Section 3: Measures and M easure Spaces

Intuitively, in 2, we expect the area of a disjoint union of sets Al B to be the sum of area of A and
area of B (i.e. total area = sum of smaller areas).

What if (A,)>-; is a sequence of disjoint subsets of R2? We would hope that the area of D A,

n=1

would equal ) (areaof A).
n=1

In R the equivalent notion is that of length. We want to define a function A: 2(R) — [0, ] to meas-
ure the length of as many sets as possible, such that

AM(a,b]) =b-a and A(AGE B) = A(A)+A(B), /\(D An) = E A(A,) etc.
n=1 n=1

Unfortunately this cannot be done for all subsets of R.

Area in R? and volume in R® have the same problems. But we will succeed in defining our
measurements of size on at least all the Borel sets.

Definition 3.1
Let Xbeaset, let g O P(X)st.00¢, andlet u: 6 - [0, ].

Then u is ameasure on 4 if
(i) w@) =0,

(ii) whenever A, A,,..., is a sequence of pairwise digjoint sets in € s.t. D A, isin g, then
n=1

/J(D An) = E H(A,).
n=1 n=1
Examples

(i) X=R, ¢=2R),

define

(E) = oo if E hasinfinitely many elements
H n if E has exactly n elements

Easy exercise: check u is ameasure. This measure u is called counting measure on R.

[Counting measure is usually used on N rather than on an uncountable set.]

(ii) ‘point mass' measures. Let X beaset, 8§ = P(X). Let x be any fixed point in X. Define
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1 if xOE,

H(E) ={ 0 if xCE.

Certainly p(0) = 0.

If A, A,,..., are disjoint subsets of X, then either x O D A,, in which case x is in exactly one
n=1

set A, or XDD A, in which case x is in none of the A,. In both cases H(D An) = Y H(Ay). This
n=1 n=1 n=1

measure u is called the point mass at x, and is often denoted by J, .
Ifaandb > 0, u,v are measures on ¢, then so is au +bv defined by
(au+bv)(E) = au(E) +bv(E).
In the examples above (i) and (ii) € was a o-field.
Definition 3.2
A measurable space is a pair (X, %) where X isa set and 7 is a o-field of subsets of X.

A measure space is atriple (X, %, u) where 7 is a o-field on X, and
u. 7 — [0,0] isameasure.

By abuse of terminology, X is a measurable space and u is a ‘measure on X', provided we know which
o-field we are working with.

Our aim: with 3 = Borel subsets of R, we wish to find ameasure A: 8 — [0, o] si.t.
A((a,b]) =b-a Oa<binR.

I's this possible?

The first problem. Suppose (a,b] = D (an,by]. We would need A((a,b]) = % A((an,b,]), i.e. we
n=1 n=1

needb-a= 3% (b,-a,).
1

n=

Is this last equality true? Yes! (See later.)

General Results about Measures on Rings
Proposition 3.3

Let X be a set, R be aring of subsets of X, and let y: R - [0, o] be a measure.

(i) If A A, ... A, are pairwise disjoint setsin R then

IJ(D Ak) = % H(A)-
k=1 k=1



(i) If A BOR then

H(A) = p(An B)+u(A\B).

Proof
(i) Toseethis, set A, 4 = Ao = ... = 0. Then
D Ak = Iﬁ Ak UR.
k=1 k=1
Thus
u(D Ak) - u(D Ak) = S uAY
k=1 k=1 k=1
n
= 5 H(A),
k=1
since u(d) = 0.
(i) H(A) = u(An B)+u(A\B)

because A = (An B) [ (A\B).

Isit true that u(An B) = u(A)— u(A\B)? Not necessarily! (May have oo —.)
[Remember co — oo is not defined.]

e.g. work with counting measure on N.

Set

A={24,6,..}

B = {primes}
AnB={2}, u(AnB) =1, u(A) = u(B) = u(A\B) = o so u(A) - u(A\B) is not defined.
Proposition 3.4

Let u be a measure on aring R of subsets of a set X.

(i) If ABORwith A O B, then

u(A) < u(B). (Monotonicity)

(i) 1fAOR By,B,... ORandA O | ] B, then

n=1

H(A) < 5 u(B,). (Countable subadditivity)
n=1



Proof
(1) wpB) = p(A)+uB\A) = uA).

(ii) (N.B. The B,, are NoT assumed disjoint, and we do not assume D B,UOR)
n=1

Set C, = B,n A. Then

A:An(m Bn):nglcn.

n=1

Set D, = C; and D, = C,\ Cy (n > 1). We then have
k=1

D, aein R,
D,0OC, 0B, 0On,
D,, are pairwise disjoint.

Also, for each n,
We then have

and so

The property that

is‘u is countably additive'.

N
(‘1 is finitely additive’ means u(m An) =5 H(A))
n=1 n=1

The property that A O B O u(A) < u(B) is called monotonicity (¢ is monotone).

n=1

u( |j An) < Yy H(A,;) means‘u is countably subadditive’.
n=1
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If 7 is o-field on X, then (X, %) is a measurable space. If u: % — [0,o] is a measure, then
(X, %, u) is a measure space.
Definition 3.5.
If u(X) < oo then p is afinite measure.

If u(X) = 1 then u is a probability measure (informally, for A 0%, u(A) represents the probabil-
ity that a random point chosen from X will be in A).

We say that a measure is o-finite if there are countably many sets E,, 0% with u(E,) < « al n,

and s.t.
X = D E,.
n=1

Examples.
The point mass measures are all probability measures (and hence finite measures).

Counting measure u on a set X

n if E hasn elements
u(E) = . S
oo if Eisinfinite

is a finite measure if and only if X is finite.

If u is acounting measure on N, then u(N) = o, but
N = D {1,2,3,...,n}
n=1
so that u is o-finite.

But counting measure on R (or on any uncountable set) is not o-finite.

More Standard Properties of Measures
Proposition 3.6

Let R be a ring of subsets of a set X. Suppose p: R - [0,0] is a measure and let
AL AL A;, ... OR

@i If D A, OR, then
n=1

{0R) =m0



(i) If u(Ay) <o and () A, OR, then

n=1
[ ) n

w N A= timul 0 A
n=1 N-o \k=1

Pr oof

@ If D A,OR, set A = D A, set B = A, B, = An\rDlAk for n > 1. Then each B, OR, the
n=1 n=1 k=1
sets B,, are pairwise disjoint,

IjAk= B, [On,
k=1 k=1
and A = E] Bx. Thus
k=1
HA) = 5 u(By)
k=1
. n
= lim( 5 u(@)
n-°\k=1

=)
(0]

(iil) Now suppose that p(A;) < oo.

If | A,isinR, then set

n=1
C, = Aj\A, On.

Then C, OR and

N As

n=1

an[] anAy
n=1
-an[]c,.
n=1

D C, O A, by definition of C, and so D C,=A\N A,OR Thus

n=1 n=1 n=1

n=1 n- o

(by the first part).



Now note

{3

U(A,) —,U(D Cn) [this holds because u(A;) < « and |j C,0OA]
n=1

n=1
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-y \k=1

Properties which hold almost everywhere
Definition 3.7

Let (X, %, u) be a measure space. To say that a property holds ailmost everywhere (with
respect to ) (a.e. (1)) means that there is a set E 0% with u(E) = 0 such that the property holds
O x OX\E.

For example:

Using Lebesgue measure (see Chapter 5 for the construction) on R we can say
Xo(X) = 0 amost everywhere (1).

OR alternatively
Xo(X) = 0 for almost al x (A).

[“(A)” means “with respect to A”.]
This is because A(Q) = O (see question sheet 5).

Definition 3.8

Given two functions f,g: X — Y where Y is some set, we say f and g are equivalent if

f(x) =9(x) ae (u)

(this depends on the measure u).

Check: thisreally is an equivalence relation (make sure your sets are really in 7).
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Note that if you use counting measure, a.e. means everywhere! (Because u(E) =00 E =10
when u is counting measure.)

[Warning! When working with counting measure, some authors say instead that something holds
almost everywhere if it is true for all but finitely many points. This does NOT agree with our

usage.]



