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Abstract

We study the action of the Galois group G of a finite extension K /k of number fields on the
points on an elliptic curve E. For an odd prime p, we aim to determine the structure of the
p-adic completion of the Mordell-Weil group E(K) as a Z,[G]-module only using information
of E over k and the completions of K.
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1 Introduction

Let E be an elliptic curve defined over a number field k& and let G be the Galois group of a finite
Galois extension K/k. The main aim is to study the action of G on the group F(K). In this
investigation we wish to go deeper than to decompose E(K) ® C into irreducible representations
of G, instead we are interested in the integral representation theory of E(K). Since Z[G]-modules
can be very complicated even for small groups G, we will p-adically complete E(K) to get a Z,[G]-
module for a prime p. If p does not divide the group order of G, we would recover only the structure
of E(K)® Q and so we will focus on the case when p divides the degree [K : k.

Throughout the paper we will assume that p is an odd prime, that E(K) contains no
p-torsion elements (Assumption 2 in Section 6) and that the p-primary parts of the Tate-
Shafarevich groups III(E/L) are finite (Assumption 1 in Section 6) for all elliptic curves E
and number fields L. The main object of study is the p-adic completion M = E(K) ® Z,, of E(K)
viewed as a Z,[G]-module.

The main aim of our work is to present methods to determine completely M as a Z,[G]-module
by using only arithmetic information that is relatively easy to access. By this we will mean all
invariants of E over the global base field k and all local information of E over completions K, of
K at places w, but no need for calculations over the global field K. In practice, the knowledge of
the type of reduction, the Tamagawa numbers and the number of points in the reduction at a finite
number of finite places is all local data that is needed. In comparison, it is often much harder to
calculate explicitly the group E(K): Searching for points over large degree fields K can be very



costly and so is bounding the rank by an infinite descent because the class groups involved may
be hard to determine.

For instance, if we fix p = 11 and G to be the dihedral group D;1, then we can determine the
structure of M using only easy information in more than 98.2% of all cases when E has conductor
at most 100 and K is among the ten Djj-extensions of Q with smallest discriminant. In all these
cases, the rank is either 0 or 11, but we were never required to find a point in an extension larger
than Q.

To announce a general theorem in this direction, we need to include a number of conditions,
which are mostly generic or could be weakened further.

Theorem 1. Assume that G is isomorphic to the dihedral group D, with 2p elements. Let F
be the intermediate field with [F' : ki] = 2 and let E be the quadratic twist of E with respect
to F. Assume that III(E/k) and II(E/k) contain no elements of order p, that K/F is everywhere
unramified and that all places v such that p divides the Tamagawa number ¢, of F or E split in
K/F. Itk B(k) +rk BE(k) < 1, then the Z,[G]-isomorphism class of M = E(K)®Z, is completely
determined by rk E(k), rk E(k) and local information for E/K. Furthermore, in all cases rk E(K)
is either 0, 1 or p.

One of the reason we restricted here to the dihedral group D, is that for this group the complete
list of indecomposable Z,[G]-modules that are Z,-free only contains six entries. Even when the
conditions of the theorem do not hold, we can very often determine the decomposition of M into a
direct sum of these indecomposable modules using only information that is easily accessible. For
k = Q, we can even show results about the densities with which certain Z,[G]-modules appear (see
Theorem 45 for a precise statement). See Sections 7.1.1 and 7.3 for examples illustrating this, and
Example I for which we cannot determine F without having to search for points.

For certain groups, including D), a theorem by Torzewski [48] lists the invariants we need to
know to determine M. (See Proposition 43.) Our task is to express them in terms of arithmetic
invariants of E. The first invariant is the knowledge of E(K) ® Q, as a Q,[G]-module. At least
conjecturally, we could obtain this from the order of vanishing of L-functions of E twisted by the
irreducible representations of G via the Birch and Swinnerton-Dyer conjecture. Instead the other
invariants, the so-called Dokchitser regulator constants (see (4) in Section 4.2 for the definition)
and the group cohomology H'(G, M), are not as easy to access. The main reason that we focus
our attention on the dihedral and cyclic case is that for these groups we obtain the best results on
how to control the invariants.

As expected the Z,[G]-structure of M is linked to the p-primary part II(E/K)[p™] of the Tate-
Shafarevich group. Here is another general statement that can be deduced from our methods.

Theorem 2. Let E/Q be an elliptic curve and let K/Q be a cyclic extension of degree p. Write
uy for the number of primes ¢ such that p divides the Tamagawa number ¢, and £ is inert in K/Q.
Denote by us the number of primes ¢ that ramify in K/Q such that the number of points in the
reduction of E over ¢ is divisible by p. If L(E, x,1) # 0 where x is a primitive character of K/Q
and w1 + ug > rk E(Q), then the Fp-dimension of HI(E/K)[p] is at least u1 + us — rk E(Q).

We produce this bound by studying the control theorem which links the p-primary Selmer group
of E/k with the G-invariant subgroup of the p-primary Selmer group of E/K. The cokernel of
the restriction map a between them can be determined completely and we can effectively calculate
it using only local information and information of E over k. See Proposition 29 for a precise
statement.

One important ingredient for this calculation is to understand the cokernel of the norm map
E(K,) — E(k,) where w is a place in K and v the place below w. This is analogous to the main
question in local class field theory and it has been studied before. In Proposition 13, we will see
that in the case that the ramification index e, is not divisible by p, the cokernel is cyclic of order
determined by the Tamagawa number ¢, and the residue class degree f,.

This leads to a local question. The p-adic completion E(K,,) ® Z, of E(K,) is finite unless
K,, is a p-adic field. If K,, is a p-adic field, then E(K,,) ® Q, is isomorphic to Q,[G,,] where G,,



is the Galois group of K,,/k,. In Theorem 26, we determine the Z,[G,,]-structure explicitly for
all reduction types, when K, is the unramified cyclic extension of k, = Q,. Here is a simplified
statement not covering all cases.

Theorem 3. Let E be an elliptic curve over Q, with p > 5 and suppose K,,/Q), is the unramified
extension of degree p. Suppose that the reduction is anything but split multiplicative. Then we
are in one of the following three cases:

 If E(Q,) contains no element of order p, then E(K,,) ® Z, = Z,[G.,].

o If E(Q,) contains an element of order p, but E(K,) contains no element of order p?, then
E(K,) ® Zy, is a non-split extension of Z, & ker(Z,[G.] — Z;) by the finite group %/,z with
trivial G-action.

o Otherwise F(K,,) is the direct sum of Z,[G,,] and a finite group of order p? with a non-trivial
G -action.

Underlying to this theorem is the complete classification of all Z,[G]-modules M in the case
G is cyclic of order p and M is a finitely generated Z,-module with a cyclic torsion part. See
Theorem 19 for the complete list.

This investigation here grew out of [13, 14] where the Z,[G]-structure of Selmer groups plays
an important role in trying to understand the explicit reformulation of the equivariant Birch and
Swinnerton-Dyer conjecture under restrictions on the elliptic curve. One of the motivations of our
work is to understand how to remove some of these restrictions; however the present paper does
not link to algebraic L-values yet. See [3, 12, 24].

Similar methods to the ones used here have been successful in obtaining results on the change
of Mordell-Weil groups, Selmer groups and Tate-Shafarevich groups under finite extensions. For
instance, [10, 35, 15] use versions of the control theorem. Bartel in [1, 3] used regulator constants to
predict growth of the p-Selmer group in dihedral extensions. Our work can be seen as a continuation
and generalisation of these methods.

Ouyang and Xie [10] prove that the size of III(E/K) is unbounded as K varies through the
cyclic extensions K/k for a fixed curve E using further methods initiated by Mazur and Rubin
as in [36] and [37]. In [38], the latter show the following for any elliptic curve F over a number
field k: For a positive proportion of primes p, for all n > 1 and all finite sets S of places in k,
there are infinitely many cyclic extensions K/k of degree p™ such that all places in S split and
E(K) = E(k). Their emphasis is on constructing extensions K /k given a curve E/k, while we fix
both and try to determine as much as we can about E(K).

Representation theory, viewing E(K) ® C as a C[G]-module, has produced lots of surprising
results already. Much of the work of Tim and Vladimir Dokchitser [22, 23] is centred around these
questions, especially in connection with parity phenomena. See [16] for a nice overview with plenty
of examples.

In [7], the authors use E(K) ® Q as a Q[G]-module to make prediction about high order
vanishing of certain L-functions. Greenberg has used modular representation theory for Selmer
groups in [28] to obtain results about the growth of the rank in extensions K/k, however there k
is an infinite extension of Q. Finally, [9, 34] and other work by Macias Castillo and Bley contain
the study of E(K) ® Z,, as Z,[G]-modules. Instead the question to determine what E(K) is as a
Z|G]-module has attracted less attention, likely because it is much harder to say much about it.
However, Theorem 6 in [24] shows that the arithmetic of L-values should predict interesting results
in this direction.

The structure of this article is as follows. In Section 3 we will investigate the cokernel of the
norm map for a local extension. Part of these results are well-known, but we try to be as general as
possible. Then Section 4 is devoted to gathering results on the integral representation theory for a
cyclic group of order p, where we allow non-trivial torsion, and certain groups that are extensions
of cyclic groups of order coprime to p by cyclic groups of order p. This is then used in Section 5
where we determine the local group of points as a Z,[G,,]-module in the case of the unramified
extension of degree p. General results on the control theorem in a general global extension are
presented in Section 6. Finally, they are applied to global extensions with cyclic or dihedral Galois
groups in Section 7. This section also includes a list of examples, which illustrate how to use the



general method to determine the Z,[G]-module structure.
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2 Notations

This section is not meant to be read as such, but it can help to find the definitions of the notations
commonly used.

Throughout, p is an odd prime and Z, denotes the ring of p-adic integers.

In general, for an abelian group Z, we denote the projective limit of Z/p"Z by Z & 7Z,,, which
we call the p-adic completion of Z. If Z is finitely generated this coincides with Z ®z Z, and, if
Z is finite, it is isomorphic to the p-primary torsion subgroup Z[p>°]. If Z is a discrete abelian
p-primary group, or a compact Z,-module, then Z" denotes the Pontryagin dual Hom(Z, QP/Zp).
At times, we will omit the ring Z or Z, over which we take tensor products: specifically, if we
tensor a Mordell-Weil group of an elliptic curve over a number field, we will always mean ®g,
instead if M is a Zy,-module then M ® Q, and M ® QP/ZP mean ®z,,.

Throughout the paper G will stand for a finite group. For a Z,[G]-module M, we will write 1/,
for the torsion subgroup of M and M for the quotient of M by M;. The action is always from the
left, even if we tend to write M ® Q,, for the Q,[G]-module obtained by extending the scalars. In
Section 4.3, we will define the saturation index (M ). The Dokchitser regulator constants Co (M)
and their valuation so (M) are defined in Section 4.2. The groups H'(G, M) refer to the usual
group cohomology with M¢ = HO(G, M) and H'(G, M) is the modified version by Tate.

The symbols Z,, Zp, Zp{i}, A, A, A{i}, B, B and B{i} denote indecomposable Z,[G]-modules
for the case when G is a cyclic group of order p as in Section 4.1, a dihedral group D, or one of the
metacyclic groups as in Section 4.2. Furthermore by {Z/pz ‘ Zp}, {‘/A/pz ‘ A} and, {Z/pZ | ZpéaA}
we denote certain non-split extensions in the case of cyclic groups as explained in Theorem 19.
Proposition 17 and Lemma 18 contain the definitions of the finite modules J; and F; ;.

The symbols & and K will stand for fields such that K/k is an Galois extension of group G. In
Sections 3 and 5 they are local fields, while they are number fields in the Sections 6 and 7. For a
place v in k, the completion is k, and F, is the residue field. The discriminant is A;. The letters
e =e¢, and [ = [, are the ramification index and residue class degree at a place v.

The letter E will stand for an elliptic curve defined over k, while £, £), and @, relate to the
Néron model as explained at the start of Section 3. If the reduction is good, we will use E(TF,) for
the group of points in the reduction. The Tamagawa number of E at the finite place v is denoted
by ¢,. The modified product C'(E/k) of the Tamagawa number is defined in Section 7.

For a finite place v, the group D = D, = H° (G, E(K,)® Zp) is investigated in Section 3. The
p-primary Selmer group Sy of E appears first in Section 6. To shorten the notation, we will write
I, = MI(E/k)[p™>] for the p-primary part of the Tate-Shafarevich group. In Section 6, we will
encounter the maps «, 3, 7, ¢, ¢ and 7). The capitulation is the kernel Cx/, = ker(n) and Dy,
stands for the sum of D, over all places in the set S containing all places of bad reduction for F,
all places ramified in K/k and all infinite places.

In Section 7, by F we denote a quadratic twist of E. While 7 is the rank of E(F ) for a field
F, the rank of E(F) is i*p.

3 The local norm
The aim of this section is to study the cokernel of the norm map on an elliptic curve under a

finite extension of local fields. The analogous question, which is central in local class field theory,
concerns the cokernel of the norm map on units. However the situation is more complicated here



and it will lead us to treat different cases separately. While this has been studied partially in many
situations, we try to be as general as possible.

Let k be a local field with valuation v and let K be a finite Galois extension with valuation w.
By F, and F,, we will denote their residue fields, by O, and O,, their rings of integers and by m,
and m,, their maximal ideals. Let G be the Galois group of K/k. The ramification index is e and
f stands for the residue class degree of the extension K/k. The degree [K : k] = e - f is denoted
by n. When we write v | p, we mean that k is a finite extension of Q,. The group we wish to
determine is

D =H°(G,B(K)&1Z,) = coker(N: E(K) ®Z, — E(k) & Z,)

where H denotes Tate’s modification of group cohomology and E(K)&Z, is the p-adic completion
@E(K)/piE(K) of E(K).

Let £, be the Néron model of E over the ring of integers O,, of k. Write £J /O, for the connected
component of the identity, SS /I, for its special fibre, and let ®,/F, be the group of components
of the special fibre. If we have good reduction, we will simply write E for EY as there is no danger
of confusion. The Tamagawa number of E over k is denoted by ¢, = |®,(F,)|. We use similar
notation for E/K with v replaced by w.

Lemma 4. If v { p, then the Néron model &, over O, can be chosen such that we have an exact
sequence of finite Z,[G]-module

04)53; (Fu)[p*]—=E(K) & Lpy—>=,(Fy)[p>]—0.

Note this does not necessarily mean that the G-fixed part of the outer terms of this sequence
are the corresponding groups for k£ as the Néron model may change in the extension.

Proof. We claim that, even if the Néron model changes, we may choose the model over O,, such
that the subgroup £2(0,,) is a G-submodule. To prove this claim, we may assume that E has
bad reduction over K and hence over k, too. We may translate a chosen equation over O, to
obtain a first Weierstrass model whose singular point over F,, is (0,0). The Néron model over O,,
constructed starting from this equation satisfies the claim.

Since the kernel of £2(0,,) — E9(F,,) is divisible by p, we have £2(0,,) 8 Z, = £ (F,,) 8 Z, =
EO (F,,)[p>]. The projective limit over m of the exact sequence

Py (Fu)[p™] *>Sg) (Ow)/p"——E(K)/p" ——@y(Fy)/p" —0
stays exact and the first term will vanish as ®,, is finite. O
Lemma 5. Suppose E has split multiplicative reduction over k. Let ¢ € O, be the Tate parameter

such that E(k) = k*/q%?. Then D is the quotient of the p-primary part of k¥*/N(K*) by the
subgroup generated by the image of q.

Write GP-2P for the Galois group of the maximal abelian p-extension within K/k. If rec: kX —
GP2 is the reciprocity map, then D is isomorphic to GP*" /(rec(q)).

Proof. First recall that the reduction type of F is still split multiplicative over K with the same
parameter ¢q. Since the torsion subgroup of E(K) is finite, we get a diagram with exact rows

0—s>gf —>K*®Z,—> E(K)®Z, —>0

. I

0——=¢» —=k* &%, —— E(k) & Z, —0.

This shows that D, the cokernel on the right, is the quotient of the cokernel in the middle by the
subgroup generated by the image of q. O



Proposition 6. Suppose F has split multiplicative reduction over k and that v { p.

e If p|c, and p| f, then D is non-trivial.
o If ptged(f,cy) and ptged(e, [FY]), then D is trivial.

Note this leaves the case when p divides e and |F;|, but does not divide ¢, or f. In that last
case, it could be trivial or non-trivial, which can only be determined by a finer analysis.

Proof. Note that the reduction is still split multiplicative over K. We rewrite the sequence from
Lemma 4 in this situation and compare it to the same sequence but over k. This gives us the
following commutative diagram:

0 F:f) [poo] E(K) ® Z;D ZchZ 0
[e] Ny, /F, \LN J/
0——=F)[p>] ——= E(k) & Zy, Z/cvz 0.

The vertical map on the right sends 1 + ec,Z to f + ¢,Z. We deduce the exact sequence
e (cryr—F5 [p>]/e D ew )z 0

where the second term is the quotient of the p-primary component of F) by its e-th powers. If
p | ged(ey, f), then D is non-trivial. If both terms next to D are trivial, i.e., when p 1 ged(ey, f)
and p { ged(e, |FY|), then D is trivial. O

3.1 Unramified places
Lemma 7. Suppose K/k is unramified. Then D = H° (G, ®y(Fy)[p™]).

Proof. Since we assume that the extension is unramified, the Néron model does not change: &, =
&y x Oy and in particular ®,, = ®, x F,,. By the three propositions in Section 4.1 of [25], the
Galois module &2 (0,,) is cohomologically trivial for any unramified extension. From the fact that
o, (Fy,) = ®,(F,) is finite, we obtain the exact sequence

0—=E2(0y) ® Z——E(K) & Zp—=,(F,,) [p>]—0.

Since the first term is cohomologically trivial, we get D = H° (G,E(K) & Zy) is isomorphic to
HO(G, @, (Fy,)[p™]). O

For any integer m, we will denote the highest power of p dividing m by ged(m, p>).

Lemma 8. Assume that K /k is unramified. Then D is a cyclic group of order ¢’ = gcd(cv, n,poo).
In particular, D is trivial except possibly in the following two cases:
e E has split multiplicative reduction over k of Kodaira type I,, with p | n or
e p =3 and the special fibre of &, is of Kodaira type IV or IV*.

Proof. Since K /k is unramified ®,, = ®, xF,, and D is a quotient of (¥, (Fw)[poo])G =0, (F,)[p™]
by Lemma 7. Therefore, if p does not divide ¢, then D is trivial. From the assumptions that p # 2,
the classification of bad fibres of elliptic curves implies that ®,(F,,) may contain a p-torsion element
only if the reduction is split multiplicative or if p = 3 and the type is IV or IV*.

Assume that E has split multiplicative reduction in which case we may use Lemma 5. Since
the extension is unramified, the valuation v induces an isomorphism k% /N(K*) to #/,z. As the
valuation of the Tate parameter ¢ is equal to the Tamagawa number c¢,, we find that D is indeed
cyclic of order ¢'.

If p = 3 and the fibre is of type IV or IV* with p = ¢, then @, is the constant group scheme %/37,.
Therefore D = H(G,%/sz) is the cokernel of multiplication by n on %/37. So once again D is cyclic
of order ged(cy,n, p™). O



If p were allowed to be 2, then we could in the same fashion go through all Kodaira types in
Tate’s algorithm and determine explicitly the group D from the type and the degree n.

3.2 Totally ramified places

In this subsection we assume K /k is totally ramified. We begin by considering the case where v
does not divide p.

Proposition 9. Suppose that v { p.
o If the reduction of E is good then, then D = Z/nZ where Z is the group E(F,)[p™].

e Suppose E has split multiplicative reduction with Tamagawa number ¢, and Tate para-
meter q. Write ¢ = u - N(m,,)® for a choice of a uniformiser m,, of K and a unit u € O.
Then D is isomorphic to the quotient of the p-primary part of F)* by its subgroup generated
by the image of u and by all n-th powers.

e If F has non-split multiplicative reduction over k, then D is cyclic of order ged (n, |F,|+1, p°°).

o If F has additive reduction, then D is cyclic of order gcd(cv, n, poo).

Proof. Suppose first that the reduction is good over k. Then the reduction is also good over O,
and Lemma 4 tells us that D = H° (G, E(F,,)[p™]). As the extension is totally ramified the action
of G is trivial on Z = E(F,,)[p>°]. We conclude that D is isomorphic to Z/n Z.

If the reduction is split multiplicative over k we use Lemma 5. Since the extension is totally
ramified and v 1 p, the p-primary part of the group £*/N(K*) identifies with the p-primary part
of the quotient of F) by its n-th powers. The group generated by the image of ¢ under this
identification is the one generated by the image of u.

Next, we treat the case when the reduction is additive with p { ¢,. Then E(k)&Z, = E9(F,,)[p*™]
by Lemma 4; this group is trivial as v { p and therefore D is also trivial.

The same argument also works for non-split multiplicative reduction as the reduction will still
be non-split over K, except that £0(F,) is now a cyclic group of order |F,| + 1 with the trivial
action by G on it.

Finally, we are left with the case of reduction of type IV or IV* and ¢, = p = 3. If the reduction
is still of the same type over K, then E(K)®Z, is isomorphic to ®,,(F,,) = %57 with trivial action
by G. Hence in this case D is trivial unless 3 | n in which case it is cyclic of order 3 = ¢,.

Instead if the reduction type changes, the Tamagawa number ¢,, must be coprime to 3. Then
E(K) & Z, is isomorphic to £ (F,,)[p>] and has trivial action by G. But the G-fixed part is
E(k) ® Z, which is cyclic of order 3. Yet again we can draw the same conclusion as before. O

Now we consider one case when v divides p. First we give a general lemma.

Lemma 10. Let X be a G-module and let H < G be a normal subgroup. Then the following is
an exact sequence:

H G, X)—=H Y (G/H, X")——=H°H,X)g/n—H°(G, X)—=H(G/H,X")—0

In particular, if X H s cohomologically trivial as a G/H-module, then H°(G, X) is isomorphic to
H° (Hv X)G/H .

Proof. The norm map with respect to G is equal to the composition
Xo = (Xu)om — (XM g — (XH)GH = x¢

where the first map p is induced by the norm map for H and the second is the norm map for G/H.
The result can now be deduced from the kernel-cokernel sequence, which gives the desired exact
sequence except that the term H° (H,X)g/m is replaced by coker(p). But these two groups are
equal as taking G/H-coinvariants is right exact. O



Proposition 11. Suppose v | p. Assume that K/k is totally ramified and that E has good
ordinary reduction over k. Let Z = E(F,)[p>®] and let Y = GP~2> be the maximal abelian
p-primary quotient of G. Then there is an exact sequence

Z[n|—=Y/(1-a)Y D ZInZ 0,

where a € Z is the unit root of the characteristic polynomial X 2 —a X + #F, = 0 of Frobenius
with a = #F, + 1 — #E(F,).

Proof. Write E for the formal group associated to a minimal Weierstrass equation of E. Consider
the exact sequence

H-Y(G, E(F,,)[p™]) —H(G, E(m,)) —H° (G, E(K) & Z,) —=H°(G, E(F,)[p™])

where the very last map is surjective since the map E(k) & Z, — E(F,)[p>] is surjective. As the
extension is totally ramified, the two extremal non-trivial terms in the sequence are isomorphic to
the kernel and cokernel of multiplication by n on the group Z.

Let H be the p-Sylow subgroup of G, i.e, the wild inertia subgroup, and let L = K with
valuation w’. Since G/H is of order coprime to p, the cohomology Hi (G/H, E(mw/)) must vanish
(see VL.5.5 in [11]). We apply the previous lemma with X = E(m,,) to obtain that H° (G, E‘(mw))
is isomorphic to the largest quotient of H° (H, E(mw)) on which G/H acts trivially.

Theorem 1 in [33] shows that H° (H,E(mw)) is isomorphic to H®P/(1 — o) H*> where H?P is
the abelianisation of H viewed as a Z,-module. See also Appendix B in [36], which includes a
reference that « is the twisting matrix in [33]. This isomorphism is G/H-equivariant by inspect-
ing its construction in [33] using the formula in Proposition IV.9 in [45] with ¢ = 1. Therefore
HO° (G, E(mw)) is isomorphic to the largest quotient of H2P/(1 — ) H*® on which G/H acts trivi-
ally. The largest quotient of H®P on which G/H acts trivially by conjugation is the Galois group
of the largest extension L’ of L which is abelian, p-primary and such that the Galois group of
L’ /k is the direct product of H and Gal(L’/L). It is therefore also the Galois group of the largest
extension of k, which is abelian and p-primary, i.e., it is Y. As taking G/H-coinvariants is right
exact, the G/ H-coinvariants of H*" /(1 — o) H*" is isomorphic to Y/(1 — )Y O

Recall that we say that £ has anomalous reduction at a place of good reduction over k if p
divides #E(F,).

Corollary 12. Suppose v | p. Assume that K/k is totally and wildly ramified and that FE has
good ordinary reduction over k. Then D is non-trivial if and only if E has anomalous reduction.

Proof. The group Z in Proposition 11 is non-trivial if and only if £ has anomalous reduction. In
that case D is non-trivial as n is divisible by p.

Instead assume that the reduction is not anomalous. Then 1 — « divides the evaluation of the
characteristic polynomial at X = 1, which equals #E(Fv). Therefore 1 — a € Z; and therefore D
is trivial. O

3.3 The general case

We drop any assumption on the local extension K/k. Recall that e is the ramification index, which
is the order of the inertia subgroup I.

Proposition 13. If p{ e, then D is cyclic of order ¢/ = ged(e,,n, p™).

Proof. Apply Lemma 10 with X = E(K)®Z, and H = I. The assumption that p { e implies that

H 9(I,X) = 0. Therefore D is reduced to the computation of the same group for the unramified
extension K'/k and that was done in Lemma 8. O



More generally, this proof shows that D has a cyclic quotient of order ¢’ = ged(c,, f, p°°) where
f is the residue class degree, for all local extensions.

Proposition 14. Suppose that p { ¢,. If p = 3, assume further that f is odd or that the reduction
type is not IV or IV*. If the reduction is non-split multiplicative of type I,, assume that f is odd

or ptn. Then D = H°(I, B(K) ®ZP)G/I'

Proof. Let L be the subextension fixed by I with valuation w’. The assumptions are made to
assure that the Tamagawa number of E over L is still not divisible by p: If the Tamagawa number
¢y over L is divisible by p, but not ¢,, then we must either be in the case IV or IV* and p = 3 or
in the case I,, with p | n. Further the group ®, acquires new points of order p in either cases, only
if L/k is of even degree.

We are going to use Lemma 10 with X = E(K) ® Z, and H = I. Since L/k is unramified, the
Néron model €, does not change under the extension. Therefore X! = E(L)® Z, = £2(Oy) & Z,
is a G/I-module that is cohomologically trivial, again by [25]. This concludes the proof. O

In practice this means that in these cases the calculation of D reduces to the totally ramified
case treated in Section 3.2. Here is one important example.

Proposition 15. Suppose E has good reduction and v { p. Then D = Z/eZ where Z = E(Fv)[poo].

Proof. From the proof of Proposition 9, we see that H°(I, E(K) & Z,) is isomorphic to the
group E(F,)[p>®]/eE(F,)[p>] as a G/I-module. By Proposition 14, we want to calculate its
G/I-coinvariants. Lang’s theorem [30] implies that H*(F,/F,, E(F,)) = 0 and that the norm
E(F,) — E(F,) is surjective as the Herbrand quotient of the finite F(F,,) is 1. Therefore the
G /I-coinvariant space of E(F,)[p>] is Z = E(F,)[p>°]. We conclude that the G/I-coinvariants of
E(F,)[p™®]/eE(F,)[p>] is Z/eZ because taking G /I-coinvariants is right exact. O

While the results in this section do not cover all cases, they do cover a lot and in the remaining
ones one can often use the same methods to reduce it to a simple calculation. There is one major
exception to this, that is when we have wild ramification, but the reduction is not good ordinary.
Of course, in practice it is always possible to calculate explicitly a generating set for F(K) and to
determine D from its definition; this will involve Tate’s algorithm and Hensel’s lifting over O,,.

4 Representation theory

In his section, we will gather the representation theoretic results used later in the case that the
Galois group is either cyclic or dihedral. We should emphasis that this is integral representation
theory, in that we deal with Z,[G]-modules.

By the Krull-Schmidt-Azumaya Theorem (see Theorem 6.12 in [18]) any finitely generated
Zp|G]-module decomposes in a unique way into a direct sum of indecomposable Z,[G]-modules.
For a finite group G, we will say that M is a Zp[G]-lattice, or simply G-lattice, if it is a finitely
generated Z,[G]-module that is free as a Z,-module. As all modules will be finitely generated, we
say M is a finite module if it has finitely many elements, and no confusion should arise.

4.1 Cyclic group of order p

Let G be the cyclic group of order p. We will write 7 for a generator of G.

This is of course the easiest group of interest and, not surprisingly, we can give clear classification
results for Z,[G]-modules. First, there are only two irreducible Q,[G]-modules, namely Q, and the
kernel of N: Q,[G] — Q,. The classification of indecomposable Z,[G]-lattices is also well-known
(see Section 34B of [18], though this goes back to [21] and [43]).



Proposition 16. There are exactly three isomorphism classes of indecomposable Z,[G]-lattices,
namely the trivial lattice Z,,, the free module Z,[G] and the augmentation kernel A of N: Z,[G] —
Zp.

We may view A = (7 — 1)Z,[G] also as the ring Z,[(] with ¢ a primitive p-th root of unity
and the action of 7 € G given by multiplication with ¢. It is important to note that Z,[G] and
Z, & A are the only G-lattices M with M ® Q, = Q,[G]. In this simple case the concepts of free
and projective coincide.

Proposition 17. For 1 < ¢ < p, let J; be the i-dimensional IF,-vector spaces and the action by 7
written as a unique Jordan block with 1 on the diagonal. Then these J; are the only indecomposable
finitely generated F,[G]-modules.

Proof. The action of G on a finite dimensional IF)-vector space is described by the matrix of the
action by the generator 7. This matrix can be put into Jordan normal form. The eigenvalues of a
matrix of order p must be 1 and the module is indecomposable if there is only one block. Such a
single Jordan block has order p if and only if its dimension is at most p. O

For any ¢ > 1, by Z/piZ we will mean the cyclic group of order p’ with trivial action by G. For
iz2andweF;, set w=1 +pilw e Z/piZ. The group homomorphism G — (Z/piz) x sending T
to w defines a non-trivial action of G' on the cyclic group of order p*. We will write F; i for this
G-module. These p — 1 non-trivial %/,iz[G]-modules F} 5 are pairwise non-isomorphic.

Lemma 18. Let i > j > 0. If M is a finite Z,[G]-module, which is cyclic of order p’ such that
M€ is cyclic of order p?, then M is either Z/piZ and i = jor M is F; 3 withi=j+1 > 2 and
weFx.

P

Proof. If j < 14, the action is non-trivial and we must have M = F; ;. Then M & = pM shows that
1=j+ 1L O

We are now interested in Z,[G]-modules M whose torsion part M; is cyclic. We will use the
notation {X|Y'} representing a non-split extension 0 X M Y 0. The ones
appearing in the following theorem will be constructed explicitly in its proof.

Theorem 19. Let M be a finitely generated Z,[G]-module and suppose that its Z,-torsion sub-
group M, is cyclic. Then M is a direct sum of some of the following indecomposable modules:

module H°(G,.) H'Y(G,-) Conditions
2 F, F, i>1
Fi o 0 0 i>2andw€]F;
Z, F, 0
A 0 F,
Zy| G| 0 0
halB)  E, 0 izt
Fhalah 0 B iz
{%hiz | Zp ® A} 0 0 i>1

The decomposition is unique up to reordering the summands.

Proof. Let M be a finitely generated Z,[G]-module. There is an exact sequence

0 M, M M; 0 (1)
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where M; = M /M, is a free, finitely generated Z,-module with an action by G. We assume that
M is a cyclic group, which implies by Lemma 18 that M, is either Z/piZ or F; i for some ¢ > 0 and
w € F). Further by Proposition 16, the lattice M} is a sum of Z,, A and Z,[G].

We are now going to prove the following three statements:

Extg (M, Fy ) =0, Extg(Zp, “iz) 2 Fp,  and Extg (A, %) 2 Fp. (2)

It is clear that Extg(Z,[G], Fi.s) = 0 as Z,[G] is free and hence projective. The norm map on F; 4
with w = 1 + p'~ '@ is the multiplication by
ipp—1) _

l+wHw’ 4+ +uwP =p+p —a W

p (mod p)

as p is odd. Therefore HO (G7 Fi,w) = FZGU-J/ N(F; @) = pF; w/pFi o = 0. By the Herbrand quotient
on finite modules H* (G, Fm—}) = 0 and hence Ext}; (Zp, Fi,w) vanishes, too.

N 7,[G] A 0 which yields

Consider the short exact sequence 0 Zy,
0<—Extg (A4, Fi o) <——Homg (Z,, F; o) <——Home (Z,[G], Fi »).

By evaluation at 1 the map on the right identifies with pF; &Fm—, and hence Ext%; (A, Fi,u—,) =

0. This concludes the proof for the first statement in (2).

Next, we see that Extf, (Zp, Z/piz) =N (G, Z/piZ) = 2/ 7. Also with the same method as above,
we find Extg, (A, Z/piz) =~ 2/, as it is the cokernel of the map [p] on Z/piZ. This completes the proof
of all statements in (2).

We conclude that the only direct summands possibly appearing in M are Z/pfzz, Fiw, Zp, A,
Zp|G] or non-split exact sequences

0 2/ iz M 78 @ A'——>0

with a,b > 0. By the above such short exact sequences are parametrised by Exté (Zg @ Ad, Z/piz) =
Fg*b. We are now going to show that there are only three distinct isomorphism classes of indecom-
posable Z,[G]-modules among these non-split exact sequences.

First, we proceed to construct the extensions explicitly. For any u € Hom (Zg,ﬂ?p), we set M,
to be Z/pqaZ @ Zy, as a Zp-module, but with the action by a generator 7 € G defined by

T (t,x) = (t+u(z)p't z) for t € %)y and x € Zy,.

Then

0——>"/iz M, Zg 0

is an non-split extension of Z,[G]-modules.

The connecting homomorphism Zg — H 1 (G , Z/piZ) ~ /.7 is equal to u, which shows that these
are distinct extensions and they are non-split when u # 0. Assume u # 0, we find that M consists
of all (¢,x) with z € ker(u). The norm map on M, sends (¢, z) to

p—1

N(t,z)=> (t+j-u(@)p'™" ) = (pt+ pLu(a)p'™", pz) = (pt,pz)
§=0

as p is odd. Therefore H°(G, M,) = F% and H' (G, M,) = 0.
Next, for any Zj-linear v : (A/(7 — 1)A)® — %/, we will build an extension

0 L)z M; Ab 0

as follows. We identify A with Z,[¢] where ¢ = 1 and the action by 7 is by multiplication
with (. We define M), as the Z,-module %/,i7 @ Z,[(]* together with the action by 7 given by
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7(t,y) = (t + fu(y),C - y) where f, is a Z,-linear map A® — %/,i7 such that fv(&y) reduces to
v(y) modulo p for all y. This f, exists as the condition only imposes the values on a b dimensional
FF,-subspace of the b(p — 1) dimensional space (A/pA)°. We find for 0 < j < p

Tj (t7y) = (t+ fv(y) + fv(Cy) +oeee fv(Cj_ly)acjy) = (t + fv(11:<;y)7cjy)‘

and therefore

p—1 ) p—1
Nt = (ot + 3 1 () S 0)
=0 =0

= <pt+fv(p§(1 —gi)ﬁ), 0) = (pt+fv(ﬁy)a 0)

J=0

The connecting homomorphism ﬁfl(G, Ab) — HO (G, Z/piZ) identifies with v. When v # 0, then
H°(G,M,) =0 and H'(G, M,) = F?.

Finally, the extension M, , is defined as the Z,-module %/, ®Zy @ Ab with 7 acting on (¢, ,y)
by (t —i:u(x)pi_l + fo(y),z,¢ - y) with u, v and f, as above. It is not hard to calculate that
dimp, HO (G,Mu,v) =a— 1 and dimp, H! (G, Mu,v) =b—1.

With the above, we have explicitly constructed all classes of extensions in

Extg (2% @ A°,%),i7) = Hom(Z$,F,) @ Homg, (¢ (Z,[(],F,) = Fe @ FY.

The group Autg(Z% & A®) acts from the left on this extension group and this action does
not change the isomorphism class of M, , as a Zy[G]-module. The group acting is isomorphic
to GL4(Zp) x GLy(Z,[¢]) and, for o € GL4(Zp) and € GLy(Zp[(]), the action on (u,v) gives
(u oca"tvo ﬂ_l). It follows that there are four orbits on Fj & IF‘g corresponding to v and v being
zero or non-zero. We set {Z/piz | Zp} = My, {Z/piZ | A} = M, and {Z/piZ ’ Zy, @A} =M, , for
any choice of non-zero u and v with a = b = 1. These three represent distinct isomorphism classes
of indecomposable Z,[G]-modules. For a general u or v with @ > 1 or b > 1, we can show that the
Zp|G]-module M, , is isomorphic to a direct sum of one of the above and a sum Z2~* @ A" in
the following way illustrated in the case @ > 1 and b = 0:

Suppose 0 # u € Hom(Zg, IFP) and a > 1. Then there is a linear transformation o € GL4(Z))
such that ' = u o a~! maps the first basis vector e; € Zy to 1 and all the other basis vectors
e; with ¢ # 0 to 0. The map M, — M, sending (t,z) to (t,«(x)) is the Z,[G]-isomorphism
mentioned above. Since the action of G for M, only involves the first basis vector we see that
M, = Z/piz ’ Zp} @Z;_l. This argument also shows directly that the choice of u in the definition
of {%piz ’ Zy} does not change the isomorphism class of the Z,[G]-module. The situation for M,
and M, , is analogous.

The last statement, that the direct sum is unique, is a consequence of the Krull-Schmidt-
Azumaya Theorem. O

Lemma 20. There are non-trivial extensions 0 Z,|G] M F 0 where F' is one
of the following finite G-modules: F' = Z/pz, F =F,|G] or F = F, 3. Moreover

1. If F=2%; then M 27, ® A as a Z,[G]-module.
2. If F = Fy 5 or if F = F,[G] and M, is cyclic, then either M = Z,[G] or M = {%/,7, | Z,,® A}.

Proof. For the first statement, we need to compute Exté (F s Ly [GD Let p* be the exponent of F
as an abelian group and consider the multiplication by p* on Z,|G). From

[p*]

Home (F, Z,[G]) = 0—=Home (F, %x5[G]) —=Extl (F, Z,[G]) “— = Extl (F, Z,[G])
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we see that Extg, (F, Z,[G]) = Homg (F, %/,kz[G]). First, the map from Fb 5 to %/,25[G] sending 1
to Zf;ol w™ir? with w = 1 + pw is a G-equivariant map; therefore Exté (Fg,u—”Zp[G]) # 0. Since
Home (%/pz, Fp|G]) = %/pz and Home (F,[G], F,[G]) # 0 we also have the non-trivial extensions in
the other cases.

Assume now M is such a non-trivial extension. Since Z,[G] is cohomologically trivial, we have
HY{(G,M) = H'(G,F). Note also that M; injects into F, but it cannot surject otherwise the
extension would be split.

For F = %/,; the non-trivial extensions must then be torsion-free. Since H'(G,%,z) = %/,
the table in Theorem 19 tells us that M must be isomorphic to Z, @ A.

If F is Fy g, then M, is either trivial or %/z. Since H' (G, Fs, ) = 0, this only leaves Z,[G] or
{%hz | Z, ® A}; in the first case 1 € Z,[G] is sent to T — @, where @ € Zy is a lift of w, in the
second case it is sent to (0,p,1) € {Z/pz ’ Z,® A} defined as M, , in the proof of Theorem 19.

If F =TF,[G] and M, is cyclic then M, has at most p elements. We reach the same conclusion
as above given that H'! (G JFp [G]) also vanishes. Also here it is possible to write down an explicit
extension. O

4.2 Metacyclic groups

Despite being interested mainly in the dihedral case, we present the results in a slightly more
general setting. Let m > 1 be a divisor of p—1. Let £ be a choice of a primitive m-th root of unity
in Z,. Let r € Z such that » = £ (mod p) so that 7™ =1 (mod p). In this section we treat the
case of the metacyclic group

G={(ro|m™=0"=1and o7 =7"0) (3)

of order pm. We write N for the normal subgroup generated by 7 and H for the subgroup generated
by 0;s0 G = N x H. This includes the case G is the dihedral group D, when m =2 and r = —1.

For i € %/,,7, we define the G-lattice Z,{i} which, as a group, is just Z,, the action by 7 is
trivial and by o is the multiplication with £’. We have Z,[G/N] = @' Z,{i} as the index of
N in G is coprime to p.

Next, let B = Z,|G/H] and set B{i} = B®y, Z,{i}. Then Z,[G] = @?:01 B{i}.

Finally, we define A as (7 — 1)B, which is the kernel of the augmentation map B — Z,,. If we
equip the group Z,[¢] where ¢ is a primitive p-th root of unity with the group action defined by
letting 7 act as multiplication by ¢ and o(¢/) = (™ for all 0 < j < p, then A is isomorphic to
(¢ = 1)Zy[C]. For any i, we set A{i} = A®z, Zp{i}. In particular A{m — 1} = Z,[(]. It follows
that Tnd§ (4) = @7, A{i}.

We have a non-split exact sequences

0 AL} B{i} Z,{i} ——=0

0 Z,{i} B{i} Ali—1) —=0

forall 0 <7< m.

The complete list of simple Q,[G]-modules is given by Z,{i} ® Q, and A{i} ® Q,; this follows
from Proposition 21 below. It was first proven by Pu in [12]. See [31] for the case of dihedral
groups.

Proposition 21. The lattices Z,{i}, A{i} and B{i} for 0 < i < m represent all isomorphism
classes of indecomposable finitely generated Z,[G]-lattices.

Proof. Since [G : N] is coprime to p, the proof of Proposition 33.4 in [18] shows that all indecom-
posable modules are summands of Ind% (X) as X runs through all indecomposable N-lattices. The
proposition follows now from Proposition 16 and Ind§ (Z,) = @7, Z,{i}, Ind% (A) = @7, A{i}
and Ind§ (Z,[N]) = @7, B{i}. O
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As all B{i} are direct summands of the free Z,[G], they are projective G-lattices. Therefore
they are cohomologically trivial. Write Fp,{i} for the G-module Z,{i}/pZ,{i}. Then we have that
HO(N,Zy{i}) 2 F,{i} and H'(N, A{i}) 2 F,{i} as G/N-modules.

Unlike for the cyclic group, the decomposition of a Z,[G]-lattice M into indecomposable lattices
cannot be determined by knowing the Q,[G]-module M ®Q,, and the cohomology groups Hi (N , M)
only. In [48], Torzewski considered an additional invariant, which we are going to introduce next.

For a general finite group G, we say that a Z,[G]-lattice M is rationally self-dual if Homg, (M ®
Qp, Q) = M ® Q, as Qpy[G]-modules; equivalently there is a non-degenerate G-equivariant sym-
metric bilinear pairing 8: M x M — Q,. If M = M ®z Z, for some Z[G]-lattice M then it is
automatically rationally self-dual. All Z,[G]-lattices are rationally self-dual if G is the cyclic group
of order p or the dihedral group of order 2p. Instead for our group G, any rationally self-dual
lattice is a (not necessarily unique) direct sum of

Zp, A, B, A{i}, Zp{i} ® Zp{—i}, B{i} ® Zy{—i}, B{i} ® B{—i} for 0 <i < =

as well as B{¢}, Zy{5} when m is even.

A Brauer relation for G is a formal sum © = g o H of subgroups H < G with coefficients
ag € Z such that @, Q[G/H]"" is zero as a virtual representation of G. For our group G, all
Brauer relations can be obtained from Artin’s induction theorem, see Theorem 2.10 in [418]: For
each divisor 1 < d | m, let

Oy=1—-d-H;— N+d- -Gy

where Hg is the subgroup of H of order d and G4 = N x Hy.
To every Brauer relation © = ), ag H and every rationally self-dual Z,[G]-lattice M one
associates a Dokchitser regulator constant Ce (M) € Q) /0] where 0 = {22 ’ z € Z;} by

Co (M) = Hdet(ﬁﬁ ’ MH)“H .0 (4)
H

where 8 is a G-equivariant pairing on M. See [22] for the basic properties, including the fact that
the definition is independent of the choice of 5. The special case of dihedral groups was already
worked out by Bartel in Theorem 4.4 in [2].

We are interested in the integer sq(M) defined to be the p-adic valuation of Cg,(M). As proved
in [48, Theorem 1.1], the kernel of the map s = ®s4 from the Q-vector space with basis Z,[G /U]
as U runs through all subgroups U < G to Q is equal to the subspace generated by all cyclic U.

Proposition 22. Let 1 < d be a divisor of m and 0 < i < m. We have sd(Zp) =1-—4d and
sd(Zyp{i} & Zp{—i}) = 2. Also sq(A) =1 —d and sq(A{i}) = sa(B{i} ®Z,{—i}) =2i+1—d and
sd(B) = sa(B{i} ® B{—i}) = 0. Further, if m is even, sq(Z,{%}) =1 and sq(B{Z}) = 0.

Note that s4; cannot be extended to an additive function on all lattices. The result in the
proposition can be deduced from the explicit and more general calculation by Torzewski in [48,
Proof of Theorem 4.1] where he found that sq4(Z,[G/G.]) = (1—g)- 22 for any d and e dividing m
and g = ged(d, e). We proceed here to calculate it directly on all the minimal rationally self-dual
lattices.

Proof. By Proposition 2.45.(3) in [22], the regulator constants satisfy Ce, (M) = Ce, (M|g,), which
implies that we may restrict to the case when d = m. We will write C for Cg,,. To show that
C(Zy,) = p'~™ is a direct calculation on the definition. The same goes for C(Z,{i} ® Z,{—i}) = p*
using the bilinear form (‘1) (1)) for all 0 < i < m. From the additivity of the regulator constant, see
Corollary 2.18 in [22], we may conclude that C(Z,{%}) = +p for even m.

Let y = 237:01 E*jTTjH € A. Tt satisfies o(y) = £ - y. Using that £ = r (mod p), we find

y=(E ) (T ) -0 =0m (-0 £0 (mod (7~ 17°B)
j=0

Jj=0
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Consider the map A®Z,{i+1} - A®Z,{i} sending a®z to ay ® z. Its image is (7 —1)A® Z,{i},
which is of index p. Therefore we have the short exact sequence of Z,[G]-modules

0——=A{i +1}——A{i}——F,{i+ 1}——0. (5)

We conclude that A{i+ 1} has index p in A{i} and that A{i+ 1} = A{i} forall0 <i<m—1.
Using A{i}¥ = A{i}¢ =0, for all 0 <i < m — 1, we have

det(8 | Afi+1}) p*det (8 | A{i})

A1) = T Al + )™ det(L5 | A"

=p” - C(Af{i}).
Thus C(A{i}) = p? - C(A) for all 0 < i < m — 1. Since @;’;61 A{i} 2 nd$ (A), we find

c(nd§(4)) = [Te(afiy) =c(agiy™ - pmom=n.

i=1

But since Cg,, (Indjc\", (A)) = Cresy(o,,)(A) by Proposition 2.45 in [22] and the restriction of ©,, to
N is trivial, we get C(A)™ = p~™™=1)_ Hence s,,(A) = 1 —m and by the above recursion formula
sm(A{i}) =2i+1—mfor all 0 <i<m— 1. In particular s,,(Zy[(]) =m — 1.

Just as before C(B) = C(Z,[G/H]) = 1 because the restriction of ©,, to H is trivial; that is
Lemma 2.46 in [22].

Consider the map

®: 7y [G/H] — Z, & Z,[(]
p—1 p—1 p—1
Zai T'H (Zai, Zaici).
i=0 i=0 i=0

It is an injective G-equivariant map whose image is {(;U, a) € Zp, & Zyp|(] ’ x=a (mod ¢ — 1)} of
index p. We deduce the exact sequence

0——B{i}  Zy{~i}—>Afi — 1} ® L, {i} © Z,{ ~i}—F,{i}—0

for all . When 0 < ¢ < m, then the G and H-invariant parts of the first two terms are equal, while
the N-invariant parts are of index p. The same reasoning as above concludes now that

C(B{i} @ Zp{—i}) = C(A{i — 1} ® Zp{i} ® Zp{—i}) = C(A{i — 1}) - C(Zp{i} ® Zp{—i})
and hence s,,, (B{i} ® Zp{—i}) =2(i —1)+1-m+2=2i+1—mfor 1 <i<m—1.
Finally
C(Bli} @ B{=i}) - C(Zp{i} ® Zp{~i}) = C(B{i} & B{~i} & Zp{i} ® Z,{~i})
= C(B{i} ® Zp{~i}) - C(Zp{i} ® B{~i})
shows that, for 0 < i < m, we have sq(B{i} ® B{—i}) =2i+1-m+2(m—i)+1-m—-2=0. O
In the special case m = 2, when the group is dihedral, all G-lattices are rationally self-dual.

Theorem 23. Let p > 2 be a prime and let G = D,,. Then a Z,[G]-lattice M is determined up to
isomorphism by the knowledge of

o M ®Q, as a Q,[G]-module,

o H'(N,M) as a F,[G/N]-module, and

o the regulator constant s(M) = ord,(Ce,(M)).

This is explained in [418, Section 7.1], but can also be read off the Table 1 below. This theorem
does not extend to the more general metacyclic groups even if one restricts to rationally self-dual
G-lattices.
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4.3 Saturation index

Given a finite group G and a Z,[G]-module M, we define the saturation index ¢(M) to be the
quotient of M by the subgroup generated by all M where H runs through all non-trivial cyclic
subgroups of G. Alternatively, it is the quotient of M by the sub-Z,[G]-module generated by all
M* where H runs through a set of representatives of all conjugacy classes of non-trivial cyclic
subgroups of G.

M
UM) =
chclic H<LG MH
This index and its generalisations appear dominantly in the work of Bartel and de Smit [4, 2]. By

Artin’s induction theorem ¢(M) is a finite Z,[G]-module for all non-cyclic groups G.

We call t(M) the saturation index because of the following observation in the case of M being
the p-adic completion of E(K) for some elliptic curve. If we need to determine E(K) explicitly,
then we would start by a search for points in E(K ) for proper subgroups H as this is quicker than
searching in F(K) directly. These points then generate a submodule of F(K) of finite index if G
is non-cyclic and there is an effective algorithm [11], called a p-saturation, to calculate the full M.
This algorithm effectively calculates ¢(M), though usually only its size is of interest. Unfortunately,
at this stage, we have no means to relate the invariant ¢(M) directly to arithmetic information of
E that is easier to calculate than M itself. We may use it to determine M once we have E(K )
for all non-trivial cyclic H, without having to calculate the matrices representing the action of G
on the generators of E(K).

Note also that the functor ¢ is additive «(M & M’) = (M) & «(M’) because >, M7 & M'7 =
(g M) @ (X M), but it does not behave well in short exact sequences.

Proposition 24. Let G be a metacyclic group of order pm as in (3). Then (M) is trivial for M
isomorphic to A{—1} = 7Z,[(], B or Z,{i} for any i, while «(A{i — 1}) = «(B{i}) is a Fp-vector
space of dimension m — ¢ for any 0 < i < m.

The structure of (A{i — 1}) as a Z,[G]-module can be described by stating that it is the
unique indecomposable F,[N]-module of that dimension and as a F,[H]-module it is isomorphic

to Z!f F,{k}. This extends the calculation by Bartel in [2] to more general metacyclic groups.

Proof. If M = Z,{i} for any i then M~ = M and therefore t(M) = 0. Also +(B) = 0 because the
element 1 H € Zj, [G /H ] generates B and it is fixed by the action of the cyclic group H. Similarly,
U(Zp[¢]) = 0 as Z,[¢]¥ contains 1.

Let now 0 < i < m and M = A{i — 1} = (¢ — 1)"Z,[¢]. Since MY = 0, we only need to
find M. From sequence (5) we find that A{i + 1}* is isomorphic to A{i}!’. Hence by induction
((¢— 1)in[(])H = (¢ = 1)™Zy[¢] N Zy[¢]*. Therefore ((¢ — 1)"Z,[¢]) is the quotient of (¢ — 1)*
by (¢ —1)™ as ideals in Z,[¢]. Hence ¢(A{i — 1}) is isomorphic as a group to Z,[¢]/(¢ — 1)™ 7,
which is isomorphic to F' ™" asm —i1 <p—1

If we identify B{i} with the subset of (a,2) € (¢ — 1)'Z,[¢] ® Z,{i} such that a = (¢ — 1)" 2
(mod (¢ — 1)), then we find (B{z})N = {(0,2) | z € pZ,} and (B{z})H = {(a,0) | a €

O

(¢ = 1)"Zy[CI N Zp[¢]* }. Tt follows that «(B{i}) = ¢((¢ — 1)'Zy[¢]) = «(A{i — 1}).
The following can be read out directly from Table 1 below.

Proposition 25. The last entry in the list in Theorem 23 can be replaced by
o dimg, t(M).

4.4 Summary

In Table 1 we summarise the information gathered about Z,[G]-lattices, in case G = D,,. We write
7, for Z,{1}, as well as A = A{1}, and B = B{1}, and F, = F,{1}.
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Table 1: Invariants of lattices for the dihedral group D,

M Z, 1, A A B B
rk M 1 1 p—1 p-1 P D
-1 -1 +1 -1
rk M N e
tk MV 11 0 0 1 1
rk M¢ 1 0 0 0 1 0
HO(N, M) F, F, 0 0 0 0
H'(N,M) o o F, F, 0 0
s(M) -1 1 -1 1 0 0
dimg, (M) 0 0 1 0 0 1

5 The group of local points in a cyclic extension

We now turn our attention to the Z,[G]-structure of the group of points on an elliptic curve in
a local extension. The method in this section could be applied to an arbitrary extension whose
group is one we understand the Z,[G]-modules that could arise. However we will concentrate on
the simplest extensions and it turns out that the answer is already quite involved.

Theorem 26. Let p > 2 be a prime and let K/Q, be the unramified extension of degree p. Let
E/Q, be an elliptic curve. Suppose that, if p = 3, the curve does not have additive reduction
of type IV or IV*. Unless the reduction is split multiplicative and the Tamagawa number ¢, is
divisible by p, we are in one of the following three cases:

|E(Qy)[p]| 1 P P
E(K)[p]l 1 p P’
E(K)®Zp ZP[G] {Z/pZ ‘ ZZ)@A} Fs @ZP[G]

7

If the reduction is split multiplicative and p | ¢,, then set j = ord,(c,) and |E(Q,)[p>]| = p'.
Then we are in one of the following cases:

1 =0 j=1>0 j>1>0
E(K)®Zp ZPEBA Z/piZeBZP[G] {Z/PiZ‘A}EBZP

Note that the modules {%},i7 | Z, ® A} with i > 1 and the modules {%/,iz | Z,} ® A for i > 1
cannot occur under the hypotheses of Theorem 26, neither can Fb 5 ® Z, ©® A nor Z/pz ®Zy, D A.

Proof. Let M = E(K)®Z,. Since the formal logarithm induces a Q,[G]-isomorphism M ®Q, — K,
we have M ® Q, = Q,[G]. Since K is unramified, the p-th roots of 1 cannot be contained in K
and therefore M; = E(K)[p™] is cyclic. Hence the classification in Theorem 19 applies.

From Lemma 7, we know that D = H 9(G, M) is cyclic of order p if the reduction is split
multiplicative and p | ¢, and otherwise it is trivial.

Assume D is trivial. If the reduction is split multiplicative then p { ¢, and as the Tate parameter
g of E has a valuation that is not a multiple of p, there cannot be any points of order p on E(Qy).
For other types of reduction, we know that both the formal group E‘(pr) and the group of
components ®(F,) have no elements of order p, which means that E(Q,)[p] injects into E(F,,).
By the Hasse-Weil bound in the case of good reduction and by direct considerations in the case
of bad reduction, we deduce that E(Q,)[p>] is either trivial or cyclic of order p. In the first case
M, = E(K)[p®™] is also trivial and the only option for M is then Z,[G]. In the second case, M, is
either Z/pz or Fy 5, which explains the other two entries in the first table.

We can now assume that the reduction is split multiplicative and p divides ¢,. So D is cyclic
of order p. Set j = ord,(c,) > 0 and i such that p’ is the order of E(Q,)[p>].
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Since M, injects into ®(F.,)[p>] = %/,iz, we must have M, = %/,i7 as a Z,[G]-module. There-
fore, we must have j > i. If ¢ = 0, then the classification limits us to only one option, namely
M = Z,5A. Ifi > 0, then let P be a point of exact order p’ on E(Q,) and consider the isogeny from
E to E' whose kernel is generated by P. In terms of the Tate curve, this map K* /¢ — K* /¢'*
is induced from the identity map and (¢’)?" = ¢. Now the order of the torsion subgroup of E’ is no
longer divisible by p as ¢ is not a p-th power in Q,. This implies that E'(K) &® Z, is isomorphic
to Zy, & A or Z,[G] depending on whether the Tamagawa number ¢ of E’ is divisible by p or not.
If pf ), then j =i and the extension between %/,i7 and Z,[G] must split.

Instead if p | ¢}, then j > i. The only extensions of %),z and Z, ® A with D = %/,; are
{%iz | Zp}t ® A or {%, | A} ® Z,. We can exclude the first case because the map from
MY = E(Q,) ®Z, to E'(Q,) ® Z, must be surjective. O

The same proof should work if k = Q, is replaced by a finite extension of Q, with ramification
index less than p — 1. The case of reduction IV and IV* when p = 3 can be treated as well but
they are more complicated as illustrated by the last example in this section.

5.1 Examples

We wish to give explicit examples for Theorem 26 and thus we take K/Q, to be the unramified
extension of degree p. To cover all possible cases with split multiplicative reduction it is enough
to look at Tate curves whose parameters are, say,

k2

g=p" -(L+pP = (ppj_i (1 +p))p

with integers j > i > 0. This g is a p’-th power so there are p’-torsion points in E(Q,). Since 1+p
is not a p-th power, we get E(Q,)[p™] = %/,iz. Also v,(c) = v,(v,(q)) = j.

For the two additive cases, we can take the following two examples. First E : 2 +y = 3 over
Q3 has additive reduction of type II. There is a 3-torsion point (0,0) in E(Q3). Hence E(K) ® Z,
must be {%/z | Z, ® A}.

Secondly, E : y? +y = 23 — 270 x — 1708 has additive reduction of type II* over Q3. This time
one can show that E(Qs) does not contain a point of order 3 directly by checking the roots of the
3-division polynomial. Alternatively on can use the map 0 in the exact sequence

0——>E(Q,)[p]—E°(F,) [ —2=E(WZ,) [pE(pLy).

For instance the point P = (1,3 4+ 3% +2-33 4 --+) has non-trivial non-singular reduction. Then
Q=3P =(3242-3>+---,2:37342.372+...) belongs to E(pZ,) but not to pE(pZ,) = E(p*Z,).
Therefore d(P) = Q + pE(pZ,) is non-trivial. Tt follows that E(Q,)[p] is trivial and E(K) & Z,, is
isomorphic to Z,[G].

Now to curves with good reduction. The curve y%+xy+y = x> — 171 x — 874 has good ordinary,
anomalous reduction P = (1,0) over Q3. With the methods from the previous case one can show
that E(Q,)[p] is trivial in this case. Thus F(K) ® Z, is a free Z,|G]-module.

Instead the curve E : 42 +zy +y = 23 + 42 — 6 has also good ordinary, anomalous reduction
over Q3, but it contains a 3-torsion point (2,2). It can be shown that this point does not become
divisible by 3 in K. Therefore E(K) & Z, must be isomorphic to {%/,z | Z, ® A}.

Finally, here an example when F(K)®Z, must be Fy ;5Z,[G]. The curve E : y?+y = 23+2%+z
has a 3-torsion point 7' = (0,0) and it has good reduction over Q3. The extension K can be obtained
by adjoining ¢t to Q3 with t3 +2¢+ 1 = 0. Then the point

S=((+2t+2)+ 2 +t+1)- 34+ +t+2)-3>+ (2t +2)-3°+---,
E+t+1)+(E+2)-3+2-32+ 282 +2t+1)- 32 +-+)
is such that 35 =1T.

Therefore we have found explicit examples for all possible Z,G-modules in Theorem 26.
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To illustrate that the situation is more complicated in the cases not treated in Theorem 26, we
add one example. The curve

vV +ary+9y=a—2>+9z+9

over Q3 has additive reduction of type IV with Tamagawa number ¢, = 3. This curve has a rational
9-torsion point T with z-coordinate 3 +2-3% +2-3* +3% +364+2.37 +3%+ 2.3 + O(3'0). It
has bad reduction, but 37 is a 3-torsion point with good reduction. It seems that E(K) & Z, is
isomorphic to {Z/QZ | Z3} @ A.

6 Descent for Mordell-Weil and Selmer groups

We pass to studying global extensions and gather the tools to investigate how the Galois group of
a finite extension acts on the Mordell-Weil group and on the Selmer group.

Let k now be a number field and let K/k be a finite extension with Galois group G. Let E/k
be an elliptic curve and let p be an odd prime.

We write M = E(K)®Z, = E(K)®Z,, which we are going to study as a Z,[G]-module. Recall
that M; is the torsion subgroup of M and My = M/M;. We have MY = E(k) ® Z,. Similarly the
G-fixed part of M ® Q, = E(K)®Q, is E(k) ® Q,. Consider instead the limit th(K)/p”E(K)
which naturally identifies with F(K)® @/, . The map comparing the G-fixed part of E(K)® @/,
with E(k) ® @/, measures if any point P € E(k) becomes divisible by p in E(K) when they were
not in E(k):

Lemma 27. We have an exact sequence

Oﬂker(Hl (G, M;) — HY(G, M)) —FE(k) @ Wfy, —> <E(K) ® @p/Zp)GHHl(G, My)—=0.

Proof. First the definition of My yields the long exact sequence
0——=E(k)[p>*]——E(k) ® ZPHMJ?HHI(G, M) ——HYG, M).
Further we have an exact sequence
OHMFHE([@) ® Qp—— (E(K) ® QP/ZP) G—>H1(G, M) ——0
deduced from the short exact sequence
0——M;——E(K) ® Q——E(K) ® ¥/z, —0

and an isomorphism

HY(G,E(K) %/, ) = H*(G, My) (6)
which will be useful later. The kernel-cokernel sequence for the composition E(k)®Z, — E(k)®Q,
via M]g produces the exact sequence in the lemma. O]

In particular, if M is torsion-free, then H'(G, M) is the cokernel of the injective map E(k) ®
fy, = (B(K) @ Ufy,) .

We can compare M to the local group of points. Let v be a finite place of k£ and let w be a
place of K above v. Let M,, = E(K,,) ®Z,. If v{p then M, is finite; otherwise it is a Z,-module
of rank [K,, : Qp]. In Section 5 we have investigated M, as a Z,[Gal(K,,/k,)]-module. Setting
M, = D,,, Mw we get a Zp[G]-module.

By S we will denote a fixed choice of a finite set of places in k containing all places above p
and oo, such that F has good reduction outside S and such that K/k is unramified outside S. The
Galois group of the maximal extension of k which is unramified outside S is denoted by Gg(k).
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We define the p-primary Selmer group Sy as the subgroup of H'(Gs(k), E[p™]) consisting
of elements whose restrictions at all places v € S lie in the image of the local Kummer map
kot E(ky) ® Y/, — H'(ky, E[p>]). The compact p-adic Selmer group & is the subgroup of
H'(Gs(k), T,E) defined in the same way with respect to the local Kummer maps E(k,) ® Z;, —
H? (kv, TpE) in the cohomology of the Tate module 7),E. The cokernel of the global Kummer map
E(k) @ %/;, — Sy is the p-primary part of the Tate-Shafarevich group II(E/k). We will simply
denote it by .

Assumption 1. Throughout this article we assume that the p-primary subgroup Iy, of the Tate-
Shafarevich group is a finite group for all number fields k& and all elliptic curves.

One can drop this assumption and work with the quotient of III; by its maximal divisible
subgroup instead. It follows from this assumption that Sk is simply M = E(K) ® Z, and &
is MC.

Using the isomorphism (6), we obtain a commutative diagram

G

0—— (E(K) ®Q”/Zp) S§ % H?(G, My)
T A

0— E(k) @ %/, Sk 11, 0

which describes the link of the exact sequence in Lemma 27 to the natural restriction maps «
on the Selmer group and n on the Tate-Shafarevich groups. Below we will determine the kernel
and cokernel of a. We denote the kernel of by Cg/;, and call it the capitulation subgroup of
I (E/k)[p>] with respect to the extension K/k. The snake lemma applied to this diagram provides
us with an exact sequence

ker(a) Ck /i HY(G, My) > (7)

C—> coker(a) — coker(n) —— H?(G, My).

Assumption 2. We assume that F(K) does not contain any non-trivial p-torsion elements.

Lemma 28. Under Assumption 2, we have the exact sequence

0——=ker(a) Ck/k HY(G, M)——=coker(a)——coker(n)——=H?(G, M).

Proof. The kernel of the first map in the sequence (7) is in fact the kernel of H'(G, M;) —
H'(G, M) as we have seen in Lemma 27. By the assumption M is Zy,-free, hence M, is trivial and
My =M. O

Our next aim is to determine the cokernel of the restriction map o between Sy, and S¢. Global
duality, in form of the exact sequence due to Cassels, see Section 1.7 in [14], allows us to compare
M with the local terms M,,. It yields the exact sequence

M——>@, s M,—H"(Gs(K), E[p>]) —=8),—>0
of Zy[G]-modules. The kernel of the first map is defined to be the fine (or strict) Mordell-Weil
group Rg k. In many circumstances this group is trivial; see for instance [50]. By global duality,
as in Theorem 8.6.8 in [39], Rg x is dual to H?*(Gs(K), E[p>]). We compare the G-fixed part of
the dual of the above exact sequence with the corresponding sequence over k to make the map «
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appear in the following large commutative diagram. The top sequence is only a complex; at the
terms where the complex is not necessarily exact we use the symbol e——.

G G

0——> 8¢ — H'(Gs(K), E[p™)) " —— @, s (M) o (MY)" o (Y ) C o0

] d d o

0 Si H' (Gs(k), Ep®]) —= @,es (MF)" — (MF)" RY 0

The map 7 is then &,cs57, where 7, is the dual of the natural norm map; the kernel of v, is dual
to

D, = coker(N: P E(K.) & T, — E(k,) & Zp)
wlv

= 1°(G. @D E(Ku) 87,) = A° (G, Ma).

wlv

(8)

for any chosen w above v. Here G,, = Gal(K,/k,) is the decomposition group. The groups D,
were studied in detail in the Section 3.
The maps § and € are the dual of the norm map

0t (B(K)®Zp), — E(k) ®Z,

and its restriction to the fine Mordell-Weil group. Therefore ker(d) is dual to H°(G, M) and
coker(d) is dual to H~1(G, M). The commutativity of the diagram follows from the functoriality
of global duality and the local duality of restriction and corestriction.

Our assumption 2, that E(K) has no non-trivial p-torsion points, implies that § is an isomorph-
ism by the inflation-restriction-transgression exact sequence, see Proposition 1.6.6 in [39].

We are in a situation where we have a morphism of complexes A®* — B*® with A® exact. Let
A* be the complex of kernels and B® the complex of cokernels. As a consequence of the long exact
sequences of cohomology of complexes in short exact sequences, we can deduce that there is a long
exact sequence

~~H-Hi+1(/_1°) Hi(Bo) Hi(B')HHi+2(A')*>~~

In our case, since the first two terms of B*® have trivial cohomology, we deduce that ker(a) = 0
and that

0——coker(«) ker(v) ker (ker 0 — ker a) —

is exact. The image at the end is a subquotient of @, (E(Ky) & Zp)v.

If we are just interested in coker(a) we see it here as the kernel of kery — kerd. The dual of
this map is H*(G, M) = @,cq Dv. As E(k)®Z, — H°(G, M) is surjective, we find that coker(c)
is dual to the cokernel of E(k) ® Z, — @, g D». We have shown the following:

Proposition 29. We have ker(a) = 0 and coker(a) is dual to the cokernel of E(k) ® Z, — Dy,
where D/ = @,c5 Do = Ppes H (G E(Kyw) & Zy).

We have calculated D, in many circumstance in Section 3. Here is a summary for the most
frequent situation

Proposition 30. Suppose that no place above p is wildly ramified in K/k and suppose that the
ramification index e, is not divisible by p at all places where E has bad reduction. Then

Dy jp = @ Z[(cv, fo,p™)LZ D @ E(Fv)[pm]/evE(Fv)[poo}
vESy vESy

where S}, is the set of all places where E has bad reduction and S, is the set of all places where p
divides the ramification index e,,.
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Proof. For all places with p t e,, Proposition 13 shows that D, is cyclic of order equal to
ged(cy, fu, p™). This is non-trivial only for places of bad reduction and they appear in the first
sum above.

If v is a place in S;, then, by assumption, E has good reduction and v 1 p. Therefore Proposi-
tion 15 applies and gives the second term. O

Note that the map F(k) — E(k,) — D, is explicit and easy to calculate. As a consequence,
we can effectively determine the cokernel of « using Proposition 29. This is efficient, but more
involved if the conditions of Proposition 30 do not hold, but local ad hoc calculations will allow
to determine D/, and hence coker(a). As a consequence, the above proposition can be used to
determine coker(a) explicitly using only local information and information about E over k in all
cases.

7 The Galois module structure of Mordell-Weil groups

Let E/k be an elliptic curve and let K/k be a Galois extension of number fields with group G. Let
p be an odd prime. Throughout this section, we continue to work under the Assumptions 1 and 2.

Recall that the aim is to understand in what cases we can determine the structure of M =
E(K)®Z, as a Z,[G]-module, preferably with information that is easier to access than computing
M itself.

We first recall the results of [13], which can be extended to all situations when we have “perfect
control”, i.e., when

a: S, — 8§

is an isomorphism.

Theorem 31 (Theorem 2.2 in [13]). Assume that coker(«) is trivial. Fix a p-Sylow subgroup H
of G. Then M is a projective Z,[G]-module if and only if M ® Q,, is a free Q,[H]-module and
Ci kn is trivial for all subgroups H in H.

When the p-Sylow subgroup H is cyclic, we can use the results of Yakovlev [54] to determine M
as follows. Since H is cyclic, say of order p™, we have a tower of fields F; such that [K : F;] = p"~*
and FO = KH

Theorem 32 (Theorem 2.6 in [13]). Suppose that the p-Sylow subgroup H of G is cyclic. Assume
that coker(«) is trivial. Then M is determined up to isomorphism by the the ranks of E(F;) and
the knowledge of the capitulation kernels as Z, [NG (H)]-modules together with the restriction and
corestriction maps between them:

Ck /R Ck/py = Ck/r. -

Since Ckp, = A1 (K/Fi, M) ~ H! (K/Fi, M) the diagram of restrictions and corestrictions
above is an example of a Yakovlev diagram as defined in Section 6.2 in [18], where the precise
formulation of this theorem is discussed. Specialising to the situation when the p-Sylow H of G
is cyclic of order p, the Yakovlev diagram simplifies then to a single group H* (7-[,, M) viewed as
a F,[Ne(H)/H]-module. It is well possible that the results in [31] also hold under the weaker
hypothesis that « is surjective.

In order to generalise to the case when « is not necessarily surjective, we will use Torzewski’s
result [18] which extends Yakovlev’s theorem (as in Theorem 23 for the dihedral case) by involving
the regulator constants sg(M), too. This new ingredient can be linked to arithmetic information
as follows. Fix an invariant differential w on E and write u, = |w/wWNéron|» for when it differs from
the Néron differential wnegon of E at the finite place v. For any field F/k, we define C(E/F) =
[L, co(E/F) - u, to be the modified product over all finite places v of F' of the Tamagawa numbers
¢y. This quantity together with the real and complex periods with respect to w should appear
in the leading term of the Birch and Swinnerton-Dyer conjecture for E/F. The following is a
consequence of Theorem 2.3 in [23].
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Theorem 33. Assume that no place of additive reduction ramifies in K/k. Let © = > m,; H; be
a Brauer relation for G. For F = K write s; = ord,(|Ill¢|) + ord,(C(E/F)). Then sg(M) =

—’E:iWHS@

Under our assumption, we can determine the parity of sg(M) from the Tamagawa numbers
only as the Tate-Shafarevich groups are of square order.

Corollary 34. Under our assumptions, se(M) = >, m; ord,(C(E/F)) (mod 2) for any Brauer
relation © =Y. m; H;.

The parity here will link directly to global root numbers. However in the general case, we often
need the ranks rather than just their parity. In the particular cases that we turn our attention to,
the valuation of sg(M) and the rank over k will provide more information than the root numbers.

7.1 Cyclic extensions

Suppose first that G is a cyclic group of order p. Recall that we write D/, for @, g D., which

is a IF,-vector space in our situation.

veSs

Corollary 35. Let S? be the set of all ramified places in k not lying above p and at which E has
good reduction. Then

dimp, Dy, > #{v ’ v inert and p | cv} + Z dimp, E(FU)[p].

veS?

If no place of bad reduction and no place above p ramifies, then we have equality.

Proof. First the dimension of D ;. is larger than the sum of the dimensions of D, for all places
excluding the ramified places above p and the ramified places at which E has bad reduction. For
the remaining v, we calculated D, in Proposition 30 and we can simplify it a bit because G is
cyclic of order p. O

Recall that, by Proposition 16, there are only three indecomposable Z,[G]-lattices Z,, A and
Zp|G] in this case. We note that M cannot be determined by rk E(K) and rk E(k) only, but they
will determine it together with the order of H(G, M).

Proposition 36. Let E/k be an elliptic curve and K/k a cyclic extension of degree p.
(i) If Iy and Dk are trivial, then rk F(K) and rk E(k) determine M.
(ii) If rk E(k) = 0 and I is trivial, then rk E(K) < (p — 1) dimp, Dg/j.
(iii) If rk £(k) = 0 and Iy is trivial, but rk E(K) < (p — 1) dimp, Dk, then Ik is not trivial.
(iv) If « is surjective, rk E(K) > rk E(k) = 1, and Iy, trivial, then M = Z,[G] and IIx = 0.

Proof. For the first point, the hypothesis imply that coker(a) and C/y, are trivial. By Lemma 28,
this implies that H'(G, M) = 0 and hence M is a direct sum of copies of Z,, and Z,[G], which can
be determined by the ranks alone.

In part (ii) and (iii), rk E(k) = 0 implies that M is a a direct sum of copies of A. The number
of copies is equal to dimg, H'(G, M) which is the dimension of ker(coker(a) — coker()). As the
rank is zero over k, the cokernel of « is dual to Dk i. If the resulting inequality is strict, then
coker(n) is non-trivial and hence so is I g.

For the final part (iv), the surjectivity of @ and the triviality of I1I; imply that H'(G, M) = 0.
As the rank grows but is equal to 1 over k, we must have M = Z,[G]. This now also implies that
H?(G,M) = 0. From Lemma 28 we learn that 7 is surjective. Since G is a p-group, the triviality
of I implies that I is trivial. O

Proof of Theorem 2. The assumption that L(E,y,1) # 0 implies by Kato’s result in [29] that
tk B(K) = rk E(k). Therefore M = Z; with r = rqg. By Corollary 35, the dimension of D /q is
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greater or equal to u; + us because the sum of the dimensions in the second term is larger or equal
to the number of £ € SO such that p | #E(F,), which equals uy. Therefore, Proposition 29 tells us
that coker(«) has dimension at least equal to u; + uz — r. Since H'(G, M) = 0, coker(«) injects
into coker(n) by Lemma 28. Hence dimg, Il [p] > dimg, I [p], which is the minimal number of
generators of II1§, and it must be equal or larger than dimp, coker(n) = uy 4+ug — 7. (By the way,
we also get dimg, I [p] < uy + ug + r + dimg, 11,[p].) O

The exact sequence relating the Mordell-Weil group M and the Tate-Shafarevich group g to
the Selmer group Sk is split as a sequence of abelian groups [27], but not necessarily as G-modules.
There is one important exception.

Lemma 37. Suppose M = Z,[G]. Then
Sk = (B(K) %/, @Ik
as G-modules and we have an exact sequence

0 11T, ¢ D

}/(/k 0.

Proof. Note that there is a G-equivariant morphism Homyg,, (M , Zp) — Homg, (M ® Qf’/zp,@?/zp)
sending f to the map m ® z — f(m) -z for all m € M and z € %/, . By the assumption that
E(K)[p] is trivial, this is an isomorphism. If M is Z,[G]-free, then so is the Pontryagin dual
of E(K)® %/, = M ®%/; . Since the quotient of S by III}; is now a projective Z,[G]-module,
we must have S} = Hom(M,Z,) @ II}, whose Pontryagin dual is the initial statement. The
exact sequence (7), together with H!'(G, M) = 0 and H*(G, M) = 0, shows Ckr = 0 and that
coker(n) = coker(a). As the norm map Mg — MY is an isomorphism, the cokernel of a is dual
to DK/k- O

Theorem 38. Let E/k be an elliptic curve and p an odd prime. Suppose that rk F(k) = 0, that
III), = 0 and that the image of the Galois representation Gal(k/k) — GL(E[p]) contains SL(E|p]).
Then there is a positive proportion of cyclic extensions K/k of degree p with prime conductor such
that M = 0.

Note that we expect that a positive proportion of elliptic curves E/k should satisfy the hypo-
thesis in the theorem. It is important to emphasis that this results is weaker than Theorem 9.21
in [38] in the sense that we restrict to curves of rank 0 and prime degree, but more general in other
aspects. Our proof imitates closely their work and one could also use their Section 11 to obtain a
quantitative result.

Proof. Fix X to be a finite set of places containing all bad places v in k, all places such that p | ¢,,
and assume it is sufficiently large so that H'! (Gg(k), y[p]) = 0. Among all prime ideals outside
of ¥ and outside the bad places for E, we let P be the subset of prime ideals p verifying the
following two conditions: Firstly, that N(p) = 1 (mod p) and, secondly, that all X-units are p-th
powers in O,'. For each p in P, there is a Galois extension k(p)/k of degree p exactly ramified at
p such that all places in 3 are split; this follows from the global class field argument in the proof
of Lemma 9.15 in [38]. Let Py be the subset of primes in P such that p { #E(F,). Analogous to
Proposition 9.10 in [38], the set Py has positive density as explained as follows: By assumption the
Galois group of k(E[p])/k(u[p]) is isomorphic to SLa(F,), which cannot have a subextension that
is cyclic of order p over k(u[p]). Hence the extension L/k(u[p]) obtained by adjoining all p-th roots
of X-units intersects k(E[p]) exactly in k(u[p]). To ask p to lie in P imposes that the Frobenius in
L/k is trivial and to lie in Py is to ask that the Frobenius in SLy(F,) does not have a fix point.
These conditions are independent resulting in Py having positive density by Chebotarev’s density
theorem.

For each of the infinitely many p in Py, the extension k(p)/k is ramified only at p. By con-
struction, we have that p t p and F has good reduction at p. Therefore Proposition 30 applies.
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This implies that Dy, is trivial as p { HE (Fy) and f, = 1 for all places v with p | ¢,. Finally,
Proposition 36 (ii) shows that rk F(K) = 0 and hence M = 0 for all K = k(p) for p € Py. O

Proposition 39. Let E//k be an elliptic curve and p and odd prime. Suppose that there are more
than rk E(k) primes v such that p | ¢,. Then there is a positive proportion of cyclic extensions
K /k of degree p for which we have rk E(K) > rk E(k) or IIIx # 0.

Proof. There is a positive proportion of cyclic extensions K/k of degree p such that all places
v with p | ¢, are inert. For such a K, the dimension of Dy, is larger than the rank of E(k)
by Corollary 35. Then Proposition 29 implies that coker(«) is non-trivial. This implies that
H' (G, M) # 0 or coker(n) # 0 by Lemma 28. In the first case M contains copies of A and hence
the rank of E(K) is larger than the rank of E(k). In the second case, III$ and hence Il is
non-trivial. O

Let us specialise to the case when k& = Q. Since the L-function L(E, x, s) admits an analytic
continuation for all x, it is easy to determine when the rank grows, that is when rk E(K) > rk E(k).
Note that we can calculate the value L(E, x, 1) very quickly using modular symbols and if that value
is non-zero, then the rank does not grow. Under our assumption that Il is finite, L(E, x,1) =0
implies that the rank grows. Rank growth is relatively rare, especially for p > 5, as expected by
the conjectures made in [19, 26]. Cases where the rank grows by more than p — 1 are hard to find,
but see Example G below for such a case.

Corollary 40. If p = 3 or p = 5, then a positive proportion of (E, K) where F/Q is an elliptic
curve, ordered by height, and K is a cyclic extension of degree p and prime conductor, ordered by
conductor, satisfy E(K) = 0.

Proof. This is a consequence of Theorem 38 and the results by Bhargawa and Shankar in [0, 5]
which show that a positive proportion of E/Q have trivial p-Selmer group over Q when p = 3 or 5.
The restriction on the Galois representation is negligible. O

For all practical purposes, we can consider the calculation of ords—1 L(F, x,s), which leads
to a proven upper bound for rx = rk E(K), the calculation of rg and Il as easy. So is the
determination of D /g. As a consequence, in most cases we can calculate M effectively from our
methods without having to do any point search or descent for E over K.

7.1.1 Examples

All elliptic curves in this list of examples are given by their Cremona label as in [17] and provided
with a link to the lmfdb [32]. The computational results are obtained using SageMath [17]. The
p-primary parts of Tate-Shafarevich groups over Q are proven correct by the methods used in [16].
The conductor of a cyclic extensions K/Q of degree p is the smallest m such that K C Q(().
If m is prime, then there is a unique such K in Q((.,), and hence we only need to specify m to
give K.
For a character y of K/Q, seen as a Dirichlet character modulo m, we define the algebraic

L-value 1)
LEX)= ), Xo)[z]" € =Q¢)
a mod m
where []* is the modular symbol attached to F, normalised as in [51] and computed as in [53].

Since L(E, x) is a non-zero multiple of L(E, x, 1), the vanishing of L(F, x) indicates that the rank
of E(K) is larger than the rank of E(Q). Conversely, if L(E,x) # 0, then E(K) = E(Q) under
our assumption that E(Q)[p] = 0.
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Example A) Let F be the elliptic curve with Cremona label 67al and let K be the cyclic field of
degree p = 7 and conductor 29. The curve has rank 0 over Q and coker(a) = D}, /0 has dimension

1 as the number of points in E(Fa) is divisible by 7. Calculating £L(E, x) # 0 for a non-trivial
character of K, proves that the rank over K is still 0. Therefore M = 0 in this case. However,
since HY(G, M) = 0, but coker(a) # 0, we have shown that Illx is non-trivial. In fact, the BSD
conjecture over K is equivalent to III(E/K) having 72 - 132 elements. In our example, the space
of Il i fixed by G is 1-dimensional.

Example B) Similar to the previous example, we have a case with M = Z,, yet IlTx # 0. Take
E to be the curve 37al of rank 1 over Q and K to be the quintic field of conductor 211 and p = 5.
Again D}/(/@ is of dimension 1 as E(Fg;;) is cyclic of order 5% - 32. However, the generator P of
E(Q) reduces to a point of order 45 modulo 211. This shows that coker(a) # 0. This together
with L(E, x) # 0 allows us to conclude that coker(n) = III% has dimension at least 1. BSD says
that III(E/K) is of order 5%.

Example C) The curve 681b3 has rank 0 over Q, but IIlg # 0 for p = 3. Consider the cubic
extension K of conductor 19. Since L(F,x) = 0, the rank grows in this extension, which means
that M is a power of A. However coker(a) is trivial. This implies that the capitulation kernel Cg /q
is non-trivial. A 2-descent reveals that F(K) has rank 2, which shows that M = A. Therefore
only a 1-dimensional subspace of IIlg capitulates in K/Q. Hence I is still non-trivial; it is of
order 9 according to BSD.

Example D) Consider p = 5, the curve 21al over the quintic extension K of conductor 41. The
rank is 0 over Q, but L(E,x) = 0 proves that the rank is positive over K. Since g is trivial,
but coker(«) has dimension 1, we see that M cannot contain more than one copy of A. Therefore
tk E(K) = 2. Since the cokernel of 7 must be trivial, we find that III§ = 0 and hence that 1Tz = 0
as G is a p-group. Conjecturally III(E/K) is trivial.

A similar argument works for p = 7, the curve 38b1 over the extension of conductor 71.

Example E) The curve 89al has rank 1 over Q. As the algebraic L-value L£(F,x) = 0 for the
degree 11 extension of conductor 23, i.e., K = Q((23)", the rank must grow. However « is
surjective and g = 0. Therefore H' (G, M) = 0, which implies that M = Z,[G] is free. We can
also conclude that IIIx = 0.

For rank 1 curves with rank growth, it is very frequent that M is free.

Example F) The curve 130a3 has rank 1 over Q and L(E, x) = 0 for the cubic field K = Q(«)
of conductor 43 with a® + a? — 14a + 8 = 0. The analytic rank tells us that rx = 3 and we
know that IIlg is trivial. However, coker(a) has p = 3 elements. Hence M contains at most one
copy of A, but we cannot decide at this point whether M is Z, & A or Z,[G]. In this case, we
actually calculate the points in F(K). One finds that there is a point P € F(K) with z-coordinate
75 (—48 132+ 33 a?). The usual saturation shows that Z,[G] P has index p in M, which already
tells us that M = Z, ® A. Alternatively, one can calculate the matrix of how a non-trivial element
o € G acts on the saturated group and calculate the cohomology group H'(G, M) directly.

Example G) The most interesting example is the curve 5692al with K the cubic extension of
conductor 9, which already appears in [52]. The curve has rank 2 over Q, generated by P; = (0,5)
and (2,—1). The group D is cyclic of order 3 and the image of the norm map identifies with the
points of good reduction as the reduction type is IV. As the Tamagawa number at the only other
bad prime is coprime to 3, the only other non-trivial D, is for v = 3. Here the reduction is good
ordinary with 6 elements in the reduction E(F3). We are in the situation of Proposition 11. The
map E(F3)[3] — E(3Zs)/E(9Zs) can shown to be surjective, which implies that Ds is cyclic of
order 3 as it identifies with E(F3)/3E(F3).

Since P; — P, has good reduction at 2 and the reduction at 3 is of order 2, the map E(Q)&Z3 —
Dy q is not surjective. We conclude that coker(a) is of dimension 1. This only reveals that M
contains at most one copy of A. Since the rank of M can be determined to be 6, we can already
conclude that M must contain at least one factor of Z3[G].

To complete the calculation and prove that M = Zs & A ® Z3|G] seems to require once more
the calculation of M and the action of G explicitly on it. With the explicit basis in [52], this is
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not difficult to do.

7.2 Dihedral group

We suppose now that G is the dihedral group D, of order 2p. The p-Sylow subgroup is N and
pick one subgroup H of order 2. There is a unique non-trivial Brauer relation © = @ =1 — 2 -
H— N+2-G. Write F for the field fixed by N and L for the field fixed by our chosen H.

K
/\HL

GINN

Recall the classification of indecomposable Z,[G]-lattices: Z,, Z, := Z,{1}, A, A := A{1}, B
and B := B{1}. From Theorem 23 we know that the following will determine M = E(K) & Z,
completely:

e M ®Q as a Q[G]-module;

o H'(N,M) as a F,[G/N]-module;

o s(M) = ord,(Co(M)).

The last entry in the list above can be replaced by dimg, ((M). However, note that these
invariants are not all easy to determine. The ranks could, at least conjecturally, be determined
using the order of vanishing of twisted L-functions. The cohomological term H'(N, M) appears
in the exact sequence (7). Finally, both s(M) and ¢(M) seem hard to evaluate without actually
calculating M, except for the parity of s(M) by Corollary 34.

In the (frequent) case that the rank is small, we need less information to determine M.

Proposition 41.  « Ifrk F(F) = 0, then M is determined by H*(N, M) as a F,[G/N]-module.

o If tk E(F) = 1, then M is determined by H'(N, M) as a F,[G/N]-module, rk E(k) and the
parity of s(M).

Proof. We use Table 1. If 7 = 0, then M is a direct sum of copies of A and A. Since they have
distinet H'(N, M), that group is enough to determine M.

If rp = 1, then M is a direct sum of copies of A, A and one copy of either Z,, Zp, B or B.
Again HY(N, M) determines the number of A and A that appear. If r, = 1, then there is an extra
copy of either Z, or B. Since s(Z,) = 1 and s(B) = 0 (mod 2), the parity of s(M) suffices to
determine M. If r;, = 0, the same argument works with Zp and B. O

As F/k is a quadratic extension, there is a quadratic twist E/k of E associated to F/k. Since
p is odd, F also satisfies Assumption 2. Many invariants that we might have to calculate over F’
can be calculated over k instead using E. First of all rp = rk E(F) = rk E(k) + rk E(k). Since
p is odd, we also have Il = III; & 101, where III;, = Hl(lEv/k‘)[poo] Therefore, we also have
Ck/r = Ck i ® Ck i, with C . the capitulation kernel for E.

Lemma 42. Hl(]\vf, M) as a G/N-module is determined by the abelian groups HY(G, M) and
H'(G, M) where M is E(K) ® Z, = M @ Z,.

Proof. The Fp-vector space H' (NN, M) splits into a +1 eigenspace and a —1 eigenspace with respect
to the action by G/N. The +1 eigenspace is isomorphic to the G/N-invariants of H*(N, M),
which is isomorphic to H(G, M) by the restriction map. Twisting by Zp, we obtain that the —1
eigenspace is H(G, M). O
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Proposition 43. M = FE (K ) ® Z, is completely determined by
o 1, =tk E(k), i, = rkE(kj) and rk E(L);
o HY(G,M) and H (G, M);
« 5(M) = ord, (Co(M)).

Proof. The structure of M @ Q as a Q,[G] is determined by 7k, rk E(F) = ry, + 7 and rk E(L).
Together with the previous lemma, this theorem is now a reformulation of Theorem 23. O]

Proof of Theorem 1. The assumptions in Theorem 1 imply that D, is trivial using Proposition 30
as there are no places with p | e, and all places with p | f, have p { ¢,. Lemma 28 together with
the assumption that Ty is trivial, let us conclude that H'(G, M) is trivial. Also H'(G, M) is

trivial for the same reason applied to E. This implies that neither A nor A can appear in M. Then
Ty + 7, < 1, implies that M is isomorphic to a single copy of Z,, Zp, B or B, unless r, = 7, = 0,
in which case M = 0. If r;, = 1, it is either Z, or B, and if 7, = 1, it is Zp or B. The parity of
s(M) distinguishes the two possibilities in both cases, and that parity can be calculated using only
local information for E over K. O

Lemma 44. Suppose that p > 3 and that no place of additive reduction ramifies in K/k. Let
v1 be the number of places in k such that F has split multiplicative reduction and such that K
contains a single ramified place above v. Let vy be the number of places in k such that E has
non-split multiplicative reduction and there is a unique place above v with ramification index p.
Then s(M) = v1 + vy (mod 2). In particular, s(M) is even if there is no place of bad reduction
that ramifies in K/F.

Proof. By Corollary 34, we need to calculate the contribution at each bad place v in k to the p-adic
valuation of C(E/K)/C(E/F).

For additive places the contribution is an even power of p: Since p > 3, the Tamagawa number
is not divisible by p, and since K/k is unramified at this place the quantity w, does no change.
Hence local term is u2~! or 1 depending whether there are p places above each place in F or only
one.

For multiplicative places, this is calculated in the table in Section 3.1 in [3]. O

An interesting application connects our investigation to the discussion of the “minimalist con-

jecture” in [16]. Recall that we are still assuming that all Tate-Shafarevich groups have finite
p-primary parts. It is conjectured that a large proportion of elliptic curves have trivial Iy by
Delaunay [20]. For instance, this proportion is believed to be larger than 75.7% of all curves if

p = 3. We will make an assumption of this nature in the next theorem. In the following, a “large
family” of elliptic curves is understood in the sense of the definition at the start of Section 4 in [5],
which means it is obtained by imposing relatively mild local conditions.

Theorem 45. Let K/Q be a dihedral extension with G = D,, for a prime p > 3 such that pte,.
Suppose that a proportion of more than 1 51 T of elliptic curves E / Q (when ordered by height) in any
large family satisfy IHI(E/Q)[p] = 0. Then there is a positive proportion of elliptic curves E/Q,
when ordered by height, such that E(K) & Z, is one of the following five Z,[G]-lattice:

o0 B, B, Z,8%Z, and B®B==Z,)G).

The rank of E(Q) and of the quadratic twist £(Q) determine the case, except for the last two
cases.

We cannot conclude that the most frequent Z,[G]-module structures among the curves with
non-trivial Illgp are the same as in the above theorem, but this could be true. One would have to
understand the frequency with which non-trivial elements in Tate-Shafarevich groups capitulate
in K.
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When tensoring the displayed formula in the theorem by C,, one falls onto the “minimalist
conjecture”, except in the case that M =~ B® B Z,[G]. With our methods we cannot determine
that the case Z, ® Z, is more frequent than Z,[G]. Apart from that, the theorem is good evidence
for the minimalist conjecture.

Proof. We are going to use the work of Bhargava and Shankar [5], which already proves that a
positive proportion of elliptic curve have rank 0 or 1. Consider the set of elliptic curves in

{E/Q ‘ (N,Ag) =1, (P Ag for all primes ¢, pt #E(F,) for all prime v € Sr}

where S, is the set of all places v such that p | e,. This is a large family as defined in [5].

Therefore more than % of such elliptic curves have rank either 0 or 1 as shown in Proposition 38

in [5]. Hence at least 1 —2- (1 — 13) = - of all curves in the set have rank smaller than 2 and
their twist corresponding to the quadratic extension in K/Q also have rank smaller than 2. By
assumption, strictly less than 2-(1— %) = 1—72 of curves in the large set have I1lg or I_TIQ non-trivial.
This proves that a positive proportion of curves in the above set will now have rank either 0 or 1
for E and its twist and trivial IIlgp and Lﬁ@. We may exclude the elliptic curves with a rational
p-torsion point without harming this.

Let E be a such a curve. Since /P 4 A, we see that ¢, cannot be divisible by p. Together
with the condition that no bad prime ramifies, that p { e, and the condition p { #E(F,) for all
v € Sy, we deduce that D, g = 0 by Proposition 30. Together with g = I_T_IQ = 0, we know
now that H'(G, M) = 0 by Lemma 28. Therefore M is a direct sum Z3 & Zg ® B® @ B! with
r=1tkE(Q) =a+e<land#=1kEQ) =b+f<1.

By Lemma 44, the quantity a 4+ b must be even as we are in the case that no prime of bad
reduction ramified in K/Q.

If r =7 =0, then M must be 0. If » =1, but # = 0, then b = f = 0, which implies that a =0
since a + b must be even, and hence e = 1. Similar if r =0 and ¥ = 1, we get a = b =¢e =0 and
f=1

Finally, if r=1and 7 =1, thena+e=1and b+ f =1 and a + b is even. This leads to two
possibilities, namely M = Z, ® Zp or M~2B® B Zy[G). O

The four cases can also be determined by root numbers if one admits the parity conjectures.
These root numbers can be calculated under our assumption (Theorem 2.15 in [16] as done in their
Example 4.11): If Ap is the fundamental discriminant of F', then the root number of E twisted
by any of the irreducible 2-dimensional C[G]-modules is z = sign(Ar) - (Ap/N) where the second
factor is the Jacobi symbol. The root number for E twisted by the non-trivial quadratic character
is z times the root number of E/Q. The fact that the product of the three root numbers is 1 is
now equivalent to the result in Lemma 44 under the parity conjecture.

7.3 Examples

For the following examples, we will always take the same Dj-extension. Let L be the field generated
by a with a® + 20 — 2 = 0 and let K be its Galois closure. The quadratic field inside K is
F =Q(v-35).

There is a unique ramified prime above 2 in K and it has ramification index 3. Above 5 and 7
there are three primes with ramification index 2. The prime 3 is unramified with residue degree 3.

Let

M=7.o7e A°® A’ B* & Bf

and we try to determine the unknown a,b,c,d,e, f fromrg = a+e, rp =a+e+b+ f, rp =

a+e+p—§1(c+d+e+f), —a+b—c+d=ord,(C(E/K)/C(E/F)) (mod 2), H'(N, M) = Fz@ﬁ‘g.

Example H) We take the curve 82al whose rank over Q is 1 and it is also 1 over F' as the twist
E has rank 0. Therefore b = f = 0. For all places v # 2, Proposition 13 implies that D, = 0.
Let p = (2) be the prime above 2 in F. We can determine D, for the extension K/F using
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Proposition 9 as K/F is totally ramified at p and E has split multiplicative reduction at this place.
The quantity u turns out to be odd and hence D, is cyclic of order 3. However the rational point
P = (0,0) € E(F) reduces to a non-singular point that is not in the formal group. Therefore
coker(ag/p) is trivial. It follows that o for K/Q is also surjective.

Since IIlg and I_Tl@ are trivial, we conclude that ¢ = d = 0. We are left with two pos-
sibilities, either Z, or B. However Corollary 34 can be used now to show that a is odd, since
C(E/K)/C(E/F) = 3.

Therefore M = Z,, and we obtained this information with local information and information
about E and E over Q only. For this particular curve it is not much effort to verify that rp =1
with a 2-descent, which confirms this result.

Example I) The next curve we take is 14a3 which has rank 0 over Q, but rank 1 over F. Again
D q is reduced to Dz. Over F, the curve has split multiplicative reduction with Tamagawa
number 18. As in the above example D, is cyclic of order 3, but this time the rational points
map trivially to Dy. Therefore coker(ak,r) is cyclic of order 3. The same argument works for the

twisted curve E over Q, showing that coker(ag,r) is isomorphic to Fy as a G /N-module. Since
theVTate—Shafarevich groups are trivial again, we know that H!'(N, M) is either trivial or equal
to IF3.

This implies that ¢ = 0 and d < 1. The regulator constant yields b # d (mod 2). We now have
two possibilities left d = 1 (and then a = c=e=f=0and f =1) or d = 0 (and then b = 1
and a = ¢ = e = f = 0); so either M = A®Bor M Zp. The fact that the L-function of E
twisted with the irreducible representation p does not vanish at s = 1 or, directly, a 2-descent over
L confirms that M = Zp.

As a consequence, coker(ag,/r) having dimension 1 now implies that Il # 0. We expect
III(E/K) to have 9 elements.

Example J) The curve 322bl has rank 0 over F' and hence a = b = e = f = 0. The regulator
constant tells us that ¢ # d (mod 2). Once again coker(ag,p) = Dg/p = IF, as a G/N-module
very much like in the previous example as the reduction at 2 is once more non-split multiplicative.
Therefore d < 1 and ¢ = 0. We conclude that M = A without having to use any L-values or
2-descents.

Example K) The situation is very similar for the curve 158el has also rank 0 over F, but this
time coker(ag,r) = F, as a G/N-module since the reduction at 2 is split multiplicative. The
argument as above will show that M = A. The difference between the two cases is that here
E(L)® 7E(L) will be equal to E(K) while in the previous example it has index p. This can be
checked by calculating the groups directly.

Example L) Finally, let us consider the curves 37al and the curve 57al. Both have rank 1 over
@ and rank 2 over F' and all Tate-Shafarevich groups in sight are trivial. For both curves the map
« is surjective, which means that H'(N, M) is trivial, and all bad places are unramified, which
implies that s(M) is even. Therefore we are in the situation in Theorem 45 where we had two
options that we could not distinguish. However determining the group E(L) in both cases, reveals
that for the curve 37al, we have M = Z, ® Z,, while for the curve 57al it is M = B ® B.

Examples of M = B or M = B can be found by Theorem 45 or explicitly in [14]. More details
for the above an verification using explicit points on E(K) are done in [19].
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