Analysis on arithmetic schemes. 1

Ivan Fesenko

The functional equation of the twisted zeta function of algebraic number fields was first proved
by Hecke (for a recent exposition see [N, Ch. VII]). Tate [T] and, for unramified characters without
local theory, Iwasawa [I1-12] lifted the zeta function to a zeta integral defined on an adelic space.
Their method of proving the functional equation and deriving finiteness of several number theoretical
objects is a generalization of one of the proofs of the functional equation by Riemann. The latter in
the case of rational numbers uses an appropriate theta formula derived from a summation formula
which itself follows from properties of Fourier transform. Hence the functional equation of the zeta
integral reflects symmetries of the Fourier transform on the adelic object and its quotients, and the
right mixture of their multiplicative and additive structures. With slight modification the approach of
Tate and Iwasawa for characteristic zero can be extended to a uniform treatment of any characteristic,
e.g. [W2]. Earlier, the functional field case was treated similarly to Hecke’s method by Witt in 1936
(cf. [Rq, sect. 7.4]), and it was also established using essentially harmonic analysis on finite rings
by Schmid and Teichmiiller [ST] in 1943 (for a modern exposition see e.g. [M,3.5]); those works
were not widely known.

Two components are important for a two dimensional generalization of the works of Iwasawa
and Tate (both locally and globally). The first component is appropriate objects from the right type
of higher class field theory. In the local case these are so called topological Milnor K*¢-groups ([P1],
[F1-F3], [THLF]), for the local class field theory see [Kal], [P1-P2], [F1-F3], [IHLF]. The second
component is an appropriate theory of measure, integration and generalized Fourier transform on
objects associated to arithmetic schemes of higher dimensions. In the local case such objects are a
higher local field and its K*-group. It is crucial that the additive and multiplicative groups of the
field are not locally compact in dimension > 1. The bare minimum of the theory for two dimensional
local fields is described in part 1 of this work. Unlike the dimension one case, this theory on the
additive group of the field is not enough to immediately define a local zeta integral: for the zeta
integral one uses the topological K%-group of the field whose closed subgroups correspond (via class
field theory) to abelian extensions of the field. A local zeta integral on them with its properties is
introduced and discussed in part 2.

We concentrate on the dimension two case, but as usual, the two dimensional case should lead
relatively straightforward to the general case.

We briefly sketch the contents of each part, see also their introductions. Of course, throughout
the text we use ideas and constructions of the one dimensional theory, whose knowledge is assumed.

Two dimensional local fields are self dual objects in appropriate sense, c.f. section 3. In part 1,
in the absence of integration theory on non locally compact abelian groups and harmonic analysis
on them, we define a new translation invariant measure

A — R((X))

on appropriate ring A of subsets of a two dimensional local field. This measure is not countably
additive, but very close to such. The variable X can be viewed as an infinitesimally small positive
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element of R ((X)) with respect to the standard two dimensional topology, see section 1. The
main motivation for this measure comes from nonstandard mathematics, but the exposition in this
work does not use the latter. Elements of measure theory and integration theory are developed
in sections 4—7 to the extent required for this work. We have basically all analogues of the one
dimensional theory. Section 9 presents a generalization of the Fourier transform and a proof of
a double transform formula (or transform inverse formula) for functions in a certain space. We
comment on the case of formal power series over archimedean local fields in section 11.

In part 2, using a covering of a so called topological Milnor K3-group of a two dimensional local
field (which is the central object in explicit local class field theory) by the product of the group of
units with itself we introduce integrals over the K-group. In this part we use three maps

0:T=0"x0% —FxF, t,tT— KiF),

which in some sense generalize the one dimensional map E \ {0} — F on the module, additive
and multiplicative level structures respectively. In section 17 we define the main object — a local
zeta integral ((f, x) associated to a function f: F' x F' — C continuous on 7" and quasi-character
x: KA(F) — C*

C(va)=/Tf(a)Xt(a)d,UFXxFX(a)a

for the notations see section 17. The definition of the zeta integral is the result of several trials
which included global tests. Its several first properties in analogy with the one dimensional case are
discussed and proved. A local functional equation for appropriate class of functions is proved in
section 19. In the ramified case one meets new difficulties in comparison to the dimension one case,
they are discussed in section 21. Zeta integrals for formal power series fields over archimedean local
fields are introduced in section 23, their values are not really new in comparison to the dimension
one case; this agrees with the well known fact that the class field theory for such fields degenerate
and does not really use Milnor K.

2007 Update: For further papers on the measure and integration on two dimensional local fields see
[F4], [KL2], [Mol]-[Mo3], [KL1], [L], [HK1]-[HK?2]. For an extension of this work to adelic and
K -delic theory on arithmetic schemes and aplications to zeta integral and zeta functions of arithmetic
schemes see [F6] and [F5].

1. Measure and integration on higher local fields

We start with discussion of self duality of higher local fields which distinguishes them among other
higher dimensional local objects. Then we introduce a nontrivial translation invariant measure on
higher dimensional local fields, which may be viewed as a higher dimensional generalization of Haar
measure on one dimensional fields. We define and study properties of integrals of a certain class of
functions on the field. Self duality leads to a higher dimensional transform on appropriate space of
functions. One of the key properties, a double transform formula for a class of functions in a space
which generalizes familiar one dimensional spaces, is proved in section 9.

For various results about higher local fields see sections of [IHLF].

1. In higher dimensions sequential aspects of the topology are fundamental: for example, in di-
mensions greater than one the multiplication is not always continuous but is sequentially continuous.
Certainly, in the one dimensional case one does not see the difference between the two.

In a two dimensional local field R ((X)) a sequence of series (Z ;. n X 1)n is a fundamental
sequence if there is 4o such that for all n coefficients a; ,, are zero for all ¢ < ¢y and for every ¢
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the sequence (a;,»), is a fundamental sequence; similarly one defines convergence of sequences.
Every fundamental sequence converges. Now consider on R ((.X)) the so called sequential saturation
topology (sequential topology for short): a set is open if and only if every sequence which converges
to any element of it has almost all its elements in the set.

The sequence (aX)", n € N, tends to zero for every a € R. Hence, if a norm on R ((X))
takes values in an extension of R and is the usual module on the coefficients, then one deduces that
|aX| < 1 and so | X| is smaller than any positive real number. In other words, for two dimensional
fields the local parameter X plays the role of an infinitesimally small element, and therefore it is
very natural to use hyperconstructions of nonstandard mathematics. Nevertheless, to simplify the
reading the following text does not contain anything nonstandard.

2. Let F be a two dimensional local field with local parameters t,t, (¢, is a local parameter
with respect to the discrete valuation of rank 1) with finite last residue field having ¢ elements.
Denote its ring of integers by O and the group of units by U; denote by R the set of multiplicative
representatives of the last finite residue field. The multiplicative group F'* is the product of infinite
cyclic groups generated by ¢, and ¢; and the group of units U.

Denote by O the ring of integers of F' with respect to the discrete valuation of rank one (so t»
generates the maximal ideal M of O). There is a projection p: O — O/M = FE where FE is the
(first) residue field of F'.

Fractional ideals of F" are of two types: principal tét{ O and nonprincipal M®.

For the definition of the topology on F' see [sect. 1 part I of IHLF]. We shall view F' endowed
with the sequential saturation topology (see [sect. 6 part I of IHLF]), so sequentially continuous
maps from F’ are the same as continuous maps. If the reader prefers to use the former topology on F/,
then the word “continuous” should everywhere below be replaced with “sequentially continuous”.

3. For a field L((t)) denote by res; = res;:: L((t)) — L the linear map > ajtj — a;. Similarly
define res = res_;: L{{t}} — L in the case where L is a complete discrete valuation field of
characteristic zero (for the definition of L{{t}} see [Z2]).

For a one dimensional local field L denote by 11 a character of the additive group L with
conductor Op,. Introduce

WY = oresy: L((t) — C*, ' =40 (WZ] res): L{{t}} — C*,

where 7y, is a prime element of L. The conductor of ¢’ is the ring O of the corresponding field:
ie. ' (0)=17# w’(tflO). An arbitrary two dimensional local field F' of mixed characteristic has a
finite extension of type L{{t}} which is the compositum of F' and a finite extension of Q ,, [sect. 3
of Z2], so the restriction of ¢/’ on F has conductor Of.

Thus, in each case we have a character
o F —> (Ci( <C*
with conductor O, where C IX are complex numbers of module 1.
The additive group F' is algebraically self-dual:

LEMMA. The group of characters on F' consists of characters of the form o — (ac) where a runs
through all elements of I

This assertion is easy, at least for the usual topology on F' in the positive characteristic case
where F' is dual to appropriately topologized Q% /F, (c.f. [Y]) which itself is noncanonically dual to
F'. Since we are working with a stronger, sequential saturation topology, we indicate a short proof
of duality.
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Proof. Given a character 1)/, there are 7, j such that v’ (tét{ O) = 1, and so we may assume that
the conductor of ¢’ is O. In the equal characteristic case the restriction of 1)’ on O induces a
character on F/ which by the one dimensional theory is a “shift” of ¥, hence there is ag € O such
that 11 () = 9’(a)p(aga) ™! is trivial on O. Similarly by induction, there is a; € téO such that
i1 (@) = Yi(a)(a;e)~ ! is trivial on tz_iO. Then ¢’ (o) = Y (ac) with a = aoo a;.

In the mixed characteristic case it suffices to consider the case of Q ,{{t}}. The restriction of
Y’ on t'Q,, is of the form a + 1(a;a) with a; € t~*"'pZ,, and a; — 0 when i — +oc; hence

P'(@) = Ylaa) fora=>""" a;.

REMARK. Equip the group of characters of F' with the topology of uniform convergence on compact
subsets of F. It is easy to check that for every open subgroup U and a compact subset C' there is an
open subgroup V such that V'C' C U, and for every open subgroup V' there is a compact subset C' and
an open subgroup U such that {« : «C C U} C V. This implies that the map a — (o — P(aq)) is
a homeomorphism between the additive group of F' and the group of its characters.*

4. To introduce a measure on F' we first specify a nice class of measurable sets.

DEFINITION. A distinguished subset is empty or of the form a + tét{O. Denote by A the minimal
ring in the sense of [H] containing all distinguished sets.

It is easy to see that if the intersection of two distinguished sets is nonempty, then it equals to
one of them.

Every element of A is a disjoint (maybe infinite countable) union of some distinguished subsets.
Distinguished sets are closed but not open. For example, sets O \ t,0 = Uj>0 t{U and 0% =

UjeZ t{U do not belong to A.

Alternatively, A is the minimal ring which contains sets o + tép‘l(S), i € Z, where S is a
compact open subset of E.

Every nonempty element of A can be written as a disjoint union of sets A,, each of which is the
difference between a distinguished set and a finite disjoint union of distingushed sets. Every such
A,, can be written as A}, \ A/ with A}, > A", where AJ, is a disjoint union of distinguished sets B,,
and A is a disjoint union of distinguished sets C; which satisfy the property: there is i such that
X~ u(B,y,) is real for all m and (Cy) € XHIR[[X]] for all L, i.e. the sets C) are at higher levels

than the sets B,,, with respect to téO-ﬁltration.

DEFINITION-LEMMA. There is a unique measure p on F' with values in R ((X)) which is a
translation invariant finitely additive measure on A such that p(()) = 0,

p(tit]0) = ¢ I X"

The proof immediately follows from the properties of the distinquished sets. The measure p
depends on the choice of ¢, but not on the choice of ;.

We get u(tépil(S)) = X'ug(S) where uup is the normalized Haar measure on E such that
pe(Og) = 1.

*  An addition property is this: choose a one-dimensional local field & which is a subfield of F' with the induced
structure. See [C, sect.6] for the proof that as locally convex k-spaces, F' is homeomorphic to the space of
continuous k-linear maps from F' to k endowed with the topology of uniform convergence on compactoid
og-submodules.
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REMARKS.

1. This measure can be viewed as induced (in appropriate sense) from a measure which takes
values in hyperreals *R. A field of hyperreal numbers *R introduced by Robinson [Rol] (for a
modern exposition see e.g. [Gol]) is a minimal field extension of R which contains infinitesimally
small elements and on which one has all reasonable analogues of analytic constructions. If one
fixes a positive infinitesimal w™! € *R, then a surjective homomorphism from the fraction field
of approachable polynomials R [X]% to R ((X)), and w~! — X determines an isomorphism of a
subquotient of *R onto R ((X)).

The first variant of this work employed hyperobjects, and its conceptual value ought to be
emphasized.

2. The measure p takes values in R ((X)) (for its topology see section 1) which has the total
ordering: Zn>n0 an X™ >0, an, € R*,iff a,, > 0. Notice two unusual properties: a, = 1 —¢~"
is smaller than 1 — X, but the limit of (a,,) is 1; not every subset bounded from below has an infimum.
Thus, the standard concepts in real valued (or Banach spaces valued) measure theory, e.g. the outer
measure, do not seem to be useful here. In particular, the integral to be defined below will possess
some unusual properties like those in section 8.

3. The set O € A of measure 1 is the disjoint union of 1,0 € A of measure X, tztl_jO \tztl_jH O
of measure ¢(1 — ¢~1)X for j > 0, and /0 \ t{'O of measure ¢~!(1 — ¢~ !) for I > 0. Since
> >0 ¢’ diverges, the measure 4 is not o-additive.

The measure is o-additive for those sets of countably many disjoint sets A,, in the ring of sets A
which "don’t accummulate at break points" from one horizontal line 'O to t5**10, i.e. for which
the series Y 1(A,,) absolutely converges (see section 6).

5. For A€ A, a € F* one has aA € A and pu(aA) = |a|u(A), where | | is a two dimensional
module: [0] = 0, [titJu| = ¢/ X" foru € U. The module is a generalization of the usual
module on locally compact fields. For example, every o € F' can be written as a convergent series
>, j with a; ; € t5t]0 and |y ;| — 0. This simplifies convergence conditions in previous use,
e.g. [Z22].

6. We introduce a space Rr of complex valued functions on F' and their integrals against the
measure y.

DEFINITION. Call a series Y ¢, ¢, € C((X)), absolutely convergent if it converges and if
> |resxi(cy,)| converges for every .

For an absolutely convergent series > _ ¢, and every subsequence n., the series Y ¢, absolutely
converges and the limit does not depend on the terms order.

LEMMA. Suppose that a function f: F' — C can be written as »_, ¢,, char 4, with countably many
disjoint sets Ay, ¢, € C, where each A,, is the difference of a distinguished set and a finite disjoint
union of distinguished sets, and charc is the characteristic function of C. Suppose that the series
> enpi(Ay) absolutely converges. If | has a second presentation of the same type Y d,,, charp

then E Cn//L(An) e Z dm,U(Bm)‘

m’

Proof. The proof is reduced to the case of distinguished sets A,,, B3,,,. Notice then that if | A,, =
\J B for distinguished disjoint sets, then for every n either A, equals to the union of some of
By, or the union of A,, and possibly several other A’s equals to one of B,,. It remains to use
the following property: if a distinguished set C'is the disjoint union of distinguished sets C), and
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>~ 1(Cy,) absolutely converges, then for every a € F and integer i condition C' D a + t5O implies
foralln C,, D ay, + t%O with some a,,; therefore u(C) = > u(Cy).

DEFINITION. Define Rp as the vector space generated by functions f as in the previous lemma
and by functions which are zero outside finitely many points. For an f as in the previous lemma

define its integral
/fd,u = Z CnM(An)v

and for f which are zero outside finitely many points define its integral as zero.
The previous definition implies that the integral is an additive function on Rf.

EXAMPLE. Let a function f satisfy the following conditions:
there is g such that f(3) = 0 for all 3 € tét{ U, alli #ig;
there is k(j) such that for every « € t;ot{U fl@)= f(a+B)forall 5 € t;"t’f(j)O.

For every 8 € R* write the set 915;0 t{ + t;‘)t{ *10 as a disjoint union of finitely many o1+ t;"t’f(j 0,

l € Ly ;; then
/ fdp = (Z > f(ce,j,nqk@)Xl'O.

JEZ 9eR* l€Lg ;
If the series in the brackets absolutely converges, then f € Rp.

Redenote f as f;,. Then Zi)q fi also belongs to Rp.
For another example see section 8.

7. Some important for harmonic analysis functions do not belong to R, for example, the function
a — Y(aa) char g(a) for, say, A = O € A, a ¢ O. In the one dimensional case all such functions
do belong to the analogue of Rp.

Recall that in the one dimensional case the integral over an open compact subgroup of a nontrivial
character is zero. This leads to the following natural

DEFINITION. Denote ¥(C) = 0 is v takes more than one value on a distinguished set C' and = the
value of 4 if it is constant on C. For a distinguished set A and a € F* define

/ Y(a) char a(a) due) = p(A) P(a ).
Extend the definition of the integral of v)(ac) char 4(«) by linearity to A € A.

If A C O and is the preimage of a shift of a compact open subgroup of the residue field ' with
respect to p, and if a € O \ ¢, 0, then the previous definition agrees with the property of a character
on F, mentioned above.

Correctness of the definition follows from the following

LEMMA. For a function f = ¢, Y(ana) chara, (o) with finite set {a,,} and with countably many
disjoint sets A, such that each A, is the difference of a distinguished set and a finite disjoint
union of distinguished sets and such that the series Y c,ji(Ay) absolutely converges, the sum
den f Y(ana) char a, (o) du(e) does not depend on the choice of ¢y, an, Ap,.
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Proof. To show correctness, one can reduce to sets on which | f| is constant, then use a simple fact
that if a distinguished set C'is the disjoint union of distinguished sets C,,, and ¥(a«) charc(a) =
> dpip(bp) chare, (o) with |d,| = 1, absolutely convergent series Y d,, u(C},) and finitely many
distinct b,,, then ¥(aC) = > d,, (b, Cy) (Cy).

DEFINITION. Put

/f dp = Z Cn /w(ana) chara, () dp(a).

Denote by R’ the space generated by functions f(c) 1 (ac) with f € Rp, a € F, and functions
which are zero outside a point; all of them are integrable. This space will be enough for the purposes
of this work.

REMARK. Here is a slightly different approach to the extension of Rr: Suppose that a function
f:F — C is zero ouside a distinguished subgroup A of F. Suppose that there are finitely many
at, ...,a, € F such that the function g(x) = ), f(a; + ) belongs to Rr. Then define

/f=%/gdu-

First of all, this is well defined: if h(x) = Zj f(bj + ) belongs to R for by, ..., b, € A, then
Yot hla; +x) = Z?:l g(b; + x), and from h(a; + ) € Ry and the translation invariant property,
and the similar property for shifts of g one gets m [ hdpu =n [ gdp.

Second, for two functions fi, fo: A — Cif )", fi(a; +x), Ej fa(bj+z) € Rp, then Z” fila; +
bj+x) € Rpforl=1,2andso [ fi+ f2= [ fi + [ f». Denote by R/, the space of all such f.

Third, this definition is compatible with all the properties of Rr in the previous section: if f
already belongs to Rp then [ f = [ fdu. Also, [ f(z)= [ f(a+z)fora € A.

Finally, this definition is compatible with the preceding definitions of this section: of course, for
nontrivial characters on a distinguished subgroup one has g = 0. The space R/ is a subspace of R

for a function f = Y ¢, ¥(aw) chara, (e), such that (aA,) = 0, i.e. A, + ailtl_lO = A, for
every n, choose a; in a_ltflO.

For f € R}, we have
/ fla+a)du(o) = / fl@) dp(e)
and using section 5
/ f(e) du(@) = |al / flaa) du(a).

For a subset S of F put [ fdu = [ f charsdp.

ExXAMPLE. We have ftét{O Plaa) dp(e) = ¢ i X ifa € tz_itl_jO and = 0 otherwise (since then
1(aq) is a nontrivial character on tét{ O). Hence
0 ifagtyit;’7'0,
Plaa) dp(e) = § —g~ 179X ifact;'t;77'U,

tét{U —7 1 -1 Xz if —i —jO
g/ =g HX" ifaety't”0.



8 1. Fesenko Analysis on arithmetic schemes. |

8. EXAMPLES.. First, f chartino dp = 0 for every m. Indeed, as in Lemma 6, write the function
charypo as Cha/l"tgn—lo =230 chart;nflt?ox, with > ,u(tg%—lt?OX) absolutely convergent
and equal to X!, Then Ik charténo dp=Xm"1—-xm-1=0,

Second, if two functions f, h: O — C are constant on t,O \ {0} and their restriction to O \ 1,0

coincide, then
/ fdu= / hdpu.
) )
Indeed, let (f — h)[4,0\ {0} = ¢. Then

/(f*h)du=/ cdu+/ (f —h)du=0.
) 0 O\t,O0

Note that the sets O, O \ £,0 are not in A.

REMARK. One has fZl dup = Zflgjgz g~ where Z; = Ufzgjgz t{U, and O \ £,0 is the “limit” of
Z; when | — oo. Compare with “equality” ) _, 2™ = 0 used by L. Euler. One of interpretations
of it is to view z as a complex variable, then for every integer m the sum of analytic continuations
of two rational functions ), nem #" and Y onez n>m #" 18 zero. Euler’s equality can be applied
to show equivalence of the Riemann—Roch theorem and the functional equation of the zeta function
of a one dimensional global field of positive characteristic (cf. [Rq, sect. 4.3.3]).

From the definitions we immediately get

LEMMA. Suppose that g: E — C is (absolutely) integrable over E with respect to the normalized
Haar measure pg as in section 4. Then the function g o p extended by zero outside O is in Rp and

/90pdu=/gduE.
O E

One can say that the Haar measure p g equals p, (1) where the measure ¢/ on O is induced by p
by extending functions on O by zero to F'.

9. DEFINITION. For f € Rp introduce the transform function

F)B) = /F () d(aB) du(a).

In particular, F(charp) = charo.

DEFINITION. Denote by @ the subspace of Rp consisting of functions f with support in O and
such that f|g = g o p|e for a function g: E — C which belongs to the Bruhat space generated by
characteristic functions of shifts of proper fractional ideals of F.

THEOREM. Given f € Qp, the function F(f) belongs to Qp and we have a double transform
formula

F2(f)a) = f(—a).

Proof. First note that ¢)(a)) = ¥ o p(a) for all @« € O where ¥ g is an appropriate character on F
with conductor Opg.

Using sections 7 and 8 we shall verify that
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if § ¢ O then F(f)(B) = 0;
if 5 € O then F(f)(B) = F(g) o p () (Where F(g) denotes the Fourier transform of g with respect to
Vg and pp).

For 8 ¢ O the definitions imply
TG = [ fe)ves) dute) = 0.
For 5 € O\ O
FHPB) = /o f(e) dp(ar) = /O g © () dp(c)

= /Eg(a) dpg@) = F(g)(0) = F(f)(0).
For 8 € 0%

F)B) = /F (@) d(aB) dula) = /O (@) d(aB) du(a)

= / g o pla) g o p(af) dp(e) = / 9@ Y@B) dus(a@) = F(g)(p(B).
o E
It remains to use the one dimensional double transform formula.

As a corollary, we deduce that if a function f: F — C with support in O* coincides on O*
with a function A € QF, then

f(=a) ifae0|JF\0),

2 _
F e = { hO)  ifae O\ 0.

REMARK. Itis more natural to integrate C((.X))-valued functions on F': for a function

=Y fiX'F—C(X), fi€Rp

i>ig

/Ffdu=ZXi/Ffidu.

Similarly to the previous text one checks the correctness of the definition and properties of the
integral. In particular, the previous theorem remains true for functions f = Zi> i fiX?, f; in the
space Q' = {a — Zn>n0 gn(t; ")} where g,, belong to Qr (or even just "lifts" of functions on
FE for which the double transform formula holds).

define

10. Introduce the product measure ppxp = prp®upr on F'x F and define spaces Rpxr = RFQRFp,
Ry p=Rr®@REpand Qrxr = Qr ® QF.
For a function f € Qg define its transform

F()(B1, ) = / flar, a)Plan 1 + azBr) dplan) dpan).

FxF

From section 9 we deduce F2(f)(a1, ) = f(—aq, —ap) for f € Qpxr. In the case of a
character v with conductor different from O to get the double transform formula as above we have
to choose a self-dual measure i on O, see 20.
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11. In the case of two dimensional local fields of type F' = K((t)), where K is an archimedean
local field, O, U are not defined. Define a character ¢: K((t)) — C* to be the composite of
the resp: K((¢)) — K and the archimedean character ¢ i (o) = exp(2mi Trg /g (o)) on K (for the
character v it is classical to take exp(—2mi Try /R (@)) which we will do in the adelic theory).
The role of distinguished sets is played by B = a + t*D + t**! K[[t]] where D is an open ball
in K. In this case if the intersection of two distinguished sets is nonempty then it equals either
to one of them, or to a smaller distinguished set. The measure is a translation invariant additive
measure /. on the ring generated by distinguished sets and such that u(B) = u(D)X". Here, as
in the one dimensional theory [T1], px is the ordinary Lebesque measure on K if K is real, and is
twice the ordinary Lebesque measure on K if K is complex. The measure p can be extended via
wa+t'C + 1 K[[t]]) = ux(C)X?, where C C K is a Lebesgue measurable set. In particular,
p@+ K[t]]) = 0.

The module is | 3, ;.
and on the complex K is the square of the absolute value.

a;t'| = |ai,| k X", where the module on the real K is the absolute value

In the global two dimensional theory it will be sufficient to use the one dimensional theory for
archimedean local fields. However, we briefly sketch the analogues of the previous constructions as
part of the two dimensional local theory.

The definitions of spaces Ry and R’ follow the general pattern of sections 6 and 7: for disjoint
sets A,, where each A,, is the difference of a distinguished set and a disjoint union of distinguished
sets and such that > ¢,, 1(A4,,) absolutely converges put

/Z cnchara, dp = Z Cn W(Ap).

For a function f = > ¢, ¥(ana) chara, (o) with finite set {a,} and with countably many
disjoint sets A,, each of which is the difference of a distinguished set and a finite disjoint union of
distinguished sets and such that the series ) . ¢, 1(A,,) absolutely converges put

/ Fdu=>Y"cn /A W(an0) di(c),

where
/B e dua) = d(ca) X /D Vrle—iB) dug(B), coi=resysc,

B, a, D, are defined at the beginning of this section. Then we extend this definition to sets of type
A.

The analogues of the definitions and results of sections 8 and 9 hold. The transform of a function
f € Rp is defined by the same formula

F)B) = /F F(0) (@) du(a).

The space @) consists of functions f € Rp such that f = g o p for a function g in the Schwartz
space on K, where p = res,0. The double transform formula is F2(f) ) = f(—a) for f € Q.

REMARK. It is interesting to investigate if further extensions of this sort of measure theory and
harmonic analysis (they seem to be more powerful than applications of Wiener’s measure) would be
useful for mathematical description of Feynman integrals and integration on loop spaces.
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12. In general, for the global theory, we need to work with normalized measures corresponding to
shifted characters. Similar to the one dimensional case, if we start with a character ¢ with conductor
aO then the dual to y measure ' on F' is normalized such that |a|u(O)p/(O) = 1. The double
transform formula of section 9 holds.

For example, if ¢/ = i then 1(O) = |a|~!/2. If a® = 50O then in the last formula of section 8
one should insert the coefficient X ~*/2 on the right hand side. If fo(«) = f(aa) belongs to Q p or
Q' then F(f) = |a 172 Fo(fo) where Fy is the transform with respect to character ¢(a) = 1(ac) of
conductor O and measure g such that po(O) = 1. In particular, F(charp) = |a\*1/ 2charqo.

13. Generally, given an integral domain A with principal ideal P = tA and projection A —
A/P = B and an R-valued translation invariant measure on B, similar to the previous one defines a
measure and integration on A. For example, the analogue of the ring A is the minimal ring which
contains sets o + tip*I(S), where S is from a class of measurable subsets of B, its measure is by
definition X’ p(S); the space of integrable functions is generated by functions o — g o p(t~ %)
extended by zero outside t' A, where g is an integrable function on B. Such a R((X))-valued measure
and integration on A is natural to call a lift of the corresponding measure and integration on the base
B.

In particular, if B = By x B, and the translation invariant measures are chosen such that

(B = (1B, @ 1B, then for their lifts s, 11, p1p we get ju (p~ (X1 x X2)) = py (p~ (X)) pa(p~ (X)),
where X, X, are measurable sets with respect to 1, .

REMARKS.

1. Satoh [S] and Kapranov [Kp] suggested two other very different approaches to define a measure
on two dimensional fields (notice that Satoh’s work was an attempt to use Wiener’s measure). The
work [Kp] does not introduce a measure, and deal with distributions and functions; local zeta integrals
are not discussed.

2. In this work we do not need a general theory of analysis on non locally compact abelian
groups, since the case of higher dimensional local fields and natural adelic objects composed of
them is enough for applications in number theory. Undoubtedly, there is a more general theory of
harmonic analysis on non locally compact groups than presented above, see also the next remark.

3. The existence of Haar measure on locally compact abelian groups can be proved in the shortest
and most elegant conceptual way by viewing it as induced from the counting measure on a covering
hyperfinite abelian group (e.g. [Gorl]); the same is also true for the Fourier transform [Gor2].

Conceptually, the integration theory of this work is supposed to be induced by integration on
hyper locally compact abelian groups (or hyper hyper finite groups). This would also give an
extension of this theory to a more general class of non locally compact groups than those of this part.

2. Dimension two local zeta integral

Using the theory of the previous part we explain how to integrate over topological K-groups of
higher local fields, define a local zeta integral and discuss its properties and new phenomena of the
dimension two situation. Using a covering of a so called topological Milnor K%-group of a two
dimensional local field (which is the central object in explicit local class field theory) by the product
of the group of units with itself we introduce integrals over the K3-group. For this we use additional
maps t,t,0 whose meaning can only be finally clarified in constructions of the global part [F5].
In section 17 we define the main object — a higher dimensional local zeta integral associated to a



12 1. Fesenko Analysis on arithmetic schemes. |

function on the field and a character of the K?-group, followed by concrete examples. Several first
properties of the zeta integral, in analogy with the one dimensional case, are discussed and proved.
In sections 22 and 23 we consides the case of two dimensional local fields whose residue field is an
archimedean local field.
14. On F* one has the induced from F' & F’ topology with respect to

F* S F®F, am(a,ah),
and the translation invariant measure

pex = (=g D)7 /.

Explicit higher class field theory describes abelian extensions of F' via closed subgroups in the
topological Milnor K-group KE(F ) = Kp(F)/Ay(F) where Ap(F) is the intersection of all open
neighbourhoods of zero in the strongest topology on K, (F’) in which the subtraction in K,(F") and
the map

F* x F* — Ky)(F), (a,b)+ {a,b}
are sequentially continuous. For more details see [IHLF, sect. 6 part I] and [F3]. Denote by U K3(F)
the subgroup generated by symbols {u, a}, u € U,a € F*.

15. Introduce a module on KE(F):
| : KA(F) — R}, awq ",

where v: KA(F) — K(F ;) = Z is the composite of two boundary homomorphisms.

DEFINITION. Introduce a subgroup
T=0%x 0% ={(t|u,t\uz) : j,l € Z,u; €U}
of F* x F*. The closure of T in F' x F equals O x O.

DEFINITION. Introduce a map (morphism of multiplicative structures)
o i T — Fx F, (Huy, thup) — 7wy, 13'un)

and denote by o the inverse bijection o' (T) — T.

For a complex valued continuous function f € Rr whose domain includes 7" and is a subset of
F x F form the composite f o 0: 0’(T) — C and extend it by zero outside o’ (T), denote the result
by fo: FF X F — C.

To be able to apply the transform F introduce an extension e (g) of a functiong = f,: F X F — C
as the continuous extension on F' x F' of the function

e(g)a1,a0) = glar, )+ Y gllar, ) w),  (a1,a2) € F* x F*,
1<i<3

where v = (¢ t7 D, o = (7, D, s = (1L, 87D,

For example, if f = Char(t{O,tﬁO) then f,(ap,ap) = 1 for (aj,p) € F X F only if a) €

t%kU, ap € t%mU for kK > j,m > [. In particular, f, is not a continuous function. However

e(fo) = char(t%jat?o) is a continuous function.



Analysis on arithmetic schemes. | 1. Fesenko 13

DEFINITION. For a function f:T'— C such thate (f,) € Rp« r define its transform
F=F(e(fy)od:T —C.

16. Due to the well known useful equality
{1—a,1-8}={a,1+aB/(1 —a)}+{l - B, 1+aB/(1 - )},
and a topological argument we have surjective maps ([IHLF, sect. 6 part I]):
vl — KXEF), (], )(ur, w)) = min(j, 1) {t1, t2} + {t1,u1 } + {ua, 12},
T — KUF), (], ), w)) = G+ {t,ta} + {t1,ur} + {ua, t2}.
For (a1, ap) € T we have
[tar, a2)l2 = |ai] |az| = (a1, a2)).

The homomorphism t plays an important role in the study of topological Milnor K-groups of
higher local fields ([P3], [F3]). If we denote H = {(o,3) : o, B € (t;)U,af~! € U}, then
w(H) = KE(F). Note that if KE(F) is replaced by the usual K, (F') then none of the previous maps
is surjective. The topology of KA(F) is the quotient topology of the sequential saturation of the
multiplicative topology on H (cf. [F3], [IHLF, sect. 6 part IJ).

The maps ¢, t depend on the choice of ¢, t, but the induced map to K. E(F) /ker(0) (see section 18
for the definition) does not depend on the choice of ¢,. Define amap O* x F* /0> — 0* x 0% /O*
as the indentity map on the first component and 5 — ¢} on the second. Then the composition of this
map with the map 0% x 0% /0% — K?(F)/ker(9d) induced by t equals the map O* x F*/0* —
K?(F)/ker(9) induced by the symbol map.

The homomorphism t (which depends on the choice of ¢, t;) is much more convenient to use
for integration on K4(F') than the canonically defined map F* x F* — Ki(F).

For a function h: KE(F) — C denote by h: F' x FF — C (hy: F x ' — C) the composite
h ot (resp. the composite h o t) extended by zero outside 7.

17. Let x: K4(F) — C* be a continuous homomorphism. Similarly to the one dimensional case
one easily proves that x = xol| |5 (s € C), where xj is a lift of a character of UK%(F) such that
Xo({t1,t2}) = 1. The group V' = 1 + ;O of principal units has the property: every open subgroup
contains V?" for sufficiently large n, c.f. [Z1, Lemma 1.6]. This property and the definitions imply
that [xo(KL(F))| = 1. Put s = s(x).

DEFINITION. For a function f such that char, 1y fo € RpxFr define

/fduT =(—-¢H2 fodquF=<1fq*1)*2/ e(fo) dprxp.
T o’(T)

o’(T)
The definitions imply that

/ fdur =(1 —q_l)_z/ chary f | |dMFxF=/ F1 1P dppx mx .
T FxF T

For a function f: F x F — C continuous on 7" and a quasi-character y: K}(F) — C*
introduce a zeta integral

) = / (@) (@) (@)l dpr(@) = / Jo Xt ditpe e = / Pt dpis e
T o/(T) T

as an element of C ((X)) if the integral converges.
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From the definitions we obtain

ro=a-a 2 S [

Ftur, thug) xo (Hur, u2)) dp(uy) dp(us).
ez Uxu

If for fixed j, [ the value f(t{ul , tl] uy) is constant = fy(j, (), then we get

== 2D @V folG. D) Xo (1, u2)) dpuCur) dps(ug).
VRIS UxU
EXAMPLES.

1. Let f = charOKﬁ(F) where OK(F) = v=1{0,1, ... }). So fo(j,I) = 1if 5,1 > 0 and
T

fo(4, 1) = 0 otherwise. Then
. 1
C(fa | ‘2) = (lqs>

which converges for Re(s) > 0, and has a single valued meromorphic continuation to the whole
complex place. Note that for this specific choice of f the local zeta integral does not involve X.

2. More generally, for a function f € Qp«p the local zeta integral {(f,x) converges for
Re(s) > 0 to a rational function in ¢° and therefore has a meromorphic continuation to the whole
complex plane.

To show this, one can assume that f(aq,az) = chara, (ai)char4,(a;) with distinguished sets
Ay, A;, each of which is either of type tl] (a+t70),a € U,r > 0, or of type t{*O. For example, if
A of the first type and A, of the second type, then

aroo=t-a Y a [ o (£, ua)) dpur) diaCun),

S (a+t70) xU

which for Re(s) > 0 converges to (1 — g H2(g*)""" (1 — ¢=°)~ ¢ where
c= f<a+ oYU X0 (t(ul, uz)) dp(uy) du(uy), and therefore equals to this rational function of ¢° on
the whole plane.

3. For f € Qpxr and (a1, ap) € T define, in analogy with A. Weil’s definition in [W1]
W), a2) = flar, az) — [t ar,a2) = flan, ) ao) + [t ty  an).
Then from the definitions and the properties of 11 we get
SOV T 19 = = (S| 1)
In particular, let g = W(f), f|r = (ChaTOKZ‘(F))t~ Then

C(g,| 15 =1.

18. Let 0: Kr(F) — K (F) be the boundary homomorphism. Note that 9(A;(F)) = 1. Define
A K((E) — KLi(F)/ker(0), aw {&,tp}

where & € O is a lifting of a € E*. Then d(A()) = a.
Let f: KE(F) — C be a continuous function which factorizes through KE(F) /ker(9). Let
x: Ki(F) — C* be a weakly ramified continuous quasi-character, i.e. xo(ker(d)) = 1, so x is
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induced by a (not necessarily unramified) quasi-character of the first residue field E of F'. Then
using Lemma in section 8 one immediately deduces that

1+q°
(e = 7= (o T xo0ed)
where (g is the one dimensional zeta integral on E' which corresponds to the normalized Haar
measure on E.

Similarly, if F'is a mixed characteristic field, and K is the algebraic closure of QQ, in F', then one
has a residue map 0: KE(F) — K (K), see e.g. [Ka2, sect. 2], the map 0 is —res defined there.

Assume that a prime element of K is a tp-local parameter of F', then we can identify F' = K {{¢; }}.
Define [: K| (K) — K(F),a + {t1,a}. Then d([(av) = cv.

Let f: K4(F) — C and a quasi-character x have analoguous to the above properties but with
respect to 0. Then similarly one has

1+q°

((fesx) = (e (foll [ x000).

1—qg5

Thus, the two dimensional zeta integral for F' links zeta integrals for both £ and K, local fields of
characteristic p and 0.

19. Putx=x""'| 3
PROPOSITION. Let g, h € Qrxpbe continuous functions, and let x: KE(F) — C* be a quasi-

character. For 0 < Re s(x) < 2 (and therefore for all s) one has a local functional equation

(g, %) ¢, ) = €@, D) C(h, X).

Proof. One proof is similar to Example 2 in the previous section and reduces the verification to
the case where both g and h are of the simple form char 4, char 4,. We indicate another, similar to

dimension one, with one new feature — a factor k(/3) which corresponds to the transform JA” involving
the map o.

For a = (aj,az) denote a~! = (a7 a5"), af = (a1B1,f), |a| = |ai||azl, we) =
prxF(ar, @), P(a) = P(a)y(az). Put

k(B) = (B +q 2w B +q oy B + ¢ vy 1 B),

v; defined in section 15. We will use [to(a)|3 = || for a € o'(T).
We have

g0 R = / /T 9@ R xuted ™) B ol 3172 dyer (@) der (49
= / / Go(@) F(e (ho))(B) Xto (@B~ 1) || ™! dpu(a) dpu(B)
FxXF JFXF

= ///F() go() e(ho)('V)l[}(ﬁrY)Xto(Oéﬂil) ‘OL|71 dp(c) dp(3) dp(y)
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B ///FG 9o(@) ho (M Y(BY) Xto(@B ™) | =" dps(@) du(B) dpuy)

£y 9o(@) ho(M) ¥(BY; ') xeo (@B~ o] ™! dps(a) dp(B) dpa(v; ')
F6

1<i<3
B / / /F 90() ho () E(BY) Xta(aB ™) ] ™! dpu(er) dpu(B) dyu()
B—=7""'8
B / / /F(, 9o(@) ho()) X1o(@y) ||~ dpu(e) dp(y) k(B) x10(B ") dpa(B)

(due to to the integrals are actually taken over o’ (T") where one can apply the Fubini property). The
symmetry in «, -y implies the local functional equation.

REMARK. Undoubtedly, one can extend this proposition to a larger class of continuous functions
g,h: FxF— C.

20. Similar to section 12, we need to take care of zeta integrals which involve normalized mea-
sures corresponding to shifted characters. The zeta integral should be more correctly written as
C(f, x| |5, ) since it depends on the normalization of the measure .. Above we used a normalized
measure y such that 4(O) = 1 (which corresponds to the conductor of 1 being O).

More generally, let the conductor of a character ¢ be t‘fO. Use v and 1(1, ap) for the transform
F of functions in Qp and Qpxp as in sections 9-10. Then self dual measures p on F' and
F x F with respect to ¥ and Fourier transform J satisfy u(O) = g2, w0, 0) = ¢°. Indeed, let

f= char(t?o’t?/o). Then J with respect to 9 is F(f) = qd_c_clchar(tiiﬂo,tizfc/O) and F2(f) = f,

as required.
We get

2
/ 1
s — d—(c+c’)s
C(f7||2a:u) q (1(]5) .

d—2c—2c

Now assume that d is even. Then f =q char and

t}*7 0,417~ 0)

2
i —s s(d—c—c’ 1
C(f»||% a#)=q(d )<1—q5_2> ,

so the local constant, the quotient ((f, | |5, wC(f, | |§_S, w7~ Lis gd1=9),
21. The previous constructions of the maps o, t, t, e are suitable for unramified characters, but are
not good enough for ramified characters. In addition to section 18 here is another example.

Let a weakly ramified character x of K%(F) be induced by a character X of the field £ with
conductor 1 +7; Opg, r > 0. By analogy with the one dimensional case it seems reasonable to
calculate the zeta integral ((f, x) for f: T — C which is defined by (t{ul , tll up) — 1 if and only
if 2> 0,0=0,uy € 1+t]0. Using the dimension one calculation in [T] one easily obtains

=== 0-aHq,
—q
~ 1
C(f’ SC\) = 1_7qs_2 (1 _ q—l)—l q—(S+l)T/2—5 po(y)7

where po(%) is the root number as in [T, 2.5], § = s/2 if r is odd and = 0 if r is even.
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Notice that unlike the case of unramified characters in section 20, f differs from f on 7" due to
the difference between e (f,) and F(e (f,)); so for the current choice of 0 and e as above there is no
canonical local constant associated to .

All this may be related to the well known difficulty of constructing a general higher ramification
theory which is still not available. It is expected that one can refine o, e, ¢, t to get canonical local
constants for ramified characters as well.

22. We describe elements of the theory for KE(K ((t))) where K is an archimedean local field
(two t have different meanings). Class field theory for such fields is described in [KS]. In this case
class field theory does not really match nicely the structure of the K-group of the field, and this is
reflected in the constructions of this section.

Introduce the sequential topology on L = K ((¢)) as in section 1. Define
K3(L) = Ky(L)/Ay(L), A(L) = ANy(L) + {K*, 1 +tK[[t]]} + {t, 1 + tK[[t]]},

A5(L) is the intersection of all neighbourhoods of zero in the strongest topology on K5 (L) in which
the subtraction in K»(L) and the map

L* x L™ — Ky(L), (a,b)+ {a,b}

are sequentially continuous. Then K% (L) is the direct sum of the group, generated by {a,t},a € K*

and isomorphic to K *, and of the group generated by {—1, —1} (which is zero if/—1 € K ). We

have 9(A2(L)) = 1 where 0 is the boundary map. It induces a homomorphism KE(L) — K|(K).
Introduce a module on K4(L): |a|, = |0()]| k-

A continuous homomorphism : KE(L) — C* can be written as x = o |§ (s € C), where
xo({K*2 t,}) = 1 and Ixo(K4(L))| = 1; so xo is determined by its value on {—1,—1} and
{—1,t}. The former symbol corresponds via class field theory to the totally ramified extension

K((t'7?))/ K ((t)), the latter — to K (/—1)((t))/K((t)).

23. Let
v KX — KAL), aw— {a,t}
tT=K*x K* — KiL), (a,8) {aB,t}.

For a function f: L x L — C continuous on 7" and rapidly decaying at (£o0, £00) and a
quasi-character x: K3(L) — C ™ preliminary introduce a zeta integral

Ak xk(a, 5)
lol i Bl

o) = /K J@p e

Put A = v. Let f: Ki(L) — C factorize through K3(L)/ker(d). Let x: Ki(L) — C* be a
continuous quasi-character such that yg(ker(9)) = 1 (i.e. x is an unramified character with respect
to L/K). Then

Clg, 0 = Ci(f o A x 0 A,
where g(a, ) = fi(@) f:(B), and (; is the one dimensional zeta integral.
REMARK. The well known technique in dimension one which extends the local integrals associated

to representations of the multiplicative group to representations of algebraic groups is likely to give
a similar extension of this work.
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