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A number of new layer methods for solving the Dirichlet problem for semilinear parabolic
equations are constructed by using probabilistic representations of their solutions. The
methods exploit the ideas of weak sense numerical integration of stochastic differential
equations in a bounded domain. Despite their probabilistic nature these methods are
nevertheless deterministic. Some convergence theorems are proved. Numerical tests are
presented.
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1. Introduction

Numerical analysis of nonlinear partial differential equations (nonlinear PDEs) is generally
based on deterministic approaches (see, for example, Strikwerda, 1989; Vreugdenhil &
Koren, 1993; Quarteroni & Valli, 1994 and Samarskii, 1977). A probabilistic approach to
constructing new layer methods for solving nonlinear PDEs of parabolic type is proposed
in Milstein (1997) (see also Milstein & Tretyakov, 2000). It is based on making use of the
well known probabilistic representations of solutions to linear parabolic equations (see,
for example, Dynkin, 1965 and Freidlin, 1985) and the ideas of weak sense numerical
integration of stochastic differential equations (SDEs) (Milstein, 1995a; Kloeden & Platen,
1992; Pardoux & Talay, 1985). Despite their probabilistic nature these methods are
nevertheless deterministic. The probabilistic approach takes into account a coefficient
dependence on the space variables and a relationship between diffusion and advection
in an intrinsic manner. In particular, the layer methods allow us to avoid difficulties
stemming from essentially changing coefficients and strong advection. Other probabilistic
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applications to numerically solving nonlinear PDEs are available, for example, in Kushner
(1977) and Talay & Tubaro (1996).

The papers of Milstein (1997) and Milstein & Tretyakov (2000) are devoted to layer
methods for the nonlinear Cauchy problem. The aim of this paper is to develop such
methods for nonlinear problems with Dirichlet boundary conditions. Some probability
methods for solving boundary value problems for linear parabolic equations are proposed
in Milstein (1995b,c, 1996) and Milstein & Tretyakov (2001).

Let G be a bounded domain in Rd, 0 = [t,T) x G be a cylinder in RItl T =
0\ Q. The set I' is a part of the boundary of the cylinder Q consisting of the upper base
and the lateral surface.

Consider the Dirichlet problem for the semilinear parabolic equation

L , Ut x,u) Ou +ibi(t )au +g(t,x,u) =0, (t,x) € Q
— 4+ = a’(t, x, u) —— SX,U)— cx,u) =0, (¢, x ,
o 24 oxiax] | L oxi 8
(1.1)
u(t, x)|r = ¢, x). (1.2)

The form of (1.1) is relevant to a probabilistic approach, i.e. the equation is considered
under + < T, and the ‘initial’ conditions are prescribed at + = T. Using the well known
probabilistic representation of the solution to (1.1), (1.2) (see Dynkin (1965) and Freidlin
(1985)), we get

u(t, x) = E(p(t, X; x(1)) + Z1 x,0(7)). (1.3)

In (1.3) X;.x(s), Zix.;(s), (t,x) € Q, s > t, is the solution of the Cauchy problem
for the Ito system of stochastic differential equations

dX =b(s, X, u(s, X))ds +o(s, X, u(s, X))dw(s), X(@) = x,

dZ = g(s, X, u(s, X))ds, Z(t) =z, (1.4)
where w(s) = (wi(s),..., wd(s))T is a standard Wiener process, b(s,x,u) =
(bl(s, x,u),..., bd(s, X, u))—r is a column vector, the matrix 0 = o (s, x, u) is obtained
from the equation

oo =a, o ={oY(s,x,u)}, a={a"(s, x,uw)},

and T = 17 is the first exit time of the trajectory (s, X; x(s)) from the domain Q.

If (1.1) is linear, the system (1.4) does not contain the unknown function u(s, x) and
therefore one can use weak approximation schemes for solving (1.4) with the Monte Carlo
realization of representation (1.3). The representation involves the point (7, X; x(7)). To
get a sufficiently effective approximation of this point is rather a hard problem. Some
constructive schemes solving this problem in the case of linear parabolic equations are
presented in Milstein (1995b,c). The procedures of Milstein (1995b,c) together with the
Monte Carlo approach allow us to find a value u(f, x) at a single point even when the
domain G has high dimension.

Of course, the nonlinear case is much more complicated. But we aim to construct
layer methods and due to this fact it becomes possible to use a one-step (local) version
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of the representation (1.3) (see (2.3) below). We will introduce a time discretization, for
definiteness the equidistant one:
T —1

T=ty>tny_| > >0, h:= .
N N 0 N

The methods proposed here give an approximation u(f;,x) of the solution
u(ty,x), k = N,...,0,x € G, ie. step by step everywhere in the domain G. This is
feasible if the dimension of the domain G is comparatively small (d < 3). To construct
the layer methods, we exploit the ideas of weak sense numerical integration of SDE in a
bounded domain and obtain some approximate relations on the basis of (2.3), (1.4). The
relations allow us to express u(tx, x), k = N—1, ..., 0, recurrently in terms of & (fx41, X).
Despite their probabilistic nature these methods turn out to be deterministic as in Milstein
(1997) and Milstein & Tretyakov (2000).

In Section 2, we derive a layer method for nonlinear parabolic equations relying on
the numerical integration of ordinary SDEs. In Section 3, we prove a convergence theorem
for this method using deterministic-type arguments. We propose a second layer method
in Section 4. A convergence theorem for it is proved by probabilistic-type arguments. To
realize layer methods in practice, we need a discretization in the variable x with some kind
of interpolation at every step to turn an applied method into an algorithm. Such numerical
algorithms are constructed in Section 5. A majority of ideas can be demonstrated ford = 1,
and we restrict ourselves to this case in Sections 2-5. The case d > 2 is briefly discussed
in Section 6. Numerical tests are presented in the last section.

2. Construction of a layer method with one-step error O (h?)

The boundary value problem (1.1), (1.2) in the one-dimensional case has the following
form:

du 1 9 9
T S0t x Wy A b ) g =0, () €0, Q1)
dx? dx

ar 2
u(t,x)|r =, x). 2.2)

In this case Q is the partly open rectangle: QO = [tp, T) X (&, B), and I consists of
the upper base {T'} x [«, B8] and two vertical intervals: [fg, T) x {«} and [#g, T') x {8}. We
assume that o (¢, x, u) > o, > O for (¢, x) € @, —00 < U < 00.

Letu = u(¢, x) be the solution to problem (2.1), (2.2), which is supposed to exist, to be
unique, and to be sufficiently smooth. One can find many theoretical results on this topic
in Ladyzhenskaya (1988); Smoller (1983); Samarskii et al. (1995); Grindrod (1996) and
Taylor (1996) (see also references therein).

Analogously to (1.3), we have

M(lk, x) = E(M(l?[k’x, th,x (ﬁtk,x)) + Ztk,x,o(ﬁtk,x))v (23)

where ¥, , = ¥y x(tkg1) = Ty x A tky1, and X, Z satisfy system (1.4).
Let us suppose for a while that it is possible to extend the coefficients of (2.1) so that
the new equation has a solution u(z, x) on [#p, T') x R which is an extension of the solution
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to the boundary value problem (2.1), (2.2). Then, instead of (2.3), we obtain (we suppose
the layer u(#x+1, x) to be known)

u(te, x) = E@teq1, Xo x (1)) + Zy x,0(t11))- 24

Applying the explicit weak Euler scheme with the simplest simulation of noise to
system (1.4), we get

Xop 2 (1) = X + b(t, x, u(ty, ) + 0 (e, x, u(ty, x))VhE, (2.5)
Ztk,x,o(tk+1) = g(tkv X, M(tk, x))hs (26)

where the & is distributed by the law: P(§ = +1) = %
Using (2.4), we get to within O (h?):

u(te, x) = E@trrr, X x (k1) + Zig x0(k41))
= Ju(tis1, x + b(te, x, ulte, x))h — o (tx, x, u(te, x))'h)
+Lu(test, x + blte, x, ute, )b + o (1, x, u(te, x)vV'h) + gt x, u(te, x))h- (2.7)
Now we can obtain an implicit relation for an approximation of u (#, x). Applying the

method of simple iteration to the implicit relation and taking u(#;41, x) as a null iteration,
we get the following explicit one-step approximation v(#, x) of u(#, x):

v(ty, x) = %u(tk+1,x+bk -h — oy «/E) + %u(tk+1,x+bk -h + oy \/E) ~+ gk - h,
(2.8)

where by, oy, gr are the coefficients b(¢, x,u), o(t,x,u), g(t,x,u) calculated at the
point (#, x, u(tx+1, X)).

But in reality we know the layer u(#;41, x) for @ < x < B only. At the same time the
argument x~+byh—o~/h for x close to « is less than « and the argument x+bph+op/h for
x close to § is more than . Thus, we need to extend the layer u (41, x) in a constructive
manner.

Using the explicit weak Euler scheme for the initial point (¢, &) with 7 <t < tr41, wWe
put (cf. (2.5), (2.6))

Xt,o{(tk-‘rl) =x+ b(ta o, M(t, a)) : (tk-‘rl - t) + G(ta o, M([, a)) Y tk-‘rl —1- ga
Zia0(tir1) = g(t, o, u(t, @) - (tr1 — 1). (2.9)
Analogously, we define )_([‘ﬁ(tk_;,.]), Z,,ﬁ,o(tkH).
We have (see (2.7) and (2.9)) for #; <t < tgy1
u(t, o) = E@u(tir1, Xra(tk41) + Zia,0(tet1))
= qu(firr, @ + bt ey ult, @) - (tr — 1) = o (1, & u(t, @) - /ikr1 —1)

+3u(tepr, o+ b(t, o, u(t, @) - (k1 — 1) + o (t, o, u(t, @) - /tep1 — 1)
+g(tv o, M(t, a)) ° (tk-i-] - t) (210)
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If we replace (remember, u (¢, o) = ¢(¢, o) due to (2.2)) the argument (¢, o, u(t, o)) =
(t,a, o(t,a)) by (t, o, ¢(tx+1, ), the right-hand side of (2.10) is changed by a quantity
of order O(hz). Since the approximation in (2.10) is also O(hz), we get

Tu(tist, o + bt o, @t @)+ (trgt — 1) — 0 (e, &, @(te1, @) - /i1 — 1)
= o(t, &) — Ju(tesr, @ + bt o, @(trr1, @) - (fg1 — 1)
+0 (tk, o, p(tis1, @) - /Tky1 — 1)

—g(tk, &, (k1. @) - (trp1 — 1) + O(h?). (2.11)

Introduce
a0 = o + b(ty, o, p(tkg1, @) - h — o (1, &, @(tis1, @) - V.

Clearly og < o and ovp < o + b(tk, o, @(tx+1, @)) - (tg+1 — 1) — 0 (t, o, @(tpt1, ) -
Vr1 —t < a for ty <t < fr4+1 under a sufficiently small 4.
Analogously

Tu(tisr, B+ bk, B, @(tis1, B)) - kgt — 1) + 0 (tk, B, @(tkg1. B)) - /tkp1 — 1)
=o(t, B) — 3u(tis1, B+ bt B, @(tks1. B)) - (trst — 1)
—0 (t, B @(tes1, B)) - /a1 — 1)
—g(te. B, @tes1. B)) - (tes1 — 1) + O(h?), (2.12)
Bo =B+ bt B, ¢(ter1, B) - h + o (tx, B ¢(tit1. B)) - Vh.

The relations (2.11), (2.12) give the desired extension of the function u(f;41, x) on the
interval [«, Bol-

Let us return to (2.8) now. The arguments x + by - h — oy - Jhandx + by -h+oy -
are monotone increasing functions in x € [«, 8] for a sufficiently small 4. Their values
belong to [, Bol, and x + by - h + oy - Vs always (for x € [«, ]) more than o while
X + by - h — o - +/h is less than B.Letx +by-h— oy - Jh < a (clearly it is possible for
x close to «). Due to the above, there exists a unique root y;(x), 0 < px(x) < 1, of the
quadratic equation

a+ by, o, o(tet1, @) - vkh — o (te, o, 9(tky1, @) -/ vich
=x+bg-h—or-Vh. (2.13)

Analogously, if x + by - h + oy - Vh > B, then there exists a unique root §x(x), 0 <
3k (x) < 1, of the quadratic equation

B+ b, B, (tir1, B)) - Skh + o (tk, B, (tes1, B)) - /Oikh
=x+bg-h+or-vVh. (2.14)

If, for instance, x + by - h — o} - v/h < «, then one can replace the value u(fx4+1, x +
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— O - \/ﬁ)/2 in (2.8) by the value due to (2.13) and (2.11):
ju(tk_H, xX+bg-h—op- \/E)
1
su(tigt, o + bt o, @(tky1, @) - yh — o (1, o, @(trg1, @) -/ vich)
(tkg1s a4+ b, o, @ty 1, @) - Yih + 0 (1, &, @ty 1, @)y vih)

bi - h

~ (p(tk+1—yk, a) — 53U
_g(t/ﬁ o, go(tk-‘rls a)) . )/kh,

where t; 11—y, =t + (1 — ) - h.
As aresult, we obtain the following one-step approximation v(#, x) for u(#, x)

v(ty, x) = 2 (tk+1 xX+bp-h—op- «/ﬁ) + %u(lkﬂ,x + by -h+ oy - \/E) (2.15)

+8k - h, if x + by -h Loy - Vh € [, Bl;
V(th, X) = @(lkt1—y» @) — (k> o, @(tit1, @) - Yih
(trg1. a4+ b, o, 9ty 1, @) - vih + 0 (1, @, @(tr11, @) - V/Vih)

+%u(tk+1 X +by-h+oy-h)+ gk - h, ifx+by-h—op-vh <a;
U(tk,x) - 2 (tk+17x +bk — Ok - \/ﬁ) +¢(tk+l—5ka /3) - g(t/ﬁ 133 (p(tk-‘rlv ﬂ)) . 8](]’1
Lu(tisr, B+ b, B, @(tis1, B)) - Skch — o (te, B, 9(tks1, B)) - V/Skh)

+gi - h, ifx+by-h+or-vh>pB k=N—-1,...,1,0,

where (let us recall) b, ok, gr are the coefficients b(¢, x,u), o(t,x,u), g, x,u)
calculated at the point (i, x, u(tx+1, x)) and yi, 8 are the corresponding roots of (2.13)

and (2.14).
Thus the layer method acquires the form

u(tn, x) = ¢(tn, x), x € [a, B],
Yit(tes1, x + b - h — ok - Nh) + Yii(tisr, x + b - h + 6x - Vh)
+&k - h, if x + b - h £ 61 - vVh € [a, Bl;

u(ti, x) = @(te1-7, @) — 8k, &, (fk41, @) - Yih
itk 1, 0 + bk, o, (k1. @) - Yich + 0 (1, o, @(fg1, @) - \/VT)
ifx+by-h —ak-«/ﬁ<a;

(2.16)

u(t, x) =

tk+1 X+ b h+ 8- Vh) + g - b,

1=
2
(

— 61 Vh) + 9150 B) — 8k, B. (i1, B)) - Sih

%
x) = Jit(tpg1, x + by -
— il <Ik+1 B+ b(tr, B, (tes1, B)) - Skh — o (tx, B, @(tks1, B)) -/ &k )

u(t,

ifx+l;k'h+5k'\/l_z>,3;
k=N-1,...,1,0,

+8k - h,

where Bk, Ok, 8k are the co_efﬁcients b(t,x,u),o(t,x,u), g(t, x,u) calculated at the point
(tr, x, u(tx+1, x)) and %, & are the corresponding roots of (2.13) and (2.14) with the right

sidesx + by -h— &y -hand x + by - h + &¢ - V.
The method (2.16) is an explicit layer method for solving the Dirichlet problem (2.1),

(2.2). This method is deterministic, even though it is constructed by a probabilistic
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approach. The method is of the first order of convergence with respect to h (see
Theorem 3.1).

REMARK 2.1 Let us briefly discuss some differences between the layer methods obtained
here and the well known finite-difference methods (see a more detailed discussion in
Milstein (1997)). Finite-difference methods also allow us to express an approximate
solution on the layer + = f; recurrently in terms of the solution on the layer t = f341.
For their construction, both the time step A¢ and the space step Ax are used. Moreover,
the knots of the layer r = #;1 used to evaluate u(f, x ;) are definitely prescribed. In our
methods we use the time step 4 only, and the points from the layer ¢+ = #;11 to evaluate
u(ty, x) arise automatically. A location of these points depends on the coefficients of the
problem considered and on the weak scheme chosen. As a result, the probabilistic approach
takes into account a coefficient dependence on the space variables and a relationship
between diffusion and advection in an intrinsic manner. In particular, the layer methods
allow us to avoid difficulties stemming from essentially changing coefficients and strong
advection. We should also note that the probabilistic approach gives a natural way to derive
many new methods.

3. Convergence theorem

We shall make the following assumptions.
(i) There exists a unique solution u (¢, x) to problem (2.1), (2.2) such that

o < uy <u(t,x) <u* <u®, t9p<t<T, x €la, B, 3.1
where uo, u,, u*, u° are some constants, and there exist uniformly bounded derivatives:
8i+ju
atiox/

<K,i=0,j=1234i=1 j=012i=2 j=0;

o<t <T, x€la,pl (3.2)

(i) The coefficients b(t, x,u), o(t,x,u), g(t,x,u) and their first and second
derivatives in x and u are uniformly bounded:

ai-i-jb ai+jo. ai+jg
— , | —— , — <K, 0<i+j<2,
ox'ou’ ox'ou’l ox'ou’
to<t<T, xela,Bl, uo<u <u’. (3.3)

Below we use the letters K and C without any index for various constants which do
not depend on 4, k, x.
First of all let us evaluate the one-step error p (#, x) of method (2.16).

LEMMA 3.1 Under assumptions (i) and (ii), the one-step error p(f, x) of method (2.16)
has the second order of smallness with respect to £, i.e.

lp(tk, )| = [v(te, X) — ute, x)| < Ch?,

where v(#, x) is defined by (2.16), C does not depend on 4, k, x.
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Proof. If both points x + by - h & oy - Vi belong to [«, B], the statement of this lemma
follows directly from Lemma 4.1 of Milstein (1997).

Let us consider the case when the point x + by - h — oy, - /I < a. Introduce the notation
by, 04, g for the coefficients b, o, g calculated at the point (#, o, @ (tx+1, ®)). We get
from (2.13) that

o —x = bih — o Nh — byyih + ooV Yih = (aa\/y_—ak)\/Z—i— O(h) = 0(Vh).

(3.4
Expand the terms of (2.16) at the point (#, x):
du
O(tktr1-y o) =ulty + (L —y)h, x + (@ —x)) =u + vl (I = yh
L S i R R
— - (a—x — (1 = o—x
ox drox Yk
+1 92u ( )2 " 193u ( )3 4 O(hz) (3.5)
—— (@ —x ——(x—x .
2 9x2 6 9x3 ’
u(tk+1, o + by yrh + om/)/kh) = u(tk +h,x+ (Ol —x + byyrh + am/ykh))
ou ou 9%u
=u+—h+ —- (a —Xx + byyrh ~|—am/ykh) + — (a —X —}—om/ykh)h
at 0x dtox
19%u 2
+§ﬁ . ((Ol — X + 0g/ th) +2(a — x + oy th)baykh)
13%u
e l@—xt ou/vih)’ + 02, (3.6)
and
ou ou 92u
fey1, X + brh h) =u+ —h+ — - (bch h) + —— - oxh’?
ultksr x o+ bk ox/h) = ut o+ o0 (e + o) + g o
18%u 3 133u
/2 373/2 2

Here the function u and its derivatives are calculated at the point (¢, x).
Substituting (3.5)—(3.7) in the corresponding expression for v(#, x) of (2.16) and
using (3.4), we obtain

(e, %) L ) 3u+0k2 82u+b 8u+ +8u (bx — bo)yih
v(tg,x) =u — N+ 77— - oo -
k Yk ar 2 9.2 e 8k ax Ok o) Vk
0%u A 3/2 0%u Sl 2 2 _ 3/2
RaEyr (0% — oa/vi)vih™* + ) (3 (05 = a)vih + bo(0k — 0V VER?)
3u
353 0 0k — T 4 (g1 = )i+ O(). (3.8)
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Due to assumptions (i) and (ii) and relation (3.4), we get

do
0o = 0 (tg, &, u(tp+1, @) = o (I, x, u(f, x)) + e (@ —x)

do
+£ (utir, @) — ulty, x)) + O(h)

Jo do 0
=0+ == (ouyvi —o)Vi + 3—3—” (0u/7E — o)A+ O(h)

—o+t (8_6 3_"3_”> (7 — )W+ 0(h),

0x + ou dx

b ob 0
”) o (V7 — )V + O,

by = b(tk, o, u(ti1, ) = b+ (3 + 8_3_

0 |, % 8”) <o (7 — )Wh + O (),

= g(tx, teal, =
8o = gk, o, u(tyy1, @) = 8+<ax 99

by = b(ty, x, u(tyy1,x)) =b+ O(h), ox =0 + O(h), gk =g+ O(h), (3.9

where b, o, g (without any indices) and their derivatives are calculated at the point

(T, x, u(ty, x)).
Using (3.9), we obtain from (3.8):

(fe. 3) = (e 1) + h(1 — yp) - | 2 AN
v(tg, x) = u(ty, x )| —+—=——+b—
k k YOl T a2 T T8
92u o2 33%u do 9o du\ 9%u 92u
K32 1—J) | — + ——— A= =2 ) =
o ( 7 s T2 a0 T ar T oo ) e

b dbdu\ou dg dgd
<— ") ”+—g+—g—”}+0(h2)

ox Tauwox)ax Tox T aud
= u(ty, x) + [ h(1 — y) + 1> 0(1—¢—)i 8—“+U Pu +b—+ + O(h).
= u(t, Yk Yk o llar T 7 a2 g
(3.10)

Taking into account that u(f,x) is the solution to problem (2.1), (2.2),
relation (3.10) implies

vk, x) = u(ty, x) + O(h?).

The case x + by - h + 0} - v/h > B can be considered analogously.

Let us prove the following theorem on global convergence.

THEOREM 3.1 Under assumptions (i) and (ii), the method (2-16) has the first order of

convergence with respect to / i.e.

where K does not depend on 4, k, x.



896 G.N. MILSTEIN AND M.V. TRETYAKOV

Proof. Denote the error of method (2.16) on the kth layer ((N — k)th step) as
R(ty, x) :== u(ty, x) — u(ty, x). (3.11)
If x + by - h & 63 - VA € [, B, we have (see (2.16) and (3.11)):

u(te, x) + R(tg, x) = Su(tesr, x + bx - h — & - Vh) + SR(tksr, x + by - h — 61 - Vh)
+%u(tk+1,x +Ek -h 4o - «/E) + %R(I;H_l,x +l;k -h+ oy - \/ﬁ) +gr-h. (3.12)

Expanding the functions u(f;4+1, x + by -h+5y - V) at the point (#, x), we get
ou - _ ou
(tk+1,x+bk h+op- «/E) =u(ty, x) + 5h+ (bk'hzl:ak-\/ﬁ)a—x
92u

52 2 2 =3 03
0“u 0“u o) 0°u
o} 32 3/2 k 3/2 2
~ —h4b h' + 0 httE =——h oh?), 3.13
+ 2 9x2 ) 9x2 “otax 6 9x3 + 007 (3.13)

where the derivatives are calculated at the point (¢, x).

Here we have to assume for a while that the value u(#;41, x) + R(tx+1, x) remains in
the interval (uo, u°) for a sufficiently small / (see condition (ii)). Clearly, R(ty, x) = O,
and below we prove recurrently that R(#, x) is sufficiently small for a sufficiently small 4.
Thereupon, thanks to (3.1) this assumption will be justified for such #.

Due to assumptions (i) and (ii) and notation (3.11), we obtain

b = b(ty, x, il(trt1, x)) = b(ty, x, u(tes1, X) + R(teq1, X))
= b(t, x, u(tgy1,x)) + Ab = b(tk, x,u(ty, x)) + Ab + O(h),
or = 0 (1, %, u(t, x)) + Ao + O(h), 67 = o> (1, x, u(tx, x)) + Ac® + O(h),
gr =g, x,u(ty, x)) + Ag + O(h), (3.14)

where
|Ab, |Ac|, |Ac?|, |Agl < K - |R(tig1, X)I.

Substituting (3.13) in (3.12) and taking into account (3.14), we come to the relation

ou u o d%u 5
u(ti, X) + R(tg, x) = u(t, x) + h - tb—+ 55 +¢)+rx)+ 007
A Tax 2 ox
+3R(tey1, x +bi - h — G- V) + AR (1, X + by - b+ 55 - V), (3.15)

where the derivatives are calculated at (%, x), b, o, g are calculated at (¢, x, u(f, x)), and
|r(tie, x)| < Kh|R(tg1, x)].
Since u(¢, x) is the solution to (2.1), (2.2), the relation (3.15) implies

R(ty, x) = (tk+1,x +by-h—o - \/E) + %R(l‘k.,_l,x +bi-h+6- «/E)
+r(te, x) + O(h?). (3.16)
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For x such that x 4+ by - h — &y - v/h < a, we get (see (3.11) and (2.16))
u(te, x) + R(tg, x) = u(ti, x) = @(leg1-3, &)
—du(tisr, o + baVih + 0av/Vih) + Su(tesr, x + by - h + &5 - v/h)
—1R(tks1. @ + baih + 04/ Tkh) + SR (tis1, x + b - h + 61 - Vh)
_g(tka a, M(tk+], C()) : ?kh + gk : hv (317)

where by, 04, g, are the corresponding coefficients calculated at (., &, @ (fx+1, @)).
In accordance with (2.16) and (2.13), we have (cf. (3.4))

a — x = bih — &Vl — baich + 04/ Tih = (0uy/Tk — 6x)Vh + O(h) = O(Vh).

Recall that y% is a root of (2.13) with the right side x + brh — Gi/h.

Now we expand the first three terms in the right side of (3.17) in powers of & at the
point (%, x) as was done in the proof of Lemma 3.1 (see (3.5)—(3.8)). The obtained new
relation contains by, Gy, 8k, Yk (instead of by, ok, gk, vk in (3.8)) and by, 0y, gy We present
by, &k, 8k due to (3.14) and by, 0y, g4 due to (3.9). As a result, we get (cf. (3.10))

u(te, x) + R, x) = u(ty, x)

d du o029 ou
hd =)+ pe(1 = Vi) — )| — + —— +b—
+<( 70+ 1o y)3x>|:8t+ 22  Uax T8
+r1(te, X) + O(h*) — SR (tis1, o + baTih + 0a/Vih) + AR(tki1, x + by - b + &y - Vh),

where the derivatives of u are calculated at the point (f, x), the coefficients b, o, g and
their derivatives are calculated at the point (#, x, u (%, x)), and

|71 (e, )| < Kh|R (1, X))
Since u(¢, x) is the solution to (2.1), (2.2), finally we arrive at

R(tx, x) = =3 R(tis1, o + baTih + 0ar/7ich)
+1R(tkg1, x + by - b+ & - V) + 111, x) + O(h). (3.18)

Clearly, for x such that x + Ek “h+6;-+h > B, we can obtain the relation similar
to (3.18):

R(fx, x) = —%R(tkﬂ, B + bpdih — op Skh>
LR (g1, x + by - b — 51 - Vh) + ra(te, x) + O () (3.19)
with
[r2(tk, )| < Kh|R(fk+1, X)|.
Now we introduce

Ry := max |R(t, x)|.
x€la, Bl
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The relations (3.16), (3.18), and (3.19) imply (recall that R(ty, x) = 0)
Ry =0, Re <Riy1 + KRy th+Ch*, k=N—1,...,1,0.

Therefore

C
R < E(e’“T—’O) —1-h, k=N,...,0.

4. Layer method with one-step boundary error O (h3/?)

Without exploiting the idea used above of involving the points outside the interval [, §]
while constructing a layer method, it is possible to get a layer method that is simpler but
with a larger one-step error near the boundary than (2.16) (see Lemma 4.1 below). Let us
note that in spite of the greater one-step boundary error the global error of this method will
be O(h) again (see Theorem 4.1). Here we approximate the solution u(#, x), when the
point x is close to o (or ), using values of the solution at a point (fx4;,, o) with some
Ak € (0,1) (or at a point (fx4,, B) with some ux € (0, 1)) and at the point (#41, x +
by - h + oy - /h) (or (tk41,x + b - h — o - /h)) with some (positive) weights. These
two weights may be interpreted as probabilities of reaching and not reaching « (or ). The
method obtained in this way has the form

u(tn, x) = ¢(ty, x), x € [a, Bl (4.1)

u(te, x) = %ﬁ(tk+],x+5k‘h—0_'k‘\/ﬁ)+%lz(fk+l,x+5k'h+6k'\/f_l)
+gc-h,  ifx+bg-h+ép-vhela, Bl
1 Vi .
i(te, ) = ————=0(t,3,, &) + ———=1i(tk1, X + by - h + G¢ - V/h)
L+ 1+ vog

+8x -\ Ah,  ifx+bg-h—6r - Vh <

- 1 ik - = -
u(ty, x) = mfp@kﬂlk, B) + mu(fkﬂ, X+ by -h—oy - \/E)

+3&k - v ikh, ifx+by-h+6;-vh> B;
k=N-1,...,1,0,

where Ek, ok, 8k are the coefficients b(¢, x, u), o (¢, x, u), g(t, x, u) calculated at the point
(tr, x, u(tr41,x)) and 0 < Ak, i < 1 are roots of the quadratic equations (it is not difficult
to verify that the roots exist and are unique)

a:x+l3k-ikh—5k~\/)_\kh, B =x+ by - fixh + 64 -/ fukh.

This method involves one value of the function ¢(z,x) and one value of the
approximate solution i (#t+1, y) on the previous layer in contrast to the method (2.16)
which requires evaluating one value of the function ¢(z,x) and two values of the
approximate solution u«(#x+1, ¥) on the previous layer.
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LEMMA 4.1 Under assumptions (i) and (ii), the one-step error p(f,x) of (4.1) is
estimated as

lp(tr, x)| < Ch?  ifx +by-h+oy-Vh € [a, B;
lp(tk, x)| < Ch?  ifx+by-h—or-vh<aorx+bg-h+or vh > p.

The proof is very similar (even simpler) to that of Lemma 3.1 and we do not give it
here. The following convergence theorem for (4.1) takes place.

THEOREM 4.1 Under assumptions (i) and (ii), the method (4.1) has the global error
estimated as

where K does not depend on £, k, x.

Proof. If we followed the way of proving Theorem 3.1, we would get that the global
error of method (4.1) is O (v/h). To prove the estimate (4.2), we exploit ideas of proving
convergence theorems for probabilistic methods solving linear boundary value problems
(Milstein, 1995b,c¢).

To this end, in connection with the layer method (4.1), we introduce the Markov chain
i, Xi), i =k, Ok, Xp) = (tk, x) € Q, which stops on I" at a random moment x < N.
For (v;, X;) ¢ I', we define

X7, = Xi + hb; £ 1'%5;,
and if Xl.iJrl € [a, B], then ¥;+1 = ¥ + h, X;4 takes values Xi_+1 or XI.“EH with

P{@it1. Xiz1) = O + h. XD} = PA@it1. Xix)) = @i + b X[ Y = 5

ile.f_H < «, then
P{(@is1, Xiv1) = O + Aih, @)} = X +1\/)_~_i’
P{®iy1, Xix)) = 0 +h, X D} = _’\_/)3/_\71
if X;| > B, then
P{@Wi+1, Xiv1) = @i +h, X; D} = T%
PA{@Wiv1, Xiv1) = (i + pih, B)} = %«/ﬁ

Here b; = b(V;, X;, u(v; + h, Xi_)), o; =00, Xi, u(® + h, X;)), u(ty, x) is considered
to be known from (4.1), and 0 < A;, ft; < 1 are roots of the quadratic equations

@ = X; +bi - hih — Gi\/ Aih, B = Xi +b; - iih + G/ fuih. (4.3)
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If (v, X;) € I', the Markov chain stops and » = i.
Let us note that ¥%; coincides with #; except, maybe, the last moment .
Now introduce the random sequence Z;, Z; = 0:

ith.i_Irl € [a, B], then Z; 1 = Z; + hg;; ifX;_ir1 <a, thenZjy1 =27+ \/)_T,-hgi;
ifX;:_l > B, thenZiy1=2Z;+/pihgi; i=k,...,x—1,
where g; = g(0;, Xi, u(¥; +h, X;)). .
Define the boundary layer 91" € Q. For all the points (7%, x) € Q \ dI" both points
X + hby £ h'/%5;, belong to [«, B]. Clearly, for the points (7, x) € 91" either x + hby —
h'25, ¢ [a, Bl or x + hby + h'/?6; ¢ [a, B].
It is not difficult to show that the mean of the number of steps v(#, x), which the

Markov chain (9;, X;),i =k, ..., %, 0r = tx, X = x, spends in the layer 91" is estimated
as

Ev(t,x) < H, (4.4)

where H does not depend on £, k, x (see Milstein (1995b,¢)).
One can see that

u(ti, x) = Elu(0x, Xy) + Zy] = El9 (0, Xo0) + Z] = E[u(Dyx, X,) + Z].

We have R(ty, x) == u(ty,x) —u(ty,x) =0andfork =N —1,...,0:

x—1
R(tg, x) = u(ty, x) —u(ty, x) = E Z[“(ﬁi-i-la Xiv1) —u(®, Xi) + Zit1 — Zi]
i=k
x—1
=E Y Igr®, X)u@it1, Xit1) —u@i, X;) + Ziv1 — Zi
i=k
x—1
+E Y Lr 0 X)lu@isr, Xi1) —u(i, Xi) + Zis1 = Zi]
i=k
N—1
= EE(esilg o r @i X0u@ig1. Xigr) — (@i, X0) + Zig1 — Z/ X Z)
i=k
N-—1
+ EE(esilar (0, X)[u(@iv1, Xiv1) —u(@yi, Xi) + Ziv1 — Zi1/ Xi, Z;)
i=k

N-1
= Z E(Yoesilgrogr 0is XD E[u(@Diq1, Xiv1) —u(@i, Xi) + Ziy1 — Zi/ X, Zi])
i=k

N-1

+ Z EQGuesilor 0, X)) Elu(®i41, Xiv1) —u(i, Xi) +Zix1 — Zi/ Xi, Zi]). (4.5)
i—k
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In (4.5) and below we use the ordinary properties of conditional mathematical
expectations taking into account that the indicator functions x,-;, IE\B r@, X;), and
Iy (¥, X;) are measurable with respect to X;.

To calculate the conditional expectations in (4.5), we exploit a lemma from Gichman
& Skorochod (1968, Section 10). In our case the lemma allows us to evaluate a conditional
expectation as the ordinary mathemetical expectation under fixed values of the random
variables X;, Z;.

We get for (9, X;) € Q \ 8 that

Aj = Elu(@iy1, Xiy1) —u@i, Xi) + Ziv1 — Zi/ Xi, Zi]
= Jultizr, Xi + hbi — h'26;) + Su(tier, Xi + hbi + 1'26:) — u(ti, Xi) + hgi. (4.6)

We expand the terms of (4.6) at the point (#;, X;) (cf.(3.13)). Then, attracting relations
like (3.14) and taking into account that u(¢, x) is the solution to the problem (2.1), (2.2),
we obtain

Aj =1+ O(hY), (4.7)
where
Iril < Kh|R(9; + h, Xi)|.
Now let (¢;, X;) € 91 be such that X; is close to «. We have
Bi := E[u(@it1, Xiv1) —u(@i, Xi) + Zip1 — Zi/ Xi, Zi]

A

1
= ——=0_ 5, a)+ =
L+ 1+ VA

u(tivr, Xi +hb; +h'26;) —u(t;, X;) + \/)_Tihg’i

Ai ~ _ -
—ultip1. Xi + hbi +h'26;) —u(t;, Xi) + \/)Tihgi-

+Vh

1
= ——u(t; 5,2+
1+ /_)»i i+A;

(4.8)

We expand the terms of (4.8) at the point (#;, X;). Then, using (4.3), attracting relations
like (3.14), and taking into account that u(¢, x) is the solution to the problem (2.1), (2.2),
we get

Bi =7 + O, 4.9)
where
I7il < KhIR(; + I, X;).

An analogous relation can be obtained for (¢;, X;) € 91" with X; being close to .
Substituting (4.7) and (4.9) in (4.5), we obtain

x—1 x—1
R(tx, x) = EY_ I or @ X)lri + 0D+ E Y Iyr 3, Xl + 0],
i=k i=k
(4.10)
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Due to (4.4),

x—1
EY  Iyr (. X)Oh*H)| < CHW,
i=k

Then, from (4.10), we obtain for Rj := rr[1a>;; ] |R(t, x)| that
xXe|o,

N-—1
Ry < Kh)_ Riy1+Ch. 4.11)
i=k

Introduce & := Kh YN 2'Rit1 + Ch,k = N —1,...,0. Due to (4.11), Ry < &.
Consequently, ¢ = KhRry1 + k41 < (1 + Kh)eg41, k = N —2,...,0. Then (since
en—1=Ch)

Ry <& <CekKT=0) . p k=nN,... 0.
O

REMARK 4.1 The assertions of Lemma 4.1 and Theorem 4.1 are also valid if we take
weaker assumptions on the coefficients than (ii), namely

bl < K, o] <K, |g]| <K,
[b(t, x2, up) — b(t, x1, u)| + |lo(t, x2, u2) —o(t, x1, u)| + 18, x2, u) — g(t, x1, u1)|
< K(xp—x1|+up —url), o<t <T, x €la, Bl, uo <u < u°.

REMARK 4.2 It follows from the proof of Theorem 4.1 that to construct a first-order
method we can use an approximation of u(#;, x) for which the one-step error near the
boundary (i.e. when (#, x) € dI") is estimated as O (h) only (cf. Lemma 4.1). For instance,
we can approximate the solution u(#, x), when x is close to «, by values of the solution
at the point (fx4+1, @) and at a point (fx4+1, Xx) € @\8F (for example, one can take
Rk = a+h'/? max cr—i—@ max |b|, where the maxima are taken over (¢, x) € O, u € [uo, u°])
with the weights p = if:_z and g = 1 — p respectively. Analogously, we can approximate
u(tx, x) when x is close to 8. Making use of this approximation for (#, x) € 91" and the
Euler approximation for (t;, x) € Q\dI", we get a new layer method with the first order
of convergence (see also Milstein & Tretyakov (2001), where such a construction is used
for solving linear Dirichlet problems by the Monte Carlo approach). This layer method
has practically the same computational complexity as (4.1). But a generalization of this
method to the multi-dimensional case can be easier for realization than a generalization

of (4.1) (see also Section 6).

REMARK 4.3 We can also conclude from the proof of Theorem 4.1 that if we use an
approximation of u(f, x) for which the one-step error is O (h3/%) for (1, x) € T (as it is
for (4.1)) and is at least O (h/?) for (t, x) € ON\I", we will obtain the new layer method
with the global error O (h3/?). For instance, in the case of constant o it is possible to get
such a method by attracting the second-order weak Runge—Kutta scheme from Milstein
(1995a) instead of the weak Euler scheme (2.5) used for construction of (4.1) (see also
Milstein (1997)).
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REMARK 4.4 The layer methods of Sections 2 and 4 can be applied to solving the
Dirichlet problem for linear parabolic equations. But if the dimension d of the linear
problem is high (d > 3 in practice) and it is enough to find the solution in a few points
only, the Monte Carlo approach is preferable (Milstein, 1995b,c; Milstein & Tretyakov,
2001).

REMARK 4.5 Using other weak approximations for SDEs, some new layer methods can
be constructed (cf. Milstein (1997) and Milstein & Tretyakov (2000)). In particular, there
are special methods of numerical integration in the weak sense for SDEs with small noise
which are more effective than general ones (Milstein & Tretyakov, 1997). In Milstein &
Tretyakov (2000) they are used for constructing special layer methods for the Cauchy
problem for semilinear parabolic equations with small parameter at higher derivatives. It
is also possible to get some special layer methods in the case of the Dirichlet problem for
semilinear parabolic equations with small parameter.

5. Numerical algorithms

To become a numerical algorithm, the method (2.16) (just as other layer methods) needs a
discretization in the variable x. Consider an equidistant space discretization with a space
step A (recall that the notation for time step is h): x; = o + jhy, j =0,1,2,..., M,
hy = (B — a)/M. Using, for example, linear interpolation, we construct the following
algorithm (we denote it as u(f, x) again, since this does not cause any confusion):

u(tn, x) = @(ty, x), x € [a, B, (.1

i(te, x;) = Sit(tet, Xj + by j - h —6xj - Nh) + Sit(tesr, xj + by j - h+ 6x j - Vh)
3k, -h,  ifx;j+bi-h+6j-Vhela, Bl
u(tic, xj) = @er1-3, ;@) — 8k, o0, @(try1, @) - Vi, jh

—5i(tk1, o + bk, &, @ikt 1, @) - Pr jh 4 0 (tk, &, @i, @) - /T i)

+3i(tet X+ b j - h+ 6k - Nh) + 8k b, ifxj+bijoh—6k ;- Vh <o
Btk %)) = 38 (tes1, %) + by - h =G V) + 9ty 5, 5 B)
—8g(tk, B, 9(tis1, B)) - 8k, jh
—%ﬁ<tk+1,/3 + b(tk, B, @(tks1. B)) - 8k, jh — o (i, B, 9(trt1, B)) - Sk,jh>

8k -h,  ifxj+bij-h+6r-Vh> B
j=1,2,...,M—1,

j+1

- X] — X _
Wty x) = == —— U, xj) +
X

X
j=012... M—-1,k=N-1,...,1,0,

x—xj

W(te, Xj41), Xj <X < Xjyq1, (5.2)

where l;k,j, Ok, j» 8k,j are the coefficients _b(t, x,u),o(t,x,u), g(t, x,u) calculated at the
point (#x, Xj, u(tk41,x;)) and O < yk j, 8, j < 1 are roots of (2.13) and (2.14) with the
right sides x; + l;k’j “h — oy, j - /I and xj+ I;k,j “h+o - Jh respectively.



904 G.N. MILSTEIN AND M.V. TRETYAKOV

THEOREM 5.1 If the value of &, is taken equal to xh, x is a positive constant, then under
assumptions (i) and (ii) the algorithm (5.1), (5.2) has the first order of convergence, i.e.
the approximation u(#, x) from (5.1), (5.2) satisfies the relation

[t (tg, x) — ute, x)| < Kh, (5.3)
where K does not depend on x, h, k.

The proof of Theorem 5.1 differs only little from the proof of the corresponding
theorem in Milstein (1997) and is therefore omitted.

REMARK 5.1 Using probabilistic arguments, it is possible to prove that the algorithm
based on the method (4.1) and linear interpolation has the global error O (h) for h, = xh.

REMARK 5.2 It is natural to consider cubic interpolation instead of the linear one for
constructing numerical algorithms. The use of cubic interpolation allows us to take the
space step hy = wh (in contrast to &, = xh for linear interpolation) and, thus, to
reduce the volume of computations. Moreover, if we use cubic interpolation, we can avoid
special formulas near the boundary choosing some appropriate » (indeed, we can take, for

example, » = 2 max o(t, x,u), then for a sufficiently small % the points
telty,T], xeG, ueluo, u®°]

Xj +15k,j -h*oy -\/E,j =1,2,..., M —1, always belong to [¢, B]). Unfortunately, we
have not succeeded in proving a convergence theorem in the case of cubic interpolation.
The way of proving Theorem 5.1 gives us some restriction on the type of interpolation
procedure which can be used for constructing the numerical algorithm. The restriction
is such that the sum of the absolute values of the coefficients staying at u(#, -) in the
interpolation procedure must not be greater than 1. Linear interpolation and B-splines of
O(h)zc) satisfy the restriction. However, cubic interpolation of O(hi) does not satisfy it. In
Sections 7.1 and 7.2 we test an algorithm based on cubic interpolation. The tests give fairly
good results. See also some theoretical explanations and numerical tests in Milstein (1997)
and Milstein & Tretyakov (2000).

REMARK 5.3 Clearly, the algorithms can be considered with variable time steps and
space steps. An algorithm with variable space steps is used in our numerical tests (see
Section 7.1).

6. Extension to the multi-dimensional Dirichlet problem

In this section we generalize the layer method (4.1) to the multi-dimensional case (d > 1).
A generalization of the layer method (2.16) to the multi-dimensional case is complicated
and is not considered here.

As has been mentioned in the Introduction, layer methods are feasible if the dimension
d of the domain G is not more than 3. This is why we restrict ourselves here to the cases
d = 2 and d = 3. We remark only that it is not difficult to generalize the layer method (4.1)
for an arbitrary d.
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- _ . (vl  y2
Consider the case d = 2. Introduce the notation ; X1 := (, X,y i Xz, ),

iXpp =x"+bh+5'"Vh- ,§1+6,32«/E. (E2,
Xk-H —x +bk 21\/— 6’]{22\/E isz
i=1,2,3,4, x=(x ,x2)€GCR2,

where 1§ = (=1, —1),26 = (=1, 1),36 = — 1&,46 = — € and by = (b}, b}), 5% = {5,(]1}
are the coefficients b(¢, x, u), o (¢, x, u) calculated at the point (¢, x, u(tx+1, x)).

If the point x = (x!, x?) € G is sufficiently far from the boundary G (more precisely,
if the points ; Xzy1,7 = 1, 2, 3, 4, belong to 6), the layer method has the form (cf. Milstein
(1997)):

4
(g, x", x* Zia (i1 iXpypre i Xppy) + 8 b, (6.1)

where gy is the coefficient g (¢, x, u) calculated at the point (#, x, u(¢f+1, X)).

If the point x = (xl,xz) € G is close to the boundary dG, then some of the
points ; Xx4+1 = (iX11+1’ l-X,%H), i = 1,2,3,4, may be outside of the domain G. Let
us connect the point x with the points ;« X, which are outside of G, by the curves

Yir (W) = (WL, Y2 ):

L) = x4+ b a4+ G Vh - &+ 520 g 2,
YA = x>+ birh + 62 Voah - & +5PVAh - €2, 0 <

The boundary 9G is assumed to be sufficiently smooth. For a sufficiently small £ there
is a unique value of A = ;+Ag, 0 < ;xAx < 1, such that the point ;+n; = (,-*17,1, i*n,%),
where

i*nll = xl + B}l : l*)"kh + Uk *)‘-k S +o \/ l*)"k - pxE°,

pp = x% b - phih + PN e hih - #E + G \/z*)\k

belongs to the boundary 9G. .
Put jAx = 1 and ;g = ; Xy for the points ;X belonging to G. Then the layer
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method takes the form

Vol sk il —u(t, UL
(Vi +V3m) (Vide - 3he + V2R - ahe) ke T K
Vike - 3k akx " o)
(\/2T+\/4T)(\/1>~k sk + Vi - akk) e 2 205
Vi s 2hk -+ ahi
(Vire + 35»k)(\/15»k'3;\k+\/zik~4ik)
" Vih 2k - 3k
(Vare + 45»k)(\/1)»k 3hk v 2kk - 4Mk)
2V 1Ak - oA - 3hk - 4k h
ik i+ Vo ahe

u(ty, x! xz)

~ 1 2
Uty 70 30 3Mi)

u(k+4)\ks 47]](5 417]()

+8k 6.2)

Recall that if ;nr = (lnk’ ﬂlk) € 0G then u(t]H. ke 177](» ﬂlk) = ‘P(tk+ e 1771{7 177]%)
(see (1.2)).

The errors of the one-step approximations corresponding to (6.1) and (6.2) are 0 (h?)
and O (h3/%) respectively. By probabilistic arguments (see the proof of Theorem 4.1), the
global error of the layer method (6.1), (6.2) is estimated by O (h).

Now consider the case d = 3. Introduce the notation ; X341 = ; X k+1’ le%+1’ ,~X£+1),
i=1,2,...,8, where

Xy =l 4 b+ 6 VR g+ GV & eV g =123,
x=(x,x2,x3)€GCR3.

Here by, = {15,{} and o, = {6kj l} are the coefficients b(¢, x, u) and o (¢, x, u) calculated at
the point (f, x, u(tx, x)) and ;&€ = (,El, ,~$2, 553), i =1,...,8,are the following vectors:

lg = (_lv _15 _1)7 Zg = (_17 _17 1)7 3€ = (_17 l, _1)7 4€ = (17 _17 _1)7
i+4g = _ié’ i = 1’27334'

If the points ; X341, i = 1,2, ..., 8, belong to G, the layer method has the form

8
(i, x) = Y git(ter, i Xep1) + 3 - b, (6.3)
i=1

where g is the coefficient g(z, x, u) calculated at the point (#, x, u(fx+1, X)).
If some points ;+Xx4+1 ¢ G, we connect the point x with the points ;« X4 by the

curves Y= (A) = (YL ), YA (), lﬁf* A),

YL =x) + bl ah+ 5] VA & 4 GV 8 4 G  k
j=1.230<A<1.
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Due to the smoothness of the boundary 9G, for a sufficiently small & there is a unique
value of A = jxAg, 0 < j=Ax < 1, such that the point ;+n; = (i*n,i, ,-*r;,%, i*nz), where

sl = x0 b ik + 50 ik €+ 50 edah 182 4 6\ hih
Jj=1223,
belongs to the boundary 0G.

Put kk = land jnx = jXyy1 for the points ; X, belonging to G. Then the layer
method takes the form

1
u(te, x) = ( u(tk+ e i)t ——=uly . i i+477k)>
; Vz +\/l+4)‘k Vi ‘ Vitahi +4k

+gk - 4ykh, 6.4)

—1
o (z ) |
i=1 Cipdhk

To construct the corresponding numerical algorithms we attract linear interpolation as
in the previous section. For example, consider the case d = 2. To this end put the domain
G into a rectangle IT with corners (xo, ) (xo, X Mz) (x! M, ) (x] M, x2 My ) and introduce
the equidistant space discretization of the rectangle I1:

where

Aptymy =), x7) xj = x5+ jho, xf =xg+1ho, j=0,...,M,1=0,..., M},

1 1 2 2
n “m — %o X — %o
1= — =

X M, s Mx M,
The values of L?(tk,x},xlz) at the nodes of Ay, pm, N G are found in accordance

with (6.1), (6.2). Let (x',x?) € Eandx‘ < x! < x}+1, xf < x* < xpfyy. If all the

1.2 1.2 1 2 2 ral 2y
nodes (xj,xl), (xj,xl+1), (xj+1,xl), (xJ+1,xl+1) € G, the value of &(7, x!, x2) is
evaluated as

1 1 2 2
X X, —X
j+1 _
it x!, x?) = L (e, x ) xD)
hy h 2
1 1 2 2 x! 1 2
Xivp =2 X7 —x —X; X - X
i+ j Kt - 1 2
+ . u(tk x xl )+ . u(te, X1, Xj)
) +1 2 X1
]’lxl hx2 hxl x2
R St 12
+ o : ho ”(tk»xj+1»x[+1)- (6.5)
X X

If the point x = ()c1 x2) : )c]1 <axl g le'+1’ )cl2 <x2 g x12+1 is such that some of
the nodes (x X; 2y, (x le) (x]H, 12), (le.H, xfﬂ) do not belong to G, then we use
some points on the boundary dG (due to ( 1.2) we know values of u(z, x) for x € 9G) to
find i (7, x1, x2) by linear interpolation.

If we take h,i = wih,i = 1,2, %1, %% > 0 are positive constants, the error of the
proposed algorithm is estimated as O (h).
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7. Numerical tests

In the previous sections we dealt with semilinear parabolic equations with negative
direction of time 7: the equations are considered under # < T and the ‘initial’ conditions
are given at t+ = 7. This form of equation is suitable for the probabilistic approach which
we use to construct numerical methods. Of course, the proposed methods are adaptable
to semilinear parabolic equations with positive direction of time, and this adaptation is
particularly easy in the autonomous case. In our numerical tests we use algorithms with
positive direction of time (see, for example, (7.15), (7.16)).

7.1 The Burgers equation

Consider the Dirichlet problem for the one-dimensional Burgers equation:

u_eu ou e(=1,1) 1.1)
= 5 U, >V, X -1, ) .
ot 2 9x2 ax
u(,x) =—Asinwx, x € [—1,1], (7.2)
u(t,x1) =0, t > 0. (7.3)

This problem was used for testing various numerical methods in, for example,
Anderson er al. (1984), Fletcher (1984) and Basdevant er al. (1986) (see also references
therein). By means of the Cole—Hopf transformation, one can find the explicit solution of
problem (7.1)—(7.3) in the form

. 2
S oo sinm(x — y) exp(—=5 cosw(x — y) — 35-) dy

u(t,x) =—A — - 5 (7.4)
Joneexp(—= - cos(x —y) — 55)dy
or
2  na, exp(—xe2m?n?t) sin irn(x + 1
uit,x) = Z”“m" p( 8122)2 2 1( ) (1.5)
2 Jao+ Y 2 anexp(—ge?m2n?t) cos swn(x + 1)
with

1
A 1
a, = f exp ( ——3 cosnx) cos —mn(x + 1) dx.

_1 Te 2

We shall simulate the problem (7.1)—(7.3) on relatively small time intervals [0, T],
where the formula (7.4) is more convenient. For a small ¢, there is a thin internal layer
with width ~¢2, where the solution to (7.1)—(7.3) has singular behaviour (see, for example,
II’in (1992) and references therein). Derivatives of the solution go to infinity as ¢ — 0. A
typical behaviour of the solution is demonstrated on Fig. 1.

Here we test three algorithms. The first one is algorithm (5.1), (5.2). The second one is
the algorithm based on layer method (4.1) and linear interpolation. In these two algorithms
(they both use linear interpolation), we take the space step 4, being equal to the time step
h. The third algorithm is based on cubic interpolation (see Remark 5.2). In the case of the
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u(t,x)

—

~ooo

Conmspes

-1 -0.5 0 0.5 X

FIG. 1. A typical solution u(z, x) of problem (7.1)—(7.3) for ¢ = 0-1, A = 2 and various time moments.

problem (7.1)—(7.3) it has the form (cf. Milstein & Tretyakov (2000))

(0, x) = —Asinzx, x € [—1, 1], (7.6)
u(tes1, x0) = u(tgy1, —1) =0,
u(ter1, xpy) = u(tey1,1) =0,
i(tegr, X)) = Site, xj — hii(te, x;) — eh'/?) + Sia(te, xj — hitte, x;) + eh'/?),
j=1,...,M—1,
3
Wt x) =y ;i (0)iilty, Xj1i), Xj < X < Xjy3,
i=0
3 X —Xj+m
o= [] —L=.
m=0,mzi Vit T Xjtm
k=0,...,N—1.

Here we use a nonequidistant discretization of the interval [—1, 1]. We take &, =
Xj+1 — x; = ev/h in [<0-1,0-1] and hy = +/h outside [—0-1, 0-1]. Such a choice of
hy is dictated by the fact that if & is comparatively large (for example, i, = &2), the
equidistant discretization with h, = /I has not more than one node in the thin internal
layer. For a sufficiently small £, it is possible to use the equidistant discretization for cubic
interpolation as well.

Since ¢ « 1, the points x; — hu(t, x;) £ chl/?, j=1,...,M — 1, belong to the
interval (—1, 1). Thus, we avoid using special formulas near the boundary in (7.6) (see
Remark 5.2 as well).

Table 1 gives numerical results obtained by using the algorithms (5.1), (5.2) and (7.6).
The algorithm based on the layer method (4.1) and linear interpolation gives results being
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TABLE 1 The Burgers equation. Dependence of the errors err®(t, h) and
errl(t, h) in h for algorithms (5.1), (5.2) and (7.6) undert = 0-5, e = 0-1

and A =2
h Algorithm (5.1), (5.2) Algorithm (7.6)
err(z, h) ert! (¢, h) err(, h) ert (1, h)
0-01 12391071 3.035.1072 1.854-10"1 3.081-1072

0-0016 4.574.1072 5.311-1073 5.855-1072 5.481-10~3
0-000 1 26731073 3.288-107% 3.737-1073 3.466-107%
0-000016 4-261-107*% 5259.107° 5.919.10~% 5.527.1073

practically identical to the ones for (5.1), (5.2). We present the errors of the approximate
solutions & in the discrete Chebyshov norm and in /!-norm:

CITC([, h) = max |lz(tv-xi) - I/l(t, xi)lv
Xi
ert! (t,h) = lii(t, xi) — u(t, x;)| - hy.
i

The algorithms based on linear interpolation require both larger volume of compu-
tations per time layer and larger amount of memory than the algorithm (7.6) based on
cubic interpolation. For instance, in the considered case the algorithm (5.1), (5.2) with
h = 0-0001 needs 2 - 10* computations of i (#;, x) per layer ¢t = #; and to store an array of
2. 10* elements, and the algorithm (7.6) with the same step & = 0-0001 requires only 380
computations of u(#, x) per layer and an array of 380 elements (see also Remark 5.2).

7.2 Comparison analysis

In this section we give some comparison analysis of the layer methods proposed in the
paper and the well known finite-difference schemes (see also Remark 2.1). We use (7.1)—
(7.3) as a test problem again. Here we compare the algorithm (7.6) with two explicit finite-
difference schemes (7.7) and (7.8) of order O (At, Ax?), where At is a time step and Ax
is a space step. These finite-difference schemes are used for simulation of the Burgers
equation in Anderson et al. (1984) and Fletcher (1991).

The method of differences forward in time and central differences in space applied to
the divergent form of the Burgers equation is written as

u,x)=—Asinwx, x € [—1, 1], (7.7)
U(t41, x0) = u(tie1, —1) =0, u(tgq1, xpm) = u(tgg1,1) =0,

_ - At 5 )
Wty xj) = e, xj) = 7 @0 X jpn) — (e, Xj-1)

&2

+7Ax2
j=1,....M—1, k=0,...,N—1,

Wt xjp1) — 2u(ty, xj) + ulty, xj—1)),

where the step of a time discretization Ar := T/N and #; = k - At and the step of space
discretization Ax :=2/M and x; = —1+ j - Ax.
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TABLE 2 The Burgers equation. The relative errors 8'(t, h)
(top position) and 8¢ (t, h) (lower position) of algorithm (7.6)
and finite-difference schemes (7.7) and (7.8) are given for
t =008, ¢ =0-1, h = At = 0-0016 and various A

A Algorithm (7.6) Scheme (7.7) Scheme (7.8)

5 7.79 . 103 2.22.102 2.01-102

5281072 2.05-1071 1-66 - 10~1

oscillations oscillations

10 1-87-1072 >100 2.35.102

9.96- 10! 100 6:94.102

oscillations

15 2701072 overflow 3641071
9.84.10~! 3.42.10°

big oscillations

In the case of the problem (7.1)—(7.3) the Brailovskaya scheme has the form (see
Anderson et al. (1984, p. 161))

u(0,x) =—Asinwx, x € [—1, 1], (7.8)

U(tk41, x0) = U(tg1, x0) =0, u(tpr1, xpm) = (tey1, xm) =0,

. - At .
u(teq1, x;) = ulty, xj) — m(u s Xjr1) —u” (T, Xj—1))

82

ro_ _ _
+?A—x2(u(tk’ Xj1) — 2u(ty, xj) + u(te, xj—1)),

- - At ~2
u(tp+1, x5) = ulty, xj) — E(u (s Xj41) — U™ (B, xj-1))

82

2 Ax2 @ (te, xj+1) — 2u(ty, xj) + u(te, xj-1)),

j=1,...M—1, k=0,....N—1.

+

The space step Ax in the finite-difference schemes (7.7) and (7.8) is selected as Ax =
x - £+/At. The results of Tables 2 and 3 correspond to x = 4.

As in Section 7.1, we realize the algorithm (7.6) using a nonequidistant discretization
of the interval [—1, 1]. For the time step # = 0-0016 (Table 2), we take iy := xj41 —Xx; =
ea/hin[—0-1,0-1] and h, = 2+/h outside [—0-1, 0-1]. And for & = 0-0001 (Table 3) we
choose i, = e+/h in [—0-02,0-02] and h, = 2+/h outside [—0-02, 0-02] (see also the
explanations in Section 7.1).

Tables 2 and 3 present the relative errors 8¢ (¢, &) and st (t, h). The error 8¢ (¢, h) is equal
to

SC(Z‘, h) — maxx,‘ |L_t(t1 xl) - u(t’x1)|

maxy; |u(z, x;)|
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TABLE 3 The Burgers equation. The relative errors 8! (¢, h)
(top position) and 8 (t, h) (lower position) of algorithm (7.6)
and finite-difference schemes (7.7) and (7.8) are given for
h = At = 0-0001, the other parameters are as in Table 2

A Algorithm (7.6) Scheme (7.7) Scheme (7.8)

5 1261073 8.88.10~% 7.81-10~4
4.68 - 1072 1.55-1072 1-10- 102

10 1.24.1073 3561073 3581073
9.25.102 1.54.10~1 1.54.10~1
oscillations oscillations

15 1.91-1073 5.07-1073 5.11-1073
1.99 . 101 1.81-107! 1-84.10~1
oscillations oscillations

for all three methods. The error 8'(z, ) is equal to
1
sla,hy=—— i (t, x;) —u(t, x;)| - h
) = ] Z it xi) — ut, x)| - o
for algorithm (7.6) while for the schemes (7.7) and (7.8) it is given by

1 1 ~
8(t, h) = e 2 2,: (1, x;) — u(t, x;)| - Ax.

The comment ‘oscillations’ means that the numerical solution has oscillations in a
neighbourhood of x = 0. An illustration of such oscillations is given in Fig. 2. The
comment ‘overflow’ indicates that overflow error occurs during simulation.

Let us observe that if we take » = 2 in order to improve accuracy of the results obtained
by the Brailovskaya scheme (7.8), for example, for At = 0-0016, A = 10 (see Table 2 and
Fig. 2), the numerical solution becomes more unstable and overflow error occurs. If we
take »x = 8§ in this case, the errors and amplitude of oscillations become greater than for
x =4.

We can conclude from the results presented in Tables 2 and 3 and in Fig. 2 that
the algorithm (7.6) based on the layer method demonstrates a more stable behavior
than the finite-difference schemes when the parameter A is sufficiently large. In the
considered problem (7.1)—(7.3) large values of A lead, in particular, to large advection
in a neighborhood of x = 0. Our experiments confirm that the layer methods allow us to
avoid difficulties stemming from strong advection (see Introduction and Remark 2.1). It
should also be mentioned that the algorithms based on layer methods require more CPU
time than finite-difference schemes. For example, in the case of parameters as in Table 3
to solve (7.1)—(7.3) by the algorithm (7.6) we need ~2 s while the schemes (7.7) and (7.8)
require ~0-3 and ~0-4 s correspondingly. But the algorithm (7.6) gives us quite appropriate
results with the greater step 2 = 0-0016 (see Table 2 and Fig. 2) and in this case it requires
~0-06 s. Simulations were made on PC with Intel Pentium 233 MHz processor using
Borland C compiler. A more detailed comparison analysis requires a special consideration
and will be done in a later publication.
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exact solution —
algorithm (7.6) -----
scheme (7.8) ——

-0.2 -0.1 0 0.1 02 x

FIG. 2. Solution of problem (7.1)—(7.3) for A = 10, other parameters are as in Table 2.

7.3 Quasilinear equation with power law nonlinearities

Consider the Dirichlet problem for quasilinear parabolic equation with power law
nonlinearities (Samarskii, 1977; Samarskii et al., 1995):

ou 10 ou
_—_—=—— 9 N t 0,1, Oa Oa 79

a1 23x(”ax) €01, x>0-q> 73)
with the initial condition

u(0,x) = (1 —x/L)2/q, x €0, L], (7.10)
u@,x)=0, x > L,

and the boundary regime
u®,0)=1-0n"" 1te(1), (7.11)
where L = /(g +2)/q.

The exact solution to this problem has the form (Samarskii, 1977; Samarskii et al.,
1995)

1—x/L\*
u(t, x) = (ﬁ) forx € [O, L]

and

u(,x)=0 forx > L.
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u(t,x)
=05 —
20 A Ba
t=0.99
t=0.999 -
154
10 A
5
0 | T e y
5 0.5 1 1.5 x

FIG. 3. A typical solution u(t, x) of problem (7.9)—(7.11) for ¢ = 1-5 and various time moments.

The temperature u(¢, x) grows infinitely as # — 1. At the same time the heat remains
localized in the interval [0, L). Figure 3 presents a typical behavior of the solution to (7.9)—
(7.11).

Equation (7.9) is not of the form (2.1). The function

v = uq+1
satisfies the problem
a_v_l q/(q+1)82_v te(,1) >0 (7.12)
or 2" ax2’ = '
v(0,x) = (1 —x/L)*9tV/4 x €0, L], (7.13)
v(0,x)=0, x > L,
v(t,0) =1 —1)~@tV/a 1 e(0,1). (7.14)

Equation (7.12) has the form (2.1).

We simulate the solution to (7.12)—(7.14) by two algorithms: algorithm (5.1), (5.2) and
the algorithm based on the layer method (4.1) and linear interpolation. The last one in the
case of the problem (7.12)—(7.14) has the form

50, 1) (1 —x/L)*atV/a  x €0, L], .15)
’ X) = .
0, x € (L, 00),
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TABLE 4 Quasilinear equation with power law nonlinearities. Dependence
of errors erry(t, h) (top position) and errj;(t, h) (lower position) in h and t
for algorithm (7.15), (7.16) under g = 1-5

h=10""T h=10"2 h=10"3 h=10"*%
t=05 08664-10-1 0.8786-10"2 0.9705-10=3  1.018-10~%
0-3542-10~! 0.7693.1072  1.685-1073  3.622.107%

=09 >5 8.094.10"!  8265.1072  8.817-1073
5910-10"!  8109-1072  8656-10"3  8.918.10~*

Dtest, X)) = 20(0, xj — @, )29+ VR) + Lo(i, xj + @, x) 729D V),
ifxj — (@, x,)720HD R > 0;

1
D1, X)) = ———=(1 —1,,,_5,) @t/
J 1+ /_)»k +1-2k

Vi . g1
+——= (1. xj + @1, x4V Vn),
1_’_& ( J J )
. 2
A = ( ad ﬁ) ;o ifx — @, x24T VR < 0

(v (t, xj))q/2(q+1) .

Xi — X X —Xj
- Jjtl - J
U(fgt1, X) = ——— U(te+1, Xj) +

hy hy

j=01,2,....k=1,...,N,

V(teg1, Xj41), X <x < xjy1, (7.16)

where x; = j - hy,ty =k - h.

In our tests we take h, = h. Tables 4 and 5 give numerical results obtained by
using algorithm (7.15), (7.16). The algorithm (5.1), (5.2) gives similar results and they
are omitted here. Table 4 presents the errors

erry (t, h) = max [5(t, x;) = v(t, )],
j
errg (1, h) == max |i(r, x;) —u(t, x;)|, u(t,x;) = (v(t, xj))l/(q-q—l).
j

For times ¢ which are close to the explosion time ¢ = 1, the functions u(#, x) and
v(t, x) take big values and the absolute errors become fairly large. In Table 5 we present
the relative error

at times close to the explosion.
In the experiments, the tested algorithms converge as O(h) which is in complete
agreement with our theoretical results.
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TABLE 5 Quasilinear equation with power law nonlinearities. Dependence of
the relative error §(t, h) in h and t for algorithm (7.15), (7.16) under g = 1-5

h=10"1 h=10"2 h=10"3 h=10"%

t =09 12731071 1.747-1072 1.865-1073 1.921-10~%

t = 0-99 — 1-392.1071  1.789.1072 1.913.1073

t = 0:999 — — 13981071 1.801-1072

t = 0-9999 — — — 1.400 - 10~1
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