4 Regularity conditions and their

implications

4.1 Regularity and the structure of ideals

Recall the notions of the hull h(I) of an ideal I (the
intersection of the zero sets of the functions in ) and
the kernel I(F) of a set F (defined again below).

We now restrict attention to closed sets E .

Let A be a Banach function algebra on a compact space
X.

For each closed set ¥ C X we define a pair of ideals,
I(FE) (as before) and J(F) by

I(E)={feA: f(£)C{0}}
and

J(B)={f € A: ECint (f'({0})}.

Thus the functions in I(F) are 0 at all points of E, while
each function f € J(F) is O at all points of some
neighbourhood of E: the neighbourhood depends on f.
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For z € X, we denote the maximal ideal I({z}) by M,,
and we write J, for J({x}).

Even without regularity, we always have h(M,) = {z}.

However, an easy compactness argument shows that A is
regular on X if and only if, for all x € X, we have

hJz) = {=}.
Gap to fill in
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The next result shows a close connection between

regularity and the ideal structure.

This result (and its proof) may be found as Proposition
4.1.20 in the book of Dales.

Proposition 4.1.1 Let A be a regular Banach
function algebra on ® 4, and let E be a closed

subset of ® 4. Then: I M ,,4 4
A W(1)=E = 3c&) <
(i) J(F) is the minimum ideal in A whose hull is E

(i) J(FE) is the minimum closed ideal in A whose
hull 1s E:

(iii) I(FE) is the maximum ideal in A whose hull is F;

(iv) for each ideal I in A, we have
J(S) CICI(S),

where S = h(I).

for ey dpsed el T

) < T <= I(5)
Cogoin  S= 4(1))



In this setting, the quotient algebras I(F)/J(FE) provide
a good source of radical Banach algebras.

However, this topic is beyond the scope of this course.

Recall that a prime ideal in a commutative, complex
algebra A is a proper ideal P in A with the property
that A\ P is multiplicatively closed.

Note that every maximal ideal in a unital CBA is a closed
prime ideal, and that the trivial ideal {0} is prime if and
only if the algebra is an integral domain.

Gap to fill in
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The next standard result places restrictions on the

possible prime ideals in regular algebras.

Proposition 4.1.2 Let A be a regular Banach
function algebra on ® 4, and let P be a prime ideal
in A. Then h(P) has only one element, x say, and

we have
J, CPCM,.

Gap to fill in
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4.2 Spectral synthesis and strong
regularity

Definition 4.2.1 Let A be a Banach function algebra on
a compact space X, and let E' be a closed subset of X.

We say that E is a set of synthesis for A if
J(E)=1I(F).

Now let x € X. We say that A is strongly regular at x
if {x} is a set of synthesis for A, i.e., if J, = M,.

The Banach function algebra is strongly regular on X,
iIf it is strongly regular at all points of X.

Spectral synthesis holds for A (or A has spectral
synthesis) on X if every closed subset of X is a set of
synthesis for A.

Clearly, whenever spectral synthesis holds for A on X,

then A is strongly regular on X.
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It is also easy to see that, if A is strongly regular on X,
then A is regular on X.

However, an elegant argument of Mortini shows that,
whenever A is strongly regular on X, then A is natural
on X.

Thus every such algebra is natural and regular (and
hence normal), and we may, without ambiguity, omit the

‘on X' above.

Gap to fill in
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4.3 Examples

At this point, let us see where our previous examples fit
in.
e For every compact space X, C(X) has spectral

synthesis, and is strongly regular (etc.).

e For each n € N, the Banach function algebra
C™|0,1] is not strongly regular.

Gap to fill in
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e (Sherbert, 1964) For every compact metric space X
and a € (0,1), the ‘little’ Lipschitz algebras lip ,(X)
have spectral synthesis.

However, for o € (0, 1], the only closed sets which

are of synthesis for Lip ,(X) are the clopen subsets
of X.

Thus, unless the compact space X is discrete (and
hence finite), Lip (X)) is not strongly regular, and
does not have spectral synthesis.

e Let I' be a locally compact, abelian group. Then the
Fourier algebra A(T") is strongly regular.

However, it is a famous theorem of Malliavin that
A(T") does not have spectral synthesis unless T" is
discrete.

Gap to fill in
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e All of the examples of Banach sequence algebras
discussed earlier have spectral synthesis, and hence
are strongly regular.

In general, regular Banach sequence algebras need
not be strongly regular.

e Let X be a compact plane set such that
R(X) # C(X).
It is not known whether R(X) can be strongly

regular, or whether R(X) can have spectral
synthesis.

e It is open whether or not a non-trivial uniform

algebra can have spectral synthesis.

e There are non-trivial, strongly regular uniform

algebras. The first known examples were due to
Feinstein (1992).

Gap to fill in
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4.4 Spectral synthesis and closed ideals

Let A be a Banach function algebra on a compact space
X.

Suppose that A is strongly regular. Then A is natural on
X, A is regular, and, for all x € X, the maximal ideal
M, is the unique closed ideal in A whose hull is {z}.

In particular, every closed prime ideal in A is a maximal
ideal.

Now suppose, further, that A has spectral synthesis.

In this case, we have a complete description of the closed
ideals in A: they are precisely the kernels of the closed
subsets of A.

Gap to fill in
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Conversely, a Banach function algebra A on ® 4 has
spectral synthesis if and only if A is regular, and the only
closed ideals in A are the kernels I(F) of closed sets

E C ®y.

It appears to be open whether or not the regularity
assumption here is redundant:

Suppose that the only closed ideals in A are the kernels
I(F) of closed sets F C @ 4.

Does it follow that A is regular, and hence that A has

spectral synthesis?

Gap to fill in
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4.5 Bounded approximate identities and
strong Ditkin algebras

We begin this section by recalling the definition of
bounded approximate identity.

Definition 4.5.1 Let B be a commutative Banach
algebra (usually without identity).

A bounded approximate identity in B is a bounded
net (e,) C B such that, for all b € B, the net (e,b)
converges to b in B.

Gap to fill in
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We now introduce the strong Ditkin algebras.

Definition 4.5.2 Let A be a Banach function algebra.
Then A is a strong Ditkin algebra if A is strongly
regular, and every maximal ideal in A has a bounded
approximate identity.

There is an intermediate condition between being
strongly regular and being a strong Ditkin algebra,
namely being a ‘Ditkin algebra’.

We shall not discuss this condition in detail here, but

those interested may wish to consult Chapter 4 of the
book of Dales.

Gap to fill in
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From now on we use the standard abbreviation b.a.i. for
bounded approximate identity.

Returning to our standard examples, we have the
following.

e For every compact space X, C(X) is a strong Ditkin
algebra.

e Consider the algebra lip (X ), where X is a compact
metric space and a € (0,1).

Let x € X. Then M, has a b.a.i. if and only if z is
an isolated point of X.
Thus, if X is infinite, then lip ,(X) is a Banach

function algebra which has spectral synthesis, but is
not a strong Ditkin algebra.

e For every locally compact abelian group I', the
Fourier algebra A(T") is a strong Ditkin algebra.
Thus, if I' is not discrete, then A(T") is a strong
Ditkin algebra which does not have spectral
synthesis.

e For p € [1,00), the (standard unitizations of the)
Banach sequence algebras ¢, are not strong Ditkin
algebras.
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e The situation for the algebras A, depends on the
sequence (.

Recall that

{feC Zan|fn+1 (n)<oo}.

where a = () is a sequence of positive real

numbers.

In this case, A, is a strong Ditkin algebra if and only
if («v,) has a bounded subsequence.

Thus A, fails to be a strong Ditkin algebra if and
only if a,, — 400 as n — 0.

Gap to fill in
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For a compact plane set X, R(X) is a strong Ditkin
C7 algebra if and only if R(X) = C(X).

However, there are non-trivial, strong Ditkin uniform

algebras. S‘GQ [F. /1)) 2 j

Strongly regular uniform algebras need not be strong
Ditkin algebras.

Gap to fill in
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4.6 Automatic continuity and Banach
extensions for strong Ditkin algebras

We now recall the definitions of Banach A-bimodules,
derivations, and intertwining maps, which play an
important role in the cohomology theory of Banach
algebras.

Definition 4.6.1 Let A be a commutative Banach

algebra.

A Banach A-bimodule is an A-bimodule E which is
also a Banach space such that both of the bilinear maps
(a,x) — a-x and (a,z) — x - a are jointly continuous
from A x F to E.

Given a Banach A-bimodule F, a linear map D from A
to F is a derivation if, for all a,b € A we have

D(ab) =a-D(b)+ D(a) - b.

A linear map T' from A to E is an intertwining map if,

for all a € A, both of the maps b +— T'(ab) —a - T'(b) and
b— T(ba) —T(b) - a are continuous from A to F.
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Clearly, every derivation into a Banach A-bimodule is an

intertwining map.

Gap to fill in
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A powerful automatic continuity result holds for strong
Ditkin algebras.

This result, and its proof, may be found as Corollary
5.3.5 in the book of Dales.

Theorem 4.6.2 Let A be a strong Ditkin algebra
and let £ be a Banach A-bimodule.

Then every intertwining map from A to E' is

automatically continuous.

In particular, every derivation from a strong Ditkin
algebra A into a Banach A-bimodule is automatically
continuous.

Gap to fill in



Another important cohomological property of strong
Ditkin algebras concerns the splitting of Banach

extensions.

The following theorem, and its proof, may be found as
Theorem 5.4.41 in the book of Dales.

Theorem 4.6.3 Let A be a strong Ditkin algebra or
a C™*-algebra.

Then every Banach extension of A which splits also

splits strongly.

Gap to fill in
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