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See e.g. Howard Georgi, “The future of grand unification”, 2007



Current status of GUT
The minimal SU(5) GUT is ruled out experimentally (proton decay)

SUSY GUT models have now less appeal, after no low energy SUSY was seen by the LHC. No SUSY in this talk

Many GUT models can be constructed - the choice is in the Higgs field content, renormalizable vs. higher dimension operators 

Models are complicated (need several different Higgs fields)

Many (but not all) simply predict no new physics till very high energies - and so not testable

After no convincing progress in this direction over the last 50 years, there is certain fatigue and loss of interest

As the result, what was universally known by the community in the 70’s and 80’s is no longer transferred to the 
younger generation of researchers. One of the goals of this talk is an attempt to rectify this - here in PI.



Aims of the talk

• Describe the basics of SO(10) GUT, concentrating on explaining known facts in as 
simple terms as possible 

• This is not a phenomenology talk - I will concentrate on math (geometry) rather 
than physics 

• Factually, very little if anything is new in my presentation 

• The point of view is not the standard one. Symmetry breaking in geometric terms 
rather than in terms of Higgs fields.  

Geometry of SO(10) symmetry breaking



Standard Model fermions
The goal of the talk is to explain what SM fermions are and how they are described. I will ignore the part of the SM 

describing the dynamics of the  gauge fields.

I will mostly concentrate on 
one   (first) generation



Dirac Fermions - Lorentz spinors
Every fermionic particle in the table is a Dirac fermion = Lorentz spinor, which is described by the Dirac Lagrangian 

The Standard Model gauge group

Strong force

<latexit sha1_base64="Y2vAseRQGt2ooxKjfJV2bzzyvto="></latexit>

GSM = SU(3)⇥ SU(2)L ⇥U(1)Y| {z }

Electroweak force

Every particle transforms in a representation of this gauge group

The complication is that each particle has two components (left-handed and right-handed) and these 
transform as different representations - one says that SM is chiral 

To understand this, we need to describe a Dirac fermion in more detail



Spinors - first encounter
Gamma-matrices 
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�µ�⌫ + �⌫�µ = 2⌘µ⌫Satisfy the Clifford algebra relations
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⌘µ⌫ = diag(�1, 1, 1, 1)

Minkowski metric
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two component columns with complex entries 
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We will say that 
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⇠ 2 S+
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⌘̃ 2 S�

is a left-handed 2-component spinor
is a right-handed 2-component spinor

Lie algebra of the Lorenz group 
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so(1, 3) is generated by the products of distinct gamma-matrices
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[X(A), X(B)] = X[A,B]

<latexit sha1_base64="LdLc6AKV8bT7JGnr/KmFD9b4O8U="></latexit>
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Gamma-matrices are off-diagonal
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Products of an even number of gamma-matrices preserve the spaces 
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S±

In particular the Lie algebra 
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so(1, 3) preserves
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S±

We will say that the 2-component spinors in  
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S± are Weyl spinors (to distinguish them from 4-component Dirac spinors)

Weyl spinors are irreducible representations of the Lorentz group. The Dirac spinor is a reducible representation

Inner product: (Lorentz) invariant inner product on 
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S± is anti-symmetric
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Similarly on 
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Charge conjugation:

There is an invariant anti-linear (i.e. involving complex conjugation) map 
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Complex-conjugate 2-component spinor
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� : S� ! S+

Remark: the notions of invariant 
inner product and charge 

conjugation have analogs in any 
dimension and in any signature



Weyl Lagrangian
The Dirac Lagrangian is the kinetic term for a Dirac fermion

Define
<latexit sha1_base64="Zq6AiAxw8uT1QG3ClPbSRqRn8ak=">AAACDnicbVBNS8MwGE7n15xfVY9eomMgiKMVUfE09OJxovuAtZQ0S7ewNC1JKoyyX+DFv+LFgyJePXvz35h2PejmG0Ienvcrz+PHjEplWd9GaWFxaXmlvFpZW9/Y3DK3d9oySgQmLRyxSHR9JAmjnLQUVYx0Y0FQ6DPS8UfXWb7zQISkEb9X45i4IRpwGlCMlKY8s+b4CI8kQ3Lo7OcnRkJRxC7hnXcEHRXp99gzq1bdygPOA7sAVVBE0zO/nH6Ek5BwhfVs2bOtWLlpNhozMqk4iSSxXowGpKchRyGRbprLmcCaZvowiIS+XMGc/d2RolDKcejryhCpoZzNZeR/uV6iggs3pTxOFOF4uihIGNQiM29gnwqCFRtrgLCg+q8QD5FAWGkHK9oEe1byPGif1O2zun17Wm1cFXaUwR44AIfABuegAW5AE7QABo/gGbyCN+PJeDHejY9packoenbBnzA+fwCL3JqA</latexit>

\@ : S+ ! S�

A Dirac spinor is a pair of Weyl spinors
<latexit sha1_base64="8fTnfglHb2xHBFLoLcWHKM18tR8="></latexit>

 =

✓
⇠
⌘̃

◆
<latexit sha1_base64="eu9oIEQ/1ElkfRy7ulkyyoHA3SY=">AAACCHicbVA9SwNBEN3zM8avU0sLF4MgqOFORC2DNpYRjQnkQtjbTOKSvb1jd04MR0ob/4qNhSK2/gQ7/42bj0KNDwYe780wMy9MpDDoeV/O1PTM7Nx8biG/uLS8suqurd+YONUcKjyWsa6FzIAUCiooUEIt0cCiUEI17J4P/OodaCNidY29BBoR6yjRFpyhlZruVnAvAqHoVXNvnwYoZAuyAJD1R+JB0y14RW8IOkn8MSmQMcpN9zNoxTyNQCGXzJi67yXYyJhGwSX080FqIGG8yzpQt1SxCEwjGz7SpztWadF2rG0ppEP150TGImN6UWg7I4a35q83EP/z6im2TxuZUEmKoPhoUTuVFGM6SIW2hAaOsmcJ41rYWym/ZZpxtNnlbQj+35cnyc1h0T8u+pdHhdLZOI4c2STbZJf45ISUyAUpkwrh5IE8kRfy6jw6z86b8z5qnXLGMxvkF5yPby2UmM4=</latexit>

⇠ 2 S+, ⌘̃ 2 S�

Given that we have the charge conjugation operation
<latexit sha1_base64="9rgNMkdw3VxYKQ/ZRt/zI6GjyII=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEUSyJiIqrohuXFe0D2hAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstHpgmMM593LvPUHCmdKO82UVFhaXlleKq6W19Y3Nsr213VRxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLye+K0HKhWLxb0eJdSLcF+wkBGsjeTbZXSILtGdf9TVsfmOfbviVJ0p0F/i5qQCOeq+/dntxSSNqNCEY6U6rpNoL8NSM8LpuNRNFU0wGeI+7RgqcESVl00XH6N9o/RQGEvzhEZT9WdHhiOlRlFgKiOsB2rem4j/eZ1UhxdexkSSairIbFCYcmSOnKSAekxSovnIEEwkM7siMsASE22yKpkQ3PmT/5LmSdU9q7q3p5XaVR5HEXZhDw7AhXOowQ3UoQEEUniCF3i1Hq1n6816n5UWrLxnB37B+vgGpWWRJg==</latexit>

⇤ : S+ ! S�

can always parametrise 
<latexit sha1_base64="mzl6dMGRcvNIibgnz82XT3RyL+s="></latexit>

 =

✓
⇠
⌘⇤

◆
, ⇠, ⌘ 2 S+

The Dirac Lagrangian then splits as the sum of two kinetic terms for the Weyl spinors
<latexit sha1_base64="YLAHgVTF5I3iXfEZdMTai5VmaKY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSIISklE1GPRi8eK9gOaEDbbTbt0swm7k2IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZemAquwXG+raXlldW19dJGeXNre2fX3ttv6iRTlDVoIhLVDolmgkvWAA6CtVPFSBwK1goHtxO/NWRK80Q+wihlfkx6kkecEjBSYNvYe+JnHgPicYkfgtPArjhVZwq8SNyCVFCBemB/ed2EZjGTQAXRuuM6Kfg5UcCpYOOyl2mWEjogPdYxVJKYaT+fXj7Gx0bp4ihRpiTgqfp7Iiex1qM4NJ0xgb6e9ybif14ng+jaz7lMM2CSzhZFmcCQ4EkMuMsVoyBGhhCquLkV0z5RhIIJq2xCcOdfXiTN86p7WXXvLyq1myKOEjpER+gEuegK1dAdqqMGomiIntErerNy68V6tz5mrUtWMXOA/sD6/AEJQpKg</latexit>

⇠, ⌘ 2 S+

It is very convenient to 
parametrise all right-handed 

spinors as charge conjugates of 
left-handed ones

<latexit sha1_base64="uTV/5lRoj/8Lkibo4TZ2UCTqdBk="></latexit>

S[⇠] := i

Z

R1,3

h⇠⇤, \@⇠i Lorentz and translation invariant. Can be seen 
to be real by the integration by parts argument

When the spinor also transforms in some representation of 
some gauge group, we make the Lagrangian gauge-invariant 

by extending the derivative to the covariant derivative

<latexit sha1_base64="zDr+UmfAyFqPkQmseRhR6mO6WbA="></latexit>

\@ := �I@t + �i@i ⌘ �µ@µ

<latexit sha1_base64="/cAF3SIQxCnsre52LnR/D0sxec4="></latexit>

S[⇠, A] := i

Z

R1,3

h⇠⇤,�µ(@µ +Aµ)⇠i

This describes how fermions interact with gauge fields

<latexit sha1_base64="YC4eUjMjGuwb54Xxxu6b3z3P94E=">AAAB/HicbVDLSgNBEJz1GeMrmqOXwSCIh7Arol6EoBePEcwDsmuYnXSSIbMPZnqFZYm/4sWDIl79EG/+jZNkD5pY0E1R1c30lB9LodG2v62l5ZXVtfXCRnFza3tnt7S339RRojg0eCQj1faZBilCaKBACe1YAQt8CS1/dDPxW4+gtIjCe0xj8AI2CEVfcIZG6pbKLgrZg8wFZOOrSX846ZYqdtWegi4SJycVkqPeLX25vYgnAYTIJdO649gxehlTKLiEcdFNNMSMj9gAOoaGLADtZdPjx/TIKD3aj5SpEOlU/b2RsUDrNPDNZMBwqOe9ifif10mwf+llIowThJDPHuonkmJEJ0nQnlDAUaaGMK6EuZXyIVOMo8mraEJw5r+8SJqnVee86tydVWrXeRwFckAOyTFxyAWpkVtSJw3CSUqeySt5s56sF+vd+piNLln5Tpn8gfX5A6mOlMY=</latexit>

⌘̃ = ⌘⇤ so that



Particles of the SM
We now describe the particle content of one (first) generation of the SM

We describe everything in terms of 2-component (Weyl) spinors, and use left-handed spinors to parametrise all particles 

Particles SU(3) SU(2) Y T
3

Q = T
3 + Y

Q =

✓
u

d

◆
triplet doublet 1/6

1/2
�1/2

2/3
�1/3

ū

d̄
anti-triplet singlet

�2/3
1/3

0
�2/3
1/3

L =

✓
⌫

e

◆
singlet doublet -1/2

1/2
�1/2

0
�1

ē singlet singlet 1 0 1

The particles that are non-singlets with respect to the strong force SU(3), namely Q, ū, d̄ are called quarks.
The remaining particles L, ē are called leptons. Two di↵erent 2-component spinors are needed to describe a
particle with the same name (for all particles but the neutrino), e.g. both u, ū are needed to describe the up
quark and its anti-particle. One can say that u describes the up quark while ū describes its anti-particle,
although this terminology is empty unless one defines an independent notion of particles and anti-particles. We
do not need this and will not attempt such a definition in this paper. The other pairs are d, d̄ that describe the
down quark and its anti-particle, and e, ē that describe the electron and its anti-particle (positron). The only
2-component spinor that does not have its partner is ⌫, and this is because in the SM neutrino coincides with
its anti-particle. However, the embedding into Spin(10) predicts ⌫̄ as well.

5.2 Georgi-Glashow SU(5) GUT

The Georgi-Glashow SU(5) GUT arises from the realisation that one can embed the rank 4 GSM into the rank
4 simple Lie group SU(5). The embedding is as follows

SU(3)⇥ SU(2)⇥U(1)Y 3 (h3, h2,↵) !
✓

↵
2
h3 0
0 ↵

�3
h2

◆
2 SU(5). (129)

We can then attempt to identify the C5 representation of SU(5) with particles. It is clear that as the represen-
tation of SU(3)⇥ SU(2) C5 will split into C3 �C2, i.e. a triplet and a doublet. It is also clear that the one will
have 3YC3 + 2YC2 = 0. The only particle doublet that could be identified with C2 is L, which has the Y charge
of �1/2. The other particle then must have the Y charge of 1/3, and thus be identified with d̄. Because d̄

transforms as an anti-triplet, we must correct the identification and identify L, d̄ as components of C̄5 instead.
All in all, the requirement that C̄5 of SU(5) can be identified with particles under the embedding of the type
(129) fixes the embedding to be

SU(3)⇥ SU(2)⇥U(1)Y 3 (h3, h2, e
i�) !

✓
e
�i�/3

h3 0
0 e

i�/2
h2

◆
2 SU(5), (130)

with the convention that the 5-component columns that such matrices act on are in C5, and the complex
conjugate matrices act on C̄5. We then get the desired C̄5 = C̄3 � C̄2 and the correct pattern of the Y -charges.

The other particles are identified as follows. We consider the representation ⇤3C̄5. It splits as

⇤3(C̄3 � C̄2) = ⇤3C̄3 � ⇤2C̄3 ⌦ C̄2 � C̄3 ⌦ ⇤2C̄2
. (131)

The first factor here has the Y -charge of +1 and is an SU(3) singlet. It must be identified with the partner ē
of the electron. The second factor is an SU(2) doublet of Y -charge 2/3 � 1/2 = 1/6, which is Q. The third
factor is an SU(3) triplet with Y -charge 1/3 � 1 = �2/3, which is ū. This finishes the assignment of particles
to representations of SU(5).

Having considered ⇤1C̄5
,⇤3C̄5, it is very natural to consider also the representation ⇤5C̄5. It splits as

⇤5C̄5 = ⇤3C̄3 ⌦ ⇤2C̄2
. (132)

Both factors are SU(3) and SU(2) singlets, and the total Y charge is zero. This representation can be used
to describe the partner ⌫̄ of the neutrino that is missing from the above table but must be considered in the
Spin(10) GUT.

The preceding discussion can be summarised as follows. The particles of the Table 5.1 together with ⌫̄

become identified with the following representations of SU(5)

⇤1
C̄

5 � ⇤3C̄5 � ⇤5C̄5 = (C̄3 � C̄
2)� (⇤3C̄3 � ⇤2C̄3 ⌦ C̄2 � C̄3 ⌦ ⇤2C̄2)� (⇤3C̄3 ⌦ ⇤2C̄2) = (133)

(d̄, L) + (ē, Q, ū) + (⌫̄).

25

Representations of 
<latexit sha1_base64="Tr999NYjhK8i3REhLvEUmp4aze4=">AAACJnicbZDLSgMxFIYz9VbrbdSlm2AR2k2ZqaJuCkUXulCoaC/SliGTpm1oMjMkGaEM8zRufBU3Lioi7nwU03aQ2vpD4Oc753ByfjdgVCrL+jJSS8srq2vp9czG5tb2jrm7V5N+KDCpYp/5ouEiSRj1SFVRxUgjEARxl5G6O7gc1+tPREjqew9qGJA2Rz2PdilGSiPHLF05UUtweH8bwxKc2mqcO863FOVE/oJi3rmZQZrYeefRMbNWwZoILho7MVmQqOKYo1bHxyEnnsIMSdm0rUC1IyQUxYzEmVYoSYDwAPVIU1sP6YXtaHJmDI806cCuL/TzFJzQ2YkIcSmH3NWdHKm+nK+N4X+1Zqi65+2IekGoiIeni7ohg8qH48xghwqCFRtqg7Cg+q8Q95FAWOlkMzoEe/7kRVMrFuzTgn13ki1fJHGkwQE4BDlggzNQBtegAqoAg2fwCkbg3Xgx3owP43PamjKSmX3wR8b3Dwxlo68=</latexit>

GSM = SU(3)⇥ SU(2)L ⇥U(1)Y

needed to describe one generation

Remark: Here bar is just part of the name of the 2-component Weyl spinor. It is not complex conjugation. Its charge conjugate is the 
right-handed 2-component spinor that is part of the Dirac spinor needed to describe this particle

This is impossible to 
remember unless you 

work with it every day. 
SO(10) GUT provides 

the organising principle, 
from which this table 

can be derived

15 particles here, 
counting those of 

different colour 
separately



Spinors in higher D and Clifford Algebras
Clifford algebras are algebras generated by the higher D analogs of the already encountered gamma-matrices

Spinors are “columns” on which gamma-matrices act

Definition: Given a (real) vector space V, with a metric          on it, the Clifford algebra Cl(V) is the 
algebra generated by vectors from V subject to the relation

<latexit sha1_base64="zn4tn6wKUJskokEuVc792GxEqv4=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEqSJkRUZdFNy4r2Ae0Q8lk0jY0k4xJplCGfocbF4q49WPc+Tem01lo64F7OZxzL7k5QcyZNq777aysrq1vbBa2its7u3v7pYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupv5rTFVmknxaCYx9SM8EKzPCDZW8itdEkpznvWzXqnsVt0MaJl4OSlDjnqv9NUNJUkiKgzhWOuO58bGT7EyjHA6LXYTTWNMRnhAO5YKHFHtp9nRU3RqlRD1pbIlDMrU3xspjrSeRIGdjLAZ6kVvJv7ndRLTv/FTJuLEUEHmD/UTjoxEswRQyBQlhk8swUQxeysiQ6wwMTanog3BW/zyMmleVL2rqvdwWa7d5nEU4BhOoAIeXEMN7qEODSDwBM/wCm/O2Hlx3p2P+eiKk+8cwR84nz/oWZGL</latexit>

(·, ·)
<latexit sha1_base64="WlEZvX1lHb4J1gR67iFn4o8cYmI=">AAAB/HicbVDJSgNBEK2JW4zbaI5eGoMQUcJMEPUiBL14jGAWSIbQ0+kkTXoWegkMQ/wVLx4U8eqHePNv7CRz0OiDgsd7VVTV82POpHKcLyu3srq2vpHfLGxt7+zu2fsHTRlpQWiDRDwSbR9LyllIG4opTtuxoDjwOW3549uZ35pQIVkUPqgkpl6AhyEbMIKVkXp2UaMJOjWl0TWqlvXZ5AT17JJTceZAf4mbkRJkqPfsz24/IjqgoSIcS9lxnVh5KRaKEU6nha6WNMZkjIe0Y2iIAyq9dH78FB0bpY8GkTAVKjRXf06kOJAyCXzTGWA1ksveTPzP62g1uPJSFsZa0ZAsFg00RypCsyRQnwlKFE8MwUQwcysiIywwUSavggnBXX75L2lWK+5Fxb0/L9VusjjycAhHUAYXLqEGd1CHBhBI4Ale4NV6tJ6tN+t90Zqzspki/IL18Q2XiZIn</latexit>

uv + vu = 2(u, v)

Or, more concretely, assuming the metric on V is positive definite and choosing an orthonormal basis, 
the Clifford algebra is the one generated by the gamma-matrices satisfying 

<latexit sha1_base64="nhPMkBcHFRkgHzZ/GzCZxOGskhQ=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAIglBmRNSNWHSjuwr2Ap0ynEnTNm0yMyQZoQx9HDe+ihsRRbr1SUzbwUvrgcDH/59Dzvn9iDOlbXtkZRYWl5ZXsqu5tfWNza389k5VhbEktEJCHsq6D4pyFtCKZprTeiQpCJ/Tmt+/Hvu1ByoVC4N7PYhoU0AnYG1GQBvJy1+6HRACPIZT6OGjH/w2L7DbolyDl7DeELsCdNf3k9sh9vIFu2hPCs+Dk0IBpVX28q9uKySxoIEmHJRqOHakmwlIzQinw5wbKxoB6UOHNgwGIKhqJpNDh/jAKC3cDqV5gcYT9fdEAkKpgfBN53hFNeuNxf+8Rqzb582EBVGsaUCmH7VjjnWIx6nhFpOUaD4wAEQysysmXZBAtMk2Z0JwZk+eh+px0TktOncnhdJVGkcW7aF9dIgcdIZK6AaVUQUR9Iie0Rt6t56sF+vDGk1bM1Y6s4v+lPX5BbSCpcg=</latexit>

�i�j + �j�i = �ijI

As a vector space, Clifford algebra is spanned by products of distinct gamma-matrices, and has dimension  
<latexit sha1_base64="ey6Qx/RieWpeQJVU0Tlr9RekoIM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdVx9lr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1UvLvzcu06j6MAx3ACZ+DBJdTgFurQAAYDeIZXeHOE8+K8Ox/z1hUnnzmCP3A+fwD95I2c</latexit>

2n

where n is the dimension of V
The deep classification result states that Clifford algebras are matrix algebras over 

<latexit sha1_base64="SXnQL4pWPNhafTrHVQ1UzcMPhoI=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EiuJCSiKjLYjddVrEXaEOZTCft0MmFmYlQQrZufBU3LhRx6xu4822ctBG19YeBj/+cw5zzuxFnUlnWp1FYWl5ZXSuulzY2t7Z3zN29lgxjQWiThDwUHRdLyllAm4opTjuRoNh3OW2741pWb99RIVkY3KpJRB0fDwPmMYKVtvom6vlYjVw3uUlPvrH2g/W0b5atijUVWgQ7hzLkavTNj94gJLFPA0U4lrJrW5FyEiwUI5ympV4saYTJGA9pV2OAfSqdZHpJio60M0BeKPQLFJq6vycS7Es58V3dmW0o52uZ+V+tGyvv0klYEMWKBmT2kRdzpEKUxYIGTFCi+EQDJoLpXREZYYGJ0uGVdAj2/MmL0Dqt2OcV+/qsXL3K4yjCARzCMdhwAVWoQwOaQOAeHuEZXowH48l4Nd5mrQUjn9mHPzLevwDUVJps</latexit>

R,C,H

or sometimes direct sum of two such algebras, depending on dimension and signature

Spinors are “columns” on which these matrix algebras act, or irreducible representations of Cl

Group Spin(V) is the group generated by the products of an even number of Clifford elements of squared norm one 

It is the double cover of the special orthogonal group SO(V)



Spinors of Spin(2n)
The goal now is to present a concrete and efficient model for Cl(2n) and the Spin group 

in Euclidean space         of an arbitrary (even) dimension. 
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n

This model arises if one chooses a complex structure in 
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n

Definition: An (orthogonal) complex structure in 
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n is a map
<latexit sha1_base64="LRvHh8QeeeQ9EKSC56lJTGjKC98=">AAACDnicbVDLSsNAFL2pr1pfUZdugqXgqiRFVFwV3YirKvYBTSyT6bQdOpmEmYlQQr7Ajb/ixoUibl2782+ctFlo64GBwzn3MvccP2JUKtv+NgpLyyura8X10sbm1vaOubvXkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/vsz89gMRkob8Tk0i4gVoyOmAYqS01DMr1+eWGyA18v3kNr1Pajx1VTgv9cyyXbWnsBaJk5My5Gj0zC+3H+I4IFxhhqTsOnakvAQJRTEjacmNJYkQHqMh6WrKUUCkl0zjpFZFK31rEAr9uLKm6u+NBAVSTgJfT2ZnynkvE//zurEanHkJ5VGsCMezjwYxs3TgrBurTwXBik00QVhQfauFR0ggrHSDJV2CMx95kbRqVeek6twcl+sXeR1FOIBDOAIHTqEOV9CAJmB4hGd4hTfjyXgx3o2P2WjByHf24Q+Mzx8yvJw6</latexit>

J : R2n ! R2n such that
<latexit sha1_base64="3zOEcoc3r+YhwhC+jPv0IaiyEks=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoodSZIupGKLqRrqrYB3TGkklTG5rJDEmmUIb5DDf+ihsXirjtzr8x03ahrQcCJ+feyz33eCGjUlnWt5FZWV1b38hu5ra2d3b3zP2DpgwigUkDBywQbQ9JwignDUUVI+1QEOR7jLS84U1ab42IkDTgD2ocEtdHT5z2KUZKS13ztFCLSrVREV7BQlQaFUvQ6QcCMQb1z6EcOj5SA8+L75PHuMKTrpm3ytYUcJnYc5IHc9S75sTpBTjyCVeYISk7thUqN0ZCUcxIknMiSUKEh+iJdDTlyCfSjaeHJfBEKz2oDenHFZyqvydi5Es59j3dmdqUi7VU/K/WiVT/0o0pDyNFOJ4t6kcMqgCmKcEeFQQrNtYEYUG1V4gHSCCsdJY5HYK9ePIyaVbK9nnZvjvLV6/ncWTBETgGBWCDC1AFt6AOGgCDZ/AK3sGH8WK8GZ/G16w1Y8xnDsEfGJMfRmGeJA==</latexit>

(Ju, Jv) = (u, v), 8u, v 2 R2n

<latexit sha1_base64="eKhNqrOdlFcQ3vHkz8oN02LIq8E=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIbiwzRdSNUHSjrirYB7RjyaRpG5rJDElGqEO/xI0LRdz6Ke78GzPtLLT1QOBwzr3ck+NHnCntON9Wbml5ZXUtv17Y2NzaLto7uw0VxpLQOgl5KFs+VpQzQeuaaU5bkaQ48Dlt+qOr1G8+UqlYKO71OKJegAeC9RnB2khdu3j7ULk47gRYD30/uZl07ZJTdqZAi8TNSAky1Lr2V6cXkjigQhOOlWq7TqS9BEvNCKeTQidWNMJkhAe0bajAAVVeMg0+QYdG6aF+KM0TGk3V3xsJDpQaB76ZTBOqeS8V//Pase6fewkTUaypILND/ZgjHaK0BdRjkhLNx4ZgIpnJisgQS0y06apgSnDnv7xIGpWye1p2705K1cusjjzswwEcgQtnUIVrqEEdCMTwDK/wZj1ZL9a79TEbzVnZzh78gfX5A90JkpY=</latexit>

J2 = �I

and

Spin(2n) is the double cover of SO(2n)
<latexit sha1_base64="xYsTXzNhlbAsLpi7YJwONPhKDfo=">AAACEXicbVC7TsMwFHXKq5RXgZHFokIqS0kqBCxIFSxsFEEfookix3Vbq7YT2Q5SFfUXWPgVFgYQYmVj429w0g7QciRL555zr3zvCSJGlbbtbyu3sLi0vJJfLaytb2xuFbd3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFw8vUbz0QqWgo7vQoIh5HfUF7FCNtJL9YTlzJ4e31uFwVh+eTIqIiK49cjvQgCJL7sV/1iyW7YmeA88SZkhKYou4Xv9xuiGNOhMYMKdVx7Eh7CZKaYkbGBTdWJEJ4iPqkY6hAnCgvyS4awwOjdGEvlOYJDTP190SCuFIjHpjOdEc166Xif14n1r0zL6EiijURePJRL2ZQhzCNB3apJFizkSEIS2p2hXiAJMLahFgwITizJ8+TZrXinFScm+NS7WIaRx7sgX1QBg44BTVwBeqgATB4BM/gFbxZT9aL9W59TFpz1nRmF/yB9fkDYBucHg==</latexit>

SO(2n) = Spin(2n)/Z2

Example:
<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2

<latexit sha1_base64="5oP+2KRDTlUyj+fdlMj1YyJ/M6I="></latexit>

J

✓
x
y

◆
=

✓
0 �1
1 0

◆✓
x
y

◆
=

✓
�y
x

◆

There are no real eigenvectors. But any real vector can be split into a complex eigenvector, plus its complex conjugate
<latexit sha1_base64="xNH4YUWW3mkcoRxOMj19gh7U6yo=">AAACJnicbVBNS8MwGE79nPOr6tFLcAieRjtEvQyGu3ic4j5g7UaapVtYmpYkFUbpr/HiX/HiYSLizZ9iulWYmy+EPDzP+/l4EaNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcYCkyYOWSg6HpKEUU6aiipGOpEgKPAYaXvjeqa3n4iQNOSPahIRN0BDTn2KkdJU36w6AVIjz0se0l5S4Smswl+mnvY4dMKIxVJ/ukk2I1lU075ZssrWLOAqsHNQAnk0+ubUGYQ4DghXmCEpu7YVKTdBQlHMSFp0YkkihMdoSLoachQQ6SazM1N4rpkB9EOhH1dwxi5WJCiQchJ4OjNbUi5rGfmf1o2Vf+MmlEexIhzPB/kxgyqEmWdwQAXBik00QFhQvSvEIyQQVtrZojbBXj55FbQqZfuqbN9flmq3uR0FcArOwAWwwTWogTvQAE2AwTN4BVPwbrwYb8aH8TlPXTPymhPwJ4zvHwSGpsM=</latexit>

R2n = Cn � Cn

The +i eigenspace of J. Can be seen to be totally null 

Example:
<latexit sha1_base64="dUEGXTwf9cGrBIV0UQ0dzfTYyoA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8f6/1K1a25M6Bl4hWkCgWa/cqXP0hIGlNhCMda9zxXmiDDyjDC6bTsp5pKTMZ4SHuWChxTHWSzzFN0apUBihJlnzBopv7eyHCs9SQO7WSeUS96ufif10tNdBVkTMjUUEHmh6KUI5OgvAA0YIoSwyeWYKKYzYrICCtMjK2pbEvwFr+8TNr1mndR8+7Oq43roo4SHMMJnIEHl9CAW2hCCwhIeIZXeHNS58V5dz7moytOsXMEf+B8/gDsGpGc</latexit>

R2 The +i eigenspace of J is spanned by  
<latexit sha1_base64="9SbmkhY25kiFmQm2k6CYBnxy968=">AAACG3icbVA9SwNBEN3zM8avqKXNYhC0MNwFUcugjWUE8wG5EPY2c8ni3t6xOyeEI//Dxr9iY6GIlWDhv3GTXKHRBwOP92Z2Z16QSGHQdb+chcWl5ZXVwlpxfWNza7u0s9s0cao5NHgsY90OmAEpFDRQoIR2ooFFgYRWcHc18Vv3oI2I1S2OEuhGbKBEKDhDK/VKVV9CiEd+AAOhMqY1G40zPqYe9X16IqgPqp/LvhaDIR7TXqnsVtwp6F/i5aRMctR7pQ+/H/M0AoVcMmM6nptg176KgksYF/3UQML4HRtAx1LFIjDdbHrbmB5apU/DWNtSSKfqz4mMRcaMosB2RgyHZt6biP95nRTDi24mVJIiKD77KEwlxZhOgqJ9oYGjHFnCuBZ2V8qHTDOONs6iDcGbP/kvaVYr3lnFuzkt1y7zOApknxyQI+KRc1Ij16ROGoSTB/JEXsir8+g8O2/O+6x1wcln9sgvOJ/fgpWhEw==</latexit>✓
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<latexit sha1_base64="5NCdbbV52nY7/SLMOT6cZJj+3I0="></latexit>✓
x
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Complex structures are very important because they provide a real viewpoint on various complex Lie groups 

Proposition: The subgroup of
<latexit sha1_base64="skdFt96qvbZFNiM2EnqdZO84GIg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUkRdFl3owkUV+4AmlMl00g6dmYSZiVBCNv6KGxeKuPUz3Pk3TtoutHrgwuGce7n3niBmVGnH+bIKC4tLyyvF1dLa+sbmlr2901JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GF3mfvuBSEUjca/HMfE5GggaUoy0kXr2XupJDq9uskpNHHsc6WEQpHfZUc8uO1VnAviXuDNSBjM0evan149wwonQmCGluq4Taz9FUlPMSFbyEkVihEdoQLqGCsSJ8tPJAxk8NEofhpE0JTScqD8nUsSVGvPAdOYnqnkvF//zuokOz/2UijjRRODpojBhUEcwTwP2qSRYs7EhCEtqboV4iCTC2mRWMiG48y//Ja1a1T2turcn5frFLI4i2AcHoAJccAbq4Bo0QBNgkIEn8AJerUfr2Xqz3qetBWs2swt+wfr4BnQyla4=</latexit>

GL(2n,R) that commutes with a fixed complex structure on 
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n is 
<latexit sha1_base64="VB7o4DFy5BZIUUI5e027y3zognU=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkiZEVGXxS504aKCfUBnKJk004YmmSHJCGWchb/ixoUibv0Nd/6NmbYLrR4IHM65l3tygphRpR3nyyosLC4trxRXS2vrG5tb9vZOS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gVM/99j2RikbiTo9j4nM0EDSkGGkj9ey91JMcXt1kFXHscaSHQZDWs6OeXXaqzgTwL3FnpAxmaPTsT68f4YQToTFDSnVdJ9Z+iqSmmJGs5CWKxAiP0IB0DRWIE+Wnk/wZPDRKH4aRNE9oOFF/bqSIKzXmgZnMI6p5Lxf/87qJDi/8lIo40UTg6aEwYVBHMC8D9qkkWLOxIQhLarJCPEQSYW0qK5kS3Pkv/yWtk6p7VnVvT8u1y1kdRbAPDkAFuOAc1MA1aIAmwOABPIEX8Go9Ws/Wm/U+HS1Ys51d8AvWxzfmvJVj</latexit>

GL(n,C)

The subgroup of that commutes with a fixed orthogonal complex structure on 
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n is 
<latexit sha1_base64="vhsuybeUbLTO9Hih/RwZai5cbMY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUkRdFt24sz76gCaUyXTSDp2ZhJmJUEI2/oobF4q49TPc+TdO2i60euDC4Zx7ufeeIGZUacf5sgoLi0vLK8XV0tr6xuaWvb3TUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXeZ++4FIRSNxr8cx8TkaCBpSjLSRevZe6kkO766zSk0cexzpYRCkt9lRzy47VWcC+Je4M1IGMzR69qfXj3DCidCYIaW6rhNrP0VSU8xIVvISRWKER2hAuoYKxIny08kDGTw0Sh+GkTQlNJyoPydSxJUa88B05ieqeS8X//O6iQ7P/ZSKONFE4OmiMGFQRzBPA/apJFizsSEIS2puhXiIJMLaZFYyIbjzL/8lrVrVPa26Nyfl+sUsjiLYBwegAlxwBurgCjRAE2CQgSfwAl6tR+vZerPep60FazazC37B+vgGi+qVvQ==</latexit>

SO(2n,R)
<latexit sha1_base64="aAW0YUIeDem79QyuopqyFGDxgNI=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JriHokevGIiQtE2JBu6UJD2920XROy4V948aAxXv033vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Hbmt5+o0iyWD2aS0EDgoWQRI9hY6THrKYH8aVWe98sVt+bOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTa/eIrOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzd5HA6YoMXxiCSaK2VsRGWGFibEhlWwI3vLLq6R1UfMua959vdK4yeMowgmcQhU8uIIG3EETfCAg4Rle4c3Rzovz7nwsWgtOPnMMf+B8/gC4G5BL</latexit>

U(n)

Rephrasing this, the choice of U(n) subgroup of SO(2n) is the choice of an orthogonal complex structure on  
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n

Fundamental fact about spinors:

U(n) is also a subgroup of Spin(2n), and the restriction of the spinor representation S of Spin(2n) to U(n) is 
<latexit sha1_base64="2YSywkre42T/GHTQ71ikmSvjsNM=">AAACE3icbVC7TsMwFHXKq5RXgZHFokIqDFWCELAgVe3CwFAEfUhNqBzHaa06TmQ7SFXIP7DwKywMIMTKwsbf4LYZoOVIlo7OPff63uNGjEplmt9GbmFxaXklv1pYW9/Y3Cpu77RkGAtMmjhkoei4SBJGOWkqqhjpRIKgwGWk7Q7r43r7nghJQ36rRhFxAtTn1KcYKS31ikc3do32H3pJYosANtMyP0zhBbSv9AgPQTtAauC6ST290+aSWTEngPPEykgJZGj0il+2F+I4IFxhhqTsWmaknAQJRTEjacGOJYkQHqI+6WrKUUCkk0xuSuGBVjzoh0I/ruBE/d2RoEDKUeBq53hHOVsbi//VurHyz52E8ihWhOPpR37MoArhOCDoUUGwYiNNEBZU7wrxAAmElY6xoEOwZk+eJ63jinVasa5PStVaFkce7IF9UAYWOANVcAkaoAkweATP4BW8GU/Gi/FufEytOSPr2QV/YHz+AJOcnVs=</latexit>

S
���
U(n)

= ⇤Cn All anti-symmetric complex tensors 
in n dimensions, or all complex 

differential forms 

Rephrasing, restricting to U(n), we get a very concrete and 
powerful model of Spin(2n), Cl(2n) and spinors



Spinors concretely
Spinor is a general “inhomogeneous” differential form 

where all the coefficients are complex

<latexit sha1_base64="Q7W5YWEWhPshZbqB1kes/917f7w=">AAAB+3icbVBNS8NAEJ3Ur1q/aj16WSxCvZSkiHoRil48VrQf0May2W7apbtJ2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeV7EmdK2/W3lVlbX1jfym4Wt7Z3dveJ+qaXCWBLaJCEPZcfDinIW0KZmmtNOJCkWHqdtb3w99duPVCoWBvd6ElFX4GHAfEawNlK/WEp6UqABE2nl7gRdotqDEct21Z4BLRMnI2XI0OgXv3qDkMSCBppwrFTXsSPtJlhqRjhNC71Y0QiTMR7SrqEBFlS5yez2FB0bZYD8UJoKNJqpvycSLJSaCM90CqxHatGbiv953Vj7F27CgijWNCDzRX7MkQ7RNAjzs6RE84khmEhmbkVkhCUm2sRVMCE4iy8vk1at6pxVndvTcv0qiyMPh3AEFXDgHOpwAw1oAoEneIZXeLNS68V6tz7mrTkrmzmAP7A+fwDtJpMR</latexit>

dim(S) = 2n

<latexit sha1_base64="+DvndLj5mDm336E9ScP4gGZYrsU="></latexit>

S ⌘ ⇤Cn 3  = a+
nX

i=1

aidz
i +

X

i<j

aijdz
i ^ dzj + . . .+ a1...ndz

1 ^ . . . ^ dzn

We introduce the creation/annihilation operators

<latexit sha1_base64="Y+cC0bXZsSKGBX/WyN+Glbvt69U=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4KomIiiAUvXisYD+gactmM02XbjZhd6PU0j/gxb/ixYMiXr1789+4TXvQ1gcDj/dmmJnnJ5wp7Tjf1tz8wuLScm4lv7q2vrFpb21XVZxKChUa81jWfaKAMwEVzTSHeiKBRD6Hmt+7Gvm1O5CKxeJW9xNoRiQUrMMo0UZq2/ukzVpeQMIQJPYSxfD5BQ4eWgx79xCEkGltu+AUnQx4lrgTUkATlNv2lxfENI1AaMqJUg3XSXRzQKRmlMMw76UKEkJ7JISGoYJEoJqD7JshPjBKgDuxNCU0ztTfEwMSKdWPfNMZEd1V095I/M9rpLpz1hwwkaQaBB0v6qQc6xiPosEBk0A17xtCqGTmVky7RBKqTYB5E4I7/fIsqR4V3ZOie3NcKF1O4sihXbSHDpGLTlEJXaMyqiCKHtEzekVv1pP1Yr1bH+PWOWsys4P+wPr8AfJ9mto=</latexit>

a†i := dzi ^  
<latexit sha1_base64="Yemox6YA40ycxJzd9rgMVbtqhm8=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6qTMiKoJQdOOygn1AZyyZTKYNzSRDkhHq0A9w46+4caGIWz/AnX9jOp2Fth4IHM45l5t7/JhRpW3725qbX1hcWi6sFFfX1jc2S1vbTSUSiUkDCyZk20eKMMpJQ1PNSDuWBEU+Iy1/cDX2W/dEKir4rR7GxItQj9OQYqSN1C2VUZdCN1YUnl/ASnAYPNzRA+gyiYXkRGaWSdlVOwOcJU5OyiBHvVv6cgOBk4hwjRlSquPYsfZSJDXFjIyKbqJIjPAA9UjHUI4iorw0O2YE940SwFBI87iGmfp7IkWRUsPIN8kI6b6a9sbif14n0eGZl1IeJ5pwPFkUJgxqAcfNwIBKgjUbGoKwpOavEPeRRFib/oqmBGf65FnSPKo6J1Xn5rhcu8zrKIBdsAcqwAGnoAauQR00AAaP4Bm8gjfryXqx3q2PSXTOymd2wB9Ynz9Rc5nr</latexit>

ai := (d/dzi)y 

These satisfy the fermionic algebra
<latexit sha1_base64="guAW36cozSaHsq8Kk//EqzZSqKA=">AAACGHicbVDJSgNBEO1xjXGLevTSGARBiDMi6kUIevEYwSyQxKGmp5J00rPQ3SOEIZ/hxV/x4kERr7n5N3aWQ0x8UMXjvSq663mx4Erb9o+1tLyyurae2chubm3v7Ob29isqSiTDMotEJGseKBQ8xLLmWmAtlgiBJ7Dq9e5GfvUZpeJR+Kj7MTYDaIe8xRloI7m5M3D5U8OHdhslBbdLT8d9Vr2hDR+FBjfl3YGby9sFewy6SJwpyZMpSm5u2PAjlgQYaiZAqbpjx7qZgtScCRxkG4nCGFgP2lg3NIQAVTMdHzagx0bxaSuSpkJNx+rsRgqBUv3AM5MB6I6a90bif1490a3rZsrDONEYsslDrURQHdFRStTnEpkWfUOASW7+SlkHJDBtssyaEJz5kxdJ5bzgXBach4t88XYaR4YckiNyQhxyRYrknpRImTDyQt7IB/m0Xq1368v6nowuWdOdA/IH1vAXC0SfLQ==</latexit>

a†iaj + aja
†
i = �ij

We now define
<latexit sha1_base64="WwW8H5l+czfKIxQwrxRLtiGd0rE="></latexit>

�i = i(ai � a†i ), �i+n = ai + a†i

Can easily check that satisfy the Clifford defining relations
<latexit sha1_base64="i/4m6vWa7g2Pl3BwPCn61AaPMFE=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIglBmSlE3QtGN7aqCvUBbhjNp2oYmM0OSEcrQF3Hjq7hxoYgLN+LbmLaDl9YDgY//P4eT83shZ0rb9qeVWlpeWV1Lr2c2Nre2d7K7e3UVRJLQGgl4IJseKMqZT2uaaU6boaQgPE4b3vBq4jfuqFQs8G/1KKQdAX2f9RgBbSQ3W2z3QQhwyziBCj75wW/zAhfaXco1uHG5MnazOTtvTwsvgpNADiVVdbPv7W5AIkF9TTgo1XLsUHdikJoRTseZdqRoCGQIfdoy6IOgqhNPrxvjI6N0cS+Q5vkaT9XfEzEIpUbCM50C9EDNexPxP68V6d55J2Z+GGnqk9miXsSxDvAkKtxlkhLNRwaASGb+iskAJBBtAs2YEJz5kxehXsg7p3nnppgrXSZxpNEBOkTHyEFnqISuURXVEEH36BE9oxfrwXqyXq23WWvKSmb20Z+yPr4AzHiggQ==</latexit>

�I�J + �J�I = 2�IJ

And so we get a concrete model of the Clifford algebra, the space of spinors, and the Spin group

<latexit sha1_base64="f6EHYN6daX1BRud72mOvu+91yWk=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KCUpol6Eohf1VMF+QBvKZrNpl26yYXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzPMTzpR2nG9rZXVtfWOzsFXc3tnd27cPDptKpJLQBhFcyLaPFeUspg3NNKftRFIc+Zy2/OHt1G+NqFRMxE96nFAvwv2YhYxgbaSebd+XH67dcpcHQqsyqhqp5FScGdAycXNSghz1nv3VDQRJIxprwrFSHddJtJdhqRnhdFLspoommAxxn3YMjXFElZfNLp+gU6MEKBTSVKzRTP09keFIqXHkm84I64Fa9Kbif14n1eGVl7E4STWNyXxRmHKkBZrGgAImKdF8bAgmkplbERlgiYk2YRVNCO7iy8ukWa24FxX38bxUu8njKMAxnMAZuHAJNbiDOjSAwAie4RXerMx6sd6tj3nripXPHMEfWJ8/NJ2SGA==</latexit>

I, J = 1, . . . , 2n

<latexit sha1_base64="LxAO8vFLMeg0CD2MnVhY/z8wqdM=">AAAB+HicbVBNSwMxEM3Wr1o/WvXoJVgED6XsiqgXoejFYwX7Ae1Sstm0jc0mSzIr1KW/xIsHRbz6U7z5b0zbPWjrg4HHezPMzAtiwQ247reTW1ldW9/Ibxa2tnd2i6W9/aZRiaasQZVQuh0QwwSXrAEcBGvHmpEoEKwVjG6mfuuRacOVvIdxzPyIDCTvc0rASr1SkVcerrxKV4QKTAVbpexW3RnwMvEyUkYZ6r3SVzdUNImYBCqIMR3PjcFPiQZOBZsUuolhMaEjMmAdSyWJmPHT2eETfGyVEPeVtiUBz9TfEymJjBlHge2MCAzNojcV//M6CfQv/ZTLOAEm6XxRPxEYFJ6mgEOuGQUxtoRQze2tmA6JJhRsVgUbgrf48jJpnla986p3d1auXWdx5NEhOkInyEMXqIZuUR01EEUJekav6M15cl6cd+dj3ppzspkD9AfO5w8jnZIc</latexit>

i, j = 1, . . . , n



Additional information about spinors
<latexit sha1_base64="ZklS6JAxYSz+6+I/Gv2LHTDk1oI="></latexit>

S = ⇤Cn = ⇤even � ⇤odd ⌘ S+ � S�

Differential forms split into even and odd degree ones

Creation/annihilation operators and thus gamma-matrices map even into odd and vice versa

But elements of Spin(2n) preserve the “chirality”
<latexit sha1_base64="OLhLkbZOrQKDGb0OnI0wCuqU2xE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4rurbQLiWbZtvQJBuSrFCW/gYvHhTx6g/y5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mjTThIYk5alux9hQziQNLbOctpWmWMSctuLRzdRvPVFtWCof7FjRSOCBZAkj2DopvO91lehVa37dnwEtk6AgNSjQ7FW/uv2UZIJKSzg2phP4ykY51pYRTieVbmaowmSEB7TjqMSCmiifHTtBJ07poyTVrqRFM/X3RI6FMWMRu06B7dAselPxP6+T2eQqyplUmaWSzBclGUc2RdPPUZ9pSiwfO4KJZu5WRIZYY2JdPhUXQrD48jJ5PKsHF/Xg7rzWuC7iKMMRHMMpBHAJDbiFJoRAgMEzvMKbJ70X7937mLeWvGLmEP7A+/wBsdeOnQ==</latexit>

S± are irreducible representations of Spin(2n).  
Known as chiral, or Weyl spinors

Proposition:
<latexit sha1_base64="Q5TBdjoIJLSbtmTzaSfE36ZW+3I="></latexit>

h 1, 2i :=  ̃1 ^  2

���
top

is the Spin(2n) invariant bilinear inner product on S

Here tilde is the operation that reverses the order of all elementary 1-forms 
<latexit sha1_base64="4xzaDomUwk9wuyH/CVgTJzMuIbc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaWDabTbt0dxN2N0IN/QtePCji1T/kzX/jps1BWx8MPN6bYWZekHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2BNOZO0ZZjhtJsoikXAaScY3+R+55EqzWJ5byYJ9QUeShYxgk0uhU8PbFCtuXV3BrRMvILUoEBzUP3qhzFJBZWGcKx1z3MT42dYGUY4nVb6qaYJJmM8pD1LJRZU+9ns1ik6sUqIoljZkgbN1N8TGRZaT0RgOwU2I73o5eJ/Xi810ZWfMZmkhkoyXxSlHJkY5Y+jkClKDJ9Ygoli9lZERlhhYmw8FRuCt/jyMmmf1b2Lund3XmtcF3GU4QiO4RQ8uIQG3EITWkBgBM/wCm+OcF6cd+dj3lpyiplD+APn8wchwo5N</latexit>

dzi

To get a number one restricts to the top form

Proposition: The product of n gamma-matrices containing the imaginary unit, followed by the complex 
conjugation, or the product of all gamma-matrices not containing i, again followed by complex 

conjugation, are invariant anti-linear maps on S. They agree on         modulo sign.
<latexit sha1_base64="OLhLkbZOrQKDGb0OnI0wCuqU2xE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4rurbQLiWbZtvQJBuSrFCW/gYvHhTx6g/y5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mjTThIYk5alux9hQziQNLbOctpWmWMSctuLRzdRvPVFtWCof7FjRSOCBZAkj2DopvO91lehVa37dnwEtk6AgNSjQ7FW/uv2UZIJKSzg2phP4ykY51pYRTieVbmaowmSEB7TjqMSCmiifHTtBJ07poyTVrqRFM/X3RI6FMWMRu06B7dAselPxP6+T2eQqyplUmaWSzBclGUc2RdPPUZ9pSiwfO4KJZu5WRIZYY2JdPhUXQrD48jJ5PKsHF/Xg7rzWuC7iKMMRHMMpBHAJDbiFJoRAgMEzvMKbJ70X7937mLeWvGLmEP7A+/wBsdeOnQ==</latexit>

S±

Rephrasing, there exists “charge conjugation”, an anti-linear map that either preserves 
<latexit sha1_base64="OLhLkbZOrQKDGb0OnI0wCuqU2xE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4rurbQLiWbZtvQJBuSrFCW/gYvHhTx6g/y5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mjTThIYk5alux9hQziQNLbOctpWmWMSctuLRzdRvPVFtWCof7FjRSOCBZAkj2DopvO91lehVa37dnwEtk6AgNSjQ7FW/uv2UZIJKSzg2phP4ykY51pYRTieVbmaowmSEB7TjqMSCmiifHTtBJ07poyTVrqRFM/X3RI6FMWMRu06B7dAselPxP6+T2eQqyplUmaWSzBclGUc2RdPPUZ9pSiwfO4KJZu5WRIZYY2JdPhUXQrD48jJ5PKsHF/Xg7rzWuC7iKMMRHMMpBHAJDbiFJoRAgMEzvMKbJ70X7937mLeWvGLmEP7A+/wBsdeOnQ==</latexit>

S±

or sends one to the other, depending on the dimension. When n=0 mod(4) there exist Majorana-Weyl spinors.



Spinors of Spin(10)
Particles of one generation of the SM can be fit into a single Weyl spinor representation of Spin(10)

For concreteness, we will work with that of odd degree differential forms. Bit easier to see how particles fit here
<latexit sha1_base64="kZWA/jdB0ytYM0kQyXBY5uWtYns=">AAACN3icdVDLSgMxFM34rPVVdekmWARBLDNq1Y1Q7MaFSEX7gE47ZDKZNjTzIMkIZehfufE33OnGhSJu/QMz7SC21QOBwzn3kHuPHTIqpK4/azOzc/MLi5ml7PLK6tp6bmOzJoKIY1LFAQt4w0aCMOqTqqSSkUbICfJsRup2r5z49XvCBQ38O9kPSctDHZ+6FCOpJCt3fWsdwHNoXqmIg9oGND0ku7YdlwftItz/MY7+M4pjhpXL6wV9CDhNjJTkQYqKlXsynQBHHvElZkiIpqGHshUjLilmZJA1I0FChHuoQ5qK+sgjohUP7x7AXaU40A24er6EQ/V3IkaeEH3PVpPJjmLSS8S/vGYk3bNWTP0wksTHo4/ciEEZwKRE6FBOsGR9RRDmVO0KcRdxhKWqOqtKMCZPnia1w4JxUjBujvOli7SODNgGO2APGOAUlMAlqIAqwOABvIA38K49aq/ah/Y5Gp3R0swWGIP29Q3smKmh</latexit>

S� = ⇤1C5 + ⇤3C5 + ⇤5C5

<latexit sha1_base64="iYMmqSAVyGiCdkYIPplEyA+LfWc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWrX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDgqWMvw==</latexit>

5
<latexit sha1_base64="OjlglPDn78yFljJdUJxBc91tkUM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/tlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1b17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AepqjPU=</latexit>

10
<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1
<latexit sha1_base64="sNOAqjfeuypmFxMuCARQStbURCo=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1YUlEqhuh2I3LivYBTQiT6aQdOpOEmYlQQrZu/BU3LhRx6x+482+ctFlo64ELh3Pu5d57/JhRqSzr21haXlldWy9tlDe3tnd2zb39jowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9cTP3uw9ESBqF92oSE5ejYUgDipHSkmfC1BEcDijPvNThSI18P21mWfXOOz2BV9Cue2bFqllTwEViF6QCCrQ888sZRDjhJFSYISn7thUrN0VCUcxIVnYSSWKEx2hI+pqGiBPpptNPMnislQEMIqErVHCq/p5IEZdywn3dmR8r571c/M/rJyq4dFMaxokiIZ4tChIGVQTzWHQCgmDFJpogLKi+FeIREggrHV5Zh2DPv7xIOmc1u16zb88rjesijhI4BEegCmxwARrgBrRAG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHjziY7g==</latexit>

dimC(S�) = 16

SM particles will fit here This is where the right-handed neutrino lives
<latexit sha1_base64="bXVZE9Jk6loo2eGRDE5vnCPd8Ew=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhah3ZREfC2LblxWNG2hCWUynbRDJ5MwMxFKyNKNv+LGhSJu/QR3/o3TNAttPXDhcM693HuPHzMqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryygRmDg4YpHo+kgSRjlxFFWMdGNBUOgz0vHH11O/80CEpBG/V5OYeCEachpQjJSW+uZh6ooQOlntrO7KxJdE5cJdTHlWs61636xaDSsHXCR2QaqgQKtvfrmDCCch4QozJGXPtmLlpUgoihnJKm4iSYzwGA1JT1OOQiK9NH8kg8daGcAgErq4grn6eyJFoZST0NedIVIjOe9Nxf+8XqKCSy+lPE4U4Xi2KEgYVBGcpgIHVBCs2EQThAXVt0I8QgJhpbOr6BDs+ZcXSfukYZ837NvTavOqiKMMDsARqAEbXIAmuAEt4AAMHsEzeAVvxpPxYrwbH7PWklHM7IM/MD5/APRhmKY=</latexit>

U(5) ⇢ Spin(10) preserves this decomposition

The subgroup of U(5) that also fixes a given vector in 
<latexit sha1_base64="KWOB4he1jcQgwgPIuDsUohZhXbA=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqoSRIGxogsDQ5HoQ2rSynGc1qrjRLaDVEVZ+BUWBhBi5TPY+BucNgO0HMnS0TnnyvceL2ZUKsv6Nkorq2vrG+XNytb2zu6euX/QkVEiMGnjiEWi5yFJGOWkrahipBcLgkKPka43aeZ+95EISSP+oKYxcUM04jSgGCktDc0j6NzptI8GdeiESI09L21mg/rQrFo1awa4TOyCVEGB1tD8cvwIJyHhCjMkZd+2YuWmSCiKGckqTiJJjPAEjUhfU45CIt10dkAGT7XiwyAS+nEFZ+rviRSFUk5DTyfzHeWil4v/ef1EBdduSnmcKMLx/KMgYVBFMG8D+lQQrNhUE4QF1btCPEYCYaU7q+gS7MWTl0nnvGZf1uz7i2rjpqijDI7BCTgDNrgCDXALWqANMMjAM3gFb8aT8WK8Gx/zaMkoZg7BHxifP1qtlZ8=</latexit>

⇤5C5 is
<latexit sha1_base64="2B7/KaqiRH9t4TWUJekKDjwJVjs=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VX/DoWvXis6LaF7VKyadqGJtklmRXK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmRYngBlz32ymsrK6tbxQ3S1vbO7t75f2DpolTTZlPYxHrdkQME1wxHzgI1k40IzISrBWNbqd+64lpw2P1COOEhZIMFO9zSsBKQdbREj/4k+rFabdccWvuDHiZeDmpoByNbvmr04tpKpkCKogxgecmEGZEA6eCTUqd1LCE0BEZsMBSRSQzYTY7eYJPrNLD/VjbUoBn6u+JjEhjxjKynZLA0Cx6U/E/L0ihfx1mXCUpMEXni/qpwBDj6f+4xzWjIMaWEKq5vRXTIdGEgk2pZEPwFl9eJs2zmndZ8+7PK/WbPI4iOkLHqIo8dIXq6A41kI8oitEzekVvDjgvzrvzMW8tOPnMIfoD5/MHB8SQbw==</latexit>

SU(5)

Rephrasing, we can break Spin(10) to Georgi-Glashow SU(5) by taking the Higgs field 
<latexit sha1_base64="ziwgD/JbTlyt/licTT6ivtRInWA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseilx4r2FpsQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlx6wXhMSrTfuNfrniVt05yCrxclKBHM1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fziKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7H0y4AqZERNLKFPc3krYiCrKjA2pZEPwll9eJe2LqlereneXlfpNHkcRTuAUzsGDK6hDA5rQAgYSnuEV3hztvDjvzseiteDkM8fwB87nD4rDkC4=</latexit>

16H

and selecting it to point in the direction of the right-handed neutrino

Alternatively, the same is achieved by choosing a complex structure on 
<latexit sha1_base64="Nc/Zv5h3IOESBFs8/I8iKI1mvDA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZdFNy6r2Ae0sUymk3boZBJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zm7V3ttvqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXOd+55FKxSJxr6cx9UI8EixgBGsjDexqP8R67PvpXfaQuk42sGtO3ZkBLRO3IDUo0BzYX/1hRJKQCk04VqrnOrH2Uiw1I5xmlX6iaIzJBI9oz1CBQ6q8dBY8Q8dGGaIgkuYJjWbq740Uh0pNQ99M5jHVopeL/3m9RAeXXspEnGgqyPxQkHCkI5S3gIZMUqL51BBMJDNZERljiYk2XVVMCe7il5dJ+7Tuntfd27Na46qoowyHcAQn4MIFNOAGmtACAgk8wyu8WU/Wi/VufcxHS1axcwB/YH3+AKFlkxI=</latexit>

R10

as well as a top form in 
<latexit sha1_base64="yXBmUfiVq9uEpJh9/8wa1FuAqRE=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRi1WWxG5cV7APatEymk3boZBJmJkoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cL+JMadv+tgpr6xubW8Xt0s7u3v5B+fCorcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1v2sj8ziOVioXiQc8i6gZ4LJjPCNZGGvQDrCeelzTSQVJLh+WKXbXnQKvEyUkFcjSH5a/+KCRxQIUmHCvVc+xIuwmWmhFO01I/VjTCZIrHtGeowAFVbjJPnaIzo4yQH0rzhEZz9fdGggOlZoFnJrOUatnLxP+8Xqz9GzdhIoo1FWRxyI850iHKKkAjJinRfGYIJpKZrIhMsMREm6JKpgRn+curpH1Rda6qzv1lpX6b11GEEziFc3DgGupwB01oAQEJz/AKb9aT9WK9Wx+L0YKV7xzDH1ifP6Wikpw=</latexit>

C5

There is a connection to so-
called pure spinors here that I 

don’t have time to discuss



SM gauge group as subgroup of SU(5)
The key observation is that 

is precisely the subgroup of SU(5) that preserves the split
<latexit sha1_base64="8x5ShxdNaCj3/ekE4WwepmXTbLA=">AAACF3icbVC7TsMwFHV4lvIKMLJYVEhMUVKeC1JFF8Yi0YfUhMpx3daqY0e2g1RF/QsWfoWFAYRYYeNvcNoMpeVIlo7PuVf33hPGjCrtuj/W0vLK6tp6YaO4ubW9s2vv7TeUSCQmdSyYkK0QKcIoJ3VNNSOtWBIUhYw0w2E185uPRCoq+L0exSSIUJ/THsVIG6ljO36E9CAM0+r44Rxew5nvqS9ilqhZqdyxS67jTgAXiZeTEshR69jfflfgJCJcY4aUanturIMUSU0xI+OinygSIzxEfdI2lKOIqCCd3DWGx0bpwp6Q5nENJ+psR4oipUZRaCqzHdW8l4n/ee1E966ClPI40YTj6aBewqAWMAsJdqkkWLORIQhLanaFeIAkwtpEWTQhePMnL5JG2fEuHO/urFS5yeMogENwBE6ABy5BBdyCGqgDDJ7AC3gD79az9Wp9WJ/T0iUr7zkAf2B9/QJYuZ9s</latexit>

C5 = C3 � C2

Indeed, having made a choice of such a split, the subgroup that preserves it consists of matrices

<latexit sha1_base64="bqKopLHK0npDJj2vZW37EE0Wm3Q=">AAACI3icbZDLSsNAFIYn9VbrLerSzWAR2k1JqqgIQtGFboSKpi00IUym03bo5MLMRCgh7+LGV3HjQiluXPguTtsgtfWHgZ/vnMOZ83sRo0IaxpeWW1peWV3Lrxc2Nre2d/TdvYYIY46JhUMW8paHBGE0IJakkpFWxAnyPUaa3uB6XG8+ES5oGDzKYUQcH/UC2qUYSYVc/eLGTWzuw4e7FF7CqbXS0nHZltQn4hdUy3CGKGCWXb1oVIyJ4KIxM1MEmequPrI7IY59EkjMkBBt04ikkyAuKWYkLdixIBHCA9QjbWUDpNY5yeTGFB4p0oHdkKsXSDihsxMJ8oUY+p7q9JHsi/naGP5Xa8eye+4kNIhiSQI8XdSNGZQhHAcGO5QTLNlQGYQ5VX+FuI84wlLFWlAhmPMnL5pGtWKeVsz7k2LtKosjDw7AISgBE5yBGrgFdWABDJ7BK3gHH9qL9qaNtM9pa07LZvbBH2nfP3OAok4=</latexit>

GSM = SU(3)⇥ SU(2)⇥U(1)

<latexit sha1_base64="cis1ee6P6MGZnu+nw4doTxPd5LY="></latexit>

SU(3)⇥ SU(2)⇥U(1) 3 (g3, g2, e
i�) !

✓
e�i�/3g3 0

0 ei�/2g2

◆
2 SU(5)

The only choice made here was that of the overall factor in front of      on the right-hand-side 
<latexit sha1_base64="f5NrmU0LCNgBXKtmZNV78UH5SLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jJs1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3uV+74kqzWL5aGYJ9QWeSBYygk0uDZOIjeoNt+kWQKvEK0kDSrRH9a/hOCapoNIQjrUeeG5i/Awrwwin89ow1TTBZIondGCpxIJqPytunaMzq4xRGCtb0qBC/T2RYaH1TAS2U2AT6WUvF//zBqkJb/yMySQ1VJLFojDlyMQofxyNmaLE8JklmChmb0UkwgoTY+Op2RC85ZdXSfei6V01vYfLRuu2jKMKJ3AK5+DBNbTgHtrQAQIRPMMrvDnCeXHenY9Fa8UpZ47hD5zPHxWAjkU=</latexit>

�

With this choice vectors in 
<latexit sha1_base64="Pwk9dXr4YNSgCQIffyTZw+8nSCY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclURFXRa7cVnBPqCJZTKdtEMnkzAPoYT+hhsXirj1Z9z5N07aLLT1wMDhnHu5Z06Ycqa06347K6tr6xubpa3y9s7u3n7l4LCtEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTjhu5H7niUrFEvGgJykNYjwULGIEayv5foz1KAyzxvTxol+pujV3BrRMvIJUoUCzX/nyBwkxMRWacKxUz3NTHWRYakY4nZZ9o2iKyRgPac9SgWOqgmyWeYpOrTJAUSLtExrN1N8bGY6VmsShncwzqkUvF//zekZHN0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU1lW4K3+OVl0j6veVc17/6yWr8t6ijBMZzAGXhwDXW4gya0gEAKz/AKb45xXpx352M+uuIUO0fwB87nD9a1kY4=</latexit>

C3 will have fractional 1/3 charges, which is correct for quarks

and those in 
<latexit sha1_base64="XW6qks0mGQ/tYfv5bLwhpMswkLY=">AAAB83icbVBNSwMxFHypX7V+VT16CRbBU9ktoh6LvXisYGuhu5Zsmm1Ds9klyQpl6d/w4kERr/4Zb/4bs+0etHUgMMy8x5tMkAiujeN8o9La+sbmVnm7srO7t39QPTzq6jhVlHVoLGLVC4hmgkvWMdwI1ksUI1Eg2EMwaeX+wxNTmsfy3kwT5kdkJHnIKTFW8ryImHEQZK3ZY2NQrTl1Zw68StyC1KBAe1D98oYxTSMmDRVE677rJMbPiDKcCjareKlmCaETMmJ9SyWJmPazeeYZPrPKEIexsk8aPFd/b2Qk0noaBXYyz6iXvVz8z+unJrz2My6T1DBJF4fCVGAT47wAPOSKUSOmlhCquM2K6ZgoQo2tqWJLcJe/vEq6jbp7WXfvLmrNm6KOMpzAKZyDC1fQhFtoQwcoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QPVMZGN</latexit>

C2 will have half-integer Y charges, which is again correct

Now let’s try to match components of the spinor with particles. We start with 
<latexit sha1_base64="PvfVbPncWxhZJ67U43GKDnuSlz8=">AAACNHicbVDLSsNAFJ3UV62vqEs3g0VwVZL63AjFbgRdVLAPaNIymUzboZNMmJkIJfSj3PghbkRwoYhbv8FJm4W2PTBwOOdc5t7jRYxKZVlvRm5peWV1Lb9e2Njc2t4xd/cakscCkzrmjIuWhyRhNCR1RRUjrUgQFHiMNL1hNfWbj0RIysMHNYqIG6B+SHsUI6Wlrnnr3Omwjzq2EyA18LykOu6cwSu4SD+BDo9YLBeaZdg1i1bJmgDOEzsjRZCh1jVfHJ/jOCChwgxJ2batSLkJEopiRsYFJ5YkQniI+qStaYgCIt1kcvQYHmnFhz0u9AsVnKh/JxIUSDkKPJ1Ml5SzXiou8tqx6l26CQ2jWJEQTz/qxQwqDtMGoU8FwYqNNEFYUL0rxAMkEFa654IuwZ49eZ40yiX7vGTfnxYr11kdeXAADsExsMEFqIAbUAN1gMETeAUf4NN4Nt6NL+N7Gs0Z2cw++Afj5xfIM6pS</latexit>

⇤1C5 = ⇤1C3 � ⇤1C2

The only particles that can be identified with the SU(2) doublet are
<latexit sha1_base64="pBtMyaLmAoKwEvT1q84eqtVqkLY=">AAACHnicbVDLSgMxFM34tr6qLt0Ei6CbMiO+NkLRjQsXCrYKTSmZ9E4bzGSG5I5Qhn6JG3/FjQtFBFf6N6btLHwduHA4597k3hOmSlr0/U9vYnJqemZ2br60sLi0vFJeXWvYJDMC6iJRibkJuQUlNdRRooKb1ACPQwXX4e3p0L++A2Nloq+wn0Ir5l0tIyk4Oqld3j8/pkxBhNuUhdCVOufG8P4gFwPKdEYZo8BAdwqZGdnt4U67XPGr/gj0LwkKUiEFLtrld9ZJRBaDRqG4tc3AT7HlHkUpFAxKLLOQcnHLu9B0VPMYbCsfnTegW07p0CgxrjTSkfp9Iuextf04dJ0xx5797Q3F/7xmhtFRK5c6zRC0GH8UZYpiQodZ0Y40IFD1HeHCSLcrFT1uuECXaMmFEPw++S9p7FaDg2pwuVepnRRxzJENskm2SUAOSY2ckQtSJ4Lck0fyTF68B+/Je/Xexq0TXjGzTn7A+/gCOUiilw==</latexit>

L =

✓
⌫
e

◆
of Y charge -1/2

The SU(3) triplet will then have the Y charge of 1/3, and so must be identified with 
<latexit sha1_base64="ZmS2XSgxi4ekFvxOhu7tAE0QwdA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8N/M7T6g0T+SjmaTox3QoecQZNVbq9AOq8nA6qNbcujsHWSVeQWpQoDmofvXDhGUxSsME1brnuanxc6oMZwKnlX6mMaVsTIfYs1TSGLWfz8+dkjOrhCRKlC1pyFz9PZHTWOtJHNjOmJqRXvZm4n9eLzPRjZ9zmWYGJVssijJBTEJmv5OQK2RGTCyhTHF7K2EjqigzNqGKDcFbfnmVtC/q3lXde7isNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB4eMj7M=</latexit>

d̄

But it is anti-triplet, and so we must correct the identification
<latexit sha1_base64="Vxg3AbSvEuPnZoeAFx4/Tcm6SLc="></latexit>

⇤1C5
= ⇤1C3 � ⇤1C2

= d̄� L



It is then an exercise to compute the decomposition

<latexit sha1_base64="WYuiKEJEdJUCrwhe45XRp5Ogmls="></latexit>

⇤3(C3 � C2
) = ⇤3C3 � (⇤2C3 ⌦ C2

)� (⇤1C3 ⌦ ⇤2C2
)

SU(3) singlet of Y charge +1 SU(2) doublet, SU(3) triplet of Y 
charge 2/3-1/2=1/6

SU(3) anti-triplet of Y charge 1/3-1=-2/3

<latexit sha1_base64="cp2lucxk66KVop42BkPTytmk7NA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBP0IzqSPOSMGit1+gFVGc4G1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n83Nn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS01442dcJqlByRaLwlQQE5P8dzLkCpkRU0soU9zeStiYKsqMTahiQ/CWX14l7Yu6d1X3Hi5rjdsijjKcwCmcgwfX0IB7aEILGEzgGV7hzUmcF+fd+Vi0lpxi5hj+wPn8AYkRj7Q=</latexit>

ē
<latexit sha1_base64="wcHHGyAeAwPZicrrEneyjqN6PVU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rXuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDrRWM2w==</latexit>

Q
<latexit sha1_base64="PatngXgEo2T6b+tttFHhLMLCYII=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp0w+oztLZoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/m5M3JmlSEJY21LIZmrvycyGhkzjQLbGVEcm2UvF//zeimGN34mVJIiV2yxKEwlwZjkv5Oh0JyhnFpCmRb2VsLGVFOGNqGKDcFbfnmVtC/q3lXde7isNW6LOMpwAqdwDh5cQwPuoQktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB6Fhj8Q=</latexit>

ū

To summarise, the subgroup of SU(5) that preserves the 3+2 split is  
<latexit sha1_base64="bqKopLHK0npDJj2vZW37EE0Wm3Q=">AAACI3icbZDLSsNAFIYn9VbrLerSzWAR2k1JqqgIQtGFboSKpi00IUym03bo5MLMRCgh7+LGV3HjQiluXPguTtsgtfWHgZ/vnMOZ83sRo0IaxpeWW1peWV3Lrxc2Nre2d/TdvYYIY46JhUMW8paHBGE0IJakkpFWxAnyPUaa3uB6XG8+ES5oGDzKYUQcH/UC2qUYSYVc/eLGTWzuw4e7FF7CqbXS0nHZltQn4hdUy3CGKGCWXb1oVIyJ4KIxM1MEmequPrI7IY59EkjMkBBt04ikkyAuKWYkLdixIBHCA9QjbWUDpNY5yeTGFB4p0oHdkKsXSDihsxMJ8oUY+p7q9JHsi/naGP5Xa8eye+4kNIhiSQI8XdSNGZQhHAcGO5QTLNlQGYQ5VX+FuI84wlLFWlAhmPMnL5pGtWKeVsz7k2LtKosjDw7AISgBE5yBGrgFdWABDJ7BK3gHH9qL9qaNtM9pa07LZvbBH2nfP3OAok4=</latexit>

GSM = SU(3)⇥ SU(2)⇥U(1)

And the Weyl spinor of Spin(10) splits as
<latexit sha1_base64="MPxaL2ZdKNiH86bIw/4HEiLSpAg="></latexit>

⇤oddC5
= ⇤1(C3 � C2

)� ⇤3(C3 � C2
)� ⇤5(C3 � C2

) = (d̄� L)� (ē�Q� ū)� ⌫̄

All particles fit perfectly, and after fitting the first pair the Y-charges of the rest are correctly predicted!

Surely, the mother Nature is telling us that we are on the right track here!



All this was known already 50 years ago, to Howard Georgi in particular

Except that he thought about spinors of Spin(10) differently - weights

The machinery of roots and weights is very powerful, and allows to talk about any 
representation of any simple Lie algebra

But one needs much more preparatory steps to see how the particles fit 
into a single Weyl spinor of Spin(10)

In contrast, with our method that describes only simplest representations - 
spinor, vector, adjoint - we derived the fit by completely elementary means

We don’t need to remember the particle content of the SM - it can be derived

One only needs to remember that the SU(2) doublet L of leptons has Y charge of -1/2 

And this is easy to remember because 
<latexit sha1_base64="EWjHEKBEADIV3TzuqXpcqO0aYi4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEMquinoRil48ttAvaZeSTbNtaJJdkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjO6nfuuJKs0iWTfjmPoCDyQLGcHGSq3a7eNZvXfRK5bcsjsDWiZeRkqQodorfnX7EUkElYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUslFlT76ezcCTqxSh+FkbIlDZqpvydSLLQei8B2CmyGetGbiv95ncSEN37KZJwYKsl8UZhwZCI0/R31maLE8LElmChmb0VkiBUmxiZUsCF4iy8vk+Z52bsqe7XLUuUuiyMPR3AMp+DBNVTgAarQAAIjeIZXeHNi58V5dz7mrTknmzmEP3A+fwAR5o6+</latexit>

Q = Y + T3 eigenvalues of 
<latexit sha1_base64="Hb9QF+wA80HQhqB11d/5VfECqZs=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4qrtV1ItQ9OKxQr9gu5Rsmm1Dk82SZIWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcKZNq777aysrq1vbBa2its7u3v7pYPDlpapIrRJJJeqE2JNOYtp0zDDaSdRFIuQ03Y4up/67SeqNJNxw4wTGgg8iFnECDZW8hu9i9tuIpB3Xu2Vym7FnQEtEy8nZchR75W+un1JUkFjQzjW2vfcxAQZVoYRTifFbqppgskID6hvaYwF1UE2O3mCTq3SR5FUtmKDZurviQwLrccitJ0Cm6Fe9Kbif56fmugmyFicpIbGZL4oSjkyEk3/R32mKDF8bAkmitlbERlihYmxKRVtCN7iy8ukVa14VxXv8bJcu8vjKMAxnMAZeHANNXiAOjSBgIRneIU3xzgvzrvzMW9dcfKZI/gD5/MHVgSP/A==</latexit>

T3 = ±1/2

and we want the electric charges to be 
<latexit sha1_base64="6uP6deAHH4IlrmZtLKuiJ83Iues=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5ZERL0Uil48tmA/oA1hs920SzebsLsplNB/4sWDIl79J978N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2D+zDo5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HDzG+PqVQsFk96klAvwgPBQkawNpJv2w2/J1JUdS5Qw6fVS9e3y07FmQOtEjcnZchR9+2vXj8maUSFJhwr1XWdRHsZlpoRTqelXqpogskID2jXUIEjqrxsfvkUnRmlj8JYmhIazdXfExmOlJpEgemMsB6qZW8m/ud1Ux3eeRkTSaqpIItFYcqRjtEsBtRnkhLNJ4ZgIpm5FZEhlphoE1bJhOAuv7xKWlcV96biNq7Ltfs8jiKcwCmcgwu3UINHqEMTCIzhGV7hzcqsF+vd+li0Fqx85hj+wPr8Ab9Gkck=</latexit>

Q⌫ = 0, Qe = �1 Y charges of all other particles arising are fixed.



Symmetry breaking
The key elements of the symmetry breaking that led to 

<latexit sha1_base64="bqKopLHK0npDJj2vZW37EE0Wm3Q=">AAACI3icbZDLSsNAFIYn9VbrLerSzWAR2k1JqqgIQtGFboSKpi00IUym03bo5MLMRCgh7+LGV3HjQiluXPguTtsgtfWHgZ/vnMOZ83sRo0IaxpeWW1peWV3Lrxc2Nre2d/TdvYYIY46JhUMW8paHBGE0IJakkpFWxAnyPUaa3uB6XG8+ES5oGDzKYUQcH/UC2qUYSYVc/eLGTWzuw4e7FF7CqbXS0nHZltQn4hdUy3CGKGCWXb1oVIyJ4KIxM1MEmequPrI7IY59EkjMkBBt04ikkyAuKWYkLdixIBHCA9QjbWUDpNY5yeTGFB4p0oHdkKsXSDihsxMJ8oUY+p7q9JHsi/naGP5Xa8eye+4kNIhiSQI8XdSNGZQhHAcGO5QTLNlQGYQ5VX+FuI84wlLFWlAhmPMnL5pGtWKeVsz7k2LtKosjDw7AISgBE5yBGrgFdWABDJ7BK3gHH9qL9qaNtM9pa07LZvbBH2nfP3OAok4=</latexit>

GSM = SU(3)⇥ SU(2)⇥U(1) were

1) Choice of a spinor pointing in the direction of the right-handed neutrino, to break to SU(5)

1) Choice of
<latexit sha1_base64="8x5ShxdNaCj3/ekE4WwepmXTbLA=">AAACF3icbVC7TsMwFHV4lvIKMLJYVEhMUVKeC1JFF8Yi0YfUhMpx3daqY0e2g1RF/QsWfoWFAYRYYeNvcNoMpeVIlo7PuVf33hPGjCrtuj/W0vLK6tp6YaO4ubW9s2vv7TeUSCQmdSyYkK0QKcIoJ3VNNSOtWBIUhYw0w2E185uPRCoq+L0exSSIUJ/THsVIG6ljO36E9CAM0+r44Rxew5nvqS9ilqhZqdyxS67jTgAXiZeTEshR69jfflfgJCJcY4aUanturIMUSU0xI+OinygSIzxEfdI2lKOIqCCd3DWGx0bpwp6Q5nENJ+psR4oipUZRaCqzHdW8l4n/ee1E966ClPI40YTj6aBewqAWMAsJdqkkWLORIQhLanaFeIAkwtpEWTQhePMnL5JG2fEuHO/urFS5yeMogENwBE6ABy5BBdyCGqgDDJ7AC3gD79az9Wp9WJ/T0iUr7zkAf2B9/QJYuZ9s</latexit>

C5 = C3 � C2 split

In model building with smallest Higgs representations one chooses
<latexit sha1_base64="ziwgD/JbTlyt/licTT6ivtRInWA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseilx4r2FpsQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlx6wXhMSrTfuNfrniVt05yCrxclKBHM1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fziKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7H0y4AqZERNLKFPc3krYiCrKjA2pZEPwll9eJe2LqlereneXlfpNHkcRTuAUzsGDK6hDA5rQAgYSnuEV3hztvDjvzseiteDkM8fwB87nD4rDkC4=</latexit>

16H to effect the first step of this symmetry breaking
<latexit sha1_base64="gy++BJvd3FhTn3voPwkEIqSBTfo=">AAACA3icbVC7TsMwFHXKq5RXgA0WiwqJqUpQeYwFlo5Fog+piSLHcVpT54HtVKqiSCz8CgsDCLHyE2z8DW6aAVqOdKXjc+6V7z1uzKiQhvGtlZaWV1bXyuuVjc2t7R19d68jooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oZup3x4QLGoV3chITO0CDkPoUI6kkRz9ILdeHV959ZpGHhI5h/q6fZU7T0atGzcgBF4lZkCoo0HL0L8uLcBKQUGKGhOibRiztFHFJMSNZxUoEiREeoQHpKxqigAg7zW/I4LFSPOhHXFUoYa7+nkhRIMQkcFVngORQzHtT8T+vn0j/0k5pGCeShHj2kZ8wKCM4DQR6lBMs2UQRhDlVu0I8RBxhqWKrqBDM+ZMXSee0Zp7XzNt6tXFdxFEGh+AInAATXIAGaIIWaAMMHsEzeAVv2pP2or1rH7PWklbM7IM/0D5/AMFElvI=</latexit>

Adj ⌘ 45H for the second step. These two must be appropriately aligned, 
which is dynamically non-trivial

Finally, one usually takes the SM Higgs to reside in
<latexit sha1_base64="n97YLcx2xqDWeRDuKACd6oPoncs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRS48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6wEnC/YgOlQgFo2ilx6wXhMRzp/16v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/nFU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZvU8GQnOGcmIJZVrYWwkbUU0Z2pBKNgRv+eVV0rqoeldV7/6yUrvN4yjCCZzCOXhwDTWoQwOawEDBM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AYGZkCg=</latexit>

10H

This minimal model is not phenomenologically viable, for it cannot give the right Yukawa couplings

Options are bigger Higgs representations and/or non-renormalizable, higher dimension operators

This is why no convincing Spin(10) GUT model emerges



New observation From paper arXiv:2209.05088

The choice of a split
<latexit sha1_base64="8x5ShxdNaCj3/ekE4WwepmXTbLA=">AAACF3icbVC7TsMwFHV4lvIKMLJYVEhMUVKeC1JFF8Yi0YfUhMpx3daqY0e2g1RF/QsWfoWFAYRYYeNvcNoMpeVIlo7PuVf33hPGjCrtuj/W0vLK6tp6YaO4ubW9s2vv7TeUSCQmdSyYkK0QKcIoJ3VNNSOtWBIUhYw0w2E185uPRCoq+L0exSSIUJ/THsVIG6ljO36E9CAM0+r44Rxew5nvqS9ilqhZqdyxS67jTgAXiZeTEshR69jfflfgJCJcY4aUanturIMUSU0xI+OinygSIzxEfdI2lKOIqCCd3DWGx0bpwp6Q5nENJ+psR4oipUZRaCqzHdW8l4n/ee1E966ClPI40YTj6aBewqAWMAsJdqkkWLORIQhLanaFeIAkwtpEWTQhePMnL5JG2fEuHO/urFS5yeMogENwBE6ABy5BBdyCGqgDDJ7AC3gD79az9Wp9WJ/T0iUr7zkAf2B9/QJYuZ9s</latexit>

C5 = C3 � C2 is nothing else but a choice of a second complex structure  
<latexit sha1_base64="BR9xxmwP1tvrSHbQxbtUjlByr10=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoRTxVsB/ShrLZTNulu5uwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwkRwg5737RRWVtfWN4qbpa3tnd298v5B08SpZtBgsYh1O6QGBFfQQI4C2okGKkMBrXB0M/VbT6ANj9UDjhMIJB0o3ueMopUeu8hFBNndpFeueFVvBneZ+DmpkBz1XvmrG8UslaCQCWpMx/cSDDKqkTMBk1I3NZBQNqID6FiqqAQTZLODJ+6JVSK3H2tbCt2Z+nsio9KYsQxtp6Q4NIveVPzP66TYvwoyrpIUQbH5on4qXIzd6fduxDUwFGNLKNPc3uqyIdWUoc2oZEPwF19eJs2zqn9R9e/PK7XrPI4iOSLH5JT45JLUyC2pkwZhRJJn8kreHO28OO/Ox7y14OQzh+QPnM8f/2CQig==</latexit>

J̃ on
<latexit sha1_base64="Nc/Zv5h3IOESBFs8/I8iKI1mvDA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZdFNy6r2Ae0sUymk3boZBJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zm7V3ttvqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXOd+55FKxSJxr6cx9UI8EixgBGsjDexqP8R67PvpXfaQuk42sGtO3ZkBLRO3IDUo0BzYX/1hRJKQCk04VqrnOrH2Uiw1I5xmlX6iaIzJBI9oz1CBQ6q8dBY8Q8dGGaIgkuYJjWbq740Uh0pNQ99M5jHVopeL/3m9RAeXXspEnGgqyPxQkHCkI5S3gIZMUqL51BBMJDNZERljiYk2XVVMCe7il5dJ+7Tuntfd27Na46qoowyHcAQn4MIFNOAGmtACAgk8wyu8WU/Wi/VufcxHS1axcwB/YH3+AKFlkxI=</latexit>

R10

that commutes with J that gives U(5)

To see this, we need to introduce the notion of (an orthogonal) product structure

Definition: An orthogonal product structure K on 
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n is a linear map 
<latexit sha1_base64="8v7FObYqPrCrrrx5QslZPf2apaw=">AAACDnicbVDLSsNAFL2pr1pfUZdugqXgqiRFVFwV3QhuqtgHNLFMptN26GQSZiZCCfkCN/6KGxeKuHXtzr9x0mahrQcGDufcy9xz/IhRqWz72ygsLa+srhXXSxubW9s75u5eS4axwKSJQxaKjo8kYZSTpqKKkU4kCAp8Rtr++DLz2w9ESBryOzWJiBegIacDipHSUs+sXJ9bboDUyPeT2/Q+qfHUVeG81DPLdtWewlokTk7KkKPRM7/cfojjgHCFGZKy69iR8hIkFMWMpCU3liRCeIyGpKspRwGRXjKNk1oVrfStQSj048qaqr83EhRIOQl8PZmdKee9TPzP68ZqcOYllEexIhzPPhrEzNKBs26sPhUEKzbRBGFB9a0WHiGBsNINlnQJznzkRdKqVZ2TqnNzXK5f5HUU4QAO4QgcOIU6XEEDmoDhEZ7hFd6MJ+PFeDc+ZqMFI9/Zhz8wPn8ANGScOw==</latexit>

K : R2n ! R2n

<latexit sha1_base64="ON6E6wUWDE0aPf+hIJJZgHvhA4s=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUqW6EohvFTQX7gHZaMmmmDc1khiSjlKH/4caFIm79F3f+jZl2Ftp6IHA4517uyfEizpS27W8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8sbXqd96pFKxUDzoSUTdAA8F8xnB2ki9u17lshtgPfK85HbaL5bssj0DWiZORkqQod4vfnUHIYkDKjThWKmOY0faTbDUjHA6LXRjRSNMxnhIO4YKHFDlJrPUU3RilAHyQ2me0Gim/t5IcKDUJPDMZJpQLXqp+J/XibV/4SZMRLGmgswP+TFHOkRpBWjAJCWaTwzBRDKTFZERlphoU1TBlOAsfnmZNCtlp1p27s9KtausjjwcwTGcggPnUIMbqEMDCEh4hld4s56sF+vd+piP5qxs5xD+wPr8AfrLki8=</latexit>

K2 = Isuch that and
<latexit sha1_base64="L+pRD6s/C2OYzSw6YMwz/ftVl4U=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiAkEMKMiHoRgl6EXCKYBZIh9HR6kiY9i70MhJDv8OJBEa9+jDf/xk4yB018UPB4r4qqel7MmVS2/W1l1tY3Nrey27md3b39g/zhUVNGWhDaIBGPRNvDknIW0oZiitN2LCgOPE5b3uhu5rcSKiSLwkc1jqkb4EHIfEawMpJbrOlyLSndFHU5KfXyBbtiz4FWiZOSAqSo9/Jf3X5EdEBDRTiWsuPYsXInWChGOJ3mulrSGJMRHtCOoSEOqHQn86On6MwofeRHwlSo0Fz9PTHBgZTjwDOdAVZDuezNxP+8jlb+tTthYawVDclika85UhGaJYD6TFCi+NgQTAQztyIyxAITZXLKmRCc5ZdXSfO84lxWnIeLQvU2jSMLJ3AKRXDgCqpwD3VoAIEneIZXeLMS68V6tz4WrRkrnTmGP7A+fwCGt5Cl</latexit>

(Ku,Kv) = (u, v)

Proposition: An orthogonal product structure K on splits  
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n orthogonally into the two eigenspaces of K 
<latexit sha1_base64="IJ8q0+b2KB/6Cx4VsBHF9NPv1I0=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFEMSSFFE3QtGNyyr2Ak1aJtNJO3QyCTMToYQs3fgqblwo4tZHcOfbOGmz0NYfBj7+cw5zzu9FjEplWd9GYWFxaXmluFpaW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8kbXWb31QISkIb9X44i4ARpw6lOMlLZ65r4TIDX0vOQu7SZVnsJL2OweO2HEYqnppGeWrYo1EZwHO4cyyFXvmV9OP8RxQLjCDEnZsa1IuQkSimJG0pITSxIhPEID0tHIUUCkm0wOSeGhdvrQD4V+XMGJ+3siQYGU48DTndnacraWmf/VOrHyL9yE8ihWhOPpR37MoAphlgrsU0GwYmMNCAuqd4V4iATCSmdX0iHYsyfPQ7Nasc8q9u1puXaVx1EEe+AAHAEbnIMauAF10AAYPIJn8ArejCfjxXg3PqatBSOf2QV/ZHz+AE1XmN0=</latexit>

R2n = V + � V � <latexit sha1_base64="cuyQC5bkEBsTEcc1XckOhsRGC6k=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFcFUSEXUjFN0IbirYC7SxTKaTduhkEmYmYgl9FTcuFHHri7jzbZykWWj1wAwf/38Oc+b3Y86Udpwvq7S0vLK6Vl6vbGxube/Yu9W2ihJJaItEPJJdHyvKmaAtzTSn3VhSHPqcdvzJVeZ3HqhULBJ3ehpTL8QjwQJGsDbSwK7etO/7cYguUHbnPLBrTt3JC/0Ft4AaFNUc2J/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z5BgUOqvDTffYYOjTJEQSTNERrl6s+JFIdKTUPfdIZYj9Wil4n/eb1EB+deykScaCrI/KEg4UhHKAsCDZmkRPOpAUwkM7siMsYSE23iqpgQ3MUv/4X2cd09rbu3J7XGZRFHGfbhAI7AhTNowDU0oQUEHuEJXuDVmlnP1pv1Pm8tWcXMHvwq6+MbYQKTYA==</latexit>

KV ± = ±V ±where and
<latexit sha1_base64="dFJczd9VcbMIFbf8c4xdjbyKmhA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BItQUUsiol6EohePFWxaSNOy2W7apZvdsLsRSujP8OJBEa/+Gm/+G7cfB219MPB4b4aZeWHCqNKO823llpZXVtfy64WNza3tneLunqdEKjGpY8GEbIZIEUY5qWuqGWkmkqA4ZKQRDu7GfuOJSEUFf9TDhAQx6nEaUYy0kfyy1z459dpnxzdOp1hyKs4E9iJxZ6QEM9Q6xa9WV+A0JlxjhpTyXSfRQYakppiRUaGVKpIgPEA94hvKUUxUkE1OHtlHRunakZCmuLYn6u+JDMVKDePQdMZI99W8Nxb/8/xUR9dBRnmSasLxdFGUMlsLe/y/3aWSYM2GhiAsqbnVxn0kEdYmpYIJwZ1/eZF45xX3suI+XJSqt7M48nAAh1AGF66gCvdQgzpgEPAMr/BmaevFerc+pq05azazD39gff4Au32PmA==</latexit>

(V +, V �) = 0

Definition: We call an orthogonal product structure K on 
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n and an orthogonal complex structure J on
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n

compatible if they commute
<latexit sha1_base64="XekVfqNgPpiK67daA7aMr8ASOtE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBg5RdEfUiFL2IXirYD9guJZtm29AkuyRZoSz9EV48KOLV3+PNf2Pa7kFbHww83pthZl6YcKaN6347haXlldW14nppY3Nre6e8u9fUcaoIbZCYx6odYk05k7RhmOG0nSiKRchpKxzeTPzWE1WaxfLRjBIaCNyXLGIEGyu1/PuTu+DK7ZYrbtWdAi0SLycVyFHvlr86vZikgkpDONba99zEBBlWhhFOx6VOqmmCyRD3qW+pxILqIJueO0ZHVumhKFa2pEFT9fdEhoXWIxHaToHNQM97E/E/z09NdBlkTCapoZLMFkUpRyZGk99RjylKDB9Zgoli9lZEBlhhYmxCJRuCN//yImmeVr3zqvdwVqld53EU4QAO4Rg8uIAa3EIdGkBgCM/wCm9O4rw4787HrLXg5DP78AfO5w/2qo6s</latexit>

[K, J ] = 0

Proposition: The subgroup of Spin(2n) that commutes with an orthogonal complex structure K is
<latexit sha1_base64="7PBGvhBVFWkhtnBWuw1/sqYTHC4=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBHahWWmiLosunFZ0T6gM5RMmmlDM5khyQhl6Ae48VfcuFDErR/gzr8xbWdRWw8EDuecy809fsyZ0rb9Y62srq1vbOa28ts7u3v7hYPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84c3Ebz1SqVgkHvQopl6I+4IFjGBtpG6hmLoyRPcxE+PSsOxqFlI1J1XF2bBsUnbFngItEycjRchQ7xa+3V5EkpAKTThWquPYsfZSLDUjnI7zbqJojMkQ92nHUIHNUi+dHjNGp0bpoSCS5gmNpur8RIpDpUahb5Ih1gO16E3E/7xOooMrL2UiTjQVZLYoSDjSEZo0g3pMUqL5yBBMJDN/RWSAJSba9Jc3JTiLJy+TZrXiXFScu/Ni7TqrIwfHcAIlcOASanALdWgAgSd4gTd4t56tV+vD+pxFV6xs5gj+wPr6BZVomqw=</latexit>

Spin(k)⇥ Spin(2n� k) with any 
<latexit sha1_base64="lBXcdHlCBfWJvSOGNnfl5Q7gnJI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBQym7RdSLUPTisYL9gHYp2Wy2Dc0ma5ItlNLf4cWDIl79Md78N6btHrT1wcDjvRlm5gUJZ9q47reTW1vf2NzKbxd2dvf2D4qHR00tU0Vog0guVTvAmnImaMMww2k7URTHAaetYHg381sjqjST4tGME+rHuC9YxAg2VvKHN265y0NpdLkqesWSW3HnQKvEy0gJMtR7xa9uKEkaU2EIx1p3PDcx/gQrwwin00I31TTBZIj7tGOpwDHV/mR+9BSdWSVEkVS2hEFz9ffEBMdaj+PAdsbYDPSyNxP/8zqpia79CRNJaqggi0VRypGRaJYACpmixPCxJZgoZm9FZIAVJsbmVLAheMsvr5JmteJdVryHi1LtNosjDydwCufgwRXU4B7q0AACT/AMr/DmjJwX5935WLTmnGzmGP7A+fwBk16RVA==</latexit>

k = 0, . . . , 2n possible



Proposition: Given an orthogonal complex structure J on  
<latexit sha1_base64="PHS2RXm3YBN9hBx8JzR04Doq57I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRF1GXRjcsq9gFtLJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd69i7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPrnO/80ilYpG419OYeiEeCRYwgrWRBnalH2I99v30LntI6yIb2FWn5syAlolbkCoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zcj9RNMZkgke0Z6jAIVVeOgueoROjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooNLL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbrsqmBHfxy8ukXa+55zX39qzauCrqKMERHMMpuHABDbiBJrSAQALP8Apv1pP1Yr1bH/PRFavYOYQ/sD5/AAEwk1E=</latexit>

R2n and a compatible with it (commuting)
orthogonal product structure K, defines the split

<latexit sha1_base64="GWvFXccR43KsQIwJsgnQGVFCySk="></latexit>

Cn = Ck � Cn�k, k = 0, . . . , n

Proof: Indeed, both operators can be simultaneously diagonalised, and so we have
<latexit sha1_base64="C6ngKNrT8sjSLCRXiVPZgBjp5/Y=">AAACCnicbVBNS8NAEJ34WetX1KOX1SIIQklE1ItQ7EU8VbAf0May2W7apZtN2N0IJfTsxb/ixYMiXv0F3vw3btoebOuDgcd7M8zM82POlHacH2thcWl5ZTW3ll/f2Nzatnd2aypKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3++XMrz9SqVgk7vUgpl6Iu4IFjGBtpLZ9cItaIdY930/LwweBrtAJm1badsEpOiOgeeJOSAEmqLTt71YnIklIhSYcK9V0nVh7KZaaEU6H+VaiaIxJH3dp01CBQ6q8dPTKEB0ZpYOCSJoSGo3UvxMpDpUahL7pzI5Us14m/uc1Ex1ceikTcaKpIONFQcKRjlCWC+owSYnmA0MwkczcikgPS0y0SS9vQnBnX54ntdOie150784KpetJHDnYh0M4BhcuoAQ3UIEqEHiCF3iDd+vZerU+rM9x64I1mdmDKVhfvzs5mVg=</latexit>

JCn = +iCn
<latexit sha1_base64="dJdYDGcwT5jzbf+Tz81uLJSfLIA=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0VwYUsiom6EYjeKmwr2AU0sk+m0HTKZxJmJUEK+yY1fIrjQhSJu/QgnbRe19cDAmXPP5d57vIhRqSzrzcgtLC4tr+RXC2vrG5tb5vZOQ4axwKSOQxaKlockYZSTuqKKkVYkCAo8RpqeX83qzUciJA35nRpGxA1Qn9MexUhpqWNe3zgBUgPPS6rpvQ8v4PT3CDoPMerCaU/CS36qfaVZrWMWrbI1Apwn9oQUwQS1jvnidEMcB4QrzJCUbduKlJsgoShmJC04sSQRwj7qk7amHAVEusno5BQeaKULe6HQjys4Uqc7EhRIOQw87cz2lLO1TPyv1o5V79xNKI9iRTgeD+rFDKoQZvnBLhUEKzbUBGFB9a4QD5BAWOmUCzoEe/bkedI4LtunZfv2pFi5nMSRB3tgHxwCG5yBCrgCNVAHGDyBV/ABPo1n4934Mr7H1pwx6dkFf2D8/AIeVaoZ</latexit>

KCk = Ck, KCn�k = �Cn�kand

Proposition: The subgroup of Spin(2n) that commutes with a commuting pair J,K is the intersection of
<latexit sha1_base64="aAW0YUIeDem79QyuopqyFGDxgNI=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JriHokevGIiQtE2JBu6UJD2920XROy4V948aAxXv033vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Hbmt5+o0iyWD2aS0EDgoWQRI9hY6THrKYH8aVWe98sVt+bOgVaJl5MK5Gj2y1+9QUxSQaUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSiQXVQTa/eIrOrDJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xjc10XWQMZmkhkqyWBSlHJkYzd5HA6YoMXxiCSaK2VsRGWGFibEhlWwI3vLLq6R1UfMua959vdK4yeMowgmcQhU8uIIG3EETfCAg4Rle4c3Rzovz7nwsWgtOPnMMf+B8/gC4G5BL</latexit>

U(n)
<latexit sha1_base64="pbohdWguM4yoxcwyEqrNq5TK9Qo=">AAACDnicbZC7SgNBFIbPeo3xtmppMxgCsTDsBlHLoI1lRHOBbAizk9lkyOzsMjMrhCVPYOOr2FgoYmtt59s4SbaIiT8M/HznHM6c3485U9pxfqyV1bX1jc3cVn57Z3dv3z44bKgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH95M6s1HKhWLxIMexbQT4r5gASNYG9S1i6knQ3QfMzEuVYannmYhVfNMnBnctQtO2ZkKLRs3MwXIVOva314vIklIhSYcK9V2nVh3Uiw1I5yO816iaIzJEPdp21iBzdZOOj1njIqG9FAQSfOERlM6P5HiUKlR6JvOEOuBWqxN4H+1dqKDq07KRJxoKshsUZBwpCM0yQb1mKRE85ExmEhm/orIAEtMtEkwb0JwF09eNo1K2b0ou3fnhep1FkcOjuEESuDCJVThFmpQBwJP8AJv8G49W6/Wh/U5a12xspkj+CPr6xeM+5sk</latexit>

Spin(2k)⇥ Spin(2n� 2k)and

Proposition: Given a pair of commuting (orthogonal) complex structures   
<latexit sha1_base64="BdWCEO4t11zGZ/q7T1K94fjNgEQ=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4kJKIqMeiF+mpgv2ANJTNZtMu3eyG3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6aCG3Ddb2dldW19Y7O0Vd7e2d3brxwcto3KNGUtqoTS3ZAYJrhkLeAgWDfVjCShYJ1wdDf1O09MG67kI4xTFiRkIHnMKQEr+Y3zHnARsbwx6Veqbs2dAS8TryBVVKDZr3z1IkWzhEmgghjje24KQU40cCrYpNzLDEsJHZEB8y2VJGEmyGcnT/CpVSIcK21LAp6pvydykhgzTkLbmRAYmkVvKv7n+RnEN0HOZZoBk3S+KM4EBoWn/+OIa0ZBjC0hVHN7K6ZDogkFm1LZhuAtvrxM2hc176rmPVxW67dFHCV0jE7QGfLQNaqje9RELUSRQs/oFb054Lw4787HvHXFKWaO0B84nz8AsJEU</latexit>

J, J̃ the product
<latexit sha1_base64="eQonlR3u4X5ngYQByXMoJMwV2Aw=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kUoepF6qWA/oAlls5m2SzebsDsRSujf8OJBEa/+GW/+G7dtDtr6YODx3gwz84JEcI2O820VVlbX1jeKm6Wt7Z3dvfL+QUvHqWLQZLGIVSegGgSX0ESOAjqJAhoFAtrB6Hbqt59AaR7LRxwn4Ed0IHmfM4pG8u6v6x5yEUJWn/TKFafqzGAvEzcnFZKj0St/eWHM0ggkMkG17rpOgn5GFXImYFLyUg0JZSM6gK6hkkag/Wx288Q+MUpo92NlSqI9U39PZDTSehwFpjOiONSL3lT8z+um2L/yMy6TFEGy+aJ+KmyM7WkAdsgVMBRjQyhT3NxqsyFVlKGJqWRCcBdfXiats6p7UXUfziu1mzyOIjkix+SUuOSS1MgdaZAmYSQhz+SVvFmp9WK9Wx/z1oKVzxySP7A+fwC03ZF6</latexit>

K = JJ̃

is an orthogonal product structure compatible with both
<latexit sha1_base64="BdWCEO4t11zGZ/q7T1K94fjNgEQ=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4kJKIqMeiF+mpgv2ANJTNZtMu3eyG3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6aCG3Ddb2dldW19Y7O0Vd7e2d3brxwcto3KNGUtqoTS3ZAYJrhkLeAgWDfVjCShYJ1wdDf1O09MG67kI4xTFiRkIHnMKQEr+Y3zHnARsbwx6Veqbs2dAS8TryBVVKDZr3z1IkWzhEmgghjje24KQU40cCrYpNzLDEsJHZEB8y2VJGEmyGcnT/CpVSIcK21LAp6pvydykhgzTkLbmRAYmkVvKv7n+RnEN0HOZZoBk3S+KM4EBoWn/+OIa0ZBjC0hVHN7K6ZDogkFm1LZhuAtvrxM2hc176rmPVxW67dFHCV0jE7QGfLQNaqje9RELUSRQs/oFb054Lw4787HvHXFKWaO0B84nz8AsJEU</latexit>

J, J̃

In the opposite direction, given a pair commuting complex and product structures
<latexit sha1_base64="jR1NKT8536+z2VDS/Gj0rCB0wmQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuiHoMehG9RDQPSJYwO+kkQ2Znl5lZISz5BC8eFPHqF3nzb5wke9DEgoaiqpvuriAWXBvX/XZyS8srq2v59cLG5tb2TnF3r66jRDGssUhEqhlQjYJLrBluBDZjhTQMBDaC4fXEbzyh0jySj2YUox/SvuQ9zqix0sPtyV2nWHLL7hRkkXgZKUGGaqf41e5GLAlRGiao1i3PjY2fUmU4EzgutBONMWVD2seWpZKGqP10euqYHFmlS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ36adcxolByWaLeokgJiKTv0mXK2RGjCyhTHF7K2EDqigzNp2CDcGbf3mR1E/L3nnZuz8rVa6yOPJwAIdwDB5cQAVuoAo1YNCHZ3iFN0c4L8678zFrzTnZzD78gfP5A6FujV8=</latexit>

J,K

their product
<latexit sha1_base64="F3ZVdv8LhC8VCImideC4nzsfEXY=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kUoepF6qWA/oAlls5m2SzebsDsRSujf8OJBEa/+GW/+G7dtDtr6YODx3gwz84JEcI2O820VVlbX1jeKm6Wt7Z3dvfL+QUvHqWLQZLGIVSegGgSX0ESOAjqJAhoFAtrB6Hbqt59AaR7LRxwn4Ed0IHmfM4pG8jzkIoSsPrmu3/fKFafqzGAvEzcnFZKj0St/eWHM0ggkMkG17rpOgn5GFXImYFLyUg0JZSM6gK6hkkag/Wx288Q+MUpo92NlSqI9U39PZDTSehwFpjOiONSL3lT8z+um2L/yMy6TFEGy+aJ+KmyM7WkAdsgVMBRjQyhT3NxqsyFVlKGJqWRCcBdfXiats6p7UXUfziu1mzyOIjkix+SUuOSS1MgdaZAmYSQhz+SVvFmp9WK9Wx/z1oKVzxySP7A+fwC4fJF6</latexit>

J̃ = JK is another complex structure that commutes with J

Compatible complex, product structure Two commuting complex structures



Application to Spin(10)
Thus, a pair of commuting complex structures on 

<latexit sha1_base64="Nc/Zv5h3IOESBFs8/I8iKI1mvDA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZdFNy6r2Ae0sUymk3boZBJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zm7V3ttvqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacefXOd+55FKxSJxr6cx9UI8EixgBGsjDexqP8R67PvpXfaQuk42sGtO3ZkBLRO3IDUo0BzYX/1hRJKQCk04VqrnOrH2Uiw1I5xmlX6iaIzJBI9oz1CBQ6q8dBY8Q8dGGaIgkuYJjWbq740Uh0pNQ99M5jHVopeL/3m9RAeXXspEnGgqyPxQkHCkI5S3gIZMUqL51BBMJDNZERljiYk2XVVMCe7il5dJ+7Tuntfd27Na46qoowyHcAQn4MIFNOAGmtACAgk8wyu8WU/Wi/VufcxHS1axcwB/YH3+AKFlkxI=</latexit>

R10 gives either
<latexit sha1_base64="RgpiyAnGTKxLWU5vY8oCtP5BMxA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykx9boRiNy4r2Ad0xpJJ0zY0kwxJRijD/Icbf8WNC0VcCS78GzPtLGrrgcDJOfdy7z1BxKjSjvNjLS2vrK6tFzaKm1vbO7v23n5TiVhi0sCCCdkOkCKMctLQVDPSjiRBYcBIKxjVMr/1SKSigt/rcUT8EA047VOMtJG6dsULkR4GQVJLH5Lz9Hr2e5p6ImKxgrNiJe3aJafsTAAXiZuTEshR79pfXk/gOCRcY4aU6rhOpP0ESU0xI2nRixWJEB6hAekYylFIlJ9MbkvhsVF6sC+keVzDiTrbkaBQqXEYmMpsSzXvZeJ/XifW/Ss/oTyKNeF4OqgfM6gFzIKCPSoJ1mxsCMKSml0hHiKJsDZxFk0I7vzJi6RZKbsXZffurFS9yeMogENwBE6ACy5BFdyCOmgADJ7AC3gD79az9Wp9WJ/T0iUr7zkAf2B9/wJam6I8</latexit>

C5 = C3 � C2
<latexit sha1_base64="+3z9Kka2nkO6fRGtfD4k6AldtvA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykypj41Q7MZlBfuAzlgyadqGZpIhyQhlmP9w46+4caGIK8GFf2OmnUVtPRA4Oede7r0niBhV2nF+rJXVtfWNzcJWcXtnd2/fPjhsKRFLTJpYMCE7AVKEUU6ammpGOpEkKAwYaQfjeua3H4lUVPB7PYmIH6IhpwOKkTZSz654IdKjIEjq6UNynl7Pf6upJyIWKzgvumnPLjllZwq4TNyclECORs/+8voCxyHhGjOkVNd1Iu0nSGqKGUmLXqxIhPAYDUnXUI5CovxkelsKT43ShwMhzeMaTtX5jgSFSk3CwFRmW6pFLxP/87qxHlz5CeVRrAnHs0GDmEEtYBYU7FNJsGYTQxCW1OwK8QhJhLWJs2hCcBdPXiatStm9KLt31VLtJo+jAI7BCTgDLrgENXALGqAJMHgCL+ANvFvP1qv1YX3OSlesvOcI/IH1/QtasKI8</latexit>

C5 = C4 � C1or

The option relevant for the SM Not completely irrelevant, comments below

Theorem: The Standard Model gauge group
<latexit sha1_base64="bqKopLHK0npDJj2vZW37EE0Wm3Q=">AAACI3icbZDLSsNAFIYn9VbrLerSzWAR2k1JqqgIQtGFboSKpi00IUym03bo5MLMRCgh7+LGV3HjQiluXPguTtsgtfWHgZ/vnMOZ83sRo0IaxpeWW1peWV3Lrxc2Nre2d/TdvYYIY46JhUMW8paHBGE0IJakkpFWxAnyPUaa3uB6XG8+ES5oGDzKYUQcH/UC2qUYSYVc/eLGTWzuw4e7FF7CqbXS0nHZltQn4hdUy3CGKGCWXb1oVIyJ4KIxM1MEmequPrI7IY59EkjMkBBt04ikkyAuKWYkLdixIBHCA9QjbWUDpNY5yeTGFB4p0oHdkKsXSDihsxMJ8oUY+p7q9JHsi/naGP5Xa8eye+4kNIhiSQI8XdSNGZQhHAcGO5QTLNlQGYQ5VX+FuI84wlLFWlAhmPMnL5pGtWKeVsz7k2LtKosjDw7AISgBE5yBGrgFdWABDJ7BK3gHH9qL9qaNtM9pa07LZvbBH2nfP3OAok4=</latexit>

GSM = SU(3)⇥ SU(2)⇥U(1)

that is the intersection of SU(5) that fixes a complex structure J and its holomorphic top form, and another U(5) that fixes 
<latexit sha1_base64="hy7R1WfdnreDYaVIRfvynG4sf3U=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwISURURGEohvpqoJ9QBrKZDJph04ezEyEEgpu/BU3LhRx60+482+ctkG09cCFM+fcy9x7vIQzqSzry5ibX1hcWi6sFFfX1jc2za3thoxTQWidxDwWLQ9LyllE64opTluJoDj0OG16/euR37ynQrI4ulODhLoh7kYsYAQrLXXM3bZi3KdZdXiBnOrRz8u9tDpmySpbY6BZYuekBDlqHfOz7cckDWmkCMdSOraVKDfDQjHC6bDYTiVNMOnjLnU0jXBIpZuNbxiiA634KIiFrkihsfp7IsOhlIPQ050hVj057Y3E/zwnVcG5m7EoSRWNyOSjIOVIxWgUCPKZoETxgSaYCKZ3RaSHBSZKx1bUIdjTJ8+SxnHZPi3btyelylUeRwH2YB8OwYYzqMAN1KAOBB7gCV7g1Xg0no03433SOmfkMzvwB8bHN+YWlwo=</latexit>

J̃ : [J, J̃ ] = 0

is the subgroup of Spin(10)

with this second complex structure such that the resulting split is of the type
<latexit sha1_base64="RgpiyAnGTKxLWU5vY8oCtP5BMxA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykx9boRiNy4r2Ad0xpJJ0zY0kwxJRijD/Icbf8WNC0VcCS78GzPtLGrrgcDJOfdy7z1BxKjSjvNjLS2vrK6tFzaKm1vbO7v23n5TiVhi0sCCCdkOkCKMctLQVDPSjiRBYcBIKxjVMr/1SKSigt/rcUT8EA047VOMtJG6dsULkR4GQVJLH5Lz9Hr2e5p6ImKxgrNiJe3aJafsTAAXiZuTEshR79pfXk/gOCRcY4aU6rhOpP0ESU0xI2nRixWJEB6hAekYylFIlJ9MbkvhsVF6sC+keVzDiTrbkaBQqXEYmMpsSzXvZeJ/XifW/Ss/oTyKNeF4OqgfM6gFzIKCPSoJ1mxsCMKSml0hHiKJsDZxFk0I7vzJi6RZKbsXZffurFS9yeMogENwBE6ACy5BFdyCOmgADJ7AC3gD79az9Wp9WJ/T0iUr7zkAf2B9/wJam6I8</latexit>

C5 = C3 � C2

Remark: The only other option with such a pair of commuting complex structures is that they define

the split of the type
<latexit sha1_base64="+3z9Kka2nkO6fRGtfD4k6AldtvA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykypj41Q7MZlBfuAzlgyadqGZpIhyQhlmP9w46+4caGIK8GFf2OmnUVtPRA4Oede7r0niBhV2nF+rJXVtfWNzcJWcXtnd2/fPjhsKRFLTJpYMCE7AVKEUU6ammpGOpEkKAwYaQfjeua3H4lUVPB7PYmIH6IhpwOKkTZSz654IdKjIEjq6UNynl7Pf6upJyIWKzgvumnPLjllZwq4TNyclECORs/+8voCxyHhGjOkVNd1Iu0nSGqKGUmLXqxIhPAYDUnXUI5CovxkelsKT43ShwMhzeMaTtX5jgSFSk3CwFRmW6pFLxP/87qxHlz5CeVRrAnHs0GDmEEtYBYU7FNJsGYTQxCW1OwK8QhJhLWJs2hCcBdPXiatStm9KLt31VLtJo+jAI7BCTgDLrgENXALGqAJMHgCL+ANvFvP1qv1YX3OSlesvOcI/IH1/QtasKI8</latexit>

C5 = C4 � C1 In this case, the common stabiliser of all the data is
<latexit sha1_base64="5CFpBwjukAw0ObupXNC6GJGSX/c=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXULlWCKmCsYGEsgrSVmqhyXKe1ajuR7SBVUQcWfoWFAYRY+Qg2/gY37QAtR7J07jn36vqeMGFUacf5tgpr6xubW8Xt0s7u3v6BfXjUVnEqMfFwzGLZDZEijAriaaoZ6SaSIB4y0gnH1zO/80CkorG415OEBBwNBY0oRtpIfbuc+ZLDO29abdR8TTlRuWBqt9a3K07dyQFXibsgFbBAq29/+YMYp5wIjRlSquc6iQ4yJDXFjExLfqpIgvAYDUnPUIHMuiDLj5jCU6MMYBRL84SGufp7IkNcqQkPTSdHeqSWvZn4n9dLdXQZZFQkqSYCzxdFKYM6hrNE4IBKgjWbGIKwpOavEI+QRFib3EomBHf55FXSPqu753X3tlFpXi3iKIIyOAFV4IIL0AQ3oAU8gMEjeAav4M16sl6sd+tj3lqwFjPH4A+szx/K6pbn</latexit>

SU(4)⇥U(1)

Remark: Complex structure together with the top holomorphic form for it is encoded in a spinor of a special algebraic type 
- pure spinor. Thus, the SM gauge group arises as one stabilising a pure spinor and another pure spinor

projectively. The condition on this pair of pure spinors that guarantees that what arises is
<latexit sha1_base64="RgpiyAnGTKxLWU5vY8oCtP5BMxA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykx9boRiNy4r2Ad0xpJJ0zY0kwxJRijD/Icbf8WNC0VcCS78GzPtLGrrgcDJOfdy7z1BxKjSjvNjLS2vrK6tFzaKm1vbO7v23n5TiVhi0sCCCdkOkCKMctLQVDPSjiRBYcBIKxjVMr/1SKSigt/rcUT8EA047VOMtJG6dsULkR4GQVJLH5Lz9Hr2e5p6ImKxgrNiJe3aJafsTAAXiZuTEshR79pfXk/gOCRcY4aU6rhOpP0ESU0xI2nRixWJEB6hAekYylFIlJ9MbkvhsVF6sC+keVzDiTrbkaBQqXEYmMpsSzXvZeJ/XifW/Ss/oTyKNeF4OqgfM6gFzIKCPSoJ1mxsCMKSml0hHiKJsDZxFk0I7vzJi6RZKbsXZffurFS9yeMogENwBE6ACy5BFdyCOmgADJ7AC3gD79az9Wp9WJ/T0iUr7zkAf2B9/wJam6I8</latexit>

C5 = C3 � C2

can be stated as conditions minimising certain potential, see the paper cited.



Final remarks
When both structures

<latexit sha1_base64="RgpiyAnGTKxLWU5vY8oCtP5BMxA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykx9boRiNy4r2Ad0xpJJ0zY0kwxJRijD/Icbf8WNC0VcCS78GzPtLGrrgcDJOfdy7z1BxKjSjvNjLS2vrK6tFzaKm1vbO7v23n5TiVhi0sCCCdkOkCKMctLQVDPSjiRBYcBIKxjVMr/1SKSigt/rcUT8EA047VOMtJG6dsULkR4GQVJLH5Lz9Hr2e5p6ImKxgrNiJe3aJafsTAAXiZuTEshR79pfXk/gOCRcY4aU6rhOpP0ESU0xI2nRixWJEB6hAekYylFIlJ9MbkvhsVF6sC+keVzDiTrbkaBQqXEYmMpsSzXvZeJ/XifW/Ss/oTyKNeF4OqgfM6gFzIKCPSoJ1mxsCMKSml0hHiKJsDZxFk0I7vzJi6RZKbsXZffurFS9yeMogENwBE6ACy5BFdyCOmgADJ7AC3gD79az9Wp9WJ/T0iUr7zkAf2B9/wJam6I8</latexit>

C5 = C3 � C2
<latexit sha1_base64="+3z9Kka2nkO6fRGtfD4k6AldtvA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykypj41Q7MZlBfuAzlgyadqGZpIhyQhlmP9w46+4caGIK8GFf2OmnUVtPRA4Oede7r0niBhV2nF+rJXVtfWNzcJWcXtnd2/fPjhsKRFLTJpYMCE7AVKEUU6ammpGOpEkKAwYaQfjeua3H4lUVPB7PYmIH6IhpwOKkTZSz654IdKjIEjq6UNynl7Pf6upJyIWKzgvumnPLjllZwq4TNyclECORs/+8voCxyHhGjOkVNd1Iu0nSGqKGUmLXqxIhPAYDUnXUI5CovxkelsKT43ShwMhzeMaTtX5jgSFSk3CwFRmW6pFLxP/87qxHlz5CeVRrAnHs0GDmEEtYBYU7FNJsGYTQxCW1OwK8QhJhLWJs2hCcBdPXiatStm9KLt31VLtJo+jAI7BCTgDLrgENXALGqAJMHgCL+ANvFvP1qv1YX3OSlesvOcI/IH1/QtasKI8</latexit>

C5 = C4 � C1and

we get the split
<latexit sha1_base64="daJZzTkBYJ0ZGYAV/mGQums9dKk=">AAACMHicbVDLSsNAFJ3UV62vqEs3g0VwVRLfG6HYhS4r2Ac0sUymk3boJBNmJkIJ+SQ3fopuFBRx61c4abOobQ8MnDnnXu69x4sYlcqyPozC0vLK6lpxvbSxubW9Y+7uNSWPBSYNzBkXbQ9JwmhIGooqRtqRICjwGGl5w1rmt56IkJSHD2oUETdA/ZD6FCOlpa556wRIDTwvqaWPyXl6Pf09TR0esVjCadFeLHbNslWxxoDzxM5JGeSod81Xp8dxHJBQYYak7NhWpNwECUUxI2nJiSWJEB6iPuloGqKASDcZH5zCI630oM+FfqGCY3W6I0GBlKPA05XZlnLWy8RFXidW/pWb0DCKFQnxZJAfM6g4zNKDPSoIVmykCcKC6l0hHiCBsNIZl3QI9uzJ86R5UrEvKvb9Wbl6k8dRBAfgEBwDG1yCKrgDddAAGDyDN/AJvowX4934Nn4mpQUj79kH/2D8/gHUSatI</latexit>

C5 = C3 � C1 � C1 which is the structure relevant to the SM after the EW symmetry breaking

So, we can effect all of the symmetry breaking from Spin(10) to SU(3)xU(1) by a collection of commuting complex 
structures with their holomorphic top forms, or just complex structures

Complex structures with their holomorphic top forms are described by pure spinors. Complex structures are 
described by projective pure spinors. Conditions that associated complex structures commute are easy to impose

Conclusion: There exists a Spin(10) GUT model whose Higgs fields is a collection of 
<latexit sha1_base64="ziwgD/JbTlyt/licTT6ivtRInWA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseilx4r2FpsQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlx6wXhMSrTfuNfrniVt05yCrxclKBHM1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fziKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7H0y4AqZERNLKFPc3krYiCrKjA2pZEPwll9eJe2LqlereneXlfpNHkcRTuAUzsGDK6hDA5rQAgYSnuEV3hztvDjvzseiteDkM8fwB87nD4rDkC4=</latexit>
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Two is not enough, three is sufficient, but probably the nicest model arises when one takes four.

are present

can be controlled by the potentials. See the paper cited.
as potential minimising conditions on the pure spinors. Even the types of arising splitting

<latexit sha1_base64="RgpiyAnGTKxLWU5vY8oCtP5BMxA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykx9boRiNy4r2Ad0xpJJ0zY0kwxJRijD/Icbf8WNC0VcCS78GzPtLGrrgcDJOfdy7z1BxKjSjvNjLS2vrK6tFzaKm1vbO7v23n5TiVhi0sCCCdkOkCKMctLQVDPSjiRBYcBIKxjVMr/1SKSigt/rcUT8EA047VOMtJG6dsULkR4GQVJLH5Lz9Hr2e5p6ImKxgrNiJe3aJafsTAAXiZuTEshR79pfXk/gOCRcY4aU6rhOpP0ESU0xI2nRixWJEB6hAekYylFIlJ9MbkvhsVF6sC+keVzDiTrbkaBQqXEYmMpsSzXvZeJ/XifW/Ss/oTyKNeF4OqgfM6gFzIKCPSoJ1mxsCMKSml0hHiKJsDZxFk0I7vzJi6RZKbsXZffurFS9yeMogENwBE6ACy5BFdyCOmgADJ7AC3gD79az9Wp9WJ/T0iUr7zkAf2B9/wJam6I8</latexit>

C5 = C3 � C2 or
<latexit sha1_base64="+3z9Kka2nkO6fRGtfD4k6AldtvA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykypj41Q7MZlBfuAzlgyadqGZpIhyQhlmP9w46+4caGIK8GFf2OmnUVtPRA4Oede7r0niBhV2nF+rJXVtfWNzcJWcXtnd2/fPjhsKRFLTJpYMCE7AVKEUU6ammpGOpEkKAwYaQfjeua3H4lUVPB7PYmIH6IhpwOKkTZSz654IdKjIEjq6UNynl7Pf6upJyIWKzgvumnPLjllZwq4TNyclECORs/+8voCxyHhGjOkVNd1Iu0nSGqKGUmLXqxIhPAYDUnXUI5CovxkelsKT43ShwMhzeMaTtX5jgSFSk3CwFRmW6pFLxP/87qxHlz5CeVRrAnHs0GDmEEtYBYU7FNJsGYTQxCW1OwK8QhJhLWJs2hCcBdPXiatStm9KLt31VLtJo+jAI7BCTgDLrgENXALGqAJMHgCL+ANvFvP1qv1YX3OSlesvOcI/IH1/QtasKI8</latexit>

C5 = C4 � C1



Summary

• SM was proposed exactly 50 years ago, and almost immediately all GUT’s were 
discovered. 

• Spin(10) GUT is provides ultimate unification, where both forces and particles (of 
one generation) are unified. Also predicts the right-handed neutrino. 

• There is not yet a convincing concrete Spin(10) GUT. But the representation theory  
provides a welcome organising principle. One needs to know very little to derive the 
SM particle content with all the charges. 

• The only thing to remember is that one needs to choose SU(5) and then
<latexit sha1_base64="RgpiyAnGTKxLWU5vY8oCtP5BMxA=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykx9boRiNy4r2Ad0xpJJ0zY0kwxJRijD/Icbf8WNC0VcCS78GzPtLGrrgcDJOfdy7z1BxKjSjvNjLS2vrK6tFzaKm1vbO7v23n5TiVhi0sCCCdkOkCKMctLQVDPSjiRBYcBIKxjVMr/1SKSigt/rcUT8EA047VOMtJG6dsULkR4GQVJLH5Lz9Hr2e5p6ImKxgrNiJe3aJafsTAAXiZuTEshR79pfXk/gOCRcY4aU6rhOpP0ESU0xI2nRixWJEB6hAekYylFIlJ9MbkvhsVF6sC+keVzDiTrbkaBQqXEYmMpsSzXvZeJ/XifW/Ss/oTyKNeF4OqgfM6gFzIKCPSoJ1mxsCMKSml0hHiKJsDZxFk0I7vzJi6RZKbsXZffurFS9yeMogENwBE6ACy5BFdyCOmgADJ7AC3gD79az9Wp9WJ/T0iUr7zkAf2B9/wJam6I8</latexit>

C5 = C3 � C2



Outlook

• I argued that the best way to think about the symmetry breaking is in terms of 
commuting complex structures. 

• One needs two commuting complex structures to see 

• Geometry with two commuting complex structures is known under the name of bi-
Hermitian geometry. 

• Complex structures are naturally parametrised by spinors of special algebraic type - 
pure spinors. 

• Where all this points to: An overlooked Spin(10) GUT that only has Higgs fields in 

<latexit sha1_base64="bqKopLHK0npDJj2vZW37EE0Wm3Q=">AAACI3icbZDLSsNAFIYn9VbrLerSzWAR2k1JqqgIQtGFboSKpi00IUym03bo5MLMRCgh7+LGV3HjQiluXPguTtsgtfWHgZ/vnMOZ83sRo0IaxpeWW1peWV3Lrxc2Nre2d/TdvYYIY46JhUMW8paHBGE0IJakkpFWxAnyPUaa3uB6XG8+ES5oGDzKYUQcH/UC2qUYSYVc/eLGTWzuw4e7FF7CqbXS0nHZltQn4hdUy3CGKGCWXb1oVIyJ4KIxM1MEmequPrI7IY59EkjMkBBt04ikkyAuKWYkLdixIBHCA9QjbWUDpNY5yeTGFB4p0oHdkKsXSDihsxMJ8oUY+p7q9JHsi/naGP5Xa8eye+4kNIhiSQI8XdSNGZQhHAcGO5QTLNlQGYQ5VX+FuI84wlLFWlAhmPMnL5pGtWKeVsz7k2LtKosjDw7AISgBE5yBGrgFdWABDJ7BK3gHH9qL9qaNtM9pa07LZvbBH2nfP3OAok4=</latexit>

GSM = SU(3)⇥ SU(2)⇥U(1)
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