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Problem class 2

1. a) Let y = 22 — 7 be an affine line over £k = Q. Write out an equation for the
projective line L.

b) Let L' :3X +4Y — 16 Z = 0. Find the point of intersection L N L'.
¢) Draw an affine picture.
2. Let P=(Xo:Y:Z), Q= (X, :Y,:Z) and R = (X : Vs : Z) be three distinct

points in P2. Show the following statement: These three points lie on one projective
line if and only if the determinant

Xo Yo Zo
det | X3 Y7 Z;| =0.
Xo Yo 2y

Analogously, three distinct lines agX + bgY + cgZ = 0, a; X + b1Y + ¢ Z = 0 and
as X + bY + coZ = 0 meet in one point if and only if the determinant
ap by co
det aq bl C1 = 0.
a9 bg Co

3. For each of the following polynomials in k[x, y] write down their homogenisation and
calculate the points at infinity if £k = C.

a)
b) 2"+ +ry—y+1

c) x" 4+ y" —1Wheren>1ls an integer.
)

d) o — 323y + 2%y — 3wy

4. Fix a field k and three elements «, (3, 7, all of them different from 1. Consider the
following six points

P=(1:1:1),Q=(a:1:1), R=(1:0:0)
=(@f:0:1),Q =(1:1:7), R=(0:1:0)

(a) Show that the point P, @ and R lie on one line.

(b) Show that it is equivalent that P, @ and R’ lie on one line as to say that
afy =1.

(c) Assume now a3y = 1. Let P” be the intersection of the line through @ and R’
with the line through @’ and R. Let Q" be the intersection of the line through
P and R’ with the line through P’ and R. Let R” be the intersection of the line

through P and @)’ with the line through P’ and ). Compute P”, Q" and R’
and show that they lie on one line.

(See at the back of this page for a picture.)
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