A non-Borel set

Using transfinite induction (which is beyond the scope of
this module) one can show that the cardinality of the
collectionB of Borel subsets oR is the same as the
cardinality ofRR.

Since this is strictly less than the cardinality{R), it
follows that there are very many non-Borel sets.

See books for more details.

Here we show how to find a non-Borel set by choosing one
point from each of an appropriate set of equivalence classes
of elements of0, 1].

The word ‘choose’ here indicates that we are making use of
the Axiom of Choice here: see books for more on this.

Notation Let A be a subset dR and letc € R. Then we
denote byA + ¢ (or ¢ + A) thetranslate of A by ¢, i.e.

A+c={x+c:x e A}.



The next lemma shows how we can prove facts about Borel
sets without having a precise description these sets.

It says that every translate of a Borel set is still a Borel set.

Recall that our standard semi-ring of subset® of
P ={(a,b] : a,b € R,a < b}, and that we know that
B = Fr(P).

Lemma 1l ForeveryE € Bandevery € R, E + cis
also inB.

We will need properties of Lebesgue outer measur on

These properties will be discussed in more detail in Section
5.

First, defineu : P — [0, 00) by u((a,b]) = b — a.

Thusu measures the length of intervalsih



Definition 2 The Lebesgue outer measurg)\*, onR
IS the function fronfP(RR) to [0, oc] defined as follows.
For £/ C R, set

Sp = {iu(ln):ll,fg,---eP,Eg an} .
n=1

n=1
Thus Sg is the set of all possible sums of lengths ¢
sequences of intervals, € P which coverFE.

Then
)\*(E) — infSE,

the infimum of all these possible sums.

f




For more details on the following proposition, see Section
5.

Proposition 3 Lebesgue outer measure &) \*, has
the following properties.

(a) (Monotonicity) LetA and B be subsets oR with
A C B. Then)\*(A) < A\*(B).

(b) (Translation invariance) For all C R and allc €
R we have\*(A 4 ¢) = A*(A).

(c) We have *(()) = 0 (more generally\*(S) = 0
for every countable subsstof R).

(d) (Countable additivity on the Borel sets) For every
sequencel, A5, Az, ... of pairwise disjoint Borel
subsets oR, we have

e (Ga) - Sron

(e) (Correct length for closed intervals) Feandb in
R with a < b we have\*([a, b]) = b — a.




You may assume these standard properties*dhroughout
Sections 3 and 4, but NOT in Section 5, where these
properties will finally be established.

You should convince yourself at the end of the module that
our arguments are not circular!

We are now able to prove the existence of a non-Borel set.

The set we describe below Is often called a
non-measurableset, for reasons that will become clear In
Section 5.

Example 4 (For more details, see Section 5.)

Define an equivalence relation @n 1] by z ~ y if (and
onlyif) x —y € Q.
It is clear that this is an equivalence relation.

This equivalence relation partitiof®, 1] into equivalence
classes.

We may form a sel’ by choosing exactly one point from
each of these equivalence classes (remember that these
equivalence classes are pairwise disjoint).



From the choice of it follows that the set€y + ¢ (¢ € Q)
are pairwise disjoint and, for ajl € |0, 1] there is a
(unique)qg € QN [—1,1] such thaty € E + q.

SinceQ N [—1, 1] is countable, we may choose a sequence
(qx) such that every element @f N [—1, 1] appears exactly
once in this sequence.

Consider the set
A= | E+9=JE+aqw).
q€QN[—1,1] k=1

From above, we see thit 1] C A. Itis also clear that
AC[-1,2].

Thus, by monotonicity of*, we havel < A\*(A) < 3.

Note also that*(E + q,) = A*(E) forall k € N.



Suppose, for contradiction, that € 5.

Then,E + ¢ € B for all k, andas these sets are pairwise
disjoint, we would have

V() = SN (E+ ).

However, as noted above, all of the non-negative numbers
M (F + qi) are equal, and so this sum must eithed o

+00.
This contradicts the fact that< A\*(A) < 3.

ThusE is not a Borel set.

It is now clear that there is no satisfactory way to assign a
‘total length’ to this sef: assuming desirable properties
such as those possessed\iyresults in the loss of
countable additivity on the translatés+ g;..

It is easy to see that the sBtx [0, 1] leads to similar
problems for area iiR? (etc.)



