFFICIENT COORDINATES OF QUANTUM-MECHANICAL SYSTEMS

The description of the dynamics of simple closed-loop quantum-mechanical sys-
tems for a certain class of initial states is known to be often reducible to the de-
termination of the time evolution of certain coordinates, the role of which can be
taken, for example, by vectors ¢ € H, if only vector initial states are considered.
Aspects of the controllability of closed-loop quantum-mechanical systems described
by a sufficient coordinate v, € H, satisfying the controlled Schrédinger equation
have been investigated previously [8].

The concept of sufficient coordinates, which is introduced below for general con-
trollable quantum dynamical systems with observation and is intimately related
to the classical notion of sufficient statistics [20], plays an even greater role for
quantum control theory than the analogous concept in stochastic control theory,
because it permits control problems for quantum-mechanical systems to be reduced
to classical control problems with lumped or distributed parameters.
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Definition 2. Let X be a Borel space' and let {vat}mGX R be a family of states
that generates, for every t € R, a measurable mapping T 0.+ of the space X
into the space of states o, of a quantum-mechanical system at time t, where the
controlled evolution (2.5) of the system during an observation leaves this family
mvariant:

(31) Qm,tHI (u175—7 d”tT) = ﬂ-;,t (’u’z—7 dUtT) Qf;"t(u{,v[),t-‘r'r

Then X is called the space of sufficient coordinates x € X with respect to {gm},
the controlled statistical evolution of which x € X w— fI,(uf,v]) = 2] € X s
described by mappings f; , : Ul x V7 — X continuous with respect to ui € Uy and
measurable with respect to v € V," almost everywhere under the measure

T (g, dvof) = (pg, I (uf, dol) T) .

Proceeding from (3.1) taken in the limit dv] | {v]}, we note that a sufficient
coordinate © = p with respect to the family {o € L} of all states p on 2 is specified,
for example, by the a posteriori mapping f7, (uf,vi) = oM}, (uf,v]), provided
only [as in the case (2.9)] that there exists the derivative
17 (uf, dv)

’n—g,t (uz—a dvtT) .

(3-2) Mg (uf, vf) =

Theorem 2. The mapping f;, determined in (3.1) generates for o, € {th}

zeX
and for a certain fived t € R a sufficient statistic x] = fr,(uf,vf), in terms
of which are described the a posteriori states of = oMy, (u,v]) for oy = 0.,
in correspondence with the formula of = 03 ,,.,Y7 > 0. Here the transition
probabilities v, = x — da’ 3 ] defined by the formula
(3.3) e (uf s da’) = (p,, 1T, (uf, da'))
where

7, (uf  do’) =107 (uf, frp (uf,da’)),

I7

(3.4) foid i da') = {o] = f7, (uf,0]) € da'},

satisfy the Chapman-Kolmogorov equation

(3.5) / 7T (U], da) 7Ty (u;’H, dm”) = a7t (u;“’, dw”)
z'eX

foralteR, 7,7 >0, u{,u[_@_T, so that the sufficient statistics form a controllable
Markov process.

Proof. The existence of the sufficient statistic is determined by the a posteriori
mapping, which for ¢ = g, , according to expression (2.8) in correspondence with
(3.1) gives

(3.6) of = oMy (uf,vf) = Ofr (uf w7),t+7/

1Usually standard, i.e. a complete seperable metric space, also known as a Polish space (for
example, R, C", or any countable set).



thus proving the first statement of Theorem 2. The transition mappings = —
f (ul,v]) in correspondence with Theorem 1 satisfy the following semigroup prop-
erty with respect to their composition:

(3.7) Jito (ufimvien ) o J7 o) = J77 (™ 07,

which, according to (2.5), yields the equation

(3.8) / 17, (uf, dz’) H;:,HT (uz/,dx”) = H;’JQT/ (uZ+T’7dm”)
z'eX

for the transfer-operator measures specified in (3.3) and (3.4) for the transitions
x +— dx’. For states in the class {Qm}, (3.8) is equivalent to the Chapman-
Kolmogorov equation (3.5), because in accordance with (3.1),

(3.9) Qz,tHch,t (ug, da:') = 7";,:& (ug, da:’) Og! ttr-

Equation (3.5) determines the Markov stochastic evolution Z (t) of the sufficient
coordinates z (t) € X generating, according to a theorem of Kolmogorov (see, e.g.
[10], p. 48) for a standard space X, a Markov measure in the functional Borel space
of trajectories {z (t)}. This completes the proof. O

We now discuss in more detail the most interesting case, in which the transition
measures (2.9) have the superoperator densities

(3.10) PT (uf,0]) Q = FJ (uf ,v])  QF] (u] ,v])

under a consistent family of measures u] (u],dv]). Here Fy (u],v]) denotes oper-
ators belonging to the Hilbert space H and satisfying the normalization condition

(3.11) / E7 i of) T ET (uf o7) i (i dof) = 1
as well as the condition
(3.12) FiL (fr o7l ) Y (ufof) = B (w70,

which guarantees the fulfillment of (2.13).
It is seen at once that the a posteriori transfer operators (2.10) preserve the

vectorial property of the vector states (p, Q) = (¥|Qv) : (p],Q) = (V7|QV]),
where ¢y =T7 , (uf,v]) ¢ for any ¢ € H, 7 > 0 and
L (pep)

I1FY (uf, of) ¥l
Corollary 1. The set X of all vectors 1 € H, for which ||| = 1 forms, in the case
(8.10) with respect to the family {9¢}weX of vector states <pw,Q> = (Y|Qv)) the

space of sufficient coordinates specified by an a posteriori mapping fj (uf,v]) =
17, (uf, v )¢ of the quasilinear form (3.13).

(3.13) Ty (uf,vp)

We note that the a posteriori propagators Ty , (uf,v]) satisfy the semigroup
property (3.7):

3.14 TT' T T’ T T o7 _T'r+'r' S
(3.14) o b \ Wi Veger ) Lopt (ug,vy) =T, Up 5V )

where ¢' = T , (u,v]) 1 and in contrast with the operators Fy (uf,v]) preserve
the norm in H, but they are non-linear. Only in the case discussed at the end
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of Section 3, where F7 (u,v])" F7 (u],v7) = p7 (u],v]) I are the operators (3.13)
y-independent isometries: Ty (u],v]) = F7 (u],v]) /\/pf (ul,v]). We note, how-
ever, that the a priori transfer operators

(3.15) M7 (u]) Q = /[Iif(ul,vZ)TCQI’(uZ,vZ)xLZ(UZ,de)

determining the controllable Markov dynamics of the quantum system (2.9), (3.10)
in the absence of observations are not described by the propagators T} (u] ), with
the exception of the degenerate case in which the a posteriori states coincide mod pu]
with a priori states, i.e., actually do not depend on the results of the observations
vi.

4. OPTIMAL QUANTUM CONTROL

We now discuss the optimal control of a quantum dynamical system with ob-
servation {II7 }, the performance of which as a function of the initial time ¢ € R is
determined by the mathematical expectation (p,, Q¢ (ut, dvt)) of a certain physical
quantity Q¢ (u¢, dv) € A depending on the input state u; = {u (¢ + 1)}, contin-
uously” and on the output event dv; = d{v (¢t + 7)},., according to the equation
int
(4.1) Q1 (ug, dvy) =117 (uf, dvy) Qeir (Upr, dvpir) + 57 (uf, dvy).

Here ST (u],dv]) € 2 denotes Hermitian operators having the integral form?

(4.2) ST (uf, du]) = / ;7 (uf'dof') S (u(t+7) b+ ) dr’
0

where S (u,t) = S (u,t)' denotes Hermitian operator functions completely deter-
mining (4.1) for a certain boundary condition Qr (ur,dvr) = @ at the final time
T > t, corresponding to the specification of a terminal risk (pp, Q) (Q = Qf is a
certain Hermitian operator).

Definition 3. A measurable mapping vy — u; (v¢) € Uy is called a non-advanced
control strategy if its components u(t+7,:) : vy — u(t+7) are determined by
functions independent of viyr and it is called a retarded control strategy if all

u(t+7,-) are determined by functions v[/ — (t +7,v[/) for some measurable

T =7 ({t+7) < 1. A non-advanced strategy u; () is called admissible if the
integral

@wm=/bmmm¢m

exists in strong operator topology and it is called optimal for an initial state o, = o
if it realizes the extremum

(43) q (Qv t) = ut()lggt() <p7 Qt [ut ()D y

2In strong operator topology

3The conditions for the existence of the integral 4.2, its continuous dependence on uf, and its
o-additivity with respect to dv], requiring of the operator function (u,t) — S (t,u) € A continuity
in uw € U and measurablilty with respect to ¢ € R under strong operator topology, are presumed
to be fulfilled.
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where Uy () is a certain set of admissible strategies uy (+) [e-optimal if {p, Q¢ [uz (+)])
exceeds (4.3) at most by e].

We note that in accordance with (4.1), a strategy u (-) is admissible with respect
to Q¢ (+,-) if and only if its segments uzy, (+) for fixed v] are admissible strategies
with respect to Q¢+ (+,-) and for the segments ] (-) there exist measures

(4.4) I (do]) = / 7 (] (o), o),
dvtT

specifying operator-valued integrals

(4.5) ST [l ()] = //H;“’ (dug’) S (t+7",u (t+7’,vg')) .
0 vy

The latter holds for any delayed strategy that is admissible for a given boundary
condition Qr (+,-) = Q.

Theorem 3. Let the sets U] (-) of segments of admissible strategies satisfy the
condition

(4.6) U7 ()X UL, ()CUT™ () WteR, 7,7/>0

Then the minimum risk (4.3) as a function of the state o and the time t satisfies
the functional equation

an o=t oSt O+ [t @),

where 7yf () = (p, 117 (-)I), @ = 0@}, (uf (v7),v]) denotes the probability mea-
sures (2.7) and a posteriori states (2.8) corresponding to an admissible strategy
u=uj (-) and an initial state o = p,.

Proof. The proof of (4.7), which generalizes the Bellman equation [7], is reducible
to the substitution of (4.1) into (4.3) and the transition from minimization on uy (-)
to the successive minimization of (4.7), first on ¢4, (-) and then on «] (-), which
by condition (4.6) yields the same result as (4.3). Since the integral (4.5) does not
depend on uz4, (-) and by definition,

(4.8) oIly™ (dv]) = myf (dvy) gy

the first minimization entails finding the second term of the minimized sum (4.7):

wf [ @) (3 f @it oo} = [ @Da@en).

Uttr () EUr4-(+)
([

In the case of a given boundary condition ¢ (o,t) = (p, Q) the theorem proved
above provides a constructive method of synthesizing an optimal or e-optimal strat-
egy uZJ;t (vtT 7t) by the successive minimization of (4.7) in reverse time. In this
case it is sufficient to restrict the discussion to Markov admissible strategies de-

scribed by segments g, (v), 7 =T —t, depending on the a priori history v] only

through the agency of their dependence on the a posteriori state p = Qf_t for any
t' > t. Accordingly, the determination of the a posteriori quantum states of , which
generate an a posteriori Markov process, enables us to reduce the optimal quantum
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control problem to the classical problem of stochastic control theory [20][7] with
numerical transition and final risk functions

s(o,t,u) = (p, S (t,u)) q(0,T) = (p,Q),

determined by the operators of the corresponding physical quantum variables S (¢, u)
and Q.

We distinguish cases in which the quantum states ¢ are considered in a certain
class {o,,} for which sufficient coordinates exist.

Corollary 2. Let f] : U x V7 — X denote mappings satisfying the conditions
of Theorem 2. Then in problem (4.3) for o € {0} it is sufficient to restrict the
discussion to Markov strategies described by measurable mappings u] : X xV7 — U/
satisfying the consistency condition

T T T’ ! _ T+ 7’
(4.9) (umt (vf) y Ugritr (Ut+r)) = Ugy (Ut )

where &' = fuT (v]) = fI, (u] (v]),v]). In particular, the instantaneous con-
trol functions uy (1) for any T € [t,T) are determined by functions u (7, x) of the
instantaneous state x in accordance with the equation

(4.10) ug (t+7,07) =ul(t+7, fi7 (v7)).

The foregoing assertion, which follows directly for the “maximum” sufficient
coordinate T (t) = 9 (t) from the optimality equation (4.7), is readily proved on the
basis of the properties formulated for sufficient coordinates in Theorem ?77.

The further simplification of problem (4.3) entails utilizing the specific properties
of the Markov process Z (t), the role of which is logically assigned to sufficient
coordinates of the fewest possible dimensions.

For example, in the case where for the transition probabilities 77, (dz'), the
t-continuous strong limit

(4.11) L(t)q(t)(z) = 171?01/7@ (uf,da’) (q(2',t +7) = q (2,1 + 7))

exists on some set D (X) of bounded and measurable functions x — ¢ (x,t), depend-
ing continuously on ¢, the optimality equation (4.3) is written in the infinitesimal
form

4 0 = inf L

(4.12) — 54 (@ 0) = inf (s (z,,u) + L (¢, u) ¢ (t) (),

where s (z,t,u) = (py, S (t,u)). Equation (4.7), which represents the standard
Bellman equation for controlled Markov processes in continuous time, can be used
for q (z,T) = {py7, Q) € D(X) to seek optimal or e-optimal Markov control func-
tions w (¢) directly as functions w (¢, z) of the instantaneous state x.

5. QUANTUM CONTROL WITH DISCRETE OBSERVATION

As an example we consider the controlled dynamics of a simple quantum sys-
tem described between discrete measurement times T = {¢;} by the Schrédinger
equation

(5.1) ) = H(Lu ) v (), teT
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Here H (t,u) is the controlled Hamiltonian, i.e., a self-adjoint operator in H with
a dense domain of definition D C ‘H, written in the usual form

H (t,u) = Ho (t) + Em:u (t) H; (¢),
=1

where w; (t) € R; H; (t) are simple’ functions of t. Under the stated assump-
tion there exists a unique consistent family {77} of unitary propagators T} (u]),
representing for any ¢ (t — 7) = ¢ € D, a solution of (5.1) between adjacent mea-
surement times ¢ < tj4q in the form ¢ (t) = Ty, (u]_,) ¥, t € [tk, trt1), where
lim (1) = v.

Let E,; demote Hermitian projectors, which determine orthogonal decomposi-

tions I = > E,j of the unit operator in H and specify measurements at times ty,
veEV]
of quantum physical quantities described by self-adjoint operators

(5.2) Ay = Z vE,,
veVy
with discrete spectra Vi, C R.
As a result of measurement of the quantity Ay there occurs a reduction [18] of
the quantum state o — oI, v € Vi, described by the superoperators IL,,Q =
E,QFE,k, which determines a priori direct transfer operators

(53) ,Q = Z EyxQEy-
veVy

The states g, = oll,x to which the system transfers instantaneously depending
on the result of this measurement v € Vj are normalized to the probabilities m,; =
(p, Eyr) of these transitions, where if p is a vector state (p,, Q) = (¥|Qv), the
states p,, are also vectorial, determined by the projections ,, = E,x. The
product B, T7 (u]) = FJ, (u]) for 7 = t;, — t determines a transformation v (t) —
Eu1% (tx) corresponding to the evolution (5.1) on the interval [t, t;) with subsequent
measurement of the quantity Ay.

We introduce the notation F, (ux) = Fyf (u"), where 7 = tj41 — tg, and we
set V7 = [[ Vi, where K] = {k: ¢, € [t,t + 7)} is the set of all indices of times

keK]

in the interval (¢,¢+ 7) (in the case of an empty set K7 = () we assume that V;”
consists of some single point {w}).

Proposition 1. Let the set Ki~" be finite for any t < s. Then the chronological
product

(5'4) Fit_t (uisf_t) = Ttsl_tl (uil_tl) F’Ull—l (Ul—l) s ka+1k (Uk) Fi:t_t (Uik_*) )

where k = min K%, | = max K", and v = (vg,...,v) = v, determines
controllable quantum dynamical system described by superoperators {II]} of the
form (2.9), (3.10):

(5.5) I, (u]) Q = FJ, (uf)T QFY, (u]),

under the counting measure pi =1 on V;™ 3 v.

4In other words, having one-sided limits; for unbounded self-adjoint operators H; (t), ¢ =
0,...,m, this means that H (¢, u (¢)) ¢ is a simple function for any i € D.
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The proof is reducible to the verification of conditions (3.11) and (3.12), which
take the form

(5.6) MoFL @) FL ) =1 vu] €Uy,
veV,
(5.7) Flyer (wiir ) Pl () = BT, (w7

(where v' € VtiT, v € V/7), which is easily verified by induction, owing to the
finiteness of the product (4.4).

Because of the spatial form (5.5) of the consistent family {II,;} on the basis of
Corollary 1, we infer that the space X of normalized vectors ¢ € H, ||¢| = 1 forms
a space of sufficient coordinates, the a posteriori evolution ¢ — Ty, (uf,v])v of
which is described by the nonlinear propagators (3.13): T., (u]) / || T (u]) ||, and
the a priori evolution by transfer operators of the form (3.15):

07 (u]) Q= > Fj, (u}) QFy, (uf).

veVy

We give special consideration to the case of complete measurements described
by the operators Ay with a non-degenerate spectrum.

Proposition 2. Let {1}y, denote the complete orthonormal systems of eigen-
vectors of the operators Ay, and let E,i be the corresponding one-dimensional pro-
jectors onto 1,,.. Then the a posteriori states at the times {t;} are vector states,
which are completely determined by the last result of measurement vy, € Vj, :

(58) <p§k_t7 Q> = <Qkak7¢’l}kk> vt < tka 0 = 04

and the measurement process {vg} is a Markov process, which is described by the
controllable transition probabilities

(5.9) Tok (e, Uk) = |(Th (k) Yoy s Yo irn) |
where Ty (ug) = T;,* (utT:) y Tk = tpa1 — tg.
This proposition follows from the property

EuQEy, = (V1| Qv 1) Evk

of the one-dimensional orthogonal projection operators E,; corresponding to the
eigenvectors 1,,, so that the application of any state o to (5.5) at t = ¢, — 7
leads to (5.8), up to normalization. Inasmuch as the a posteriori state (5.8) does
not depend on the previous measurements, the conditional probability given by
expression (5.9) for the even vp11 = v for fixed preceding results is Markovian.

In the proposition proved above, the controllable sufficient coordinate xp = vy
is indicated, provided only that the quantum system is analyzed at discrete mea-
surement times {ty} .

We now consider the optimal control problem for a discretely observed quantum
system. Let the control performance, as a function of the initial ¢, be described by
the operator (4.1), which is determined by the integral (4.2) of some operator-valued
function S (¢t,u) : H — H.
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Proposition 3. Under the conditions of Theorem 3, for a vector initial state g,
the minimum risk
(5.10) 0@t = inf [ @1 wn 0) o))

ue () EV(-

in the intervals (tg, tr+1) between measurements satisfies the functional equation in
variational derivatives

0
(611)  —gpa @)= int (V]300 + 20 T (G (0,1) /SUH (6,) )

where ||w||§. = (¥|SvY), and at the measurement times {ty} it satisfies the recursive
equation

o~

(5.12) ae (@) = inf {1130+ 2 T @ () |

uk €Uk VEVE41
which determines the boundary values q(t —0,%) = qx (¢) for (5.11).  Here
" 2 u
Tk (V) = 1 Ton (ur) V1%, ¢ = T (ur) o/ /75 ($), and

(5.13) Sk (ug) = /Tfjk (uijk)T S (t,u () TE™ (uf ™) dt.
0

Equation (5.11) is readily proved on the assumption of analyticity of the function
¥ — q(1,t), as is natural for a quadratic boundary condition ¢ (¢,t) = ||¢\|é at
some final time 7. Here (5.11) represents a functional version of the Bellman
equation corresponding to the Schrédinger equation (5.1) and a quadratic transition
objective function S (¢,u,v) = HwHZ(t,u)‘ Equation (5.12) follows directly from
(4.7) for t = tg, 7 = tp41 — tr and o = 0, if it is taken into account that the
integral (4.2) now has the form (5.13).

In conclusion we consider the optimal control problem described above in the
complete measurement case. Making use of the fact that the process of complete
measurement at discrete times {tx} induces a Markov sufficient coordinate xy = vy,
from (5.12) we deduce the customary equation

(5.14) g (vp) = inf | se (ue, o) + Y ok (U, v8) qegr (V) ]
ur €U 0eVhis

which describes the optimum risk for the control of a discrete Markov process
{vx} with the transition probabilities (5.9), an objective function s (ug,vy) =

||z/1vk ||Zk(uk) and a boundary condition of the form g (v) = Hl/}vk ||z2 . The solution

of the given Bellman equation (5.14) is easily implemented on a computer by stan-
dard dynamic programming methods in the case of piecewise-constant admissible
strategies, for which Uy = U () C R™.

APPENDIX A. NOTATIONS, DEFINITIONS AND FACTS

(1) Let {Qi};c; be a family of self-adjoint operators acting in a complex Hilbert
space H. The von Neumann algebra generated by the family {Q;} is de-
fined as the minimal weakly closed self-adjoint sub-algebra 20 of bounded
operators in H containing the spectal projectors of this operators, along
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(A.2)

(A.3)

V. P. BELAVKIN

with the unit operator I. It consists of all bounded operators that com-
mute with the commutant {Q;} = {Q: QQ; = Q:Q Vi €I}, i.e., it is the
seconed commutant A = {Q;}" of the family {Q;}. The latter can be
taken as the definition of the von Neumann algebra generated by the fam-
ily {Q;} in the case of unbounded self-adjoint operators @; densely defined
on a domain D C H. The simplest example of von Neumann algebra is
the algebra B (H) of all bounded operators acting in H [11].

A (normal) state on a von Neumann algebra 2 is defined as a linear ul-
traweakly continuous functional ¢ : 2 — C (which will be denoted as
0(Q) = {p, Q)) satisfying the positivity and normalization conditions

(p,Q) >0, VQ=0, (pI)=1

[@Q = 0 signifies the nonnegative definiteness (¥|Qv) = 0 Vi € H called
Hermitian positivity of @]. They are usually identified with the density
operators p as the elements of the opposite, or transposed algebra AT =
{AT : A € 2} with respect to thre pairing (p,@). The linear span of all
normal states is a Banach subspace 2, of the dual space 20*, called predual
to 2 as Ay = 2A. A state p is called vector state if (p, Q) = (¢|Qv) p = p,)
for some ¢ € H. Any state is a closed convex hull of vector states p,,, [[7]| =
1. If on an algebra 2 there exists a normal semi-finite trace @ — tr {Q},
then the states on 2 can be described by the transposed density operators
pT = p € A (or affilaited to 2, if they are unbounded), determining p by
means of the bilinear form (p, Q) = tr {pTQ}. For the case A = B (H) the
density operator p is any nuclear positive operator with unit trace [11].
Let 24, 2 be von Neumann algebras in respective Hilbert spaces H; and
‘Hs, and let M : 2> — 2l be a linear operator that transforms the operators
Q2 € 2, into operators Q1 € ; (superoperator, in the terminology of [13]).
The operator M is called a transfer operator if it is ultraweakly continuous,
completely positive in the sense

S (M Q@) vi) 20, ¥Qie U ey,

ik=1

(i=1,...,n < 00), and unity-preserving: Ml = I;. A composition g; oM
with any state p; : »; — C is the state Ay — C described by the predual
action of the superoperator M on py:

<p17MQ2> = <M*1017Q2> 7VQ2 S Ql?vpl € Q’l-{

A transfer operator M is called spatial if
MQo =TTQ;T or M,p, =T p, Ty,

where T : H; — Ho is a linear isometric operator, TTT = I, called the
propagator, and T is the transposed operator such that 7] = T. Every
transfer operator on Ay = B (Hs) is a closed convex hull of spatial transfer
operators.

Let V be a measurable space, and B its Borel o-algebra. A mapping II :
dv € B+ TI (dv) with values II (dv) in ultraweakly continuous, completely
positive superoperators 2, — 2y is called a transfer-operator measure if
for any p; € AT, Q2 € Az the numerical function

(IL(dv), p1, Q2) = (p1, 11 (dv) Q2)
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of the set dv C V is a countably additive measure normalized to unity for
Q2 = I. In other words, II(dv) is an operator-valued measure that is
o-additive in the weak (strong) operator sense and for dv = V' is equal to
some transfer operator M. The quantum-state transformations p; +— p,
corresponding to ideal measurements are described by transfer-operator
measures of the form

(A4) M (dv) Q = F (v)' QF (v) p (dv) ,

(1]
2]

where F' (v) denotes linear operators H; — Ha, the integral under a positive
numerical measure p on V is interpreted in strong operator topology, and
[ FT(v) F (v) u(dv) = I;. Every transfer-operator M : 2y — 2; for 2y =
B (H) can be represented by the integral (A.4) with respect to dv C V of
some ideal measure II (dv) .
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