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Abstract

Shallow water flows through open channels with varying breadth are com-
monly modelled by a system of one-dimensional equations, despite the two-
dimensional nature of the geometry and the solution. In this work steady state
flows in converging/diverging channels are studied, in order to determine the
range of parameters (flow speed and channel breadth) for which the assump-
tion of quasi-one-dimensional flow is valid. This is done by comparing both
exact and numerical solutions of the one-dimensional model with numerical so-
lutions of the corresponding two-dimensional flows, and it is shown that even
for apparently gentle constrictions, for which the assumptions from which the
one-dimensional model is derived are valid, significant differences can occur.
Furthermore, it is shown how the nature of the flow depends on the manner
in which the boundary conditions are applied by contrasting the solutions ob-
tained from two commonly used approaches. A brief description is also given of
the numerical methods, developed recently for the solution of the one- and two-
dimensional shallow water equations, and used to produce the results presented

in this paper.



1 Introduction

For speed and simplicity, one-dimensional models are often used in the modelling
of two-dimensional shallow water flows. An example of this is the prediction of the
steady flow through an open channel with variable breadth. However, the validity of
the one-dimensional model is limited by the assumptions made in its derivation and its
accuracy is bound to decrease as the variations in the channel geometry become more
severe and the transverse acceleration induced in the flow gains in significance. Not
only are there quantitative differences between the one- and two-dimensional solutions,
but the flows obtained may also exhibit major differences in their qualitative features
giving, for example, differing predictions of the existence of hydraulic jumps.

In this work we examine the range of flow parameters (flow speed and magnitude of
constriction) for which the one-dimensional model of steady state shallow water flow
through a channel of varying breadth accurately represents the full two-dimensional
solution. The investigation is used to highlight the limitations of the one-dimensional
model as well as to point out those quantities that it is able to predict accurately, espe-
cially when the flow exhibits genuinely two-dimensional features and the assumptions
underlying the one-dimensional model break down.

Close examination of the mathematical and numerical models also reveals the
dramatic effect that changing the form of the boundary conditions can have on the
solution, so the results obtained from two commonly-used boundary procedures have
been compared in order to illustrate the care which must be taken, particularly when
choosing boundary conditions for the modelling of transcritical flows.

The one- and two-dimensional shallow water models employed are described in
Sections 2 and 3 respectively, along with brief descriptions of the new numerical
methods which have been developed and used to approximate them. In one dimen-
sion a brief derivation of a family of exact solutions to the equations is also given. This
is presented for completeness, but the underlying analysis is straightforward and is
applied to closely related problems in many standard texts, e.g. [8, 14]. The compar-
ison between the two different models is carried out in Section 4 using the numerical
techniques described in the preceding sections. This is followed by brief conclusions

about the validity of the simpler model and the various forms of boundary condition.



2 The one-dimensional model

In one dimension, shallow water flow through an open channel of rectangular cross-

section and variable breadth can be modelled by the equations

Bd Bdu 0
+ = , (2.1)

Bdu ) Bdu® + 39Bd* | l9d’B,
in which d represents the depth of the flow, u is its velocity, B = B(z) is the variable
breadth of the channel and g is the acceleration due to gravity (see, for example, [3] for
their derivation). Essentially, Equation (2.1) can be derived from the more general,
two-dimensional shallow water model under the assumption that B, = O(e) for e < 1,
so that the transverse acceleration of the flow is negligible in comparison with the
longitudinal acceleration. In these circumstances the variables d and u are considered
to be breadth-averaged quantities. Only steady state solutions are considered in
this work, for which the time derivatives are zero. They are only included in (2.1)
because they are often used as a numerical device to converge to steady solutions.
This technique is used in the schemes presented here which provide the approximate
solutions of Section 4.

Exact steady state solutions of (2.1) are simple to construct (see for example [10],
standard texts [8, 14], and related work on the modelling of variable bed topography
[5, 2, 1], for which this analysis is far more commonly carried out). For a converg-
ing/diverging channel with continuously varying breadth the steady solutions of (2.1)

can be divided into four categories:

A. continuous - purely subcritical (possibly critical at the most narrow point of the

channel, the throat).

B. discontinuous - subcritical at inflow, passing smoothly to supercritical at the
throat, then back to subcritical via a stationary hydraulic jump in the diverging

region of the channel, remaining so until outflow.

C. continuous - subcritical at inflow, passing smoothly to supercritical at the throat

of the channel, and remaining supercritical to outflow.

D. continuous - purely supercritical (possibly critical at the throat).



The particular form taken by the steady solution depends on the boundary conditions
which are applied at the entrance and the exit of the channel section being modelled.
Much analysis has been applied to flows in channels of infinite length [5, 2] to de-
termine the steady state which is left behind around an obstacle as t — oo, but in
reality the domain of interest is finite and boundary conditions must be applied at an
appropriate distance from the obstacle: their effect is studied here.

The simplest cases are A and D. Integration of the steady equations leads straight-
forwardly to two quantities which remain constant throughout the channel. These are
the total discharge

Q) = Bdu, (2.2)

and the total head
u2 Q2
Hyr = —4+d = — 1. 2.
T % + 2B + (2.3)
Given that values for () and Ht can be deduced from the boundary conditions, com-
bining (2.2) with (2.3) leads to
Q2

& — Hed? + —=—
Tt S B

— 0, (2.4)

an algebraic equation relating the depth of the flow d to the local channel breadth B.
This has a pair of physically admissible (positive) solutions for d, one representing

subcritical low and the other supercritical flow, on condition that

B 3 2
> by | =————— 2.5

for all values of B in the given channel geometry, where Fi, = ui,/v/gdi, is the local

Froude number specified at inflow. The solution which is chosen by the equations (2.1)
depends on the boundary conditions applied (unless () and Hr are the two quantities
specified, in which case the choice remains open).

When equality holds in (2.5) for some value of B within the channel geometry the
flow becomes critical for the values of () and Hrt implied by the boundary conditions.
However, any critical point of the flow must lie at the throat of the channel so, unless
equality is satisfied there, the inlet values of ) and/or Ht change automatically to
satisfy the boundary condition at inflow and the critical condition at the throat (F' = 1

when B = Byi,). The flow is then of type B or C. Furthermore, the variation of the



Froude number upstream of the critical point in such situations is uniquely defined,

being the subcritical solution (0 < F' < 1) of the equation

() - (B 26)

This implies that the Froude number at inflow is fixed by the channel geometry, taking

the same value whenever the solution is transcritical (so F' is not a practical choice
for specification as an inflow boundary condition). The new values of ) and Hr for
the smooth region of the flow which surrounds the critical point can be calculated by
combining the subcritical inflow boundary condition with this inflow Froude number.
Downstream of the critical point, the flow type (B or C) is determined by the out-
flow boundary conditions. Initially, since the flow is continuous through the critical
point, the solution retains the upstream values of () and Ht but switches to the super-
critical branch of (2.4) downstream of the throat. If no jump occurs the supercritical
solution values found using (2.4) are retained throughout the rest of the channel.
When a stationary hydraulic jump occurs (which must always be from supercritical
flow to subcritical flow), equations (2.1) lead to two quantities which are continuous

across the jump. These are
1
[du] = 0 and {duQ—l—éng] = 0. (2.7)

The first of these, together with (2.2), implies that @ is constant throughout the
domain for any steady flow, but from the second and (2.3) it is clear that there
is a jump in Ht when the flow is discontinuous. Thus the flow downstream of a
stationary hydraulic jump is determined by the value of () which has been calculated
for the transcritical upstream flow and the boundary condition specified at outflow.
Combining the two expressions (2.7) leads to a relationship between the branches

of the solution on either side of the jump, given by

dy = %‘ (\/1 +8F % — 1) , (2.8)

in which dy is the depth immediately downstream of a discontinuity, while d_ and
F_ are the depth and local Froude number immediately upstream. The flow sustains

a stationary hydraulic jump if
(dJr)out S dout S din (29)
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where (d;)ou is calculated using (2.8) together with the assumption that the jump
occurs at the furthest downstream point of the constriction. Given the boundary
conditions and the critical condition (which imply the values of ) and Hr), the
solution on either side of the discontinuity can be calculated from (2.4), so it only
remains to find the point within the constriction at which condition (2.8) is satisfied.
Both the upstream and downstream values of total head (Hr_ and Hr, respectively)
are known, and the upstream Froude number at the jump (F_) can be found by

solving iteratively

2H 3
16(Hy_ — Hry,) <\/1 +8F 2~ 1) - ngb <\/1 +8F 2~ 3) =0, (210

an equation which can be deduced from the jump conditions (2.7). The position of

the jump is then found by combining (2.10) with (2.6).

It was noted earlier that an important point is the effect which the choice of
physical boundary condition has on the solution. In numerical calculations a wide

variety of conditions are applied, two of the most commonly used forms being
1. @ specified at subcritical inflow, d at subcritical outflow.

2. R specified at subcritical inflow, R~ at subcritical outflow, where R = u +

2¢/gd are the Riemann invariants of the homogeneous system.

At a supercritical inflow boundary all solution variables are specified, while nothing
is specified at supercritical outflow. Note that the current discussion does not relate
to the possible application of extra numerical boundary conditions which is necessary
for non-upwind numerical schemes.

Figure 2.1 illustrates the type of solution obtained using both sets of boundary
conditions. Note its relationship with Figure 2.2 which was constructed in a similar
manner for channel flows with variable bed topography instead of variable breadth.
This is essentially Figure 3 of [5], but with the effect of boundary conditions taken into
account. The main difference is the lack of a region where the channel becomes totally
blocked (upstream of the obstacle d is less than the obstacle height and v = 0) for
type 1 boundary conditions, which the infinite channel allowed. Enforcing a specific

value of () at a subcritical inflow boundary ensures that the domain ‘fills up’ and a
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non-blocked (u # 0) steady state is reached. The flow parameters which have been
specified in Figure 2.1 are Bp;,, the minimum breadth of the channel (the shape of
the channel need not be specified yet but it is assumed to vary continuously), and Fi,,
the ‘initial’ Froude number of the flow (the inflow Froude number proposed before any
adjustments are made to @ and Hr due to the onset of transcritical flow). The latter,
along with the condition that the ‘initial’ depth is given by d;, = 1.0, determine the
values of the variables chosen to be prescribed at inflow and outflow boundaries (and
also the initial conditions required by the numerical schemes described later). The
solid line in the figure indicates the transition between smooth flow, type A or D, and
transcritical flow, type B or C, the broken/dotted lines represent the transition from
discontinuous type B flow to smooth type C flow. Note that for supercritical ‘initial’
Froude numbers these three curves coincide.

When Fj, is subcritical the transition to transcritical flow is independent of the
type of boundary conditions applied but, particularly for the more severe channel
constrictions, it is noticeable that type 2 boundary conditions are far more likely
to sustain discontinuous flow. This difference in behaviour may well be due to the
inhomogeneous nature of the equations (2.1), and the consequence that the Riemann
invariants are not constant along characteristics. This suggests that type 1 boundary
conditions should be used, simply to facilitate comparison with experiment where
) and d are both measurable. The solutions depicted in Figure 2.3 confirm this.
Although there is little difference to be seen between the depth profiles when B, =
0.9, the more extreme case shows very little resemblance between the solutions. Even
though one would not expect an accurate prediction by the one-dimensional model
for such a narrow constriction, this does not contradict the suggestion that type 1

boundary conditions should be used.

2.1 A 1D numerical scheme

The equations (2.1) take the general form

where U is the vector of conservative variables, F is the conservative flux vector (which

varies with the channel breadth B independently of the conservative variables) and
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S represents the source terms.
A standard cell centre finite volume approximation is used for the flux terms in
(2.11) which, with forward Euler time-stepping, gives

e

F:, —F: = s: 2.12
Ao + (2.12)

—i+% =1 Ax =t )

At At

( -3)
in which F* represents a numerical flux evaluated at an interface between cells and
S* is a numerical source integral over the cell.

Roe’s scheme [13] is used here to discretise the flux derivatives, with a minor
modification, described in more detail in [7], which takes into account the dependence
of the flux on the channel breadth B(x). The flux difference across an interface
(which occurs due to the discontinuous nature of the underlying representation of the
solution) is split into independent components, giving

Nuw Ny
AFi.y = (AAU+Y) . = (;1 G +kzlmk> N (2.13)
— = it

where V = g—%AB. AF represents the jump in F across the edge of a grid cell,

oF

a0 the approximate flux Jacobian, \j are the

), are the right eigenvectors of A~
eigenvalues of A, and @y are the ‘strengths’ associated with each component of the
decomposition. Additionally, 7, are the coefficients of the decomposition of the extra
term E on to the eigenvectors of A and N,, = 2 is the number of equations in the

system (2.11). Throughout, * denotes the evaluation of a quantity at its Roe-average

state [13], defined specifically so that (2.13) is satisfied.
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In the case considered here, that of one-dimensional shallow water flows through

a channel of varying breadth, the decomposition is completely defined by

A(Bd) 1 A(Bd) 1

N - _AB _~AB o = _— — AB _~AB
a1 5 T 5z (A(Bdu) —aA(Bd)) , a 5 o7 (A(Bdu) — i A(Bd))
3 : 1 1
M =a+¢, M =u0—¢, )3 = ——AB, 5 = —&AB
4g 4g
1 1
Iy = , Iy = : (2.14)
u+c i—c

where ¢ = /gd is the local wave celerity, and
i = VBdu/vVBd and & = gvVBd/VB (2.15)

in which ~ is the arithmetic mean of the values on either side of the interface across
which the flux difference is being taken.
The numerical fluxes used in (2.12) are
1 1 (Y N, .
Fi.o= 3 (Ei% +Ez‘L+§) 3 <k§:1 g | Ar | + k;% Sgﬂ(/\k)fk> ; (2.16)

-1
z+2

which gives a high resolution MUSCL-type algorithm [16] when the superscripts -} and
L represent evaluation on, respectively, the right and left hand sides of the interface
indicated by the associated subscript; the Roe-averages * are now calculated from a
limited linear reconstruction of the solution. The reconstruction stage is carried out
here using the minmod limiter [15].

As described in detail in [7], the approximate source term integral associated with
an interface between cells can similarly be projected on to the eigenvectors of the flux
Jacobian, so that in its linearised form it becomes

[~ 8,y = (NZ kak) , (2.17)
@i 2 k=1 it+1
where (3, are the coefficients of the decomposition on to the eigenvectors of A. For

(2.1) this leads to

N 1 .
B = @*‘Ab = —fs. (2.18)

The numerical source term integral of (2.12) is approximated by

8 = (Suy +8.") -8(Uh, UMy, (2.19)

2
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in which the edge contributions are given by

- 1 (N -

S;i1 = §<Zﬁk(1—sgn()\k))£k> ;
k=1 i—l—%

5+ 1 - T\

5.7 = 3 (S A0rmt0n) (220
k=1 i—1

which are evaluated, like the flux differences, from the interface values which arise
from the limited linear reconstruction of the solution within each cell. The second
term in (2.19), S(, -), is simply the source term integral approximated over the mesh
cell and hence evaluated at the Roe-average of the left and right states of the linear

reconstruction of the solution within that cell. The standard CFL limit, given by

~ At
— <1 2.21
mkax()\k)Ax < ( )

is used to obtain a stable time-step for the scheme.

3 The two-dimensional model

In two dimensions, the shallow water equations in conservative form are given by

U+F,+G, =0, (3.1)
where
d du dv
U=1ldu |, E=/]|dil+39d |, G= duv : (3.2)
dv duv dv? + 3gd?

in which d is the depth of the flow, v and v are the x- and y-velocities of the flow
respectively, and ¢ is the acceleration due to gravity. The effects of the varying
breadth of the channel are applied solely by the shape of the domain over which these
equations are solved and the boundary conditions which are applied there, so unlike
the one-dimensional model these equations have no source terms. The boundary
condition applied at the solid walls of the channel simply enforces zero mass flux

through the wall (@ -7 = 0 where 4 is the flow velocity and 7 is a boundary normal).

13



3.1 A 2D numerical scheme

A multidimensional upwind fluctuation distribution scheme has been used here to
solve the equations (3.1) on unstructured triangular meshes. It is based on the method
developed by Mesaros and Roe for the solution of the Euler equations [11] and is
described in detail in [6].

The scheme is composed of two stages, a distribution step, described briefly later,

and a decomposition step, in which the flux balance,

o= [[vday =~ [[ (F.+G,) aray = § (F.G)-a7, (33

where 77 is an inward pointing normal to the boundary dA of the triangular cell, is
linearised and split into simpler components. The linearisation is constructed so that

the discrete flux balance can be written

® = —Sx (AU, +BU,)|, = ~Sa(A,B)- VU, (3.4)

N

where A = g—g and B = % are the flux Jacobian matrices and S is the area of the
triangular cell. This is carried out so that the system can be decomposed without

losing the conservative nature of the scheme. Here
Z = (du,v)" (3.5)

is chosen, and a small correction, in the form of a source term which can also be
distributed, is added for conservation [6]. For the purposes of simplicity, the notation =,
which once again represents a linearised quantity in (3.4), is implicit in each expression
from now on.

The decomposition is carried out by attempting to diagonalise a preconditioned
form of the original system of equations (3.1). The resulting flux balance takes the

form
Ny

Q= > ¢, (3.6)

k=1
a sum of N, much simpler components, or waves, each corresponding to a fluctuation

#* and which can be discretised individually in a straightforward manner. In (3.6) r*

0Q

EI in which P is the chosen preconditioning

are the columns of the matrix R = g—%P_l

matrix. @ is an intermediate set of (symmetrising) variables, given by

0Q = <\/gad, dq. qae>T , (3.7)
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where ¢ = v/u? + v? is the flow speed and 6 = tan™* (%) is the direction of the flow,
and introduced purely to simplify the algebra. The system is also transformed into
streamwise coordinates, ¢ and 7, which further simplifies the situation. W is the

vector of ‘characteristic’ variables the partially diagonalised system,
W, +Aw W, +BwW, = 0, (3.8)

in which Aw and By are the Jacobian matrices with respect to the variables W.
A fluctuation distribution scheme is applied to each of the components of (3.8) and
the corresponding distribution of the conservative flux balance is then recovered from
this via the transformation back to the original system (multiplication by R). Careful
choice of P gives an optimal decoupling of the system (3.8); complete in supercritical
flow, but unavoidably including a coupled 2 x 2 elliptic subsystem for subcritical flow.

The preconditioner of Mesaros and Roe [11] modifies straightforwardly to a form

which can be used with the shallow water equations [6], giving

eF? el
o Tl
= = ekF e
P = q B Bk +e 0 ) (39)
0 o ¢z
where F' = ¢/+/gd is the local Froude number of the flow,
g = |IF?=1] , k = max(F,1), (3.10)

and £ = ¢(F) is a function which satisfies £(0) = 1 and e(F) = 1 for F > 1 (giving

the correct behaviour in the preconditioned system at stagnation and continuity of

the optimal decomposition through the critical point), and is taken here to be

—F*+3F?+1  for 0 < F <1

e(F) = o (3.11)
1 for F>1.
Two different forms for the characteristic variables W are taken, depending on whether

the flow is supercritical or subcritical. These are given by, respectively,

\/4B0d + Fqo0 % pd
Wy = | \/580d—Fqd0 |, Wy = q00 . (3.12)
J40d+F g J40d+F g

15



and this choice gives a continuous representation through the critical point. In super-

critical flow this leads to characteristic Jacobians in (3.8) of the form

500 100
Ay =0 20|, Bw=|0210], (3.13)
0 0 1 000

the system is fully decoupled and each component can be treated as a scalar advection

equation. In subcritical flow

—f 0 0 0 0
Ay = 0 0|, By=1]100 (3.14)
0 0 ¢ 000

which contains a coupled 2 x 2 subsystem.

For the completely decoupled components the associated scalar fluctuation
¢ = —=Sa(X-VW), (3.15)

where X is the advection velocity for the wave, are distributed using an upwind fluc-
tuation distribution scheme. If explicit forward Euler time-stepping is used, this leads

to a nodal update of the form

ultt = ul +

> ale, (3.16)

S JEUA;

where S; is the area of the median dual cell for node i (one third of the total area of
the triangles with a vertex at 7), o is the distribution coefficient which indicates the
proportion of the fluctuation ¢; to be sent from cell j to node ¢ (not to be confused
with the wave strengths it represents in Section 2.1), and UA; represents the set of
cells adjacent to node 1.

Each wave in each triangle is considered individually. For a given wave, any
triangle with only one downstream vertex (a vertex for which X7 > 0, 77 being an
inward pointing normal to the opposite edge) sends the whole of its fluctuation to that
grid node. For a cell with two inflow sides (choosing here, without loss of generality,

vertices 1 and 2 to be the downstream nodes) considered in isolation, the N scheme

[4] contributions are
Slul — Slul — At kl(ul — U3)

16



SQUQ — SQUQ — At k‘g(Ug — U3)

SgUg — Sgu:g, (317)

where k; = %X -1 (7 is now scaled by the edge length). This scheme is positive and
therefore stable for a restriction on the time-step at a node i, given by

S
Yjeun, max(0, k7) ‘

At < (3.18)

A linearity preserving scheme (second order accurate at the steady state) is ob-

tained from the N scheme by replacing the overall contributions,

Uy = —ki(u —uy), o= —ko(uy —uy) , (3.19)

to the downstream nodes in the two-target case by ‘limited’ contributions,

Y = b — Ly, =)
Yy = Yo — L(Y2, —n) . (3.20)

L(z,y) can be any member of the family of symmetric limiter functions, although the
minmod limiter [15] is the only one for which the ‘limited” scheme remains positive.
The resulting method is the Positive Streamwise Invariant (PSI) scheme [4], used here
for the distribution of scalar fluctuations.

The elliptic subsystem, when it appears, is distributed using a Lax-Wendroff

scheme with 2 x 2 matrix distribution coefficients

| At
al = -1+ — (A, B 21

The overall scheme used to solve (3.1) takes the form

At
n+1 n 3..3
Ut = U+ o > (), od s + (P rt) (3.22)
IS OVAY
in subcritical flow, and contains one scalar component and one subsystem, with cor-

responding vector fluctuation ¢;. More simply,

At A
Ut = Ui+ X (Z(ag)’“ fz?) (3.23)
v k=1

7 EUAi

in the supercritical case.
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4 Numerical results

For the purposes of this comparison, each of the results presented is for a channel of
length 3 units which has a symmetric constriction of length 1 unit at its centre whose

breadth is given by

B(x) — 1 — (1 = Bp) cos?(m(x — 1.5))  for |z —1.5 < 0.5 m
1 otherwise ,

where By, is the minimum channel breadth and x is the distance into the channel (so
the throat is positioned at the midpoint of the constriction). In the two-dimensional
case the constriction has been chosen for simplicity to be represented by symmet-
ric indentations on either side of the channel (as illustrated in Figure 4.6). Whilst
alternative constrictions undoubtedly alter the flow in some way, their effect on the
qualitative comparison with one-dimensional results is not significant.

Each of the one-dimensional numerical solutions is obtained on a uniform 76 node
grid, giving comparable resolution to the two-dimensional grids used, each of which
has been constructed using a simple advancing front technique (see for example [12])
with an underlying mesh spacing parameter of 0.04. The initial conditions for each
numerical experiment (in which the steady state solution is achieved by approximat-
ing the evolution of the time-dependent shallow water equations (2.1) with steady
boundary conditions and converging to the steady state from the initial conditions as
t — o0) were d = 1.0 and F' = F},,, with v = 0.0 in two dimensions.

Figure 4.1 shows how well the one-dimensional numerical results agree with the
theory (as illustrated in Figure 2.1) in terms of the parameter values (B, and F,)
at which transition occurs between the different types of steady solution obtained.
Different symbols have been used to indicate the types of solution (A-D) predicted by
the numerical scheme. Regions of the graph have been left empty, but the solution
type is implied by the symbol on the boundary of the region. It is interesting to
note that with many commonly used approximations to the source terms, such as a
simple pointwise evaluation, the agreement with theory is less close. In some cases
they can predict unphysical phenomena, such as a continuous steady state which is
supercritical at both inflow and outflow but has a subcritical region around the throat

of the channel.

18



1.0

1.0
0.8 ' 0.8 S
< [ !
3 * H *
o i o i
20,6 ek S 0.6 Ak
[] ) [0] /
c ! £ |
g sk g A ik
= H < h
5 ; 5 |
5047 .* E 0.4 %
E j £ 3
£ g £ e
" = |
= ) + :
0.2k ¥ 0.2—{H=nns
! X D §
T e %
0.0+ 11— ———— 0.0 — T \ |

T 1
00 05 10 15 20 25 30 35 4

‘Initial” Froude number

.0 45 50

‘Initial’ Froude number

Figure 4.1: Types of one-dimensional numerical solution to constricted channel flow

test cases with boundary conditions of type 1 (left) and type 2 (right).

The corresponding two-dimensional numerical results are shown in Figure 4.2. In
this case, type 1 boundary conditions correspond to specifying du and setting v = 0
at subcritical inflow and d at subcritical outflow; type 2 boundary conditions being
where RT = u+2y/gd and v = 0 are specified at subcritical inflow and R~ = u—2/¢d
is given at subcritical outflow (where it has been assumed that these boundaries are
parallel to the y-axis). It is immediately clear that the multidimensional nature of the
geometry has a significant effect on the solution, the differences occurring whenever
the two-dimensional flow is not smooth. This includes every steady state which has
some supercritical component (cf. Figure 4.6). As expected, the more narrow the
constriction the greater the effect, but even the smallest indentation allows a steady
state solution which is supercritical at both inflow and outflow but has a subcritical
pocket within the constriction.

Including the two-dimensional results shows that now five different types of solu-

tion may occur:
a) Smooth and purely subcritical.

b) Subcritical at inflow and outflow, critical at the channel throat, with a steady

discontinuity in the diverging region of the channel.

¢) Smooth (apart from the oblique downstream jumps in two dimensions), subcrit-

ical at inflow, critical at the throat, and supercritical at outflow.

d) Smooth in one dimension, supercritical at inflow and outflow, with oblique
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Figure 4.2: Types of two-dimensional numerical solution to constricted channel flow

test cases with boundary conditions of type 1 (left) and type 2 (right).

jumps and a subcritical region in the constriction for two-dimensional flow.
e) Smooth in one dimension and purely supercritical in every case.

This corresponds to the one-dimensional situation, with the addition that case D of
Section 2 has now split into two cases, d) and e).

Interestingly, the type of solution generated in two dimensions no longer depends to
any great extent on the type of boundary condition which has been employed. (There
is only one difference between the two graphs of the numerical results in Figure 4.2,
at Bumin = 0.2, Fi, = 0.7.) This close resemblance seems to be due to the fact that,
unlike the one-dimensional system, the two-dimensional equations are homogeneous.
Quantitatively though, there is still a considerable difference between the correspond-
ing steady state solutions, particularly in the more extreme cases. This is illustrated
in Figure 4.3 in which analytical and numerical solutions to the one-dimensional equa-
tions are compared with breadth-averaged numerical solution values obtained in two
dimensions. The depth contours shown in Figure 4.4 for type 2 boundary conditions
illustrate the two-dimensional nature of the highly curved hydraulic jump in this case.

It is also clear in this case that the essentially one-dimensional nature of the down-
stream boundary condition (a single value of R~ is imposed over the whole length of
the outflow boundary) is inadequate here; the downstream boundary is too close and
the combination of subcritical flow and genuinely two-dimensional variations in the
solution here contaminates the approximation within the domain and hinders conver-

gence to the steady state (since one doesn’t exist for the imposed boundary condition).
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Figure 4.3: Comparison of depth for B, = 0.4 and F}, = 0.5 with boundary condi-
tions of type 1 (left) and type 2 (right).

Figure 4.4: Depth contours for By, = 0.4 and F}, = 0.5.

In this simple case the problem is alleviated by moving the outflow boundary further
downstream, but only at significant computational expense. For type 1 boundary
conditions there is also a noticeable difference at inflow between the one- and two-
dimensional solutions, for similar reasons and with the same remedy. The advantages
of using type 1 boundary conditions are retained from one dimension, but there is
a stronger argument for using type 2 boundary conditions in two dimensions since
they are considerably more robust when the transverse variation of the solution is not
accounted for at the boundary.

Figure 4.5 shows an example of each of the five different types of solution obtained
for a less extreme channel geometry using type 1 boundary conditions. The corre-
sponding contour plots of depth for the two-dimensional solutions are shown in Figure
4.6 (subcritical regions have been shaded to distinguish them). The same cases are

shown in Figure 4.7, this time using a standard MUSCL-type cell centre finite volume
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Figure 4.6: Depth contours for By, = 0.9 with initial Froude numbers F}, of a) 0.5,

b) 0.67, ¢) 1.2, d) 1.7 and e) 2.0 (multidimensional upwind scheme).
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Figure 4.7: Depth contours for By, = 0.9 with initial Froude numbers F}, of a) 0.5,
b) 0.67, ¢) 1.2, d) 1.7 and e) 2.0 (MUSCL-type finite volume scheme).
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Figure 4.10: Depth contours for the quadruple constriction test case with B, = 0.9
and Fi, = 1.9.

25



scheme for unstructured triangular meshes. The scheme used is the LCD scheme of
Liu [9] and the results are generally very similar, although they exhibit more numer-
ical diffusion, illustrated by the slight asymmetry in the subcritical test case and all
discontinuities being captured slightly less sharply. The only significant difference is
in the second, transcritical, case (Fi, = 0.67) where the extra diffusion has caused
the hydraulic jump to almost disappear: here the multidimensional upwind scheme
shows its advantage.

In order to illustrate the conservative nature of the numerical schemes, profiles of
discharge () along the channel are plotted in Figure 4.8. Except for some small pertur-
bations close to discontinuities the numerical schemes maintain the correct constant
value of @) throughout the channel in each case.

The discrepancies which can be seen in Figure 4.5 between the one-dimensional
exact and numerical results (which are in close agreement) and the two-dimensional
breadth-averaged results at the higher Froude numbers can be clearly related to the
appearance of oblique discontinuities (undular jumps), genuinely multidimensional
features of the solution which are triggered by the constriction when the flow becomes
supercritical at outflow. Note that once the flows become completely supercritical the
agreement between the one- and two-dimensional results gradually improves as the
flow speed increases because the jumps become parallel to the flow direction. The
influence of the oblique discontinuities on supercritical flow is illustrated even more
dramatically in Figures 4.9 and 4.10, which depict the depth of the flow for a channel
with a quadruple symmetric constriction with By, = 0.9 and Fj, = 1.9. The one-
dimensional model predicts smooth supercritical flow throughout, but the comparison
with two dimensions becomes progressively worse as the jumps interact with each

other.

5 Conclusions

In this work a comparison has been made between one- and two-dimensional models
of steady state shallow water flow through an open channel of varying breadth using
numerical methods developed recently for the solution of the shallow water equations

[6, 7]. It has been shown that the numerical and analytical solutions to the one-
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dimensional model agree closely, provided that an appropriate discretisation of the
source terms is employed.

When the flow is completely smooth and subcritical these solutions also prove to
be an accurate prediction of the breadth-averaged two-dimensional flow. For small
constrictions (B, < 1) the agreement remains good even when the one-dimensional
model predicts a discontinuous flow, because the transverse acceleration in the flow
is negligible and consequently the two-dimensional solution remains essentially one-
dimensional. As the constriction narrows, however, steady hydraulic jumps become
more curved and the one-dimensional model less accurate. When the flow downstream
of the constriction is supercritical, the undular jumps which are propagated from the
constriction in the two-dimensional case cannot be predicted by the one-dimensional
equations and the accuracy of the simpler model is poor, even for channels with
relatively small indentations which should satisfy the assumptions under which the
one-dimensional model is derived. The agreement does however become closer again
as the speed of the flow increases and these discontinuities become aligned with the
channel.

Two commonly used forms of boundary condition have been compared, and it has
been shown that when the flow is transcritical they can give widely differing solutions
for given geometries and initial flow parameters. In one dimension specifying discharge
at inflow and depth at outflow seems appropriate, since both their values can be
determined simply from experiment. In two dimensions however, when the equations
are homogeneous, specifying Riemann invariants proves to be more robust. In both
cases though, the inadequacy of applying a condition along a boundary uniformly
when the flow is subcritical is highlighted, unless the boundary is positioned far

enough away from the obstacle.
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