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Abstract

In this article we provide the sufficient condition for a Chow group
element to be defined over the ground field. This is an integral version
of the result known for Z/2-coefficients. We also show that modulo
2 and degree r cohomological invariants of algebraic varieties can not
affect rationality of cycles of codimensions up to 2r−1 − 2.

1 Introduction

In many situations it is important to know, if the element of the Chow group
of some variety which exists over algebraic closure is actually defined over k.
In particular, this question arises while studying various discrete invariants
of quadrics. An effective tool here is the method introduced in [9] which, in
particular, gives that for an element of codimension m with Z/2-coefficients,
it is sufficient to check that it is defined over the function field of a suffi-
ciently large quadric (of dimension > 2m). This approach was successfully
applied to various questions from quadratic form theory. In particular, to
the construction of fields with the new values of the u-invariant (see [11]).
The above core result can be extended in various directions. One of them
due to K.Zainoulline (see [13]) establishes similar statement for the quadric
substituted by a norm-variety of Rost for the pure symbol in KM

n (k)/p (p-
prime) and for Chow groups with Z/p-coefficients. This is a generalisation
of the case of a Pfister quadric, which is a norm-variety for the pure symbol
modulo 2.

But all the mentioned results are dealing with Chow groups with torsion
coefficients. In the current article I would like to address similar question
for integral Chow groups. The results obtained are similar to the Z/2-case,
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but one requires an additional condition on Q (aside from its size) saying
that Q has a projective line defined over the generic point of Q. Although,
the “generic quadric” does not have this property, such quadrics are quite
widespread. If one imposes stronger conditions on a quadric, one can show
that the map

CHm(Y )→ CHm(Yk(Q))

is surjective. In particular, this happens for a Pfister quadric, and m <
2r−1 − 1. This latter result can be used to show that (modulo 2) and degree
r cohomological invariants of algebraic varieties do not effect rationality of
Chow group elements of codimension up to 2r−1 − 2.

The main tool we use is “Symmetric Operations” in Algebraic Cobordism
(see [10]). These are “formal halves” of the “negative parts” of Steenrod op-
erations ( mod 2 ) there. If one does not care about 2-torsion effects, one can
use more simple Landweber-Novikov operations instead. But the symmetric
operations provide the only (known) way to get “clean” results on rationality.

Acknowledgements: I would like to thank the referee for the very
useful suggestions. The support of the EPSRC Responsive Mode grant
EP/G032556/1 is gratefully acknowledged.

2 Symmetric operations

For any field k of characteristic 0, M.Levine and F.Morel have defined the
Algebraic Cobordism theory Ω∗, which is the universal generalised oriented
cohomology theory on the category Sm/k of smooth quasi-projective vari-
eties over k (see [3, Theorem 1.2.6]), which means that for any other such
theory A∗ there is unique map of theories Ω∗ → A∗. For a given smooth
quasi-projective X, the ring Ω∗(X) is additively generated by the classes
[v : V → X] with V -smooth and v-projective, modulo some relations. The
value of Ω∗ on Spec(k) coincides with MU2∗(pt) = L - the Lazard ring
- see [3, Theorem 1.2.7]. Since Chow groups form a generalised oriented
cohomology theory, one has a canonical map pr : Ω∗ → CH∗ (given by
[v : V → X] 7→ v∗(1V ) ∈ CHdim(V )(X)) which is surjective, and moreover,
CH∗(X) = Ω∗(X)/L>0 · Ω∗(X) - see [3, Theorem 1.2.19]. Thus, one can
reconstruct Chow groups if the Algebraic Cobordism is known. On Ω∗ we
have the action of Landweber-Novikov operations - [3, Example 4.1.25]. Such

2



operations can be parametrised by the polynomials g ∈ L[σ1, σ2, . . .], with

Sg
L.−N.([v : V → X]) := v∗(g(c1, c2, . . .) · 1V ) ∈ Ω∗(X),

where ci = ci(−TV + v∗TX) is the i-th Chern class of the virtual normal bun-
dle of v. If one does not mind moding out the 2-torsion, then all the results
of the next section can be obtained using the Landweber-Novikov operations
only. But to obtain precise statements one needs more subtle “Symmetric op-
erations”. These operations were introduced in [8] and [10]. It is convenient
to parametrise them by q(s) ∈ L[[s]], where Φsr

: Ωd(X) → Ω2d+r(X). The
operation Φq(s) is constructed as follows. For a smooth morphism W → U ,
let �̃(W/U) denotes the blow-up of W ×U W at the diagonal W . For a

smooth variety W denote: �̃(W ) := �̃(W/ Spec(k)). Denote as C̃2(W ) and

C̃2(W/U) the quotient variety of �̃(W ), respectively, �̃(W/U) by the nat-
ural Z/2-action. These are smooth varieties. Notice that they have natural

line bundle L, which lifted to �̃ becomes O(1) - see [4], or [10, p.492]. Let

ρ̃ := c1(L) ∈ Ω1(C̃2).
If [v] ∈ Ωd(X) is represented by v : V → X, then v can be decomposed as

V
g→ W

f→ X, where g is a regular embedding, and f is smooth projective.
One gets natural morphisms:

C̃2(V )
α
↪→ C̃2(W )

β
←↩ C̃2(W/X)

γ→ X.

Now, Φq(s)([v]) := γ∗β
∗α∗(q(ρ̃)). Denote as φq(s)([v]) the composition pr ◦

Φq(s)([v]). As was proven in [10, Theorem 2.24], Φq(s) gives a well-defined
operation Ω∗(X)→ Ω∗(X). I should note that in [10] and [9] we use slightly
different parametrisation for symmetric operations. To stress this difference
I used the different name for the uniformiser. In [10] the parameter is t and
its relation to our s is given by: t = [−1]Ω(s), where [−1]Ω(s) ∈ L[[s]] is the
inverse in terms of the universal formal group law. The difference basically
amounts to signs, and with the new choice the formulae are just a little bit
nicer.

It was proven in [8] that the Chow-trace of Φ is the half of the Chow-trace
of certain Landweber-Novikov operation.

Proposition 2.1 ([8, Propositions 3.8, 3.9], [10, Proposition 3.14]) For [v] ∈
Ωd(X),
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(1) 2φsr
([v]) = pr(−Sr+d

L−N([v])), for r > 0;

(2) 2φs0
([v]) = pr([v]2 − Sd

L−N([v])),

where we denote Sσr
L−N as Sr

L−N .

The additive properties of φ are given by the following:

Proposition 2.2 ([10, Proposition 2.8])

(1) Operation φsr
is additive for r > 0;

(2) φs0
(x + y) = φs0

(x) + φs0
(y) + pr(x · y).

Let [v] ∈ Ω∗(X) be some cobordism class, and [u] ∈ L be the class of a
smooth projective variety U over k of positive dimension. We will use the

notation η2(U) for the (minus) Rost invariant
deg(cdim(U)(−TU ))

2
∈ Z (see [4]).

Proposition 2.3 ([10, Proposition 3.15]) In the above notations, let r =
(codim(v)− 2 dim(u)). Then, for any i > max(r; 0),

φsi−r

([v] · [u]) = −η2(U) · (pr ◦ Si
L−N)([v]).

The following proposition describes the behaviour of Φ with respect to
pull-backs and regular push-forwards. For q(s) =

∑
i>0 qis

i ∈ CH∗(X)[[s]]

let us define φq(s) :=
∑

i>0 qiφ
si
. For a vector bundle V denote c(V)(s) :=∏

i(s+λi), where λi ∈ CH1 are the roots of V . This is the usual total Chern
class of V .

Proposition 2.4 ([10, Propositions 3.1, 3.4]) Let f : Y → X be some mor-
phism of smooth quasi-projective varieties, and q(s) ∈ CH∗(X)[[s]]. Then

(1) f ∗φq(s)([v]) = φf∗q(s)(f ∗[v]);

(2) If f is a regular embedding, then φq(s)(f∗([w])) = f∗(φ
f∗q(s)·c(Nf )(s)([w])),

where Nf is the normal bundle of the embedding.

And, consequently, for f - a regular embedding:

(3) φq(s)(f∗([1Y ]) · [v]) = φq(s)·f∗(c(Nf )(s))([v])
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3 Rationality of cycles over function fields of

quadrics

Let k be a field of characteristic 0, Y be a smooth quasi-projective variety,
and Q be a smooth projective quadric defined over k. For y ∈ CHm(Yk) we
say that y is k-rational, if it belongs to the image of the natural restriction
map:

CHm(Y )→ CHm(Yk).

The following result shows that rationality of y can be checked over the
function field of Q provided Q is sufficiently large and a little bit “special”.

Theorem 3.1 In the above notations, suppose that m < dim(Q)/2, and
i1(Q) > 1. Then

y is defined over k ⇔ y|k(Q) is defined over k(Q).

With stronger conditions on Q we can prove more subtle result.

Proposition 3.2 Let Q be smooth projective quadric with i1(Q) > m <
dim(Q)/2. Then the map CHm(Y ) � CHm(Yk(Q)) is surjective, for all
smooth quasi-projective Y .

Applying it to the case of a Pfister quadric, we get:

Corollary 3.3 Let Qα be an r-fold Pfister quadric. Then the map

CHm(Y ) � CHm(Yk(Qα))

is surjective, for all smooth quasi-projective Y , and all m < 2r−1 − 1.

Proof: In this case, i1(Qα) = 2r−1, and dim(Qα)/2 = 2r−1 − 1 (actually,
the case of a Pfister quadric is the only one where the second inequality in
Proposition 3.2 is needed). �

This immediately implies:

Theorem 3.4 Let k be any field of characteristic 0, and r ∈ N, then there
exists a field extension F/k such that:
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• KM
r (F )/2 = 0;

• The map CHm(Y )→ CHm(YF ) is surjective, for all m < 2r−1 − 1, for
all smooth quasi-projective Y defined over k.

Proof: Take F - the standard Merkurjev’s tower of fields, that is, F := lim−→Fi,

where Fi+1 = F ′
i , and for any field G, the extension G′ of G is defined as

lim−→G(×i∈IQi), where the latter limit is taken over all finite sets I of r-fold

Pfister quadrics defined over G. Then KM
r (F )/2 = 0, and it is sufficient to

prove the respective property for the map CHm(YE)→ CHm(YE(Qα)), where
Qα is an r-fold Pfister quadric. It remains to apply Corollary 3.3. �

This result shows that ( mod 2) and degree > r cohomological invariants
of smooth algebraic varieties could not affect rationality of cycles of codi-
mension up to 2r−1−2. As the example of a Pfister quadric itself shows, this
boundary is sharp.

Remark: The above Corollary can also be proven by other means. Namely,
the computations of M.Rost ([6, Theorem 5], see also [2, Theorem 8.1], or
[10, Theorem 4.1]) show:

Proposition 3.5 (M.Rost) Let Qα be r-fold Pfister quadric over the field k.
Then, for any field extension F/k, the map

CHn(Qα) � CHn(Qα|F )

is surjective, for any n < dim(Qα)/2 = 2r−1 − 1.

It is remarkable that the respective map

Ωn(Qα) ↪→ Ωn(Qα|F )

on algebraic cobordism groups is instead injective, for any n - see [10, Theo-
rem 4.1].

Combined with the following general result Proposition 3.5 gives our
Corollary 3.3.
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Proposition 3.6 (R.Elman, N.Karpenko, A. Merkurjev, [1, Lemma 88.5])
Let X, Y be smooth varieties over k, such that, for any field extension F/k,
and for any n 6 m, the map:

CHn(X) � CHn(XF )

is surjective. Then, the map:

CHm(Y ) � CHm(Yk(X))

is surjective as well.

Here I should point out, that although one gets a different “elementary”
proof of Corollary 3.3, it involves a quite non-trivial ingredient - the Rost
computation of the Chow groups of Pfister quadrics. The Pfister quadrics
and also few small-dimensional quadrics are the only ones for which such
computation is known. In particular, to prove the whole Proposition 3.2
using this method one needs an analogue of Proposition 3.5.

Both Theorem 3.1 and Proposition 3.2 are consequences of the following
statement.

Proposition 3.7 Let Q be a smooth projective quadric of dimension > 2m
with i1(Q) > 1, E/k be field extension such that iW (qE) > m, and Y be a
smooth quasi-projective k-variety. Then, for any y ∈ CHm(Yk(Q)) there exists
x ∈ CHm(Y ) such that xE(Q) = yE(Q).

Proof: Consider y ∈ CHm(Yk(Q)). Using the surjections

Ωm(Y ×Q)
pr
� CHm(Y ×Q) � CHm(Yk(Q)),

we can lift y to some element v ∈ Ωm(Y ×Q).
Since iW (QE) > m, qE = (⊥m

i=0 H) ⊥ q′, for some quadratic form q′

defined over E. Consider the cobordism motive of our quadric QE (see [5],
or [12]) By [7, Proposition 2] and [12, Corollary 2.8], we have that MΩ(QE) =
(⊕m

i=0L(i)[2i])⊕M ′, where

M ′ = MΩ(Q′)(m + 1)[2m + 2]⊕ (⊕m
i=0L(dim(Q)− i)[2 dim(Q)− 2i]),
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where L(j)[2j] is the cobordism Tate-motive (see [12]). Moreover, we can
always choose the generator of L ∼= Ω∗(L(i)[2i]) ⊂ Ω∗(QE) to be hi. Let us
denote the passage k → E as . Then, our element v ∈ Ωm(Y ×Q) restricted
to E can be presented as v =

∑m
i=0 vi · hi + v′, where vi ∈ Ωm−i(YE), and

v′ ∈ Ωm(MΩ(Y )⊗M ′)). Applying the composition

Ωm(Y ×QE)→ CHm(Y ×QE)→ CHm(YE(Q))

to v we get pr(v0)E(Q). On the other hand, from commutativity of the dia-
gram

Ωm(Y ×QE) −−−→ CHm(Y ×QE) −−−→ CHm(YE(Q))x x x
Ωm(Y ×Q) −−−→ CHm(Y ×Q) −−−→ CHm(Yk(Q))

it must coincide with yE(Q). Thus, it is sufficient to show that pr(v0) ∈
CHm(YE) is defined over k.

Lemma 3.8 In the above situation, let e : P ↪→ Q be a linear embedding of
smooth quadrics, with dim(P ) = m. Let ρ : MΩ(Q)→MΩ(Q) be cobordism-
motivic endomorphism of Q. Let v ∈ Ωm(Y ×Q). Then

(id× e)∗(id× ρ)∗(v) =
m∑

i=0

(
i∑

j=0

αi,j · vj

)
· hi,

where αi,j ∈ Li−j. Moreover, αi,i ∈ Z is visible on the level of Chow groups:
ρCH(hi) = αi,i · hi.

Proof: By dimensional reasons, any map from MΩ(P ) to M ′ is zero. Thus,
(id×e)∗(id×ρ)∗(v) =

∑m
j=0 vj ·(e◦ρ)∗(hj). Clearly, ρ∗(hj) =

∑
i>j αi,j ·hi+β′

j,

where αi,j ∈ Li−j, and β′
j ∈ Ωj(M ′). Again, by the same reasons, e∗(β′

j) = 0,
and we get the first statement. Projecting to CH∗ we get the description of
αi,i. �

Lemma 3.9 In the situation of Proposition 3.7, let e : P ↪→ Q be a linear
embedding of smooth quadrics, where dim(P ) = m, and v ∈ Ωm(Y×Q). Then
there exist w, z ∈ Ωm(Y × P ) such that: w =

∑m
i=0 wi · hi, z =

∑m
i=0 zi · hi,

and

8



1) wi = vi;

2) zi =
∑i

j=0 αi,j · vj, where αi,j ∈ Li−j;

3) α0,0 = 1, and αi,i = 0, for all odd i.

Proof: Since i1(Q) > 1, the (Chow) motive of Q is decomposable, and if
N is indecomposable direct summand containing Z (when restricted to k),
then N does not contain Z(i)[2i], for any odd i, by the result of R.Elman,
N.Karpenko, A.Merkurjev - [1, Proposition 83.2] (here Z(j)[2j] is the Tate-
motive in the Chow-motivic category - see [5], or [12]).

Let ρCH ∈ EndChow(k)(M
CH(Q)) be the projector corresponding to N .

Then ρ∗CH(1) = 1, and ρ∗CH(hi) = 0, for any odd i. Using the surjective
map pr : Ω∗ � CH∗, we can lift ρCH to a cobordism-motivic morphism
ρ : MΩ(Q)→MΩ(Q). Take z := (id× (e ◦ ρ))∗(v), and w := (id× e)∗(v). �

In the above notations, let u =
∑m

i=0 αi,iv
i · hi ∈ Ωm(Y × PE). Then:

Lemma 3.10 For any 0 6 k 6 [m/2], the element pr(Φsm−2k
(π∗(h

k · (z −
u)))) is a linear combination of pr(Sj

L−N(vj)) with even coefficients.

Proof: We have: π∗(h
k · (z − u)) =

∑m
i=1

∑
06j<i[Pm−k−i] · αi,j · vj, where

[Pl] ∈ L is the class of an l-dimensional quadric. Thus, by Proposition 2.3,

pr(Φsm−2k

(π∗(h
k · (z − u)))) = −

m∑
i=1

∑
06j<i

η([Pm−k−i] · αi,j) · pr(Sj
L−N(vj)).

But 2 · η is multiplicative, Pm−k−i is a quadric (possibly, zero-dimensional),
and dim(αi,j) > 0. Thus, all the coefficients are even. �

Lemma 3.11 If w ∈ Ωm(Y × P ) decomposes over E as w =
∑m

i=0(w
i · hi),

then any linear combination of pr(Si
L−N(wi)) with even coefficients is defined

over k.

Proof: Consider the projection Y × P
π→ Y . It is sufficient to observe that,

for all 0 6 i 6 m, the elements pr(Si
L−Nπ∗(h

m−i · w)) = 2pr(Si
L−N(wi)) +

2
∑

06j<i η(Pi−j)pr(S
j
L−N(wj)) are defined over k. �
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Denote as η(x) the power series
∑

i>0 η(Pi) ·xi, where η(Pl) =
deg(cl(−TPl

))

2

is the (minus) Rost invariant of an l-dimensional quadric Pl.

Proposition 3.12 Let Y be smooth quasi-projective variety, P - smooth
projective quadric of dimension m, and z ∈ Ωm(Y × P ) such element that
z =

∑m
i=0 zi ·hi, where zi ∈ Ωm−i(YE). Then, for any polynomial f ∈ Z[x] of

degree 6 [m/2], the linear combination

m∑
j=0

gm−j · pr(Sj
L−N(zj)),

is defined over k, where g(x) =
∑

l gl · xl is “the degree 6 m part” of the
product f(x) · η(x).

Proof: Let f ∈ Z[x] be some polynomial of degree 6 [m/2], and fi be its
coefficients. Consider the element y := pr(

∑
i fi · Φsm−2i

(π∗(h
i · z))). Then

y =
∑

i fi

∑
j pr(Φsm−2i

([Pm−i−j] · zj)), where [Pl] is the class of quadric of
dimension l in L. By Proposition 2.3, this expression is equal to

−
∑

i

∑
j

fi · η(Pm−i−j) · pr(Sj
L−N(zj)) = −

m∑
j=0

gm−j · pr(Sj
L−N(zj)),

where the polynomial g(x) =
∑

l gl ·xl is the degree 6 m part of the product
f(x) · η(x), where η(x) =

∑
r>0 η(Pr) · xr. �

It follows from Proposition 3.12, and Lemmas 3.9, 3.10 and 3.11 that, for
any f ∈ Z[x] of degree 6 [m/2], the element

m∑
j=0

gm−j · pr(Sj
L−N(uj)) =

m∑
j=0

gm−jαj,j · pr(Sj
L−N(vj))

is defined over k. Now it is sufficient to find a polynomial f ∈ Z[x] of
degree 6 [m/2] such that in the polynomial g(x) := (f(x) · η(x))6m all the
coefficients at even (respectively, odd) monomials for m odd (respectively,
even) are divisible by 2, and the coefficient at xm is odd. We can pass to
Z/2-coefficients, where we have:
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Lemma 3.13 There exists such polynomial f ∈ Z/2[x] of degree 6 [m/2]
that (f(x) · η(x))6m (mod2) = xm + terms of parity (m− 1).

Proof: Recall that ηl = η(Pl) = (−1)l (2l)!
l!(l+1)!

, and η(x) (mod2) =
∑

i>0 x2i−1 =

γ−1, where γ = 1+
∑

i>0 x2i
. We will use some facts about these power series

obtained in [11].
In the case m = 2n + 1 - odd, consider f(x) := (γm)6n (= am in the

notations of [11]). Since γm = (γm)6n + (γm)>n, we have that

((γm)6n · γ−1)6n = γ2n
6n

contains only terms of even degree. But by [11, Corollary 3.10 and (1)],

((γm)6n · γ−1)62n+1 = ((γm)6n · γ−1)6n + x2n + x2n+1.

Hence, (f · γ−1)<m consists of terms of even degree, and (f · γ−1)m = xm.
In the case m = 2n - even, it remains to take f(x) := am−1 · x. �

Remark: Actually, the above polynomial f is unique. Moreover, it is exactly
the polynomial δ appearing in the proof of [11, Proposition 3.5], where a
completely different selection criterion was used!

Proposition 3.7 is proven.
�
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