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1

Introduction to p-adic numbers

In this first section, we will look at the field of p-adic numbers Q,,. This is an important
example of a local field and many of the later statements later are generalisations from
this field. Good sources for the material in this section include [Gou; Ko].

Kurt Hensel (1861-1941) introduced
p-adic numbers first in [He].

(image source wikimedia)

There are more than one way to define them, we do so by using a topological com-
pletion of the field of rational numbers QQ in way that is very analogous to one of the
most frequent definition of the field of real numbers R.

s N

Definition 1.1.
= Let (ap)neny C Q be a sequence of rationals. This sequence is Cauchy if for all
€ > 0, there exists N € N such that if m,n > N, we have

lam — an| < €. (1.1)

= The real numbers are equivalence classes of Cauchy sequences in Q.

Example. The real number 7 is the limit of the sequence 3, 3.1, 3.14, 3.141, 3.1415, etc.
Any real number can be written as an explicit sequence in this way by successive trun-
cations of its decimal expansion. o

This definition depends crucially on the absolute value/norm function |-| in (1.1).
Throughout your undergraduate life to date, the notation |z| will have meant ‘the dis-
tance between 0 and z'. If we want to generalise this, then we must ask: What does
‘distance’ mean?

The key idea in defining the p-adic numbers is to change the idea of distance. In
particular, the definition of the p-adic numbers will be exactly the same as Definition 1.1,
but with a different distance function, and hence a different function |-|. Before defining
this new distance function, we will axiomatise what we need from this function.


https://mathshistory.st-andrews.ac.uk/Biographies/Hensel/
https://commons.wikimedia.org/wiki/File:Hensel_Kurt.jpg
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1.1 Absolute values

Definition 1.2. Let K be a field. An absolute value on K is a function
|-[: K — R

such that for all x,y € K, we have:
(i) |x| = 0, with equality if and only if z = 0;
(i) |lzy| = |2] - |yl;
(iii) |z +y| < [z| + [yl.

Examples.
» If K =Q or R or any intermediate field, |z|oc = V22 > 0 is an absolute value.
= |f K =C and z = a + ib with a,b € R, then the function

|a + ibloo :=|a + ib] = Va? + b2 =0

is an absolute value.
= For any field K, the function |-|: K — R given by

1 ifz#0
|z| = o
0 ifz=0

is an absolute value, called the trivial absolute value.

Lemma 1.3

Let || be an absolute value on a field K and let x € K.
(i) We have |1] =1.
(ii) If 2™ =1 for some n, then |z| = 1.
(iii) We have |z| = |—z|.

Proof. (i) Let y € K be non-zero; then 1] - |y| = |1 - y| = |y| by (ii), and |y| # 0
by (i), so cancelling we see |1| = 1.

(i) We have |z|" = |2"| = |1| = 1, so |z| € Rx¢ is a root of unity. But the only such
root of unity is 1.
(iii) We know |—1| =1 by (ii); and then |z| = |-1] - || = |—x]. O

Corollary 1.4

If K is a finite field, then the only absolute value is the trivial absolute value.

Proof. Let n := #K. Then K* is cyclic of order n — 1, so if z # 0, then 2"~ =1,
and hence |z| = 1 by Lemma 1.3. O

Definition 1.5. A valued field is a field K together with an absolute value ||
on K.
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A valued field is a metric space with the distance
d(z,y) = |z —yl.
Hence it is a topological space, with open sets given by unions of balls of the form

B(z,r):={y € K :d(z,y) <r}.

Definition 1.6. Let (K, |-|) be a valued field. The completion of K, denoted K,
is the set of equivalence classes of Cauchy sequences in K for |-|.

Recall that two Cauchy sequence are equivalent if their difference tends to 0.

Lemma 1.7

There are unique continuous extensions of multiplication and addition and |-| mak-
ing K into a complete valued field.

Proof. If x = (x,,) and y = (y,,) are Cauchy sequences, then we define z+y = (z,, +yy,)
and x -y = (x, ypn). It is not hard to see these are well-defined extensions and give K
a ring structure.

To see K is a field, we must show that if 0 # = € f(\ then z is invertible. Let x,, be
a Cauchy sequence representing x, that is (z,) — z. Since x # 0 and x,, is Cauchy,
there exists C' > 0 and N such that for n > N we have

|zn| = C.

After throwing out the first N terms, we consider (1/x,). This is Cauchy, since

|i _ L‘ — |$m_ﬂ7n

_ |lzm—zn] —2’ — 2|
Tn  Tm Tinn <C77|om — xal,

T zmlzal S

which tends to 0 as m,n — co. Then (1/z,) — 1/z € K.
We extend || to K by defining |z| := lim,_oo|zn|. Again, it is an exercise to
show this is well-defined: that is, if (y,) is a Cauchy sequence equivalent to (z,), then
Finally, if we have a sequence (a;) of elements in K which are Cauchy with respect
to the extended |-|, then this sequence converges in K; in fact, as the limit we can take
the new Cauchy sequence in K whose n-th term is the n-th term of the sequence a,,.
Working out the details of this, proves that K is complete. O

Remark. If K is a field and d a general metric on K, then we can still define the
completion of K with respect to d. But this is not a field in general as the multiplicativity
of the absolute value is needed. See exercise ¢ (1.1) for a counter-example.

Examples.
= The completion of Q in |-|s is R. The completion of Q(7) with respect to ||« is C,
where || is defined after fixing an embedding of Q(¢) into C.
= The completion of any field K with respect to the trivial absolute value is K itself.
o
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1.2 The p-adic valuation and p-adic absolute value

We are most interested in the p-adic absolute value on Q, which we now define.
First, we introduce the notion of ‘valuation at a prime p’, which tracks how much p
divides a rational number. Let p be a prime. If 0 # z € Q, then there exists a unique
integer n and coprime integers a and b # 0 such that
7

r=p 67 pj(aﬂ pjfb

Definition 1.8. Define the p-adic valuation by

vp: QF — Z,
p" > n.

One often adds to this definition the convention that v,(0) = +00. We will assume
that v, (z) > n will include = 0 for all n € Z.

Example. Let z = 12/5. Then we have:

forp=2: m:22-% = v(x) = 2,
forp=3: z=3"1 = wv(z) =1,
forp=>5: r=51.12 = vs(z) = —1,
forp>5: 1,’:])0-%2 = vp(z) =0.
o
Lemma 1.9
Let z,y € Q*.
(i) We have vy(zy) = vp(z) + vp(y).
(i) We have z € Z if and only if v,(z) > 0 for all p.
(i) We have vy(z + y) = min(vp(z), vp(y)).
Proof. Write x = p™ ¢ and y = p™5 with a, b, ¢ and d not divisible by p.
(i) We have
zy=p" g,

so vp(xy) = m+n = vy(x) + vp(y).
(i) For each prime, by definition v,(x) < 0 if and only if p divides the denominator
of . If x € Z, the denominator is 1, and this has no prime divisors. Conversely if
the denominator is not 1, then it must have a prime divisor p, and v,(z) < 0.
(iii) Suppose without loss of generality that m < n, that is, min(v,(z),v,(y)) =
vp(y) = m. Then we have

m

p" " ™ad + be

Thy=p g+t g =0 §ra) ="

By (i), we know

77— d + b
paC) = vp(p™) + vp(P" " ™ad + be) — vy (bd).

vp(z +y) =vp (pm »
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Note v, (p™) = m. As bd is coprime to p, we have v,(bd) = 0; and v, (p" "ad +
be) > 0 by (ii). So

vp(x +y) = m+ vy (p" " ad + be) = m = min(vy(x), vp(y)),

as required. O

Definition 1.10. Define the p-adic absolute value by [0, = 0 and

|-lp: @Q — R,
z — p~ (@) if x #0.

Example. For x = 12/5 as above, we have

|x]2 = %, |z|s = %, |z|s =5, |z|, =1 for p > 5.
o
Note that the more divisible  is by the prime p, then the smaller |z|, is.
There is a link between |-|,, and |-|«. See ¢ Exercise (1.2)
Proposition 1.11
|-|, defines an absolute value, called the p-adic absolute value.
Proof. We must check the axioms of Definition 1.2:
(i) For any n € Z, we have p™ > 0, so (i) holds.
(i) By Lemma 1.9(i), we have
’:L‘y|p — pivp(zy) — p*[vp(m)+vp(y)} — pfvp(x) . pivp(y) — ‘x|p . ‘y|p'
(iii) By Lemma 1.9(iii), we have
|z 4y, = p @ty L pmmin(p(@)up(y))
< max(p~ ™), p~rW)) = max(|zly, [y,).
But max (|xp, [ylp) < |z|p + |ylp, giving (iii). O

We've actually proved a stronger version of the inequality in (iii)!

Definition 1.12. Let |-| be an absolute value on Q. We call |-| a non-archimedean
absolute value if we have

|z + y| < max(|z], |y|) (1.2)

for all x,y € Q. We say it is an archimedean absolute value if (1.2) is not true.

J

Absolute values that are non-archimedean are also called ultrametric. In the process
of the proof of Proposition 1.11, we showed:
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Corollary 1.13

For a prime p, the absolute value |-|, is a non-archimedean absolute value.

Notation. The following is convenient notation. If z,y € Q, then we write
r=y (modp")

when vy(z —y) > n or x = y. (Note this agrees with the usual notion of modular
arithmetic when z,y € Z. More generally, it means that = € y + p"Z.)

The Hungarian mathematician Jézsef
Kiirschak was the first to define |-|, in
1912.

1.3 The p-adic numbers

Recall Definition 1.1: the real numbers are the completion of Q with respect to the
usual absolute value (which we now denote ||~ ), that is, the collection of all limits of
sequences in Q that are Cauchy for |-|o. The p-adic numbers are the completion of Q
with respect to |-|,. For |-|,, we have an alternative criterion for being Cauchy, based

on vp:

Lemma 1.14

Let (z,)n be a sequence in Q. This sequence is Cauchy for |-|, if and only if for all
N € Z, there exists M € Z such that for all m,n > M, we have v,(z, —x,) > N,
that is, if and only if

T = Tn, (mode) VYm,n > M.

Proof. Suppose the sequence is Cauchy for |-|,, and let N € Z. There exists € > 0

such that ¢ < p~ . Since the sequence is Cauchy, there exists M € Z such that for all
m,n > M we have
Ty — Ty = p~ T <o < p7 N

But this means v, (z,, — z5) > N, so the condition holds.
Conversely, for any £ > 0 there exists N such that p~» < ¢ and by assumption there
exists M such that for all m,n € Z we have vy(z, —z,) > N, so

(@ — @nlp = p~rm =) < pN <,

and the sequence is Cauchy. O


https://mathshistory.st-andrews.ac.uk/Biographies/Kurschak/
https://mathshistory.st-andrews.ac.uk/Biographies/Kurschak/
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Examples.

= For any prime p, the sequence 1,p, p?,p®, p*, ... is Cauchy for |-|,. For any € > 0,
choose M such that p=™ < ¢; then for all m,n > M, we have [p™ —p"p < pM <
€. The limit of this sequence is 0.

= Consider the sequence 3, 33, 333, 3333, ..., that is, the sequence with
=l 10" — 1
n=23" 107 =
x ;) 3

If without loss of generality m < n, then

n—1 ) n—m-—1 )
T — Ty =3y 10/ =10"-3- > 10/
j=m j=0
is divisible by 10™. Thus
U2(xm - xn) =m, UB(xm - xn) =m,

so the sequence is Cauchy for the 2-adic and 5-adic absolute values. We see also
that
Ty + % = % 10",

so that |z, + %‘2 = 2" and |z, + %|5 = 57" and it follows that z, — —1/3 in
both the 2-adic and 5-adic absolute values.
o
In both the above examples, the limits are rational numbers. But this does not always
have to be the case.

Definition 1.15. For a prime p, the p-adic numbers are the completion of Q with
respect to ||, that is,

Qp := {|:|p-Cauchy sequences in Q}/(equivalence).

We always have Q C Q,, since if z € Q, we may take the Cauchy sequence z, 2, z, . ...
But this inclusion is always strict: we shall see QQ,, is much bigger than Q. For now, we
just show this in a special case.

Example. Let p = 5. We construct a |-|5-Cauchy sequence (x,,) of rationals such that
for all n > 1, we have

(i) 22 4+1=0 (mod 5"), and

(i) Zpt1 =z (mod 5™).
This sequence is Cauchy by (ii), but we'll see this has no limit in Q.

To construct such a sequence, take 1 = 2. For n > 1, suppose x,, is already chosen,
and write 22 + 1 = 5"¢, for some ¢ € Z, using (i). For any b € Z, we have

(zn +5"0)> +1=1+a2 + 5" 2x,b+ b*5*"
=5"(c+ 2x,b)  (mod 5"T1).
Choose b such that ¢ + 2z,b = 0 (mod 5), which is always possible since 2z, is

coprime to 5. Then define
Tpt1 = Tp + 5" D.
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By construction, this satisfies (i) and (ii).
The sequence is Cauchy for |-|5 by (ii). Thus by definition it tends to a limit z € Q5.
Then
|2 +1]5 = |2 — 2} + a7, + 15 < |2% — 2} ]5 + |25, + 1[5

tends to 0 as n — co. Thus 22 = —1, which implies = ¢ Q.
From this example, we also see that the 5-adic numbers Q5 and real numbers R are
genuinely different: the equation X2 + 1 = 0 is solvable in Q3, but not in R. o

By Lemma 1.7, there are unique continuous extensions of addition and multiplication
and ||, to Q,. We also have:

Lemma 1.16

. . . . < y
There is a unique continuous extension of v, from Q™ to Q.

Proof. Note that |Q|, = {p" : r € Z} U{0}. Also {p" : r € Z} is discrete in R: for
every 1 € 7Z, there exists an open ball Uy, C R around p" for which U,, N |Q*|, = {p"}.
In particular, any convergent sequence in |Q|, either it must converge to 0 or it is
eventually constant.

Let (zy,) be a |-[)-Cauchy sequence in Q, tending to = € Q,, and assume x # 0. By
convergence, for all sufficiently large n, we must have x,, # 0. Since |-|, is continuous,
we know that |z,|, must converge in |Q*|, C R. By above, |z,|, must be eventually
constant. In particular, there exists some M, r € Z such that |z,,|, = |z,|, = p" for
all m,n > M, and then |z|, = lim, _,o|2n|p = p". Then we take v,(z) = —r. By
construction, this must be the unique extension of v, to Q. O

1.4 The p-adic integers

In R, every Cauchy sequence of integers is eventually constant. But in Q,, there are
many interesting Cauchy sequences of integers! It's hard to overstate how important
this is in number theory. It lets us do (p-adic) analysis on the integers.

This also means it is interesting to consider the completion of Z in the p-adic metric.
The resulting completion, the p-adic integers, has a simple definition as a subring of Q,,,
as follows:

Definition 1.17. Define the p-adic integers Z, to be

Ly ={x€Qp:lal, <1} = {x € Qy: vp(z) > 0}.

Recall that in a number field K, we have the ring of integers Ok, that is, the subring
of elements that are roots of monic irreducible integer polynomials over Q; and the ring
of integers in Q is just Z. The ring Z, plays a similar role inside Q,,.

Proposition 1.18

(i) We have Z C Z,,.

(i) When Z, is equipped with the subspace topology from Q,, the integers Z
are dense in Z, (that is, for every z € Z,,, there exists a |-|,-Cauchy sequence
(), with x,, € Z, such that x,, — ).

10
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Proof. (i) If z € Z, then vy(z) > 0 by Lemma 1.9 (ii). Thus |z|, < 1 and x € Z,,.
(ii) Note Q is dense in @, by construction. Also Z, = B(0, 1.5) is an open set in Q.
Thus QN Z, is dense in Z,, since we take the subspace topology. Observe that

QNZy={reQ: |z, <1}
={r€Q:v(2) >0} ={§ € Q:ptb} =Zgy),

the localisation of Z at the prime ideal (p).

Let a/b € Z,). Since b is prime to p, for each n > 1 we may choose y,, € Z such
that by, =1 (mod p"). Hence (y,) is a |-|p-Cauchy sequence of integers tending
to 1/b, and ay, tends to a/b. In particular, Z is dense in Z,, which is dense in
Zy; so Z is dense in Zy,. O

Lemma 1.19

The open balls B in Q, in the p-adic topology are all of the form

B =a+p"Zy, a€Qprel.

Proof. An open ball in the p-adic topology has the form B(a,¢), where a € Q, and
e > 0. Take r € Z such that p™" < & < p~""!. Then |z — a|, < ¢ is equivalent to
|z — al, < p~" since ||, only takes values that are powers of p. This is the same as
vp(x —a) =rorxz—ac€pZy Hence B(a,e) =a+ p"Zy. O

For z,y € Z,, it makes sense to write z =y (mod p") if x € y +p"Zy.

Lemma 1.20

Zy is a ring. The set pZ,, is the unique maximal ideal in Z,, and therefore the units
Z, are the element in Z, that do not belong to pZ,.

Proof. If z,y € Zy, then |z - y|, = |z|p - lylp < 1-1 = 1 shows that z -y € Z, and
|z + y| < max(|z|p, |y|p) <1 implies z +y € Z,. Therefore Z,, is a ring and it is clear
that pZ, is an ideal.

Let © € Z,, which means |z|, < 1. Then z is a unit if the p-adic number 1/ is in
Zyp. In other words when |1/x|, < 1. But that is |z|, > 1 implying |z|, = 1. These are
precisely the elements in Z, outside pZ,,.

It is now also clear that the ideal pZ, is maximal. O

1.5 p-adic expansions

In practice, we never really use the definition of R as the set of limits of Cauchy sequences:
the decimal expansions is a more concrete ways of describing real numbers.

Example. The real number m = 3.1415... can be written in the form

oo
m=3-10"4+1-10""+4-107%+1-10° +5-10"" +--- =) a, - 107",
r=0
where a,, € {0,...,9}. However the decimal expansion is not unique as 0.9999... = 1.

&

11
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In fact, the elements of @, have similar, p-adic, expansions. However, these are
unique.

Given r € Z and a,, ay41,ar42,... a sequence of elements in {0,...,p — 1} we can
consider the sequence

Tp=arp + a1 p T4 a g p"

Note that for all m,n > N, we have 8, = 8, (mod pV*1), that is, (3,) is Cauchy
for |-|,. It thus converges to a limit z in Q,.

Definition 1.21. A p-adic expansion of z € Q, is this limit written as

o
t=arp +ar 1P H appop 2+ = Zanp” € Qp.

n=r

with a, € {0,1,...,p—1}.

Note r is allowed to be negative in the above construction.
The main result of this section is Proposition 1.23, which says that every element of
Qp can be written in this form. In the proof, we'll need the following lemma.

Lemma 1.22

Let 0 # z € Z. Then for every M € Z>, there are unique integers ao, ...,an €
{0,...,p— 1} such that

t=ag+aip+--+a,p" (mod pMth).

For x > 0 this simply asks to write it in base p rather than 10.

Proof. We induct on M. For M = 0, this is the statement that every integer is
congruent to a unique element of {0,...,p — 1} modulo p.

Suppose the statement is true for M — 1. Fix ag € {0,...,p — 1} such that x = ao
(mod p). Then (z — ag)/p is an integer, and by the induction step we may write

Tr — ap
p

=a;+agp+---+ayp™ ! (mod pM),

for some integers ay,...,ap—1 € {0,...,p—1}. But then, multiplying by p and adding

ag, we find

r=ag+ap+ayp’+---+ayp” (mod pMt?).

This shows existence.
For uniqueness, suppose

t=ay+arp+- - +ayp” =al+ay+---+dypM  (mod pMt?)
are different expansions. Let i be the minimal integer such that a; # a;. Then
0=z—z=(a;—a)p" (mod p?),

that is, a; — a; = 0 (mod p). As both a;,a; € {0,...,p — 1}, this forces a; = a,. O

12
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Proposition 1.23

Every x € (@; has a unique p-adic expansion; that is, x can be written uniquely in
the form

oo
1 2
Tr = arpr + ar—&-lp?dr + ar+2pr+ oo S Z anpn7
n=r

with 7 € Z and a,, € {0,...,p — 1} and a, # 0. Moreover r = v,(x).

r

Proof. Let r = vy(x). We start by scaling = by p™ as vp(p~"z) = —r + vy(x) = 0.
Without loss of generality we may now assume v,(z) = 0, that is, z € Z,.

Write © = lim,, o0 2p, with (z,,) a |-[p-Cauchy sequence in Q. We may assume
xy, € Z for each n by Proposition 1.18 (ii).

First, we construct a better Cauchy sequence tending to x. For each N € Z, there
exists My € 7Z such that z,, = x, (mod pN*1) for all m,n > My. But then by
Lemma 1.22 x,, and x,, have the same expansion

I‘mE$nEa0+a1p+...+aNpN (modeH),

and this is thus true of all n > My. Define yy = ag+aip+---+anp’. This gives a
new sequence Y1, y2,¥s, ... in Z. By construction, we have

YN = Ym = Yn (mod pNH)

for all m,n > N, so (y,) is Cauchy; and by construction

oo
yN—>Zanp" as N — oco.
n=0

Note that by construction, letting R = max(N, My ) we have

YN = Ym =1, (mod pNH)

for all m,n > R; hence (yy,) is equivalent to (x,). Thus y,, — x. Since limits of Cauchy
sequences are unique, we finally deduce

00

n

T = E anp
n=0

which shows existence of p-adic expansions.
For uniqueness, we argue as in Lemma 1.22. Suppose

o0 o0
T = Z app" = Z alp™.
n=r n=r’
If the expansion is not unique, then there exists a minimal i such that a; # a}. Then
0=(a;—aj)p" (modp™*h),

so a; = a; (mod p), a contradiction. Thus the expansion is unique. O
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Corollary 1.24

Let x = > 02, anp™ € Qp. Then x € Z, if and only if a,, = 0 for all n < 0, that
is, there are no negative powers of p in its p-adic expansion.

Proof. We have z € Z, if and only if v,(z) > 0 if and only if a,, =0 for all n <. [

It is now easy to show that the cardinality of QQ, is bigger than the one of Q. See
’p exercise (1.3).

1.6 Explicit computations with p-adic expansions

The operation addition and multiplication in @, are defined such as to extend the
operations on N, so they are done with ‘carry-over digits' in base p.

Examples. For example take p = 5 and add the following two 5-adic integers.
r=1+3-5+4-52+1-5°+...
y=2+2-54+4-5240-55+ .

T+y=3+0-5+(4+4+1)-5°+(1+0)-5 +---
=3+4+0-5+4-52+(1+0+1)-5" +---
=340-5+4-52+2-55+...

Similarly we do multiplication of 7-adic integers with the method sometimes called ‘long
multiplication’

r=1+2-74+3-7+...

Yy=3+2-T+1 -7+

loy=3+2-7T4+1-7 4.
2.-7-y= 6-T+4-T°+--.
3.72.y= 2.72 4 ...

o
Since p-adic numbers look much alike power series they would often be written as
zy =3+ 1-7+1-7>+ O(7%). But note that the above operation are different than
for power series because of the carrying-over.
The subtraction can also be done as we are used to in base p:

Example.
r=34+1-54+2-524...
y=4+0-5+2-5"+

t—y=4+4+0-5+0-524--.

14
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See p Exercise (1.4)
Division of p-adic numbers can also be done with ‘long division’. Though first it is
best to take out powers of p to divide two p-adic integers that have valuation 0.

Example. We wish to divide 11 by 2 in Zs.
34+43-5+2-5242.554+2.50 ...
24054 J)14+2:5+0-5240-5+0-5 + ..
141-54+0-524+0-5+0-5" ..

1-540-5240-55+0-54 ...
1-54+1-5240-534+0-54+--.

4.5244.5%44.5% 4 ...
4-5240-5°4+0-51 -

4.53_|_4.54_|_...
4-53540-54 ...

4.54_|_...
4.54 ...

0 +---

We find %:3+3-5+2-52+2~53+2-54+--- and the 2 will repeat forever. ¢

The above allows to convert any rational number to its p-adic expansion. Instead of
long division one can also use the following slick way. Recall the notion of geometric
series: expanding formally, we have

I-X)1+X+X2+ ) =14+X+ X2+ ) - (X +X*+X34+..) =1,

so (where things converge!) we have

1
1+ X+ X240 ==
X+ X7+ —
Putting, for example, X to be a power of p, then the series converges in Q,, and we
deduce that 1/(1 — p) has the p-adic expansion

1 2.3
=1l+p+p +p°+---.
l—p

Example. Let us use this to calculate % in Zs again.

1 22 1
2t 9.~ —(1 2. (1 24 ...
5 1 6 + T 5 (I4+5)+2-(1+5+5"+--+)

=34+3.5+2-524+2-55+...

o
We can use this trick to compute the p-adic expansion of any rational prime to p.
By factoring out a power of p, we can assume that p does not divide the denominator.
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Lemma 1.25

Let m/n € Q with ptn. Then we may write m/n in the form

m 1
7:a+b.7’
n 1—p"
where:

= r >0,

= bc{0,...,p"t —1},

= g€ Z.

Proof. Given such m/n, let r be such that p” =1 (mod n), which is possible, since n
is prime to p. Then p" — 1 = An, for some A. We write

An p’“—lzl—pT'

m Am Am —Am
n

Now — Am is congruent modulo p” —1 to a unique integer b € {0,...,p" "1 —1}, whence
—Am = —a(p” — 1) 4 b for some integer a € Z. But now

m —Am  —a(p"—1)+b 1
) — :a+ c—,
n 1—p" 1—p" 1—pr

as required. O

Digression

You can experiment with p-adic numbers explicitly using software. | recommend
pari-gp [gp] (android app paridroid), SageMath [sa], flint [fl] or magma [ma].

Only recently, the analogue of floating point arithmetic with real numbers has
been used in p-adic numbers. See [Car| for a very good overview of computations
with p-adic numbers.

1.7 p-adic integers as an inverse limit

We now describe Z,, another way: via inverse limits from algebra.
Let A be a ring and let I be an ideal. There is a chain of ring homomorphism

YY) LS N LAY Y] (S y) C L

AJI

defined by f,(z +I"*!) = 2+ I"™. This is example of a so-called inverse system of ring.

Definition 1.26. The /-adic completion is the inverse limit (or projective limit)

l'%nA/I” = {(a:n) = (x1,%2,23,...) : Tn € A/T", fr(Tny1) = xn} C izl—[lA/Ii,
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that is, the set of all sequences (z;,) such that

..HA/[HHL)A/[n@...gA/pL)A/[
w w w w
00 ; Tp+1| Tp oocof Tt x1.

J

The resulting set @A/I“ carries a structure of a ring if we define the addition and
multiplication componentwise on the infinite vectors.

Our main example here is the case A = Z and I = pZ. The map f,, : Z/p" T — Z/p"
is just reducing x modulo p".

Example. Here is an example element of the inverse limit gnn Z]p"Z:

mod p3 mod p? mod
7,/piz — AP 7 3y ARy g AR g,
W W W W
=14 p+p*+pP—=1+4p+p* 1+ pi 1.

It would be reasonable to think of this element as being, somehow, the infinite sum
L+p+p>+p°+--

..which should bring to mind a p-adic expansion! o

Lemma 1.27

The map
¢: Ly — UmZ/p"Z
g i
z — (x + pZyp, x+p22p, x+p3Zp, o)

defines an isomorphism of rings.

Proof. Since reduction modulo p" is a ring homomorphism, ¢ is also a ring homomorph-
ism since the ring operations on lim Z/p"Z are computed pointwise.
This map is injective: suppose = € ker(¢) C Z,. Then

z+—(0,0,0,...) = (x + pZy, :1:+p2Zp, x+p3Zp, co),

that is, x € p"Z, for all n. But then z = 0.
To see ¢ is surjective, suppose

. n
(y07y1,2/27y37---) € @Z/p Z7

with y;_1 € Z/p'Z. We may uniquely represent yo by an element zg € {0,...,p — 1}.

As (y;) is an element of the inverse limit, we know
filyi) =y0o = y1=yo (mod p).

In particular,
y1=z0+z1p (mod p?),
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for a unique 1 € {0,...,p — 1}. Similarly

y2 =y1  (mod p2),

so
Yo =y1 +22p> = a0+ 21p+22p° (mod p?)

for a unique x3 € {0,...,p — 1}. Continuing, we end up with an element
T=x0+T1p+Top’ +23P° + - € ZLp,

uniquely determined by its p-adic expansion; and by construction, ¢(z) = (yo,y1,---)-
O

This describes the ring structure on Zj,, but we can also use it for the topology. Recall
that to define a topology on a set X, it suffices to give a collection of ‘open balls’; and
then the open sets are all possible unions of open balls. In the p-adic topology on Z,,
the open balls are of the form

B(a,p™") =a+ pH'lZp.

On an inverse limit, we define a collection of open balls as follows: Let A be a ring
and [ an ideal. Write A = mn A/I™. For each n, we have a natural projection map

pr, : A— A/I"

(al, az, as, .. ) — ap,.

Definition 1.28. In the inverse limit topology on A = @n A/I™, the open balls
are the sets of the form

prt(z) C A, Ve e A/I™, Vm € N.

Remark. This is a natural definition: we have equipped each A/I™ with the discrete
topology, and then the inverse limit topology is the weakest topology on A such that
the projection maps are all continuous. If the A/I™ were equipped with more general
topologies we can make a similar, more general, definition of the topology on A by
taking the basic open sets to be pr;,!(X,,), as m ranges over N and X, over the open
sets in A/I™.

Lemma 1.29

On Z, = 1£1n Z/p"Z, the inverse limit topology is the same as the p-adic topology.

Proof. To prove two topologies are equal, it suffices to show that the sets of open balls
are the same in both topologies. We already saw that the open balls in the p-adic
topology are of the form z + p"Z,, where x € Z,,, r > 0.

The projection maps are given by

pr, : Ly ——> lim Z/p"Z — Z/pZ,

T T+ p" L.
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Let T € Z/p"Z, and lift to x € Z. Then

pr, ' (Z)={y€Zy:y=2a (modp")}

={yeZ,:y—x=0 (modp")}
={y€Zy:y—ze€pZy}
=2+ D' Ly

Digression

Where are p-adic numbers used?

Obviously they are ubiquitous in number theory. But they will appear in many

other contexts. Here just a little list.

In algebraic geometry, the étale cohomology groups Hg_'t(X7 Zy) are Z,-modules
as they are obtained as projective limits with coefficients in a finite constant
sheaf. They are an important source of Galois representations.

Linked to the above the rationality of the Zeta function of a variety over a finite
field was originally proved using p-adic analysis by Dwork.

An important and mysterious class of finite groups are the p-groups. Direct
limits of these are called pro-p-groups. An interesting source for them are
p-adic Lie groups, like PGLy(Z)).

Still in group theory, p-adic Schur indices give results even for complex repres-
entation theory. Modular representation theory considers the action of groups
on finite rank Z,-modules to refine the usual complex representations.

The Langlands programme is formulated adélically. Integrals over p-adic points
of certain groups play a very important role.

2-adic numbers appear in computer science and cryptography. Not surprising
as the usual unsigned floating point implementation “two's complement” looks
very much like approximations in Q.

The Skolem—Mahler—Lech theorem on sequences of numbers satisfying a linear
difference equation is proved using p-adic numbers.

My favourite: It is not possible to dissect a square into an odd number of
triangles of equal area. This was proven by Monsky [Mo] using p-adic numbers.
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Exercises

(1.1) Despite 6 not being a prime number, we can define, for any z € Q*, that vg(x) =
n if z = 6" %, where 61 a and (6,b) = 1. Set |z|¢ = 676(*).

(i) Show that d(z,y) = |z — y|e defines a metric on Q, but that |-|¢ is not an
absolute value on Q.

(ii) Prove that the completion of Q with respect to ||¢ is isomorphic to Q2 X Qs
and hence it is not a field.

(1.2) Prove the product formula for absolute values on Q: namely, if « € Q* then

lofoo - I lolp=1.

p prime

(1.3) (i) Show that for all primes p, the ring Z, is uncountable.
(i) Deduce Q 2 Q, as fields.
(1.4) (i) What is the p-adic expansion of —1 ?
(i) Multiply a =7+6-11+0-112+6- 113 + O(11%) by itself.
(iii) Calculate the first five digits of 7/6 € Qs.
(iv) If o € Q, show that its p-adic expansion is eventually periodic.
(v) Let o € Q, with eventually periodic p-adic expansion. Show that o € Q.
(1.5) Show directly that Z,, is sequentially compact (that is, if (x,,) is a sequence in Z,,
show directly that there exists a convergent subsequence).
(1.6) Suppose p is odd. Let a € Z with p{a. Show that the sequence (a”"),, converges
in Qp, and that its limit is a (p—1)st root of unity (,—1 with (,—1 = a (mod p).
(1.7) Let N > 1, and write its p-adic expansion as N = ag + a;p + --- + app". Let
sp(N) = ap + - - - + ay, denote the sum of the p-adic digits of N. (For example,
38=3+2-5+25505538) =3+2+1=6).

(i) For r > 0, show that

E _ n—r
= anp T+ arpap +ar.

7

(i) Show that

vp(N1) = W.

(iii) Let 2 € Qp. Deduce that the series
Z -
— n!

1

converges if and only |z[, < 7.
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2

Absolute values, valuations and local fields

Ultimately, we are going to define local fields in this section. They will be complete
fields with a respect to an absolute value similar to R and @Q,,. Good references are [Ca;
Ri; FV; CF]

Ernst Steinitz (1871-1928) shared a
love for music with Hensel. He gave
the first abstract definition of a field
inspired by the p-adic numbers.

2.1 Non-archimedean absolute values

We already defined absolute values on a general field K in Definition 1.2. Recall: a
valued field is a field together with an absolute value, that is, a multiplicative function
|-|: K — R0 that vanishes only at 0 and satisfies the triangle inequality |z +y| < |z|+
[yl
Definition 2.1. An absolute value is non-archimedean if it additionally satisfies
the ultrametric law (or ‘strong triangle inequality’)

[z +y| <max(|z],[y[),  forallz,y € K,

and archimedean if it does not satisfy this.

L J

Recall also that if |-| is an absolute value on K, then we get an associated metric
d(xz,y) = |r — y| on K, and this turns K into a topological space.

Example. We have already seen that @, is a non-archimedean field in Corollary 1.13.
In %> Exercise (2.2), we will see that the following are non-archimedean absolute values

on Q5(v/2): For a,b € Qs, define
la + bv2| = max(|als, b]5) and la+ V2| = |a® — 207,
Slightly different is the field Qg,(\?’/g) where the absolute value can be given by
a5 5+ e V5 = max(laff, §- b3, % - Ief?)
for a,b,c € Q5. See ¢ Exercise (2.3). o
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We now describe some basic properties of non-archimedean absolute values, and some
odd features that arise in their topologies. For example, striking examples are that series
converge if and only if their terms tend to 0, and any element of an open ball is the
centre.

Lemma 2.2

Let (K, |-|) be non-archimedean. Then:
(i) 1f [z < yl, then |z + y| = |y|.
(ii) |1 + -+ + zp| < max|z;|. Furthermore, if |z1| > |z;| for all i@ > 2, then
|z + -+ + x| = max|z;].
(i) If (K,]-|) is complete, then any series >5°, x; converges if and only if z; — 0.

Proof. (i) We know
|z +y| < max(|z], |y]) = ly/.
But also
yl = |z +y — | < max(|z +yl, [2]) =[x +y],
since |y| > |x|. Combining gives the result.
(ii) Proof by induction. For the equality, apply (i) with y = 21,2 = 2 + -+ - + xp.
(iii) Let S,, = >, x;. Then S, converges as n — oo implies S,+1 — Sy, = Tp41 —

0. To see 'if’, note that for n > m, we have |S, — S| = |Tmy1 + - +
Zp| < max|z;| — 0 as m — oo, so (Sy,) is Cauchy, and thus converges as K is
complete. O

Recall that if K is a valued field, z € K, and 7 > 0, then we define the ‘open’ ball
Bx,r)={y € K|z —y|l<r},
and similarly we have the ‘closed’ ball
B(z,r)={y€ K:|x—y|<r}.

In a non-archimedean field, ‘every point of a ball is the centre’, ‘open’ balls are also
closed, and ‘closed’ balls are also open:

Lemma 2.3

Let (K, ||) be non-archimedean. Then:
(i) If y € B(x,r), then B(z,r) = B(y,r).
(ii) If y ¢ B(x,r), then B(z,r)N B(y,r) = .
(iii) The ball B(z,r) is both open and closed.
(iv) The ball B(z,r) is both open and closed.

Proof. (i) If z € B(x,r), then |y—z| = [(y—x)+ (z—2)| < max(|x —y|, |z —z| <,
so B(z,r) C B(y,r). But switching z,y gives B(y,r) C B(z,r).
(ii) If z € B(xz,r) N B(y,r), then B(x,r) = B(z,r) = B(y,r) by (i), contradiction.
(iii) B(x,r) is open by definition of the topology. Now if y ¢ B(z,r), then B(z,7) N
B(y,r) = @, so
K\ B(z,r) = U B(y,r)
y¢B(xz,r)

is open, and B(z,r) is hence closed.
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(iv)

(x,7) = ||71([0,7]), and hence is closed because |-| is continuous. If y €
x?

B
B(z,r), then B(y,7/2) C B(y,r) = B(x,7), so it is open. O

Definition 2.4. A topological space X is totally disconnected if for all z,y € X
with = # vy, there exist open sets U,V C X withz e U, ye Vand X =UUV a
disjoint union (thatis, X =U UV, UNV = @).

This is like being ‘maximally not connected’, or like being Hausdorff on steroids.

Corollary 2.5

If (K,|-|) is non-archimedean, then K is totally disconnected.

Proof. Suppose x # y, and let r > 0 with 2r < |z — y|. Then K = B(x,r) U [K \
B(x,r)], both are open, and y € K \ B(z,r). O

Remark. Note the huge difference between this and the archimedean case: R is con-
nected, but Q,, is as far from connected as possible!

E?'p,E: E:bb
o ;’,b"’Ebgb
L By, B b
E’gb 2, bbb ::;b B
Be, Bo¥ -
2Pp, > E»Ebgy 5"»:.
« g N
B
B, Py, Bp® . .
::»""g»b & 0y As a topological space, not a metric
Be b, b .
f.;:»” E:;’:»b B> space, the 3-adic integers are homeo-
3 . . . . .
By, Brg, 7 morphic to this version of the Sierpin-
O O e . . . .
gb%Epg" ski triangle. It is totally disconnected,
L . .
but not discrete. The circle represent
the balls.

Recall that for any field K, there is a canonical map ¢: Z — K sending 1 to 1. We
usually drop the ¢ and just write n for its image in K.

Lemma 2.6

An absolute value |-| is non-archimedean if and only if |n| is bounded for n € Z.

Proof. Suppose || is non-archimedean. As |n| = |—n|, we may assume n > 1. Then
In| =11+ +1] <max([1],[1],...,[1]) = 1.

Conversely, suppose |n| is bounded for n € Z, that is, there exists B € R such that
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In| < B for all n. Let z,y € K. Then

m

<>

r=0

m
|x +y|m — ‘Z (r;}) QJTym_T (m) :ETym_T
r=0

m
<B Z’xrym—r|
r=0
<B (m+ 1) max(|z|™, |y|™)
= B (m+1)max(|z], |[y])"

In particular, we see that for all m,
|z +y| < [B(m+ 1)]Y™  max(|z], y|).

But [B (m + 1)]/™ — 1 as m — oo, and hence |z + y| < max(|z|, |y|). O

Corollary 2.7

If char(K) > 0, then every absolute value is non-archimedean.

Proof. If char(K) = p, then Z — R, n — |n| is periodic with period (at most) p, hence
bounded. O

2.2 Constructions of absolute values

We have seen so far the examples of ||, and |-|, for all primes p for the field Q. Actually
|-|so works for any subfield of C. And the boring trivial absolute value for any K. Here
are some further important example.

Let K be a number field, that is, a finite extension of Q. Let p be a prime ideal in the
ring of integers O of K. Then we can define v,: K* — Z analogous to v,, namely
vp(z) = n if and only if x € p" but not in p"+1.

Lemma 2.8

For any 0 < a < 1, the map z — a*®) is a non-archimedean absolute value on
the number field K.

See yp Exercise (2.1) for the proof.

Examples.

» For K = Q(i) and p = (2+1i), then the absolute value ||, = 57%) coincides with
|-|5 for all x € Q. As we will later see the completion of (i) with respect to this
absolute value is a field isomorphic to Qs.

= Instead, let K = Q(v/2) and consider the prime ideal (5). Then the completion of
K with respect to ||, give a field isomorphic to Q5(v/2) with the absolute value
defined earlier.

= Similar the completion of K = Q(+/5) at the unique prime (1/5) above 5 is the field
Qs5(V/5).

s Finally, the field K = Q({‘ﬁ) has three primes above 3. For two of them the
completion is isomorphic to Q3 and for one of them it it (@3(\ﬁ).
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o

Still taking K to be a number field, that is, a field of the form Q[X]/(f) where f is
an irreducible polynomial. For each real root x; of f, we get an embedding ¢;: K — R.
The map = — |1;(x)|_ is the absolute value associated with this embedding. For each
conjugate pair of complex embeddings ¢;,7;: K — C corresponding to a conjugate pair
of roots of f, there is the absolute value ||, = ’LZ(I')’; These will be called ‘infinite
places’.

Now to a third type of valued field. Let k be a field, think of both finite and infinite
fields here. The ring R = k[T7] is the ring of formal power series with coefficients in k.
Elements are formal infinite sum $°7° a; T* with a; € k and addition and multiplication
are defined as with polynomials. Since R is an integral domain, it has a fraction field
K = k((T")) consisting of Laurent power series

x
x:ZaiTZ with r € Z and a; € k for all ¢ > r.
i=r

Define the valuation v(z) = min{i : a; # 0} € Z and, for each 0 < a < 1 we have an
absolute value |z| = a¥(®). The field K is now a complete value field. In summary:

Lemma 2.9

The Laurent power series ring k(1)) is a complete non-archimedean valued field.

Like @p, this field is also obtained by completion from a more familiar Dedekind ring.
Let & still be a field and consider k[T] the polynomial ring in one variable T" over k. Set
K = k(T), the field of rational functions with coefficients in k. Any non-zero prime ideal
is principal generated by an irreducible polynomial f € k[T]. Analogous to v, above, we
can define vs(g) = n if g € (f)" but not in (f)"*! and then, for any 0 < a < 1, the
map ¢ — a'/(9) is an absolute value on K.

In the case f = T, the function v (g) measures how often g € k[T is divisible by T,
that is, the order of the zero of g at T' = 0. For g € k(T') with a pole of order n at
T = 0, we have vr(g) = —n. For more general polynomials v¢(g) measures the order
of the zero or pole of g at the roots of f in an algebraic closure of k.

Lemma 2.10

The completion of K = k(T") with respect to an absolute value |-|f given by an
irreducible polynomial f is isomorphic to the Laurent power series field k(X))
where ky is the field k[T]/(f).

Proof. Write d = deg(f) and define A = {a € k[T] : deg(a) < d}. Given g € k[T,
we can find a unique ap € A and a polynomial g; € k[T of degree smaller than g such
that g = g1 - f + ap. Continuing with g1 = g2 - f + a1, we end up expressing g as

g=aotar frazf?+--+af
for some 0 > r € Z and a; € A. Write @ = a + (f) € ky. Consider the map
kr (X))

g———ap+a X+ +a X"

L: k[T
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which can be extended to a field homomorphism ¢: k(T) — kf((X)). The valuation v
corresponds to v in the image and the image is dense in kf((X)). Therefore k(X)) is
the completion of «(k[T]). O

Finally, there is a last valuation on k(T") corresponding to the infinite places for number
fields. For a g = z/y with z,y € k[T, define v (g) = deg(y) — deg(z) € Z. This gives
another absolute value on K and yet the completion is again isomorphic to k((X)). See
K> Exercise (2.4).

Digression

The set of non-equivalent (see Section 2.3) absolute values of a Dedekind ring
which is an affine piece of a smooth projective curve over a field k correspond to
the closed points of that curve.

Vladimir Berkovich introduced the space associated to a ring R where the points
are bounded multiplicative semi-norms. There are like absolute values except that
they may be zero on non-zero elements of R. See these sets of notes. The Berkovich
spectrum plays an important role in ‘Huber's adic’ and ‘perfectoid’ spaces.

2.3 Equivalence of absolute values

The following encodes when two absolute values are ‘the same’.

Lemma 2.11

Let |-|1, |2 be non-trivial absolute values on a field K. Then the following are
equivalent:

(i) |-]1 and |-|2 induce the same topology on K;

(i) for x € K, we have |z|; < 1 if and only if |z|2 < 1;

(iii) there exists ¢ > 0 such that |z|; = |z|§ for all z € K.

Proof. (i) = (ii): Note that for any absolute value |-|, we have |z| < 1 if and only if
"™ — 0 as n — oo in the topology induced by |-|. Now if |-|; and |-|2 induce the same
topology, then

|z[1 <1 <= z" — 0 with respect to |-|1
< z" — 0 with respect to |-|2
— |zl2 < L

(i) = (iii): Fix a z € K* with |z]; < 1 and hence |z|2 < 1, too. Let x € K*. For
any rational m/n with m,n € Z and n > 0, we have the following equivalences

log|z|y

m/n < <= mlog|z|1 > nlog|z| as log|z[1< 0

log|z[1
<= log|z"|; —log|z"|1 <0

n

xT
— log|—| <0
Zml
xn
27
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z" .
= | , <1 by (ii)
log|x|2
— m/n< . 2.1
/ log|z|2 (2.1)

where, in the last step, we undid all the previous steps for |-|a which we had done for
|-]2 and use log|z|]2 < 0. Thus we see that

log|z[1 _ log|x|
log|z|1  log|z|

for all x; for if this was not true, then there would be a rational number between the
two sides, and this cannot happen by (2.1). In particular, we have log|z|; = clog|z|2
for ¢ = log|z|1/log|z|2, and taking exponentials gives the result.

(iii) = (i): Given (iii), the basis of open balls in the respective topologies is the
same. O

Definition 2.12. We say that |-|; and |-|2 are equivalent, denoted |-|; ~ ||, if
the three equivalent conditions of Lemma 2.11 are satisfied.

This is easily seen to give an equivalence relation on to set of absolute values on K.

Definition 2.13. A place is an equivalence class of non-trivial absolute values on K.

We typically denote a place by v (or w). In ¢» Exercise (2.5) it is shown that ||,
and ||, are non-equivalent if p and ¢ are distinct primes.

2.4 Classification of absolute values on QQ

In this section, we prove Ostrowski's theorem, which states that the usual real absolute
value, and the p-adic absolute values for p prime, are the ‘only’ absolute values on Q
(up to equivalence).

Alexander Ostrowski (1893 — 1986)
was a Ukrainian mathematician who
worked in Germany and Switzerland.

(image source oberwolffach)

Theorem 2.14: Ostrowski

Any non-trivial absolute value |-| on Q is equivalent to either |-|o or ||, for a
prime p.
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Proof. First suppose that |-| is an archimedean absolute value on Q. Then there is an
integer @ > 1 with |a| > 1 and therefore for all integers b > 1, we have |b| > 1. For any
large integer n, write a™ in base b

A" = b 4 o1 BT 4o
with ¢, # 0 and 0 < ¢; < b for all 5. First we find that
n log(a) = log(cy,) + log(b™) = m log(b).

Setting B to be the maximum of |c| for 0 < ¢ < b, the triangle inequality implies
m
ZICJ\ b < (m+1)-B - [b™

Combining with the previous inequality, we obtain

log(a) 1/n 1/ 1
al < +1 . BY/n . |p|log(a)/ log(b)
’ ‘ (n log(b) ) ‘b’

As we increase n the first two terms on the right hand side tend to 1. It follows that
la| < |b|o&(@)/1e(®)  Taking logarithms and rearranging, this can be written as

log(|a]) _ log([b)
log(a) — log(?)

for all integers a,b > 1. This implies that log(|a|)/log(a) is a constant value say a > 0.

We find |a| = a® = |a|%, for all integers a > 1. Since |-| is multiplicative and since
|—1| = 1, we can deduce that |z| = |z|%, for all z € Q.
Now suppose |-| is non-archimedean. The ultrametric law implies that |n| < 1 for

all n € Z. Since |-| is non-trivial, there must exist an integer n > 1 with |n| < 1.
Factorising, we may write n = p7* ---pS, for ¢; > 1. We deduce there exists a prime
p = p; with |p| < 1.

Suppose |p| < 1 and |g| < 1 for two distinct primes p,q. Then 1 = ap + bq, for some
integers a,b, and 1 = |ap + bq| < max(|ap|, |bq|) < max(|p|,|q|) < 1; contradiction.
Thus there is a unique p with |p| = a < 1, and |g| = 1 for all other primes q. Then
[~ Flp. O

Further such classification results are known. First it is not hard to extend the above
to any number field: The places of a number field are precisely the one constructed for
each real and pair of complex embedding and the one constructed for each prime ideal.

Proposition 2.15

Let ¢ be a prime power. The non-trivial places in F,(T") are those associated to
irreducible polynomials in IFy[7] and |-|o derived from the degree function.

Note here all absolute values are non-archimedean, even |-|o. This proposition is
worked out in ¢ Exercise (2.7).

2.5 The valuation and its ring

Let K be a field endowed with a non-archimedean absolute value. We can find inside
K a ring that will play the role of the integer or p-adic integers.
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Definition 2.16. We define:

» O:={z € K : |z| <1}, the valuation ring.
» m={z € K :|z| <1}, the maximal ideal.
» F = O/m, the residue field.

We will justify these names in Proposition 2.17.

Examples.
= Suppose K = Q and |-|,. Then the valuation ring is

O=2Zy) = {% €Q:(myn)=1, p)(n},
that is, the localisation of Z at the prime ideal (p). Its unit group is
0" =2, = {1 € Q:ptmn}
and the maximal ideal is
m = pZ,) = {& GQ:p\m,pJ{n}.

The residue field is F = Z,)/pZ,) = Z/pZ = T).

» Let K =Q, with |-|,. Then O =Z,, m = pZ,, and F = Z,/pZ, = F,.

= In % Exercise (2.8), you are asked to calculate more examples, including the earlier
Q5(v/2) and Q5(+/5) for which the residue fields are different.

o

Proposition 2.17

Let K be a non-archimedean field.
(i) Ois aring.
(i) m is an ideal in O.
(iii) We have O* = {z € K : |z| = 1}.
(iv) O is a local local ring, with unique maximal ideal m.
(v) K is the field of fractions of O.
(vi) The ring O is integrally closed in K.

Proof. (i) If z and y are in O, then |zy| = |z|- |y| < 1 shows that zy € O. Similarly
z 4y € O because |z + y| < max(|z|,|y|) < 1.
(i) The fact that = +y € m for 2,y € m follows as in the sentence before. If y € O
and z € m, then |yz| < |z| < 1 then implies that m is an ideal.
(iii) If |x| =, then = # 0 and hence 1/x € K. But |1/z| = 1/|z| =1s0 1/z € O.
Therefore z € O*.
Conversely if x,y € O are such that xy = 1, then || = |1|/|y| = 1. This shows
|z| = 1.
(iv) Since O\ m = O, the ring is local and m is its unique maximal ideal.
(v) Let x € K\ O, thatis, |z| > 1. Pick z € m. There is an integer n > 1 such that
|z 2" = |z|-|2|* > 1. Then y = z2™ € O and z = y/x" is in the fraction field
of O.
(vi) (Recall: this means that if

fX)= X"+ apma X™ 4+ a1 X +ag € O[X]
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is monic irreducible, and = € K with f(x) = 0, then € Q). Suppose x € K is
an algebraic integer over O, that is, there exist a; € O such that

2"+ a1+ az +ag = 0.
Then

m m—1 i
2™ |=|am—12™"" 4+ - + ag| < oglz%%i{—l‘alx |
< max |z

since |q;|< 1
0<i<m—1 lasls

= max(|z|™ %, 1).
If |z|> 1, this inequality cannot hold, so |z|< 1 and z € O. O
Given any 0 < a < 1, we can define

vi K* - R
x = log,,(|z])

and set, if needed v(0) = +oo. This is called a valuation® of K. The valuation satisfies
» v(z-y) =v(z)+v(y) for all z,y € K.

» v(z+y) > max(v(x),v(y)) for all z,y € K.

It is equivalent to give a non-archimedean absolute value or to give a valuation with
these properties. Two equivalent absolute values, say |-|; = [|-|5, give two valuations
linked by vi(x) = ¢ - va(x), which justifies to say that two valuations are equivalent
when they differ by a scaling of this form. In particular, the choice of a changes v to
an equivalent valuation.

2.6 Discrete valuation rings

Let (K,|-|) be a non-archimedean field with O, m, k and v as before.

Definition 2.18. We say K is a discretely valued field if the set

{le] :zem}cl0,)cR

admits a maximum.

J

The corresponding valuations v are called discrete and the name is going to be justified
in the next lemma.

Example. The absolute values |-|, on Q and Q, make them discretely valued. Similar,
|-|p for any prime ideal p on a number field K, and |-|; on k(T) are all discretely valued.

The following is a non-discrete valuation on a field. Let K, = Q[X]/(X" —p) =
Q({L/ﬁ) a finite extension of (. One can show that K, has a unique prime ideal p,
containing p, namely the principal ideal generated by {/p. The valuations v,, = 1/n-vy,
extend v, in Q and they are compatible, in the sense that v, |k, = v, for K, C K,
whenever n | m. Let K be the infinite extension |J,, K, of Q. The valuations v,, define
an absolute value |-| on K defined by |z| = p~"»(®) if x € K,,; this extends ||, from Q.
Since | {/p| = p~ /™, there cannot be a largest absolute value smaller than 1.

*The two concepts of absolute value and valuation are so closely related that in Russian there is only
one word for both.
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It is no accident that we had to resort to infinite extensions of @Q to find a non-
discrete valuation. A more dramatic example: The algebraic closure of Q admits a lot
of valuations, but none is discrete. o

Lemma 2.19

The following are equivalent:
(i) The field (K, |-|) is a discretely valued field.
(if) The image of the valuation {v(z) : @ € K*} is a discrete subgroup of R.
(iii) O is a principal ideal domain (PID);
(iv) Every ideal in O is finitely generated (Noetherian);
(v) m is principal;

Example. Consider the familiar example of 7Z,, which satisfies all of these conditions.
The maximum of \-p on m = pZ, is % Every ideal of Z, is of the form p"Z,, for some
n > 0, and all are principal. The image of v, is Z, which is discrete. o

Proof. (i) = (ii): Themapv: (K*,-) — (R, +) is a group homomorphism so v(K*)
is a subgroup. The intersection of v(K ™) with positive real numbers is v(m\{0}). Since
there is an element with a maximum absolute value in m, hence with minimal valuation,
the subgroup v(K*) is discrete in R.

(i) == (iii): Let I be a non-zero ideal in O, which therefore is contained in m.
Let y be an element in I such that v(y) is minimal, which exists by (ii), and hence |y|
is maximal. For any = € I, we have |z/y| = |z|/|y] < 1. Hence z = z/y € O, which
shows © = yz € (y) = yO. Therefore I = (y).

(iii) = (iv) is obvious.

(iv) = (v): Say m is generated by elements z1, ..., z,. Let x; be one of them
with the largest absolute value. With the same argument as in the second step of the
proof, we can conclude that z; € (z;) for all i. Hence m = (7).

(v) = (i): Say m = (y). For every x € m, we have x = zy for some z € O. Hence
|z| < |y| shows that y is an element with largest absolute value in m. O

The discrete subgroup v(K*) C R is called the value group of v. If K is discretely
valued, then there is a unique valuation that has value group equal to Z, this valuation is
called the normalised discrete valuation. It satisfies the property that v(z) > n <~
zem’.

Let K be a discretely valued field. The above shows that O is a discrete valuation
ring or DVR as it is not a field, but a local PID.

Definition 2.20. A generator m of m in a discretely valued field is called a uni-
formiser.

As seen in the proof, this means that 7 is an element in m of maximal absolute value,
or minimal valuation. All elements in m \ m? can be taken to be uniformisers, so they
are not unique at all. If v is a normalised discrete valuation, then x is a uniformiser
exactly when v(z) = 1.

Example. As part of Exercise (2.8) one shows that 5 is an uniformiser in Q5(1/2), while
it isn't a uniformiser for Q5(\3/5). Instead /5 will serve as a uniformiser there. o
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Corollary 2.21

Let 7 be a uniformiser in a discretely valued field K. Every element 2 € K* can
be written uniquely in the form z = un", for u € O* and r € Z.

Proof. The value group is v(K*) = Zv(w), so v(z) = rv(m) for some r € Z. Thus
x =7"-u for some u € K* with v(u) = 0 and hence |u| = 1. O

Lemma 2.22

Suppose K is discretely valued. Then, for each i > 0, the F-vector space m’/m‘*!
is of dimension 1.

Proof. Let 7 be a uniformiser that exists by Lemma 2.19. The map = +— 7 induces

an isomorphism o _ A
mz/mz—i-l _ ﬂ_zo/ﬂ_ﬁ-lo o~ 0/71—(9 = TF. O

Digression
By definition this means that Spec(O) is a smooth scheme of dimension 1. However

it has only two points: a special point corresponding to the maximal ideal m and
a generic point corresponding to the zero ideal (0).

The following ‘m-adic expansion’ is a more general analogue of the p-adic expansions
of Proposition 1.23.

Proposition 2.23

Let K be a discretely valued field with normalised valuation v and let 7 € m
a uniformiser. Let A C O be a set of coset representatives for the quotient
F=0/r0.

(i) Every z € K* has a unique m-adic expansion

7B = Zamri fora; € A.

(i) K is complete if and only if every >5° a; 7', with a; € A and 7 € Z,
converges in K.

Put another way: this proposition says that
(i) Passing to m-adic expansions gives an injective map

(o]
K — {Zaiﬂi:rez,aieA}.
i=r

(i) K is complete if and only if this map is bijective.
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Example. Again using the results from Exercise (2.8), any element in @5(\?/5) can now
be written in a unique /5-adic expansion

a; (\3/5)Z + @iy (\1%)11rl + -

with ¢ € Z and a;, ajy1, ...in {0, 1,2,3,4}.
Instead, for K = Q5(ﬁ), the 5-adic expansions look like

(ai + bz\/ﬁ) 5i + (ai+1 + b¢+1\/§) 5i+1 + -
with a; and b; in {0,1,2,3,4}. See ¢ Exercise (2.10). o

Proof. (i) We leave this as an exercise: the proof closely follows that of Proposition 1.23,
just with more abstract notation.

(i) Suppose K is complete. Note that if a; € A, then |a;| < 1. Since |7| < 1, we see
la;m| = |a;| - |7|* — 0 as i — oo, so this series converges by Lemma 2.2.

Conversely, suppose every sum converges. Let (z,) be a Cauchy sequence in K, and
write

Ty = Zai(a:n) o ai(zy) € A.

As the sequence is Cauchy, for any r € Z, there exists N € N such that v(z,, — ) >
r 4+ 1 for all m,n > N. This implies that the expansions of x,, and x,, agree up to r,
that is

ai(zyn) = a;j(xm) Vi <r, Ym,n > N.

In particular, for each i € Z, eventually a;(z,,) is constant, say equal to a;; and a; = 0
for all 1 < r € Z, where n = lim,_, v(x,). Define

o
T = E a; .
i=r

This converges in K by assumption, and z,, — . O

Remark. Note that in Proposition 2.23, the set A is not necessarily finite, though it will
be in the important applications. The proof would also work if we replaced the sequence
(7%) be another sequence (m;) with the property that v(m;) = i.

Let now (K, |-|) be non-archimedean. Let O be the valuation ring and m its maximal
ideal. The following generalises Lemma 1.27. Consider the natural map

¢:0 —limO/m (2.2)
x— (x+m"),
The kernel of ¢ is the intersection of m™ for all n > 1. If K is discretely valued, then

this is trivial and hence the map is injective. It turns out the surjectivity is equivalent
to K being complete.

Proposition 2.24

Let K be a discretely valued field. Then K is complete with respect to || if and
only if the map ¢ above is an isomorphism.
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Proof. Let A be a set of representatives of F in O and pick a uniformiser 7. We wish
to use the criterion in Proposition 2.23.(ii).

Let a, € A for n > r and consider 322 a; w'. This converges if and only if the
sequence of partial sums s, = > a; 7’ converges in K. As the initial part of the sum
does not matter, we may assume without loss of generality that » > 0. The list (x,)
belongs to lim O/m™. Therefore the infinite sum converges to an element = € O if and
only if O — @O/m” is surjective. O

This now gives a justification for the term m-adic completion. The map ¢ for a general
discretely valued field gives an inclusion for any DVR into a DVR whose field of fraction
is complete. The inverse limit construction can be seen as the algebraic analogue of the
topological completion using Cauchy sequences.

2.7 Non-archimedean local fields

Given this course is called ‘Local fields', it is perhaps strange that we've not yet given
a precise definition of what a local field is! In this section, we will finally define what a
non-archimedean local field is. We will then show that it is equivalent to being locally
compact. This will inspire the archimedean analogue in the next section.

Definition 2.25. Let (K, |-|) be non-archimedean, with associated valuation v and
residue field F = O/m. We say K is a non-archimedean local field if:

= K is complete,

= v is discrete,

» and F is finite.

Example. Clearly Q) is a local field for all primes p. The field F,((1")) for any finite
field I, is also a local field. o

Lemma 2.26

If (K,|-|) is a non-archimedean local field, then O is compact and for every z € K,
the sets x + O and zO are compact

Proof. Since K is complete and discrete, Proposition 2.24 shows that O is isomorphic
to the inverse limit of O/m™. As F is finite, each of these quotient rings is finite and
hence compact. The inverse limit lim O/m™ is contained in the product [T O/m", which
is compact by Tychonoff's Theorem. The condition that f,(x,+1) = x, defines a closed
subset and lim O /m" is therefore the intersection of closed subsets and hence closed. A
closed subset of a compact set is compact, which implies that O is compact.

Since addition and multiplication are continuous maps in K, the image of adding z
to O is the continuous image of a compact set and hence compact itself. Similar for
multiplication by . O

Definition 2.27. A metric space X is locally compact if for all x € X, there
exists an open ball U and a compact subset C withx e U C C C X. We call C a
compact neighbourhood of x.

34



Local fields

cw '25

Remark. You might ask: why is the definition not ‘for all z € X, there exists a compact
subset containing x'? This would be a bad definition, because {z} is always a compact
set containing x, so every topological space satisfies this property. The addition of the
open set U ensures that the compact set C is ‘large enough’ to make this definition
interesting.

The previous lemma shows that any non-archimedean field K is locally compact. We
aim to prove the converse.

Note that R is locally compact: if x € R, and £ > 0, then

r€(r—e,x+e)Clr—e,x+e]

Note the open interval (x — e,z 4 ¢) is open, and the closed interval C' = [x — ¢,z + €]
is compact. So C is a compact neighbourhood of z.

Example. Q with the topology from R is not locally compact. Why? Recall that if X
is a metric space, then X is compact if and only if X is complete and totally bounded.

Let X be a subset of Q. If X contains an open ball in Q, that is, if it contains an
interval (x — e,z + €) N Q for some ¢ > 0, then it cannot be complete. In particular,
no compact subset of (Q can ever contain an open ball, so no point can have a compact
neighbourhood.

Explicitly, to see the closed interval [0, 1]NQ is not compact: fix a convergent sequence
of irrationals 0 < ¢; < ¢cg < g3 < --- < 1, with ¢; = ¢ < 1 irrational. Then

[0,1] = [0,c1] U (€e1,c2) U (ca,c3) U+ (¢, 1]

is an infinite disjoint open cover, so has no finite subcover. o

Lemma 2.28

Any locally compact field K is complete.

Proof. Let C be a compact neighbourhood of 0, containing an open ball B(0,¢) for
some € > 0. For any x € K, we have x € B(z,e) C x + C, so z + C is a compact
neighbourhood of .

Let (z,,) be a Cauchy sequence. Then there exists N such that |xy — z,| < € for all
n > N. In particular, for n > N, the sequence (z,,) is contained in B(zy,¢) C xn+C.
As xn + C is compact, it is complete; so x,, converges in xy + C, hence in K. 0

Theorem 2.29

Let (K,|-|) be non-archimedean, with |-| non-trivial. The following are equivalent:
(i) K is locally compact;
(i) the valuation ring O is compact;
(iii) K is a non-archimedean local field.

Proof. We first prove that (i) and (ii) are equivalent. As (ii) implies (i) directly, we are
left to show that (i) = (ii): Let C' be a compact neighbourhood of 0. By definition
C' contains an open ball B(0,¢). Since || is non-trivial, there exists 0 # x € K with
|z| <1, so [2"| < e for n > 0. Then

2"O C B(0,e) C C.
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Since 2" O is closed, and a subset of a compact set, it is thus compact. But 2O is
compact if and only if O is compact (as we can rescale every open set in an open cover
by ™), so O is compact.

As Lemma 2.26 showed (iii) = (i), all that remains to see is that (i)+(ii) imply
(iii). First Lemma 2.28 proves that K is complete.

We pass on to prove that [F is finite. Let A be a set of representatives of IF containing
0 and we wish to see that A is finite. The ball m = B(0,1) is open and so are the
translates  +m for all z € A. Now O = [J,c4(x + m) is a covering of a compact set
by disjoint open. Therefore A must be finite.

Finally, we have to show that K is discretely valued. Since A is finite, the set
O™ = Upzgea(z + m) must be open, which implies that its complement m is closed
and hence compact. We can write m = J,.; B(0,r) and extract that there is a radius
R < 1 such that m = B(0, R). Hence there is an element with maximal absolute value
in m, which is the definition that K is discretely valued. O

Later, we will prove in Theorem 3.8 and Theorem 4.14 the following classification.

Theorem 2.30

Let K be a non-archimedean local field. If K has characteristic p, then K is
isomorphic to Fy (7)) for some prime power ¢q. Otherwise K is a finite extension

of Qp.

2.8 Archimedean local fields

Theorem 2.29 inspires the follow general definition.

Definition 2.31. A valued field (K, |-]) is a local field if it is locally compact.

For non-archimedean K, this is equivalent to Definition 2.25. This asks for an under-
standing of what archimedean local fields are. The following theorem is due to Ostrowski;
its proof can be found in [Ca, §3].

Theorem 2.32

Any field K that is complete with respect to a archimedean absolute value is
isomorphic either to R or C.

Corollary 2.33

The only archimedean local fields are R and C.

Proof. If K is an archimedean locally compact field, then K is complete by Lemma 2.28,
hence is isomorphic to R or C by Theorem 2.32.

Conversely, R and C are locally compact, since the closure of any open ball B(x,¢)
is compact in either, hence a compact neighbourhood of . O

This is the main reason why this module will concentrate on fields that are complete
with respect to a non-archimedean absolute value.
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Exercises

(2.1) Let R be a Dedekind domain and I a non-zero ideal. Define v;(z) =n if z € I™
but 2 & I"*!. Show that v; satisfies the condition of a valuation if and only if I
is a prime ideal.

(2.2) Let K = Q5[X]/(X?% —2) and write v/2 for the coset of X. For a,b € Qs define

|la + bv/2| = max(|als, [b]5) and |a + V2| = |a® — 2?5
(i) Show that |z|? = ||z|| for all z € K.
(ii) Prove that |-| and ||-|| define equivalent non-archimedean absolute values on
K.

(2.3) Let K = Q5[X]/(X? —5) and write a = /5 for the coset of X. Prove that
la+ba+ba?| = max<|a|§, : |b]2, = |b|§) with a,b,c € Q5

defines an non-archimedean absolute value on K.
(2.4) Let k be a field. Define voo(f) = —deg(f) for f € k[T].

(i) Show that this can be extended to a valuation on k(T).
(ii) Prove that the completion of k(7) with respect to a corresponding absolute
value |-| is isomorphic to k((X)).

(2.5) Prove that the absolute values ||, |-|2, |3, |5, ... are pairwise inequivalent.
(2.6) Let (K,|-|) be a valued field, and suppose the absolute value |-| satisfies the
‘super-strong ultrametric law’

|z +y| <min(|z], |y])  Vz,ye K*.

Prove that |-| is the trivial absolute value.

(2.7) Let g be a prime power. Let |-| be a non-trivial absolute value on Fy(T"). Prove
Proposition 2.15 separating the case when |T'| > 1 and |T| < 1.

(2.8) Determine the valuation ring O, its maximal ideal m and the residue field & for
the following fields and their absolute value.

(i) The field K = Q5(+/2) from Exercise (2.2).

(i) The field K = Q5(3/5) from Exercise (2.3).

(iii) The field k((T)) for any field k.

(iv) The field Fy(T") and the absolute value |-|; for an irreducible polynomial f
of degree d.

(v) The field C(T") and the absolute value |-|.

(2.9) Let K be a field with a valuation v, and let k be the residue field for v. Give
examples of such K and v such that:
(i) k is finite and v is discrete, but K is not complete;
(i) v is discrete and K is complete, but k is not finite.
(2.10) (i) Let K = Qs(+/5) from Exercise (2.2) and pick @ = +/5 as a uniformiser.
Write 1/6 in a-adic expansion. Spell out the first ten coefficients.
(i) Expand 1/(41 +29v/2) € Q5(v/2) in its 5-adic expansion.
(2.11) By exhibiting an infinite open cover with no finite subcover, prove that Z is not
compact in the p-adic topology.
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3

Polynomials over local fields

We now come to an extremely important result in the theory of valuations/non-
archimedean absolute values: Hensel's lemma, which provides a simple criterion for a
polynomial to have a root in a complete non-archimedean field K.

3.1 Hensel's lemma

Let K be a field, which is complete with respect to an absolute value |-|. The valuation
ring is O, by m we denote the maximal ideal and the residue field is IF. For the purpose
of our applications, we may think of a local field.

For a polynomial f € O[X], we write f for its reduction to F[X]. The derivatives
[’ € O[X] is the formal derivatives %; of polynomials defined by (X™) = n - X"~ for
all n > 0 and extended linearly. Now that we have a complete topology, we could also
define f/(x) for x € K using the usual limits (f(z + h) — f(z))/h as h — 0. We say
that a root a@ of f is simple if f(Z) = 0in k and f’(Z) # 0. Equivalently, we can say
that any lift z in O of Z satisfies f(z) =0 (mod m), but f'(z) Z 0 (mod m).

Theorem 3.1: Hensel's lemma, version 1

Let f € O[X] and = € O. Suppose that f has a simple root at T € F. Then there
exists a unique y € O such that

fly)=0 and y=x (mod m).

Examples.
n let K =Q5 O =7Z5. Let
f=X%+1.

Then 2 is a simple root of f, since
f(2)=5=0 (mod 5), and f'(2)=4#0 (mod5).

By Hensel's lemma, there exists a unique element y € Q5 with y>+1 =0 and y = 2
(mod 5). In particular, X2 + 1 has a root in Q5.
Note this is an example we've already seen: we explicitly constructed such a y in the
example after Definition 1.15.
= What about the equation f = X2 + 7 in Q2?7 Now f' = 2X =0 (mod 2), so there
are no simple roots, and we cannot apply Theorem 3.1.
= See ¢ Exercise(3.1).
o
In light of the final example, where version 1 of Hensel's lemma didn’t apply, we'll
actually prove a more general analogue — modulo higher powers of p — which does apply
in this case.
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Note that in version 1, we have

f() =0 (mod m) <= |f(x)] <1,
f(@)#£0 (modm) < |f'(z)]=1.

We want to also be able to handle the case f'(z) = 0 (mod m), that is, |f/(z)| < 1.

This is still possible, provided |f(x)]| is sufficiently small compared to |f'(x)|.

Theorem 3.2: Hensel’'s lemma, version 2

Let f € O[X] and z € O. Suppose |f(z)| < |f'(z)[>. Then the sequence defined

by
f(yn)
Yo =1 and Yn+1 = Yn —
- f'(yn)
converges to the unique y € O such that
flyy=0  and  Jy—az| <[f(2)]. (3.1)

Example. Consider f = X2 4 7 in Qy again. Note f(1) = 8, and so f has a root
modulo 8 =23, and f/(1) =2-1 = 2. Since

F), =2 <22 = [f ()],

so version 2 of Hensel's lemma applies, and shows there exists y € Zo, with y = 1
(mod 4), such that f(y) = y? + 7 = 0. The explicit sequence converges very quickly:

i = 1422423 4 9% 495 495 197 4 98 4 99 1 910 | 9ll | 912 | 913 | (2l
Yo = 1422 424 496 4 98 4 910 L 912 | 9ld | 916 | 918 | 920 | 922 | (924

ys = 1422 424 495 4 97 199 L oll L 913 | 915 | 91T L 919 | 921 | 933 | (924
o= 1422 494 495 427 £ 214 4 915 L 91T 924 | 925 4 92T L (229)

Yo = 1422 424 4 95 4 97 4 914 4 915 4 919 | 920 | 928 | 926 | 927 | 928 | (92
Then it stabilises as this is a root of X2 + 7 modulo 229,

See p» Exercises (3.2) and (3.3). o
For the proof of the theorem, we will use the following lemma.

Lemma 3.3
Let f be a polynomial in O[X] and let 0 < r < 1. Suppose that a € O satisfies
f@l<r and  f(a)#0  and fj’t((Z))Q‘ <r.
Then b=a — ]];(((Z)) satisfies
fOl<? adIFOI=IF@] e [ <
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Proof. By hypothesis 6 = —f(a)/f’(a) belongs to O. Expanding f(X +Y) in Y, we
get

FX+Y)=F(X)+F(X) Y +g(X,Y)-Y?
for some ¢(X,Y) € O[X,Y]. Putting X = a and Y = § and defining d = g(a,d) € O,
we get

e ey (L@ g @ @
f(b) = f(a) + f'(a) ( f,(a)>+d i = 4@
and hence fa)
SO =1d]- 1f@)] | ] < 1rer=r*

Similar we have
fX+Y)=f(X)+hX,Y) Y

with h(X,Y) € O[X,Y] and setting d’ = h(a,d) € O gives

1o =@ (48] < e (1o o)

 f'(a) f'(a)?
and so fa)
PO =17 @] [ = 58] = 1)
because |d'| - |f(a)/f'(a)?| < 1-r < 1. Finally, we get
FO) | _ld-1f@F _ o
PR e < -

Proof of theorem 3.2. Apply the lemma to a = yo with r between |f(vo)/f'(y0)?| and
1. Then |f(yo)/f'(v0)?| < r and the lemma implies that |f(y1)| < 72.

Now, we apply repeatedly the previous lemma to y,,. We obtain |f(y,)| < 72", which
shows that f(y,) converges very quickly to 0. We only need to show now that y,, forms
a Cauchy sequence. Note first that

f(yn) ‘ _ S (n)
f'(yn) f'(yn)?

[Yn1 =yl = 1) <1<
and so, for all m > n,

[Ym — Ynl <|Ym — Ym—1] + [Ym—1 — Ym—2| + -+ + |Yn+1 — Un|

P e
<,,ﬂm—1_|_rm—2+“‘+rn:
r—1
J(a) This is nothing else but the Newton-
Raphson method from numerical ana-
b “ lysis, but of course translated to our
absolute value.
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which is arbitrary small as n — oo, because r < 1.
Let y be the limit of (y,,) which exists because we assumed K to be complete. Note
we have |f'(y)| = |f'(z)|. Suppose z is a second element in O such that f(z) = 0 and

|z — 2| <|f'(z)].

Setting w = y — z one has
w| = |(y = =) + (z = 2)| < max(|y — 2|, |z — z[) < |f'(z)].
With g as in the proof of Lemma 3.3, we can write

0=f(z)=fW)+wf(y)+wgwy) =w-(f(y)+w- gwy).

If the second factor vanished, then |f'(y)] = |w - g(w,y)| < |w| would be absurd.
Therefore w = 0, showing that z = y is unique. O

Proof of theorem 3.1. Suppose

f@=0, F(@#0. (3.2)

Thus |f(x)] <1 and |f'(x)|> = 1; so |f(z)| < |f'(x)|, and Theorem 3.2 applies. Thus
there exists y € O with f(y) = 0 and |y — 2| < |f'(z)] = 1. But note |y — z| < 1
implies y = = (mod m). O

Example.

» Let take K = k((T)) for a field k whose characteristic is not 2. Consider the
f=X2—1—T. There is a root to this polynomial close to g = 1. The sequence
converges as follows

1 =1+3T
o 1 12 1 3 4 5 6 7 8
2y =14+ 5T — §T° + {gT° — 5T + g T° — 735 T° + 555 T" — 551" +
_ 1 172 1 3 5 4 5 21 6 7 107 8
L3 = 1 + §T - gT + ET - 128T + 256T 1024T + 2048T 8192T + -

_ 1 172 | 143 4 5 6 T 429 78
xg =14 5T — T+ 517 — 128T + 256T 1024T + 2048T 2768 L+

Please do never again use the Taylor formula for calculating the series expansion of
V1I+T.

= Let p = 13. The quadratic residues modulo 13 are 1, 3, 4, 9, 10 and 12. Let n € Z,
and consider the polynomial X2 —n € Z;3[X]. Then:

olfn=1,3,4,9,10,12 (mod 13), then Hensel's lemma shows that that there are
square roots of n in Q3.

o lfn=2,5,6,7,8,11 (mod 13), then there is no square root of n in Q13: Suppose
X2 — n has a root in Q3. Since Z3 is integrally closed by Proposition 2.17,
it thus has a root in Zi3. Reducing this root modulo 13 would give a root of
X2 —n (mod 13). But no such root can exist, as n is not a quadratic residue
for 13.

o for n =0 (mod 13), it will depend on whether the vaulation is even and if the
first 13-adic digit is a quadratic residue.

In Section 4.1 we will systematically analyse quadratic extensions of Q).
©
The following gives an absolute bound in terms of the discriminant we need to impose
on the approximation to guarantee the existence of a zero.
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Corollary 3.4

Let f € O[X] with discriminant D. Suppose there exists * € O with |f(x)| < |D|?.

Then f has a root in O.

Proof. Recall that the discriminant of f can be expressed as a integer polynomial in the
coefficients of f and that there exist polynomials u, v € O[X] such that u- f+v- f' = D.
From the first part we deduce that |D| < 1. Now u(z)- f(z) is of absolute value strictly
smaller than |D|. By the ultrametric property v(x) - f'(x) has absolute value equal to
the one of D. It follows that |f(x)|?> > |v(x) - f'(x)|?> = |D|*> > |f(x)| and we can
apply Theorem 3.2. O

3.2 The Teichmiiller map

As a first application of Hensel's lemma, we construct the Teichmiiller map. Let K be
a non-archimedean local field, recalling that this means that K is complete with respect
to a discrete valuation v, and that the residue field F of K is finite, say with F = F,.
Let

f=X1-X € O[X].

Since ' is cyclic of order ¢ — 1, each a € F is a solution of the reduction feTF,[X].
By Theorem 3.1, for each a € F there exists a unique [a] € O with

f(la]) =0 and [a) =a (mod m).

Definition 3.5. We call [a] the Teichmiiller representative of a € k. It is the
unique element of O such that [a]? = [a] and [a] + m = a in F.

This yields a map
[]: F— O,

which is injective since [a] = [b] implies a = [a] = [b] = b (mod m) implies a = b in F.

Oswald Teichmiiller (1913-1943) is a
controversial figure. He proved this
theorem while being a brilliant PhD
student of Hasse in [Te|; however he
was also a dedicated Nazi and a mem-

ber of the SA.

Lemma 3.6

The map []: F* ~— O is multiplicative. Hence O* contains a cyclic group of
order ¢ — 1, denoted by ulg — 1].
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Proof. If a,b € F*, we compute that
([al[b)* = [a)? [} = [a] [0], and  [a][b] =ab (mod m).

As [ab] is the unique element of O satisfying both of these properties, we deduce
[a] [b] = [ab], and [-] is multiplicative. O

Example. For p = 5, we find p[4] in Z7. Concretely these are the following four
elements

1=1

i=2454+2-52453+3-574+4.5°4+2.554+3.57+3.5% + O(5%0)
—i=3+4+3-5+2-524+3-534+5"+2.54+5"+4.55+5° 4+ 0(5')
~1=44+4-5+4-5%+...

We may use the elements A = {0, 1,4, —i,—1} as a canonical choice for the coefficients
in the 5-adic expansion, if we wish. For instance

9=—-14i-5-5%—4-55 -5 +i-56 57— 5% 1594 O(5'9)
T=i—i-52—5%4+i.5° =55 —57+5% +i.5°+0O(5')
See pp Exercise (3.7). o

We have x = [z] (mod m) where Z is the reduction of z. If z € O then [z] € O*
and therefore z/[Z] € 1 + m.

Corollary 3.7

The map

¢: O =5 F* x (14 m)

is an isomorphism of groups.

Proof. Note that ¢ is a homomorphism by Lemma 3.6, since for x,y € O, we have

o) = (70, 0) = (75 pyen) = (2.057) - (0 7) = 0@ o),

Also, ¢ is bijective, because the map ¢: F* x (14+m) — O* sending (y, 2) to [y] - z is
an inverse to ¢. O

Theorem 3.8

Let K be a local field, and suppose char(K) = p > 0. Let F be the residue field
of K.
(i) The map [-]: F — K is a field embedding.

(i) We have K = F((T)).

This now proves one part of Theorem 2.30.
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Proof. (i) Aschar(K) > 0, the field K is non-archimedean by Corollary 2.7. Because
1+1+1+---+1=0€m,wealsohave 1+1+1+---+1=0inF and hence F
has also characteristic p. Since F is finite, we thus have #F = ¢ = p” for some n.
As q is a power of p, we have (z + y)? = 27+ y4 for all z,y € K. It follows that

(la] + b)) = [a)* 4 [b]* = [a] +- [0],

Also [a] + [b] = a+ b (mod m). In particular, since [a + b] is the unique element
of O satisfying both these properties, we deduce that [a + b] = [a] + [b], in other
words [-] is also additive. Therefore, the map [-]: F — K is a field embedding, as
claimed.

(i) Let m be a uniformiser in m. Consider the map

F(T) — K,
Zai T — Z[ai] .

Recall that the Proposition 2.23 on the m-adic expansion shows that this map is
a bijection if K is complete since A = {[a] : a € F} is a set of representatives for
O/m. Part (i) shows that the map is a field homomorphism. O

3.3 Generalisations of Hensel’s lemma

We turn our attention to a different statement that is linked to Hensel's lemma and also
goes by this name in the literature. In fact it is a generalisation. As in Section 3.1, we
assume that K is a complete valued field. We also assume that the valuation is discrete.

Lemma 3.9

Let f, g1 and hy be three polynomials in O[X] such that f and g; - h1 have the
same degree, the same leading term and the same reduction to F[X]. Assume
that the reductions g7 and h; are coprime in F[X]. Then there exist polynomials
g and h in O[X], having the same degree and same leading term as g; and h;
respectively, such that f =g - h.

Proof. We construct inductively polynomials g; and hj of the same degree, the same
leading term and the same reduction as g; and hp respectively, but such that f = g - hi
(mod m*).

Suppose g and hy are already constructed. Fix a uniformiser w. Write f = gy - hy +
7F - e for e € O[X] of degree strictly smaller than deg f. By the extended Euclidean
algorithm in F[X] and the assumption that g; and h; are coprime, there exists A and
B in F[X] such that e = A - hy + B - g7 with deg A < deg gy and deg B < degh;. Set
Gkt1 = gr+7"-a for alift a € O[X] of A of that same degree. Similar hy 4 = hy+7"-b
for a lift b of B. Then gi11 and hg1 still have the same degree, the same leading terms
and the same reduction as g; and hj respectively. Finally we have

Git1 - hipr = (gr +7%a) - (hg +7%b) = f + 7% - (—e+ hpa+ gr b+ 7" ab)

because —e + hxa + grb = —e + hija + g1b = 0 (mod m). This shows that f =
Gk+1 hiy1 (mod mF1). By construction every coefficient of the polynomials g and Ay,
forms a Cauchy sequence and hence they converge in O. O
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Theorem 3.10: Hensel’s lemma, version 3

Let f € O[X] be a monic polynomial such that its reduction f € F[X] factors
into two monic polynomials G, H € F[X] that are coprime in F[X]. Then there
exists monic polynomials g,h € O[X] such that f = gh and deg(g) = deg(G)
and deg(h) = deg(H).

Proof. This is a direct application of Lemma 3.9. Take g; to be a lift of G of the same
degree to O[X]. Similar for h; and H. O

Digression

A local ring for which this theorem holds is called a henselian ring; they play an
important role in étale cohomology. In particular the “henselisation” of Z is a fairly
small subring of Z, consisting only of algebraic elements.

One can use this theorem to give a new proof of the existence part of the first
version of Hensel's lemma (Theorem 3.1) by taking X — a as the polynomial G. See
also ¢» Exercise (3.8).

There exists a finer version of this factorisation, which implies Theorem 3.2, too. See
the proposition in section (1.1) in [FV]. Later, we will use the following result.

Corollary 3.11

Let f = X" +a, 1 X" ' +.--+ap € K[X] be an irreducible polynomial such
that ag € O. Then a; € O for all 0 < i < n.

Proof. Assume f ¢ O[X]. Let 0 < j < n be the largest index i such that the valuation
of a; is minimal (and negative). Now f = a;l-f is in O[X]. With g1 = 1/a; X" +1
and h; = X7 + aj—1/a; X144 ap/aj. The assumption in Lemma 3.9 are now
satisfied and its conclusion would imply that f, and hence f, is not irreducible. O

Another direction in which we may want to generalise Hensel's lemma is to look at
equation in more than one variable.

Example. Consider the equation Y2 = X3—X. We are aiming to find all (z,y) € K xK
such that y2 = 23 — x. It is a non-trivial fact using the theory of elliptic curves that
there are only three solutions in Q x @, namely {(0,0), (1,0),(—1,0)}

Instead here we show that the set of solutions for K = Qs is uncountable. Let
x € 2+ 5Zs5. Consider the polynomial

f=Y2 -2+ ecZsY],
so that f/ = 2Y. Note that
fy=1-2°4+2=1-2+2=5=0 (mod 5),

whilst f/(1) = 2 # 0 (mod 5). Hensel's lemma then implies there exists y € Zs with
fly) =y?> -2+ 2 =0and y =1 (mod 5). There are uncountably many different
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choices for © € 2 + 5Z5 as seen in Exercise (1.3)); so there are uncountably many
solutions to our equation in two variables. o

There is however a better multi-dimensional version, similar to the implicit function
theorem. We will state it here without proof, though it is very similar to the above
proof.

Theorem 3.12

Let n > 1 and let f = (f1,..., fn) be a vector of power series in O[ X1, ..., X,].
Suppose = = (21,...,2,) € O™ is such that f(z) = 0 (mod m?**1) where h is
the valuation of the determinant of the jacobian matrix (9f;/0X;(x)). Then there
exists a unique y € O™ such that f(y) =0 and z =y (mod m"*1).

For further improvements see [Fi] and for application to Skolem's method see [Sm].

3.4 Newton polygons

In this last topic on polynomials, we will associate to each polynomial a polygon in the
plane that contains valuable information about its roots.

Let K be a complete non-archimedean valued field and let v: K* — R be a valuation.
Let f =3 ;20a; X’ be a polynomial in K[X]. It is not hard to extend the discussion
to power series in K[X], but we will restrict ourselves to polynomials here.

Definition 3.13. The Newton polygon of f is the convex hull of the set {P; : i >
0} in R?, where P; = (i,v(a;)).

The Newton polygon of X! +
. . 75 X10 - X9 +10 X8 +5 X6+
o 4,54 w354 v2 =5

58 for K = Qs.

More precisely, here is how we construct the polygon. Think of an infinitely long
string hanging down the vertical axis. As we move the string to the right, the nail at
Py = (0,v(ag)) holds the string there on the vertical axis but below it forms a ray
moving right. At some point it will hit one of the next point P; and the string starts to
turn around that nail and so forth. We think of the string going back vertically up from
the last nail at P, = (n,v(ay,)) where n = deg(f). In the end the string is stretched in
a shape of a polygon with vertices at some of the P; and all points P; are either on the
boundary or inside the polygon. If two vertices P, and P,, with m > n are connected
by a segment, we say this segment has length | = m — n and slope

v(an) — v(am)

A:
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which is up to sign the slope of that segment. The type of the polygon is the list of the
slopes and lengths ([l1, \1], [l2, A2], - .., [lt; A¢]) where necessarily we have A\ > Ay >
o> N> 0.

Theorem 3.14

Let f be a polynomial with coefficients in a complete non-archimedean valued
field K. If the type of the Newton polygon of f is ([l1, M1], [l2, Aa], - -, [lt, Ae]),
then f factors in K[X] as g1 - g2 - - - g+ where g; has degree ;. Moreover if g; has
aroot z € K, then v(z) = \;.

Note that it is not guaranteed that each g; is irreducible as seen in the following
example. See also > Exercise (3.11) and (3.12).

Example. The theorem applied the degree 11 polynomial over Q5 in the example above
gives us the knowledge that this polynomial must factor into at least five factors as
the type is ([1,3],[3,1],[2,2],[3,2],2,0]). The first segment must be a linear term
g1 = X — a1 whose root has valuation 3 and indeed there is such a root a; =4 - 53 +
4-5%* + O(5%). The next segment corresponds to a cubic polynomial. At this point, we
do not know if that will be an irreducible polynomial. An explicit calculation gives that
the polynomial to be

G =X+ (3-5%+4-5' 4+ 0(5°)) X2+ (52 + 53 + O(5%)) X + 5% + 5 + O(5°)

which is irreducible. Next g3 is a quadratic polynomial, which must be irreducible as its
roots would have to be of valuation 1. In fact g3 = X?+ (4-5+3-52+ O(5%)) X +
544 -5% 4+ O(5%) is an Eisenstein polynomial. Similarly g4 will be a cubic irreducible
Eisenstein polynomial, explicitly

g1=X>+(3-5+4-52+0(5%)) X*+ (4-5+4-5°+0(5%)) X +4-5+4-52+ O(5%).

Finally, the last factor g5 is a degree two polynomial. However this polynomial actually
factors as g5 = (X —as)(X —a3) with a; = 14+1-54+0(5%) and ag = 4+3-52+0(53).
The roots are units as predicted by the theorem. o

The statement of the theorem does not change if we multiply f by a non-zero elements
in K. We can therefore assume that f € O[X] and that the polygon is in the upper
half plane and the one vertex is on the horizontal axis.

The proof will requires a further notion: We say that the polygon of f is pure, if it
contains only one finite segment from Py = (0, v,(ag)) to P, = (n,0) with n = deg(f).

Lemma 3.15

Let f € O[X] be a monic irreducible polynomial of degree . Then its Newton
polygon is pure.

We do not include the full proof of this lemma at this point; we will give a shorter proof
later at the end of Section 4.3. A direct proof can be found in Corollary 1 in Section 6.3
in [Ca]. The idea is the following. Suppose f = I, a;X" is not pure and say the
last segment is from (k,v(ax)) to (n,v(ay,)). Start with go = S (a;X* and ho = 1
and construct recursively polynomials g; and h; as follows. By long division in K[X],
there are polynomials ¢ and r such that f — g;jh; = q-g; +r and set gj11 = gj +r

47



Local fields cw '25

and hji1 = hj +q. As j — o0, the coefficients of g; and h; converge and give a
factorisation f = g - h with deg(g) = k.
The next lemma will show that not all polynomials with pure polygon are irreducible.
Suppose now that we have a second polynomial g = 3_; b; X of degree s.

Lemma 3.16

Suppose f and g are pure of slope A. Then f - g is pure of slope \.

Proof. Write f-g = 3", cx X*. Since f is pure of slope A, we have v(a;) > v(ag) — \i.
Similar v(b;) = v(bg) — Aj. Therefore

v(a;bj) = v(ag) +v(bo) — A (i + j)
We conclude that

v(cg) = U( Z a; bj) >wv(agby) —A(i+j) =v(co) — Ak
i+j=Fk

which shows that the polygon of f-g is above the expected segment. In the sum for ¢, ¢
the term a, by is a unit and the above shows it is the only unit, we have v(c,45) = 0,
which shows that the segment is the polygon for f - g. O

Finally, we come to the last lemma.

Lemma 3.17

Suppose the polygon of f has type ([l1, M], [l2, A2], ..., [l; \e]). Suppose that
g is pure of slope A < A; and degree s. Then the polygon of f - g has type
([lb >\1]7 [l2a )\2}7 ) [lta )\t]a [Sa )‘])

polygon of f |

pcil},fgonE ofg

T~ [llustration of the
polygon of f - g.

Proof. Let 0 < k < r = > 1. For any i < k, we have v(a;) > v(ax) + A(k — i) as all
slopes of the polygon of f are bigger than A. This implies that

v(ai bk—i) > ’U(Cbk) + )\(kj — Z) + U(bo) - )\(k - Z) = v(ak bo)
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Therefore v(ci) = v(ag by) for all k < r, showing that the polygon for f g between 0
and r is the same as for f, but shifted up by v(by).
Now let £ > r. Then for any 0 < 7 < k, we have

v(a;bg—;) = v(a;) +v(bg) — Ak —1i) =2 X(r—1i)+v(bg) — Ak —1) = v(by) — N(r — k).

This shows that the polygon of f g between r and 7 + s is above the segment between
(r,v(bg)) and (7 + s,0). O

Proof of Theorem 3.14. Factor f into irreducible polynomials in K[X]. Multiply to-
gether any factors with equal slope to obtain a factorisation f = g1 - g2 - - - g; where the
slopes \; of g; satisfy A1 > Ao > ... > A\;. The polygons of the each factor g; is pure
by Lemma 3.15 and Lemma 3.16. We conclude by applying repeatedly Lemma 3.17
starting with g7 - g2, then multiply it with g3 and so forth. O

Corollary 3.18

If a polynomial f of degree n and constant coefficient ay has a pure Newton
polygon and v(ag) is coprime to n, then f is irreducible.

This is a generalisation of Eisenstein’s criterion for irreducibility which is the special
case when v(ag) = 1.

Proof. Each irreducible factor g of degree » < n and constant coefficient by has slope
A =wv(ag)/n = v(by)/r. By assumption v(ag)/n is a reduced fraction and so r = n. [

The example f = (X2 4 2)2 over Q3 shows that one can have a pure polygon with
no point P; on the segment, yet f is reducible.

49



Local fields

cw '25

Exercises

(3.1)
(32)

(33)

(3.4)

(3.5)

(3.6)

(37)

(3.8)
(3.9)

(3.10)

(3.11)
(3.12)

Show that X2 +p — 1 = 0 has a solution in Q, for all odd p. Deduce that if p is
odd, then Q, # R as fields.
Calculate the first four digits of the 11-adic integer ¢ such that ( =2 (mod 11)
and (isarootto X* — X3+ X2 - X +1=0.
Let « € O for a complete local ring O whose residue field k has characteristic
different from 2. Suppose f3 is such that 32 = o (mod m). Consider the sequence
defined recursively by .

@

5n+1 = 5 : (/Bn + E)
Show that /3,, converges to /a.
Let ¢ be an odd prime. Show that the equation X% 4+ Y9 = Z9 has a solution
in Zy, with XY Z % 0 for all primes p. (In particular, this shows that one cannot
solve Fermat's Last Theorem with local methods only).
Show that (X2 —5)(X?2 —41)(X? —205) = 0 has solutions over R and Q,, for all
p, but not over Q.
Let K be a non-archimedean local field with residue field k. Show that if char(k) {
n then |K*/(K™)"| = n - |pu,(K)|, where pu,(K) is the group of nth roots of
unity in K.
(i) Write 1/7 € Qg in its 3-adic Teichmiiller expansion.
(i) Let K = Qs5(v/2). Fix ¢ a generator of u[24] given by

C=(2+V2)+(1+2vV2) -5+ (4+4v2) - 5> + O(5%).

Find the first two coefficients of x = —+/2 in Teichmiiller 5-adic expansion.
What are the degrees of the irreducible factors of X 20 — 1 over Qq;?
Consider the polynomial

2

G=a' 4yt + 22— 2%y — 222 - 222 —ayz(x +y + 2)

in Q2[z,y, z]. Then form the homogeneous polynomial

H = G(z1,x2,23) + G(x4, x5, x6) + G(27, 28, T9)+
+4G(z10, 211, 212) + 4 G(213, 14, 15) + 4 G216, T17, T18)

of degree 4 in 18 variables.

(i) Show that, for x,y, z € Zg, we have G(z,y,z) = 1 (mod 4) if at least one

of the three is a unit and G(z,y,2) =0 (mod 16) otherwise.

(ii) Prove that H = 0 has only the trivial solution z1 = --- = 215 = 0 in Q>.
(Aside: Artin conjectured that a homogeneous polynomial over Z, with of degree
n in strictly more than n? variables must have a non-trivial solution, that is Qp is
a Cy-field. The above is the explicit counter-example by Terjanian found in 1966.
However Ax and Kochen showed that for a fixed n, the conjecture is true for all
sufficiently large p.)

Let K be a non-archimedean field. Let f = ag+a; X +as X?>+--- be non-zero
in K[X] such that a,, converges to 0. Let N be the largest integer such that
lan| = maxy (|an|). Prove by induction that there are at most N elements b € O
such that f(b) = 0.

Reprove Corollary 3.11 using the Newton polygon.

Prove that 1 + %X — %XQ + X3 has three distinct solutions in Q.
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4

Extensions of local fields

4.1 Quadratic extensions of Q,

A vital way of studying the arithmetic of a field K is to study its Galois theory, namely,
its algebraic extensions. For the field R, this is very straightforward: R has exactly one
algebraic extension, namely the field C, of degree 2. The Galois theory of Q is, by
contrast, very complicated. We will see that the Galois theory of Q, lies somewhere in
between. As a first small step, we will completely classify possible quadratic extensions
of the p-adic numbers.
If Ris aring, let
O:={r?:rc R*} C R*
be the subgroup of all squares in R*. We are interested in K* /(1 for a field K; the
non-trivial cosets parametrise quadratic extensions of K.
Example.
» For R =R, we have R* /00 = {1,—1} and the only quadratic extension is C.
= Q* /0O is infinite, since 2, 3, 5, 7, 11, ... all have distinct images.
= For any odd prime power g, the group F /0O is cyclic of order 2 as F7 is cyclic of
even order.
o

Proposition 4.1

Let p be odd and let u € Z; such that its reduction to F is a quadratic non-
residue.
(i) We have Z; /0= TF) /0= Z/yz, with representatives {1,u}.
(i) We have
Q) /O % 2oz, x Bz

One may take representatives {1, p, u, up}.
(iii) There are precisely three quadratic extensions of Q,, namely

Q(Vu), Qu(vp), and Qu(y/up).

Proof. (i) Consider the natural map

) mod p mod O
¢: L F FX /00,

Both maps, hence the composition, are surjective. It is clear that squares in Z,
are in the kernel of ¢. Conversely, if b € Z,; reduces to a non-zero square in Fp,
then X2 — b as a simple zero at a non-zero element of F,,. By the first version of
Hensel's lemma, Theorem 3.1, this lifts to a solution in Z]f. This shows that ¢
induces an isomorphism of Z* /0 and %/
(ii) Note that
Q) =7, xZ, vep"— (v,r),

is a group isomorphism by Corollary 2.21.
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(iii) Any quadratic extension of Q, is of the form Q,(y/z), where x € Q; \ OJ. But if
x = x'y? for some y € Q, then
Qp(Va) = Qp(\/ a'y?) = Qp(\/;>'
So the only quadratic extensions are Q,(v/u), Qp(y/p), Qp(,/up). O

Example. When p = 3, we have 2 is not a quadratic residue mod 3, so the quadratic
extensions of Q3 are

Q3<\/§)7 Q3(\/§)7 QS(\/E)
What if we adjoin other square roots? Consider for example Q3(1/17). Then as 17 = 2
(mod 3) we have Q3(v/17) = Q3(v/2). o

Proposition 4.2

Let p = 2. We have Z; /00 = (Z/BZ)X > Z/o7 x%yz and Q /0= Loz x Loz x Loz
There are exactly 7 quadratic extensions of Q2, namely

Q2(v2), Q2(V-1),Q2(V5),Q2(v=2), Q2(v=5),Q2(v/10), and Q2(v/—10).

The proof is very similar as for the odd case, but one needs to take the map ¢: Z; —
(%/sz)™ and then use the second version of Hensel's lemma. See y» Exercise (4.1).

4.2 Norms on vector spaces

Ultimately, we are interested in field extensions of local fields, but we make a little detour
studying topological vector spaces over them. Let (K, |-|) be a valued field.

Definition 4.3. Let V be a K-vector space. A norm on V is a function
Il : V=R

such that:
(i) |lz|l = 0, with equality if and only if z = 0;
(ii) [[Az]] = |A] - ||z]| for all A € K and z € V;
(iii) [z +w| < ||z|| + |[|w]| for all z,w € V.

Examples.

= If L/K is an extension, and |-|1, is an extension of |-|, then |-|1, is a norm on L when
L is considered as a K-vector space. This explains the relevance of the theory of
norms to our current problems of interest.

= If V= K is 1-dimensional, with basis e, then |[Ae|| := |A| is a norm on V.

= More generally if V = K¢ with basis ey, ..., eq, then

”)\161 + - /\destup = Supi‘)‘i‘

is a norm (where \; € K).
= There is no reason to replace (iii) by an ultrametric version. For instance the norm

1(z,y)Il = |zl + |ylp on Q7 would not satisfy this.
o

52



Local fields

Lemma 4.4

Suppose (K, |-|) is complete, and d = dimg (V) < oo. Then V is complete with

respect to ||-||sup-

Proof. Let (zy) be a sequence. Writing 2, = (2n,1,-- -, Zn.d) € K¢ we see z, is Cauchy
for ||-||sup if and only if 2, ; is Cauchy in K for all i =1,...,d. Since K is complete, in
this case 2z, ; — 2z; € K, 50 2z, = 2 1= (21,...,24d). O

Definition 4.5. We say two norms ||-||; and ||:||2 on V are equivalent if there exist
a,b > 0 such that
allzli < llzll2 < bllzln VzeV.

Theorem 4.6

Suppose (K, |-|) is complete. If d = dimg (V') < oo, then any two norms on V' are
equivalent, and V' is complete (with respect to any of them).

Proof. Without loss of generality, we may write V = K¢, with the standard basis

er = (1,0,...,0), e =(0,1,0,...,0), ..., eq=(0,...,0,1).
Let ||-|| be any norm on V. By induction on d, we will show it is equivalent to ||-||sup,
and that V' is complete with respect to ||-||.
3 step: When d = 1, we have ||Aer]| = |A| - |le1]| is totally determined by |[le1],

which may take any value > 0. Hence all norms are scalar multiples of each other, and
in particular are equivalent to each other. Since K is complete, V' is complete.
Induction step: Let z=2z1e1+ -+ 2z5eq4 € V. Then

d
2l = llzrer + -+ + zaeall < DIl - e
i=1
d
< (Xlleall) - maxc|z| = b 12llsup, (4.1)
=1

where b := 3", |le;|| is constant. This is the ‘bounded above’ inequality in the definition
of equivalence.

Note (4.1) also implies that ||-|| is continuous with respect to the topology given by
|[lsup: for € >0, let § = /b. Then if || — y||sup < &, then

|z =yl < bz — yllsup < b = &.
It remains to bound below. Let
S:={zeV:|zlsup =1}

Claim. There exists a > 0 such that a < ||z|| for all z € S.
Proof of claim: Suppose not; then there exists a sequence

2 — xg”) e1+ -+ xén) eq €S, Hx(")H — 0 asn — o0.
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By the pigeonhole principle, for at least one value of 4, 1 < ¢ < d, we must have

oy = 1o

sup

for infinitely many n; without loss of generality, take ¢ = d. Passing to this subsequence,

we may assume Hx(")Hsup = \x&")| for all n; and since (™ € S, we have |m£ln)] =1.
Replacing (™) with :p(")/m&n), we may assume ac((in) =1 for all n. Note this is ok, since
e f§ ) = [1/257] -l = ™ =0 asn— oo,

that is, this modified sequence still tends to 0 for ||-||). Write (™ = y(® 4 ¢4, for
y(") c <€1, ey €d71>-

Now, since ||z(™| — 0, the sequence (z(™) is Cauchy for ||-||. Thus (y™) is also
Cauchy in K91 for ||-|| ga—1, where ||-|| xa—1 is the restriction of ||-|| to (e1,...,eq_1).
By the induction hypothesis, K%~ is complete with respect to ||-|| ga-1, so y™ — y €
(e1,--- ,eq—1) converges to some limit. But

y™ =2 _ey = —eg ¢ (er,...,eq).

We derive a contradiction, which proves the claim.
Now, given the claim, let 0 # z € V. Write ||z||sup =|2i|, some 1 < i < d. Then
lz/zillsup = 1, so z/2; € S. Thus by the claim, we have

a < |[z/zll = allzllsp = alz] < |z

Thus ||-|| is equivalent to [|-||sup.

To complete the induction, we observe that since K is complete, we have V' complete
with respect to ||-||sup by Lemma 4.4. As equivalent norms induce the same topology,
V' is complete with respect to any norm. O

4.3 Extending absolute values on complete fields

We now fix a field K complete with respect to the non-archimedean absolute value |-|x.
The valuation ring will be denoted by Ok and mg its maximal ideal.

Theorem 4.7

Let L/K be a finite extension.
(i) There is a unique extension |-|, of ||k to L.
(i) L is complete with respect to ||z
(iii) The valuation ring Of, in L is the integral closure of O in L.

One should compare this theorem to the more general statement that the integral
closure of a Dedekind ring in a finite extension is again a Dedekind ring. This is the
local version where Oy, and Ok are complete DVRs, which are complete Dedekind rings
with a unique maximal ideal.

Proof. (i) Let n = [L : K]. For an element z € L, we define

1/n
] = | Ny ()]
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where Ny i is the norm map L — K. It then follows immediately that |-| extends
||k and that || = 0 only if z = 0 and |z| > 0 otherwise.

We also see |z - y| = ]N(xy)\l/" = |N(z) - N(y)]l/n = |z| - |y| for all z,y € L.
For the additivity, we need the following claim.

Claim. For z € L with |2| <1, we have |1 + 2| < 1.

To prove the claim, we write s = [L : K(z)] and m = n/s. Then |z| =
\NK(Z)/K(Z)P/’” and similar for 1 +z. If f = X™ +a, 1 X™ 1+ -+ + ag
is the minimal polynomial of z in K[X], then Ng(.)/k(2) is (=1)"ao and
Ni(z)/x(1+2) = f(=1). By assumption ag € O, which means that the assump-
tion of Corollary 3.11 are satisfied, implying that f € O[X] and hence f(—1) € O,
that is, |1 4 z| < 1, proving the claim.

Let z,y € L and suppose without loss of generality that |z| > |y|. Set z = y/x.
The claim shows that |z 4+ y| = |z| - |1 4 2| < |2| = max(|z|, |y|). Therefore || is
an absolute value on L extending |-|x.

We need to prove that this extension is unique. Suppose |-|2 is another absolute
value extending |-|x. Both |-| and |-|2 define norms on the finite dimensional K-
vector space L. By Theorem 4.6 they are equivalent. Thus they induce the same
topology on L, so |-| and |-|2 are equivalent absolute values (as in Lemma 2.11).

Thus there exists ¢ > 0 such that |-|2 = |-|°. Now if x € K, then |z| = |z|x =
|x|2 = |x|¢, so c= 1.

(ii) This follows now from Theorem 4.6.

(iii) Now Oy, is integrally closed in L by Proposition 2.17. O

Corollary 4.8

Let L/K a finite Galois extension, and let |-| be the unique absolute value on L
extending |-|x. Then

lo(z)|L = |z|L Vo € Gal(L/K) and z € L.

Proof. For fixed o, the function x — |o(z)|f, is an absolute value on L extending |-|x;
so it must be equal to z — |z|L. O

We are now in the position to complete the proof of the theorem on Newton polygons.
The missing part is to show that an irreducible polynomial f € O[X] of degree r has a
pure polygon.

Proof of Lemma 3.15. Let oy, ..., «, be the roots of f in a splitting field L of f.
(If f happens to be non-separable we repeat the one root r times.) We know that
lo;| = ]a0|1/” for all i. Up to sign, the coefficient a; is equal to a, times the sum of all
product of r — ¢ different a;. Therefore

Jail < lar| - Jag|"™" =1+ |ao|" =9/
In other words v(a;) > = v(ag) = v(ag) — i A with A = v(ag)/r. This shows that all

P, = (i,v(a;)) are on or above the segment from Py = (0,v(aop)) to (r,0). O

Let f € Q,[X] be a polynomials with Newton polygon of type ([l1, A1, ..., [l, A\d])
with respect to the normalised valuation v,. By Theorem 3.14, f factors as g1 -g2--- g:
with g; pure of slope \; and degree ;. The roots of g; in its splitting field have valuation
equal to \;, where the valuation is extending v,. The denominator of A; is a divisor of
the ramification index that we will encounter in Section 4.5.
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4.4 The algebraic closure of (O, and C,

In this section we quickly turn our attention to some infinite extensions of Q.

Corollary 4.9

For every prime p, there is a unique extension of |-|, to the algebraic closure @p.

Proof. Note that if 2 € @, then z € K for some finite extension L/Q,. Let |-|; be
the unique absolute value on L extending ||, given by Theorem 4.7. We define

|z| == |x|L.

If M/Q), is another finite extension with z € M, then z € ML, and |z|;, = |z|p1 =
|z|ar by uniqueness of extensions; thus |z| is independent of the choice of field L. One
can check the axioms, for example |z +y| < |z|+|y|, by computing in the finite extension

Qp(xay)' D

Lemma 4.10

The algebraic closure @p of Q, is not complete.

Proof. For each n > 1, recursively pick a root of unity &, of order coprime to p in
@p such that Q,(&,) is an extension of Q,(&,—1) of degree strictly larger than n.
Consider the series > 7 | &, p™ whose partials sums form a Cauchy sequence in Q,.
Suppose it converges to an algebraic ¢. Write ¢ for the degree [Q,(c) : @,]. Consider
b=¢_ & p*. Wehave |b—¢| =p~ ™D as |41 = 1 by Lemma 1.3.

By the construction of &, there are at least ¢t + 1 distinct elements o1, 09, ..., 0441
in the Galois group of Q,(&)/Qp(&—1). By Corollary 4.8, |o;(b) — oj(c)| < p~ ¢+,
Furthermore, since o; all fix §, for k < t, we have for all i # j

loi(b) — 0;(b)| = |os(&) p' — 0j(&) P =p~"

because 0;(&;) and (&) are roots of unity of order coprime to p and they cannot be
congruent modulo the maximal ideal in Q,(&;) since they are distinct Teichmiiller lifts.
Finally |oi(c)—0cj(c)| = p~* as only the middle term in (o;(c) — (b)) + (0s(b) — (b)) +
(0;(b) — oj(c)) has absolute value p~*. However, we have reached a contradiction for
this means that c has at least ¢ + 1 conjugates ;(c) in Q,. O

The completion of @p with respect to the absolute value extending |-|, is denoted
by C,.

Theorem 4.11

C, is algebraically closed.

Proof. Suppose f = X" + ap—1 X" 1 + -+ ag € C,[X] is an irreducible polynomial
with n > 1. Substituting X by p™ X for some m € Z, we may assume that |a;| < 1 for
all 7. In characteristic 0, the discriminant D of f must be non-zero. Using the fact that
Q,, is dense, we pick b; € Q, such that |b; — a;| < |D|* for all i. It follows |b;| < 1. The
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polynomial g = >~ b; X* must have a root « in the algebraically closed Q,. As [b;| <1,
the root also satisfies |a| < 1. Hence

[f()] = |f(a) — g(a)] < max(|a; — bi| - |a|') < |DJ?
and the Corollary 3.4 to Hensel's lemma proves the existence of a root of f in C,. [

Both @, and C, are valued fields that are not discrete. In fact, the values of ||
extending |-|, are all real numbers p” with » > 0 and r € Q. The residue field is the
algebraic closure of ), for both fields. Since C, is complete and algebraically closed
it resembles maybe the complex numbers C the most. However neither C, nor @p
are locally compact, which makes integration harder. The fact that they are totally
disconnected makes the concept of analytic continuation utterly useless in C,. However
it is still the best place to do p-adic analysis and Tate introduced rigid geometry to
alleviate these problems.

4.5 The invariants ¢(L/K) and f(L/K)

In this section, we assume that we have an extension L/K such that both L and K
are complete, discretely valued non-archimedean fields. Further, we assume that the
residue field extension Fr,/F is a finite separable extension (which would be automatic
if we assume L and K to be local fields). One of the results in this section will be
the conclusion that these conditions force L/K to be a finite extension, so we do not
assume it at this point.

As usual we denote by Oy, and O their valuation rings, by m;, and mg their maximal
ideals, and by vy, and vx their normalised valuations. Our two assumptions above, allow
us to define the following two integers e(L/K) > 1 and f(L/K) > 1.

Definition 4.12. = The ramification index of L/K is
e(L/K)=vp(rg) €Z

where 7 is a uniformiser in K.
= The residue index or residue class degree of L/K is

f(L/K) = [FL : IFK] €.

J

The definition of e = e(L/K) then forces the equality vy (z) = e- vk (z) to hold for all
x € K or in other terms that the index of the value groups of the normalised valuations
is e(L/K). Alternatively, this can be formulated by saying that mg O, = m$. In this
form it becomes evident how it is related to the ramification index from algebraic number
theory.

Examples.
= Consider K = Q5 and L = Q5(+/2). Then L/K is quadratic. Note that F5 does not

contain a square root of 2, but the reduction of V2 to Fy, will be such an element
in Fr. Therefore f(L/K) must be even.

= Consider K = Q5 and L = Q(+/5). Now vp(5) = vL(\/EQ) = 2wv7,(v/5) which
shows that e(L/K) is even.
o

o7



Local fields

cw '25

Theorem 4.13

Let L/K be an extension of complete, discretely valued non-archimedean fields
such that the residue field extension is finite. Then

[L: K] =e(L/K) - f(L/K).

and, in particular, the extension L/K is finite.

This allows us to finish the above example and ¢ Exercise (4.3) for more examples
like this.

Examples.
= In the first example, we must have 2 = [Q5(v/2) : Q5] = ef, and f > 2. This forces

F(Qs5(v2)/Qs) =2 and  e(Q5(V2)/Qs) = 1.

= Similarly in the second example, we see

e(Qs(V5)/Qs) =2 and  f(Qs5(V5)/Qs) =

o

Proof. Write e = e(L/K) and f = f(L/K). Pick elements x1, z2, ..., zf in Of, such
that their reductions 77, 73, ..., Ty form a F-basis of F;,. We claim that the set

{x;- 7TL <f,0<j<e}

is an K-basis of L. This will imply that e- f = [L : K]. ‘

Suppose there exists elements ¢;; € K such that Zi,j Cij T 7er = 0. If they are not
all zero, we can scale all of them through with a power of 7 such that ¢;; € Ok and
at least one is not in mg. Note, for every 0 < j <ee,

Zcijl'i cmy < Z@EZO — ﬁ'j:ovi — ¢ €Emg V.
i i
Therefore there is a smallest jo such that >, ¢;j,2; € my. For j < jo, the above implies
that the valuation of Y, ¢;jox; 7} is larger than e and for j > jj these terms have
valuation larger then jo, too. We conclude that the valuation of }_; ; ¢;j z; 7} is equal
to that jg, so it cannot be zero. This proves that our elements are Imearly independent.

Let A be a set of representatives of F in Og. Construct the set A’ consisting of all
sums E{ Laix; with a; € A. Then A’ is a set of representatives of Fr, in Op. Let
z€Or. FormeZand0<j<e, let mepmt; = - ) such that v(m) = ¢ for all
t € Z. By the remark after Proposition 2.23, any element x € L can be written as a
convergent sum >, a; m with aj € A’. The definition of A’, we find a,,; € A such that

! = Zile amj;. Then set cjj =3, am; T € K. As

aem—i—j
_ !/
B N Dy - ey
t m j=0:i=1
every element in L can be expressed as a K-linear combination of our basis. O

Slightly stronger, we have shown that Oy, is a free Og-module of rank [K : L]. If
the fields are not assumed to be complete, one only gets the inequality e - f < [L : K].
We can finally complete the classification of local fields.
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Theorem 4.14

Let K be a non-archimedean local field of characteristic 0. Then K is a finite
extension of Q, for some prime p.

Proof. As K has characteristic 0, it contains Q. By Ostrowski's theorem 2.14, the
restriction of its absolute value || to Q must be equivalent to |-|, for some prime p.
As K is complete, it must contain Q,. Hence the residue field F of K is an extension
of F,. Since K is a local field, I is finite, so IF‘/IE‘p is a finite extension. Since K is
discretely valued, the assumptions of this section hold and hence by Theorem 4.13 the
extension K/Q, is finite. O

Definition 4.15. A p-adic field is a finite extension of Q.

4.6 Krasner's lemma

Recall that we showed, in Section 4.1, that Q, has only three quadratic extensions if p
is odd and only seven if p = 2. The main result of this section is a huge generalisation:
that for any n, there are only finitely many extensions of Q, (or more generally any
p-adic field K') of degree n. But first, we prove a result in this section that shows that
the fields produced by a polynomial over a p-adic does not change if the coefficients are
changed only a little bit.

Marc Krasner (1912 — 1985) arrived
in France at the age of sixteen from
Odessa. Unlike his parents, he and his
sister survived the Holocaust. He laid
the foundation of p-adic analysis.

Lemma 4.16: Krasner’'s lemma

Let K/Q, be a finite extension and let L/K be a finite Galois extension. Let
x € L and y € L such that |y — x| < |y — o(z)| for all 0 € Gal(L/K) such that
o(x) # x. Then z € K(y).

Proof. If o fixes y, then |y—o(x)| = |o(y)—o(x)| = |o(y—z)| = |y—=x| by Corollary 4.8.
By assumption, we must have o(z) = x, which shows that z € K(y). O

One can use Krasner's lemma to show that infinite algebraic extensions like @p are
not complete, see ¥ Exercise (4.5).
The following theorem says that ‘nearby polynomials define the same extensions’.
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Theorem 4.17

Let f = X"+ a1 X" '+ - +ag € Og[X] be irreducible. There exists € > 0
such that if g(X) = X" 4+ b,_1 X" 1 + -+ + by € Ok[X] satisfies |b; — a;| < ¢
for all 4, then g is irreducible, and K[X]/(f) = K[X]/(9g).

Proof. Let L be the splitting field of f and write a = a3, a9,..., a, for the roots of
fin L. Set M = max(1,|a|*"!) and let € be so small that ¢ < |f(«)?/M, which is
possible as f is separable. Suppose g is now as given in the theorem for this €. Then

n—1
l9(@)] = lg(@) = f()] < D_1bj —aj - o) <e-M < |f'(a)f
=0
and
n—2
9 (@) = f1(@)] < D1l - b = aj] - laP ™ < - M < |f'(@)]* < |f' ()]
§=0

because |j| < 1 and |f'(a)] < 1. The ultrametric property implies from the second
inequality above that ¢’(«) and f’(a) must have the same absolute value. Therefore
lg(a)| < |f'(a)]? = |¢'(a)|? shows that we may apply Hensel's lemma 3.2. We must
have a § € L with g(8) =0 and |5 — a| < |¢'(a)].

Note that

< o — oy

@) =TT = o)
=2

forany i > 1 as a — a; € Or. We deduce that
18 —al <lg' (@) =[f(a)] < |a— al.
Because this inequality is strict, we find
18— ail = (8 — @) + (@ — )| = max(}8 - al, |a — cul) = |a - ]

and hence |5 — a| < | — a;| for all i > 1.
Now use Krasner's lemma 4.16 to conclude that o € K(8). But K(«a) C K(f)
implies that they are equal since they have the same degree. O

Example. Our primary application is to show that there are only finitely many extensions
of any degree n. Of course, we already saw this for quadratic extensions, and we can
make Theorem 4.17 explicit in this case. Suppose p is odd, and let f(X) = X2 — u,
with u prime to p a quadratic non-residue modulo p. Suppose g(X) = X2 — v; then,
taking € = 1, we have

lf—g9l <1 <= |u—v|, <1
<= uw=v (modp)

— Qp(\/a) = Qp(\@)y

where in the last equivalence we use Proposition 4.1. This implies f and g define the

same extension, since Q,(y/u) = Qu[X]/(f) and Q,(v/v) = Q,[X]/(9). ©
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Corollary 4.18

Let K/Q, be a finite extension. Then K is the completion of some number field.

Proof. Write K = Qp(«) for some «, with minimal polynomial f € Z,[X]. The-
orem 4.17 says there exists g € Z[X] irreducible such that K = Q,[X]/(g) = Q,(5),
for 3 € Q a root of g. Thus K = Q,(3) is a completion of the number field Q(3). O

However, the polynomial 28 + 2 + 23 + 22 4+ 1 over Q; defines an extension K with
cyclic Galois group of order 8, yet there is no number field with the same Galois group
such that K is a completion. See here for more on such examples.
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Exercises

(4.1) Let p be an odd prime. Prove that if R, S, T are even integers, then there is no
Galois extension of @, with Galois group %/rz x Z/sz x Z/rz. s this possible if

p=27
(4.2) (i) Let K be a complete non-archimedean valued field and let f = ap+ a1 X +
as X%+ -+ be a formal power series in K[X]. Define the radius of conver-
gence

-1
p= (lim sup|an|1/”) € RygU{oo}

Write D for the subset of x € K for which f(z) converges. Prove that
= If p=0, then D = {0}.
» If p=o00, then D = K.
» If 0 < p < o0, then B(0,p) C D. Determine when D = B(0,p) and
when D = B(0, p).
(i) Let K/Q, be a complete extension and let |-| be the unique extension of |-|,.
Determine the radius of convergence of the following series in K:
n n
Z ;v Z r Z n!-ax"
n n n

n!
n

(4.3) Recall we classified the non-isomorphic quadratic extensions of Q,, for p odd, in
Proposition 4.1.

(i) There are three non-isomorphic quadratic extensions of Q7, namely Q7(\/§),
Q7(v/7) and Q7(v/21). For each of these quadratic extensions L/Q7, write
down e(L/Q7) and f(L/Q7).

(ii) Prove directly, using the classification of quadratic extensions of Q,, that
if p is an odd prime, there is exactly one quadratic extension L/Q, with

e(L/Qp) = 1.
(4.4) Let K =T,((T)) for some ¢ which is a power of p.
(i) Prove that there exists a unique purely inseparable extension L/K of de-

gree p.
(ii) Prove, without using ef = [L : K], that e(L/K) =p and f(L/K) = 1.
(iii) Show that the conclusion of Theorem 4.17 is wrong for K = F,((7T"))

(4.5) Let K be a p-adic field, and let L/K be an infinite algebraic extension. There
exists a unique absolute value |-| on L extending that on K. In this exercise, we
will show that L is not complete with respect to |-|.

Fix an embedding L < K, and let 1, z2,... be any subset of L that is linearly
independent over K.

(i) Show there exist aj, ag, ... in K such that:
» |a, zn| — 0 as n — oo, with |ay, z,| strictly decreasing;

= and if we define
n
Sp 1= Z ar Tp,
r=0

then
. : / / .
lan Tn| < dp—1 = mm{\sn,l — Sp—1| : s,,_1 a conjugate of 3n—1}~

(i) If (sp) converges to a limit s € L as n — oo, show that s,, € K(s) for all n.
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(iii) Deduce that L is not complete.

(4.6) Let K be a field of characteristic p. Consider the map p: K — K given by
p(x) =aP —x.

(i) Show that @ is a Fp-linear map whose kernel has p elements.

(i) Let ¢ be an element that is not in the image of p. Show that L. =
K[X]/(XP — X — ¢) is a Galois extension of degree p.

(iii) Let Gk be the Galois group of the separable closure K*/K. Consider the
map 0: K — Hom(Gk,F,) sending ¢ € K to the map x.(9) = g(o) — «
where « is an arbitrary choice of a root of X? — X —cin K*®. Show that x. is
a well-defined group homomorphism, show that 0 is a group homomorphism,
and determine the kernel of 0.

(iv) Suppose now that K = Fy((T)) is a local field of characteristic p. Show that
the number of Galois extensions of degree p of K is infinite.

(v) Still when K is a local field of characteristic p. Prove that L./ K is unramified
if c=¢(T) € O=TFy[T] and ¢(0) & p(Fy).
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5

Ramification theory

If L/K is a finite extension of complete non-archimedean fields, we introduced the
ramification index e(L/K) and residue index f(L/K) of the extension. We now study
these in more detail, as they play an important role in classifying Galois extensions of
local fields. All absolute values are assumed to be non-archimedean. The following are
good references for this material: Chapter Il and IV [Se|, Chapter 2 in [Gui], Sections I1.3
and I1.4 in [FV] and Chapter 7 in [Ca].

Helmut Hasse (1898 — 1979) can be
credited to have used local fields sys-
tematically in number theory. The
local-global principle is named after
him.

(image source MacTutor)

5.1 Unramified extensions

Let L/ K be finite extensions of local fields, with valuation rings O, and O, normalised
discrete valuations vy, and wvg, uniformisers 7y, and 7k, and residue fields IF;, and
F = Fg. Recall the invariants e(L/K) and f(L/K) from Definition 4.12, and that
[L:K|]=e(L/K)f(L/K) by Theorem 4.13.

Definition 5.1. We say L/K is:

= unramified if e(L/K) = 1 or equivalently that f(L/K) = [L : K],

= ramified if e(L/K) > 1,

= totally ramified if ¢(L/K) = [L : K| or equivalently that f(L/K) = 1.

Example. If [L : K] is a prime, then the extension is either unramified or totally
ramified. For p # 2, the quadratic extension Q,(v/D) is unramified exactly if v,(D) is
even. Instead for p = 2, the extension Q2(y/—1) is ramified despite —1 being a unit. ©

Lemma 5.2

If K C L C M are extensions of local fields, then
e(M/K)=e(M/L) e(L/K), f(M/K)=f(M/L) f(L/K).

In particular, if L/K and M/L are both unramified (resp. totally ramified), then
M/ L is unramified (resp. totally ramified).
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Proof. For f, this follows since Fy;/Fy /IF are finite field extensions, and in general we
have [Fps : F] = [Far : Fr] - [Fr : ] as degrees of field extensions are multiplicative in
towers.

For e, we argue in the same manner, using that [L : K] = e(L/K) f(L/K), and that
[L: K] and f(L/K) are multiplicative in towers. O

See > Exercise (5.1) for how the ramification index and the residue class degree
behave in composite fields. In particular, we will see there that the composite of two
unramified fields is unramified again.

Lemma 5.3

Let L/K be a finite Galois extension of local fields. Then there is a natural map
¢: Gal(L/K) — Gal(Fr/Fk).

Proof. Let z € Op and o € Gal(L/K). By Corollary 4.8, o(z) € Op. The same
argument shows that o sends mj, to itself. Therefore o induces a field automorphism
on Fy, = Op/my, which fixes Fg. O

Theorem 5.4

Let L/K be a finite extension of local fields. There exists a unique subextension
L/Ly/K such that L, /K is an unramified extension and L/L,, is a totally
ramified extension.

More precisely, if the residue field extension of L/K is ]qu/Fq, then Ly, =
K () where m = ¢/ — 1, and ¢, a primitive mth root of unity.

Proof. Recall the Teichmiiller map gives an embedding
[]: F} — L™,

and F} = F;f is cyclic of order ¢/ — 1 = m. Let (,, be a (multiplicative) generator of

k¥, and let ¢y = [(,,] € L be its image. Thus K((y) C L. Note that there is an
equality of residue fields

Fr(cm) = Fa(Cpn) = Fygr =F,

so f(L/K((n)) =1 and hence L/K ((y,) is totally ramified.

It remains to show that K ((,,)/K is unramified. Note first that it is Galois. Let o €
Gal(K ((m)/K) be an element in the kernel of the natural map ¢: Gal(K((y)/K) —
Gal(F /). This implies that o(¢;n) = (m (mod mg(¢,,)). Both sides are roots of unity,
which implies by the uniqueness of the Teichmiiller lift, that they are equal. Therefore
o = 1, which shows that ¢ is injective.

This implies

e(K(Cm)/K) f(K(Cm)/K) = [K(Cm) : K] < []qu :Fq] = f(K(Qm)/K)a

which forces (K (()/K) = 1 and f(K(Gn)/K) = f. In particular, K((y,)/K is
unramified.

The statement that F' is unique with the property follows from the fact that the
composition of two unramified extension is unramified as show in exercise (5.1). O
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Example. Consider as a more complicated example, the extension K = Q5(«) over Q5
where o has minimal polynomial X6 + 10 X3 — 25 = 0. Since |a| = [—25[3/% = 5-1/3,
we know that the extension is not unramified as e(//Qs) must be divisible by 3. Note
that 8 = o2 is a root for X2 410 X — 25 = 0 which shows that 3 € Q5(\/§). Therefore
the unramified quadratic extension Q5(\/§) is a subextension in K/Qs. We conclude
that e(K/Q5) = e(K/F) = 3 and Ky = Q5(v/2).

Note that |3 = |-25|'/2 = L is a uniformiser of K. Therefore a3/5 € Ok.. € Ok.
The elements 1, a, a?, /5, o*/5, and o/5 are all integers in K and they form a
Q5-basis of K. We claim that they form a Zs-basis of Ok as 1 and «3/5 lift a basis of
the residue field Fo5 and « is a uniformiser of K. It is not hard to see that Ok cannot
be generated as a Zs-algebra by a single element.

The extension K/Qs is not Galois and in fact K, is the unique intermediate subfield.
This shows that one cannot in general expect the existence of an intermediate field F’
of an extension L/K of local fields such that L/F' is unramified and F'/K is totally
ramified; there might not even be a non-trivial totally ramified subextension. o

We are now ready to completely classify the Galois theory of unramified extensions.

Corollary 5.5

Let K be a local field with residue field F,.
(i) For each n > 1, the extension

L= K(Gro)

is the unique unramified extension of K of degree n.

(i) L/K is Galois and the natural map Gal(L/K) — Gal(FF,/F) is an isomorph-
ism.

(iii) There is a generator Froby k., called the (arithmetic) Frobenius element, of
the cyclic Galois group Gal(L/K) satisfying

Froby /k(z) =27 (mod mp) Ve € Or.

Proof. (i) In Theorem 5.4, we showed that L/K is unramified of degree n. The
theorem also shows that if L’/K is unramified of degree n, then L C L'. Since
they have the same degree, we deduce L = L’ is unique.

(ii) In the proof of Theorem 5.4, we showed the natural map on Galois groups is
injective, hence surjective by counting sizes.
(iii) This follows from the previous step and the Galois theory of finite fields. O

In particular there is a unique unramified extension of degree n over Q. It is a field
that has residue field [F,» and it is sometimes denoted by Q,~. It is also obtained as the
fraction field of the ring of Witt vectors over Fyn, see Section 1.6 in [Se].
Example. Let u € Z7,, and suppose the reduction u in Fjj; has order 100, that is u is
a primitive element modulo 101. Consider the splitting field K /Qio; of the polynomial
f = X' — 4. Since the reduction f is irreducible, we find that K is the unique
unramified extension of K of degree 100. Let ¢ € u[100] be a primitive 100-th root of
unity in Q101. By Kummer theory, the Galois group G of K/Qjo; is generated by the
element o that sends a chosen root « to ¢ - a.

The Frobenius Frobg q,,, is equal to o for some 0 < k < 100. Then

o' = Frob(a) = o®(a) = ¢*-a  (mod mg)
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gives that u = ' = ¢* (mod myg). Since mgx = pOx and both u and ¢* belong to

Z1o1, this is equivalent to u = Ck (mod 101). This determines k modulo 100 as the
reduction of ¢ generates the cyclic group F7;. As a consequence Frob(a) = [u] - a. ©

5.2 Ramified extension

We still assume that K is a local field and that L/K is a finite extension.

Corollary 5.6

If L/K is Galois, then the natural map Gal(L/K) — Gal(Fr/F) is surjective.

Proof. Restriction defines a surjective map Gal(L/K) — Gal(K((y)/K), which is
isomorphic to Gal(Fy,/F). O

Definition 5.7. Let L/K Galois. The inertia group is

I i=ker | Gal(L/K) — Gal(FL/F)].

Note since [L : K| = e¢(L/K) f(L/K), and # Gal(F/F) = f(L/K), we must have
#11,x = e(L/K) by the first isomorphism theorem of group theory.
We now turn to existence of totally ramified extensions.

Definition 5.8. A polynomial g(X) = X" + a,—1 X" ' + -+ + ap € Og[X] is
Eisenstein if v (a;) > 1 for all 4, and vk (ag) = 1.

Note that an Eisenstein polynomial has to be irreducible by Corollary 3.18.

Theorem 5.9

(i) If g € Og[X] is Eisenstein, « is a root of g, and L = K(«), then L/K is
totally ramified and « is a uniformiser for L.

(i) Conversely, if L/K is totally ramified, then the minimal polynomial over K
of any uniformiser 7y, in L is Eisenstein, and O = Ok|[rr].

Proof. (i) Let ag be the constant coefficient of g and let n be its degree. By definition
of the extension of the absolute value |a| = |[N(a)|/™ = |ag|'/™. Since ag has
valuation 1, the ramification index e(L/K) must be a multiple of n. Hence
e(L/K)=n=[L: K] shows that L/K is totally ramified.

(ii) Consider the powers 1, 7y, 77%, Wz_l where n = [L : K]. As their absolute
values are in different cosets of |[L*| / |K*], the only sum Y7 a;7% with a; € K
that equals zero is when all a; = 0. This shows that L is generated as a K-vector
space by these n elements. It follows that there is a relation

-1
T+ apamy  +-darmp+ag=0

with a; € K. Since there must be two terms in this sum with equal valuation, we
must have |a;| < 1 for all 0 < i <n. As ap = N(w) it has absolute value |7 |
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and hence valuation 1 in K. This proves that the minimal polynomial of 7, is
Eisenstein.

Let x € O and express it as Zaﬂri with a; € K. If any |a;| > 1, then two
terms in this sum would have to have the same valuation in L, which is impossible.
Therefore © € Ok [mL]. O

Examples.

= Consider /—3 over Q3. It generates a cubic extension that is not Galois as the
primitive 3-rd root (3 of unity is not in Q3. Let K be the Galois closure, that is
K = Q3(¥/-3,¢3). However Q3(¢3) = Q3(v/—3). Therefore K = Qs(v/=3).
Since the polynomial X% + 3 is Eisenstein, we see that K/Qs is totally ramified of
degree 6 with Galois group Ss. We conclude that Ok = Z3[v/—3].

= The example of Q7(v/7) and Q7(+/21) shows that the composition of two totally
ramified extensions is not necessarily totally ramified.

= |f the extension is not totally ramified then the example in the previous section shows
that O, might not be of the form O n].

» In g% Exercise (5.2), we will see that any totally ramified extension L/K of degree
coprime to p comes from adjoining a e-th root of a uniformiser of K, so with an
Eisenstein polynomial of the form X¢ — 7.

= If L is a purely inseparable extension of degree p of a local field K of characteristic p,
then it is totally ramified and the polynomial X? — 7 is an irreducible, but non-
separable Eisenstein polynomial.

o
As announced in Section 4.6, we come to the point where we can prove that there
are not all that many p-adic fields in fact.

Theorem 5.10

Let K/Q, be finite and let n > 1. There are finitely many extensions of K of
degree n.

Proof. It is enough to prove that there are only finitely many totally ramified extension of
degree K as there are certainly finitely many unramified extensions of degree dividing n.

Let X be the subset of (ap—1,an—2,...,a0) in Of such that the corresponding
f=X"+a,1 X" 1+ +aqpis an Eisenstein polynomial in Ox[X]. This restricts
us simply to a; € m and ag € m \ m?; this is a closed condition, which proves that X’ is
compact.

Let )V be the set of isomorphism classes of totally ramified degree n extensions of K.
Consider the map 7 sending a polynomial f in X to K[X]/(f). This map is surjective
as all L € Y are obtained from Eisenstein polynomials by Theorem 5.9.

Theorem 4.17 shows that the preimage of a field extension L of degree n under 7 is
an open subset of X'. If ) is given the discrete topology, then 7 is continuous. Therefore
the image of m, which is all of ), is compact, and hence finite. O

It is therefore possible to list all p-adic fields for small primes p and small degrees over
Qp. This is precisely what Jones and Roberts [JR] did and they made the data available
at the Imfdb. See https://www.1lmfdb.org/padicField/.

68


https://www.lmfdb.org/padicField/

Local fields

cw '25

Note that we have assume characteristic 0 in this part. From Theorem 4.17 onwards
this assumption is needed. See x» Exercises (4.4) and (4.6) for questions on character-
istic p local fields. In particular, there are infinitely many Galois extensions of degree p
in that case.

5.3 Higher ramification groups

Let L/K be a finite Galois extension of local fields and write G = Gal(L/K). Recall
that the inertia group was defined as the kernel of the natural map from G to the Galois
group of the residue field.

Ik ={0€G:0(x)=2 (modmy) VoeOL}.

Note that I}k is a normal subgroup and that #1;,/x = e(L/K).

Definition 5.11. For n > —1, define the n-th ramification group (in lower num-
bering) by

Gpni={0€G:a(x)=z (modm}t) Ve OL}.

By definition G_1 = G and Gy is the inertia group Iy k. Then it is a decreasing
sequence of subgroups G_1 > Gy > Gy 2 Go > -+ -.

Lemma 5.12

(i) G, is a normal subgroup of G.
(ii) Foralln >0, we have G, = {0 € Ip,/i: vr(o(nr) — 7)) > n+ 1}

(iii) Mpz—1Gn = {1}.

Proof. (i) The group G acts on O /m™*! since the absolute value is preserved by
the action of elements in a Galois group. The definition of GG, identifies it with
the kernel of the corresponding map from G to Aut(Op/m"1).

(i) By Theorem 5.4, up to replacing K with an unramified extension inside L, we
may assume L/K is totally ramified. As L/K totally ramified, O = Ok|[rr].
Thus if o(7r) = 71, (mod m}1), then o(x) =z (mod m7™) for all x € O..

(iii) If o # 1, then o(mr) # 7 since L = K(nz). Thus o ¢ G, for n sufficiently

large. O

Example. Let K be the composite of the three quadratic extensions F; = Q2(y/—3)
and F» = Q3(v/2) and F3 = Q2(y/—2). This is a degree 8 extension of Q2 with Galois
group G = G_1 = (Cy x Cy x Cy. Since F1/Qy is unramified and there is no larger cyclic
quotient of GG, we see that Fj is the maximal unramified subextension. Hence e = 4,
f:2 and Gy :IK/QQ = (9 x Cs.

The element m = (2 + /2 + \/—2)/2 is a uniformiser in K as one can check by
calculating that its norm is 2, well in fact the minimal polynomial is 2% — 423 + 622 —
4 4 2. Write o and 7 for the generators of Gy given by
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Then
o(m)—m=32-V2+V=2) - 12+V2+V=2)=-V2

which has valuation 2 in K. Similarly 7(7) — 7 = —v/—2 has valuation 2. Instead
(or)(m) —m=22-V2-V=-2) - 12+ V2+V-2)=-V2-V-2=2-(1-n)

has valuation 4. We conclude from the above lemma that Gy = G; = Cy x C5 and
that Go = G5 = (07) = O3 while G4 = 1. The field fixed by Go is Q2(v/—3,v/—1).
By the way, this field K is the splitting field of X® — 16 which appears in Wang's
counterexample to Grunwald's theorem. o
Fix a uniformiser 77, in L. Let 0 € G. Then o(7g) = u - 7, for some u € OF.
Suppose now that o € Gq. If w = v - 7y, is a different uniformiser, then

o(w)=0W)o(ry) =vury =uw (mod m)

shows that the map 9: Go — O /(1 +m) sending o to the coset of u = o(7) /7y, is
a map that is independent of the choice of 7.

If o € G, forsomen > 1, then u-7, = o(m) = 71 (mod m™*!) implies that u = 1
(mod m™). Again the map

Yn: Gp— (1 +m") / (1 + m"th)

o o(mr)
L

is independent of the choice of 7.

Lemma 5.13

For all n > 1, there is an isomorphism between the multiplicative group (1+m™) /
(1 +m™*1) and the additive group 1, sending the coset (1 + x) - (1 + m"*!) to
x/m} +m.

Proof. Clearly, it is a well-defined map (though dependent on the choice of 71) and it
is a bijection. Since (1+2)-(1+y)=1+2+y+zy=1+2+y (mod m"*!), the
map is a group homomorphism. O

Theorem 5.14

The map 1 induces an injective group homomorphism Go/G1 — F; and the map
1y, induces an injective group homomorphism G;, /G411 — (1+m™) / (1+m™H)
for allm > 1.

Proof. Let 0,7 € Gy,. Write 7(r,) = wy, for some w € OF. We first note that

oor(ry) o(r(rp)) 7(mp) o(wrp) 7(mp)

T 7(7r) T WY, T
o(rr) 7(mr) 41
= . mod m? 1
L L ( Y L )’ (5 )

since o € GY,.
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The above shows that ¢y is a group homomorphism from Gy to Of /(1 +m) = F}.
Its kernel consists of o such that o(7;) = 77, (mod m?), which by Lemma 5.12, is equal
to G;.

For n > 1, we found that 1,, is a group homomorphism from G, to (14+m™)/(1+m"*!
and its kernel is G41. L]

Example. In the example above of an extension of degree 8 over (93, we can confirm
that G; = G because the quotient of these 2-groups is a subgroup of the cyclic group
F} of order 3. o

5.4 Galois groups over local fields

In the previous section, we have seen that Go/G} is an abelian group of order dividing
#F 1 — 1, which is prime to the residue characteristic p, and that, for all larger n, the
quotient G,,/Gp41 is a p-torsion abelian group.

Definition 5.15. A totally ramified extension L/K of local fields is called tamely
ramified if p t [L : K|. A totally ramified extension whose degree is a power of p
is called wildly ramified.

If L/K is Galois, being tamely ramified is equivalent to asking that G is trivial.

Theorem 5.16

Let L/K be a finite Galois extension of local fields. Then there is a unique subfield
Ly, and Ly, such that Ly, /K is an unramified cyclic extension, L, /Ly, is a totally
ramified tame cyclic extension and L/ Ly, is a totally ramified wild extension.

L
‘totally ramified p-extension (wild)
Lta
Ay ramified coprime to p (tame)
Lur = K(Cm)
unramified ‘
K

Proof. We set Ly, = L' as in Theorem5.4. By Theorem 5.14, Ly, = L& s such that
Gal(Lta/Lur) = Go/Gh is a subgroup of the cyclic group F; whose order is coprime to
p. Next L/L, is a tower of extensions L& such that L& /L1 has its Galois group
as a subgroup of the abelian p-torsion group Fr; therefore it is a p-extension. O

It follows from the Schur-Zassenhaus theorem that the inertia group of Gal(L/Ly;)
is a semi-direct product of Gal(L/Lt,) and Gal(Lia/Lyy). Instead there is field (see
Imfdb) which is a cyclic extension of degree 9 over Q7 with e = f = 3, which shows
that Ly, /K is not in general a semi-direct product.
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Corollary 5.17

If L/K is a finite Galois extension of local fields, then G = Gal(L/K) is solvable.

Proof. As finite p-groups and abelian groups are solvable, all three intermediate Galois
groups above are solvable. All extensions of solvable groups by solvable groups are
solvable.

Alternatively, the series of subgroups G > Gy > G1 > G - - - satisfies the definition
of G being solvable as each factor group is abelian. O

As a consequence, any polynomial in K[X] can be solved by radicals for a p-adic
field K. In contrast to the QQ, where is it is conjectured that any finite group should
appear as a Galois group of some extension K /QQ, most groups cannot occur as a Galois
group of an extension K/Q,.

Theorem 5.18

Let K be a local field and let K be the separable closure of K. Write p for the
characteristic of the residue field. Then there exist subextensions K /K, /K /K
satisfying the following:

» Ky is the maximal unramified extension of K obtained by adjoining all m-th
roots of unity with p tm, and Gal(K,,/K) is isomorphic to Z = Hm 27 =
[1,Zy.

» Kia/ Ky is the maximal tame extension, obtained by adjoining all p™-roots of a
uniformiser mg for all n; its Galois group is isomorphic to @p’m 2)g = [ezp Zo-

= K /Ky, is a totally ramified pro-p-extension.

Proof. The first step is just the union over all n of Corollary 5.5. The residue field
of Ky is the separable closure of ' and the Galois group of Ky, is isomorphic to the
absolute Galois group of IF, which is isomorphic to A

Now 7 is also a uniformiser for the discretely valued (but non-complete) field K.
Any tamely ramified extension of K, is obtained by taking the splitting field of X¢ —x
as e runs through all natural numbers not divisible by p. See ¢» Exercise (5.2). The
Galois group is the projective limit of all these cyclic extension, which yields [[,., Z,. [

Digression

In Section VII.5 [CNF], you will find more information on the absolute Galois
group of p-adic fields. Iwasawa proved that Gal(Ky,/K) is the semi-direct product
topological group generated by two elements o and 7 such that oro™! = 79.
Jannsen and Wingberg obtained that the absolute Galois group is topologically
generated by [K : Q] + 3 elements subject to explicitly given relations.

5.5 Upper numbering ramification groups

Let L/K be a finite Galois extension of local fields with Galois group G. Recall that we
defined higher ramification groups G;. The integers i such that G; # G;41 are called
jumps in the lower ramification groups.
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Define a piece-wise linear function ¢: R>o — R as follows. If ¢ is an integer and
1 <x<1+1, then set

p(x) = |G| (IGI +1Ga| + - +|Gil + (= ) [Gial).

This is continuous, increasing function with ¢(0) = 0. If, for any real = > 0, we define
G, = G; where i = [x] is the smallest integer i > x, then o € G, if and only if
v(o(m) — ) =i+ 1. One can show that the function ¢ can be written succinctly as

z dt
o) = /0 GoiCl

since the slopes of the linear pieces are |G;|/|Go|. Define ¢ to be the inverse of ¢. Then
1 is also a continuous, piece-wise linear, increasing function. Its slopes are equal to the
integers [Go : Gi].

Lemma 5.19

If j is an integer, then so is ¥(j).

Proof. Let i be an integer such that i < ¢(j) < i+ 1. Then all terms on the left hand
side in the expression

|Gol - j — |G| = |Ga| = = |Gi| = (¥(j) —9) - |Gita]

are divisible by the size of the smallest subgroup |G;ti|. Therefore ¥ (j) — i is an
integer. O

We can now define the ramification groups with upper numbering. We set
G/ = Gy() for any 7 € Ryg

with the convention above. It can also be written as G¥() = G,. It is clear that
G° = G is still the inertia subgroup and it is convenient to set G~! = G_; = G.
Example. In the example above where L was the composite of all quadratic extensions

of @2, we had determined the higher ramification groups G; in lower numbering. The
jumps were at ¢ = 1 and ¢ = 3. The function ¢ is equal to

T if —1<z<1
p(x) =<1 (1+2) ifl<z<3
%(5—1—3;) if3<x
The graph plots as
3_
2_
.
1 2 3 4 _‘; 6 7 8
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The higher ramification groups with upper numbering are equal to

CQXCQ if0<j<1
Gl ={Cy ifl<j<2
1 if2<j

o

This defines now jumps for the upper filtrations. These are real numbers j such that
G7 # GIT€ for all ¢ > 0. These do not have to be integers as seen in ¢%» Exercise (5.7).
The Hasse-Arf Theorem (see Theorem V.7.1 in [Se]) states that the jumps are integers
if G is abelian.

Lemma 5.20

Let L/K be a finite Galois extension with group G. Let F' be a subextension
corresponding to the group H.

= We have oy /x = ¢r/k ©¢r/F and Yk = Vr/F 0 VYF/K

» For any i, we have H; =G, N H.

= If H is normal in G, then (G/H)’ = G’ H/H for any j.

This shows that the higher ramification group in lower numbering behave well with
respect to passing to subgroups; instead when passing to the extension F'/K then the

higher ramification groups in upper numbering are the image of the corresponding group
for L/K.

Proof. Omitted. See Proposition 2 in Section IV.1 and Propositions 14 and 15 in Section
IV.3 in [Se]. O
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Exercises

(5.1) Let L/K be a Galois extension of p-adic fields, and E/K a finite extension.

(i) Show that e(EL/E) < e(L/K).
(ii) Suppose e(L/K) and e¢(E/K) are coprime. Show that

e(FL/K)=¢(L/K)-e(E/K).

(In particular this shows that the composite of any two unramified extensions
is unramified.)
(i) Compute the ramification indices of Q,((p, ¢/p) and Qp((p, 2»/D).

(5.2) Let L/K be a totally tamely ramified extension of p-adic fields of degree e. Show
that there exists a uniformiser 7x of K such that L = K[X]/(X¢ — 7k).

(5.3) For an odd prime p, let K = Q,({,) where ¢, is a p-th root of unity. Express K
as Q,( »/) for some 7w € Q. Hint: Start by calculating (1 — ()P~ 1.

(5.4) Let.../Ky/K1/K be a tower of extensions of p-adic fields such that the Galois
group of K,/ Ky is cyclic of order ¢" for some prime ¢ # p. Prove that K, /K is
unramified for all n.

(5.5) Let K = Q3(+v/—3). Calculate all higher ramification groups in Gal(K/Qj3).

(5.6) Let p be a prime and, for each n > 1, let K,, be the field adjoining a primitive
p"-th root of unity to Q,. Let G; be the i-th ramification group of K;,/Q,. Show
that for i > p"~! we have G; = 1. Otherwise if j < n is such that p/ =1 < i < p7,
we have G; = Gal(K,/Kj).

(5.7) Let K/Qg2 be the extension obtained by adjoining a root 7 of the polynomial
f=X®+4X" +2X* +4X? +6. It turns out that f factors into linear terms
and the roots are the following:

7r
470+ 78+ 7 4ttt o)
mrt b a® 0y 12 4 218 p o)
L e (SR S ST Sl oY 0 1 ¢t
bt a4 o)
R R N S L N S Y 0 1¢ o)
R R R N SN LRy SNy R S 0 1Cai)
R R Ry Ry R S S A 0 (/o))
We conclude that the extension is a totally ramified Galois extension. Determine
the jumps in the lower and upper higher ramification groups.
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What now?

For this last part, | wish to include, mostly without proof, results that | would have
loved to cover if | had more time. The sort of material which would follow this course
in a next course on local fields.

6.1 Discriminant

See Chapter 1l in [Se] for more details.

Let L/K be a finite separable extension of non-archimedean local fields. The trace
Trr/k: L — K is a K-linear map, which allows for the definition of a bilinear form
(a,b) = Trp g (a-b) on L. The assumption that the extension is separable is equivalent
to asking that this form is non-degenerate.

Definition 6.1. The discriminant A of L/K is the ideal in Ok generated by
det(Trr, i (e; e;)) where {e;} is an Og-basis of Or,.

A different choice of the basis multiplies the determinant with a square of a unit and
hence the ideal is well-defined. Equivalently, one can Ay g as the ideal generated by
the determinant of the matrix (ai(ej))i’j where ; runs through the embeddings L — K
which fix K.

~

Definition 6.2. The codifferent is defined by
{a; € L:Trp g(vy) € (’)K}

which is a fractional ideal m;™ for some n > 0. The different D/ is the inverse
ideal m? in Of.

J

The codifferent is defined to be the dual Ok-lattice of Oy, with respect to the bilinear
form induced by the trace. The two definitions are linked by Ny k(D k) = Ap/k-

Lemma 6.3

If O, = Ok]la] for an element a whose minimal polynomial is f € Og[X], then
DKk is generated by f’(a).

If L/F/K is a tower of finite separable extensions then D/ =D p-Dp/k in Of.
As a consequence Ay i = A%/? - Np/p(Apr) in Ok.

Theorem 6.4

Let L/K be a finite Galois extension of non-archimedean local fields with Galois
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group G and higher ramification groups G;. Then

[e.e]

v(Dp k) = Z(|Gi| —1)-

=0

In particular, L/ K is unramified if and only if ® 1/ = O.

The different can also be viewed as the annihilator ideal of the Or-module Qp, /0,
of relative differentials. At the stack project you would find more advanced content on
this topic.

6.2 Norm

This is well explained in Chapter V and XV in [Se] and Chapter Il in [FV].

Let L/K be a finite Galois extension of non-archimedean local fields. We wish to
determine information about the image of the norm map N: L* — K*. Consider first
the commutative diagram

0 o5 L7 0 (6.1)
bl
0 0% K* X7 0

with exact rows. The right downwards arrow is the multiplication by the residue class
degree f = f(L/K) because vi (N (z)) = f - vr(z).

Next,
0 14+myg Of Fz 0 (6.2)
0——14+mg OIX( IF}(( 0

is again a commutative diagram with exact rows. The map on the right hand side is the
norm map N: F} — Fy for the extension of finite fields. It is known that this norm
map is surjective.

Proposition 6.5

Suppose L/K is unramified.

» Thereisamap N:1+m} — 14 m% which is surjective for all n > 1.
= We have N(O;) = O%.

= The valuation map is an isomorphism K* /N (L*) to Z/ fZ.

It is no coincidence that the group K*/N(L*) is isomorphic to the Galois group of
L/K. See the later section 6.4 on class field theory.

Proof. First, we know that Tr: F;, — F is surjective because it is a separable extension.
The trace is therefore also surjective on m%? /m}tt — m% /m%H! by Lemma 2.22. We
conclude that Tr: O, = @OL/mL — l&nOK/mK = Ok s also surjective.

Write G for the Galois group of L/K. If z € m’}, then

Nil+z)=]J[(Q+o(@@)=1+> o(@)=1+Tr(z) (modmi")
ceG oeG
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Since L/K is unramified, we can deduce that N(1+z) = 1+ Tr(z) (mod m3?). As a
consequence N maps 14+m?7 to 1+m’-. As the trace is surjective, this map is surjective.
For n = 1, this implies that the left hand map in the above diagram (6.2) is surjective
and so is the right hand map. Therefore the middle map N: O — O is also surjective.
Finally, in diagram (6.1), the right hand map is surjective, which shows that the
valuation induces an isomorphism from K*/N(L*) to Z/ fZ. O

We now suppose that L/K is a totally ramified Galois extension. By the above, we
see that K*/N(L*) is isomorphic to Ok /N(O;). It turns out that the structure of
this group now links to the higher ramification groups in upper numbering.

Proposition 6.6

Let L/ K be a finite Galois extension of local fields. The function 1 defined in 5.5
is the unique function R>y — R such that ¢(0) = 0 and, for all j > 0,

= N(1+mp?) c 14w,
« NA1+m?Y) ¢ 14+ mif! and
s NA+m?9) 14 mitt

In the case the extension is abelian, it is class field theory that can say more about
the image of the norm group as explained later. As a consequence, the groups (1 +

mp)/N(1+ m%(n)) form a filtration of K*/N(L*).

6.3 Lubin-Tate extensions

Reference for this section is Section V1.3 in [CF], Section 1.2 in [Mi] or the original [LT].

Let K be a local field such that ¢ is the size of the residue field. The construction
of Lubin and Tate permits to construct abelian extensions of K such that a given
uniformiser 7 is a norm in this extension. This uses the theory of formal groups which
knows many applications beyond this case.

Definition 6.7. A formal group is a power series F € O[X, Y] such that
» F(X,F(Y,2)) =F(F(X,Y),Z2),

= F(0,Y)=Y and F(X,0) = X,

= there is a unique G € O[X] such that F(X,G(X)) = X,

» F(X,Y)=F(Y,X), and

» F(X,Y) =X+ Y+ terms of higher degree.

J

Common examples as the formal group G, given by F = X +Y, the formal group G,
given by F = X +Y + XY and the formal group associated to a Weierstrass equation
defining an elliptic curve over K.

If F is a formal group, then we define F(m) to be the set m endowed with the new
group law a + £ b := F(a,b).

Given a uniformiser 7 of K, we let §, be the set of all power series f € O[X] such
that f = X? (mod m) and f = m X+ higher degree terms. For example f = 7 X + X¢
is an element in §,.
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Lemma 6.8

Given a power series f € §, there exists a formal group F such that f is an
endomorphism of F, meaning that F(f(X), f(Y)) = f(F(X,Y)).
Further, for each a € O, there is a unique endomorphism [a]; € O[X] such

that [a]f and f commute and [a]; = a X+ higher order terms.

Jonathan Lubin is an American math-
ematician. In this post, he explains
the origin of these results.

(image source Lubin’s web page)

The formal group does not depend on the choice of f, the resulting formal groups are
all isomorphic, but they do depend on 7. As a consequence of the lemma, the group
F(m) gains a structure of an O-module.

Let my be the maximal ideal in the separable closure K. It can be shown that torsion
subgroup of F(my) is isomorphic to K/O as a O-module. Let K, be the extension
obtained by adjoining the torsion elements.

Theorem 6.9

With the notations above:
» K, is a totally ramified, abelian extension of K.
» 7 is contained in the image of the norm from K.
= The Galois group of K,/K identifies with O*.
= The fields K; and K, are linearly disjoint and their composite is the maximal
abelian extension of K.

The isomorphism O* — Gal(K/K) sends u to an element that acts on F(m;) as
[u_l]f does. One can view this theorem as an explicit version of class field theory very
similar to the explicit description of global class field theory of an imaginary quadratic
extensions using the theory of complex multiplication on elliptic curves.

6.4 Class field theory

Local class field theory describes abelian extensions of local fields. There are many
different approaches to this topic. [Se] and [Gui] formulate and prove it using Galois
cohomology to calculate the Brauer group. In [CF] and [Mi] the Lubin-Tate extensions
play a central role. Instead [FV] use a more explicit approach.

Let K be a non-archimedean local field. Write K, for the maximal abelian extension
of K.

Theorem 6.10

There is a unique homomorphism rec: K* — Gal(K,p/K) such that
= for any uniformiser 7 and any finite non-ramified extension L/K, the restriction
of rec(m) to Gal(L/K) is the Frobenius element Froby x, and
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= for any finite abelian extension L/ K, the composition of rec with the restriction
to Gal(L/K) is surjective and the kernel is N(L*).

This map, called the reciprocity map, satisfies a number of natural compatibilities.
There is an induced isomorphism between K /N (L*) and Gal(L/K) for a finite abelian
extension. The following is known as the existence theorem.

Theorem 6.11

The reciprocity map produces an order-reversing bijection between finite abelian
extensions L/K and open subgroup of K* of finite index.

The unramified extensions correspond to the subgroup containing @O*. The Lubin-
Tate extension can be used to produce abelian extensions with a given uniformiser m
contained in the subgroup.

A consequence of class field theory is the following local version of the Kronecker-
Weber theorem.

Corollary 6.12

Every finite abelian extension of Q, is contained in a cyclotomic extension of Q.

Let L/K be a finite abelian extension with Galois group G. If j is the largest integer
such that G7 is non-trivial, then j is also the smallest such that 1 +m/™t C N(LX).
The ideal m/*! is called the conductor of the abelian extension.

One can view the classification of abelian extensions of a local field K also as the clas-
sification of all 1-dimensional representations of the absolute Galois group Gal(K /K).
The next step is to understand all higher dimensional representations. This is part of the
local Langlands program. For instance the book [BH] will explain the correspondence
between 2-dimensional semi-simple Deligne representations of the Weil group Wy of a
local field K and irreducible smooth representations of GLa(K).

6.5 Adeles and global fields

One theme of the earlier chapters of this course was to express number theory in p-adic
fields systematically with topological arguments. It is possible to use this approach also
for algebraic number theory. This is worked out beautifully in Chapter Il of [CF] where
the finiteness of the class group is shown by proving that it is a compact and discrete
group. This uses the ring of adéles, which we are going to describe quickly here. The
course notes [Mi] is a good source for this.

Let K be a global field. By this we mean either a finite extension of QQ or a finite
extension of [F,,(T") for a prime p. For any place v of K, the completion K, of K with
respect to v is a local field. If the place is non-archimedean we write O,, for the valuation
ring in K.

Definition 6.13. The ring of adéles A is the subset of [[, K, where the product
runs over all places v consisting of vectors (ay), such that a, € O, for all but
finitely many non-archimedean places v.
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Recall that each K, is locally compact, which means they carry a Haar measure. The
global field K embeds into Ax diagonally and Ak /K is a compact group with finite
total measure.

The multiplicative group K™ embeds into the group of units I = A%. The group Ix
is called the group of idéles of K, they are vectors (ay), such that a, € K* for all v and
a, € OF for almost all non-archimedean places v. There is a norm |-|: Ix — R given
by |(av)| = I1,|av|v. The generalisation of the product (see Exercise (1.2)) shows that
|z| = 1 for all z € K*. The statement that the idele class group Ix /K> is compact
leads to the finiteness of the class group of K in the number field case.

Global class field theory can be expressed in terms of groups of ideals and abelian ex-
tensions of number fields with restricted ramification conditions. Here are the statements
in terms of adéles instead.

Theorem 6.14

There exists a unique homomorphism rec: Ix — Gal(K,,/K) such that for any
non-archimedean place v the map K — [ — Gal(K,,/K) coincides with the
composition of the local reciprocity map K¢ — Gal(K, ap/K,) followed by the
identification with the decomposition subgroup D, in Gal(K,y/K).

Further, we find that the kernel of the restriction of the composition rec with the
quotient to a finite Galois group is linked to the norm map on idéles.

Theorem 6.15

Furthermore, rec satisfies that rec(K*) = 1 and, for any finite abelian extension
L/K, it induces an isomorphism

recr/K: ]IK/KX N(HL) — Gal(L/K)

There is an analogue to the existence theorem as well, which shows that the theory
classifies all abelian extensions of K.

Theorem 6.16

There is a order reversing bijection between the set of open subgroups of finite
index in I/K* and the set of finite abelian extensions of K.

The PhD thesis of John Tate (1925
- 2019), reproduced in [CF], used
adéles systematically to understand
zeta functions.

A vast generalisation of class field theory is promised in the Langlands program. The
global version of it is expressed in the language of idéles.
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6.6 Local-global principles

Let K be a number field. Right from the beginning of the invention of p-adic numbers,
the main motivation was to use local methods to prove global statements. A major first
success was the following statement, called the Hasse-Minkowski theorem. Proofs can
be found in [Se2] and [Ca2].

Theorem 6.17

Let n > 3. Let K be a number field and let f =37, ; a;; X; X; be a quadratic
form with coefficients a;; € K in n variables X;. Then there is a non-zero solution
in K™ if and only if, for each place v of K, there is a non-zero solution in K.

In general, we say that the Hasse principle holds for a family X of projective varieties
defined over K if fro every X € X, the assumption X(K,) # & for all v implies
X(K) # @. The above theorem states that the Hasse principle holds for quadrics in
prt,

The family of genus 1 curves instead does not satisfy the Hasse principle. Lind and
Reichardt found independently the following example

=2t —17
and Selmer found the cubic form
3X34+4Y3 4523 =0.

However the Hasse principle holds for some general families, like all torsors of con-
nected linear algebraic groups. For smooth hypersurfaces, if the number of variable is
sufficiently large compared to its degree, the Hasse principle can be proven using the
circle method. Manin found a conceptual method using global class field theory to ex-
plain the non-existence of K-rational points for families where the Hasse principle does
not hold.

Hasse proved the following local-global principle. Let L/K be a cyclic extension of
global fields. If x € N(LJ) for all places w of L, then x € N(L*).

Another wishful result would be the following for a global field K and an integer n.
If x € K* is an n-th power in K, for almost all places v, then z is an n-th power in K.
Unfortunately, this is not true in general, but Wang found the condition for which few
cases it does not hold. This is now known as the Grunwald-Wang theorem.
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