Section 5: Outer measures and the construction of L ebesgue measure

As in the Section 4 annotated slides, we use the abbreviation SAEPN to indicate results whose
statements and applications are examinable, but whose proofs are not examinable as bookwork.

We also indicate as optional material which is not examinable as bookwork at all (neither state-
ments nor proofs).

Of course, this does not imply that such material will not be relevant to a non-bookwork part of
an examination question.

We begin our construction of Lebesgue measure by checking that the notion of length we are used to
really does give a measure on our usua semi-ring of half-open intervals, P. First we investigate some
elementary results for finite unions of intervalsin R.

Lemma 5.1 (SAEPN)

@i If
(@bl 0 [] (b,
k=1
then
Z (bk_a.k) 2 b_a.
k=1
@ii) If
@b 0 [ (a.by]
k=1
then
Z (bk_ak) < b_a.
K=1
(iii) If
(a,b] = D (3, by]
k=1
then

(b-a) = (be—ay).
K=1

Proof (Thereis afairly easy direct proof available but we use the Riemann integral.)

We can assume that all of the intervals (a, b,] and (a, b] are contained in some closed interval
[-m,m]. Then
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(b-a) =f_ X(a,by(t) dt
and

m
(b —ay) =f X, a1 dt.
-m

() If

(@b] 0 [ (@ by
k=1
then
n
Xab] < 2 X@,by
k=1

at every point, so

m
b-a :f X(a,p) (1) dt
-m

m n

gf 2 Xa.by(h) dt
-m k=1

n
= 5 (be—ay).

k=1

i) If
(ab] = D (a, by)

k=1

then
n
Xab® = Y Xa.py® Ot
k=1
Integrating asin (i),

(b-a) > 3 (be—ay).
k=1

(iii) If
(ab] =[] (a. by,
k=1

then (i) and (ii) apply and

n

(b-a) = 3y (be—a).
k=1
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A similar result holds in n-dimensions (see question sheets for }?).

Recall from G12MAN: closed and bounded subsets of R are sequentially compact. Those who
have attended G13MTS will also be familiar with the corresponding topological notion of compactness
in terms of covers by open sets. We need the following special case.

Proposition 5.2

Let a and b be real numbers with a < b, and suppose that
(a.k,bk) (k: 1,2,3,...)

are open intervals s.t.
(a.b] 0[] a.bo.
k=1
Then OmON sit.
[a,b] O m (&, by)- O
k=1

Proof will be given in lectures

Corollary 5.3

If
[a.b] 0 [] (@ by
k=1
then

(b-2)< T (Be-2y).
k=1

Pr oof

By Proposition 5.2 there exists m ON such that [a,b] O m (ay,by). But then
k=1

(a,b] O B (ay, by ], and the result follows from 5.1(i). O
k=1

Theorem 5.4

Define u: P - [0,0] by u((a,b]) = b—a. Then u is a measure on P.



Pr oof

Certainly p(d) = 0. Now suppose that

(ab] = [ (an.b].

n=1

We must show that

b-a= % (b,-a,).
n=1

Certainly we may assume b > a. First note that, for all mON,
D (an,by] O (a,b]
n=1

and so, by 5.1(ii),
m
Yy (bh-a,) <b-a
n=1

Since this is true for all mON, we have

To conclude the proof we must prove the reverse inequality. Let € > 0. Then, provided that € < b-a,

€
[a+eg,b] O D (an,bn+ ?)

n=1

so, by Corollary 5.3,

(o)

(b-@a+) < § (bzian)

Since this is true for all € 0(0,b-a), we obtain
(b-a) < Y (b,-ay,)
n=1
as required. O

A similar result holds in R™ e.g. in R?, the function v defined on half-open rectangles by

v((a b] x(c,d]) = (b-a)(d-c)



is also a measure (on P?).

We now wish to measure the size of more complicated sets. A good start is to extend y to a
measure on the elementary figures & (finite unions of sets in P). The fact that this is possible is a
special case of a more general theorem. First we define extension.

Definition 5.5
Let X be a set, and let 64, €, be subsets of #(X) with €, 00 €,. Let
M1t €y — [O,0], Uyt €y — [0, ]
be functions. Then p, is an extension of u, if

Ho(E) = py(E) (EDE,).

In this case we say - istherestriction of u, to 4.

[This agrees with the usual notions of extension and restriction for functions.]

Note on summation

In the next theorem we will need to be able to change the order of summation in various series.
Recall, when we proved Proposition 1.9 we saw that if

a,0[0,©], (j=1,23..., 1<ks<m)
then
© m m [
22 &K= 2| 2 k]
j=1 \k=1 K=1 \j=1

We shall nhow show how to extend measures from semi-rings to rings, and in particular from P to &.
More useful facts about series of elements of [0, ]
Recall Proposition 1.10.

Suppose we have g;, (1[0, «], wherei ON, and 1 < k < n;. Then the set
{(i,K: ki ON, 1< k< n}
is countable, so we can enumerate this set as

{G.k): t=123,...}.

g (% aik) = E 8k, (]
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From this we obtain a useful fact about measures.
Lemma 5.6 (optional)

Let X be a set, let 6 O P(X), suppose that the empty set isin €, and let u: 6 — [0,] be a
measure.

If AO¢, and A satisfies
A=D E| Diks
i=1k=1

where ny, n,,... ON, and the sets D;, are dl in €, then

WA= D).

i=1 k=1
[In some books this is regarded as obvious!]

Pr oof

Let (iq,kq), (i5,Ky), (i3, Kg),... be an enumeration of the set

{G,K: kiON, 1<ks<n}.

Then
A= D Di k.
t=1
SO
H(A) = Z /J(Di‘kt)
t=1
=3 Z H(Dik)
i=1 k=1

by (O with & = u(Djy).
With these facts at our disposal, we can prove our first extension theorem.
Theorem 5.7 (SAEPN)

Let ¥ be a semi-ring of subsets of aset X, and let u;: ¥ — [0,»] be a measure. Then there is a
unique measure u,: R(¥) — [0, ] such that u, is an extension of u;.

Pr oof

For any A OR(¥) there are disjoint sets A4,..., A, in ¥ with

a=[] A
j=1



The only possible value for u,(A) is
m
Y Hi(A)
=1
Thus if such a measure p, exists it is unique. We now wish to define
m
Hz(m Aj) = Z :ul(Aj)
i=1 j:]_
whenever A4,..., A, aredigoint setsin . To seethat u, is well defined, suppose that
D A = D By
j=1 k=1
with A;, B, al in #. Then set C, = Aj n By, and obtain

A = Ij Cik alj,
k=1

Bk = D Cjk al k.
j=1

Thus
m m n
> mA) =5 Y Hai(C)
= <1 K=1
n m
=5 Y HiCi)
K=1j=1

n

Y Ha(By).

k=1

Thus u, iswell defined. To see that u, is a measure, suppose that

AOR(Y) and A= E] B;
i=1

with each B; LIR(#). Then there are pairwise disjoint sets A; in . (1 < j < m) with
i=1

Also, for each i, there are disjoint sets C;, C;5,..., Cj, in & such that

B = D Cik-

k=1

We have

A = Ij (AjnBj) = i|;“|1 k@l (A; n Ciy)

i=1
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and B = Ij Ijl (A n Ciy).
i=1k=1

Since the sets (A n Cjy) are in ¥ we have

n

WB) = S Y walA N Cy)
j=1 k=1

and, since y is a measure, setting D, = Ajn Cj in Lemma 5.6 gives

[ n

i(A) = 33 w0 Ci).

Thus
m oo n;

Ho(A) = Y Hi(A) = 5 Y 5 (A nCy)
i=1 i=1i=1 k=1

o m n

Y Y Y Hi(A 0 Cy)

i=1j=1k=1

Y H2ABy).
i=1
This concludes the proof. O

In particular, the measure on P
p((a b]) =b-a

extends to a unique measure on the ring of elementary figuresin R.
Example 5.8

Define pyqy: P - [0,0] by pq((a,b]) = b-a. Then uy; has a unique extension p,: & — [0, ]
which is a measure satisfying

n
([ @ebd] = 3 (-ap.
k=1 k=1
(Similarly in higher dimensions.)

For our main extension theorem we will need the notion of an outer measure y* and sets which
are ‘measurable with respect to p*’.



Definition 5.9
Let X be a set, and let
u: P(X) - [0,0].
Then u* is an outer measure on X if
(i) w(o =0,

(i) if ABO2(X) and A O B then u*(A) < u*(B) (¢* is monotone),

[o0]

(iii) if A, (n O N) are subsets of X, then u*(m A,) < *(A,). (u* is countably subadditive.)
n=1 =1

n

Note
An outer measure on X is defined on all subsets of X.
Examples
(i)  Any measure on 2(X) (e.g. counting measure) is also an outer measure on X.
(ii) Defining

0 (E=0),

”*(E)z{l (E # D),

defines an outer measure which is not a measure (provided that X has at least two points!).
Definition 5.10

Let X be a set and let yu* be an outer measure on X. A set A O X is said to be measurable with
respect to u* (or u*-measurable) if, for every set E O X, the equality

p*(E) = p*(ENA) +p*(En A)
holds.

Notes

(i) Weknow u*(E) < u*(E\A)+ u*(En A) by subadditivity, thus A is y*-measurable if and only if,
foral E O X,

p*(E) = p*(ENA) +u*(En A).

(ii) Similarly, if py*(E) = o the equality is automatic, so the condition need only be checked for
those E with u* (E) < oo.

(iii) Ais y*-measurable if and only if X\ A is u*-measurable, because
E\A = En (X\A), while

EnA=E\(X\A).
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We will be interested in using a measure defined on a ring to define an outer measure on all
subsets of a set.

[e.g. we shall show that defining, for A O R,

u*(A) = inf{ g (bp—a,):a, < b,0R,AD D (an,bn]]
n=1

n=1

u* is an outer measure on k. We will show that all the Borel sets are p*-measurable, and that
the restriction of u* to the Borel sets is a measure.]

We now begin to prove the results we need about outer measures.
Lemma 5.11

Let X beaset and let u*: #(X) — [0, ] be an outer measure. Set
F ={A02(X): Ais u*-measurable}.

Then (i) 7 isafield, and p* is finitely additive on %, and in fact (ii) (optional) for any E O X, and any
disjoint sets A, A,,..., A, 07,

u*(ﬁ (EnAk)) = S w(ENAY.
k=1 k=1

Pr oof

(i) Let ABOZ, and let E O X. Then

note that E\(AOB) = (E\A)\B,
and that En(AOB) = (ENA)nB)O(En A).
Thus

u*(E) < p*(EN(ADB)) +u*(En (AL B))
= p*((E\A)\B) + u*(((E\A) n B)O (En A))
< w*((EVA)\B) + u*((ENA) n B)+u*(En A)
(by subadditivity)
= ¥ (E\A)+u*(En A)
(B is measurable)
= (E)
(A is measurable).
Since u*(E) appears at both ends, all the inequalities in the middle are equalities, in particular,

p*(E) = u*(E\(AO B)) +p*(En (AU B)).
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This shows A B is measurable.

The fact that O is measurable is trivial, and we already know that
AOg O X\ADO4%.

Thus % is afield.

To prove finite additivity of yu* on Z, let A and B be disjoint setsin #. Since B is y* measurable,
we have

p*(AOB) = p*((AOB)\B) + u*((ADB) n B) = p*(A) + u*(B).

The result now follows by an easy induction.

(ii) (optional) Let E O X and define
V:9% - [0,0] by
V(A) = i*(En A).

Then we are required to prove that v is finitely additive on 7.

[Note: If Aq,..., A, aredigoint setsin #, then
D (EnA) = En Ij Ay
k=1 k=1
It is enough to show that if A,BO% and An B = O then v(AOB) = v(A) +v(B). But
v(AOB) = u*(En (AOB))
= u*(En (AOB))n A)+u*((En (AOB))\A)

(since A is measurable)

p*(En A)+u*(En B)

(since An B = 0)

v(A) +v(B)

as claimed.
The result follows. O

We shall see that, in fact, 7 is a o-field, and p* restricted to % is a measure. We will then be
able to prove the extension results we want.

Lemma 5.12 (optional)

If 7 isafield of subsets of a set X, then the following are equivalent:
() Zisao-field,



- 12 -

(i) whenever A, Ay, As,... are pairwise disjoint sets in # then
D A, 07,
n=1
Proof

(i) O (i) is trivial,
(i) O (i) assume (ii) holds.
Let By, B,, Bs,... OF.

We must show D B, 0%, to see this set

n=1

A; =B, Aysg = Boig) D B, (n=1,23..).
k=1

Then A, Ay, Ag,... are pairwise disjoint elements of 7.

Also

and thisisin Z by (ii). O
Recall

If X is anon-empty set and y* is an outer measure on X, then, defining # to be the set of u* -
measurable subsets of X we know that 7 is a field. Also, for any E 0 X and sets A, A,,...,A, 0%
which are pairwise disjoint.

We have
n
[ EnA] =y wEnAY. *)
k=1 K=1
[Taking E = X, (*) shows u* is finitely additive on #.]
Theorem 5.13 (SAEPN)

Let u* be an outer measure on a non-empty set X. Let % be the set of u*-measurable subsets of
X. Then

(i) Zisao-fieldon X,
(i) forany set E OO X and pairwise disjoint sets A, A,,... in 7,

u(m EﬂAn) = E 1 (En Ay,
n=1 n

=1
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(iii) the restriction of y* to 7 is a measure.
Pr oof

First note that (iii) follows immediately from (ii) by setting E = X, so we need only prove (i) and
(ii). Also we know # is afield, so to prove (i) we need only check countable disjoint unions.

To prove (i) and (ii), let A, A,,... be pairwise disjoint elements of # and let E O X.

Set

Note that

EnA= D (EnA,).
n=1

Since p* is countably subadditive, we have

1 (EnA) =y*(ﬂ EnAn) <3 WENAY. )
n=1 n=1

Set

We have B, 0% and B,, 0 A. Thus
*(By) < ¥ (A)
(by monotonicity) and
uB,nE) < g*(EnA).

By Lemma 5.11,

u*(B, 0 E)

n

S HENAY.
k=1

Thus
n
H*(AnE) = 5 p*(EnAy).
k=1

Letting n — o, we have

(o]

W(ANnE) = w*(En A). 2
k=1



- 14 -

We thus obtain (using (1) and (2))

WENR) = 5 WHENA,
=1

proving (ii).
To show that

D A, 0F

n=1
we need to show that

H*(E) = p*(En A)+u*(E\A).
We know that B, 0%, so we have
W*(E) = p*(E n By)+p*(E\B,)
= u*(En B,) +u*(E\A)

(since E\B,, O E\A, and u* is monotone)

= (Z u*(EnAk>)+u*<E\A).
k=1

Letting n — oo we have
u*(E) = ( > H*(En Ak)) +u*(E\A)
K=1

= (EnA)+u"(E\A)

(by (ii))
= u*(E).
Thus equality holds, and
p*(E) = p*(En A) +p*(E\A).
Thisistrue for al E O X, so A is measurable. O

Recall

Let X be a set, and define

0 E=0O
* E = l
H(E) { 1 otherwise.
Then u* is an outer measure. The theorem applies to tell us the collection of u* measurable sets is a
o-field on which y* is a measure.
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Exercise: Show that only [0 and X are u*-measurable.
We now state without proof another fact about double series.
Proposition 5.14 (optional)

If a, 0[0,] for n,k ON then whatever order we add up the extended real numbers a,, we
always get the same answer: in particular

if you enumerate NxN as (nq,Kk;), (N5, Kk,), (n3,Kz),... then

8k = ) (Z ank)' O
1 n=1 \k=1

Remark: all these results about series have elementary proofs, but can also be obtained using integra-
tion results from Section 4 (applied to counting measure).

N 8

j

Lemma 5.15 (SAEPN)

Let X be a set, let 6 be a set of subsets of X with O 0¥. Suppose that u: 8¢ — [0,] is a
function, and that y(d) = O.

Define

w*(A) = inf{ u(E,): E1,E,... 0€ and A O D En}.
=1 n=1

n=

Then u* is an outer measure on X.
Remarks
We will use Proposition 5.14 in this proof. Note that y*(A) may be +oo for two reasons:

either there are no sets E, E,, E3,... in € with
A D D =
n=1
in which case p*(A) = inf(d) = +o or it could be that
u* (A) = inf{eo}.
But certainly
u*(A) 0[0,0] OA DX

Pr oof

Certainly u*: #(X) — [0,]. To seethat u*(0) = 0 take

E,=E,=..=00¢.
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Then

pr(0) < Y u(E,) =0.
n=1
Thus u*(0) = 0.

To check monotonicity, suppose that A 0 F. Set

Sa :[ Y U(Ey): Ey,... 06, A D D En}
n=1 n=1

.|

since A O F, we have Sz O S,.

1M1 8

u(E,): Eq,... 0€¢, F O D E,
1 n=1

O inf(Sy) < inf(Se),
i.e. u*(A) < u*(F).
To prove countable subadditivity suppose that
A=A,
n=1
where A, A, A,,... arein 2(X). We must show

WA S S (A,
=1

n

Two cases:

(i) if Y w*(A,) = oo, theresult is trivial;
n=1

(if) otherwise y u*(A,) < o, so also each p*(A,) < .
n=1

Let € > 0. Because u*(A,) isfinite, we can choose E, 06 (k ON) s.t.

An O D Enk
k=1

and

(z u(Enk)) <A
k=1
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[by definition of *(A,)].

Then

>
1
=]
1l
s
>
3
O
S
1l
s
~
1
s
m
>
=

N.B.

Y
N s
——
=
S
—~
>
>
N
+
N[ o
N —

2 (E ,U(Enk)) <
= \k=1 n=1

n=1

1
—
>

Thus, the countable sum of all the u(E,) is equal to

[ [

Z Z H(Enk) < (21 :U*(An)) te.

n=1k=1

Thus
KA < Y pr(A) +e
n=1
since thisistrue O € > 0, we obtain

K (A) < 5 pr(A). O
n=1

Theorem 5.16 (SAEPN) (Extension Theorem)

Let R be aring of subsets of a set X, and let u: R — [0, o] be a measure on R. Then u has an
extension to a measure [t defined on ao-field # O R.

Pr oof

Define

u*(E) = inf{ E U(A,): AL A,,...OR E O D An}.

n=1 n=1

Then the conditions of the Lemma are satisfied, and so u* is an outer measure on X. Let % be the set
of u* measurable subsets of X. Let [i be the restriction of u* to . Then 7 is a o-field, and [1 is a
measure on 7.

It remains to show that R O % and that (A) = p(A) 0 AOR.

Let AOR, then
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AOAOOODOO...

so p*(A) < u(A).

But, if Aj,A,,... ORand

then, since u is a measure on R, u(A) < ) u(A,). This holds for al such sequences A, so
n=1
H(A) < p*(A). Thus u(A) = p*(A).

Finally, we show that A is y*-measurable. Let E O X. We must show that
p*(E) = p*(En A) +u*(E\A)
as usual we only need to prove that LHS > RHS. Set
S ={ E u(A): AL A,,... OR, E O D An}.
n=1 n=1
Since p*(E) = inf S¢ it is enough to show that y*(En A)+pu*(E\A) is a lower bound for Sz. Let
A, A,,... ORwWithE O D A,. Then

n=1

EnAD D (AN A),
n=1

E\A O D (A\A).

n=1
So
H(EnA) < 5 pAnA),
n=1
u*(EVA) < UANA).
n=1
Adding gives

H(EnA)+ur(EA) < E (1A 0 A) + u(A\A))
n=1

H(AR)
1

M1 8

n
because u is a measure on R.
This shows y*(En A) + u*(E\A) is alower bound for Sz. Thus
p*(EnA)+p*(E\A) < p*(E).

This concludes the proof. O
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With our measure u: & — [0, ] defined by
n
[ @bd] = 5 Ge-a0
k=1 k=1

we obtain an outer measure u* as usual. This particular outer measure is called Lebesgue outer meas-
ure on R and we shall denote it by A*. The set, %, of subsets of R which are A*-measurable, is known
as the collection of Lebesgue measurable subsets of R. Our theorem tells us that 7 is a o-field con-
taining &, and that the restriction of A* to # is a measure. We shall denote this restriction by A and
call it Lebesgue Measure. Note that 7 contains the o-field generated by &, which is precisely %, the
collection of all Borel setsin R.

With this notation we have
POsO®x 0O%02PR),

and we can measure the size of all Borel sets using A.
Definition 5.17

Let (X, %) be a measurable space. Then we say that the sets E in ¥ are ¥-measurable sets (or
measurable if the o-field is unambiguous). In particular, if X is a metric space, by default we take
7 ={E O X|E isaBorel set}. In this case the measurable sets are the Borel setsin X, so we say such
sets are Borel measurable. When we have an outer measure u* on a set X we already have defined
u*-measurable. This coincides with the Z#-measurable sets when % = {E O X|E is u*-measurable}.
In the particular case of Lebesgue outer measure on R, A*, the A*-measurable sets are the Lebesgue
measur able sets (or Lebesgue sets) in R.

Every Borel set is Lebesgue measurable. The converse is false but tricky. It turns out that the
cardinality of & is the same as that of R, whereas the cardinality of 7 is the same as that of 2(R).

[Recall: Two sets A, B are said to have the same cardinality if there is a bijection f: A - B. For
every set X, X and 2(X) have different cardinalities.]

I's every subset of R Lebesgue measurable? The answer is no, but most sets you meet are.
Proposition 5.18 (SAEPN)
Let ¥ be a semi-ring of subsets of a set X, and set R = R(¥).

Suppose p: R - [0, »] is a measure, and we form u* as usual by

u*(E) = inf{ E u(A): Ar,A,... OR E O D An}.
1

n= n=1

Then, in fact, we also have

n=1

u*(E) = inf{ E AL AL A,... O, EO D An}.
n=1
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Pr oof

The sets of extended real numbers

s, :{ély(An): A, A,...0OR EO D An}

n=1

1M 8

(AL AL A,... O, EO D An}
1 n=1

and %:[

are in fact the same. The fact that S, 0 S; is obvious. Now suppose x[S;. Then there are
A A, ... ORwith

E O D A, and X = z U(AL).
n=1 n=1

But we may write

with B, in Y. Then

H(A) = Y u(By) aln,
k=1

x:émm:égymu

Since
E D [j Ej an
n=1k=1

a countable union of setsin .7, we deduce that x 0S,. This proves our claim.
Corollary 5.19 (SAEPN)

In the particular case of Lebesgue outer measure A*, we find

A*(E) = mf[§ (by-a): E O[] (an,bn]}.
n=1 n=1

Proposition 5.20

(i) ForabOR witha < b,
A(la,b]) = A([a,b)) = A((a, b)),
= A((a,b]) = b-a.

(ii) For E O R,
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A*(E)

1M 8

inf

n
inf

n

Proof. See question sheets. O

(bo-ay): E0 [] <an,bn>}
1 n=1

1M 8

(bp-ay): EO [] [an,bnl}.

1 n=1

Slightly trickier is to show that A (Cantor set) = 0.
[Note that the Cantor set is closed, hence is Borel, hence is Lebesgue measurable.]

If A*(A) = 0, then we can show A must be Lebesgue measurable. This is a specia case of the follow-
ing.

Lemma 5.21 (SAEPN)
Let u*: P(X) - [0, ] be an outer measure on a set X.
(i) IfAOXandu*(A) =0then Ais u*-measurable.
(ii) If Bis u*-measurable and A [0 B and u*(B) = 0 then A is y*-measurable.
(iii) If A O C O Bwith A,B py*-measurable and p*(B\A) = 0 then C is u*-measurable.
Pr oof
(i) Givenyu*(A) =0,letE O X. Then
p*(E) < p*(ENA) +u*(En A),
< W (E)+p*(A),
= u*(E).
Thus equality holds and A is y*-measurable.
(ii) A OB, and y*(B) = 0then u*(A) = 0. So Ais u*-measurable.

(iii) A,B py*-measurable, A 0 C O B, py*(B\A) = 0.
Then C\A O B\A, so C\Ais y*-measurable. But C = (C\A) OA, which is y*-measurable.

In particular, given that A (Cantor set) = 0, we deduce that every subset of the Cantor set is
L ebesgue measurable. But the Cantor set has the same cardinality as R (FACT) and so the collection
of subsets of the Cantor set has the same cardinality as #(R). It follows that the collection of Lebes-
gue sets has the same cardinality as #(R) [using the Schroder—Bernstein theorem].

Not all of the subsets of the Cantor set are Borel sets (there are too many!). So if you restrict A
to & you have an incomplete measure, i.e. there are sets A 0 B with

BOB, A(B)=0 but AODZ.
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Notation

For any E O R, we write

E+x ={y+x: yOE} (forany xin R).

Proposition 5.22 (SAEPN)
(i) If E=(a,b] then
AE) = A(E+x) (xOR).
(i) If E O R then
A*(E+X) = A*(E) (xOR).
(iii) If A O R is Lebesgue measurable, then so is A+x (x OR), and
AA+X) = A(A).

(iv) If A O R isLebesgue measurable, then so is —A, and
A(-A) = A(A).
Pr oof
(i) E+x=(a+x,b+x] and(b+x)—(a+x) = b-a.
(ii) Thisis an easy exercise, based on (i) and the definition of A*.
(iii)
A*(E=X) = A*(E) = A*(En A) +A*(E\A)
En(A+x) = ((E-X) n A) +Xx,

E\(A+x) = (E-X)\A) +x.

A*(E) = A*(E-X) = A*((E-X) n A) +A*((E-X)\A)  because A is measurable
= A*(En (A+X)) +A*(E\A+X).
Thisistrue for al E O X, and so A+Xx is Lebesgue measurable.
By (i),

AA+x) = A(A).

(iv) This is similar to (i)—(iii), using —(a,b) = (=b, —a), and the definition of A* in terms of open
intervals. O
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So Lebesgue measure is translation invariant.
A non-measur able set

To find a non-measurable set we will need the axiom of choice.
Example 5.23 (as seen earlier in the module)

Working in [0, 1] we define an equivalence relation O by x Oy if x-y[OQ. This equivalence
relation splits [0,1] up into equivalence classes. Note, for x (0[0, 1], the equivalence class of x is
(@+x)n [0,1].

We now form a set E by choosing one element from each equivalence class. [This uses the
axiom of choice.]

We show that E is not Lebesgue measurable.

Set S= 0 n[-1,1], acountable set. Then

0,110 [] (E+q O[-12]
qQs

because E O [0,1], and, O y[0,1], OxOE with (y—x) DQ since x,y are in [0, 1], we have then
(y=x) OS and y OE+(y—X).

The collection of sets{E+q: qOS} is countable, and pairwise disjoint.

(Reason: if p # g OS, then suppose we had
xO(E+p)n (E+Q).

Then we would have (x—p) OE and (x—q) OE. This is impossible because E has only one member of
each equivalence class.)

By assumption, E is measurable, and so E+q is measurable 00 q OS.

We have

1=A([o,11)<A(D (E+q)) = 3 ME+Q) = 3 AE).

qQs qQs qOs
Also
A(D E+@)sAq—Lﬂ):3
qQas
SO
T AE) < 3.
qs

Thisisimpossible: ) A(E) must be either 0 or .
qs
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Regularity of Lebesgue M easure (optional)

/mB This final subsection is entirely optional. /m-B Recall: (see question sheets again)
A*(E) = inf{ Yy (bh-ay): ED D (an,bn)}.
n=1 n=1
Lemma 5.24
Forany E O R, A*(E) = inf{A(U): U open, U O E}.
Pr oof
Certainly A*(E) < inf{A(U): U open, U O E}.

Suppose x > A*(E). Then O (aq, by), (ay, b,),... such that

[oe]

E0 [ (anby) and 3 (By-ay) <x
n=1 =1

n

SetV = D (@n,by). ThenA(V) < 5 (by—a,) <x. Also E U V, and so we have
n=1

n=1

inf{A(U): U open, U O E} < x.
Thisistrue 00 x > A*(E) and so the result follows. O

N.B. We do not claim to be able to obtain

A*(U\E) < &.

Theorem 5.25
Let E be a Lebesgue measurable subset of R. Then

(i) 0Oe>0thereisan open set U 0 R with

AMU\E) <e and EO U

(i) Oe>00aclosed set F O E with
AE\F) < e

Pr oof

(i) SetE,=En[—-n,n] for nON. Then E, is measurable, and A(E,) < ». Choose open sets V,
with E, O V, satisfying A(V,) < /\*(En)+%. We can do this because A*(E,) < . Then set
U= |j V,. Certainly U is open, and

n=1
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U\E = D (V,\E) O D (V,\E,).

n=1 n=1

Thus
oo o £
AMU\E) < n;/\(vn\En) < Z on =€
n=1
(because the sets E,, are measurable) proving (i).

(ii) To prove (ii), we use (i), and set A = E®. By (i) Jan open set U O A with A(U\A) < €.

Set F = R\U. ThenF O R\A = Eand

(E\F) = (R\F)\(R\E) = U\A

A(E\F) = A(U\A) < &. O

The fact that you can approximate Lebesgue measurable sets from the inside by closed sets, and
from the outside by open sets, is described by saying that Lebesgue measure A is regular.

If (X, %) is a measurable space and E (17 then
{FnE:FO%} ={F0O%: F O E}

isa o-field on E, denoted by 7|g (non-standard notation) or 7.

If u: 7 - [0,0] is a measure, then u|z_ is a measure on Fg. We will sometimes denote this
measure by pg.

For any Lebesgue measurable set E [0 R, we have a o-field consisting of all Lebesgue measur-
able sets contained in E, and we can restrict Lebesgue measure to this. In particular we can work on
any interval [a,b].

Exercise

Regarding [a, b] as a metric space, show that the Borel subsets of [a,b] are precisely the sets in
Blap (Where Brap ={En[ab]: EOZ} ={ED%: E U [ab]}). So ‘Borel subsets of [a,b]" is
unambiguous.

In particular, restricting attention to [0, 1], Lebesgue measure gives a probability measure on the
set of Borel subsets of [0, 1].



