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Examination Solutions

1. (a) i. (2+45i)(3—1i)=(6+5)+(15—2)i =11+ 13i. Real partis 11, imaginary part is 13.

G245 (450E ) 14T 1 AT LT
1. = = = — —1 rciIs —, 1 | r rciIs —.
37 (B-1)(B+9) 10 10 ' 10 part 18 7 'masinany part s 7
(b)
~3+3i
-3
(4|
0 .
-3 T3) 1
IRE I Ry
Arg(-3+3) =24 =2T
'8 VT9TAT
Arg (1 — v/3i) = —g
| —34+3i|=v32+32=V18 so
—3+ 3i = V18¢'*™/Y
11— V3i| =124+ (V3)2=V4=2 so
1 — V/3i = 2e7/3,
(c)
(1= V3i) = (2e77F )
_ 99,-9%
:296—i37r

=512 x (1) = —512.
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la| = v22 +12 442 = V21

b = V12 +22+22 =9 =3

a-b=2x(-1)+(-1)x24+4x(-2)=-12

axb=(2-8—-4+4,4—1)=(—6,0,3).

a-b=|al ||b||cos(f) gives us

cos(6)

_ab 12 4
lalllloll - 3v21 V21

a=(-3,-12)
p is the component of a along (2, —1,—2).
(a-b) (=6+1—4)
Setb=(2,—-1,-2). Sop= b= b=-b=(-2,1,2).
e (7 Y ) op (b'b) 9 ( 77)
Distance from a to L is then
la—p| = VI2+224+0= V5.
1 -2 0 3 -2 3—10 —-2-4
2 0 3 5 2| = 6+12 —4+15
0 -2 4 4 5 | —10+16 —4+20
[ -7 —6
=] 18 11
| 6 16
i 2 144 —i] [ i—-144 1+2
3 —1 2 1| [3+3i—-2 —-3i—i
C[3+4 3
o 34+d —dd |




(b) Using row operations which do not change the value of the determinant,

1 2 -1 3 1 2 -1 3
2 6 —1 16| Ry,—2R |0 2 1 10
1 6 027 R3—R |0 4 1 24
3 10 —2 38 Ry—3R,/ |0 4 1 29
12 -1 3 1 2 -1 3
02 1 10 02 1 10
= Ity — It 0 4 1 24 = It; — 21, 00 —1 4
00 0 5 00 0 5
=1x(2)x(=1)x5=-10

as the last is the determinant of a triangular matrix.

0 0]’ 0 5 0 5
det(A) = det(B) = 0. Thus det(A + B) = det(A) + det(B) + 10. as required.

(c) We may take A = {2 O} B = {O O} Then det(A + B) = det ({2 0]) = 10 while

(a) We form the augmented matrix and row reduce to echelon form.

1 -2 31 ]2 1 -2 3 1|2
3 -6 11 2 |9 N?:ggl 0 02 -1 |3
2 -4 8 1|7 ’ "lo 02 -1]3

1 -2 3 1|2
0 00 010

This is now in echelon form and we can see that the equations are consistent, with leading
variables x1, x3 and free variables x5, x4.

To find the general solution, set x5 = s, 24 = t. The second row of the echelon matrix gives
21’3 — Xy = 3 so

_|_

N W
DN |+

1
T3 = -(3+14) =
2
The first row gives us

xr1 — 2.%‘2 + 3133 + x4 = 2, I.e.

3 t
1 —23+3<§+§> +t=2, giving
) bt 5
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The general solution is thus

( ) (2 by 2 3—|—tt)
X1, L9, T3,%4) = (28 — =t — =, 8, = + =
1,42, 43,44 2 27 )2 27

5 3 5 1
- ——,0,—,0) 2.1,0,0 t(——,O,—,l).
< 505 0) + s )+ 2'7"



(b) Using Gauss-Jordan inversion

1 -1 2]100 1 -12] 100
2 -1 4]0 10 22:321010—210
3 -1 7|001 ’ lo 21301

1 -12| 1 00
~R3—2R, [0 10 |-2 10

0 01| 1 -21

102]-1 10
~Ri+R, |0 10 |-2 10

001] 1 -21

100 |-3 5 —2
~Ri—2R; |0 10|-2 1 0

001 1 -2 1

So the inverse to the original matrix is

-3 5 -2
-2 1 0
1 -2 1

(This may also be done using det and adj.)

The second matrix is quickly inverted using the formula for inverting 2 x 2 matrices. When

1 _
ad — be # 0, the inverse of [CCL b} i { d 2 ] Here ad — bc is

d| " ad—be | —c
i(1—i)—i(l+1d) =2,
Thus the required inverse matrix is

%{—(114:2'; _”:[_ :z _j

. W C Vs asubset of V if w; + kwy € W for all wy,ws € W and all scalars k.

NI— N

W= {A € My (R) ‘ A= AT}

Let
ay;py a1 ... Qaip b11 b12 P bln
a91 A29 ... QA9pn b21 b22 e bgn
wp = . y  Wa = | .
Ap1 Ap2 ... QApp bnl bn2 e bnn

w1EWjaij:aji,wgeVVibij:bﬂ



_an a2 ... aln_ bii bz ... by
21 Q29 ... QA9pn b21 b22 e bgn
wy + kwy = | . : |tk
Qp1 Ap2 ... Qpp bnl bn2 s bnn
-CLH a2 ... QAip ]{an kblz . kbln
B 21 A922 ... QA9p kbgl k?bgg e kbgn
Ap1 A2 ... QGpp kbnl ]{?bng Ce ]{?bnn
—CL11 + kbi1 ais+ kb ... ai, + kb,
ag1 + kbar  agy + kbyo ... ag, + Kby
(n1 + kbnl QAn2 + kan <o+ Qpp + kbnn

If the (i,7)™ element of this matrix is ¢;;, then ¢;; = a;; + kbij = aj; + kbj; = cji.

L w4 kwy € W ofor each wi, wy € W, k € R and hence W is a subspace.

( 0 0 1 0 0]
S R
Natural basis : o A, 1000 0 ,
000 0 0 '
\ 0000 0
0 0 0 i [ooo 0 000
000 ... ol [0 1 0 000
. 010 L R
Do : 000
100 0_000 0] 00 0
(1 0 0 o] [0 00 0 000
0 0 of 010 0 000
_ | ]o 00 0 .o, |
0 0 0 0_000 0] 000




aix a2 ais Q1n
a2 Q22 Q23 Q2n,
fweW, w= |13 a3 az3 asN
_aln Aopn  A3p Ann
01 0 0]
1 00 0
Then w =a;, [0 0 0 0 +
_0 00 - O_
[0 0 0 1]
0 00 0
+--4a, |0 00 0
_1 00 O_
[1 0 0 0]
0 00 0
+--4a; |0 00 0
_0 00 O_
and so this set certainly spans W.
If we form
[0 1 0 0
1 00 0
ki [0 0 0 O + k3
_0 00 0
(0 0 0 0]
000 0
knfln : : :
1
_O 00 1 O_
ki ke ki3 kin,
k1o koo ko3 Ko,
we get . . . .
kln k2n k3n knn
ki ki ks
k k k
If this is to sum to 0, then _12 _22 _23
kln an kSn

a13

+ as3

+ 99

=}
)

+ kll

o O O

o

kln
an

o

—_o o 9 -

= = N

o

o O

o~ o <9

o O

O e

o O O

o e

o O O

+...+ann

o

e}




i.e. each k;; = 0, establishing linear independence. Hence, the stated set is a basis.

The number of elements in this basis is (the number of strictly upper diagonal elements) +

1

IM*—n)+n=3

(number of diagonal elements) = 5

R(T) = {w eV‘w:T('v) for some v € V}

ker(T) = {v eV ‘ T(v) =0}

(a) For T to be a linear transformation, T'(vy + kvy) =

Ul,UQEMkER.

(n* +n)

n(n+1).

T(vy) + kT (v2) for all

T )
V1= (Y|, V2= (U2
21 Z9
i) k’{lfg
kve =k |y2| = | ky2
Z9 sz
1 kilfz T+ kxg
vi+kve= |y | + |ky2| = |1+ Eye
Z1 kZZQ 21+ kZQ
x1 + ko 2(x1 + ko) + (y1 + kyo)
T(’Ul + ]{?’Ug) =T U1 + kyz = (1’1 + kl‘Q) + 3(@/1 -+ kyg) + (21 -+ k22>
21+ k2 (1 + kya) + 2(21 + k22)
271 +y1 + k(272 + 1) 2r1 + 1 k(222 + 1)
= |z +3+21+k(ra+3ys+20)| = |21 +3y1 + 21| + | k(22 + 3y2 + 22)
Y1 + 221 + k(y2 + 229) Y1+ 22 k(ys + 229)
2ry + 1 2x0 + Yo T To |
= x1—|—3y1—|—zl +]€ I2+3y2+22 =T U ‘|‘]€T Y2
U1 + 221 Y2 + 222 1 22_
i.e. T'(vy + kvy) = T'(v1) + kT (v2) and hence T is a linear transformation.
Let v € ker(T"). Then T'(v) = 0.
x x 20 +vy 0
v=|y| =Tw)=T|y| =|z+3y+z| =10
z z Y+ 2z 0
20 +y =0 (1)
r+3y+2=0 (2)
y+22=0 (3)

3)-(1) = z=z.In(2),z2+3y+2=0=22+3y =0 (4). (4)-(1) = y = 0. Hence,



s Afv e ker(T), thenv =0 e ker(T) = {0}
rank (7') = dimension of k(7))
nullity (7) = dimension of ker(7')
rank and nullity formula: rank (7°) + nullity (7") = dim(V)
In this case, dim(V) = dim(R?) = 3; nullity (') = dim{0} = 0.
rank (1) =3 -0 =3.

If T'(vy) = T'(vs), then T'(vy) — T'(vy) = 0. But since T is a linear transformation,
T(’Ul) — T(’Uz) = T('Ul — ’Uz).

T (v, —vy) =0, so vy — vy € ker(T).
But ker(7') = {0}, sov; —vo =0 e v, =vs.
(b) Let wu represent the function f and v represent g.
T(u+kv) = (f +kg)'(x) = ["(x) + kg"(z)
=T(u)+ kT (v).
T is a linear transformation.

ker(T) = {v eV ‘ T(v) =0}

i.e. if v represents the function f, then f”(z) = 0.
i.e. ker(T") comprises all continuous, linear functions of .

2-1 1 0
det(A—M)=| 1 3-x 1 |=0
0 12—

2 1 0

Cll—>01—033 1 3—A 1 =0
(2= 1 22—
1 1 0
ie. 2—=X)|0 3-Xx 1 |=0.
—1 1 2—-A

Expand by R1:

(2—>\){[(3—)\)(2—>\)—1} —[o+1]}:o
(2—=N(\=51+4)=0
2- N —4)(A—1)=0.

.. The eigenvalues are A\; =2, Ay =4, A3 — 1

o' 21 0| |« 2a
M=2: v=|F8| = |1 3 1| || = |20
¥ 01 2| |y 2y



204 =2«
a+38+v=28
B+ 2y=2y

.. An eigenvector is « { 0 ] , o #£0.
—1

20+ = 4o
a+38+y=4p
B+2y=4y

9)=p=27,(7)=F=2a soa=rv,[3=2«a
.

.. An eigenvector is a 2| , a # 0.

1

o 21 0| |« «

N=1: v=|p|,|1 3 1| |8 = |0

vl 101 2] |v g
20+ 3 =«
a+38+y=p
B+2y=n

(10) = f=—a,(12) = [F=—v,in(11) —f+33-0=7

1
An eigenvector is « [ -1 ] , a # 0.
1

Normalised eigenvectors are therefore

1/v/2 1/v/6 1/v/3
v = [ 0 ] vy = {2/\/5] ;U3 = [1/\/3
1/V/3

—1/V2 1/V6

1/V2 1/V6 1/V3
P= 0 2/V6 1/\/§]

—1/V2 1/V6 1/V3

"}/,ﬁ:—@



will be such that

0
P'AP=D = 0
1

S O N
O =~ O

NB other column orders of P, D are possible.

1 2 10
Q=x"Az, == |z,|, A=|1 3 1
T3 01 2
210 1
check: x'Ax = [:vl To 173] 1 31 To
271 + T2
= [xl To xg] 1+ 329 + 23
To + 2.1'3

= 21221 4+ x2) + z2(x1 + 322 + x3) + x3(22 + 223)
= fo + 3x§ + 2x§ + 22179 + 22973.

Set x = Py
x' Az = (Py)' APy=y P'APy =y Dy
2 00 Y1
=[y1 v ws) [0 4 0 |y2| =207 + 45 +ys.
0 01 Ys

.". For this choice of P, D (other choices are possible),
Q = ayi + Bys + 7y
a=2,0=47=1

y = P~'x = P"x (since P is orthogonal)

Y 1/\/5 0 _1/\/§ Ty
ie. y2| = | 1/v6 2/v6 1/v/6 T2
Ys 1/vV3 —1/v/3  1/V/3 T3

1
yl—ﬁ(%—%)
1
Yg = %(xl + 2z + x3)
(01— a5+ a5)
=—(x1—x T3).
Y3 \/§ 1 2 3
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1 0 i 0
k’l O +/€2 1 +I€3 ]. == 0
1 1 -1 0
== k’1+lk3:0
ko + ks =0

2k1+2k2—k3:0

(3) x(—1i) = ki + kg +iks = 0. Since ki + iks = 0 (from (1)), this gives ko = 0. Hence, k3 =0

?
(from (2)) and then k; =0 (from ((1)). .. ki =ky=k3=0.

Hence, the vectors {vy, v, v3} are independent.

Since V is three-dimensional, any set of three independent vectors is a basis. Such a set is

{v1,v9,v3}, which is therefore a basis.

Define w; = vy and choose ws, such that wy = v9 — A\v;

(wg,w1> = <U2 - )\U1701> = <U2>U1> - )\<U1,01>-

.. choosing \ = (v, v1) will yield (w, w;) = 0.

(v1,v1)

1

) 0

<’l)2,'U1> = [071+Z] = +1
N—— -
’UQT vy
1

1 —1/2

ol = 1

i i/2

(w3, wa) = (V3, wa) — p{ws, wa) — v{ws, ws)

(w1, wy) = 0 since w; and w, are othogonal.

(w3, ws) = (v3, wa) — p(wa, wa).

11



. Choosing 11 = (vs, ws) /(ws, w,) guarantees that w3, w, are orthogonal.

(v, wy) =[i 1 —1] __2_1/52 = —%+1+%:1
—1/2
(wa, wy) = [-1/2 1 i/2] _3/2 = i +1+ i = %
=1/(3/2) =2/3
<w3aw1> (v3,v1) — Mws, wy) — v(wy, wy)
= (v3,v1) — v{wy, w;) since (wy, wq) = 0.

Choosing v = <v3,v1>/(w1,w1> will guarantee that 0 = (w3, w;), so ws and w; are
orthogonal.

(v,v1)=1[i 1 =1] | 0| =i+i=2

21
V= — =1
2
Then
1 9 —% 1 1/3
wy= | 1 —3 1 |—4i|0]=]1/3
-1 i/2 1 —i/3
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