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Problem class 6

1. Let E be the elliptic curve defined over Q given by y*> = 23 + 2 + 3. Let P = (—1:
1:1). Compute —P, 2P, 3P and 4 P.

2. Let E be the elliptic curve y? = 23 + 22 — 1 defined over Fs.
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a) Find all points in E(F5). (The number of them will be a prime.)

b) Pick a point P as a generator of this cyclic group and write all other points as
a multiple of your P.
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3. Let a be an element in a field k of characteristic different from 2 and 3. Consider the

cubic

C: Y2Z+XYZ =X +aXZ?

which contains the point O = (0:1:0) and the point P = (0:0: 1).

a) For which a is the cubic smooth.
b) Write out the formula for the point P + ) where Q) = (z¢ : yg : 1) # P.
c) Use this to verify that (Q + P)+ P = Q.

Solution:

a)

Let (X : Y : Z) be a singular point on C. The three partial derivatives give
the equations

YZ =3X?+aZ?
WZ+XZ=0
Y24+ XY =2aX7

From the middle equation we learn that either Z =0 or X = =2Y. If Z =0,
then C tells us that X = 0 and therefore we are at the point O. However the
third equation above is not valid for O; therefore O is non-singualar.

Hence we have X = —2Y. The third equation then becomes Y? — 2Y? =
—4aY Z. Either Y =0orY =4aZ. If Y =0 then X = 0 and we are at P.
However the partial derivative with respect to X is zero at P only if a = 0.

Instead if Y # 0, then X = —2-4aZ = —8aZ and we are at the point
(—8a : 4a : 1). For this point to satisfy the first of the above equation, we
would have 4a = 3(—8)? + a. If a = 0, we rediscover the previous case,
otherwise a = 1/64.

Conclusion: C' is smooth if @ # 0 and a # 1/64. If a = 0 then (0: 0 : 1) is
singular and if @ = 1/64 the point (—=1/8: 1/16 : 1) = (=2 : 1 : 16) is singular.

The line through P = (0,0) and @ = (zg,yq) is y = Az with A\ = yg/z¢o.
This makes sense as zg # 0 since () # P. If R is the third point that this line
meets the curve then

—(\2)? —z(Az) + 2° + az = z(z — 2¢)(z — zR).

The quadratic terms gives —\? — A\ = —xg — xp, therefore
2 Yo | Ya Yo + QYo —TH azg  a
;L'R:)\ —}-)\—xQ:—2+——xQ: 3 = 5 = —

Using yg = Axgr we find that
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)

Now we need to find P + Q) = —R. First of all we have xp g = g = a/zq.
Then y*> + zry — % — axr must factor as (y — yr)(y — yp1g). Looking at
the linear term in these two expressions, we find g = —yr — yp4+¢g. Therefore

yp+g = —Tr — Yyr. Hence

[ a a ayQ\ ([ @ rg + Yo
ea= (- - ) - (& terie)

By the above formula

_|_
(Q+P)+P:( a —aIPW2 y”Q)

TpiqQ TpyQ
B ( a a/ﬂfQ—a(ﬂfQerQ)/fé)
— ,—aQ 5
a/zq (a/zq)
arg — arg — ayqQ
= (95@»—@ " ) = (zq,yq) = Q-

4. Consider the cubic Y?Z = X? over a field k with its unique singular point (0: 0 : 1).
There is a map ¢: k — P?(k) sending u to (u: 1 :v?) that has its image in C(k).

a) Show that the image is precisely all non-singular point in C'(k).

b) Prove that the map is a group homomorphism from (k, +) to the group of non-
singular points in C'(k).

[Hint: start by checking ¢(—u) = —¢(u) and that ¢(u), p(v) and p(—u — o) lie

on one line.]

Solution:

a)

It is clear that the image of ¢ is contained in C'(k) \ {(0:0:1)}. Conversely,
let P = (X :Y : Z) be a point in C'(k) which is not equal to (0 : 0 : 1). If
Y = 0, then the equation C leads to X = 0 and so to the point (0 : 0 : 1).
Therefore Y # 0 and we can write P = (X/Y :1: Z/Y). Set u = X/Y € k.
Then Z/Y = X3/Y? = u?. Hence P = (u:1:v?) is in the image of ¢.

Recall that it is enough to check that p(—u) = —¢(u) for all u € k and that
u~+ v+ w = 0 implies p(u) + p(v) + p(w) = 0 for all u,v,w € k.

First ¢(—u) = (—u:1: —u?) = (u: —1 : v®). This indeed the reflection of
©(u) along the z-axis and hence p(—u) = —p(u) for all u € k.

Let u and v be two distinct elements in k. We wish to check that ¢(u) = (u :
1:u%) and p(v:1:03) and o(—u —v) = (—u—v:1:(—u—1v)3) lie on one
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