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3 Banach function algebras

3.1 Preliminary definitions and results

We saw in Chapter 2, via the Gelfand transform, that
semisimple, unital commutative Banach algebras are
(essentially) the same thing as Banach algebras of
continuous functions on compact Hausdorff spaces.

Given a non-unital Banach algebra A, we know how to
form the standard unitization A7%.

Given a non-semisimple, unital, commutative Banach
algebra A, the standard way to make it semisimple is to
quotient out by the Jacobson radical.
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The Jacobson radical, J, of the unital CBA A, is the
intersection of all of the maximal ideals in A.

(In the non-commutative setting, }/\ou should use

maximal one-sided ideals.) /) = A/O—

With the quotient norm, A/.J is then a unital,

A
semisimple CBA. A Aﬂ A
From now on, we will work mostly with unital,
semisimple CBA's. key () = O

However, many of the definitions and results generalize in
standard ways to all CBA's using the comments above.

For example, most of the named conditions we discuss
hold for a given non-unital CBA A if and only if they
hold for its standard unitization A%.

Indeed, in many cases, this can be used as the definition
In the non-unital case.
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In our terminology, a compact space is a nhon-empty,
compact, Hausdorff topological space.

Definition 3.1.1 Let X be a compact space.

A normed function algebra on X is a normed algebra

(A, ||-|]) such that A is a subalgebra of C'(X), such that

A contains the constants and separates the points of X,

and such that, for all f € A, we have ||f|| > |f]x. <~ )/f//w

A normed function algebra (A, ||-||) is a Banach
function algebra on X if it is complete.

As in Chapter 1, a uniform algebra on X is a Banach
function algebra A on X such that the norm on A is the
uniform norm |- | .

Of course, in the case where (A, |- ||) is a Banach
algebra and a subalgebra of C'(X), it is automatic that

17112 1flx forall fe A besanse gwg&))
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Let A be a Banach function algebra on a compact space
X.
N\
)
We define x
cw: [ flz), A—C,
for each x € X.

Thene, € &y, and the map r+— e, X — Dy, is a
continuous embedding.

We say that A is natural (on X) if this map is surjective.

Natuad WWWWW%

A typical example of a uniform algebra which is not
natural is P(X) when X is a compact plane set with at

L= “pebymimid bl 7F X -
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It is standard that C'(X) is always natural on X.

More generally, we state a well-known result on naturality
for ‘full’ subalgebras of C'(X). Here, a subalgebra A of
C(X) is full if Inv A = AN InvC(X).

Proposition 3.1.2 Let A be a Banach function algebra

on a compact spa;eX/ ac*(pf) = 5_(1) |
If A is self-adjoint,"and A is a full subalgebra of C'(X),

then A is natural on X.
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Using the Gelfand transform, every unital, semisimple
CBA can be regarded as a natural Banach function
algebra on its character space (which is compact in this
setting). .
ce.
From now on, this is what we mean when we talk about

a Banach function algebra A on @ 4. ]/ wnita

The well-known Banach algebra H*° (bounded analytic
functions on the open unit disc) is a uniform algebra on
its character space. However, this character space is

quite complicated in nature.
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The following useful test for naturality, due to T. Honary
(1990), is not very well known.

Proposition 3.1.3 Let X be a compact space, and
let (A, || -||) be a Banach function algebra on X,
with uniform closure B. Then A is natural on X if
and only if both of the following conditions hold:

(a) B is natural on X;

(b) limy, —, o ||fn\|1/7; = 1 for each f € A with

|f’X = 1. \
Sp ()

The proof of this result is an exercise.
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We can use either of the two tests for naturality above to
prove that the Banach function algebra C1[0,1] is

natural on [0, 1].

(There are, of course, many easy proofs of this fact.)

Gap to fill in
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3.2 Two deep theorems

The next pair of theorems are very easy to state, but
their proofs require the deep theory of several complex

variables.

In our terminology, a clopen set is a set which is both
open and closed.

Theorem 3.2.1 (Shilov Idempotent Theorem)
Let A be a Banach function algebra on & 4.

Suppose that E is a clopen subset of ® 4.

Then the characteristic function of E, xg, is in A.

In other words, every idempotent in C'(® 4) is
automatically in A.

Gap to fill in

43



Theorem 3.2.2 (Arens—Royden)

Let A be a Banach function algebra on ® 4, and let
fe O(CI)A).

If exp(f) € A, then f € A.

In other words, whenever a function in A has a
continuous logarithm defined on ® 4, then that
continuous logarithm must itself be in A.
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3.3 Regularity and normality

Definition 3.3.1 Let A be a Banach function algebra on
a compact space X. Then A is regular on X if, for each
proper, closed subset E of X and each x € X \ E, there
exists f € A with f(z) =1and f(y) =0 (y € E);

A is regular if it is regular on ® 4;

A is normal on X if, for each proper, closed subset E of
X and each compact subset F' of X \ F, there exists
feAwith f(x)=1 (x € F) and f(y) =0 (y € E);

A is normal if it is normal on ® 4.

Gap to fill in
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Urysohn's lemma tells us that the uniform algebra C'(X)
is always normal, and hence also regular.

For any compact plane set X with non-empty interior,
the uniform algebras P(X), R(X) and A(X) are not

regular (hence not normal). W = nat %

It is easy to check that the Banach function algebra
C1[0,1] is normal (and hence regular).

We will meet many more examples of regular (and
normal) Banach function algebras later.

Gap to fill in
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Normal uniform algebras are less common.

The first non-trivial, normal uniform algebra was
constructed by McKissick in 1963.

His example was R(X) for a suitable Swiss cheese set
X CC.
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A Swiss cheese set with non-overlapping holes

Gap to fill in

Sctd by Wi

CWKW

P 2.1 2

P2 |

%
T -

Small dopes

"

e/ hamsting

48



Z (M M)

st EPuh M7 o?d/nmao

/W M"\{M‘C

O

l’W/V*L [CW}
> f) = ) F@)
ZS(M)Q)
(397)
= ;f 5 Fl) dplw)
'11/ ZB(M)/'A)

Lot 2 ¢ < oand  Sef eotie
5, () = exp (2w) [ F w
'4’};,9@ st fllins qpubs,



Definition 3.3.2 Let A be a Banach function algebra on
a compact space X, and let I be an ideal in A.

We define the hull of I, h(I), to be the intersection of
the zero sets of the functions in I, i.e.,

= () /'{0}).
fe _ Z7C€7</ e CI):goz}

Now let ¥ be a subset of X.

We define the kernel of E/, I(F) (sometimes denoted by
k(E)), to be the closed ideal in A,

{feA: f(E)C{0}},

consisting of those functions in A which vanish

identically on F.

Suppose that A is natural on X, so that we may regard
X as equal to @ 4.

In this setting, since every proper ideal is contained in a
maximal ideal, it follows that no proper ideal in A has
empty hull.

This is false without the assumption of naturality.
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5, h@(te)) = h(5)

———

The connection with regularity is given by the following

standard result.

Proposition 3.3.3 Let A be a Banach function
algebra on a compact space X.

Then A is regular on X if and only if, for every
closed subset E of X, we have h(I(F)) = E.

& evtny Golfand Aozed sof & aly g

More generally, we can define the hull-kernel topology
on X using E'+— h(I(FE)) as a closure operation.

Let A be a Banach function algebra on ® 4.

Then the hull-kernel topology on ® 4 is weaker than the
Gelfand topology, and the topologies agree if and only if

A is regular.

Otherwise, the hull-kernel topology is non-Hausdorff.

Cgﬂ orre Erveny il 2
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In the next result, it is not enough to assume regularity
on X, unless you know that your algebra is natural on X.

Theorem 3.3.4 Every regular Banach function
algebra is normal.

Gap to fill in

Lt E,F S P, mes

ENF=4¢4 £ ondF

Crupack

AW% NIE))=¢E
n(1(P) = F

MI(E%:M)) = k(ﬂa)/w/z/f))
~ENF = &

51



Th hons  Vhaf

o/ag with  H(7) nh(ﬁ) empty,
e m/m{ f/ﬂ 25 obrre.



The definition of normality is reminiscent of Urysohn's

lemma.

However, in view of the following result of Bade and
Curtis, we can not hope to maintain control of the norms
of the functions f separating closed sets from each other.

This result (and its proof) may be found as Theorem
4.1.19 in the book of Dales.

Theorem 3.3.5 Let (A4, | -||) be a Banach function
algebra on a compact space X, let M > 0, and let
ce (0,1/2).

Suppose that, for every pair of disjoint closed
subsets EZ and I of X, there is an f € A with
||| < M and such that |f(z)| < ¢ (z € F) and
f(x)—1|<c (x €F).

Then A = C(X).
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3.4 Some examples of Banach function
algebras

We have already discussed the uniform algebras C(X)
(for compact spaces X) and P(X), R(X) and A(X) (for
compact plane sets X).

Obviously, we can also work with compact subsets of CN
for N > 1.

We also mentioned the Banach function algebra C1[0,1].

Similarly, we can define C"™[0, 1], the Banach function
algebra of n-times continuously differentiable
complex-valued functions on the interval [0, 1].

However, the algebra C*°[0, 1] of infinitely-differentiable
functions on [0, 1] is not a Banach function algebra (no
matter which norm you try).

Gap to fill in




Other well-known Banach function algebras include the
Lipschitz algebras Lip (X) and lip o (X) for a compact
metric space X, and Fourier algebras A(T') = L'(G)
where G and I' are mutually dual, locally compact,
abelian groups.

These Banach function algebras are regular (and, indeed,
have many stronger properties).

See Sections 4.4 and 4.5 of the book of Dales for many
more details concerning these algebras.

Gap to fill in
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There are also many useful examples of Banach function
algebras on N, := NU {0}, the one-point
compactification of N.

Here, C'(N,,) may be identified with the algebra of all
convergent complex sequences.

Exercise.

(i) (You may wish to quote the Shilov Idempotent
Theorem!) Prove that every natural Banach function
algebra on N, is regular.

(ii) Give an example of a Banach function algebra on N
that is not regular on N.

Gap to fill in
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For 1 < p < o0, the usual sequence spaces ¢7, are
(non-unital) subalgebras of C'(N,), and these
subalgebras may be unitized to give natural, Banach

function algebras on N

Another interesting family of Banach function algebras
on N is the following.

Let o = (v, )52 be a sequence of positive real numbers.

We define A, by

{fEC’ Zozn|fn+1 (n)|<oo}

It is easy to see that A, is a subalgebra of C'(N,), and
that A, is a Banach function algebra, where the norm of

a function f € A, is given by

£ = 11flloo + > anlf(n+1) = f(n)].
n=1

It is also easy to check that the character space of A, is
just N

We will frequently return to these examples in the
remaining chapters.
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3.5 Regularity and decomposable
operators

We conclude this chapter by discussing an interesting
connection, due to M. Neumann (1992), between
regularity and the theory of decomposable operators.

Definition 3.5.1 Let F be a Banach space, and let

T € B(E). Then T is decomposable if, for every open
cover {U,V} of C, there are closed, invariant subspaces
F and G for T such that E = F + G, o(T|r) C U and
o(T|qg) CV.
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Let A be a Banach function algebra. For each f € A, we
denote by T’ the multiplication operator in B(A) defined

by g — fg.
Neumann investigated the decomposability of these
multiplication operators, and proved the following.

Proposition 3.5.2 (M. Neumann, 1992) Let A be a
Banach function algebra on ® 4.

For each f € A, the multiplication operator T’ is
decomposable if and only if the function f is
continuous when ® 4 is given the hull-kernel

topology.

1
Thus the Banach function algebra A is regular if and
only if, for all f € A, the multiplication operator T’

Is decomposable.
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