
CHAPTER I

ADELES OVER Q

§1.1 Absolute values

Definition 1.1.1 (Absolute value) An absolute value on a field F is a non-
negative real valued function | | on F which satisfies the conditions:

(i) |x| = 0 if and only if x = 0,
(ii) |xy| = |x| · |y|,
(iii) |x+ y| ≤ |x|+ |y|, (triangle inequality)

for all x, y ∈ F .

If an absolute value | | on a field F satisfies the stronger condition

(1.1.2) |x+ y| ≤ max
(
|x|, |y|

)
,

then it is called a non-archimedean absolute value. If condition (1.1.2) fails for
some x, y ∈ F , then | | is called an archimedean absolute value.

It is always possible to define a trivial absolute value | |trivial on any field F where

|x|trivial =
{

1, if x 6= 0,
0, otherwise.

Since | |trivial is not very interesting, we shall usually exclude it in our discussions.

Definition 1.1.3 (Equivalence of Absolute values) Two absolute values | |1
and | |2, defined on the same field F , are termed equivalent if there exists c > 0
such that |x|1 = |x|c2 for all x ∈ F.

Example 1.1.4 The field Q of rational numbers has the classical (and very ancient)
archimedean absolute value which we denote by | |∞ which is defined by

(1.1.5) |x|∞ =
{

x, if x ≥ 0,
−x, if x < 0,

for all x ∈ Q. For each prime p one may define the non-archimedean absolute value
| |p as follows. Given x ∈ Q with x = pk · mn with p 6 |mn, and k ∈ Z, we define

(1.1.6) |x|p =
∣∣∣pk · m

n

∣∣∣ = p−k.
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2 I. ADELES OVER Q

The definition of | |p has the effect that the non-archimedean absolute values of
numbers divisible by high powers of p become small.

Theorem 1.1.7 (Ostrowski) The only non-trivial absolute values on Q are those
equivalent to the | |p or the ordinary absolute value | |∞.

Proof: See [Cassels, 1986], [Murty, 2002].
�

Theorem 1.1.8 (Product formula) Let α ∈ Q with α 6= 0. The absolute values
| |v, given by (1.1.5), (1.1.6), satisfy the product formula∏

v

|α|v = 1

where the product is taken over all v ∈ {∞, 2, 3, 5, 7, 11, 13, . . . }, i.e., v = ∞ or v
is a prime.

Proof: The proof is elementary and left to the reader.
�

Definition 1.1.9 (Finite and infinite primes) Following the modern tradition
we shall call v = 2, 3, 5, 7, 11, 13 . . . the finite primes and v = ∞ the “infinite or
archimedean prime.” Henceforth, we shall adhere to the convention that v refers to
an arbitrary prime v (with v finite or infinite) while p refers specifically to a finite
prime.

§1.2 The field Qp of ppp-adic numbers

An absolute value | | on a field F allows us to define the notion of distance
between two elements x, y ∈ F as |x− y|. We may also introduce a topology on F
where the basis of open sets consists of the open balls Br(a) with center a ∈ F and
radius r > 0:

Br(a) =
{
x
∣∣ |x− a| < r

}
.

A sequence of elements x1, x2, x3, . . . ∈ F is termed Cauchy provided

(1.2.1) |xm − xn| −→ 0 (m,n→∞).

A field F with a non-trivial absolute value | | is said to be complete if all Cauchy
sequences of elements x1, x2, x3, . . . ∈ F have the property that there exists an
element x∗ ∈ F such that |xn − x∗| → 0 as n → ∞, i.e., all Cauchy sequences
converge.

If a field F is not complete, it is possible to complete it by standard methods
of analysis. In brief, one adjoins to the incomplete field F all the elements aris-
ing from equivalence classes of Cauchy sequences, where two Cauchy sequences
{x1, x2, . . . }, {y1, y2, . . . } are equivalent if limi→∞ |xi − yi| = 0. The original
elements α ∈ F are then realized as the equivalence class of the constant Cauchy
sequence {α, α, α, . . . }. Addition, subtraction, and multiplication of the representa-
tives {xi} = {x1, x2, . . . }, {yi} = {y1, y2, . . . } of two equivalence classes of Cauchy
sequences are defined by

{xi} ± {yi} = {xi ± yi}, {xi} · {yi} = {xi · yi}.
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The definition of division is the same, except one has to be careful to not divide
by zero because in a Cauchy sequence {x1, x2, x3, . . . }, some of the xi may be 0.
Happily, this is not a problem, because every Cauchy sequence is equivalent to a
Cauchy sequence without any zero terms and we always choose such a representative
for performing division. The sequence of quotients will be Cauchy, provided the
Cauchy sequence by which we divide does not converge to zero.

Definition 1.2.2 (ppp-adic fields) Let p be a prime number. The completion of Q
with respect to the p-adic absolute value | |p, defined by (1.1.6), is denoted as Qp

and called the p-adic field.

We now present two explicit constructions of Qp.

Analytic construction of Qp: The first construction we present is based on the
notion of Cauchy sequences. Let k < n be any two integers (positive or negative)
and for each i satisfying k ≤ i ≤ n let 0 ≤ ai < p also be an integer. If we assume
ak 6= 0, then it easily follows from (1.1.6) that

(1.2.3)

∣∣∣∣∣
n∑
i=k

aip
i

∣∣∣∣∣
p

= p−k.

Fix k ∈ Z. An infinite sequence {ak, ak+1, ak+2, . . . }, where ai ∈ {0, 1, . . . , p − 1}
for each i ≥ k, and ak 6= 0, determines an infinite sequence

x1 = akp
k

x2 = akp
k + ak+1p

k+1

x3 = akp
k + ak+1p

k+1 + ak+2p
k+2

...

of elements in Q. By (1.2.3) it is easy to see that the sequence x1, x2, x3 . . . is a
Cauchy sequence. Formally, we may define

lim
i→∞

xi =
∞∑
i=k

aip
i, (with |xi|p = p−k for all i = 1, 2, . . . ).

Let Zp denote the set of all elements x of the completed field Qp which satisfy
|x|p ≤ 1. By (1.1.2) it easily follows that Zp must be a ring with maximal ideal

π = {x ∈ Zp | |x|p < 1}.

It is easy to check that π = p · Zp. Every x ∈ Zp can be uniquely realized as the
equivalence class of a Cauchy sequence of the form

{a0, a0 + a1p, a0 + a1p+ a2p
2, a0 + a1p+ a2p

2 + a3p
3, . . . }

where 0 ≤ ai < p for i = 0, 1, 2, . . . One may check this by first showing that
that every element of Zp contains a sequence consisting entirely of integers. Every
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integer may be expressed as a finite sum a0 + · · ·+ aNp
N . One then shows that for

the sequence to be Cauchy, the “digit” ai must be eventually constant for each i.
The ring Zp, can thus be realized as the set of all sums of the type:

(1.2.4)
∞∑
i=0

aip
i

where 0 ≤ ai < p for each i ≥ 0.
Suppose x ∈ Qp does not satisfy |x|p ≤ 1. Then we can multiply x by a suitable

power pn with n > 0 so that |pnx|p ≤ 1. It immediately follows that the field Qp,
can thus be realized as the set of all sums of the type:

(1.2.5)
∞∑
i=k

aip
i

where 0 ≤ ai < p for each i ≥ k and k ∈ Z arbitrary. The actual mechanics of
performing addition, subtraction, multiplication, and division in the field Qp is very
similar to what we do in the field R where every element is of the form

(1.2.6) ak10k + ak−110k−1 + · · ·

with 0 ≤ ai ≤ 9 for all i ≥ k. The main difference in Qp is that the expansion

akp
k + ak+1p

k+1 + ak+2p
k+2 · · ·

goes up instead of down as in (1.2.6).
Here is an example of multiplication in Q5. Note that the multiplication and

carrying procedures mimic the case of multiplication in R except that we move from
left to right instead of right to left.

2 · 5−1 + 4 · 50 + 3 · 51 + 2 · 52 + · · ·
× 1 · 5−2 + 3 · 5−1 + 2 · 50 + 1 · 51 + · · ·

2 · 5−3 + 4 · 5−2 + 3 · 5−1 + 2 · 50 + · · ·
+ 1 · 5−2 + 3 · 5−1 + 1 · 50 + 3 · 51 + · · ·

+ 4 · 5−1 + 3 · 50 + 2 · 51 + · · ·
+ 2 · 50 + 4 · 51 + · · ·

2 · 5−3 + 0 · 5−2 + 1 · 5−1 + 0 · 50 + 1 · 51 + · · ·

We give one more example of the type of infinite expansion that occurs in Qp which
is analogous to the expansion 1

3 = 0.33333 . . . that occurs in R.

Example 1.2.7 Let a be an integer coprime to the prime p. Let f ≥ 1 be a fixed
integer. Then there exist integers ā, a1, a2, . . . such that

1
a

= ā+ afp
f + af+1p

f+1 + af+2p
f+2 + · · · ∈ Qp

where a · ā ≡ 1 (mod pf ) with 0 < ā < pf and 0 ≤ ai < p for i = f, f + 1, f + 2, . . .
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Since |a−1|p = 1 it follows that a−1 must be in Zp and, thus, have an expansion
of type (1.2.4). We require

a ·
(
ā+ afp

f + af+1p
f+1 + · · ·

)
= 1

from which it easily follows that aā ≡ 1 (mod pf ).
Note that p-adic expansions of p-adic numbers are always unique. This is not

the case for decimal expansions of real numbers. For example: 1.000 . . . = 0.999 . . .

Algebraic construction of Qp: Let A1, A2, A3, . . . be an infinite set of groups,
rings, or fields. We assume that for every pair of positive integers i, j with i > j
there exists a homomorphism

(1.2.8) fi,j : Ai → Aj .

Assume also that whenever i, j, k are positive integers satisfying i > j > k, that

(1.2.9) fi,k = fj,k ◦ fi,j .

Definition 1.2.10 (Inverse limit) Let A1, A2, A3, . . . be an infinite set of groups,
rings, or fields. Assume that for all positive integers i > j that homomorphisms
fi,j exist satisfying (1.2.8), (1.2.9). Then the inverse limit of the Ai, denoted

lim
←−

Ai

is defined to be the set of all infinite sequences (a1, a2, a3, . . . ) where ai ∈ Ai for all
i ≥ 1 and fi,j(ai) = aj for all i > j ≥ 1.

The inverse limit inherits the algebraic structure of the sets Ai. It will be either
a group, ring or field.

In the algebraic approach to the construction of Qp we first construct (using
the inverse limit) the ring of p-adic integers, denoted Zp. The field Qp is then
constructed as the field of quotients of Zp, consisting of all elements of the form
a/b with a, b ∈ Zp and b 6= 0. Note that Zp is an integral domain.

Let p be a prime and let i be a positive integer. Then the set

(1.2.11) Ai := {a0 + a1p+ · · · ai−1p
i−1 | 0 ≤ a` < p for all 0 ≤ ` < i}

determines a finite ring with pi elements which is canonically identified with the
quotient ring (Z/piZ). The algebraic operations are addition and multiplication
modulo pi. For every i > j, we have the canonical homorphism fi,j : Ai → Aj
defined by

fi,j
(
a0 + a1p+ · · · ai−1p

i−1
)

= a0 + a1p+ · · · aj−1p
j−1,

which simply drops off the tail end terms in the sum. It easily follows from definition
1.2.10 that an element of the inverse limit is a sequence of the form

(a0, a0 + a1p, a0 + a1p+ a2p
2, a0 + a1p+ a2p

2 + a3p
3, . . . ).
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Formally, we define the infinite sum
∑∞
i=0 aip

i to be the sequence above. Then

(1.2.12) lim
←−

(
Z
/
piZ
)

=

{ ∞∑
i=0

aip
i

∣∣∣∣∣ 0 ≤ ai < p for all i ≥ 0

}
.

Definition 1.2.13 (ring of p-adic integers Zp) Let p be a prime number. The
ring of p-adic integers Zp is defined to be the inverse limit of finite rings given by
(1.2.11).

§1.3 Adeles and ideles over Q

The completion of Q with respect to the archimedean absolute value | |∞ is just
R which we also denote as Q∞. Formally, the ring of adeles over Q, denoted AQ, is
a ring determined by the restricted product (relative to the subgroups Zp)

AQ = R×
∏
p

Qp,

where restricted product (relative to the subgroups Zp) means that all but finitely
many of the components in the product are in Zp.

Definition 1.3.1 (Adeles) The ring of adeles over Q, denoted AQ, is defined by

AQ :=
{
{x∞, x2, x3, . . . }

∣∣∣ xv ∈ Qv (∀ v ≤ ∞), xp ∈ Zp (∀ but finitely many p)
}
.

Given two adeles

x = {x∞, x2, x3, . . . }, x′ = {x′∞, x′2, x′3, . . . },

we define addition and multiplication (the ring operations) as follows

x+ x′ := {x∞ + x′∞, x2 + x′2, x3 + x′3, . . . }
x · x′ := {x∞ · x′∞, x2 · x′2, x3 · x′3, . . . }.

Recall that a topological space X is called locally compact if every point of X has
a compact neighborhood. For example, Qp is locally compact and Zp is compact.
Furthermore, AQ can be made into a locally compact topological ring by taking as
a basis for the topology all sets of the form

U ×
∏
p 6∈S

Zp

where S is any finite set of primes containing ∞, and U is any open subset in the
product topology on the finite product

∏
v∈S Qv.

The ideles of Q are defined to be the multiplicative subgroup of AQ, denoted A×Q .
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Definition 1.3.2 (Ideles) The multiplicative group of ideles over Q, denoted A×Q ,
is defined by

A×Q :=
{
{x∞, x2, . . . } ∈ AQ

∣∣∣ xv ∈ Q×v (∀v), xp ∈ Z×p (∀ but finitely many p)
}
.

Here Z×p denotes the multiplicative group of units of Zp. Clearly, u ∈ Z×p if and
only if |u|p = 1. The ideles over Q also form a locally compact topological group
with the basis of the topology consisting of the open sets

U ×
∏
p 6∈S

Z×p

where U is an open set in
∏
v∈S Q×v and S is any finite set of primes containing ∞.

Here, the topology on the finite product
∏
v∈S Q

×
v is the product topology.

Warning: The topology of the ideles is not the topology induced from the adeles.
It is quite different.

Definition 1.3.3 (Finite adeles) The ring of finite adeles over Q, denoted Afinite ,
is defined by

Afinite :=
{
{x2, x3, . . . }

∣∣∣ xp ∈ Qp ( ∀ p <∞), xp ∈ Zp (∀ but finitely many p)
}
.

There is a natural embedding of Afinite into AQ given by

{x2, x3, . . . } 7→ {0, x2, x3, . . . }.

Definition 1.3.4 (Finite ideles) The group of finite ideles over Q, denoted A×
finite

,
is defined by

A×
finite

:=
{
{x2, x3, . . . }

∣∣∣ xp ∈ Q×p ( ∀ p <∞), xp ∈ Z×p (∀ but finitely many p)
}
.

There is a natural embedding of A×
finite

into A×Q given by

{x2, x3, . . . } 7→ {1, x2, x3, . . . }.

§1.4 Action of Q on the adeles and ideles

The ring Q can be embedded in the adeles as follows. It is clear that for any
fixed q ∈ Q that |q|v > 1 for only finitely many v ≤ ∞. Thus q lies in Zp for all but
finitely many p <∞.

Let q ∈ Q. Then
{q, q, q, . . . } ∈ AQ.

This is usually referred to as a diagonal embedding. It follows that Q may be
considered as a subring of AQ. Viewing AQ and Q as additive groups, it is then
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natural to take the quotient Q\AQ. Another way to view this quotient is to define
an additive action (denoted +) of Q on AQ by the formula

q + x := {q + x∞, q + x2, q + x3, . . . }

for all x = {x∞, x2, x3, . . . } ∈ AQ and all q ∈ Q. Here q + xv denotes addition in
Qv. This is a continuous action and Q is a discrete subgroup of AQ in the sense
that for each q ∈ Q, there is a subset U ⊂ AQ, which is open in the topology on
AQ, such that U ∩Q = ∅.

We now introduce the notion of a fundamental domain for the action of an
arbitrary group on an arbitrary set X.

Definition 1.4.1 (Fundamental domain) Let a group G act on a set X (on the
left). A fundamental domain for this action is a subset D ⊂ X which satisfies the
following two properties:

(1) For each x ∈ X, there exists d ∈ D and g ∈ G such that gx = d.

(2) The choice of d in (1) is unique.

Remarks: A fundamental domain is precisely a choice of one point from each orbit
of G. If G\X is the quotient space with the quotient topology and π : X → G\X
is the quotient map, then the fundamental domain is the image of a section σ :
G\X → X. (This is a set theoretic section, it need not be continuous).

The construction of an explicit fundamental domain for the action of the additive
group Q on the adele group AQ is equivalent to a generalization of the ancient
Chinese remainder theorem.

Theorem 1.4.2 (Chinese Remainder Theorem) Let p1, p2, . . . pn be distinct
primes. Let e1, e2, . . . , en be positive integers and c1, c2, . . . , cn be arbitrary integers.
Then the system of linear congruences

x ≡ c1 (mod pe11 )

x ≡ c2 (mod pe22 )
...

x ≡ cn (mod pen
n )

has a unique solution x (mod pe11 p
e2
2 · · · pen

n ).

Proof: A simple proof can be obtained by explicitly constructing a solution to
the system of linear congruences. Set N = pe11 p

e2
2 · · · pen

n . For each 1 ≤ i ≤ n define
an integer ui by the condition

N

pei
i

· ui ≡ 1 (mod pei
i ).

Then one easily checks that the element

x ≡ c1
N

pe11
· u1 + c2

N

pe22
· u2 + · · · + cn

N

pen
n
· un
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satisfies x ≡ ci (mod pei
i ) for all 1 ≤ i ≤ n. We leave the proof of uniqueness to the

reader.
�

Example 1.4.3 Consider the system of linear congruences

x ≡ 2 (mod 32)

x ≡ 1 (mod 53)

x ≡ 3 (mod 7).

Then u1 is defined by the congruence 53 ·7 ·u1 ≡ 1 (mod 32), and u1 = 5. Similarly,
32 · 7 · u2 ≡ 1 (mod 53) and u2 = 2, while 32 · 53 · u3 ≡ 1 (mod 7) and u3 = 3. It
follows that

x ≡ 2 · 53 · 7 · 5 + 32 · 7 · 2 + 3 · 32 · 53 · 3 ≡ 3251 (mod 32 · 53 · 7).

A modern version of the Chinese remainder theorem (1.4.2) can be given in terms
of p-adic absolute values.

Theorem 1.4.4 (Weak approximation) Let p1, p2, . . . , pn be distinct primes.
Let ci ∈ Qpi

for each i = 1, 2, . . . , n. Then for every ε > 0, there exists an α ∈ Q
such that

|α− ci|pi < ε

for all 1 ≤ i ≤ n. Furthermore, α may be chosen so that the denominator, when
written in lowest terms, is not divisible by any primes other than p1, . . . , pn.

Proof: The general case follows easily from the case when ci ∈ Zpi
for all i. As

Z is dense in Zp, we may then replace ci by c′i ∈ Z. At this point the statement
reduces to the classical form, given in Theorem 1.4.2. �

Proposition 1.4.5 (Strong approximation for adeles) A fundamental domain
D for Q\AQ is given by

D =
{
{x∞, x2, x3, . . . }

∣∣∣ 0 ≤ x∞ < 1, xp ∈ Zp for all finite primes p
}

= [0, 1) ·
∏
p

Zp.

That is, we have

AQ =
⋃
β∈Q
{β +D}, (disjoint union).

Proof: Following definition 1.4.1, it is enough to show that every element in AQ
can be uniquely expressed as d + q for d ∈ D and q ∈ Q.

Fix x = {x∞, x2, x3, . . . , } ∈ AQ. Apply Theorem 1.4.4 with p1, . . . , pn being
the finite set of primes such that xpi /∈ Zpi , ci = xpi and ε = 1. We obtain α ∈ Q
such that |xp − α|p ≤ 1 for all p. For t ∈ R, let [t] denote the greatest integer not
exceeding t. Since α ∈ Zp for all p 6= pi, it follows that xp − α − [x∞ − α] ∈ Zp
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for all finite primes p and x∞ − α − [x∞ − α] ∈ [0, 1). We have thus found
q = −α − [x∞ − α] ∈ Q and d ∈ D such that

x+ {q, q, q, . . . } = d.

Next, we consider uniqueness. Suppose there exists q′ ∈ Q and d′ ∈ D such that
x+{q′, q′, q′, . . . } = d′. This implies {q, q, q, . . . }−{q′, q′, q′, . . . } = d−d′. But then
q − q′ is an integer at all finite places and at ∞ we must have −1 < q − q′ < 1. It
immediately follows that q = q′.

Finally, the proof that the union of all rational translates of the fundamental
domain D gives AQ follows immediately from definition 1.4.1 of a fundamental
domain. �

Next, we consider the multiplicative action of Q× on the ideles A×Q which we
denote by · which is defined by

q · x = {q · x∞, q · x2, q · x3, . . . }

for all x = {x∞, x2, x3, . . . } ∈ A×Q and q ∈ Q×. Here q · xv denotes multiplication
in Qv.

Proposition 1.4.6 (Strong approximation for ideles) A fundamental domain
D for Q×\A×Q is given by

D =
{
{x∞, x2, x3, . . . }

∣∣∣ 0 ≤ x∞ <∞, xp ∈ Z×p for all finite primes p
}

= (0,∞) ·
∏
p

Z×p .

That is, we have
A×Q =

⋃
α∈Q×

α ·D. (disjoint union.)

Proof: Following definition 1.4.1, it is enough to show that every element in A×Q
can be uniquely expressed as d · q for some d ∈ D and some q ∈ Q×.

The proof is very similar to the proof of proposition 1.4.5 and is left to the reader.
�

§1.5 p-adic integration

Let us consider complex valued continuous functions f defined on Qp. We would
like to define the notion of the integral of f , denoted

∫
A
f(x) dx, taken over a subset

A ⊂ Qp.

Definition 1.5.1 (Finitely additive measure) A finitely additive measure µ on
Qp is a map from the set of compact subsets of Qp to the non-negative real numbers
which satisfies

µ
(
U1 ∪ U2 ∪ · · · ∪ Un

)
= µ(U1) + · · ·+ µ(Un),

for all compact subsets U1, . . . , Un of Qp which are pairwise disjoint.
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It is easy to see that a finitely additive measure µ on Qp must satisfy

µ (a+ pnZp) =
p−1∑
b=0

µ
(
a+ bpn + pn+1Zp

)
for all 0 ≤ a ≤ p − 1 and n ∈ Z, because the compact set on the left side is the
disjoint union of the ones on the right.

Definition 1.5.2 (Locally constant function) A function f : Qp → C is said
to be locally constant on a subset V ⊂ Qp if for every x ∈ V there exists an open
set U ⊂ V containing x such that f(x) = f(u) for all u ∈ U. The function f is said
to be locally constant if it is locally constant on all of Qp.

Note that any locally constant function f : Qp → C can be expressed as a linear
combination of characteristic functions of the form

f(x) =
∞∑
i=1

ci · 1Ui
(x)

where ci ∈ C and 1
Ui

is the characteristic function of Ui. Here Ui are open subsets of
Qp for i = 1, 2, . . . The locally constant functions are the analogue of step functions
in the classical integration theory on R.

Definition 1.5.3 (Integration of locally constant, compactly supported
functions on Qp) Let f : Qp → C be a locally constant function. Let µ be a
finitely additive measure on Qp as in definition 1.5.1 and assume

A = U1 ∪ U2 ∪ · · · ∪ Un

is a disjoint union of compact open sets Ui ⊂ Qp such that f is the constant function
ci ∈ C on each Ui for i = 1, 2, . . . , n. Then we define∫

A

f(x) dµ(x) = c1µ (U1) + c2µ (U2) + · · ·+ cnµ (Un) .

Remarks: (1) We shall refer to dµ(x) as the “differential induced from” the finitely
additive measure µ. This is perhaps best thought of as a common and extremely
useful abuse of notation. What has been defined rigorously is a linear functional
on the space of locally constant, compactly supported functions f. We shall be
considering other, similar, functionals, coming from closely-related finitely additive
measures. The descriptions are easiest to grasp when presented as relationships
among the “differentials.” The interested reader should have no difficulty recovering
the definition in terms of finitely additive measures.

(2) It is possible, in a very straightforward manner, to extend the definition of

the integral given in 1.5.3 to an infinite disjoint union A =
∞⋃
i=1

Ui provided the sum
∞∑
i=1

ciµ(Ui) converges absolutely. Furthermore, one may extend a finitely additive
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measure as above to a measure on a σ-algebra of sets, define associated classes of
measurable and integrable functions, etc. See, [Halmos, 1950], [Hewitt-Ross, 1979],
[Bourbaki, 2004]. We shall not need to do this, however, since the construction of
the standard automorphic L-functions, which is the main theme of this book, only
requires the integration of locally constant functions.

(3) Because the compact open sets a + pnZp form a basis of open sets for Qp,
we are able to integrate any locally constant, compactly supported function using
only the values of µ on these sets.

Example 1.5.4 (Haar measure on Qp) Let a, n ∈ Z with 0 ≤ a ≤ p − 1. We
define

µHaar (a+ pnZp) = p−n.

We also set dµHaar
(x) = dx. Haar measure is (obviously) invariant under additive

translations. Note that µHaar can be arbitrarily large on the compact sets a+ pnZp
when n→ −∞.

We now give an example of a simple p-adic integral. Let s be a complex number
with <(s) > −1. Then the function |x|sp is a locally constant function on Qp − {0}.
We compute the integral of |x|sp over Zp − {0}, the non-zero p-adic integers. Let

Z×p = (1 + pZp) ∪ (2 + pZp) ∪ · · · ∪ (p− 1 + pZp)

denote the units (invertible elements) in Zp, which are characterized by the fact

that u ∈ Z×p if and only if |u|p = 1. Clearly Zp−{0} =
∞⋃
n=0

pnZ×p is a disjoint union

and µHaar

(
Z×p
)

= p−1
p .

Example 1.5.5 Let dx be the differential induced from the Haar measure as in
example 1.5.4. We have∫

Zp−{0}

|x|sp dx =
∞∑
n=0

∫
pnZ×p

|x|sp dx =
p− 1
p

∞∑
n=0

p−n · p−ns =
p− 1

p(1− p−1−s)
.

In example 1.5.5 we have reduced the integral over Z×p − {0} to an infinite sum
of integrals over compact sets which can be computed as in definition 1.5.3. The
condition <(s) > −1 ensures that the above infinite sum converges absolutely. We
also note that

∫
Zp−{0}

|x|sp dx =
∫
Zp

|x|sp dx since the integral over the point {0} is 0.

As noted above, the Haar measure given in 1.5.4 is invariant by additive changes
of variable. When we make a multiplicative change of variables, we get

(1.5.6)
∫

Qp

f(ax) dx = |a|p
∫

Qp

f(x) dx.

Definition 1.5.7 (Multiplicative Haar measure on Q×p ) Let dx be as
in example 1.5.4. For x ∈ Q×p = Qp − {0}, we define

d×x =
p

p− 1
dx

|x|p
=
(
1− p−1

)−1 dx

|x|p
.
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The differential d×x satisfies the following two important properties. First of all,
it is invariant under transformations x→ yx for any fixed y ∈ Q×p . That is, for any
locally constant function f such that the integral∫

Q×p
f(x)d×x

converges, and for any y ∈ Q×p , we have∫
Q×p

f(xy)d×x =
∫

Q×p
f(x)d×x,

for any y ∈ Q×p . (The general case reduces to the special case when the function f
is the characteristic function of an open ball, which is a straightforward exercise.)
Thus, d×x is invariant under multiplication, which is why it is called a multiplicative
Haar measure. Secondly, it satisfies

∫
Z×p

d×x = 1.

Example 1.5.8 Let d×x be as in definition 1.5.7. Then for <(s) > 0, we have

∫
Zp−{0}

|x|sp d×x =
(
1− p−1

)−1
∞∑
n=0

∫
pnZ×p

|x|sp
dx

|x|p
=

∞∑
n=0

p−ns =
1

1− p−s
.

§1.6 p-adic Fourier transform

Let f : R → C be a function. We shall say that f has rapid decay at ∞ if for
each m > 0 there exists a fixed constant C > 0 such that

|x|m∞ |f(x)|C < C

for |x|∞ sufficiently large. Here |x|∞ is the ordinary absolute value on R as in
(1.1.5), and | |C is the ordinary absolute value on C. A function f : R→ C is said to
be Schwartz if it is smooth (infinitely differentiable) and all of its derivatives have
rapid decay at infinity.

The Fourier transform of f , denoted f̂ , is defined by

(1.6.1) f̂(x) =
∫
R

f(y)e∞(−xy) dy,

where e∞(x) = e2πix for all x ∈ R.

Theorem 1.6.2 (Fourier inversion on R) Let f : R→ C be a Schwartz function.

Let f̂ be defined by (1.6.1). Then f̂ is again a Schwartz function and ˆ̂
f (x) = f(−x).

Proof: See [Lang, 1983].
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We want to generalize (1.6.1) and theorem 1.6.2 to p-adic fields. The first step
required to do this is to obtain an analogue of the additive character e∞(x) which
satisfies e∞(x + y) = e∞(x)e∞(y) for all x, y ∈ R. Accordingly, we define the
function ep : Qp → C.

Definition 1.6.3 (Additive character on Qp) Let ep : Qp → C be defined by

ep(x) = e−2πi{x}

where

{x} =


−1∑
i=−k

aip
i, if x =

∞∑
i=−k

aip
i ∈ Qp with k > 0, 0 ≤ ai ≤ p− 1,

0, otherwise.

Remarks: We think of {x} as the fractional part of x ∈ Qp. Clearly

ep(x+ y) = ep(x) · ep(y)

for all x, y ∈ Qp. Note the minus sign in the definition of ep. The minus sign plays
an important role in the adelic Fourier theory. Let us mention that Tate and some
other authors include a minus sign in e∞, rather than ep.

Lemma 1.6.4 Let n ∈ Z. Then∫
pnZp

ep(x) dx =
{
p−n, if n ≥ 0,
0, otherwise.

Proof: If n ≥ 0 then the integrand is identically equal to 1, and hence the
integral is equal to the measure of the domain of integration, which is p−n.

If n < 0, then there exists y ∈ pnZp such that ep(y) 6= 1. Making the change of
variables x→ x+ y in the integration, we obtain∫

pnZp

ep(x) dx = ep(y)
∫

pnZp

ep(x) dx.

Since ep(y) 6= 1, the integral must be 0.

Proposition 1.6.5 Let n ∈ Z. Then

∫
pnZ×p

ep(x) dx =


p−n

(
1− p−1

)
, if n ≥ 0,

−1, if n = −1,
0, if n < −1.

Proof: Since Z×p = Zp − pZp it follows, after multiplying by pn, that we may
write pnZ×p = pnZp − pn+1Zp. Consequently

(1.6.6)
∫

pnZ×p

ep(x) dx =
∫

pnZp

ep(x) dx −
∫

pn+1Zp

ep(x) dx.
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If n ≥ 0 then ep(x) ≡ 1 in both of the integrals on the right side of (1.6.6 ) so the
value of the integral is given by

µ
Haar

(pnZp)− µHaar
(pn+1Zp) =

1
pn
− 1
pn+1

= p−n
(
1− p−1

)
.

If n = −1, then ep is nontrivial on pnZp and trivial on pn+1Zp, so the value of the
integral in (1.6.6 ) is just 0−µ

Haar
(Zp) = −1. If n < −1, then since ep is nontrivial

in both of the integrals on the right side of (1.6.6 ) the integral is just 0 in this case.
�

Proposition 1.6.7 Let

1A(x) =
{

1, if x ∈ A,
0, otherwise,

denote the characteristic function of a subset A ⊂ Qp. Let n ∈ Z. Then we have∫
Qp

1
pnZp

(x) · ep(−xy) dx =
{
p−n, if y ∈ p−nZp,
0, otherwise.

Proof: If y ∈ p−nZp then xy ∈ Zp for all x ∈ pnZp, so the integral is just∫
pnZp

dx = p−n. If y 6∈ p−nZp then ep is nontrivial and the integral vanishes.
�

Theorem 1.6.8 (Fourier inversion on Qp) Let f : Qp → C be a locally constant
compactly supported function as in definition 1.5.2. Let f̂ be defined by

f̂(x) =
∫

Qp

f(y)ep(−xy) dy.

Then f̂ is again a locally constant compactly supported function and ˆ̂
f (x) = f(−x).

Proof: We first show that f̂ is a locally constant compactly supported function.
Every locally constant compactly supported function on Qp can be expressed as
a finite linear combination of characteristic functions of compact open sets of the
form a + pnZp with a ∈ Qp. and n ∈ Z. Since integration is a linear function it
suffices to show that the Fourier transform of the characteristic function 1

a+pnZp
is

again a locally constant compactly supported function. We compute

1̂
a+pnZp

(y) =
∫
Qp

1
a+pnZp

(x) · ep(−xy) dx =
∫

a+pnZp

ep(−xy) dx

=
∫

pnZp

ep
(
− (a+ x)y

)
dx(1.6.9)

= ep(−ay)
∫

pnZp

ep(−xy) dx

= ep(−ay)p−n · 1
p−nZp

(y),
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where the last step in the above calculation follows from proposition 1.6.7 .
To show that ˆ̂

f (x) = f(−x) it suffices to check it for the case that f = 1
a+pnZp

is a characteristic function of the compact open set a+pnZp. It follows from (1.6.9)
that for any y ∈ Qp,

̂̂1
a+pnZp

(y) =
∫
Qp

1̂
a+pnZp

(x) · ep(−xy) dx

= p−n
∫
Qp

1
p−nZp

(x) · ep(−(a+ y)x) dx

= 1
pnZp

(a+ y),

where the last step follows from proposition 1.6.7 (with n replaced by −n). But
1
pnZp

(a+ y) = 1
a+pnZp

(−y) because −pnZp = pnZp.
�

§1.7 Adelic Fourier transform

Recall definition 1.3.1 which states that the adele ring AQ is defined by

AQ :=
{
{x∞, x2, x3, . . . }

∣∣∣ xv ∈ Qv (∀ v ≤ ∞), xv ∈ Zv (∀ but finitely many v)
}
.

In order to define a Fourier transform on the global ring AQ it is first necessary to
construct an appropriate additive character as in the local definition 1.6.3.

Definition 1.7.1 (Additive adelic character) We shall define an additive adelic
character e : AQ → C as follows. For x = {x∞, x2, x3, . . . } ∈ AQ let

e(x) =
∏
v≤∞

ev(xv)

with ep(xp) = e−2πi{xp} as in (1.6.3) if p < ∞ and e∞(x∞) = e2πix∞ if v = ∞.
Note that only finitely many of the terms in the product are not equal to 1.

Proposition 1.7.2 The function e(x) which is defined in definition 1.7.1 satisfies
the following two properties:

(1) additivity: e(x+ y) = e(x) · e(y) for all x, y ∈ AQ;

(2) periodicity: e(x+ α) = e(x) for all x ∈ AQ and α ∈ Q.

Proof:

(1) The additivity follows from the additivity of each of the local exponentials
e∞, e2, e3, . . . as explained in the remark after definition 1.6.3.

(2) Next we show the periodicity. Let

α =
a

pf11 p
f2
2 · · · p

f`

`
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where a ∈ Z and p1, p2, . . . , p` are primes and pf11 p
f2
2 · · · p

f`

` is the prime factorization
of the denominator of α. Now there exist integers b1, b2, . . . b` such that

1

pf11 p
f2
2 · · · p

f`

`

=
b1

pf11
+

b2

pf22
+ · · · +

b`

pf`

`

.

Note that this partial fraction decomposition easily follows from the theorem of
Euclid which says that for any two non-zero integers r, s there exist integers x, y
such that rx + sy = (r, s), where (r, s) denotes the greatest common divisor of r
and s.

It follows that e(x+ α) = e(x)e(α) and

e(α) = e2πiα
∏̀
i=1

epi
(α) = e2πiα

∏̀
i=1

e−2πiabi/p
fi
i = 1.

Here we have crucially used the minus sign in definition 1.6.3 and also used the fact
that ep(x+ z) = ep(x) for all x ∈ Q and any p-adic integer z ∈ Zp. For example, in
Qp1 , the element b2

p
f2
2

+ · · · + b`

p
f`
`

is a p-adic integer (see example 1.2.7).

�

We now consider adelic functions f : AQ → C. We would like to extend the
definition of Fourier transform to adelic functions and, in addition, we want to
define a suitable space of adelic Schwartz functions so that the Fourier transform f̂
of an adelic Schwartz function f is given by an absolutely convergent integral and
f̂ is again an adelic Schwartz function.

The above goals can be achieved by making the following definitions.

Definition 1.7.3 (Factorizable function) An adelic function f : AQ → C is
factorizable if there exist local functions: fv : Qv → C (∀v ≤ ∞) where fp ≡ 1 on
Zp for all but finitely many p <∞, and where

f(x) = f∞(x∞)f2(x2)f3(x3) · · · =
∏
v

fv(xv).

for all x = {x∞, x2, x3, . . . } ∈ AQ.

Definition 1.7.4 (Adelic Schwartz function) An adelic function is said to be a
Schwartz function if it can be expressed as a finite linear combination (with complex
coefficients) of factorizable functions f =

∏
v≤∞ fv as in definition 1.7.3 where the

fv satisfy the following conditions:

(1) f∞ is Schwartz (as defined in the beginning of §1.6);
(2) each fp is a locally constant compactly supported function at all p <∞;
(3) fp is the characteristic function of Zp for all but finitely many p <∞.

Next, we wish to define an integral on a suitable space of adelic functions.
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Definition 1.7.5 (Adelic integral)Suppose that f =
∏
v fv is a factorizable func-

tion as in definition 1.7.3, that f∞ is an integrable function on R, that for each p,
the function fp is the characteristic function of a compact set Cp, and that Cp = Zp
for all p outside of some finite set S. Then we define the adelic integral∫

AQ

f(x) dx =
∫

R
f∞(x∞) dx∞ ·

∏
p∈S

∫
Qp

fp(xp) dxp.

We further define the adelic integral of finite or countably infinite linear combina-
tions of factorizable functions of the same type, with disjoint supports by linearity,
provided (in the infinite case) that the corresponding sum is absolutely convergent.
Finally, we define ∫

U

f(x) dx =
∫

AQ

f(x)1U (x) dx,

for any subset U of AQ such that f · 1U is integrable as defined above.

Remarks: (1) Note that for a function f as in definition 1.7.5, the p-adic integral∫
Qp

fp(xp) dxp

is simply the p-adic Haar measure of the set Cp. In particular, it is equal to one for
all p not in S. This means that we replace S by a larger set S′, the product is the
same.

(2) Suppose that f takes values in the positive reals, and that Ki, i = 1, 2, 3, . . .
is an increasing family of compact subsets of AQ, such that the union is all of AQ.
Then it is easily verified that∫

AQ

f(x) dx = sup
i

∫
Ki

f(x) dx.

To extend to complex valued f, we write

f = (u+ − u−) + i(v+ − v−)

where u+, u−, v+, v− are positive-real-valued.

Lemma 1.7.6 (Factorization of adelic integral)Suppose that f =
∏
v fv is a

factorizable function as in definition 1.7.3 f∞ is an integrable function on R, that
for each p, the function fp is a locally constant function as in definition 1.5.2 with
a convergent p-adic integral as in definition 1.5.3, and that for almost all p, the
function fp is identically equal to 1 on Zp. Then∫

AQ

f(x) dx =
∫

R
f∞(x∞) dx∞ · lim

N→∞

∏
p<N

∫
Qp

fp(xp) dxp,

provided the limit

lim
N→∞

∏
p<N

∫
Qp

|fp(xp)| dxp,

is convergent.
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Proof: For f with positive real values, this follows from remark (2) above,
together with the observation that any compact subset of AQ is contained in

R ·
∏
p<N

Qp ·
∏
p≥N

Zp

for some N. The supremum over all compact sets corresponding to one fixed N, is∫
R
f∞(x∞) dx∞ ·

∏
p<N

∫
Qp

fp(xp) dxp.

Then taking a supremum over all N yields the limit. A general f may be split into
positive and negative, real and imaginary parts. �

Remark: At first glance,
∏
v

∫
Qv
fv(xv) dxv looks like it ought to be the integral of

f over the full infinite cartesian product of the fields Qv– a space which is properly
larger than AQ. However, one may see that this is indeed the correct definition of
an integral over AQ by reasoning as follows. Suppose that f is a positive function.
Then its integral over all of AQ will be the supremum of the integrals over all
compact subsets of AQ. If we restrict x to any fixed compact subset of AQ, then xp
is restricted to Zp for all p outside some finite set S. However, this set S depends on
the compact set. Thus taking a supremum over all compact sets of AQ is equivalent
to taking a supremum over compact sets of Qv for each v and taking a supremum
over the finite set S, and does indeed yield the full infinite product of local integrals.

Definition 1.7.7 (Adelic Fourier transform) Let f : AQ → C be a factorizable
adelic Schwartz function as in definition 1.7.4. Let e : AQ → C be given as in
definition 1.7.1. Then we define the Fourier transform f̂ by the formula

f̂(x) =
∏
v

∫
Qv

fv(yv)ev(−xvyv) dyv.

This definition may be extended to arbitrary adelic Schwartz functions by linearity.

Note that by Proposition 1.6.7 and Definition 1.7.4 (3), the integral∫
Qv

fv(yv)ev(−xvyv) dyv

has the value 1 for all but finitely many v so the infinite product above is well
defined. If we let dy =

∏
v dyv, then we may think of dy as a differential on the

adeles and we may succinctly write

f̂(x) =
∫

AQ

f(y)e(−xy) dy.

Theorem 1.7.8. (Fourier inversion on the adeles) Let f : AQ → C be a
Schwartz function as in definition 1.7.4. Let f̂ denote the Fourier transform as in
definition 1.7.7. Then f̂ is again a Schwartz function and ˆ̂

f (x) = f(−x).
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Proof: This follows immediately from definitions 1.7.4, 1.7.7 and theorems 1.6.2
and 1.6.8 . �

§1.8 Fourier expansion of periodic adelic functions

A function f : R→ C is said to be periodic if f(x+ n) = f(x) for all integers n.
We want to generalize this notion to the adele group and develop a Fourier theory
on the adele group.

Definition 1.8.1 (Periodic adelic function) Let f : AQ → C be a complex
valued adelic function. The function f is said to be periodic if

f(x+ α) = f(x)

for all x ∈ AQ and all α ∈ Q.

We have shown in proposition 1.7.2 that the additive adelic character e : AQ → C
given in definition 1.7.1 is periodic. The Fourier theory of locally compact groups
tells us that any periodic adelic function (satisfying certain smoothness hypotheses)
can be represented as an infinite linear combination of the form

(1.8.2)
∑
α∈Q

bαe(αx)

with bα ∈ C. We shall present here a short simple proof first shown to the first
author by Jacquet [Anshel-Goldfeld, 1996], (see also [Garrett, 1990]).

A natural way to construct periodic adelic functions is to take all translates by
elements in Q of a given adelic Schwartz function.

Proposition 1.8.3 (Periodized Schwartz function) Let h : AQ → C be an
adelic Schwartz function as in definition 1.7.4. Then the sum∑

α∈Q
h(x+ α), (x ∈ AQ),

converges absolutely and uniformly on compact subsets of AQ to a periodic adelic
function f which is termed a periodized Schwartz function.

Proof: It is enough to prove the theorem for Schwartz functions h which are
factorizable as in definition 1.7.3. Following definition 1.7.4, we may represent

h(x) =
∏
v≤∞

hv(xv)

where x = {x∞, x2, x3, . . . } and hp is the characteristic function of Zp for all but
finitely many p < ∞. Fix x = {x∞, x2, x3, . . . } ∈ AQ. Let S = {∞, p1, p2, . . . , p`}
denote the finite set of primes such that xp ∈ Zp and hp is the characteristic function
of Zp for p 6∈ S. If α ∈ Q, it follows that hp(xp + α) = 0 for p 6∈ S unless α is
an integer in Zp. Since hv is a locally constant compactly supported function for
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v ∈ S this implies that there exists a rational integer M so that h(x+α) = 0 unless
α = n

M with n ∈ Z. Therefore (at least formally)∑
α∈Q

h(x+ α) =
∑
n∈Z

h
(
x+

n

M

)
.

Finally, for fixed x ∈ AQ we must have that h
(
x+ n

M

)
has rapid decay in n as

n → ±∞. This is because h∞ is a classical Schwartz function and for the finitely
many primes v ∈ S the function hv is absolutely bounded. In all other cases hv
is either 1 or 0. The stated uniformity can be obtained because M can be chosen
independent of x, for x in a compact set.

�

Definition 1.8.4 (Smooth adelic function) An adelic function f : AQ → C is
said to be smooth if for any point x0 ∈ AQ, there exists an open set U (containing
x0) and a smooth function fU∞ : R → C such that f(x) = fU∞(x∞) for all adeles
x = {x∞, x2, . . . } ∈ U.

Remark: Using the fact that AQ is the union of a countable increasing family
of compact sets, it is not difficult to show that any smooth adelic function is a
countable linear combination of functions of the type considered in definition 1.7.5,
with disjoint supports. In particular, the adelic integral of a smooth adelic function
is defined, provided the relevant infinite sum is convergent.

We now show that every smooth periodic adelic function can, in fact, be realized
as a periodized Schwartz function.

Proposition 1.8.5 (Smooth + periodic =⇒ periodized Schwartz) Let
f : AQ → C be smooth as in definition 1.8.4. Assume that

f(x+ α) = f(x), ∀ α ∈ Q, x ∈ AQ.

Then there exists an adelic Schwartz function h : AQ → C, (as in definition 1.7.4)
such that

f(x) =
∑
α∈Q

h(x+ α).

Proof: Assume that there exists an adelic Schwartz function h0 : AQ → C such
that

(1.8.6)
∑
α∈Q

h0(x+ α) = 1, (∀ x ∈ AQ) .

Then, if f : AQ → C is any smooth periodic adelic function, we see that we may
define

h(x) := h0(x)f(x).

Consequently, proposition 1.8.5 immediately follows if we can construct a Schwartz
function h0 so that (1.8.6) holds, and, in addition, we could show that the function
h(x) = h0(x)f(x) was an adelic Schwartz function as in definition 1.7.4.
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To get h0, we first need a Schwartz function h0,∞ : R→ R satisfying

(1.8.7)
∞∑

n=−∞
h0,∞(x+ n) = 1, ∀ x ∈ R.

Such a function may be constructed, for example, by letting g(x) be any smooth
function such that supp(g) = [− 1

4 ,∞) and g(x) = 1 for all x ≥ 0. Then put
h0,∞(x) = g(x)− g(x− 1).

Now, for x = {x∞, . . . , xp, . . . } ∈ AQ define h0(x) = h0,∞(x∞) ·
∏
p 1Zp

(xp)
where 1Zp

denotes the characteristic function of Zp. We need to show that h0

satisfies (1.8.6), for any x ∈ R ×
∏
p Zp. Any other x may be written as β + y

for y ∈ R ×
∏
p Zp and β ∈ Q, so one has only to make a change of variables in

the summation. But this reduces to (1.8.7) and we are done provided we can show
that h(x) = h0(x)f(x) is an adelic Schwartz function as in definition 1.7.4. The
proof that h(x) is an adelic Schwartz function will follow directly from lemma 1.8.8
below.

�

Lemma 1.8.8 Every compactly supported smooth adelic function as in definition
1.8.4 is an adelic Schwartz function as in definition 1.7.4.

Proof: Let h : A → C be smooth and compactly supported. We first prove a
refinement of smoothness. Recall the definition 1.3.3 of the finite adeles Afinite ={
{x2, x3, . . . }

∣∣∣ {0, x2, x3 . . . } ∈ AQ

}
.

Claim: For all xfinite ∈ Afinite there exists an open set Ufinite of Afinite containing
xfinite and a smooth function h∞ : R → C such that h(y) = h∞(y∞) for every
y = {y∞, yfinite} in R×Ufinite . Furthermore, Ufinite may be assumed to be of the form∏
p Up where Up = Zp for almost all p, and is of the form a+pnZp for some a ∈ Qp

and n ∈ Z at the remaining p.

Proof of Claim: First, fix xfinite ∈ Afinite . It is fixed for the entirety of this
proof. Consider all points of the form x = {x∞, xfinite} which are in the support of
h. Each element of this set is contained in a set U with the following properties:

(1) U is open, and there is a smooth function hU∞ such that h(x) = hU∞(x∞)
for all x ∈ U. (From smoothness)

(2) U = U∞ ·
∏
p Up where U is open, Up = Zp for almost all p, and is of

the form a + pnZp for some a ∈ Qp and n ∈ Z at the remaining p. (Every
open set contains one of this form.)

The set of all points of the form x = {x∞, xfinite} which are in the support
of h is a compact set. Using compactness, we get a finite subcover consisting of
sets with properties (1) and (2). Let us say that they are U (1), . . . U (N) and that
U (i) = U

(i)
∞ ×

∏
p U

(i)
p . Let Up = ∩Ni=1U

(i)
p . Suppose U

(i)
p = ai + pniZp for each

p, i (So for almost all p, i the value of ni is 0 and ai is an integer, so that this is
Zp!) Then Up = a + pnZp where n = maxi ni and a = ai0 where i0 is any of the
values of i such that ni = n. The sets U (i)

p can not be disjoint since all of the sets
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U (i)
finite

:=
∏
p U

(i)
p contain our fixed xfinite . If two sets of the form a+ pnZp (different

a’s same n) intersect, then they are the same).
Now, we simply define Ufinite =

∏
p Up, and we also define

h∞(x∞) = hU
(i)

(x∞),
(
∀x∞ such that {x∞, xfinite} ∈ U (i)

)
.

One must check that this gives a well defined function, because the sets U (i) overlap.
From the definition of hU

(i)
as in property (1) above, this function may also be

described as

h∞(x∞) = h({x∞, xfinite}), ∀ x∞ ∈
N⋃
i=1

U (i)
∞ .

From the second description, it is clear that the function is well defined. From the
first, it is clear that it is smooth at every point in U

(i)
∞ . It may be extended to a

function on all of R by setting it equal to zero everywhere else, and one then has

h∞(x∞) = h({x∞, xfinite}), ∀ x∞ ∈ R.

This completes the proof of the claim.

Now we turn to the proof of the main Lemma. The support of h is contained in
a set of the form

∏
vKv where Kv is compact for all v and Kp = Zp for almost all

p <∞. Let Kfinite =
∏
pKp ⊂ Afinite . It is a compact set and is covered by the sets

Ufinite from the refined form of smoothness, so there is a finite subcover.
Recall that if a1 + pn1Zp and a2 + pn2Zp intersect, then one of them contains

the other. If n1 = n2 they coincide. Otherwise, suppose n1 > n2. Then the ball
a2 + pn2Zp is also a coset of the ideal pn2Zp and a finite disjoint union of cosets
α+ pn1Zp with a1 + pn1Zp.

Using these remarks, it is clear that we may subdivide the elements of our finite
subcover to obtain a cover with sets which are of the same form as in the claim,
and pairwise disjoint.

Let us number the sets U (1)
finite

, . . . , U (M)
finite

, say, and the corresponding functions
h

(1)
∞ , . . . , h

(M)
∞ . Then

h({x∞, xfinite}) = h(i)
∞ (x∞), ∀ x∞ ∈ R, xfinite ∈ U (i)

finite
.

But then because the sets are pairwise disjoint this is the same as

h(x) =
M∑
i=1

h(i)
∞ (x∞) · 1

U
(i)
finite

=
M∑
i=1

h(i)
∞ (x∞) ·

∏
p

1
U

(i)
p
.

(Recall that U (i)
p = Zp for almost all p for each i.) In this final form, h is seen to

be Schwartz, as defined in 1.7.4. �

We shall now present a simple proof of the Fourier expansion (1.8.2) which holds
for smooth periodic adelic functions as in proposition 1.8.5. Recall proposition 1.4.5
which states that a fundamental domain for Q\AQ is given by [0, 1) ·

∏
p Zp. This

allows us to define an integral
∫

Q\AQ
as an integral over this fundamental domain.
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If f is factorizable, this integral will factor as the infinite product of local integrals∫ 1

0
·
∏
p

∫
Zp
. If D′ is any other fundamental domain for Q\AQ, and f is periodic,

then it may be shown that
∫

Q\AQ
is also equal to the integral over D′.

Lemma 1.8.9 Let f : AQ → C be a smooth adelic function, as in definition 1.8.4,
such that the adelic integral ∫

AQ

f(x)dx

given in definition 1.7.5 is convergent. Let D = [0, 1) ·
∏

Zp denote the fundamental
domain for Q\AQ given in 1.4.5. Then

• for any α ∈ Q, the function f · 1α+D is integrable,

• the infinite sum ∑
α∈Q

∫
α+D

f(x) dx,

converges absolutely to ∫
AQ

f(x) dx,

independently of the order in which the sum over Q is performed.

Proof: The first statement is clear, since |f ·1U | ≤ |f | for any U. We have only
to observe that for any α ∈ Q, the set α+ Zp is compact for all p and equal to Zp
for almost all p, while the set α+ [0, 1) is Lebesgue-measurable.

The second statement follows easily from remark (2) after definition 1.7.5. �

Theorem 1.8.10 (Fourier expansion of smooth periodic adelic functions)
Let f : AQ → C be a smooth periodic adelic function as in definition 1.8.4. Then

f(x) =
∑
α∈Q

f̂α · e(αx)

where the above sum converges absolutely for all x ∈ AQ and

f̂α =
∫

Q\AQ

f(x)e(−αx) dx = ĥ(α), (for all α ∈ Q).

Here h is any adelic Schwartz function such that f(x) =
∑
β∈Q h(x+β) as in 1.8.5,

and ĥ is the adelic Fourier transform of h as in definition 1.7.7.

Proof: The proof is presented in 6 steps. By proposition 1.8.4, we may assume
that

f(x) =
∑
β∈Q

h(x+ β) (x ∈ AQ)

for some adelic Schwartz function h : AQ → C. It is enough to give the proof for
the case when h is factorizable as in definition 1.7.3.



I. ADELES OVER Q 25

Step 1: We prove f̂α = ĥ(α).

This follows from the computation shown below. We use the fact that e(αβ) = 1
for αβ ∈ Q (proposition 1.7.2) and the fact that the union of all rational translates
of the fundamental domain for Q\AQ is just AQ (proposition 1.4.5).

f̂α =
∫

Q\AQ

∑
β∈Q

h(x+ β)e(−αx) dx

=
∑
β∈Q

∫
Q\AQ

h(x+ β)e(−αx) dx

=
∑
β∈Q

∫
−β+ Q\AQ

h(x)e(−αx)e(αβ) dx

=
∫

AQ

h(x)e(−αx) dx

= ĥ(α).

Step 2: We show there exists fixed N ∈ Z such that f̂α = 0 unless α = n
N with

n ∈ Z. We may think of the minimal positive N satisfying this condition as the
conductor of f .

If p is a prime and hp is the characteristic function of Zp, then it follows from
proposition 1.6.7 that∫

Qp

hp(xp)ep(−αxp) dxp =
∫
Zp

ep(−αxp) dxp = 0

unless |α|p ≤ 1. Since hp = 1Zp
is the characteristic function of Zp for all but

finitely many primes p it follows that ĥ(α) = 0 unless α = n
N (with n ∈ Z) where

N =
∏̀
i=1

pai
i and p1, p2, . . . , p` are the finitely many primes where hpi 6= 1Zpi

for

i = 1, 2, . . . , `. The exponents ai ∈ Z are determined by the fact that each hpi
is a

locally constant compactly supported function for i = 1, 2, . . . , `.

Step 3: Next we show that there exists a fixed constant C > 0 (depending at
most on f) such that

|f̂ n
N
| < Cn−2

where | | denotes the ordinary absolute value on C. This will establish the absolute
convergence of the Fourier series

∑
α∈Q

f̂αe(αx).

This follows immediately from the fact that the Fourier transform of an adelic
Schwartz function is again Schwartz which has rapid decay properties at ∞. From
the properties of a Schwartz function, one may actually obtain the stronger bound
Cn−B for any fixed constant B > 0.
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Step 4: It is enough to prove that

(1.8.11) f(0) =
∑
α∈Q

f̂α.

To see this fix x0 ∈ AQ and define a new function g(x) = f(x+ x0) for x ∈ AQ.
Then g is again a periodized Schwartz function, so that by (1.8.11), we have

f(x0) = g(0) =
∑
α∈Q

ĝα.

But

ĝα =
∫

Q\AQ

f(x+ x0)e(−αx) dx = e(αx0)
∫

Q\AQ

f(x)e(−αx) dx = e(αx0)f̂α,

from which it follows that

f(x0) =
∑
α∈Q

f̂αe(αx0).

Step 5: It is enough to prove (1.8.11) for functions f which satisfy the condition
f(0) = 0. If this is not the case, consider the new function f(x)−f(0) which vanishes
at 0.

Step 6: We are reduced to proving that

(1.8.12)
∑
n∈Z

f̂ n
N

= 0

where f satisfies f(0) = 0. Here N is the conductor of f as in Step 2.
Define a new function

g(x) =
f(x)

1− e (x/N)
.

By definition, g is again a periodic adelic function. We compute

f̂ n
N

=
∫

AQ/Q

f(x)e
(
− n
N
x
)
dx

=
∫

AQ/Q

(
1− e

( x
N

))
g(x)e

(
− n
N
x
)
dx

=
∫

AQ/Q

g(x)e
(
− n
N
x
)
dx −

∫
AQ/Q

g(x)e
(
−n− 1

N
x

)
dx

= ĝ n
N
− ĝn−1

N
.
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It follows that ∑
n∈Z

f̂ n
N

=
∑
n∈Z

(
ĝ n

N
− ĝn−1

N

)
= 0,

since the latter is a telescoping sum where all the terms cancel. �

§1.9 Adelic Poisson summation formula

Let h be an adelic Schwartz function as in definition 1.7.4. The adelic Poisson
summation formula states that

(1.9.1)
∑
α∈Q

h(α) =
∑
α∈Q

ĥ(α)

where ĥ is the adelic Fourier transform of h as defined in 1.7.7. For applications,
we require the following generalization of (1.9.1):

(1.9.2)
∑
α∈Q

h(αy) =
1
|y|A

∑
α∈Q

ĥ

(
α

y

)

which holds for any idele y = {y∞, y2, y3, . . . } and where |y|A =
∏
v |yv|v is the

adelic absolute value.

Proof of (1.9.1): Define the periodized Schwartz function

f(x) =
∑
α∈Q

h(x+ α)

as in proposition 1.8.3. The Fourier expansion in theorem 1.8.10 can be applied to
f and we obtain

(1.9.3) f(x) =
∑
α∈Q

ĥ(α) · e(αx).

Letting x = 0 in (1.9.3) immediately establishes (1.9.1).
�

Proof of (1.9.2): For a fixed idele y, the function g(x) = h(xy) is again an
adelic Schwartz function. The result follows on using the relation

ĝ(x) =
1
|y|A

ĥ

(
x

y

)
.

�
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Exercises for Chapter 1

1.1 Show that any absolute value on a finite field is trivial.

1.2 Let F be a field and write n for the element of F given by adding 1 to itself n
times. Prove that an absolute value | · | is non-archimedean if and only if |n| ≤ 1 for
all n ∈ Z. Hint: For the sufficiency statement, compare |x+y|n and max(|x|, |y|)n.

1.3 For a ∈ Qp and r > 0, define B(a, r) = {x ∈ Qp : |x− a|p ≤ r} to be the closed
ball of radius r centered at a. For example, B(a, p−m) = a+ pmZp.

(a) For any b ∈ B(a, r), show that B(a, r) = B(b, r). That is, every point
of a closed ball in Qp can act as the center.

(b) Show that any two closed balls in Qp are either disjoint, or else one
contains the other.

(c) Show that closed balls are also open in the p-adic topology.

(d) Find a set that is closed but not open, and one that is open but not
closed.

1.4 Is the rational number 1
1−p an element of Zp? What is its p-adic power series

expansion?

1.5 Does
√
−1 exist in Q3? In Q5? In Q2? Hint: Said another way, can one solve

the equation x2 = −1 in these fields?

1.6 This exercise characterizes all locally constant and compactly supported func-
tions on Qv for v ≤ ∞.

(a) For p a prime, show that any compact open subset of Qp is just a finite
union of neighborhoods of the form a+pmZp, where a ∈ Qp and m ∈ Z.

(b) Suppose h : Qp → C is locally constant and compactly supported. Prove
that h is a finite linear combination of characteristic functions of the form
1a+pmZp

.

(c) If h : R→ C is locally constant and compactly supported, prove that h
is identically zero.

1.7 This exercise proves that the topology on A×Q is strictly finer than the subspace
topology induced by AQ.

(a) Show that if V ⊂ AQ is an open subset, then V ∩ A×Q is open in the
topology of A×Q .

(b) Show that the sets in the basis for the topology specified after 1.3.2 are
not open in the subspace topology of A×Q ⊂ AQ.

(c) Define an injective map i: A×Q → AQ × AQ via the rule i(x) = (x, x−1).
Show that the topology on A×Q coincides with the subspace topology of
i(A×Q ) ⊂ AQ × AQ.
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1.8 Consider the adelic function f : AQ → C defined by f =
∏
v fv, where

fv(xv) =

{
exp(−πx2

∞) if v =∞
1Zp

(xp) + 1
p−1+p2Zp

(xp) if v = p is prime .

Show that the Fourier inversion f̂ is a well-defined function, but that f̂ is not
Schwartz. Why does this not contradict Theorem 1.7.6? Hint: It may be useful
to know that an infinite product

∏
(1 + an) converges if the series

∑
an converges

absolutely.

1.9 Show that a smooth adelic function f : AQ → C is continuous (for the adelic
topology).

1.10 The goal of this exercise is to illustrate a technical detail from step 6 of the
proof of Theorem 1.8.9. Suppose that h(x) =

∏
v hv(x) is a factorizable adelic

Schwartz function, and suppose f(x) =
∑
α∈Q h(x+α) has conductor N (as in step

2 of the proof of Theorem 1.8.9). We will show there is a smooth periodic adelic
function g : AQ → C such that

(∗) g(x) =
f(x)− f(0)
1− e(x/N)

,

whenever this expression makes sense. As each hv is a finite linear combination of
characteristic functions, one can observe that it suffices in the proof of Theorem
1.8.9 to assume that each finite factor of h is of the form hp = 1a+pmZp

for some
a ∈ Qp and some integer m (that depend on the prime p).

(a) Prove that the function f(Nx) is smooth and periodic with conductor 1.
Deduce that it suffices to prove (∗) when N = 1.

(b) Deduce from part (a) that it suffices to prove (∗) when N = 1 and

h(x) = h∞(x∞)
∏
p

1a(p)+Zp
(xp),

for some a(p) ∈ Qp such that a(p) = 0 for all but finitely many p. By
replacing h(x) with h(x + β) for a clever choice of rational number β,
show that we may even assume a(p) = 0 for all primes p.

(c*) Assume now that h = h∞
∏
p 1Zp and N = 1. When e(x) 6= 1, define

g(x) by the formula (∗); when e(x) = 1, set

g(x) =
−1
2πi

∑
n∈Z

h′∞(n).

Show that g(x) is smooth and periodic.

1.11* In this exercise, we develop a few of the interesting analogies between the
rational numbers Q and the field of rational functions Fp(T ). It will require a little
more in the way of abstract algebra than some of the other exercises. Let p be a
prime number, and Fp the field of p elements. The rational function field with
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coefficients in Fp is the field of rational functions Fp(T ). An element f ∈ Fp(T ) is
of the form

f(T ) =
P1(T )
P2(T )

for some polynomials P1, P2 with coefficients in Fp, where P2 is not the zero poly-
nomial. If you haven’t seen this concept before, verify that Fp(T ) is a field.

(a) Prove that any nontrivial absolute value on Fp(T ) is equivalent (in the
sense of definition 1.1.3) to one of | · |Q or | · |∞, defined as follows:

(i) Fix a monic irreducible polynomial Q ∈ Fp[T ]. Since Fp[T ] is a
unique factorization domain, any nonzero rational function
f ∈ Fp(T ) can be written uniquely as f = Qrg for some
integer r and some rational function g such that Q does not di-
vide the numerator or denominator of g. Define an absolute value
on Fp(T ) by |f |Q = p−r deg(Q) and |0|Q = 0.

(ii) Let f = P1/P2 be a nonzero rational function. Define

|f |∞ = pdeg(P1)−deg(P2),

where deg denotes the degree of a polynomial. Set |0|∞ = 0.

(b) Let Q be a monic irreducible polynomial with coefficients in Fp, let
d = deg(Q), and let q = pd. (Here we will always assume that such a
Q is nonconstant.) Define Fq((Q)) to be the field of formal Laurent
series in the variable Q with coefficients in Fq:

Fq((Q)) =

{ ∞∑
i=N

aiQ
i

∣∣∣∣ N ∈ Z, ai ∈ Fq

}
.

This field has an absolute value defined by∣∣∣∣∣
∞∑
i=N

aiQ
i

∣∣∣∣∣
Q

= q−N (aN 6= 0).

Prove that the completion of Fp(T ) with respect to the absolute value
| · |Q can be identified with Fq((Q)). Hint: The field Fq arises naturally
in this context as Fq = Fp[T ]/(Q(T )).

(c) Let Fq((1/T )) be the ring of formal Laurent series in the variable 1/T .
This field has an absolute value defined by∣∣∣∣∣

∞∑
i=N

ai

(
1
T

)i∣∣∣∣∣
∞

= p−N (aN 6= 0).

Prove that the completion of Fp(T ) with respect to the absolute value
| · |∞ can be identified with Fp((1/T )).

(d) Let the symbol v denote either ∞ or a monic irreducible polynomial
Q ∈ Fp[T ]. Show that the following product formula holds for any
nonzero rational function f ∈ Fp(T ):∏

v

|f |v = 1.
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(e) For each monic irreducible polynomial Q ∈ Fp[T ], we define a subring
of the completion by

OQ =
{
f ∈ Fq((Q))

∣∣∣ |f |Q ≤ 1
}
.

Similarly, we have

O∞ =
{
f ∈ Fp((1/T ))

∣∣∣ |f |∞ ≤ 1
}
.

Define the rational function field adeles to be the restricted product
(relative to the subgroups OQ) of

AFp(T ) = Fp((1/T ))×
∏

Q∈Fp[T ]
monic

irreducible

Fq((Q)).

Show that a fundamental domain for the additive action of Fp(T ) on
AFp(T ) is given by (

1
T
O∞

)
×

∏
Q∈Fp[T ]
monic

irreducible

OQ.

1.12* In this exercise we indicate all of the necessary adjustments in order to
make sense of Fourier transforms, the Fourier inversion theorem, and the Poisson
summation formula for the function field adeles AFp(T ). Parts (d-g) are essentially
verifying that the proofs in the case of AQ carry over to the function field setting.
We continue with the notation from Exercise 1.11.

(a) Write x =
∑∞
i=N ai(1/T )i for an element of Fp((1/T )). Define a function

ψ∞ : Fp((1/T ))→ C× by

ψ∞(x) = e−2πia1/p.

The map ψ∞ is well-defined if we interpret a1 as an integer modulo
p. Show that ψ∞ is a unitary character on the additive group of
Fp((1/T )) and that ψ∞

(
(1/T )2O∞

)
= 1.

(b) Let Q be a monic irreducible polynomial in Fp[T ]. Write x =
∑∞
i=N aiQ

i

for an element of Fq((Q)). Via the identification Fq = Fp[T ]/(Q(T )),
we can express the coefficient a−1 ∈ Fq as

a−1 ≡ c0 + c1T + · · ·+ cdeg(Q)−1T
deg(Q)−1 (mod Q(T )),

where each cj ∈ Fp. Define a function ψQ : Fq((Q))→ C× by

ψQ(x) = e2πic0/p.



32 I. ADELES OVER Q

Show that ψQ is a unitary character on the additive group of Fq((Q))
and that ψQ (OQ) = 1.

(c) Now write x = (xv) ∈ AFp(T ). Define an adelic unitary character
ψ : AFp(T ) → C× by the formula

ψ(x) =
∏
v

ψv(xv),

where the local characters ψv were defined in parts (a) and (b) above.
Show that ψ is nontrivial and that ψ(f) = 1 for every f ∈ Fp(T ).
Hint: Follow the strategy of Theorem 1.7.2.

(d) Normalize the Haar measure on Fp((1/T )) so that µHaar(O∞) = p, and
let dx = dµHaar(x). A Schwartz function on Fp((1/T )) is a locally
constant compactly supported function. Define the Fourier transform
of a Schwartz function f : Fp((1/T ))→ C by

f̂(x) =
∫

Fp((1/T ))

f(y)ψ∞(−xy)dy.

Show that f̂ is Schwartz and that the Fourier inversion formula holds:

ˆ̂
f (x) = f(−x) (x ∈ Fp((1/T ))).

(e) Again, let Q be a monic irreducible polynomial in Fp[T ]. Normalize the
Haar measure on Fq((Q)) so that µHaar(OQ) = 1, and let dx = dµHaar(x).
Define the Fourier transform of a Schwartz function f : Fq((Q))→ C by

f̂(x) =
∫

Fq((Q))

f(y)ψQ(−xy)dy.

Show that f̂ is Schwartz and that the Fourier inversion formula holds
as in part (d).

(f) Conclude that we may define a Fourier transform on adelic Schwartz
functions (as in Definition 1.7.4) and that Fourier inversion holds as in
Theorem 1.7.6.

(g) Define a smooth adelic function on AFp(T ) to be the same thing as an
adelic Schwartz function. Modify the statements and proofs in §1.8 and
§1.9 to conclude that the Poisson sumation formula holds for function
field adeles. Hint: Replace Q by Fp(T ) and replace Z by Fp[T ]. This is
especially important in step 2 of the proof of Theorem 1.8.9.

1.13* The goal of this exercise is to sketch the proof of a special case of the
statement “The Poisson summation formula for function field adeles yields the
Riemann-Roch theorem for curves.” We continue with the notation from Exercises
1.11 and 1.12. Recall that the symbol v is allowed to denote either∞ or a nontrivial
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monic irreducible polynomial Q ∈ Fp[T ]. The degree of v, denoted deg(v), is given
by

deg(v) =
{

1 if v =∞
deg(Q) if v = Q is a monic irreducible polynomial.

Define a divisor D to be a finite formal linear combination of all possible symbols
v with coefficients in the integers:

D =
∑
v

nv.v (nv ∈ Z).

The degree of the divisor D is the integer deg(D) =
∑
v nv deg(v). We let

L(D) =
{
f ∈ Fp(T )

∣∣∣ |f |v ≤ pnv deg(v) for all v
}
.

A rational function f ∈ L(D) is bounded v-adically in terms of the divisor D. We
will see that L(D) is an Fp-vector space, and the essence of the Riemann-Roch
theorem is that we can calculate its dimension.

(a) Verify that L(D) is a finite-dimensional Fp-vector space.

(b) Write x = (xv) for an element of AFp(T ). Define an adelic Schwartz
function hD : AFp(T ) → C by the rule

hD(x) =
{

1 if |xv|v ≤ pnv deg(v) for all v
0 otherwise.

Deduce that ∑
f∈Fp(T )

hD(f) = pdimL(D).

(c) Show that the Fourier transform ĥD is given by

ĥD(x) =


pdeg(D)+1 if |x∞|∞ ≤ p−n∞−2

and |xv|v ≤ p−nv deg(v) for all v 6=∞
0 otherwise.

Hint: As hD is factorizable, one can compute the Fourier transforms
for each v separately. Now follow Proposition 1.6.7.

(d) Define a divisor by K = −2.∞. Show that∑
f∈Fp(T )

ĥD(f) = pdimL(K−D)+deg(D)+1.

(e) By the previous exercise, we know that the Poisson summation formula
holds in this context. Deduce the Riemann-Roch formula for the func-
tion field Fp(T ):

dimL(D)− dimL(K −D) = deg(D) + 1.


