2 Introduction to normed algebras
and Banach algebras

2.1 Some problems to think about

Those who have seen much of this introductory material
before may wish to think about some of the following
problems.

We shall return to these problems at suitable points in
this course.

Problem 2.1.1 (Easy using standard theory!) It is

standard that the set of all rational functions (quotients
of polynomials) with complex coefficients is a field: this
Is a special case of the “field of fractions” of an integral

domain.

Question: Is there an algebra norm on this field
(regarded as an algebra over C)?



Problem 2.1.2 (Very hard!) Does there exist a pair of
sequences (A, ), (an) of non-zero complex numbers such

that

(i) no two of the a,, are equal,
(iii) |an| < 2 for all m € N, and yet,
)

(iv) for all z € C,

Z An exp (anz) = 07
n=1

Gap to fill in



Problem 2.1.3 Denote by C'[0, 1] the “trivial” uniform
algebra of all continuous, complex-valued functions on
0, 1].

(i) (Very hard!) Give an example of a proper, uniformly
closed subalgebra A of C[0, 1] such that A contains the
constant functions and separates the points of [0, 1].

In other words, give an example of a non-trivial uniform
algebra on [0, 1].

(i) (Impossible?) Is there an example of an algebra A
as in (i) with the additional property that the only
non-zero, multiplicative linear functionals on A are the
evaluations at points of [0, 1]7?

In other words, is there a non-trivial uniform algebra
whose character space is [0, 1]7?

(This is a famous open problem of Gelfand.)



2.2 Revision of basic definitions

Banach algebras may be thought of as Banach spaces
with multiplication (in a sense made more formal below).

The additional structure provided by the multiplication
gives the theory of Banach algebras a rather different
flavour from the more general theory of Banach spaces.

Banach algebras may be real or complex. However the
theory of complex Banach algebras is richer, and so this
is what we will focus on.

Banach algebras may be commutative or
non-commutative. We will focus mainly on commutative
Banach algebras.

A key example of a commutative Banach algebra is
Cc(X), the algebra of continuous, complex-valued
functions on a compact, Hausdorff space, with the usual
pointwise operations and with the uniform norm.

A typical non-commutative Banach algebra is B(F), the
algebra of all bounded linear operators from E to E for
some Banach space F (of dimension at least 2!), with
the usual vector space structure and operator norm, and
with product given by composition of operators.



In particular, for a Hilbert space H, B(H) and its
subalgebras are of major interest.

Just as the theory of Banach algebras should not be
regarded as part of the theory of Banach spaces, the
theory of B(H) and its subalgebras has its own flavour
and a vast literature, including the quite distinct study of

('*-algebras and von Neumann algebras.

Definition 2.2.1 A complex algebra is a complex
vector space A which is a ring with respect to an
associative multiplication which is also a bilinear map,
I.e., the distributive laws hold and, for all &« € C and a

and bin A, we have
(aa)b = a(ab) = a(abd).

The complex algebra A has an identity if there exists an
element e #£ 0 € A such that, for all a € A, we have

ea — ae = Q.

Real algebras are defined similarly.



Note that, if A has an identity e, then this identity is
unique, so we may call e the identity of A.

We will often denote the identity by 1 rather than e,
assuming that the context ensures that there is no
ambiguity.

The assumption above that e # 0 means that we do not
count 0 as an identity in the trivial algebra {0}.

From now on, all algebras will be assumed to be complex
algebras, so we will be defining complex normed algebras
and Banach algebras.

Definition 2.2.2 A (complex) normed algebra is a
pair (A, - ||) where A is a complex algebra and || - || is a
norm on A which is sub-multiplicative, i.e., for all a and
bin A, we have

lad]l < lall[|b]] -
A normed algebra A is unital if it has an identity 1 and
I = 1.

A Banach algebra (or complete normed algebra) is a
normed algebra which is complete as a normed space.



Notes.

e |n our usual way, we will often call A itself a normed

algebra, if there is no ambiguity in the norm used on
A.

e We will mostly be interested in commutative, unital
Banach algebras.

e The condition that the norm on A be
sub-multiplicative is only slightly stronger than the
requirement that multiplication be jointly continuous
(or equivalently, that multiplication be a ‘bounded
bilinear map’) from A x A — A.

In fact (easy exercise) if we have ||ab|| < C||a|||b]],
for some constant C' > 1, then we can easily find an
equivalent norm on A which is actually
sub-multiplicative.

Z(yﬂ e If a normed algebra (A, || - ||) has an identity 1 such
" that |1 1, then we may again define another
\ods Il # y ag

norm ||| ||| on A as follows:

/}//a.//m = |||a|||:sup{HabH:bGBA(OZ/l)}o
QA (2,r) = 0PN batl Gupd o X
@A (yr) = M bal




As another exercise, you may check that ||| - ||| is

equivalent to || - ||, that ||| - ||| is sub-multiplicative
and that |||1]||| = 1.
So the assumption that ||1|| = 1 is a convenience,

rather than a topological restriction.

e Every subalgebra of a normed algebra is a normed
algebra, and every closed subalgebra of a Banach
algebra is a Banach algebra.

Examples. W M rm

(1) Let F be a comple)/Banach space of dimension > 1.
Then (B(E), || - ngp) is a non-commutative, unital
Banach algebra, where the product on B(F) is
composition of operators.

(2) Let X be a non-empty, compact, Hausdorff
topological space. Then C¢(X) is a commutative,
unital Banach algebra with pointwise operations and
the uniform norm | - | x: recall that

I5)l, = Iflx=sw{lf@):zeX}.
As we are focussing on complex atgebras, from now
on we will denote C¢(X) by
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(3) With notation as in (2), every (uniformly) closed
subalgebra of C'(X) is also a commutative Banach
algebra with respect to the uniform norm | - |x.

A uniform algebra on X is a/(closed sugalgebra A

of C(X) which contains all the constant functions
and which separates the points of X, i.e,
whenever x and y are in X with x # y, there exists

f e Awith f(x) # f(y).

Every uniform algebra on X is, of course, a
commutative, unital Banach algebra, with respect to

the uniform norm. X WM

Also, by Urysohn's Lemma, C'(X) itself does
separate the points of X, and so C(X) is a uniform
algebra on X.

E, F ised S Y, ENF = ¢

Gap to fill in
oY Fn) 5|

X

—
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(4) In particular, let X be a non-empty, compact subset

of C. (or €~ fr Mew)

Consider the following subalgebras of C'(X):

A(X) is the set of those functions in C'(X) which
are analytic (holomorphic) on the interior of X;

Py(X) is the set of restrictions to X of polynomial
functions with complex coefficients;

Ro(X) is the set of restrictions to X of rational
functions with complex coefficients whose poles (if

any) lie off X (so
Ro(X) ={p/q:p,q € Po(X),0 ¢ q(X)}).

It is easy to see that these subalgebras contain the
constant functions and separate the points of X.

Indeed the polynomial function Z, also called the
co-ordinate functional, defined by Z(\) = A

(A € C), clearly separates the points of X by itself,
and is in all of these algebras.

The algebra A(X) is closed in C(X), because
uniform limits of analytic functions are analytic (see

books for details), and so A(X) is a uniform algebra
on X.
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The algebras Py(X) and Ry(X) are usually not
closed in C'(X) (exercise: investigate this).

We obtain uniform algebras on X by taking their
(uniform) closures: P(X) is the closure of Py(X)
and R(X) is the closure of Ry(X).

The functions in P(X) are those which may be
uniformly approximated on X by polynomials, and
the functions in R(X) are those which may be
uniformly approximated on X by rational functions
with poles off X.

We have P(X) C R(X) C A(X) C C(X).

X < q Gap to fill in
Px1=R(x) & X hes
q Mo A/df/j 1) -
Ve el \ //C:’//@
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(5) The Banach space C[0,1] of once continuously

differentiable complex-valued functions on [0, 1] is a
subalgebra of C|0, 1].

It is not uniformly closed, and so it is not a uniform
algebra on [0, 1].

However, it is a Banach algebra when given its own
norm, [|£]] = |fx + | f']x (where X = [0,1]).

This is a typical example of a Banach function
algebra.

Warning! In the literature, some authors call
uniform algebras function algebras.

Gap to fill in
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(6)

(7)

Every complex normed space X can be made into a
(non-unital) normed algebra by defining the trivial
multiplication zy =0 (z,y € F).

Thus every complex Banach space is also a Banach

algebra.

The following standard construction can be used to

‘unitize’ Banach algebras.

Let (A, || - ||a) be a complex Banach algebra
without an identity.

We may form a Banach algebra A%, called the
standard unitization of A, as follows.

As a vector space, A% = A ¢ C.

This becomes a Banach space when given the norm
I(a, )|l = llala +]a] (a€A,aecC).

We can then make A* into a unital Banach algebra
using the following multiplication: for ¢ and b in A
and o and 3 in C, we define

(a,a)(b,8) = (ab+ ab+ Ba,af).

7/

(a,d) w7 at oL
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Exercise. Check the details of these claims.
(What is the identity element of A77?)

Show also that A% is commutative if and only if A4 is

commutative.

We can combine this construction with (6) to give
examples of commutative, unital Banach algebras
which have many non-zero elements whose squares

are 0.

This never happens, of course, for our algebras of

functions.

16



2.3 Characters and the character space
for commutative Banach algebras

In this section we will focus on commutative algebras.
However, many of the definitions and results are valid
(with some minor modifications) in the non-commutative
setting too: see books for details.

Definition 2.3.1 Let A be a commutative algebra with
identity 1.

An element a € A is invertible if there exists b € A with
ab = 1.

In this case the element b is unique: b is then called the

inverse of a, and is denoted by a= 1.

The set of invertible elements of A is denoted by Inv A.

Notes.

e For non-commutative algebras, we would insist that
both ab =1 and ba = 1.

e For invertible elements a, it is clear that a=! is
invertible and (a=1)™! = a.

17



With multiplication as in A, Inv A is a group with

1

identity 1, and the map a +— a™ " is a bijection from

Inv A to itself.

Let X be a non-empty, compact, Hausdorff
topological space. Then

InvC(X)={feC(X):0¢ f(X)}.

If X is a non-empty, compact subset of C then the
same is true for R(X) and A(X), but not for P(X)

unless X has ‘no holes’ (see books for more details
on this).

R(%) A (%) Cary
P(x) a5 avome



Theorem 2.3.2 Let A be a commutative, unital
Banach algebra, and let x € A with ||z|| < 1. Then
1 — x is invertible, and

(1—2x)" Zxk=1+az+af;2+---
k=0

Thus whenever a € A with ||a — 1] < 1, we have
a € Inv A.

In other words, the open ball in A centred on the
identity element and with radius 1 is a subset of

Inv A. BA ) < Im/[él)

We now investigate characters and the character space of

commutative, unital Banach algebras.
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2C

Definition 2.3.3 Let A be a commutative algebra.

A character on A is a non-zero, multiplicative linear
functional on A, i.e. a non-zero linear functional

¢ : A — C satisfying ¢(ab) = ¢(a)p(b) (a,b € A).

The set of all characters on A is called the character
space of A, and is denoted by & 4.

Notes.

e Suppose that A has an identity, 1. Then it is
elementary to show that ¢(1) =1 for all ¢ € 4.

It is also easy to show, in this case, that ® 4 is a

closed subset of the product space ﬂ f

a €A
e If A is an algebra of complex-valued functions on a

non-empty set X (with pointwise operations), then,
for every x € X, there is an evaluation character
_ 7% at z, denoted by &, defined by &(f) = f(z) (f € A).

In general there may also be many other characters
on A.

However, it turns out that in the case of C'(X) (for
compact, Hausdorff X') there are no others.

20



For non-empty compact subsets X of C (also known
as compact plane sets), the same is true for R(X)
and for A(X), but not for P(X) unless X has ‘no

holes'.
See books for details: A(X) is rather hard!

Gap to fill in
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The following is the most basic of the ‘automatic
continuity’ results concerning Banach algebras.

Theorem 2.3.4 Let A be a commutative, unital
Banach algebra.

Then every character ¢ on A is continuous, with

lol] = 1.

Using this and the Banach-Alaoglu Theorem, we obtain
the following important corollary.

Corollary 2.3.5 Let A be a commutative, unital
Banach algebra.

Then ® 4 is a weak-* compact subset of A*.

The relative (i.e. subspace) weak-* topology on ® 4 is
called the Gelfand topology.

The Gelfand topology is the weakest topology on & 4
such that, for all a € A, the map ¢ — ¢(a) is continuous.

22



We may restate the above corollary as follows:

® 4 is a compact, Hausdorff topological space with
respect to the Gelfand topology.

By default, we will always use the Gelfand topology

on O 4. (6%5&6 Mﬂ(h‘f W/W)
In fact, every commutative, unital Banach algebra has a%e
least one character: we will return to this later.

We conclude this section by recalling the definition of the
Gelfand transform.

Definition 2.3.6 Let A be a commutative, unital
Banach algebra. Then the Gelfand transform is the
map from A to C(®4) defined by a — a, where

a(¢) = ¢(a) (a € A, ¢ € Pa).

The Gelfand transform of A is the set
A={a:ac A}.

23



2.4 Semisimple, commutative, unital
Banach algebras

You probably already know various definitions of the term
semisimple.

We give our definition in terms of characters.

See books for the equivalence of this and the usual
algebraic definition, in the setting of commutative, unital
Banach algebras.

Definition 2.4.1 Let A be a commutative, unital
Banach algebra. Then A is semisimple if

(] kero = {0},

PED 4
I.e., for every non-zero a € A, there exists a character ¢
on A with ¢(a) # 0.
I
AN
s & (4)+ 0
/) . -
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Notes.

e Every unital Banach algebra of functions on a set X
Is semisimple.
This may be seen immediately by considering just
the evaluation characters at points of X.

e Conversely, every semisimple, commutative, unital
Banach algebra A is isomorphic (as an algebra) to a

subalgebra of C'(®4).

Indeed A is semisimple if and only if the Gelfand
transform is injective, in which case A is isomorphic
to its Gelfand transform A.

We have implicitly assumed above the obvious notions of
algebra homomorphism (a multiplicative linear map)
and algebra isomorphism (a bijective algebra

homomorphism).

We also need the notion of a unital algebra

homomorphism.

25



Definition 2.4.2 Let A and B be commutative, unital
Banach algebras, with identities 14 and 1p respectively.

A unital algebra homomorphism from A to B is an
algebra homomorphism T': A — B such that

T(14) = 1p.

The following remarkable Automatic Continuity results
are true concerning semisimple, commutative, unital
Banach algebras.

The first result concerns the automatic continuity of
homomorphisms.

Theorem 2.4.3 Let A and B be commutative,
unital Banach algebras, and suppose that B is
semisimple. Then every unital algebra
homomorphism from A@B Is automatically

continuous. B\M ; ;
o/

The next result (a corollary) is a uniqueness of norm
result.
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Corollary 2.4.4 Let (A, || - ||) be a semisimple,
commutative, unital Banach algebra.

Suppose that || - ||" is another norm on A such that
(A, |l - ]|") is a commutative unital Banach algebra.
Then the norms || - || and || - ||" are equivalent.

Gap to fill in




Lot (@n) S A wh? a,= o0
s N9 02, amd
Tan 5 p b 05 N9 00
We g Chat b= 0.
U\/u/é{ T() = /.)

Let ¢ e $g°
Thor (7967) = iﬁﬁ
(st $ (1) = 1)

Thus g7 > W
St Ap 9 0, 4 (T(n) S
as NI .
Bt Tlen) =2 b 4 NI o-.
S 4 s o5, $(Ty) S HY
as N oo > 75(&) —0.
Ths hiths for ¢ € P
Sme B 5 sl
b=o0 ., Th rewk [Uens [






2.5 Resolvent and spectrum

We begin this section with some further facts concerning
the invertible group Inv A of a commutative, unital
Banach algebra A.

For convenience, we will use the abbreviation CBA for
commutative Banach algebra.

Theorem 2.5.1 Let A be a unital CBA. Then the
following facts hold:

(a) Inv A is open in A;

1

(b) the map a — a~" is a homeomorphism from Inv A

to itself.

We now define the resolvent set and the spectrum for
an element of a commutative algebra with identity.

Definition 2.5.2 Let A be a commutative algebra with
identity and let z € A.

Then the spectrum of x in A, g4(x) (or o(x) if the
algebra under consideration is unambiguous) is defined by

oga(x) ={AeC: ANl—x¢InvA}.

28



The resolvent set of z in A, pa(x), is the complement
of the spectrum, i.e.,

palx) ={AeC: ANl —zxeclnvA}.

Notes. We are mainly interested in the case of CBA's.
So, let A be a unital CBA.

e Since Inv A is open in A, it follows easily that the
resolvent set is open in C, and hence that the
spectrum is closed in C.

e We have ga(x) C{A e C: |\ <|z| }. Thus the
spectrum is always a compact subset of C.

The next result is a consequence of Liouville’'s Theorem
(complex analysis).

See books for the elegant details.

Proposition 2.5.3 Let A be a commutative, unital
normed algebra. Then, for all z € A, o(x) # (.

29



The next result shows that C itself is the only complex
normed algebra which is a field.

Theorem 2.5.4 (Gelfand-Mazur) Let A be a

commutative, unital normed algebra.

Suppose that Inv A = A\ {0}. Then A =1lin{1},
and A is isometrically isomorphic to C.

Thus none of the many non-trivial extension fields of C
can be given a (complex) algebra norm.

Gap to fill in
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We conclude this section with the definition and formula
for the spectral radius.

Definition 2.5.5 Let A be a commutative, unital
Banach algebra, and let x € A.

We define the spectral radius of = (in A), va(x), by
va(x) =sup{|A|: A €oa(x)}.

The following result is the famous spectral radius
formula.

Theorem 2.5.6 Let A be a commutative, unital
Banach algebra, and let z € A. Then

va(z) = lim ||z"|Y"™ = inf ||z"||*/™.
n— 00 neN

Gap to fill in
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2.6 Maximal ideals and characters

When working with algebras rather than just rings, we
insist that an ideal in the algebra must be a linear
subspace, in addition to being an ideal in the ring theory
sense.

Fortunately, this makes no difference in the case where
the algebra has an identity.

Definition 2.6.1 Let A be a commutative algebra with

identity. Then a proper ideal in A is anideal I in A
such that I # A.

A maximal ideal in A is a maximal proper ideal in A
(with respect to set inclusion).

An easy Zorn's Lemma argument shows that every

proper ideal I in A is contained in at least one maximal
ideal in A.

We conclude this introductory chapter with a standard
result which connects up the concepts discussed so far.

32



Theorem 2.6.2 Let A be a unital CBA. Then the
following hold.

(a) Every maximal ideal in A is closed.

(b) For every character ¢ € ® 4, ker ¢ is a maximal
ideal in A.

(c) Conversely, every maximal ideal in A is the
kernel of a unique character on A. In particular,

every maximal ideal has codimension 1 in A.

(d) For every x € A, we have
oalx)={¢(x): pedy}.

(e) The character space ® 4 is non-empty, and, for
all x € A, the spectrum of x is equal to the
image of the Gelfand transform of z, i.e.,

O'A(ZIL‘) m— ZE((I)A) .

Gap to fill in
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